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In this work, we compute the graviton mediated scattering amplitude of a massive spin-2 Fierz-Pauli
field with various other massive spin fields, and in the nonrelativistic limit, find out the corresponding two-
body gravitational potentials. The massive spin-2 field does not represent gravity here. The theory of
gravity is taken to be the usual massless general relativity, and the massive spin-2 field is taken as a test
quantum field coupled to gravity via the standard minimal prescription. We first compute the tree level 2-2
scattering of a massive spin-2 field with massive scalar, spin-1, and spin-1=2 fields with one graviton
exchange. Leading Newton potential, as well as the subleading spin or polarization dependent terms at
OðGÞ have been computed. We also consider the next to the leading order [OðG2Þ] scattering of the
massive spin-2 field with a massive scalar, and demonstrate the spin independent, spherically symmetric
leading part of the two body gravitational potential. The present paper can be considered as an attempt to
compute the gravitational potential in the context of a higher spin field theory.

DOI: 10.1103/nsft-3lh9

I. INTRODUCTION

One of the most challenging unsolved tasks of modern
physics is to unify the four fundamental forces of nature.
Quantizing gravity is supposed to be an integral part of this
program. However, it has been well known for long that
gravity is not renormalizable perturbatively when treated as
a quantum field [1–12], suggesting there must be some
alternative, or more fundamental description of it that
remains hitherto unknown. Despite this drawback, there
has been a lot of effort given by the community to
investigate such a perturbative quantum gravity framework
at the first few orders and to produce physical predictions,
with the hope that they will be testable in a not too far away
future. Most importantly, such predictions, if or when
tested, can tell us whether the graviton, i.e., a massless
spin-2 particle as the quantum of gravity, makes any sense
at all. If it indeed does, one may also expect to get insight
about extending this perturbative framework into a bigger
and complete theory of quantum gravity. We refer our
reader to, e.g., [13–16] and references therein for various
discussions on and computations of such aspects.

A very interesting and physically well motivated such
perturbative computation is to investigate the gravitational
potential between two particles, via the nonrelativistic limit
of the 2-2 scattering amplitude with graviton exchanges.
We refer our reader to [17–31] and references therein for
such computations for massive spin-0, spin-1=2, and spin-1
fields. For fields with spin, polarization or spin dependence
of the gravitational potential were computed. We further
refer our reader to [32–53] and references therein for
various computations and predictions on perturbative
quantum gravity, including computation of gravitational
potential and bending of light using the effective field
theory framework at various post-Minkowski orders.
In this paper, we wish to compute the scattering of a

massive spin-2 Fierz-Pauli field [54–63] with various other
spin fields, and compute the two-body gravitational poten-
tial from the nonrelativistic limit of the 2-2 scattering
amplitude. We will take the gravity to be Einstein’s general
relativity, with the usual massless spin-2 graviton as its
quanta. In other words, the gravity will not be taken to be
massive here. The massive spin-2 field will be taken as a
test field minimally and covariantly coupled to Einstein’s
gravity. The present analysis should be interpreted as
probing a spin-2 field as a massive particle, analogous to
the Proca (massive spin-1) field. In other words, along with
the usual graviton, we are considering another spin-2 field
here as an independent quantum field. The chief physical
motivation behind such a study is to understand the
perturbative quantum gravity effect in the presence of a
massive higher spin field theory. Indeed, such consideration
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of a massive spin-2 meson field is not new, and can be seen
in earlier references, e.g., [55] in the context of black hole
no hair theorems. See also [56] for a treatment of a black
hole as a massive spin-2 condensate. It was argued in [59]
that any massive spin-2 field theory cannot be unique.
In [61], the Hamiltonian structure of the Pauli-Fierz theory
can be seen in curved spacetimes. Graviton-photon pro-
duction in the presence of a massive spin-2 field can be seen
in [62]. Finally, we also refer our reader to, e.g., [64–69]
and references therein for various aspects of massive
gravity theory.
Thus, this paper can be taken as an attempt to compute

the gravitational potential in the context of a higher spin
field theory, which happens to be the Fierz-Pauli field
presently. The rest of the paper is organized as follows. In
the next Section, we briefly review the basic setup we will
be working in. In Sec. III we compute the tree level 2-2
scattering of a massive spin-2 field, respectively with
massive spin-0, spin-1, and spin-1=2 fields via one graviton
exchanges. In the nonrelativistic limit of the scattering
amplitude, we will compute the tree level OðGÞ

gravitational potential. Various spin and polarization de-
pendent terms will be explicitly demonstrated. We further
extend the massive spin-2-spin-0 scattering to OðG2Þ in
Sec. IV. We explicitly demonstrate only the polarization
independent, leading spherically symmetric parts of the
potential in this case. Finally, we conclude in Sec. V. We
will work with the mostly positive signature of the metric in
3þ 1-dimensions and will set c ¼ ℏ ¼ 1. We will also use
the notation for symmetrization: XðμνÞ ¼ Xμν þ Xνμ.

II. THE BASIC INGREDIENTS

We now wish to outline the basic setup we will be
working in. The general, minimally coupled action reads

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
2R
κ2

þ LM

�
ð1Þ

where κ2 ¼ 32πG and LM collectively represent the matter
fields. Perturbative expansions around the flat or
Minkowski background for our purpose read,

gμν ¼ ημν þ κhμν; gμν ¼ ημν − κhμν þ κ2hμαhαν þOðκ3Þ; ffiffiffiffiffiffi
−g

p ¼ 1þ κh
2
þ κ2h2

8
−
κ2

4
hμνhμν þOðκ3Þ;

Γμ
νρ ¼ κ

2
ημαð∂νhρα þ ∂ρhνα − ∂αhνρÞ −

κ2

2
hμαð∂νhρα þ ∂ρhνα − ∂αhνρÞ þ

κ3

2
hμβhβαð∂νhρα þ ∂ρhνα − ∂αhνρÞ þOðκ4Þ: ð2Þ

In the de Donder gauge,

∂μ

�
hμν −

1

2
hημν

�
¼ 0; ð3Þ

the free graviton propagator, appropriate for the mostly
positive metric signature reads

ΔμναβðkÞ ¼ −
iPμναβ

k2
ð4Þ

where

Pμναβ ≔
1

2
ðημαηνβ þ ημβηνα − ημνηαβÞ: ð5Þ

A. The massive spin-2 setup

Following [54–56,58–63,68,69], we now wish to review
very briefly the basic structure of a massive spin-2 field
theory coupled to gravity. The general action reads

Smassive spin-2 ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
ð∇λHμνÞð∇λHμνÞ þ ð∇λHμλÞð∇αHμαÞ − ð∇λHÞð∇μHμλÞ

þ 1

2
ð∇λHÞð∇λHÞ − 1

2
M2ðHμνHμν −H2Þ

�
ð6Þ

where Hμν is the symmetric Fierz-Pauli massive spin-2 field, all the contractions are done with respect to gμν, with
H ¼ gμνHμν. “∇” is the covariant derivative defined with respect to the metric gμν ¼ ημν þ κhμν. The equation of motion
corresponding to Eq. (6) in the flat background reads

∂
2Hμν − ∂ðν∂αHμÞα þ ημν∂α∂βHαβ þ ð∂μ∂ν − ημν∂

2ÞH −M2ðHμν −HημνÞ ¼ 0 ð7Þ
where H ¼ ημνHμν above. Acting ∂

μ from the left, we find the constraint

∂
νðHμν − ημνHÞ ¼ 0: ð8Þ
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Plugging this back into Eq. (7), we have

∂
2Hμν − ∂μ∂νH −M2ðHμν − ημνHÞ ¼ 0; ð9Þ

which yields another constraintH ¼ Hμνη
μν ¼ 0. Thus, the

two constraints, ∂μHμν ¼ 0 ¼ H, imply that Hμν has five
independent degrees of freedom or polarizations in four
spacetime dimensions. Denoting the corresponding sym-
metric polarization tensors by ϵμνðkÞ, these constraints
imply that kμϵμνðkÞ ¼ kνϵμνðkÞ ¼ 0, and ϵμμðkÞ ¼ 0. We
will come to the matter of explicit representation of these
polarization tensors in Sec. III A.
We will take the propagator for the massive spin-2 field

as [64],

ΔM
μναβ ¼ −

iPM
μναβ

k2 þM2
; ð10Þ

where

PM
μναβ ≔

1

2

�
ημαηνβ þ ημβηνα −

2

3
ημνηαβ

�
: ð11Þ

Comparing the above propagator for the massive spin-2
field with that of the graviton [Eq. (4)], we see that there is
no smooth massless limit for the first. This leads to the
famous van Dam-Veltman-Zakharov (vDVZ) discontinuity
in the bending of light [64,65].
We will compute the amplitudes for the 2-2 scattering

processes between a massive spin-2 field and chiefly with a
massive scalar. The incoming (outgoing) momenta will be
denoted by k1; k2ðk01; k02Þ, where k1; k01 are the momenta of
the massive spin-2 field. We have

k1 þ k2 ¼ k01 þ k02:

We will denote the transfer momentum, k1 − k01 ¼ k02 − k2,
carried by the internal graviton lines by q. In the non-
relativistic limit, we have q0 ≈ 0. The gravitational poten-
tial, as per the first Born approximation, is defined via the
Fourier transform of the nonrelativistic limit of the 2-2
scattering Feynman amplitude [26],

Vðr⃗Þ¼−
1

2m1

1

2m2

Z
d3q⃗
ð2πÞ3e

−iq⃗·r⃗Mðκ;q⃗;m1;m2ÞjNR: ð12Þ

We will also require the following Fourier transforms,

Z
d3q⃗
ð2πÞ3

eiq⃗·r⃗

jq⃗j ¼ 1

2π2r2
;

Z
d3q⃗
ð2πÞ3

eiq⃗·r⃗

q⃗2
¼ 1

4πr
;

Z
d3q⃗
ð2πÞ3 e

iq⃗·r⃗ ln q⃗2 ¼ −
1

2πr3
: ð13Þ

The various interaction terms between matter fields and the
graviton have been listed in Appendix A. With these
ingredients, we are now ready to go into the scattering
calculations. We first wish to compute the tree level
scattering amplitude of the massive spin-2 field with
massive spin-0, spin-1, and spin-1=2 fields.

III. SCATTERING AT TREE LEVEL

In order to clarify notations, let us first review the well-
known scattering of two massive scalars, Fig. 1, and derive
the Newton potential. Using Eq. (4), and for the two scalar
one graviton vertex, e.g., [26],

Vð1Þμν
spin−0ðk; k0; mÞ ¼ −

iκ
2
½kμk0ν þ k0μkν − ημνðk · k0 þm2Þ�:

ð14Þ

The Feynman amplitude for this process is given by

iMð1Þðκ2;q;m1;m2Þ¼Vð1Þμν
spin−0ðk1;k01;m1ÞΔμναβðqÞVð1Þαβ

spin−0ðk2;k02;m2Þ

¼−
iκ2

8q2
½kμ1k0ν1 þk0μ1 k

ν
1−ημνðk1 ·k01þm2

1Þ�ðημαηνβþημβηνα−ημνηαβÞ½kα2k0β2 þk0α2 k
β
2−ηαβðk2 ·k02þm2

2Þ�

¼−
iκ2

2q2

�
ðk1 ·k2Þðk01 ·k02Þþðk1 ·k02Þðk01 ·k2Þ−k1 ·k01ðk2 ·k02−m2

2Þþk2 ·k02

ððd=2−2Þk1 ·k01− ðd=2−1Þm2
1Þ−

d
2
ðk2 ·k02−m2

2Þððd=2−2Þk1 ·k01− ðd=2−1Þm2
1Þ
�
: ð15Þ

FIG. 1. Tree level diagram of massive spin-0-spin-0 scattering.
The straight lines stand for the scalar field, whereas the wavy line
represents the graviton. q ¼ k1 − k01 ¼ k02 − k2 is the transfer
momentum.
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In the nonrelativistic limit, we have k1 · k01 ≈ −m2
1,

k2 · k02 ≈ −m2
2, k1 · k2 ≈ −m1m2, etc. and qμ ≈ q⃗, and we

obtain

iMð1Þðκ2; q; m1; m2ÞjNR ≈
iκ2m2

1m
2
2

2q⃗2
: ð16Þ

The potential can be found using Eqs. (12) and (13),

VðrÞ ¼ −
κ2m1m2

8

Z
d3q⃗
ð2πÞ3

e−iq⃗·r⃗

q⃗2
¼ −

Gm1m2

r
: ð17Þ

We next wish to compute the tree level scattering
of a massive spin-2 field with massive spin-0, spin-1,
and spin-1=2 fields.

A. Massive spin-2 and spin-0 scattering

Let us now compute the lowest order scattering ampli-
tude between a massive scalar and a massive spin-2 field,
Fig. 2. This requires cubic vertex functions for the two
scalar-one graviton, Eq. (14), and two massive spin-2-one
graviton interactions. The first contains two indices,
whereas it is clear that the second will contain six indices.
A pair of them will correspond to the graviton, whereas the
remaining four will pairwise correspond to the massive
spin-2 field. However, note that these latter indices must be
contracted with the polarization of the massive spin-2 field.
Due to this reason, and in order to make things look simple,
we would retain those polarization tensors in the three point
vertex function (also in the four point vertex later), and
effectively would represent the same with two indices only,
and will denote it as Vð1Þspin−2

μν;eff: ðk; k0;MÞ. It can be read off
from Eq. (A5),

Vð1Þspin−2
μ0α0;eff: ðk; k0;MÞ ¼ −

iκ
2
½2k · k0ϵðμ0νðkÞϵ⋆α0Þνðk0Þ − ðkðμ0k0α0Þ − ημ0α0k · k0ÞϵαβðkÞϵ⋆αβðk0Þ þM2ð2ϵμðμ0 ðkÞ

× ϵ⋆α0Þμðk0Þ þ ημ0α0ϵ
αβðkÞϵ⋆αβðk0ÞÞ þ q2ϵνðα0 ðkÞϵ⋆νμ0Þðk0Þ þ ðkðμ0ηα0Þα þ k0ðμ0ηα0ÞαÞ

ðϵανðkÞqμϵ⋆μνðk0Þ − qμϵμνðkÞϵ⋆ανðk0ÞÞ�: ð18Þ

Using the above expression, Eqs. (4), (14), and also noting that the external momenta are on shell, we write down the
Feynman amplitude in the leading order as,

iMð1Þðκ2; q;M;mÞ ¼ Vð1Þspin−2
μ0α0;eff: ðk1; k01;MÞΔμ0α0ν0β0 ðqÞVð1Þspin−0

ν0β0 ðk2; k02; mÞ

¼ −
iκ2

8

ðημ0ν0ηα0β0 þ ημ
0β0ην

0α0 − ημ
0α0ην

0β0 Þðk2ν0k02β0 þ k0
2ν0k2β0 − ηνβ0 ðk2 · k02 þm2ÞÞ

q2

× ½2k1 · k01ϵðμ0νðk1Þϵ⋆α0Þνðk01Þ − ðk1ðμ0k01α0Þ − ημ0α0k1 · k01Þϵαβðk1Þϵ⋆αβðk01Þ
þM2ð2ϵμðμ0 ðk1Þϵ⋆α0Þμðk01Þ þ ημ0α0ϵ

αβðk1Þϵ⋆αβðk01ÞÞ þ q2ϵνðα0 ðk1Þϵ⋆νμ0Þðk01Þ
þ fk1ðμ0ηα0Þα þ k0

1ðμ0ηα0Þαgfϵανðk1Þqμϵ⋆μνðk01Þ − qμϵμνðk1Þϵ⋆ανðk01Þg�: ð19Þ

Before we proceed, let us clarify the issue of the polarization tensors ϵμνðkÞ, appearing above. In the rest frame, the five
independent polarization tensors can be represented by five trace free symmetric matrices as [64],

ϵð1Þμν ¼
ffiffiffi
2

3

r
0
BBBB@

0 0 0 0

0 1
2

0 0

0 0 1
2

0

0 0 0 −1

1
CCCCCA; ϵð2Þμν ¼ 1ffiffiffi

2
p

0
BBBB@

0 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 0

1
CCCCA; ϵð3Þμν ¼ 1ffiffiffi

2
p

0
BBBB@

0 0 0 0

0 0 1 0

0 1 0 0

0 0 0 0

1
CCCCA;

ϵð4Þμν ¼ 1ffiffiffi
2

p

0
BBBB@

0 0 0 0

0 0 0 1

0 0 0 0

0 1 0 0

1
CCCCA; ϵð5Þμν ¼ 1ffiffiffi

2
p

0
BBBB@

0 0 0 0

0 0 0 0

0 0 0 1

0 0 1 0

1
CCCCA: ð20Þ

The inner product between different polarizations is defined via the trace norm as
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ϵðaÞμν ϵ
⋆μν
ða0Þ ≡Trðϵ†aϵa0 Þ¼ δaa0 ; ða;a0 ¼1;2;3;4;5Þ: ð21Þ

For any momentum k⃗, the corresponding polarization
tensors can be found by boosting them through the appro-
priate Lorentz transformation matrix, ϵμν → Λμ

αðk⃗Þ
Λν

βðk⃗Þϵαβ. Clearly, Eq. (21) remains invariant under this
boost transformation,

ϵðaÞμν ðk⃗Þϵ⋆μνða0Þ ðk⃗Þ ¼ δaa0 :

Note also that the rest frame representation Eq. (20) trivially
satisfies kμϵμν ¼ 0 ¼ kνϵμν. These tensor equations will
hold in the boosted frame as well.
Let us now try to understand the nonrelativistic limit of

the boosted polarization tensors. Writing Λμ
α ¼ δμ

α þ ωμ
α,

for a small Lorentz boost, we have from Eq. (20),

ϵ00ðk⃗Þ ¼ 0; ϵ0iðk⃗Þ ¼ ω0jðk⃗Þϵji:

Since ϵi0ðk⃗ ¼ 0Þ ¼ 0, in the product of two polarization
tensors, we may safely keep the pure spacelike components
of ϵμνðk⃗Þ in the nonrelativistic limit up to OðωÞ.
We next simplify the scattering amplitude of Eq. (19) as

iMð1Þ
aa0 ¼

16iπG
q2

�
m2M2ϵðaÞμν ðk1Þϵ⋆μνða0Þ ðk01Þ

þ 2mðmþ 4MÞqμqνϵðaÞμα ðk1Þϵ⋆ναða0Þ ðk01Þ
þ 8mMðk2αqμ − k02μqαÞϵðaÞαν ðk1Þϵ⋆μνða0Þ ðk01Þ

�
: ð22Þ

Note that the representation of Eq. (20) is real. Thus the
complex conjugation symbol appearing above is spurious.
However, we wish to keep them just to remind us that a
particle with momentum k01 is created here, whereas the one
without complex conjugation indicates annihilation of a
particle with momentum k1. Note that the leading con-
tribution to the potential comes from the first term on the
right-hand side of the above equation. Taking the non-
relativistic as well as rest frame limit, we have

iMð1Þðκ2; q;M;mÞjNR ¼ iκ2m2M2

2q⃗2
δaa0 ; ð23Þ

which reproduces the Newton potential.
The general form of the long range gravitational poten-

tial reads

V ¼ −
GmM
r

ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk0
!

1Þ −
2Gm
Mr3

�
δij −

3rirj

r2

�
ϵðaÞik ðk⃗1Þϵ⋆jkða0Þðk⃗01Þ þOðr−4Þ: ð24Þ

B. Massive spin-2 and massive spin-1 scattering

From Eq. (A5), we read off the one graviton two massive spin-1 vertex [41],

Vð1Þspin−1
μν ðk; k0; mvÞ ¼

iκ
2
½−k · ϵ0ϵðμ0k0νÞ − k0 · ϵϵ0ðμkνÞ þ ϵ · ϵ0kðμk0νÞ þ ημνk · ϵ0k0 · ϵ�; ð25Þ

where we have used the fact that the external momenta are on-shell and nonrelativistic, and ϵμ, ϵ⋆μ ’s are the polarization
vectors for the massive spin-1 field. Remembering the constraint k · ϵ ¼ 0 ¼ k0 · ϵ0, the Feynman amplitude for this process
is written as,

iMð1Þðκ2;q;M;mvÞ¼Vð1Þspin−2
μα;eff: ðk1;k01;MÞΔμανβðqÞVð1Þspin−1

νβ ðk2;k02;mvÞ

¼−
iκ2ðημ0ν0ηα0β0 þημ

0β0ην
0α0 −ημ

0α0ην
0β0 Þ

8q2
½−k1ðμ0k01α0Þϵμνðk1Þϵ⋆μνðk01Þþðk1þk01Þðμ0ηα0Þα

×fϵανðk1Þqμϵ⋆μνðk01Þ−qμϵμνðk1Þϵ⋆ανðk01Þg�½−k2 ·ϵ02ϵðν0 ðk2Þk02β0Þ−k02 ·ϵ2ϵ
⋆
ðν0 ðk02Þk2β0Þ

þϵ2 ·ϵ02k2ðν0k
0
2β0Þ þην0β0k2 ·ϵ02k

0
2 ·ϵ2�

¼ iGπ
q2

½16M2m2
vϵ2
!:ϵ2

!0−8M2iðk⃗× q⃗Þ:S⃗þ4M2q⃗:ϵ2
!0q⃗:ϵ2

!�ϵðaÞij ðk2Þϵ⋆ijða0Þðk02Þþsub-leading contributions:

ð26Þ

FIG. 2. Tree level scattering of massive spin-2-spin-0 fields.
The double lines represent the massive spin-2 field.
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Since k⃗1 − k⃗01 ¼ k⃗02 − k⃗2 ¼ q⃗, we have written above

k⃗1 ¼ k⃗þ q⃗
2
; k⃗01 ¼ k⃗ −

q⃗
2
; k⃗2 ¼ k⃗ −

q⃗
2
; k⃗02 ¼ k⃗þ q⃗

2
; ð27Þ

where k⃗ should be interpreted as the momentum of the center of momentum. We also write in the nonrelativistic limit for the
polarization vectors of the massive spin-1 field following [41],

ϵμðkÞjNR ≃
�
k⃗ · ϵ⃗
mv

; ϵ⃗

�
; ð28Þ

which trivially satisfies, k · ϵ ¼ 0 in the nonrelativistic limit, k0 ≈ −M. We have

ϵμðk1Þϵ⋆μðk01ÞjNR ¼ ϵ⃗ðk⃗1Þ · ϵ⃗⋆ðk⃗01Þ −
i

2m2
v
S⃗ · ðk⃗ × q⃗Þ − 1

m2
v
k⃗ · ϵ⃗ðk⃗1Þk⃗ · ϵ⃗⋆ðk⃗01Þ þ

1

4m2
v
q⃗ · ϵ⃗ðk⃗1Þq⃗ · ϵ⃗⋆ðk⃗01Þ; ð29Þ

where we have written

−iS⃗ ¼ ϵ⃗ðk⃗1Þ × ϵ⃗⋆ðk⃗01Þ; ð30Þ
and have used the trivial identity,

q⃗ · ϵ⃗ k⃗ ·ϵ⃗0⋆ ¼ k⃗ · ϵ⃗ q⃗ ·ϵ⃗0⋆ þ iS⃗ · ðk⃗ × q⃗Þ:

Putting everything together now, we have the two body long range gravitational potential,

VðrÞjTree ¼
�
−
GmvM

r
ϵ2
!:ϵ2

!0 −
GM
2mvr2

ðk⃗ × r̂Þ:S⃗þ 3GM
4mvr5

r⃗:ϵ2
! r⃗ :ϵ⃗02

�
ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ þOðr−4Þ: ð31Þ

C. Massive spin-2 and spin-1=2 scattering

Let us now consider the massive spin-1=2 and massive spin-2 scattering at the lowest order. We have the one graviton two
fermion vertex in the momentum space [41],

Vð1Þμν
spin-1=2ðk; k0; mfÞ ¼ −

iκ
2

�
1

4
γðμðkþ k0ÞνÞ − ημν

�
kþ k0

2
−mf

��
: ð32Þ

The tree level scattering amplitude reads,

iMð1Þðκ2; q;M;mfÞ ¼ Vð1Þspin−2
μ0α0;eff: ðk1; k01;MÞΔμ0α0ν0β0 ðqÞVð1Þspin-1=2

ν0β0 ðk2; k02; mfÞ

¼ −
iκ2ðημ0ν0ηα0β0 þ ημ

0β0ην
0α0 − ημ

0α0ην
0β0 Þ

8q2
½2k1 · k01ϵðμ0νðk1Þϵ⋆α0Þνðk01Þ − ðk1ðμ0k01α0Þ

− ημ0α0k1 · k01Þϵαβðk1Þϵ⋆αβðk01Þ þM2ð2ϵμðμ0 ðk1Þϵ⋆α0Þμðk01Þ þ ημ0α0ϵ
αβðk1Þϵ⋆αβðk01ÞÞ

þ q2ϵνðα0 ðk1Þϵ⋆νμ0Þðk01Þ þ fk1ðμ0ηα0Þα þ k0
1ðμ0ηα0Þαgfϵανðk1Þqμϵ⋆μνðk01Þ − qμϵμνðk1Þϵ⋆ανðk01Þg�

× us0 ðk02Þ
�
1

4
γðν0 ðk2 þ k02Þβ0Þ − ην0β0

�
k2 þ k02

2
−mf

��
usðk2Þ

¼ iGπ
q2

�
ð16m2M2ϵðaÞμν ϵ

⋆μν
ða0Þ − 112m2kμqαϵ

ðaÞα
ν ϵ⋆μνða0Þ − 16m2kμqαϵ

ðaÞμ
ν ϵ⋆ναða0Þ þ 128m2qμϵ

ðaÞ
να kνϵ

⋆μα
ða0Þ

− 16mMqαkμϵ
ðaÞα
ν ϵ⋆νða0Þμ þ 16mMqαkμϵ

ðaÞ
μν ϵ⋆ναða0Þ Þδss0 þ

�
8Mqαkμϵ

ðaÞα
ν ϵ⋆νða0Þμ

m
−
8Mqαkμϵ

ðaÞ
μν ϵ⋆ναða0Þ

m

þ 8kμqαϵ
ðaÞα
ν ϵ⋆μνða0Þ þ 16mMϵðaÞμν ϵ

⋆μν
ða0Þ − 12M2ϵðaÞμν ϵ

⋆μν
ða0Þ − 8kμqαϵ

ðaÞμ
ν ϵ⋆ναða0Þ

�
ik⃗ × q⃗:S⃗1=2

�
ð33Þ
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where s ¼ �, and we used the Gordon identity,

ūs0 ðk02Þγμusðk2Þ ¼
1

2mf
ūs0 ðk02Þ

�
ðk2 þ k02Þμ

−
1

2
½γμ; γν�qν

�
usðk2Þ: ð34Þ

We also take

usðk⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ek⃗ þmf

p  
1

k⃗·σ⃗
Ek⃗þmf

!
χs ð35Þ

where

χþ ¼
�
1

0

�
; χ− ¼

�
0

1

�
: ð36Þ

We next compute using Eqs. (35) and (36), in the non-
relativistic limit,

ūs0 ðk0
!

2Þusðk⃗2Þ ¼ 2mf

�
δss0 −

i
2m2

f

ðk⃗ × q⃗Þ · S⃗ss01=2

�

þ subleading terms ð37Þ

where we have defined the matrix element of the spin vector
for the spin-1=2 field as (ℏ ¼ 1),

S⃗ss
0

1=2 ¼
1

2
χ†s0 σ⃗χs:

Putting things together now, the gravitational potential
reads,

VðrÞjTree ¼
�
−
GmfM

r
δss0 þ

�
G
r2

−
3GM
4mfr2

�
ðk⃗ × r̂Þ:S⃗

�

× ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ þOðr−3Þ: ð38Þ

IV. MASSIVE SPIN-2 AND SPIN-0
SCATTERING AT OðG2Þ

We wish to compute below the one loop correction
[Oðκ4Þ] to the 2-2 scattering for the massive spin-2 and
spin-0 fields. The expressions are extremely lengthy
compared to the tree level ones we have computed above,
and we will present below only the explicitly spin or
polarization independent leading parts. The integrals nec-
essary for the following computations are provided in
Appendix B.

A. The ladder and the cross-ladder diagrams

We begin by considering the ladder and cross-ladder
diagrams, Fig. 3. Note that a massive spin-2 field is created/
annihilated with momentum k01=k1 in this process.
Accordingly, there will be ϵ⋆; ϵ at these two vertices.
The remaining two polarizations would sum up to yield
the massive spin-2 propagator. Accordingly, the Feynman
amplitudes for the ladder and the cross-ladder diagrams are,
respectively, given by,

iMladder ¼
Z

d4l
ð2πÞ4 V̄

ð1Þspin−2
μν;eff: ðk1; lþ k1;MÞϵ⋆λ0η0 ðk01Þ

−iPλ0η0ϵ0ψ 0
M

ðlþ k1Þ2 þM2
V̄ð1Þspin−2
αβ;eff: ðlþ k1; k01;MÞϵϵ0ψ 0 ðk1Þ

× Vð1Þspin−0
γδ ðk2; k2 − l; mÞVð1Þspin−0

ρσ ðk2 − l; k02; mÞ −i
ðl − k2Þ2 þm2

−iPμνγδ

l2
−iPαβρσ

ðlþ qÞ2 ; ð39Þ

and

FIG. 3. Ladder (left) and the cross-ladder diagram for massive spin-2-spin-0 fields scattering. As earlier, double and single straight
lines, respectively, stand for the massive spin-2 and spin-0 fields, whereas a wavy line represents the graviton. q ¼ k1 − k01 ¼ k02 − k2 is
the transfer momentum.

SCATTERING OF MASSIVE SPIN-2 FIELD VIA GRAVITON … PHYS. REV. D 113, 125004 (2026)

125004-7



iMcross−ladder ¼
Z

d4l
ð2πÞ4 V̄

ð1Þspin−2
μν ðk1; lþ k1;MÞϵ⋆λ0η0 ðk01Þ

−iPλ0η0ϵ0ψ 0
M

ðlþ k1Þ2 þM2
V̄ð1Þspin−2
αβ ðlþ k1; k01;MÞϵϵ0ψ 0 ðk1Þ

× Vð1Þspin−0
ρσ ðk2; lþ k02; mÞVð1Þspin−0

γδ ðlþ k02; k
0
2; mÞ −i

ðlþ k02Þ2 þm2

−iPμνγδ

l2
−iPαβρσ

ðlþ qÞ2 ; ð40Þ

where PM is given by Eq. (11), and V̄ð1Þspin−2
μν;eff: contains no polarization tensor. We have, after some algebra,

Mlad:þcr:-lad:tot: ¼
�
−
16π2G2m3M2

3q
þ 10π2G2m2M3

3q
−
46

3
G2m2M2 ln q2

�
ϵðaÞμν ðk1Þϵ⋆μνða0Þðk01Þ

þ polarisation-dependent subleading terms: ð41Þ

The corresponding correction to the Newton potential becomes,

V lad:þcr:-lad:tot:ðrÞ ¼ V ladderðrÞ þ Vcross−ladderðrÞ ¼
�
2G2m2M

3r2
−
5G2mM2

12r2
−
23G2mM
12πr3

�
ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ

þ subleading terms: ð42Þ

B. The triangle diagrams

Let us next consider the triangle diagrams, Fig. 4. We need to consider the two-scalar and two-graviton vertex for our
purpose [26],

Vð2Þμλρσ
spin−0 ðk; k0; mÞ ¼ iκ2

�	
IμλανIρσβν −

1

4
ðημλIρσαβ þ ηρσIμλαβÞ



ðkαk0β þ kβk0αÞ

−
1

2

�
Iμλρσ −

1

2
ημληρσ

�
ðk · k0 þm2Þ

�
ð43Þ

where,

Iμνλρ ¼
1

2
ðημληνρ þ ημρηνλÞ:

The Feynman amplitudes of triangle-1 and triangle-2 diagrams, respectively, read, Fig. 4,

iMtriangle−1 ¼
Z

d4l
ð2πÞ4 V̄

ð1Þspin−2
μν;eff: ðk1; lþ k1;MÞϵ⋆λ0η0 ðk01Þ

�
−

iPλ0η0ϵ0ψ 0
M

ðlþ k1Þ2 þM2

�
V̄ð1Þspin−2
αβ;eff: ðlþ k1; k01;MÞϵϵ0ψ 0 ðk1Þ

× Vð2Þspin−0
σργδ ðk2; k02; mÞ −iP

αβγδ

ðlþ qÞ2
−iPμνσρ

l2
ð44Þ

and,

iMtriangle−2 ¼
Z

d4l
ð2πÞ4 V

μναβ
ð2Þspin−2ðk1; k01;MÞVσρ

ð1Þspin−0ðk2; k2 − l; mÞVγδ
ð1Þspin−0ðk2 − l; k02; mÞ

×
−iPμνσρ

l2
−iPαβγδ

ðlþ qÞ2
−i

ðl − k2Þ2 þm2
; ð45Þ

where Vμναβ
ð2Þspin−2ðk1; k01;MÞ is the effective two massive spin-2-two graviton vertex containing two polarizations ϵμνðk1Þ and

ϵ⋆αβðk01Þ, and can be read off from Eq. (A6). Note that the terms containing the derivative of the graviton field would yield
terms containing the transfer momentum q, and such terms will make a subleading contribution to the potential. Simplifying
now the above equations, we obtain,
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Mtriangle−1 ¼
�
−
32π2G2m3M2

3q
þ 24π2G2m2M3

q
þ 24G2m2M2 ln q2

�
ϵðaÞμν ðk1Þϵ⋆μνða0Þðk01Þ

þ subleading terms; ð46Þ

and

Mtriangle−2 ¼
�
3G2m3M2π2

q
þ 3G2m2M3π2

q
þ 3G2m2M2 ln q2

�
ϵðaÞμν ðk1Þϵ⋆μνða0Þðk01Þ

þ subleading terms: ð47Þ

The corresponding correction to the Newton potential in the nonrelativistic limit becomes,

V triangle tot:ðrÞ ¼ V triangle−1ðrÞ þ V triangle−2ðrÞ ¼
�
27G2mM
8πr3

þ 23G2m2M
24r2

−
27G2mM2

8r2

�
ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ

þ subleading terms: ð48Þ

C. The double seagull diagram

We next consider the double seagull diagram of Fig. 5. We have the Feynman amplitude,

iMdouble−seagull ¼
1

2!

Z
d4l
ð2πÞ4 V

αβγδ
ð2Þspin−2ðk1; k01;MÞVσρμν

ð2Þspin−0ðk2; k02; mÞ−iPαβμν

ðlþ qÞ2
−iPγδσρ

l2
; ð49Þ

where as earlier Vαβγδ
ð2Þspin−2ðk1; k01;MÞ contains contractions

with two polarizations of the massive spin-2 field. The
above expression yields,

Mdouble−seagull ¼ −
1

8
G2m2M2 ln q2ϵðaÞμν ðk1Þϵ⋆μνða0Þðk01Þ

þ subleading terms; ð50Þ

which gives the correction to the potential,

Vdouble−seagullðrÞ ¼ −
G2mM
64πr3

ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ
þ subleading terms: ð51Þ

FIG. 4. Triangle diagrams for massive spin-2-spin-0 fields scattering.

FIG. 5. Double seagull diagram for massive spin-2-spin-0 fields
scattering.
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D. The vertex correction diagram-1

Let us now come to the contribution from the vertex correction diagrams, the first of which is given by Fig. 6. To evaluate
this diagram, we need to consider the three graviton vertex given by [26],

Vð3Þμν
αβγδ ðk; qÞ ¼ −

iκ
2

�
Pαβγδ

�
kμkν þ ðk − qÞμðk − qÞν þ qμqν −

3

2
ημνq2

�
þ 2qλqσðIαβσλIγδμν þ IγδσλIαβμν

− IαβμσIγδνλ − IγδμσIαβνλÞ þ fqλqμðηαβIγδνλ þ ηγδIαβνλÞ þ qλqνðηαβIγδμλ þ ηγδIαβμλÞ
− q2ðηαβIγδμν þ ηγδIαβμνÞ − ημνqσqλðηαβIγδσλ þ ηγδIαβσλÞg þ f−2qλðIαβλσIγδσνðk − qÞμ
þ IαβλσIγδσμðk − qÞν þ IγδλσIαβσνkμ þ IγδλσIαβσμkνÞ þ q2ðIαβσμIγδνσ þ IγδσμIαβνσÞ

þ ημνqσqλðIαβλρIγδρσ þ IγδλρIαβρσÞg þ
	
ðk2 þ ðk − qÞ2Þ

�
IαβμσIγδσν þ IγδμσIαβσν

−
1

2
ημνPαβγδ

�
− ðIγδμνηαβk2 þ Iαβμνηγδðk − qÞ2Þ


�
: ð52Þ

The corresponding Feynman amplitude reads,

iMvertex-correction-1 ¼
Z

d4l
ð2πÞ4 V

ð1Þspin-2
αβ;eff: ðk1; k01;MÞ−iP

αβ
γδ

q2
Vð3Þγδ
λψϕϵðl;−qÞ

−iPϕϵρσ

ðlþ qÞ2
−iPλψμν

l2

× Vð1Þspin-0
μν ðk2; k2 − l; mÞVð1Þspin-0

ρσ ðk2 − l; k02; mÞ −i
ðl − k2Þ2 þm2

; ð53Þ

which yields,

Mvertex-correction-1 ¼
�
46π2G2m3M2

q
þ 4π2G2m2M3

q
þ 46G2m2M2 ln q2

�
ϵðaÞμν ðk1Þϵ⋆μνða0Þðk01Þ

þ subleading terms: ð54Þ
The corresponding correction to the Newton potential reads,

Vvertex-correction-1ðrÞ ¼
�
−
23G2m2M

4r2
−
G2mM2

2r2
þ 23G2mM

4πr3

�
ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ

þ subleading terms: ð55Þ

E. The vertex correction diagram-2

The second vertex correction diagram is given by Fig. 7. The Feynman amplitude reads,

FIG. 7. Second vertex correction diagram for massive spin-2-
spin-0 fields scattering.

FIG. 6. First vertex correction diagram for massive spin-2-spin-
0 fields scattering.
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iMvertex-correction-2 ¼
Z

d4l
ð2πÞ4 V

ð1Þspin−2
μν;eff: ðk1; lþ k1;MÞϵ⋆λ0η0 ðk01Þ

−iPλ0η0ϵ0ψ 0
M

ðlþ k1Þ2 þM2
Vð1Þspin−2
αβ;eff: ðlþ k1; k01;MÞ

× ϵϵ0ψ 0 ðk1Þ
−iPμνρσ

l2
−iPαβγδ

ðlþ qÞ2 V
ð3Þϕϵ
ρσγδ ð−l; qÞ

−iPϕϵλψ

q2
Vλψ
ð1Þspin−0ðk2; k02; mÞ; ð56Þ

which yields,

Mvertex-correction-2 ¼
�
24π2G2m3M2

q
−
71π2G2m2M3

q
− 71G2m2M2 ln q2

�
ϵðaÞμν ðk1Þϵ⋆μνða0Þðk01Þ

þ polarisation-dependent subleading terms: ð57Þ

The correction to the gravitational potential reads,

Vvertex-correction-2ðrÞ ¼
�
−
3G2m2M

r2
þ 71G2mM2

8r2
−
71G2mM
8πr3

�
ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ þ subleading terms: ð58Þ

F. The vertex correction diagram-3

The third vertex correction diagram is given by Fig. 8. The corresponding Feynman amplitude reads,

iMvertex-correction-3 ¼
1

2!

Z
d4l
ð2πÞ4 V

ð1Þspin−2;eff
αβ ðk1; k01;MÞ −iPαβ

γδ

ðlþ qÞ2 V
ð3Þγδ
μνρσ ðl;−qÞ−iP

ρσϵϕ

q2
−iPμνλψ

l2
Vð2Þspin-0
λψϵϕ ðk2; k02; mÞ; ð59Þ

which gives,

Mvertex-correction-3 ¼ 80G2m2M2 ln q2ϵðaÞμν ðk1Þϵ⋆μνða0Þðk01Þ þ polarization-dependent subleading terms: ð60Þ

The corresponding potential reads,

Vvertex-correction-3ðrÞ ¼
10G2mM

πr3
ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ þ subleading terms: ð61Þ

G. The vertex correction diagram-4

The fourth and the last vertex correction diagram is given by Fig. 9. The Feynman amplitude reads,

iMvertex-correction-4 ¼
1

2!

Z
d4l
ð2πÞ4 V

ρσμν
ð2Þspin−2ðk1; k01;MÞVλκ

ð1Þspin−0ðk2; k02; mÞVαβγδϵϕ
ð3Þ ð−l; qÞ−iPμνγδ

l2
−iPρσαβ

ðlþ qÞ2
−iPλκϵϕ

q2
; ð62Þ

which equals,

Mvertex-correction-4 ¼
21

4
G2m2M2 ln q2ϵðaÞμν ðk1Þϵ⋆μνða0Þðk01Þ þ subleading terms: ð63Þ

The corresponding correction to the gravitational potential reads,

Vvertex-correction-4ðrÞ ¼
21G2mM
64πr3

ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ þ subleading terms: ð64Þ
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H. The vacuum polarization and
the ghost diagrams

Finally, we come to the contribution from the vacuum
polarization plus the ghost loop, Fig. 10. The ghost loop is
added to compensate for the gauge noninvariant terms
originating from the graviton self energy, Fig. 11. The total

gauge invariant contribution denoted as ΠλξμνðqÞ, has been
evaluated long ago in [4,64],

Παβγδ ¼ −
2G
π

ln q2
�
21

120
q4Iαβγδ þ

23

120
q4ηαβηγδ −

23

120
q2ðηαβqγqδ þ ηγδqαqβÞ −

21

240
q2ðqαqδηβγ þ qβqδηαγ

þ qαqγηβδ þ qβqγηαδÞ þ
11

30
qαqβqγqδ

�
: ð65Þ

We have the Feynman amplitude,

iMvac−pol ¼ Vð1Þspin-2;eff:
ρσ ðk1; k01;MÞ−iP

ρσλξ

q2
ΠλξμνðqÞ

−iPμνγδ

q2
Vð1Þspin-0
γδ ðk2; k02; mÞ; ð66Þ

which equals after substituting Eq. (65),

FIG. 9. Fourth vertex correction diagram for massive spin-2-spin-0 fields scattering.

FIG. 8. Third vertex correction diagram for massive spin-2-
spin-0 fields scattering.

FIG. 10. Vacuum polarization plus ghost diagrams for massive
spin-2-spin-0 fields scattering.

FIG. 11. Graviton self-energy from the vacuum polarization
diagram along with the ghost contribution.
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MGhost ¼ −
172

15
G2m2M2 ln q2ϵðaÞμν ðk1Þϵ⋆μνða0Þðk01Þ

þ subleading terms: ð67Þ

The corresponding potential reads,

Vvac−polðrÞ ¼ −
43MmG2

30πr3
ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ

þ subleading terms: ð68Þ

I. The final quantum corrected Newtonian potential

Combining everything now, we obtain the leading part of
the gravitational potential up to OðG2Þ, between a massive
spin-2 and spin-0 particle,

VðrÞ ¼ −
GMm
r

�
1þGð171m − 110MÞ

24rc2
þ 577Gℏ
80πr2c3

�

× ϵðaÞij ðk⃗1Þϵ⋆ijða0Þðk⃗01Þ þ subleading terms: ð69Þ

This is one of the main results of this paper. Note that we
have put back ℏ in the last term. This is to emphasize that
this term has purely quantum origin—i.e., from the ln q2

term coming from the loops.

V. DISCUSSION

Let us summarize our results now. In this paper we have
computed the 2-2 scattering between a massive spin-2
Fierz-Pauli field with various other spin fields, and from the
nonrelativistic limit of the scattering amplitudes, we have
computed the corresponding two body gravitational poten-
tials at the leading [OðGÞ] and next to the leading [OðG2Þ]
orders. The massive spin-2 field does not stand for any
massive gravity here, and gravity is taken to be simply
general relativity with the usual massless graviton as its
quantum. We have taken the Fierz-Pauli massive spin-2
field as just a field theory with higher spin, minimally
coupled to gravity, e.g., [55]. At the leading order [OðGÞ],
we have computed the gravitational potential for its

scattering with massive scalar, fermion, and Proca fields,
Sec. III. The Newton potential, along with the spin and
polarization dependent nonspherical terms, have been
explicitly computed. For the massive spin-2—massive
scalar scattering, we have further extended the above
computations to the next to the leading order [OðG2Þ],
Sec. IV. For this case, we have explicitly demonstrated the
polarization independent spherical parts only. The present
computations could be thought of as one of the ongoing
attempts to understand the gravitational potential in the
context of a higher spin field theory.
As a step forward, perhaps it will be interesting to

understand the quantum corrections to Newton’s potential
in viable massive gravity theories, in which the vDVZ
discontinuity can be taken care of via some Vainshtein
screening mechanism at scales small compared to the
Hubble horizon [67]. We hope to investigate this issue
in our future work.
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APPENDIX A: VARIOUS INTERACTION TERMS

1. Massive spin-0 field

The action for a massive scalar field is given by,

Sspin−0 ¼ −
1

2

Z ffiffiffiffiffiffi
−g

p ½gμνð∂μϕÞð∂νϕÞ þm2ϕ2�: ðA1Þ

The free as well as the scalar-graviton interaction terms up
to Oðκ2Þ read [using Eq. (2)],

Sspin−0ðκ0Þ ¼ −
1

2

Z
d4x½ð∂μϕÞð∂μϕÞ þm2ϕ2�;

Sspin−0ðκ1Þ ¼ κ

2

Z
d4xhμν

�
ð∂μϕÞð∂νϕÞ −

1

2
ημνðð∂ϕÞ2 þm2ϕ2Þ

�
;

Sspin−0ðκ2Þ ¼ −
κ2

2

Z
ddx

��
hμαhαν −

1

2
hhμν þ 1

8
h2ημν −

1

4
hαβhαβημν

�
ð∂μϕÞð∂νϕÞ þm2

�
h2

8
−
1

4
hμνhμν

�
ϕ2

�
: ðA2Þ
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2. Massive spin-1 field

For a massive spin-1 field we have,

Sspin−1 ¼
Z ffiffiffiffiffiffi

−g
p �

−
1

4
FμνFμν −

1

2
m2

1AμAμ

�
ðA3Þ

where mv is the mass of the spin-1 particle and, Fμν ¼ ∂μAν − ∂νAμ. The free as well as the two spin-1 one graviton
interaction terms read

Sspin−1ðκ0Þ ¼ −
Z

d4x

�
1

4
ημληνρFμνFλρ þ

1

2
m2

vη
μνAμAν

�
;

Sspin−1ðκ1Þ ¼ κ

2

Z
d4x

��
ημλhνρ −

1

4
ηαβη

μληνρhαβ
�
FμνFλρ þm2

v

�
hμν −

1

2
ηαβη

μνhαβ
�
AμAν

�
:

This will be sufficient for our present purpose with the massive spin-1 field.

3. Massive spin-2 field

Let us now consider the Fierz-Pauli massive spin-2 field. The Lagrangian is given in Eq. (6) from where the action can be
easily written. We have up to Oðκ2Þ,

Sspin−2ðκ0Þ ¼
Z

d4x

�
−
1

2
ð∂λHμνÞð∂λHμνÞ þ ð∂λHμλÞð∂αHμαÞ − ð∂λHÞð∂μHμλÞ þ 1

2
ð∂λHÞð∂λHÞ

−
1

2
M2ðHμνHμν −H2Þ

�
; ðA4Þ

Sspin−2ðκ1Þ ¼ −
κ

2

Z
d4x

��
2ηλρηνβhμα − ημαηνβhλρ þ

h
2
ηλρημαηνβ

�
ð∂λHμνÞð∂ρHαβÞ

þ 2ηλρηνβð∂ρhμα þ ∂αhρμ − ∂μhραÞHαβð∂λHμνÞ þM2

�
2ημαhνβ þ

h
2
ημαηνβ

�
HμνHαβ

�
ðA5Þ

and,

Sspin−2ðκ2Þ ¼ κ2
Z

d4x

�
−
1

2

�
ηλρhμαhνβ − 2ηνβhμαhλρ þ hλβ0hβ

0ρημαηνβ þ hhμαηλρηνβ −
1

2
hhλρημαηνβ

þ 1

4
ηλρ
�
h2

2
− hα0α00hα

0α00
��

ð∂λHμνÞð∂ρHαβÞ − 1

2

�
2ηλρηνβhμα − ημαηνβhλρ þ

h
2
ηλρημαhνβ

�
ð∂λHμνÞðηαα0 ð∂ρhρ0α0 þ ∂ρ0hρα0 − ∂α0hρρ0 ÞHρ0β þ ηβα

0 ð∂ρhρ0β0 þ ∂ρ0hρβ0 − ∂β0hρρ0 ÞHρ0αÞ

þ 1

4
ðð2∂λhμν − ∂μhλνÞHνλ þ ηρμη

λλ0
∂νhλλ0HνρÞðημμ0 ð2∂αhμ0β − ∂μ0hαβÞHαβ þ ηαα

0
∂βhαα0HμβÞ

þ 1

2
ðð∂μhαβÞð∂μhλρÞHαβHλρ þ 2ð∂μhαβÞð∂μHλρÞhλρHαβ þ hαβhλρð∂μHαβÞð∂μHλρÞÞ

−
1

2
ðð∂λhαβÞHαβ þ hαβð∂λHαβÞÞðημμ0 ð∂ρhμμ0 ÞHρλ þ ηλλ

0 ð2∂μhρλ0 − ∂λ0hμρÞHμρÞ

−
1

2
M2

�
hμλhνρ − hμνhλρ þ hημλhνρ þ

1

4

�
h2

2
− hαβhαβ

�
ημληνρ

�
HμνHλρ

�
: ðA6Þ

Note that the terms containing derivatives of the graviton field will carry its momentum explicitly. Such terms will always
make a subleading (compared to r−3) or even no contribution to the long range gravitational potential.
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APPENDIX B: LIST OF ESSENTIAL INTEGRALS

We list below some integrals useful for the purpose of evaluating the gravitational potential, originating from the parts
nonanalytic in the transfer momentum, q2 [26]. We will display below only those nonanalytic parts.

Z
ddl
ð2πÞd

1

l2ðlþ qÞ2 ¼ −
i

16π2
ln q2;

Z
ddl
ð2πÞd

lμ
l2ðlþ qÞ2 ¼

iqμ
32π2

ln q2;

Z
ddl
ð2πÞd

lμlν
l2ðlþ qÞ2 ¼ −

i ln q2

64π2

�
4

3
qμqν −

1

3
q2ημν

�
;

Z
ddl
ð2πÞd

1

l2ðlþ qÞ2ððlþ kÞ2 −m2Þ ¼ −
i

32π2m2

�
ln q2 þ π2m

q

�
; ðB1Þ

Z
ddl
ð2πÞd

lμ
l2ðlþ qÞ2ððlþ kÞ2 −m2Þ ¼

i
32π2m2

�	�
−1 −

q2

2m2

�
ln q2 −

1

4

q2

m2

π2m
q



kμ þ

	
ln q2 þ π2m

2q



qμ

�
; ðB2Þ

Z
ddl
ð2πÞd

lμlν
l2ðlþ qÞ2ððlþ kÞ2 −m2Þ ¼

i
32π2m2

�
qμqν

�
− ln q2 −

3

8

π2m
q

�
þ kμkν

�
−
1

2

q2

m2
ln q2 −

1

8

q2

m2

π2m
q

�

þ ðqμkν þ qνkμÞ
	�

1

2
þ 1

2

q2

m2

�
ln q2 þ 3π2mq

16



þ q2ημν

�
1

4
ln q2 þ π2m

8q

��
; ðB3Þ

Z
ddl
ð2πÞd

1

l2ðlþ qÞ2ððlþ k1Þ2 −m2
1Þððl − k2Þ2 −m2

2Þ

¼ i
16π2m1m2q2

�
1 −

w
3m1m2

�
ln q2

Z
ddl
ð2πÞd

1

l2ðlþ qÞ2ððlþ k1Þ2 −m2
1Þððlþ k02Þ2 −m2

2Þ

¼ i
16π2m1m2q2

�
−1þ W

3m1m2

�
ln q2 ðB4Þ

where, w ¼ −k1 · k2 −m1m2 and W ¼ −k1 · k02 −m1m2.
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