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The electroweak sphaleron is a static, unstable solution of the Standard Model classical field equations,
representing the energy barrier between topologically distinct vacua. In this work, we present a
comprehensive updated analysis of the sphaleron using current Standard Model parameters with the
physical Higgs boson mass of my = 125.1 GeV and my = 80.4 GeV, rather than the my = my
approximation common in earlier studies. The study includes: (i) a complete derivation of the SU(2) x
U(1) electroweak Lagrangian and field equations without gauge fixing constraints, (ii) high-precision
numerical solutions for the static sphaleron configuration yielding a sphaleron energy Egy, ~9.1 TeV,
(iii) an analysis of the minimum energy path in field space connecting the sphaleron to the vacuum (a 1D
“potential barrier” as a function of Chern-Simons number), and (iv) calculation of the sphaleron single
unstable mode with negative eigenvalue w2 = —2.7m3,, providing analytical fits for its eigenfunction. We
find that using the measured Higgs mass modifies the unstable mode frequency, with important
implications for baryon number violation rates in both early universe cosmology and potential high-
energy collider signatures. These results provide essential input for accurate lattice simulations of sphaleron

transitions and precision calculations of baryon number violation processes.

DOI: 10.1103/nsrp-hwkg

I. INTRODUCTION

Nonperturbative electroweak processes can violate
baryon (B) and lepton (L) number through the chiral
anomaly [1,2]. This was first demonstrated by 't Hooft
[3,4], who showed that instanton solutions of the SU(2)
gauge theory induce processes that change B and L. At zero
temperature such processes are exponentially suppressed
by a factor of exp(—4x/ay) ~107'%!, but Kuzmin et al.
pointed out that at high temperatures in the early Universe
these baryon-number violating processes would occur at an
unsuppressed rate [5]. These transitions are instead gov-
erned by the so-called sphaleron: a static, unstable saddle-
point configuration of the classical field equations that sits
at the top of the energy barrier separating vacua of different
Chern-Simons (CS) number.' The electroweak sphaleron
thus plays a pivotal role as the critical configuration

'Related electroweak configurations featuring extended mag-
netic structures, such as twisted dumbbells [6], can also arise
during symmetry-breaking dynamics.
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mediating anomalous B + L violation in the Standard
Model (SM) at high temperatures.

The seminal work of Klinkhamer and Manton [7]
identified this static saddle-point solution to the classical
field equations of the Weinberg-Salam model in the limit
where the weak mixing angle 6y, vanishes. This limiting
case offers significant simplification: the U(1)y hyper-
charge gauge field completely decouples, reducing the
theory to an SU(2)y, gauge theory coupled to a scalar
Higgs doublet. Klinkhamer and Manton showed that the
energy functional varies smoothly with 6y, such that finite
but small values of the mixing angle contribute only
perturbative corrections to the sphaleron configuration.
The electroweak vacuum is topologically degenerate:
configurations can be characterized by an integer Chern-
Simons number N¢g, and sphalerons correspond to con-
figurations with half-integer values Nog = n + 1/2 (where
n is an integer) [8]. The sphaleron with Nqg = 1/2 is
positioned at the peak of the energy barrier separating the
vacua with Nog = 0 and Ngg = 1.

More recently, it has been argued that sphaleronlike
processes may also occur in high-energy collisions if
sufficient energy is concentrated into the electroweak gauge
and Higgs sectors. The possibility of sphaleron-mediated
baryon and lepton number violation at high-energy col-
liders has been explored in [9—13]. In particular, Tye and
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Wong proposed a Bloch-wave picture in which the perio-
dicity of the CS number leads to band structures in the
transition probability, suggesting that above a certain
energy threshold (E X Egy,), baryon number violation
could proceed unsuppressed [13]. Subsequent work
extended this framework to incorporate realistic parton
distributions and collider observables, providing detailed
cross-section estimates for sphaleron-induced transitions at
the LHC and future colliders [14,15]. These developments
have renewed interest in understanding the precise struc-
ture, energy, and instability properties of the sphaleron,
particularly in light of the precisely measured Higgs
boson mass.

Despite their theoretical significance, the quantitative
characterization of the sphalerons has seen surprisingly few
updates since the late 1980s. Most early works preceded the
discovery of the Higgs boson and often assumed an
approximate mass degeneracy my = my for simplicity.
Given that the Higgs mass is now known to be my ~
125.1 GeV (significantly larger than my ~80.4 GeV)
[16], it is important to revisit the sphaleron with physically
accurate SM parameters. Furthermore, the CMS collabo-
ration has recently performed dedicated searches for
anomalous multifermion events consistent with sphaleron-
induced ANcg = %1 transitions [17], making precision
calculations of sphaleron properties directly relevant to
current experimental efforts. If the Higgs were significantly
heavier than its measured value, the sphaleron energy
would increase and the static solution would deform,
potentially altering the baryon number violation rate.
However, the measured 125 GeV Higgs ensures we are
in the regime where the original sphaleron solution (sym-
metric under the full SU(2) custodial symmetry) remains
valid and dominant, though with quantitatively different
properties than assumed in earlier works.

In this paper, we present an updated and comprehensive
analysis of the electroweak sphaleron. We derive the full
electroweak Lagrangian and classical field equations in
their general form, without fixing a gauge or making the
SU(2) spherical ansatz [18,19]. This provides a clear
starting point and highlights all contributions (gauge,
Higgs, and interactions) prior to fixing the gauge. Using
a spherically symmetric SU(2) ansatz (justified by the
small mixing angle approximation and consistent with
lattice studies), we obtain detailed numerical solutions
for the sphaleron profile functions with current values of
the Higgs and W-boson masses. From this, we compute the
sphaleron energy Egy, ~9.1 TeV, in agreement with [13].

We determine the static minimum-energy path in con-
figuration space connecting the sphaleron to the vacuum.
This one-dimensional “potential barrier” allows us to
interpret the sphaleron as the peak of a potential
V(Ncs), updating the classic barrier profiles of Akiba,
Kikuchi, and Yanagida (AKY) [19]. We then perform a
linear stability analysis around the sphaleron, confirming a

single negative eigenvalue w? = —2.7m?, in the small-

fluctuation spectrum. The corresponding eigenfunction
is computed with analytical fits for its radial profile.
Physically, this unstable mode corresponds to motion along
the Ng direction: perturbing the sphaleron in this mode
causes it to “decay” toward one of the vacua. The
magnitude of the negative eigenvalue directly impacts
the prefactor for the sphaleron transition rate in thermal
environments, making this result particularly important for
early universe cosmology.

More crucially, sphaleron transitions in the early Universe
play a fundamental role in baryogenesis [20-24]. Because
they violate (B + L) but conserve (B — L), sphalerons can
convert a preexisting lepton asymmetry into a baryon
asymmetry, as in standard leptogenesis scenarios [25,26].
Our results can help refine the condition for sphaleron
freeze-out after the electroweak epoch. State-of-the-art
lattice simulations (with mgy = 125 GeV) indicate that
the electroweak phase transition is an analytic crossover
at T, ~ 159 GeV [27-30]. Above this temperature, anoma-
lous B + L violating processes are rapid, while below 7', the
sphaleron rate drops steeply. Sphaleron processes are
estimated to freeze out at a temperature 7, ~ 132 GeV,
below which baryon violation becomes negligible. This is
crucial for low-scale leptogenesis scenarios, which generate
a lepton asymmetry around the electroweak scale—the
asymmetry can partially convert to baryon number, and
then sphalerons turn off, preserving the baryon excess.
Conversely, the SM crossover is not strong enough to
prevent sphalerons from erasing any baryon asymmetry
produced earlier than 7 ~ 130 GeV, necessitating new
physics for electroweak baryogenesis.

The structure of this paper is as follows: In Sec. II, we
derive the SU(2) spherical symmetry ansatz and the
resulting classical field equations. Section III presents
our numerical approach for finding static sphaleron sol-
utions and the boundary conditions employed. In Sec. IV,
we analyze the minimum energy path between topologi-
cally distinct vacua. Section V focuses on determining the
unstable mode and its properties. In Sec. VI, we develop a
one-dimensional effective model for sphaleron transitions.
Finally, in Sec. VII, we summarize our key findings and
discuss their implications for both early universe cosmol-
ogy and high-energy collider physics.

II. SU(2) SPHERICAL SYMMETRY AND
CLASSICAL FIELD EQUATIONS

We begin our analysis by considering the SU(2)y, x
U(1)y electroweak theory, setting the foundation for our
investigation of the sphaleron solution. Later, we will work
in the limit where the weak mixing angle 8y, — 0. In this
approximation, the U(1), hypercharge gauge field decou-
ples, allowing us to focus on the SU(2),, weak interaction
gauge fields Wi (x) coupled to a complex scalar doublet
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®(x) and left-handed fermion doublets ‘I’(Lf ) = (q). 1)),
with f =1, 2, 3 labeling fermion families.

Multiple studies have confirmed the validity of this
approximation [27-29], showing that including the U(1)
hypercharge coupling with the physical value sin? ), ~
0.23 reduces the sphaleron energy by approximately 1%. We
therefore employ the simplified estimate Egy, ~9.0 TeV,
which provides sufficient accuracy for both theoretical
explorations and phenomenological analyses of processes
that violate baryon number conservation.

To formulate our analysis precisely, we now present the
full mathematical framework underlying the sphaleron
configuration in the electroweak theory. We begin by
considering the following bosonic fields in the SU(2)y, x
U(1)y electroweak theory:

L= (We) = Bl + (D) (D0) - V(@) (1)
where Wi are the SU(2) gauge bosons with field
strengths W4, = 9,W¢ — 0,W¢ + ge®**WhW¢, where ¢
is the totally antisymmetric structure constant, and B, is the
hypercharge gauge boson with B,, =9,B, —d,B,. The
covariant derivative acting on the Higgs doublet is given by

1
~igB,®, (2)

1.
D,® =0,® - ElgW,‘ja“d) )

where ¢ is the SU(2)y, coupling, ¢’ is the U(1), coupling,
and ¢ are the Pauli matrices. The factor of 1/2 in the B,
coupling comes from the Higgs doublet hypercharge
Y = 1/2. The Higgs potential takes the standard form

K 3)

with mass parameter ¢ and self-coupling A. After sponta-
neous symmetry breaking, the Higgs field acquires a
vacuum expectation value v = u/v/A =~ 246 GeV, giving
rise to the W-boson mass my, = gv/2 and the Higgs boson

V(®) =~ + 4@

mass my = \/2Av. The electroweak mixing angle is
defined as tan 0y = ¢/ g.

Using the Euler-Lagrange equations, we derive the full
field equations from the Lagrangian (1)

D, DF® = —m, (4)
" oD’

D*We, = —ig [@i6*(D,®) — (D, @) 6*®],  (5)
@B, = —i%/ [CDT(DﬂCD) — (D,;I))TCD], (6)

where we define the covariant derivative of the field
strength as

DWW, = Wy, + geabCW’;,WWC. (7)

As we set ¢ = 0 to analyze the sphaleron in the Oy — 0
limit, the U(1), field decouples from the theory.” After
spontaneous symmetry breaking, the Higgs potential can be
rewritten as

() = a(jop -2 )" ®)

which has a minimum at |®| = v/+/2. The field equations
simplify to

1)2
D,D'® = -2/1<|q>2 - 7) @, (9)

D*We, = —ig [@764(D,®) - (D,®)!6"®]. (10)

To capture the essential features of the sphaleron
configuration, we introduce a general spherically symmet-
ric ansatz that respects the underlying symmetries of the
system while providing a tractable mathematical frame-
work [18,19]

Wi (x) = éG(r, t)x—r“, (11)
i) = [

—l-w(rzéja - XjX,) +fC(r£’ /) xjxa] . (12)
D(x) = \% {H(r, 1)+ iK(r.1) %] <(1)> (13)

where r = |x| is the radial coordinate and & - x = 6%x,.
This ansatz is particularly suitable for describing the
sphaleron as it incorporates the hedgehog configuration
characteristic of topologically nontrivial gauge field
solutions.

Substituting these expressions into the field equations (9)
and (10), we obtain a system of six coupled partial

*This “Weinberg-angle approximation” is well-motivated:
numerical solutions at finite 8y, show that, for the physical value
sin” @y, ~ 0.23, the sphaleron energy, core profile, and single
negative mode differ only mildly from the 6y, = 0 solution, while
the most important new effect is the appearance of a magnetic
dipole moment and a small axial deformation in external fields
[7,28,29,31,32]. In particular, these studies confirm that the
standard Klinkhamer-Manton solution remains an accurate de-
scription of the relevant saddle point for baryon- and lepton-
number—violating transitions in the absence of strong background
fields, so that working in the €y, — O limit is sufficient for the
static properties we analyze here.
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differential equations for the functions G(r,t), fa(r,1),
fa(r.t), fc(r,t), H(r,t), and K(r,t). These equations
fully characterize the dynamics of the spherically sym-
metric configurations in our model

. 1
fa— X‘f’p(ffx‘f'f%— 1)fa
R+ K2y + K~ )

+ faft = 2fsfc— fufe— faG* +2Gfp + f5G = 0.
(14)
.. 1
fB_f%"i_ﬁ(f%_Ff%_1)fB+m%V[(H2+K2)fB_2HK]
+fofe+2fhfc+fafc—fsG*=2Gfa—f1G=0.
(15)
fc+ (fA+fB)fc+mw(H2+K2)f
+2m%v(H’K—HK’)+—(f2fB—fAf};)
(fBG2+2GfA+fA ) =G =0. (16)
H—l(rH)”—i—L(fz+f2—|—1)H—l(Hf + Kfp)
r 2p2 VA B r? A B
+%m%,(H2+K2—1)H
1 1
—;KfC'i‘ZH(fzc—Gz)—K/fc
+KG=3K(fe=G) =0, (17)
1 1
K__(rK)//+_(fA+fB+1>K+ (Kfa—Hfp)
+%m%[(H2+K2—1)K
+%ch+%K(f2c—G2)+H’fc—HG
+%H(f’C—G):0, (18)
1 . 2. 2
(G = Je=2fe =S+ 136
2 . . . .
"‘p(fAfB—foA)"‘zm%v(HK_KH)
— m3, (H? + K*)G = 0. (19)

An important feature of the spherically symmetric ansatz
is that it preserves a residual U(1) gauge symmetry, which
is a subgroup of the original SU(2). As shown by Ref. [18],

this symmetry acts nontrivially on the fields as
()= () (o)
— + S
fc fe ' (r.1)

(1)~ Gty ) (1) e

(20)

Here, the prime denotes a radial derivative, i.e.,
0'(r,t) = 00(r,t)/0r, and the dot denotes a time deriva-
tive, i.e., @(r,t) = 00(r,1)/ot. The function @(r,t) para-
metrizes local SU(2) gauge transformations that preserve
the structure of the ansatz. These transformations define a
residual U(1) gauge freedom within the space of spheri-
cally symmetric configurations. Importantly, no explicit
gauge fixing is required at this stage: the residual gauge
symmetry is identified by analyzing how the ansatz
transforms under infinitesimal gauge rotations. At a later
stage, one may choose a specific representative within the
U(1) gauge orbit, for example, by taking a time-indepen-
dent transformation with (r) = —z, to obtain a localized
configuration with nontrivial topological charge, corre-
sponding to the sphaleron. This choice is not necessary for
defining the ansatz, but it selects a convenient gauge
representative within the class of physically equivalent
configurations.

The total energy functional, which can be derived from
the Lagrangian (1), is given by

E = Ey, + Egaiic (23)
where the kinetic energy contribution is given by
4r / 0 [ < 2f BG)
E in = & dr 2 1 + D
kin 92 0 A fA
2fA r2 0 G/
+ 12 (l— >+—f 1-2—
s ) 270 T
L2 (B + K+ G(HK — HI'())] R

and the static energy contribution takes the form
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4 0
Eyuie = 2 / dr [(fg - fefal 4 (s — fefa)l +
g Jo

1 2 1 2
+2m%vr2{<H/+§ch> +<K/—§ch> +

(mme)2

1
—-—-G*(H* + K?
GO )}+ 2

We note that these expressions are completely general and
the gauge has not been fixed yet.

The total energy functional presented encapsulates all the
essential dynamics of the field configuration without impos-
ing any gauge-fixing conditions. Several important features
can be observed in these expressions: (1) The prefactor ‘;—’{ =

L sets the characteristic energy scale of the sphaleron,
aw

directly related to the electroweak scale and inversely
proportional to the weak fine-structure constant.
(2) Cross-terms coupling the gauge fields (f4, fg, fc) with
the Higgs components (H, K) reflect the essential non-
Abelian character of the energy functional, highlighting how
gauge and Higgs sectors interact nontrivially. (3) The kinetic
energy includes terms involving the time evolution of all
dynamical variables, crucial for understanding transitions
between the sphaleron and vacuum configurations.

Therefore, our analysis addresses three fundamental

aspects of the electroweak sphaleron:

(1) Static sphaleron solution: First, we will determine
the static sphaleron configuration by minimizing
E.ic subject to appropriate boundary conditions.
This saddle-point solution represents the minimum-
energy barrier configuration between topologically
distinct vacua.

(2) Minimum energy path: Next, we will compute the
minimum energy path connecting the sphaleron to
the vacuum configuration. This path, often called the
“most probable escape path,” characterizes the
optimal trajectory for baryon-number-violating
processes and is crucial for determining transition
rates in thermal environments.

(3) Unstable mode analysis: Finally, we identify and
analyze the unstable mode of the sphaleron, which
drives the system away from the saddle point toward
either vacuum state. The eigenvalue associated with
this mode determines the prefactor in the thermal
transition rate, while its eigenvector characterizes
how the sphaleron decays.

III. SPHALERON SOLUTION AND STATIC
MINIMUM-ENERGY PATH

A. Static sphaleron equations of motion

In this section, we derive and analyze the static sphaleron
solution that represents the energy barrier between

(fa+/f5-1)°

r(H?> + K? - 1)2} )

1
- (f+ 135 = 57°G"

212 2

1 1
W(HfA+KfB—H)2+W(KfA—HfB+K)2

(25)

|
topologically distinct vacua. We begin by simplifying
the general field equations for static configurations, estab-
lish appropriate boundary conditions, and develop a
numerical framework for obtaining precise solutions with
current Standard Model parameters.

For static configurations, all time derivatives vanish
and the time component of the gauge field must be
zero, i.e., G(r,t) = 0. Additionally, we adopt the radial
gauge condition x'W¢ = 0, which corresponds to setting
fe(r,t) = 0. Under these conditions, the equations of
motion (14)—(19) reduce to the following system of coupled
ordinary differential equations [19]

1
{= 5+ f- s

—m¥[(H? + K?)f4 + K* = H?| =0, (26)
1 1 2 2
B‘ﬁ(fA +fB_ 1)fB
— m3,[(H? + K?)f — 2HK] = 0, (27)
Fufs = falls +mlyr?(HK = HK') =0, (28)
Ly = L+ OB S (HE A+ K Fy)
r 22 A B r? 4 b
_%m%{(H2+K2— 1)H =0, (29)
l(rK)//_L(fZ_i_fz_i_l)K_l(Kf —Hf)
r 22 A B r? 4 i
_%m%i(HZ-sz— 1)K =0. (30)

These equations describe a static, spherically symmetric
field configuration. The static energy functional for these
field configurations simplifies to
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4 o 2+ 2_12
Esph:_’;/ dr{(g”%M)
g Jo 2r

1
+2m%vr2 (H/Z +K/2 +W<HfA +KfB —H)2
1
+F(KfA —Hfpg +K)2>

+Mr2(HZ+K2—1)2:|. (31)

We note that not all equations are independent.
Equation (28) represents a constraint whose left-hand side
corresponds to an integration constant for the other equa-
tions, which vanishes as r — 0.

B. Pure gauge configurations
and boundary conditions

Following the discussion in Ref. [19], we derive general
expressions for sphaleron and vacuum boundary conditions
incorporating pure gauge configurations. In the radial gauge,
the gauge potential has no radial component. This property
implies that at large radius » — oo, a finite-energy field
configuration must asymptotically approach a pure gauge.
Therefore, we can solve the SU(2)y, equations of motion as
r — oo by using

2i v 0
0“Wi4(00) =——0;UU~", ®(c0)=—72U( |, (32
o) =-20, =2su(}). o)
where the SU(2)y, group element U(r) is given by
i o-r
U(r) = —qg— ). 33
1 =exp (347) (33)

Here ¢ is a free parameter that we vary between 0
and 4z.° The pure gauge condition also implies that
W{.(r — oo) = 0. Physically, this can be understood as a
consequence of the finite energy constraint, which forces the
fields to approach a “pure gauge + vacuum expectation
value (VEV)” configuration at spatial infinity. The equations
of motion are then automatically satisfied in this asymptotic
region, as the fields have already reached a minimum energy
configuration. More generally, the parameter ¢ in the group
element U determines which topological vacuum is
approached at infinity, leading to different possible
Chern-Simons or winding numbers. We use different values
of ¢ to identify and characterize vacuum and sphaleron
solutions.

*We vary ¢ from 0 to 4z rather than from 0 to 27 because the
sphaleron solution at ¢ = 3z differs from the one at ¢ = 7z by a
sign change in the K field component. This behavior is illustrated
in Fig. 1.

We now proceed to define the boundary conditions as a
function of g. At r = 0, the regularity conditions from the
equations of motion (26)—(30) give

Fas 1 +ya(myr)?, (34)
1 3
fB——g}’H}’K(mWV) ) (35)
Hx~y +i (y% — 1) (mpr)? (36)
=YH ]27H YH HT)"
K ~yg(myr). (37)
and the asymptotic behavior at large r is
facosq+ (84 cosq—bgsing)exp(—myr), (38)
fpsing + (84 sing + g cos q) exp(—myr),  (39)
He~cos( L)1+ On exp(—mpgr) (40)
2 myr
+sin( 4 B exp(—myr), (41)
2) mi,r?
K ~sin (%) {1 + m—zrexp(—er)} (42)
q\ 0p
— COS <2) Wexp(—mwr), (43)

in agreement with Ref. [19].
Using numerical fits to our solutions, we find that for the
sphaleron configuration at ¢ = 7

0.34
yi=—116(21) " ~ _0.998, (44)
my
0.45
vk = 0.87 (—H> ~1.062, (45)
my
-0.34
Sy =—2.92 <@> ~ 2512, (46)
my

while the remaining constants (yy, 0g, 8y) are zero. In these
expressions, we used the current SM parameters, with
my = 125.11 GeV and my = 80.36 GeV, leading to the
mass ratio my/my ~ 1.556.

We note that when scanning for solutions with ¢ = 37,
the parameter yg acquires a minus sign compared to the
q = case. The sphaleron and vacuum solutions are
illustrated in Fig. 1. We searched for solutions in the
region g € [0,4x] and found only sphaleron and vacuum
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FIG. 1.

mwr

Field profiles of the sphaleron configuration and vacuum solutions for different values of the parameter g, which interpolates

between topologically distinct vacua in SU(2)y, gauge theory. Each panel shows the radial dependence of the gauge field functions f4,
[, and the scalar fields H, K as functions of my,r. The configurations at ¢ = 0, 2z (left panels) correspond to vacuum solutions, while
q = m, 3 (right panels) correspond to sphaleron configurations centered at the top of the energy barrier separating neighboring vacua.

solutions, consistent with the findings in Ref. [19]. We find
the sphaleron energy to be

Egpn ~9.08 TeV, (47)

in excellent agreement with the detailed numerical deter-
mination of Ref. [13], which reports Eg,, ~9.11 TeV.

IV. STATIC MINIMUM-ENERGY PATH
BETWEEN SPHALERON AND VACUUM

A. Topological structure and anomaly equation

Having established the static sphaleron solution in the
previous section, we now focus on constructing and
analyzing the minimum-energy path connecting the spha-
leron to topologically distinct vacuum states. This path is
crucial for understanding baryon number violation proc-
esses mediated by sphalerons in both early universe
cosmology and high-energy particle collisions.

In the Standard Model (or any non-Abelian gauge theory
with chiral fermions), the baryon number current J% is not
conserved at the quantum level due to the chiral anomaly
[1-3]. Instead, it satisfies an anomaly equation of the form

NG

Wl =352

Tr(W,, W), (48)

where N, = 3 is the number of fermion families, Wary —
Terrowe, is the field dual, and the trace is over the SU(2)
gauge indices. This equation connects fermion number
violation to the topology of gauge field configurations. The
right-hand side of Eq. (48) can be rewritten as the four-
divergence of a current K¥, known as the Chern-Simons
current

92

3272 TH(W,u W) = 9,K",

(49)

where K* is given by

2
g ‘g abc a (&
-3¢ b WUW’;W,,>. (50)

1672

K+ = et (Wgapwg

When instanton solutions exist in Euclidean spacetime
[33], the integral of the anomaly over all spacetime gives a
topological winding number
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g2

N =
3277

dxTe(W,,, W), (51)

where N takes only integer values. An instanton with
winding number N mediates a tunneling process between
states with different baryon numbers: |n) — |n+ N),
where the change in baryon number is AB = 3N for the
Standard Model with three fermion generations. Using
Stokes’ theorem, we can express the topological index in
terms of the time component of the Chern-Simons current

1
N(to) =/d3xK0 §—;)°°+/° dt/SK-dS, (52)

where S is the surface at spatial infinity. If K decreases
sufficiently rapidly as » — oo, the surface integral vanishes,
and we can define the Chern-Simons number at time 7, as

Nes(to) = / KO (1), (53)

assuming K = 0 at t = —oo for simplicity.

In the radial gauge we have adopted, the topological
number N receives an additional contribution from a
nonvanishing surface term [7,19], leading to

N = /d3xK0
(L

where ¢ is the parameter in the pure gauge configuration
discussed in Sec. III. Importantly, N is gauge-invariant and
directly related to the baryon-number violation AB = 3N
corresponding to three fermion families.

A vacuum (or ground state) of the SU(2)y, theory has the

Higgs field at its VEV magnitude, |®| = v/+/2, and the
gauge field in a pure gauge configuration. Such configu-
rations are characterized by integer Chern-Simons num-
bers, Ncs = n€ Z. Our numerical calculations confirm
that for ¢ = 0, we obtain the trivial vacuum with N-g = 0.
For ¢ = 2z, we obtain the vacuum with Nog = 1. For
q = 4z, we obtain the vacuum with Ncg = 2. This follows
directly from Eq. (54), as the integral term vanishes for
vacuum configurations and N = (g —singq)/(2x), which
equals 0, 1, and 2 for ¢ = 0, 27, and 47, respectively. These
different vacua, labeled by consecutive integers, are sep-
arated by energy barriers in the configuration space. The
sphaleron represents the static solution at the top of this
barrier. By symmetry considerations, the sphaleron
between vacua with Neg =n and Ncg=n-+1 has

NCS :n+%

q—sing

q—sing
2z

(54)

dr(f\fs—Fafy) +fB|:3°) "

N, cs =n + % . (55 )
Our numerical calculations verify that: For g =z, we
obtain the sphaleron with Nqg = % For ¢ = 3z, we obtain
the sphaleron with Ncg = 3

Again, this follows from Eq. (54), as (¢ — sing)/(2z) =
1/2 for ¢ =z and 3/2 for ¢ = 3z. The sphaleron with
Ncs = % is the most relevant for Standard Model phenom-
enology, representing the minimal-energy barrier configu-
ration between the trivial vacuum and the vacuum with unit
winding number.

B. Lagrange multipliers for static configurations

To find static configurations numerically and explore the
minimum-energy path connecting adjacent vacua, we use a
constrained minimization approach following Ref. [19]. We
minimize the static energy functional E,;. subject to the
constraint of fixed Chern-Simons number.

We introduce a Lagrange multiplier x and define the
modified functional

Ely] = Egaiclw] + cNes[wl, (56)
where 1y represents the set of profile functions
{fa(r), fg(r),H(r),K(r)}. The parameter k serves as a
Lagrange multiplier enforcing the Chern-Simons number
constraint. This leads to dE/dk = N¢g. This approach
modifies the equations of motion for the gauge field
components. The modified versions of Egs. (26) and
(27) become

1
h= (R + 13—

—m¥[(H* + K*)fo + K> = H?] + {my [ =0, (57)
1
ﬁé—p(f% + /5= 1)fs
_m%v[(H2+K2>fB—2HK] _gmwf;x =0, (58)

where { = ayk/(2zmy) and parametrizes the deviation
from the unconstrained equations. The Higgs field equa-
tions remain unchanged in form but are coupled to the
modified gauge field equations through the solutions for f4
and fp.

By systematically varying ¢ from O to some maximum
value and back to 0, we can trace the minimum-energy path
connecting the vacuum at Nog = 0 through the sphaleron at
Nes =1 5 to the vacuum at Ncg = 1. The energy along this
path forms a potential barrier whose height determines the
tunneling probability at zero temperature and the thermal
activation rate at finite temperature [5].

The boundary conditions for the profile functions must
be modified to account for the Lagrange multiplier term.
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0.75F
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= —0.25
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q=09m, N =0.44 ]
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—1.00E

FIG. 2. Field profiles of the sphaleron configuration and vacuum solutions for different values of the parameter ¢, which parametrizes
a family of field configurations interpolating between topologically distinct vacua in SU(2)y, gauge theory. Each panel shows the radial
dependence of the gauge field functions f,, f, and the scalar fields H, K as functions of my, r. The topological number associated with
each configuration is given by N. The panels correspond to intermediate configurations between vacua and sphalerons, with increasing ¢
leading to larger topological charge N and energy. This sequence demonstrates how increasing ¢ leads to configurations with

progressively higher topological charge and energy.

Near the origin, r ~0, the series expansions modify the
boundary condition fp

(Yuyk — C}’A)(mw”)3’ (59)

W | =

fp~-—

and at r = oo, we find

fa = cos g+ Re[(64 cos g — dp sin q) exp(—pr)], (60)
fp =sing + Re[(64 sing + g cos q) exp(—pr)], (61)
1)
H= cos% [1 + 2 exp(—er)}
mwr
1)
+ singRe [ﬂz—izexp(—ﬁr)] . (62)
o
K = sin% [1 +m—::reXp(_er)}
q Op
—cosERe z—rzexp(—ﬁr) , (63)

where oy is real, and d,, 0p, and f are complex numbers
with the condition 65 = my L8,/ (m%, — *), and the real
parameter f satisfies the constraint (5% — m?%,)* = m3,5°¢>.

This constrained minimization approach allows us to
systematically compute the minimum-energy path con-
necting topologically distinct vacua through the spha-
leron. The resulting energy barrier profile is crucial for
determining baryon-number-violating transition rates in
the early universe [5,24] and potentially in high-energy
collisions [13,15].

The approach to studying sphalerons outlined above
follows the constrained minimization method of AKY [19],
which differs methodologically from the original approach
of Manton [27]. The AKY approach, which we adopt here,
directly constrains the topological charge through a
Lagrange multiplier, allowing for a systematic exploration
of the minimum-energy path connecting adjacent vacua. In
contrast, Manton’s approach uses a specific parametrization
that interpolates between vacua. These different methods of
constructing the path between vacua represent comple-
mentary perspectives on the sphaleron transition. The AKY
approach has the advantage of directly targeting configu-
rations with specific Chern-Simons numbers, which is
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particularly useful for mapping out the detailed energy
landscape between topological sectors. This systematic
exploration of the minimum-energy path is especially
valuable when studying potential sphaleron production
mechanisms in both cosmological and high-energy colli-
sion contexts.

Figure 2 illustrates the radial profiles of the field
functions for various configurations along the path con-
necting multiple topological sectors. As we vary the
parameter g from O to z, we observe the systematic
evolution of the field profiles corresponding to vacua at
qg =0, (with Ncg = 0) and sphalerons at g = 7 (with
Ncs = 1/2). The gauge field components f,(r) and
fg(r) approach pure gauge configurations at large dis-
tances, while the Higgs field components H(r) and K(r)
approach their vacuum expectation values with phase
rotations determined by ¢q. These profiles clearly demon-
strate the topological distinction between different sectors
and the barrier configurations (sphalerons) that separate
them. The energy of these configurations increases with ¢
up to ¢ = 2 and then follows a periodic pattern, reflecting
the cyclic nature of the vacuum structure in SU(2) gauge
theory with a Higgs field.

V. EIGENVALUE EQUATIONS
AND UNSTABLE MODES

A. Coupled channels

We now proceed to analyze the dynamical stability of the
sphaleron by computing its unstable modes. These results
are fundamentally important for understanding the decay
dynamics of sphalerons and are applied in our following
paper on lattice studies of sphaleron decay [34].*

The sphaleron solution in the radial gauge can be
expressed in the Manton parametrization [7,27] as

fa(rit) =1=2£(r), (64)
K(r,t) = h(r), (65)

fp(r.t) = fe(r.t) = H(r,1) = G(r,1) =0, (66)

where f(r) and h(r) are radial profile functions that satisfy
the boundary conditions

flo0) =1, (67)
h(e) = 1. (68)

As shown by Tye and Wong [13], these profile functions
can be accurately approximated by hyperbolic functions

*For the publicly available sphaleron lattice decay code on
GitHub, see https://github.com/sarunasverner/sphaleron-decay.

Field values

mwy T

FIG. 3. Radial profile functions for the sphaleron solution.
Solid lines show the numerically computed profiles obtained
from our constrained minimization approach, while dashed lines
show the analytical approximations using hyperbolic functions as
proposed in Ref. [13]. The agreement validates both the numeri-
cal and analytical approaches.

f(r)=1=sech(1.15myr), h(r)=tanh(1.05myr). (69)
Figure 3 compares our numerically computed profiles with
these analytical approximations, showing excellent
agreement.

To analyze the stability of the sphaleron solution, we
introduce small perturbations around the static configura-
tion and study their time evolution. Following Ref. [35], we
define fluctuation fields #;(r, t) (withi = A, B, C, H, K) as

Fa(rt) = 1= 2£() + raa(r.1). (70)
Falrt) = rog(r.1), (71)
Felr.1) = Vane(r.1). (72)
H(r.1) = ﬁlmwnﬂo, 0. (73)
K(r,t) = h(r)+ \/Zlmw nk(r,1). (74)

The factors in these definitions are chosen to simplify the
kinetic energy term in the Hamiltonian. With the time
component of the gauge field set to zero, G(r, t) = 0, the
kinetic energy contribution from Eq. (24) becomes

B =5 | rPdr(ig + i + g + iy + k). (75)
where the dot denotes a time derivative. This form ensures
that the kinetic term has the standard canonical structure.

To analyze the stability of the sphaleron, we expand the

static energy functional around the sphaleron solution to
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second order in the fluctuation fields
Egaic = Esph
1 o o
by [ar [T arno ) s (76)
0 0
where

2
O°E, static

Halrr) = S on, (),

(77)

is the kernel of second functional derivatives (the Hessian)
evaluated at the sphaleron background. This Hessian acts as
the “mass matrix” in the linearized fluctuation problem, and
its eigenspectrum determines the stability of the sphaleron.

A crucial property of the Hessian, first noted by
Ref. [35], is that it decomposes into two independent
sectors due to the symmetries of the spherically symmetric
ansatz: the two-channel sector 5(r) = (4,7x)" and the
three-channel sector 5(r) = (75, 7¢,ny)". This decompo-
sition significantly simplifies the eigenvalue analysis,
allowing us to treat these two sectors independently.

In this case, the operator form for the two coupled
channel is given by
|

—f’%—l—m%v—l—UBB \/z(_%pr"i_riz_FUBC)

Ly(r)=| V2(1P, + Ucp)
—V2(" + Uyp)
where
Usslr) = 5 [(1=2(0)P = 1]+ i (2 = 1), (34)
Uee(r) = 5101 =20 = 1] + 5 mhr 7 = 1], (85)
Un(r) = =51 = F02) + 3w AP =11, (86)
Unelr) =2 |=270) + (1= 1) 5 . (87)
Ual) = =270 =201+ 5] 69
Usn(r) = Upp(r) = =2 [A(r) = 11 (89)
d
Uen(r) = mulh(r) = 1) = myhd (7). (90)

—myP, ==+ Upc

Lo (r)n(r) = w’y(r) with
—P}+ 34+ m3, + Uya(r) J5Uax(r)
Ly(r)= R ,
2(r) =P} +m} 4 Ugg(r)

(78)

%UAK(”)

where P, =14 and the radial potentials are given by

Upa(r) = 510 = 277 = 1]+ m 2 = 1], (79

Uai(r) =™ h(1 - 1), (50)
Ugslr) = 5 (1= R +3myl2 =1 1)

Ls(r)n(r) = o’n(r). (82)

with block entries
~V2("% + Ugn)

mer —mT,W‘F UCH . (83)
—P}+ 23+ Uyy

Unelr) = =2myt/ ()= mulh(r) =112+ 5. o0

dr|’

These operators determine the normal modes of oscillation
around the sphaleron. The eigenvalue problem for the
normal modes is given by

ﬁNU)’Tn(”) = w%nn(r)’ N = 27 3’ (92)

where ®” are the eigenvalues. Negative eigenvalues

(w?* < 0) correspond to unstable modes, while positive
eigenvalues (w? > 0) correspond to stable oscillatory
modes. The lowest eigenfrequency w_ identifies the single
unstable (tachyonic) direction of the sphaleron.

All eigenfrequencies @’ are guaranteed to be real
because the radial momentum operator is anti-Hermitian,
P! = —P,, and the mixed potential terms obey U?j =Uj.
This ensures that the Hessian operator is Hermitian.
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B. The unstable mode

A crucial aspect of the stability analysis is the proper
treatment of gauge degrees of freedom. The three-channel
sector (g, ¢, and 77) contains an infinite number of gauge
zero modes, which must be excluded from the physical
energy spectrum. These zero modes represent gauge trans-
formations of the sphaleron configuration and do not
correspond to physical fluctuations.

Following Ref. [35], we implement a gauge-fixing
condition

("2’1c)/ = \/E(l —=2f)rnp — mw”zhﬂm (93)

where the prime denotes differentiation with respect to r.
This condition ensures that only physical modes are
considered in our analysis.

It is worth noting that diagonal entries in the potential
matrices exhibit singular behaviors near the origin.
Specifically, Uy contains an attractive 1/r> singularity,
whereas U carries arepulsive 1/7 term. No other channel
is singular near the origin, since f(r) ~ r? as r — 0. These
singularities are pure gauge artifacts that would disappear
after transforming to an appropriate background gauge.
However, we refrain from applying such a transformation
here, as it would mix states of even and odd parity and thus
obscure our channel decomposition.

For a well-defined eigenvalue problem, we must specify
appropriate boundary conditions for the fluctuation fields.
At the origin (r — 0), regularity requires

rmi(r)l,—o = 0 (94)

In general, at large distances (r — o), the fluctuations
must be normalizable, which requires

e—k,-r

n;(r) ~ as r — oo, (95)
r

where k; depends on the asymptotic form of the potential

terms and the eigenvalue w?. For stable modes (w? > 0),

we have k; = /m? — w*, where m; is the effective mass of

the corresponding field. For the unstable mode (w? < 0),

we have k; = \/m? + |w?|. We note that ¢ is not subject
to the boundary condition at r = oo, since the terms 7 do
not appear in Eq. (76).

To solve the eigenvalue problem numerically, we dis-
cretize the radial coordinate on a logarithmic grid that
extends from rp, = 107*my} to rp. = 20my! with 1000
grid points. This provides sufficient resolution near the
origin while capturing the asymptotic behavior at large
distances. We implement the gauge-fixing condition (93)
by eliminating 7. in favor of 5z and 5y. The resulting
eigenvalue problem is solved using a combination of

Energy Spectra in the Sphaleron Background
6 T T

w/my
[\]

L 2

three coupled
channels

two coupled
channels

FIG. 4. Low-lying eigenvalue spectrum of fluctuations around
the sphaleron. Left: two-channel sector showing only stable modes
after gauge fixing. Right: three-channel sector showing the unstable
mode with @® < 0 and several stable modes. The eigenvalues are

given in units of ny, so that w_ is plotted as sign(w?)+/|w?|.

finite-difference methods and sparse matrix diagonalization
techniques.

Our numerical analysis reveals that the sphaleron pos-
sesses exactly one unstable mode, with eigenvalue

(96)

w2 ~ —2.7m%‘,,

corresponding to an imaginary frequency w_ ~ 1.64imy,.
Previously, Ref. [35] found @? ~—2.3m} assuming
that Mmy — myg.

The unstable mode resides in the three-channel sector,
coupling the gauge field fluctuation 7z and 7. and the
Higgs field fluctuation . This negative eigenvalue con-
firms that the sphaleron is indeed a saddle point of the
energy functional with exactly one unstable direction, as
required for a barrier configuration between adjacent
topological vacua.

Figure 4 shows the low-lying energy spectrum for both
the two-channel and three-channel sectors. The spectrum
includes the unstable mode with @? <0 in the three-
channel sector, as well as several stable modes with w* > 0
in both sectors. The lowest nonzero eigenvalues in the
three-channel sector correspond to gauge rotation modes,
while higher eigenvalues represent physical oscillations
around the sphaleron configuration.

The existence and properties of the unstable mode
are crucial for understanding sphaleron-mediated baryon

number violation. The eigenvalue > determines the
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characteristic timescale for sphaleron decay, Tgecay =~

1/|w_| ~0.61my}, which corresponds to approximately
5 x 10727 seconds.

At zero temperature baryon-number violation proceeds
through instanton tunneling and is suppressed by the
Euclidean action S = 47 /ay,. With the physical coupling
ay ~0.034 one finds exp(—Sg) ~exp(—370) ~ 107161,
making the process utterly negligible [3]. Near the electro-
weak crossover (7.~ 159 GeV [30]) thermal activation
over the sphaleron barrier dominates. In the broken phase
the leading weak-coupling result [36-38] is

I CU <awT)3 l: ESph(T):|
— ) exp|————|.
V 27 \ 4n T
The explicit dependence on @w_ shows why an accurate
value of the negative mode is essential for quantitative
baryogenesis computations.

In our following paper [34], we use the unstable mode
calculated here to initialize real-time lattice simulations of
sphaleron decay.” By perturbing the sphaleron configura-
tion along the unstable direction and evolving the full
nonlinear field equations, we can directly study the
dynamical process of baryon number violation, including
nonperturbative effects that are difficult to capture in other
approaches.

(97)

C. Analytical formulation for
the three-channel sector

The eigenvalue analysis in the previous sections reveals
that the sphaleron possesses exactly one unstable mode
with eigenvalue w? ~ —2.7m?%, Importantly, this mode
resides in the three-channel sector (coupling #g, #c, and
ny)- Therefore, for a comprehensive understanding of the
sphaleron dynamics, the analysis of this sector is essential.

Following Akiba et al. [35], we can analyze the three-
channel sector by focusing on the coupled differential
equations for 7, nc, and ny. After implementing the
gauge-fixing condition, the linearized equations of motion
around the sphaleron background take the form

2 2
Mg + 1 + |@* = migh? — 2f(1—f) ng  (98)
272 272
+r—\§-(1 —2f+2rf/)'7c+r—{mw(l — f)hne =0,
e+ 2nc = V2(1 = 2f)ng + myhrny =0
(99)

>Sphaleron processes are also expected to produce helical
magnetic fields, potentially seeding large-scale cosmological
magnetogenesis during the electroweak epoch [39].

2 1 2
i+ | = i g (1= %) =5 12

2
+ ;fmw(l — f)hng + 2myh'nc =0

(100)
These equations clarify how the fluctuations couple to the
background sphaleron configuration through the profile
functions f(r) and h(r). We note that Eq. (99)is precisely
the gauge-fixing condition Eq. (93) rearranged to express
ne in terms of the other fluctuations. This approach
eliminates the gauge zero modes while preserving the
coupled structure of the physical modes.

The boundary conditions for these equations follow from
our earlier analysis of regularity at the origin and normal-
izability at infinity. For numerical purposes, we implement
these as
(101)

rni(r)|,—o = 0, (regularity at the origin),

ni(r)|r:R =0.

where R is a sufficiently large numerical cutoff, typically
R 2 10my;} in our computations.

To solve the coupled system Eqgs. (98)—(100), we employ
a shooting method with fourth-order Runge-Kutta integra-
tion, matching the solutions at an intermediate point to
ensure global consistency. Our approach generalizes the
method developed by Ref. [35], but incorporates the my =
125.1 GeV and my, = 80.4 GeV rather than the approxi-
mation my = my used in earlier works. Our numerical
analysis confirms that the sphaleron possesses exactly one
unstable mode with eigenvalue w? ~ —2.7m3,, in agree-
ment with the results in the previous section. This unstable
mode resides in the three-channel (5-n--17y) sector, which
is precisely the direction in configuration space that
connects adjacent topological vacua.

The radial dependence of these mode profiles can be
accurately approximated by the following analytical
expressions:

(normalizability at large R), (102)

np(r) = 10222747 (my, )05, (103)
ne(r) = 7.48e=236mwr (i, r)068, (104)
ni(r) = 4.00e=252mwr (1, r)059, (105)
The wave functions are normalized according to
R
[ dr P+ )+ () = (106)

Figure 5 shows the normalized profiles of the fluctuation
modes in the unstable direction. The profiles reveal
important physical characteristics of fluctuations around
the sphaleron. The gauge field fluctuations (5 and 7) are
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FIG. 5. Normalized profiles of the fluctuation modes 73, 7,

and 5y in the three-channel sector for the lowest stable eigen-
frequency. These profiles illustrate the coupled nature of gauge
and Higgs field fluctuations around the sphaleron.

more pronounced at shorter distances compared to the
Higgs field fluctuation (ny), reflecting the different cou-
pling strengths to the background sphaleron configuration.
All fluctuations exhibit exponential localization with char-
acteristic length scales of order m;vl, consistent with the
typical size of the sphaleron.

These analytical fits are particularly useful for initializ-
ing lattice simulations of sphaleron dynamics, as they
provide a compact and accurate representation of the
eigenmodes without requiring the full numerical solution
of the differential equations at each lattice site. In our
following paper [34], we employ these mode functions to
study real-time evolution of perturbed sphaleron configu-
rations, allowing us to directly observe the nonlinear
dynamics of baryon number violation.

VI. ONE-DIMENSIONAL POTENTIAL BARRIER

Having characterized the static sphaleron solution and
analyzed its stability properties, we now develop an
effective model to describe the dynamics of sphaleron-
mediated transitions between topologically distinct vacua.
This model provides valuable insights into baryon number
violation mechanisms and serves as the foundation for
numerical simulations of sphaleron decay. Our stability
analysis revealed that the sphaleron possesses exactly one
unstable mode with eigenvalue w? ~ —2.7m%,. This neg-
ative eigenvalue defines the unique direction in field
configuration space along which the system can evolve
away from the saddle point, potentially transitioning
between topologically distinct vacua. Following the
approach pioneered by Refs. [40,41], we project the full
field dynamics onto this unstable direction using a collec-
tive coordinate formalism. This approach effectively
reduces the infinite-dimensional field theory to a one-
dimensional quantum mechanical system, capturing the

essential physics of topological transitions while remaining
computationally tractable.

Based on our detailed stability analysis, we parametrize
field configurations in the vicinity of the sphaleron using
the unstable mode. The complete field configuration is
given by

Falrt) = 1-2£(r). (107)
K(r. 1) = h(r), (108)
fo(r.t) =«x(t)rmg(r), (109)
felr t) = V2x(t)ne(r), (110)
H(r.1) = f;wmmf,(r). (111)

Here, f(r) and h(r) are the static sphaleron profile
functions described in Sec. III while 4 (r), ng(r), nc(r),
ng(r), and ng(r) are the components of the fluctuation
fields. The time-dependent collective coordinate x(f) mea-
sures the amplitude of the fluctuation along the unstable
direction, with x = 0 corresponding to the exact sphaleron
configuration.

The mode functions are normalized according to
Eq. (106). This normalization ensures that the effective
mass parameter in our one-dimensional model has the
appropriate dimensions and scaling with the gauge
coupling.

Substituting our field parametrization into the full field
theory Hamiltonian derived from Eq. (23) and performing
the spatial integration, we obtain an effective one-dimen-
sional Hamiltonian for the collective coordinate x(7)

Mgt

Hcff = 2 kz + V(K), (112)
where the effective potential has the form
1 S 4 6
V(K) = Esph — <~ M W-K + *Aeffmeffk‘ + O(K ) (1 13)

2 4

The parameters in this effective model are determined from
our stability analysis. The effective mass parameter mg is
given by

871’/°° ’ 5 ’ ’ 8z
Meg = — [ rdr(ng +ne + 1) = ;
e gQ 0 (B C H) gzmw

(114)

and
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p p— / ® dr(1 = 2£ ()2 np(r? + 20c(r)) + my P (2 la ()2 + ()]

+[2f(r)* + %mﬁrz(h(r)z = Dl (r)? +2V22f (r) = Dng(ryne(r) = 23 2myrh(r)ng(r) (r)

= 2myrne(r)ng(r)h' (r) + 2my 2 h(r)ne(r)ny () + 20 (r)? + 0 (r)?] + 2mp(r)r(r)

+2V2r(2f(r) = Ve (r)ng(r) = 421 (r)ng(r)nc(r),

and the effective quartic coupling A.; comes from the
anharmonic terms in the energy functional

1
gt = 2my / r’dr [5 ng(ng + gy + 4ne)

gy + "y '74] (116)
C''H H|-"
2 8m3,

Our calculations yield Ae ~3.1m3, and w? ~—2.7m%,
consistent with the direct eigenvalue analysis presented in
Sec. V. These results remain robust when using the
analytical approximations for the unstable mode eigen-
functions derived in Sec. V, with deviations of less than
5% compared to the exact numerical solutions. Combining
these parameters with the sphaleron energy Egp, =~
3.8my/ay determined in Sec. IV, we can fully character-
ize the effective one-dimensional potential given by
Eq. (113). This double-well potential, which provides a
simplified representation of the energy landscape in
configuration space along the unstable direction, has
minima located at

—?

Vv /?'eff

ke =+ ~ 40.9, (117)

corresponding to the adjacent topological vacua on either
side of the sphaleron barrier. Figure 6 shows the effective
potential as a function of the collective coordinate k. The
double-well structure clearly illustrates the energy barrier
separating topologically distinct vacua, with the barrier
height being precisely the sphaleron energy Egpy, ~
9.1 TeV at k = 0.

The equation of motion for the collective coordinate x(¢)
follows from the effective Hamiltonian

K" (t) = 2. Tmyx(t) — 3. 1m¥x(1)3. (118)

This nonlinear differential equation describes how the
system evolves away from the sphaleron configuration.
For small initial perturbations with |x| < 1, the early time
evolution is dominated by the unstable mode’s exponential
growth

(115)

k(1) = k(0)e VI = k(0)e! Gmwt, (119)

As «k grows, the nonlinear terms become important,
eventually leading to oscillations around one of the
potential minima. The final state depends on the sign of
the initial perturbation x(0), determining which topological
vacuum the system approaches.

Figure 7 illustrates the time evolution of a sphaleron
decay process initiated with a small perturbation x(0) =
0.01 and zero initial velocity. The top panel shows the
collective coordinate x(#) exhibiting initial exponential
growth followed by oscillations around the minimum at
k ~0.9. The middle and bottom panels display the corre-
sponding evolution of potential and kinetic energy during
the transition.

While this one-dimensional effective model captures the
essential dynamics of sphaleron decay, it neglects inter-
actions with other degrees of freedom that would lead to
dissipation and eventual thermalization. In our following
paper [34], we present full lattice simulations that account
for these additional effects and provide a more compre-
hensive picture.

6.0F

aw

my

V (k) [

- mw
Vinin 2.6 aw

U S

=20 -15 -1.0 =05 00 0.5

FIG. 6. Effective potential V (k) for the sphaleron transition as a
function of the collective coordinate k. The potential exhibits a
double-well structure with a barrier height of 3.8my/ay ~
9.1 TeV at k = 0 (the sphaleron configuration) and minima at
k~+0.9 (the adjacent topological vacua). The shape of this
potential determines the quantum tunneling rate at zero temper-
ature and the thermal activation rate at finite temperature.
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FIG. 7. Time evolution of the sphaleron decay process: Top:
collective coordinate x(z) showing initial exponential growth
followed by oscillations around the vacuum state at x ~0.9.
Middle: potential energy during the transition, displaying the
system descent from the sphaleron barrier. Bottom: kinetic
energy, showing the conversion between potential and kinetic
energy as the system oscillates around the vacuum state. The
decay is initiated with a small perturbation x(0) = 0.01 and zero
initial velocity. Time is measured in units of my;.

VII. CONCLUSIONS

In this paper, we have presented a comprehensive
analysis of sphaleron solutions in the electroweak theory,
with emphasis on their stability properties and dynamics.
Our investigation has systematically addressed several key
aspects of sphaleron physics, providing both analytical
insights and numerical precision needed for phenomeno-
logical applications. We began by constructing static
sphaleron solutions using spherically symmetric ansatz
and numerical minimization techniques. Our calculations
yielded the sphaleron energy Egy, ~9.08 TeV, which sets
the energy scale for baryon number violating processes. We
then analyzed the minimum-energy path connecting topo-
logically distinct vacua through the sphaleron, employing
the constrained minimization approach of AKY [19].

A central contribution of this work is our detailed
stability analysis of the sphaleron configuration. By decom-
posing fluctuations into decoupled sectors and properly
addressing gauge fixing issues, we identified precisely one
unstable mode with eigenvalue w? ~ —2.7m?,. This neg-
ative eigenvalue confirms the saddle-point nature of the
sphaleron and defines the unique direction in configuration
space along which baryon number violating transitions
proceed. Our analytical fits to the unstable mode profiles
provide valuable tools for further theoretical and numerical
investigations.

Building on the stability analysis, we developed an
effective model for sphaleron dynamics using a collec-
tive coordinate approach. This reduction to a one-
dimensional quantum mechanical system with a dou-
ble-well potential captures the essential physics of
sphaleron-mediated transitions while remaining compu-
tationally tractable. Our model characterizes the dynam-
ics of sphaleron decay, including the initial exponential
growth of perturbations and subsequent oscillations
around topological vacua.

The results presented here have important implications
for baryon number violation in both cosmological and
high-energy contexts. In early universe cosmology, our
detailed characterization of the sphaleron energy barrier
and unstable mode improves predictions for thermal
transition rates during the electroweak phase transition,
with potential consequences for theories of baryogenesis.
For high-energy physics, our analysis provides a founda-
tion for evaluating potential sphaleron production cross
sections at future colliders and identifying distinctive
experimental signatures.

Several avenues for future work emerge naturally from
this investigation. First, extending the stability analysis to
include finite-temperature effects would provide insights
into how thermal fluctuations modify the sphaleron
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solution and energy barrier, particularly near the electro-
weak phase transition. Second, incorporating gauge and
Higgs boson interactions with fermions would allow for
explicit calculations of baryon and lepton number violating
amplitudes in specific processes. Finally, generalizing the
effective model to include dissipation and thermalization
effects would enable more realistic simulations of spha-
leron dynamics in complex environments.

In our following paper [34], we utilize the results
presented here to perform real-time lattice simulations of
sphaleron decay, directly studying the nonperturbative
dynamics of baryon number violation. Together, these
analyses advance our understanding of topology-changing
processes in gauge theories and their phenomenological
implications, bridging the gap between theoretical

principles and potentially observable consequences of
nonperturbative electroweak physics.
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