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Scattering of massive spin-2 field via graviton exchanges with different spin
fields and the long range gravitational potential
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In this work, we compute the graviton mediated scattering amplitude of a massive spin-2 Fierz-Pauli
field with various other massive spin fields, and in the nonrelativistic limit, find out the corresponding two-
body gravitational potentials. The massive spin-2 field does not represent gravity here. The theory of
gravity is taken to be the usual massless general relativity, and the massive spin-2 field is taken as a test
quantum field coupled to gravity via the standard minimal prescription. We first compute the tree level 2-2
scattering of a massive spin-2 field with massive scalar, spin-1, and spin-1/2 fields with one graviton
exchange. Leading Newton potential, as well as the subleading spin or polarization dependent terms at
O(G) have been computed. We also consider the next to the leading order [O(G?)] scattering of the
massive spin-2 field with a massive scalar, and demonstrate the spin independent, spherically symmetric
leading part of the two body gravitational potential. The present paper can be considered as an attempt to
compute the gravitational potential in the context of a higher spin field theory.
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I. INTRODUCTION

One of the most challenging unsolved tasks of modern
physics is to unify the four fundamental forces of nature.
Quantizing gravity is supposed to be an integral part of this
program. However, it has been well known for long that
gravity is not renormalizable perturbatively when treated as
a quantum field [1-12], suggesting there must be some
alternative, or more fundamental description of it that
remains hitherto unknown. Despite this drawback, there
has been a lot of effort given by the community to
investigate such a perturbative quantum gravity framework
at the first few orders and to produce physical predictions,
with the hope that they will be testable in a not too far away
future. Most importantly, such predictions, if or when
tested, can tell us whether the graviton, i.e., a massless
spin-2 particle as the quantum of gravity, makes any sense
at all. If it indeed does, one may also expect to get insight
about extending this perturbative framework into a bigger
and complete theory of quantum gravity. We refer our
reader to, e.g., [13—16] and references therein for various
discussions on and computations of such aspects.
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A very interesting and physically well motivated such
perturbative computation is to investigate the gravitational
potential between two particles, via the nonrelativistic limit
of the 2-2 scattering amplitude with graviton exchanges.
We refer our reader to [17-31] and references therein for
such computations for massive spin-0, spin-1/2, and spin-1
fields. For fields with spin, polarization or spin dependence
of the gravitational potential were computed. We further
refer our reader to [32-53] and references therein for
various computations and predictions on perturbative
quantum gravity, including computation of gravitational
potential and bending of light using the effective field
theory framework at various post-Minkowski orders.

In this paper, we wish to compute the scattering of a
massive spin-2 Fierz-Pauli field [54—63] with various other
spin fields, and compute the two-body gravitational poten-
tial from the nonrelativistic limit of the 2-2 scattering
amplitude. We will take the gravity to be Einstein’s general
relativity, with the usual massless spin-2 graviton as its
quanta. In other words, the gravity will not be taken to be
massive here. The massive spin-2 field will be taken as a
test field minimally and covariantly coupled to Einstein’s
gravity. The present analysis should be interpreted as
probing a spin-2 field as a massive particle, analogous to
the Proca (massive spin-1) field. In other words, along with
the usual graviton, we are considering another spin-2 field
here as an independent quantum field. The chief physical
motivation behind such a study is to understand the
perturbative quantum gravity effect in the presence of a
massive higher spin field theory. Indeed, such consideration
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of a massive spin-2 meson field is not new, and can be seen
in earlier references, e.g., [55] in the context of black hole
no hair theorems. See also [56] for a treatment of a black
hole as a massive spin-2 condensate. It was argued in [59]
that any massive spin-2 field theory cannot be unique.
In [61], the Hamiltonian structure of the Pauli-Fierz theory
can be seen in curved spacetimes. Graviton-photon pro-
duction in the presence of a massive spin-2 field can be seen
in [62]. Finally, we also refer our reader to, e.g., [64—69]
and references therein for various aspects of massive
gravity theory.

Thus, this paper can be taken as an attempt to compute
the gravitational potential in the context of a higher spin
field theory, which happens to be the Fierz-Pauli field
presently. The rest of the paper is organized as follows. In
the next Section, we briefly review the basic setup we will
be working in. In Sec. III we compute the tree level 2-2
scattering of a massive spin-2 field, respectively with
massive spin-0, spin-1, and spin-1/2 fields via one graviton
exchanges. In the nonrelativistic limit of the scattering
amplitude, we will compute the tree level O(G)

|

G = M Ky =0 = R O

2

gravitational potential. Various spin and polarization de-
pendent terms will be explicitly demonstrated. We further
extend the massive spin-2-spin-0 scattering to O(G?) in
Sec. IV. We explicitly demonstrate only the polarization
independent, leading spherically symmetric parts of the
potential in this case. Finally, we conclude in Sec. V. We
will work with the mostly positive signature of the metric in
3 + 1-dimensions and will set ¢ = A = 1. We will also use
the notation for symmetrization: X(,,) = X, + X,

II. THE BASIC INGREDIENTS

We now wish to outline the basic setup we will be
working in. The general, minimally coupled action reads

S:/d“x\/—_gﬁ—f—l—ﬁM} (1)

where x> = 322G and L, collectively represent the matter
fields. Perturbative expansions around the flat or
Minkowski background for our purpose read,

kh  K2h® K

—g=1 _ - h 3
V=9 +2+8 7 + O(x?),

3
K K K
1—"zf/) = _’7lm<avhpa + aphua - aahup) - Ehlm(avhpa + aphm - aahlzp) + Ehﬂﬂhﬂa(avhpa + aphva - aahlzp) + O(K4)' (2)

2

In the de Donder gauge,

1
o, (1 =) =o. 6

the free graviton propagator, appropriate for the mostly
positive metric signature reads

iP vaf
A;wa/)'(k) = - ;;2 : (4)
|

|
where

(”ﬂa”tzﬂ + MupMva — 77;41/770:/})' (5)

N =

P;wa/f =

A. The massive spin-2 setup

Following [54-56,58-63,68,69], we now wish to review
very briefly the basic structure of a massive spin-2 field
theory coupled to gravity. The general action reads

1
Smasveginz = [ E0/78 |~ (V)T Hy) + (V) (V) = () (9, )

+ 5 (Vi) (VH) = S M3, 1 = ) ©)

where H),, is the symmetric Fierz-Pauli massive spin-2 field, all the contractions are done with respect to g,,, with
H = g, H". “V” is the covariant derivative defined with respect to the metric g,, = #,, + xh,,. The equation of motion

corresponding to Eq. (6) in the flat background reads

0°H,, — 0,0°H ,, + 1,,0,04H* + (0,0, — ,,0°)H — M*(H,,, — Hn,,)) = 0 (7)

where H = n**H,,, above. Acting ¢ from the left, we find the constraint

aD(Hﬂv - ﬂMuH) =0. (8)
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Plugging this back into Eq. (7), we have

0’H,, —0,0,H — M*(H,, —n,,H) =0, 9)
which yields another constraint H = H ,,n** = 0. Thus, the
two constraints, d,H"” = 0 = H, imply that H,, has five
independent degrees of freedom or polarizations in four
spacetime dimensions. Denoting the corresponding sym-
metric polarization tensors by €,,(k), these constraints
imply that ke (k) = k,e" (k) =0, and €*,(k) = 0. We
will come to the matter of explicit representation of these
polarization tensors in Sec. IIT A.

We will take the propagator for the massive spin-2 field
as [64],

AM lPllWﬁ
pvaff k2 + M2’

(10)

where

1 2
7)2/,1,(1/3 = z (nyanvﬁ + 77/4/3’71/01 - g’hﬂhﬁ) . (1 1)

Comparing the above propagator for the massive spin-2
field with that of the graviton [Eq. (4)], we see that there is
no smooth massless limit for the first. This leads to the
famous van Dam-Veltman-Zakharov (vDVZ) discontinuity
in the bending of light [64,65].

We will compute the amplitudes for the 2-2 scattering
processes between a massive spin-2 field and chiefly with a
massive scalar. The incoming (outgoing) momenta will be
denoted by ky, ko (k' k), where ky, k| are the momenta of
the massive spin-2 field. We have

ki + ko = K, + K.

We will denote the transfer momentum, k; — k| = &, — k,,
carried by the internal graviton lines by ¢. In the non-
relativistic limit, we have ¢° ~ 0. The gravitational poten-
tial, as per the first Born approximation, is defined via the
Fourier transform of the nonrelativistic limit of the 2-2
scattering Feynman amplitude [26],

V=g [ L M G (12)
= [ —e K,q,my,m .
2m,2m, | (2xn)? 41T ) INR

i/\/l<1)(1<2,q,m1,m2) = V(

lK
= _8_612 [klllk/ly + kllﬂkll/ - '7””("1 : kll + m%)] (”ya’/lvﬂ + umune _”yv”aﬂ) [kgk/zﬂ + klzakg -

ix? ;o
:_2_qz (kl ‘kz)(k1 ‘kz) +

((d/2=2)ky ki = (d/2=1)m]) -

(k1 -k3) (k) - k)

d(k2 Ky—m3)((d/2=2)k, - k| —

ky k>
m,

FIG. 1. Tree level diagram of massive spin-0-spin-0 scattering.
The straight lines stand for the scalar field, whereas the wavy line

represents the graviton. g = k; — k| =k, —k, is the transfer
momentum.

We will also require the following Fourier transforms,

/d3§ e 1 /d3q ear 1
(27)* |g|  27%*° (23 §#  dar’

&g - 1
— el Ing? = — . 13
/ (271')3 e’ ng 27 (13)

The various interaction terms between matter fields and the
graviton have been listed in Appendix A. With these
ingredients, we are now ready to go into the scattering
calculations. We first wish to compute the tree level
scattering amplitude of the massive spin-2 field with
massive spin-0, spin-1, and spin-1/2 fields.

III. SCATTERING AT TREE LEVEL

In order to clarify notations, let us first review the well-
known scattering of two massive scalars, Fig. 1, and derive
the Newton potential. Using Eq. (4), and for the two scalar
one graviton vertex, e.g., [26],

Yok K m) = — (k- k' +m?)).

(14)

%WW+WM

spln -0

The Feynman amplitude for this process is given by

spin— O(kl’kl’ml)AﬂWl/"( )Vipm O(kz’kZ’mZ)

n (ky - Ky 4+ m3)]
—ky Ky (ky - Ky —m3) +ky - K)

(d/2=1)m3)|. (15)
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In the nonrelativistic limit, we have k; -k}~ —m3, A. Massive spin-2 and spin-0 scattering
ky - ky = —m3, ki - ky % —mymy, etc. and ¢* ~ g, and we Let us now compute the lowest order scattering ampli-
obtain tude between a massive scalar and a massive spin-2 field,
Fig. 2. This requires cubic vertex functions for the two
2,22 scalar-one graviton, Eq. (14), and two massive spin-2-one

iK“myms;

27 (16) graviton interactions. The first contains two indices,

whereas it is clear that the second will contain six indices.
A pair of them will correspond to the graviton, whereas the
The potential can be found using Egs. (12) and (13), remaining four will pairwise correspond to the massive
spin-2 field. However, note that these latter indices must be
contracted with the polarization of the massive spin-2 field.
(17)  Due to this reason, and in order to make things look simple,
we would retain those polarization tensors in the three point
vertex function (also in the four point vertex later), and
We next wish to compute the tree level scattering  effectively would represent the same with two indices only,
of a massive spin-2 field with massive spin-0, spin-1, and will denote it as V(V);%m 2(k k', M). Tt can be read off
and spin-1/2 fields. from Eq. (AS),

iM(l)(K27q’ml’m2)|NRz

2 3= =g T
K“mny d’q e Gmm,
V(r)=- / ( = - .

8 27 §# r

ﬂasl::; 2(]( k/ ) = —% [2]( . klé'(”/y(k)é':/)y(k/) - (k(”rk;j —_ }’]”ra/k . k/)é‘aﬂ(k)é'*aﬁ(k/) + M2(2€ﬂ(ﬂ/(k)
X €5, (K) + g P (K)exy (K)) + e (K1) (k) + (ks + K, yira)
(€%, (k) g, e (K') — g, (k)e*™ (K'))]. (18)

Using the above expression, Eqgs. (4), (14), and also noting that the external momenta are on shell, we write down the
Feynman amplitude in the leading order as,

iM%, g, M m) = v;ifl’;é; (ky. Ky M)A () V5 k. Ky m)
2 (P P — ”ﬂ)(kzu’k + kb ko =y (ky - Ky + m?))
SR -
x [2k1 - ke (k)€ () = (kgk ) = ks - K )eap (e (K4
+ M2 (26 (ke (K) + e (e (K) + aPe (ke (K1)

+{kiwhaya + Ky onayaHe (k) g™ (k) — g€, (ki )e* (k) }. (19)

Before we proceed, let us clarify the issue of the polarization tensors €, (k), appearing above. In the rest frame, the five
independent polarization tensors can be represented by five trace free symmetric matrices as [64],

000 0 00 0 0 0000
(l):g()%oo e<2)—i01 0 0 e<3)—i0010
" 3o o 1 o | V2100 -1 o “ov2lo o1 0 o
000 -l 00 0 O 0000
0000 0000
1 {00 01 1100 0 0
el = — R A — (20)
V20 0 0 0 V20 0 0 1
0100 0010

The inner product between different polarizations is defined via the trace norm as
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ky k

K k,

FIG. 2. Tree level scattering of massive spin-2-spin-0 fields.
The double lines represent the massive spin-2 field.

e =

Tr(ehey) =6uw. (a.a'=1,2,3.4,5). (21)
For any momentum k, the corresponding polarization
tensors can be found by boosting them through the appro-
€ = N (K)
A’ (1?)6(,,,. Clearly, Eq. (21) remains invariant under this
boost transformation,

priate Lorentz transformation matrix,

-

6141/ ( ) *ﬂy(k) = 5aa’

Note also that the rest frame representation Eq. (20) trivially
satisfies k*¢,, = 0 = k”¢,,. These tensor equations will
hold in the boosted frame as well.

Let us now try to understand the nonrelativistic limit of
the boosted polarization tensors. Writing A,* = 6,% + @,
for a small Lorentz boost, we have from Eq (20)

€oo(k) =0, €0i(k) = G)Oj(k)eji-
Since e,.o(/E =0) =0, in the product of two polarization
tensors, we may safely keep the pure spacelike components
of €,,(k) in the nonrelativistic limit up to O(w).

We next simplify the scattering amplitude of Eq. (19) as

16izG . )
My == 5 MRl (k) ()

+2m(m + 4M)q, g, (k )t (k)

+ 8mM (kyud, — Ky, qa)es”" (ki )el 2 (k)] (22)

Note that the representation of Eq. (20) is real. Thus the
complex conjugation symbol appearing above is spurious.
However, we wish to keep them just to remind us that a
particle with momentum & is created here, whereas the one
without complex conjugation indicates annihilation of a
particle with momentum k;. Note that the leading con-
tribution to the potential comes from the first term on the
right-hand side of the above equation. Taking the non-
relativistic as well as rest frame limit, we have

iK2m*M?>

iM(I>(K2’ q,M, m)‘NR = 2762

6aa’ s (23)

which reproduces the Newton potential.
The general form of the long range gravitational poten-
tial reads

GmM ; 2Gm 3rri\ (g
V= - el (K ) - 25 (61, - )e&ﬁ (ke R +007). (24)
B. Massive spin-2 and massive spin-1 scattering
From Eq. (AS5), we read off the one graviton two massive spin-1 vertex [41],
1)spin—1 iK
VT kK my) = 2 [k ekl = K ek e ikl k- e el (25)

where we have used the fact that the external momenta are on-shell and nonrelativistic, and ¢,, €}’s are the polarization

we G

vectors for the massive spin-1 field. Remembering the constraint k - ¢ = 0 = k' - ¢/, the Feynman amplitude for this process

1S written as,

_ V(l)sp~i.n—2(k1 ,k/l ,

<1)(K2’q7M7mv> paeff.

iK'2 (’/Iﬂrb/na/ﬂ/ —’—]/Iﬂ,ﬂ,nl/,a/ _ ﬂra/rly/ﬂ/)

M)A (q) VP (ke Ky m, )

== 2 [ kl( /kla) l/<k1)€*lw(k/1)+(kl+k/1)(ﬂ’770/)a

8q

x{e?, (ky)q e (ki) —q,e, (ky )e*™ (k) ko - €re (ko) Koy

+ep- (:‘/2](2 /k/2/}’) +77,//,'/k2 : €/2k/2 . 62}

k/2 . €2€ZL/ (klz) k2/3’)

_iGr S g I ij : —
—-[16M*m?e;.6;' —8M?i(kx §).S+4M?*§.6;' 4. €5 ]e; (a )(kz)e?u/)(k’z) + sub-leading contributions.
6]

(26)
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N 7 7! 7 7 - .
Since k; — k| = k, — k, = g, we have written above

]_C)IZI_C)‘F

NSYEST

> = g = - g > =g
, kK, =k—=: =k—=, kh =k+—~, 27
1 > 2 > 2 +2 (27)

where k should be interpreted as the momentum of the center of momentum. We also write in the nonrelativistic limit for the
polarization vectors of the massive spin-1 field following [41],

e (522). 29

v

which trivially satisfies, k - € = 0 in the nonrelativistic limit, k° ~ —M. We have

e i = - 1 - - .= ..~ 1 o -2 .
e, (k )e* (k) |g = €(ky) - € (ky) =5 S - (kx §) —— k- E(k )k - e (k) +—5G - €(k)g - €*(ky).  (29)
2m; my; 4my;
where we have written
—iS = é(k,) x & (k)), (30)

and have used the trivial identity,

Gm M GM 3GM
V<r>|Tree: - r —2>_2)/_2m z(k V)S+4m 3 ‘_)

(31)

S
[}
()
\l
Nﬁ)l
|—|
A’
=1
oA
\_/
/“ *
VC
~~
=
—_
N—
+
=
I
~
\_/

C. Massive spin-2 and spin-1/2 scattering

Let us now consider the massive spin-1,/2 and massive spin-2 scattering at the lowest order. We have the one graviton two
fermion vertex in the momentum space [41],

ix [1 k+ K
Vi ek omp) = == |2y + K = —my || (32)

2 |4 2

The tree level scattering amplitude reads,

(1) _ y/(1)spin-2 / Wavp (1)spin-1/2 /
iMWY (2, g, M, m;) = ,0/ o (kp. Ky M)A @)V, (ky, k5, my)
ix (r]ﬂl/ ’7(1/3 4 nﬂ’ﬁ’”y’a’ -t (1”71/ ﬁ’) ,
- - . [2ky - Ky (R e, (K2) = (i,

8¢
= Nuaky - Ky)eqp(ki)e* P (Ky) + M?(2e* (ki ey, (K)) + mywe (ki eng(K)))

+ qPey i (ki)e* ) (k) + {kinaye + K taad e (ki) g, e (k) = g€, (ki )e™ (k) }]

_ 1 ky + K,
X Uy (k) [ZV(M(/Q +k5)py = nyp < 2 > 2 - mf)] ug(ky)

16;
= lq—zﬂ {(16m2M2€,(;£)€&”'; — 112m%k qae,,a ae&”;’ — 16m*k, g6, (@ E“’“ + 128m? qﬂem ke *W

(a')u
m m

— 16mMq ke e+ 16quak”€,(£)e*”a

M qakl‘e,ga)ae*‘f 8M qakl‘e,(f,f)eza”,‘)’
() (@))8s + < -

+ Sk”qae,(,a)aez(a’f'; + 16mM€,(,i)€Z(a’f')’ - 12M2e,<f,l,)€a’7)” - Skﬂqaega)”efa”,‘)’> ik x 5.3:1/2} (33)
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where s = £, and we used the Gordon identity,

iy ()1 (k) = —— 1 (K5 {(kz i

1
1
SSrlfuk). G
We also take
- 1
us(k) =V E/; + my kG Xs (35)
E;-&-mf

where

v=(y) +=(}) (36)

We next compute using Egs. (35) and (36), in the non-
relativistic limit,

= - i > L o
ity (K 5)ug(ky) = 2my [5ss’ - 2—2(k X q) '51/2]
"y
+ subleading terms (37)

where we have defined the matrix element of the spin vector
for the spin-1/2 field as (A = 1),

|
_){I/O-)(S.

$ih =5

d*l _ (1)spin—
iMladder = / V(l) iy 2(k1’ l + kl»M)e/‘{(’n/(k/l)

(27[)4 yv.eff.

(1)spin—0
XV

and

(ko ey = L, m) V™" (hey = 1, K, m)

Putting things together now, the gravitational potential
reads,

GmM G 3GM\ - _ =
V(r)|Tree = |:_ ! 5ss’ <ﬁ - 4mfr2> k x I")S:|
x eif) (kp)ef (K1) + O(r=2), (38)

IV. MASSIVE SPIN-2 AND SPIN-0
SCATTERING AT O(G?)

We wish to compute below the one loop correction
[O(k*)] to the 2-2 scattering for the massive spin-2 and
spin-0 fields. The expressions are extremely lengthy
compared to the tree level ones we have computed above,
and we will present below only the explicitly spin or
polarization independent leading parts. The integrals nec-
essary for the following computations are provided in
Appendix B.

A. The ladder and the cross-ladder diagrams

We begin by considering the ladder and cross-ladder
diagrams, Fig. 3. Note that a massive spin-2 field is created/
annihilated with momentum k)/k; in this process.
Accordingly, there will be e*,e at these two vertices.
The remaining two polarizations would sum up to yield
the massive spin-2 propagator. Accordingly, the Feynman
amplitudes for the ladder and the cross-ladder diagrams are,
respectively, given by,

. l/n/e/l///
_ZPM —(1)spin—2

Vv (l+klﬁk/]’M)€e/1//’(kl)

—i —iprre —jpabpo
(I+q)7

(l—kz)z +m2 12

FIG. 3.

Ladder (left) and the cross-ladder diagram for massive spin-2-spin-0 fields scattering. As earlier, double and single straight

lines, respectively, stand for the massive spin-2 and spin-0 fields, whereas a wavy line represents the graviton. ¢ = k; — k| = k5 — k, is

the transfer momentum.
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_ipi;n/e/ll/ V( )spin—2
I+ k> + M7

(l+k1’kl’M)€ex//( )

) d*l (1)spin—
Meross-tadaer = / Gyt VR e M) ()

(1)spin—0 , (1)spin—0 - —i —iPprrd —ipabo
xV ky, I+ ks, m)V I+ K, kS, . 40
pPo ( 2 + m) y0 ( + 2 m) (l+k/2)2+m2 lz (l+q)2 ( )
where P, is given by Eq. (11), and V;D)Z}’fm * contains no polarization tensor. We have, after some algebra,
167°G*m*M> | 102°G*m*M> 46
Mlad.+cr.—lad.tot. = |~ ad m + ad " 62 2M2 lnq ( >(kl) */w(a)<k/)
3q 3q 3
-+ polarisation-dependent subleading terms. (41)
The corresponding correction to the Newton potential becomes,
2G*m*M  5G*mM?  23G*mM S
Vladﬁrcr.—lad.tot‘(r) = vladder<r) + Vcross—ladder(r) = 31"2 - 121"2 - 127”_3 ]egj)(kl)e*lj(a )(k/l)
+ subleading terms. (42)

B. The triangle diagrams

Let us next consider the triangle diagrams, Fig. 4. We need to consider the two-scalar and two-graviton vertex for our
purpose [26],

1
spll;:/ll(j)ﬁ(k k/ m) |:{I/Mav1pa/}y - Z (nﬂl]p(mﬁ + nﬂglﬂlaﬁ) } (kak;)’ kﬂk:)t)
1 Apo 1 Y / 2
where,

1
Im/ﬂ/) = 5 (’1/41’71//) + nﬂp”yﬂ)'

The Feynman amplitudes of triangle-1 and triangle-2 diagrams, respectively, read, Fig. 4,

. d*l =(1)spin—2 , iPXA/;/eIV/ (1)spin—2 /
leang]e_] = W V/w,eff. (kl N l + kl . ) l /(k ) m V(lﬂ eff. (l —|— kl s kl’ )es'l//'(kl)

—[Pabrs _jpuvop

spin—0
X Vo oK) s = (44)
and,
iM _ [ VRl (kK M)V ky. ko — 1, m)V?° ky— LK,
l triangle—2 — W (2)spin_2( 15 Rps ) (1)spin—0( 2,2 — ’m> (1)spin—0( 27 b Z’m)
_”P vop _.,Pa —i
B (45)
l (I+q)(l—k)*+m

where V’(‘ ”)0; pin- , (k1. K}, M) is the effective two massive spin-2-two graviton vertex containing two polarizations €, (k;) and
aﬂ(kﬁ ), and can be read off from Eq. (A6). Note that the terms containing the derivative of the graviton field would yield

terms containing the transfer momentum ¢, and such terms will make a subleading contribution to the potential. Simplifying
now the above equations, we obtain,

125004-8



SCATTERING OF MASSIVE SPIN-2 FIELD VIA GRAVITON ... PHYS. REV. D 113, 125004 (2026)

ky
ka
l+q
I+k, -
M
|
kZ
ky
FIG. 4. Triangle diagrams for massive spin-2-spin-0 fields scattering.
RGP M? 2472 GPm*M? a :
MmH:L”3m + =2 +mwwmﬂ¢%wwmo
q q
+ subleading terms, (46)
and
3G2 3M2 2 3G2 2M3 2 4
Muiangle—2 = [ o 2T L 36Pmem? 111‘12] ese) (ky)er (@) (k)
q
+ subleading terms. (47)

The corresponding correction to the Newton potential in the nonrelativistic limit becomes,

271G*mM  23G*m*M  271G*mM*]
Vtriangle tot.(r) = Vtriangle—l (}’) + Vtriangle—Z(r) = €

a) (7 N\ xijld) (7
- (@) (F Ye*iila) (k
8ar3 + 2472 8r2 K (k1 )e (k1)

+ subleading terms. (48)

C. The double seagull diagram

We next consider the double seagull diagram of Fig. 5. We have the Feynman amplitude,

1P~ Py
(I+q?

1 a‘r Yoo
lMdouble seagull — 2'/( )4 V(ﬁy:;n z(k]?kllﬂ ) (p,ipln O(st k/za )

where as earlier V‘(’/Kim ,(ky., Kk}, M) contains contractions
with two polarizations of the massive spin-2 field. The kl kl
above expression yields, 1 |+q 2
1
Mdouble—seagull == §G2m2M2 In qze/(;ll/) (k ) et (k/ )
+ subleading terms, (50) M m

which gives the correction to the potential,

(;2 mM - Y g
Vaoubie-seagu () = =g €45 (k) ) (R))
ar’ FIG.5. Double seagull diagram for massive spin-2-spin-0 fields
+ subleading terms. (51)  scattering.
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D. The vertex correction diagram-1

Let us now come to the contribution from the vertex correction diagrams, the first of which is given by Fig. 6. To evaluate
this diagram, we need to consider the three graviton vertex given by [26],

3 iK v v 3 v 0. 0. v
Véﬂ%(k’ q) = ) |:Pa/3y(‘3 (k”k” + (k=q)"(k—q)" + q"q —577” (]2> + 20,9, (Lg™ Ls" + 1,57 1"

— Lyg" 15" — L' 15"") + {4,0" (Mapl 6™ + tyslap™) + 020" aplys™ + Mysl op™)

- q2 (naﬂl}/éﬂy + ’/Iyélaﬂﬂy) - ’/Iﬂbqo"q}u(’/lotﬁlyéo.}L + ’/Iyélaﬁaﬁ)} + {_zq/l(laﬂlglyéﬁy(k - Q)M
+ Iaﬂlalyéo'ﬂ (k - (’I)y + Iyélglaﬂaukﬂ + Iyﬁlalaﬂaﬂkp) + q2 (Iaﬂaﬂlyémy + I}/éaﬂlaﬂya)

+ nﬂUQUqﬂ(Ia/iApIyép” + Iyéllplaﬁﬂﬂ)} + {(k2 + (k - q)Z) <Iaﬁlml]/6(ry + Iyéﬂﬁlaﬁny

1
- 5’7””7301/3;/5) — (1,5 Napk® + 15" n,5(k — 4)2)}] . (52)

The corresponding Feynman amplitude reads,

. &'l (i =P sy, i —ipAm
leenex-correction-l = / (27[)4 Vfl/;),ergf' (kl s kll, M) qzy Vg,,,),;,e(l, _Q) (l + C])2 2
(1)spin-0 (1)spin-0 / —i
Vi ko, ky — 1, m)V s ky—Lky,m)—————, 53
X Vy ( 25 A2 m) P ( 2 2 m) (l _ k2)2 + m2 ( )

which yields,

467> G*m> M? " A’ G*m> M
q q
+ subleading terms. (54)

Mvertex—correction»l = |: + 46G2m2M2 In 6]2:| el(ltll/) (kl )e*;w(a’) (k/] )

The corresponding correction to the Newton potential reads,

23G*m*M szM2+23G2mM @7
4r2 272 4zr3

+ subleading terms. (55)

Vvertex—correction—l (}" ) = [

E. The vertex correction diagram-2

The second vertex correction diagram is given by Fig. 7. The Feynman amplitude reads,

FIG. 6. First vertex correction diagram for massive spin-2-spin- FIG. 7. Second vertex correction diagram for massive spin-2-
0 fields scattering. spin-0 fields scattering.
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. d4l (1)spin—2 * ’ _iﬂ/\:ln/ell// (1)spin—2
leertex»correction—Z = (271_)4 V;w,eff. (kl I+ kl ’ M) 6/1/;7’ (kl) m Va/} eff.

— [ PHepe _ i Ppabys

(I +ky, K M)

X €y (kl)

(3)e IPM i

which yields,
24°G*m’M?  T*G*m*M?

q
+ polarisation-dependent subleading terms. (57)

Mvenex—correction—2 = |: - 71G2 2M2 lnq :|€ v (kl) xudl (kl)

The correction to the gravitational potential reads,

(k;)e*ii@)(K}) + subleading terms. (58)

3GmM TNGmM? T1GPmM] (o)
Vvenex—correction—Z(r ) = |~ 2 8,2 - 3 €ij

r 8xr

F. The vertex correction diagram-3

The third vertex correction diagram is given by Fig. 8. The corresponding Feynman amplitude reads,

~Dp
. 1 d [ 1)spin—2,eff —IPH(S 38 —ﬂ)ﬂ"efﬁ _l’]DﬂWhl/
leerlex»correclion—f‘) / ( V{(l/})spm ¢ (k] N k,l s M) 7)2 V/(w,)oyzr (l’ —q) q2 [

Vi k. k. m).  (59)

21 ) (2z)* (I+4q 2o e
which gives,
Myertexcomections = 80G2m?M? In g?€\) (k,)e*@) (k) + polarization-dependent subleading terms. (60)
The corresponding potential reads,
lOszM a), 7 SOOI T .
Vyertex-correction3 () = Tel(.j)(kl)e*’/(” )(K}) + subleading terms. (61)

G. The vertex correction diagram-4

The fourth and the last vertex correction diagram is given by Fig. 9. The Feynman amplitude reads,

M yertex-correction4 = % / (;i_gztv[();)ﬂs;in—2(kl’kl’M % (1spin—o (K2+ k3. 1m) ((lﬁ)y&(/)(—l, q) _ﬂ;ﬂwé (_llf”;‘)xﬁ _IZ;Wﬁ (62)
which equals,
M ertex-correction-4 = 24—1G2 M?Ingq e( Dk, )e*(@) (k') + subleading terms. (63)
The corresponding correction to the gravitational potential reads,
V vertex-correctiond (7) = 2162;721:13]‘461(?)(7()1 )e*ii@) (k) + subleading terms. (64)
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ki k2 ki k2
Detlpd Bk
k1 k2 ky ka
FIG. 10. Vacuum polarization plus ghost diagrams for massive
spin-2-spin-0 fields scattering.

FIG. 8. Third vertex correction diagram for massive spin-2- ," “_
spin-0 fields scattering. q q + \/\q/\/:“ "./\a/\
H. The vacuum polarization and
the ghost diagrams FIG. 11. Graviton self-energy from the vacuum polarization

. . diagram along with the ghost contribution.
Finally, we come to the contribution from the vacuum

polarization plus the ghost loop, Fig. 10. The ghost loop is

added to compensate for the gauge noninvariant terms  gauge invariant contribution denoted as I, (¢), has been
originating from the graviton self energy, Fig. 11. The total ~ evaluated long ago in [4,64],

|

_2G 21

H(X[f}/& = ln q 4

23 23 21
1207 q* 1 opys + 12061 Napllys ~ 1509 4> (Napd, 95 + My69a4p) — 7107 7 (4a95Mp, + 4p95MNay
11
+ Qo Mps + ApqNas) + 3092969795 |- (65)
We have the Feynman amplitude,
—iprok —jpHrs

in-2,eff. in-
IMyae— —pol — V/gff)sp 2l (kl,k’l, )Tnﬂgyu(Q)TVyé * O(kZ’ ,m), (66)

which equals after substituting Eq. (65),

S K,

FIG. 9. Fourth vertex correction diagram for massive spin-2-spin-0 fields scattering.
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172 a ,
Manos = =5 G*m*M? In gl (ky ) (k)

+ subleading terms. (67)
The corresponding potential reads,

v " 43MmG*
V) —m——m—
vac—pol 3 07”'3

+ subleading terms. (68)

el (ke @ ()

I. The final quantum corrected Newtonian potential

Combining everything now, we obtain the leading part of
the gravitational potential up to O(G?), between a massive
spin-2 and spin-0 particle,

M 171m — 110M
V() = CMm |, GU7lm —110M) | 577G

r 24rc? + 80xr>c?
X el(.;.’) (%l)e*if(“/)(zﬁ) + subleading terms. (69)

This is one of the main results of this paper. Note that we
have put back 7 in the last term. This is to emphasize that
this term has purely quantum origin—i.e., from the In ¢?
term coming from the loops.

V. DISCUSSION

Let us summarize our results now. In this paper we have
computed the 2-2 scattering between a massive spin-2
Fierz-Pauli field with various other spin fields, and from the
nonrelativistic limit of the scattering amplitudes, we have
computed the corresponding two body gravitational poten-
tials at the leading [O(G)] and next to the leading [O(G?)]
orders. The massive spin-2 field does not stand for any
massive gravity here, and gravity is taken to be simply
general relativity with the usual massless graviton as its
quantum. We have taken the Fierz-Pauli massive spin-2
field as just a field theory with higher spin, minimally
coupled to gravity, e.g., [55]. At the leading order [O(G)],
we have computed the gravitational potential for its

|

Sspin—O(KD) _ _%/ d4x[(aﬂ¢)(a”¢) + m2¢2]’

scattering with massive scalar, fermion, and Proca fields,
Sec. III. The Newton potential, along with the spin and
polarization dependent nonspherical terms, have been
explicitly computed. For the massive spin-2—massive
scalar scattering, we have further extended the above
computations to the next to the leading order [O(G?)],
Sec. IV. For this case, we have explicitly demonstrated the
polarization independent spherical parts only. The present
computations could be thought of as one of the ongoing
attempts to understand the gravitational potential in the
context of a higher spin field theory.

As a step forward, perhaps it will be interesting to
understand the quantum corrections to Newton’s potential
in viable massive gravity theories, in which the vDVZ
discontinuity can be taken care of via some Vainshtein
screening mechanism at scales small compared to the
Hubble horizon [67]. We hope to investigate this issue
in our future work.
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APPENDIX A: VARIOUS INTERACTION TERMS
1. Massive spin-0 field

The action for a massive scalar field is given by,

Sspin—O _ _%/ \/—_g[g””(aﬂ¢)(ay¢) + m2¢2]- (Al)

The free as well as the scalar-graviton interaction terms up
to O(x?) read [using Eq. (2)],

sonoet) =5 [ e [(am(am) ~ (09 + m2¢2>] ,

2

2

‘ 1 1 1 R
SPI0(2) = — ’% / dx { (h”ah“” = hh S = haﬂhaﬂnﬂv> (0,0)(9,0p) + m? (— ——h h"”) ¢2] . (A2)

g8 4

125004-13



AVIJIT SEN MAJUMDER and SOURAV BHATTACHARYA PHYS. REV. D 113, 125004 (2026)

2. Massive spin-1 field

For a massive spin-1 field we have,

. 1 1
gspin—1 / \/__g |:_ Z F”DFIH/ — E m%AﬂA”] (AS)

where m, is the mass of the spin-1 particle and, F,, = 9,A, — d,A,. The free as well as the two spin-1 one graviton

interaction terms read
spin—1(..0 4 1 HA VP 1 2 uv
S (K>:_ dei’] n Fquﬂp+§mv’7 AﬂAI/5
A 1 1
sy =5 [ ] (L (Lo
This will be sufficient for our present purpose with the massive spin-1 field.

3. Massive spin-2 field

Let us now consider the Fierz-Pauli massive spin-2 field. The Lagrangian is given in Eq. (6) from where the action can be
easily written. We have up to O(x?),

son2) = [ [—%(am#v)(aﬂﬂ,w) F(0H,) (0,HP) — (0,H) (3, H") + 5 (0,H) (0*H)

1
5 M (H,, H" ~ HZ)] , (A4)

. K h
Sspln—Z(K_l) = - 5 / d4x |: <2’72ﬂ’7y[)’hu(1 - ’hu’hﬂh/{p + E ’7'1’)’1,4(17711/)’) (aiHﬂy) (a/)Haﬁ)

h
+ 21’]/1'0]’],/‘5(0;,}1#0, + aahpy - aﬂhpa)Haﬁ<ale/> + M2 <2’7/4ahvﬂ + E’//ﬂa’//uﬂ) leHaﬂ:| (AS)

and,

' 1 , 1
Sspm—2<K2) = K2 / d4x |:_ E <77}Lph/4ahv/} - zﬂyﬂhyahlp + hi/i’ hﬂpr]ﬂar/uﬂ + hhﬂanﬂpr[yﬂ - Ehhlpﬂﬂaﬂyﬂ

1 h? " 1 h
+ Zr/lp <7 - ha/rf’haja > > (aﬂHﬂy) (a/JHaﬂ) - 5 (znjl)”uﬂhya - ﬂy(zlflu/}hlp + Eﬂjpnyahyﬂ>

(0, H" ) (0% (0l + Oy — Ol VHPP + 1P (0,05 + Oyhyy — O,y ) HP')
1

+ - ((2allh/w - aﬂhlv)HM + ﬂpuﬂ'li/auhm’HW) (’7”’/ (2aahu’ﬁ - aﬂ’haﬁ)Ha/} + naajaﬁhaa’Hy/})
+ = ((0hap) (0" by ) HP H? + 2(0,hp) (0" H* ) hjy H + hoghy,(0,H? ) (0" H))

((03hap)HY + hyp(9,HP)) (19" (3, hy ) HP* + ¥ (20,h 0 — Oy hy,, ) H)

= D=

1 (h?
--M? (th,Jp = hyhy, + hnyyh,, + 1 <? - haﬂh"‘ﬂ> ’7;4/1’714:) H’“’H’lp] . (A6)

| —

Note that the terms containing derivatives of the graviton field will carry its momentum explicitly. Such terms will always
make a subleading (compared to %) or even no contribution to the long range gravitational potential.
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APPENDIX B: LIST OF ESSENTIAL INTEGRALS

We list below some integrals useful for the purpose of evaluating the gravitational potential, originating from the parts
nonanalytic in the transfer momentum, ¢> [26]. We will display below only those nonanalytic parts.

/ddl [ Y /ddz b _
) l(i+qF 162 1 | e PUyq? 32201

/ a1 LI, ilng’[4 1,
(ZJT)d 12(l+q)2 - 6477.'2 3qﬂqu 3q uv |
j 7

dil 1 i
/ @y P+ aP (I 1 K2 —m?) 32aPns® {1“ T (BD)

d‘l L, i q* 1 ¢*> n*m ’m
= - g —-L 2k, g2 +——q,|. (B2
Qe B+ )+ K =) ~ 322 () e =g o {5 a2
d’l 1,1 i 3n°m 14° 1 ¢*> ©°m
v = —lng>-="— kkl=—-LIng?—=-L 2"
/(2n>d12(l+q)2<<l+k>2—m2> 32am? {%( TR )* ’ ( 2m? " T8 g )
2

m
1 147 3n’mg 1 z°m
+ (gk, + qykﬂ){ <— +——) Ing® + —} + q*n,, <Zln q* +§ . (B3)

dil 1
/ Q) B(1+ q)* (L + Kki)? = m])((1 = k2)? = m3)

B i 1 w In 2/ d4] 1
1627 mymyq? 3mmy) 1| @) B+ g2 (1 + ki 2 = m3) (1 + Ky)? — m)

_ ! 2
1672 mymyq? ( b+ 3m1m2> Ing (B4)
Where, w = _kl . kz — mym, and W= _kl . k/Z —mym,.
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