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We investigate observational tests that can be used to distinguish between broad classes of cosmological
models. This is achieved using curvature-consistency tests of the Friedmann-Lemaître-Robertson-Walker
(FLRW) models, which we investigate in two scenarios where they can be violated; (i) when the optical
properties of the cosmology deviate from the expectations of FLRW, and also (ii) when the large-scale
expansion of the cosmology is different from FLRW.We identify useful ways to determine the properties of
these alternative scenarios in terms of the violation of the curvature-consistency tests, and propose a new
null test that can be used to isolate cosmologies with non-FLRWobservational relations. The characteristic
signatures we find can be used, together with the results of recent and upcoming cosmological
observations, to probe and/or rule out large classes of cosmological models. This becomes an increasingly
important task as the number of proposals in the literature increases, as cosmologists attempt to explain
tensions, anomalies, and the dark sector of the Universe. Our approach provides a clear route for telling
apart these different proposals, and offers a new opportunity for using precision cosmological data to
efficiently discriminate between cosmological models.

DOI: 10.1103/nrt8-bgnf

I. INTRODUCTION

Cosmology has long been a subject in which new
physics has been proposed and investigated, and in which
a constant stream of new models has been considered. This
is partly due to the unique range of spatial and temporal
scales that are accessible within this field, as well as the
huge range of energy scales, but is also driven by
phenomenological considerations such as the need for dark
energy [1], apparent anomalies [2], and the recent emer-
gence of tensions between datasets [3–5]. In this environ-
ment it is extremely useful to be able to distinguish between
competing cosmological scenarios, which is the purpose of
this article; we seek to investigate and construct observa-
tional tests that can be used to isolate and differentiate
entire classes of cosmological models.

Our starting point for thiswill be the curvature-consistency
tests, in which applicability of the Friedmann-Lemaître-
Robertson-Walker (FLRW) metric itself is investigated
[6–11]. These are falsification tests of the FLRW metric,
and thus of its underlying assumptions of homogeneity and
isotropy. They are null tests that are independent of both the
matter content of the Universe and the field equations of
the governing theory of gravity. They therefore allow all
proposals that involve changes to the matter sector or the
theory of gravity to be distinguished from those that involve
changes to the propagation of light and the geometry of the
space-time.
To date, most empirical applications of curvature con-

sistency tests have yielded consistency with FLRW, albeit
with some quite wide confidence intervals [9,11–13]. A
recent nonparametric investigation utilizing Pantheonþ
and BOSS/DESI data has, however, resulted in a mild to
moderate inconsistency with FLRW [14,15]; see also [16]
for hints of FLRW violation within a Lemaître-Tolman-
Bondi parametrization. More data, and further investiga-
tion, is required to determine if this violation will persist,
but should it turn out to be a feature of the Universe in
which we live then we will need ways in which we can
interpret it, as it would immediately exclude the majority of
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candidate models for explaining either dark energy or the
cosmological tensions [17]. To date, curvature consistency
tests have not been widely investigated outside of the class of
FLRWmodels fromwhich theywere designed, although early
studies of some individual model scenarios do exist [18–21].
We will investigate two specific classes of alternative

scenarios that we show should be expected to violate FLRW
curvature-consistency tests; one based on changes to the
optical properties of the space-time [22–25], and a second
based on changes to the geometry of space-time [26,27].
Both of these are of potential importance for precision
cosmology, with each offering interesting pathways for
understanding dark energy and resolving the current tensions
in parameter estimates [28–30]. This investigation is par-
ticularly timely due to the possible first detection of a
violation of the curvature-consistency tests, but also due
to the prospect of tighter and more reliable test results that are
likely to be available from stage IV surveys in the near future.
We will start by reviewing the key equations for the

scenarios under consideration. We will then develop
predictions for the expected violations of the curvature-
consistency tests in these scenarios, and investigate them in
limiting cases of interest. We will end by discussing the
implications of our results, including the construction of a
new null test, before concluding.

II. NON-FLRW COSMOLOGICAL MODELS

In this paper we will consider two scenarios that allow
for the possibility of novel behavior beyond that which is
possible in the usual FLRW approach.

A. The Dyer-Roeder approach

Here the large-scale kinematical properties of the
Universe are given by the usual FLRW equations, but
beams of light are permitted to contain less matter than the
cosmological average [31,32]. The idea is to account for
the biasing that might be introduced by masking from
regions of high density of baryonic matter, which could
obscure the view of more distant objects.
In this approach the redshift of light is expected to be

given by the usual FLRW relations:

1þ z ¼ a0
a

and
dz
dλ

¼ −E0Hð1þ zÞ2; ð1Þ

where a is the scale factor, λ is an affine parameter along
past-directed null rays, E is the photon energy, and the
subscripts indicates evaluation at the present time, t ¼ t0.
Taking the Hubble parameter, H ≡ ȧ=a, to obey the usual
Friedmann equations, and neglecting the Weyl focusing,
the angular diameter distance is then given by solving the
following equation:

d2dA
dλ2

¼ −4πGαE2
0ð1þ zÞ2ðρþ pÞdA: ð2Þ

Here, we have here generalized the usual approach to allow
for fluids with nonzero pressure, p. The function 0 ≤ α ≤ 1
incorporates the effect of the postulated underdensity, with
α ¼ 1 corresponding to the FLRW case and α ¼ 0 repre-
senting the empty beam approximation (in which there is no
matter at all along the line of sight).
From Eqs. (1) and (2) we can write the equation

d2D
dz2

¼ −
1

H
dH
dz

dD
dz

−
KDR

H2
D; ð3Þ

where D≡ ð1þ zÞdA is the comoving distance, and where
we have defined the effective curvature function

KDR ≡ K − 4πGð1 − αÞ ðρþ pÞ
ð1þ zÞ2 ; ð4Þ

which reduces to the FLRW spatial curvature K when
α ¼ 1, and which will be useful in what follows. We show
in the Appendix that D must satisfy

Djα¼1 ≤ D ≤ Djα¼0 and
D0

D

����
α¼1

≤
D0

D
≤
D0

D

����
α¼0

; ð5Þ

where primes denote differentiation with respect to z. These
inequalities will be used below to provide tests of this
scenario in terms of direct observables.

B. Cosmological backreaction

The most widely used scheme for quantifying the back-
reaction of cosmological structure formation on the large-
scale expansion of the Universe is based on the Buchert
averaging scheme [33–35]. For irrotational dust sources, this
approach gives the average expansion rateHD ≡ ȧD=aD of a
spatial domain D with scale factor aD as obeying

H2
D ¼ 8πGhϱi

3
þ Λ

3
−
hRi þQ

6
ð6Þ

3ðḢD þH2
DÞ ¼ −4πGhϱi þ ΛþQ; ð7Þ

where h…i≡ ðRD…dVÞ=VD denotes the average over a
domain with volume VD, whileR andQ are the 3D spatial
Ricci-curvature and the kinematical backreaction scalar,
respectively.
We use Räsänen’s results for angular diameter distances

and redshift in this approach [36], which have been shown
to work well for light propagation over long distances in
nontrivial test cases [37,38]. These state that Eqs. (1) and
(2) hold under the substitutions a ↦ aD, H ↦ HD, and
ρ ↦ hϱi. We then derive the following equation for the
distance D:

d2D
dz2

¼ −
1

HD

dHD

dz
dD
dz

−
KBR

H2
D
D; ð8Þ
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where we have again neglected the effects of shear along
the null congruence, set the pressure of the dust fluid to
zero, and imposed α ¼ 1 (to isolate the backreaction
effect). Similarly to the Dyer-Roeder case, we have again
defined an effective curvature function:

KBR ≡
1
6
hRi þ 1

2
Q

ð1þ zÞ2 ; ð9Þ

which again reduces to the FLRW curvature parameterK in
an FLRW universe (i.e., when Q ¼ 0).

III. FLRW CONSISTENCY TESTS

The most widely used of these tests was proposed by
Clarkson, Basset and Lu [6], which starts by defining the
following function of expansion and distance:

O≡H2ðD0Þ2 − 1

D2
; ð10Þ

and which after differentiation, and multiplication by
1
2
D3=D0, gives

C≡ 1þH2DD00 −H2ðD0Þ2 þHH0DD0: ð11Þ

The idea behind defining these quantities is that they reduce
toO ¼ −K and C ¼ 0 for every FLRWmodel, independent
of matter content or gravitational theory.
For our current purposes, it is useful to introduce the new

test statistic

A≡ C
D2

þO ¼ H2
D00

D
þHH0D

0

D
; ð12Þ

which obeys the pleasing identity D2A0 ¼ C0, and which
also reduces to A ¼ −K in every FLRW cosmology.
We will now consider how the O, C, and A parameters

take values that violate the FLRW expectations of con-
stancy, or disappearance, for the Dyer-Roeder and back-
reaction scenarios discussed above.

A. Dyer-Roeder induced violations

In this case we can bound the value of O by using the
inequalities in Eq. (5):

ðfor DRÞ − K ≤ O ≤ Ojα¼0: ð13Þ

Thus, there is a sense in which the Dyer-Roeder effect
makes the Universe appear more negatively (or less
positively) curved when viewed through the value of the
O function. In addition, Eqs. (3) and (4) can be used to
show that A takes the very simple form

ðfor DRÞ A ¼ −KDR: ð14Þ

A measurement of A, in a universe in which the Dyer-
Roeder approach is valid, therefore provides a direct
estimate of the background curvature and the Dyer-
Roeder effect through Eq. (4).
The parametersO and C are less easily interpretable than

A, but at small redshifts Eqs. (11), (12), and (14) give

ðfor DRÞ O ¼ −KDRjt0 −
2

3
K0

DRjt0zþOðz2Þ: ð15Þ

We also have that the following is true for all z:

ðfor DRÞ C0 ¼ −D2K0
DR; ð16Þ

as follows from directly from C0 ¼ D2A0. The right-hand
sides of Eqs. (15) and (16) can be evaluated by using
Eq. (4) and the Friedmann equations to obtain

K0
DR ¼ −

4πGð1 − αÞðρþ pÞð1 − ṗ
HðρþpÞ −

ð1þzÞα0
1−α Þ

ð1þ zÞ3 : ð17Þ

Realistic fluids, which satisfy the null energy condition1

(ρþ p ≥ 0) and have vanishing or negative time deriva-
tives of pressure (ṗ ≤ 0), therefore have the sign of the
initial gradient of O, and the gradient of C throughout,
determined by the rate of change of α with redshift.
Special case: α¼constant. In this case Eq. (16) reduces

to the particularly simple form,

ðfor α constÞ C0 ¼ 4πGð1 − αÞD2
ðρþ p − 1

H ṗÞ
ð1þ zÞ3 : ð18Þ

For physical fluids, we thus have that C0 is positive and
bounded from above by the empty beam approximation:

ðfor α constÞ 0 ≤ C0 ≤ C0jα¼0: ð19Þ

From C ¼ Cjα¼0 ¼ 0 at t0, we then have that

ðfor α constÞ 0 ≤ C ≤ Cjα¼0: ð20Þ

We therefore have that constant α very generically implies
that C is non-negative, which directly implies [via Eq. (11)]
that O is a growing function of redshift. We also have that
the empty beam approximation gives an upper bound on C.

B. Backreaction induced violations

Using the same methods, we find that the parameter A
takes the following form in the backreaction case:

1Note that even for evolving dark energy models with phantom
properties, which are sometimes considered in efforts of mitigat-
ing cosmological tensions, the total cosmological energy budget
can still satisfy the null energy condition [39].
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ðfor DRÞ A ¼ −KBR: ð21Þ

From the definition ofKBR in Eq. (9), we see thatA directly
measures a linear combination of backreaction and average
spatial curvature in this scenario. Now, using Eqs. (10) and
(21) we find

ðfor DRÞ O ¼ −KBRjt0 −
2

3
K0

BRjt0zþOðz2Þ; ð22Þ

while we find the following to be true for all z:

ðfor DRÞ C0 ¼ −D2K0
BR: ð23Þ

In the backreaction case we therefore find that the sign of
the gradient of O at the observer, and of C throughout, is
given by the derivative of the linear combination of hRi and
Q given in Eq. (9).
Special case: Scaling solutions. When backreaction and

curvature follow simple power laws, it can be deduced from
Eqs. (6) and (7) that,2 for n ≠ −2, [28,40]

Q ¼ Q0

ð1þ zÞn ; hRi ¼ 6Kð1þ zÞ2 − nþ 6

nþ 2
Q; ð24Þ

where Q0 ¼ Q0ðt0Þ. Eqs. (9), (21), and (24) then give

ðfor DRÞ A ¼ −K −
n

nþ2
Q0

ð1þ zÞ2þn : ð25Þ

This shows that a scaling index −2 < n < 0 with a positive
Q acts as a decaying negative curvature contribution in
Eq. (25). Conversely, if n < −2 then positive Q acts as a
growing positive curvature contribution. We can use
Eqs. (22) and (24) to get

ðfor DRÞ O ¼ −K −
nQ0

nþ 2
þ 2nQ0

3
zþOðz2Þ: ð26Þ

Using (23) together with (9)

ðfor DRÞ C0 ¼ nD2Q0

ð1þ zÞ3þn : ð27Þ

Again, for a scaling index −2 < n < 0, positiveQ acts as a
negative curvature contribution to O, which decays at
higher redshifts, with the contribution to C being a negative
and decaying function.

IV. DISCUSSION

We have shown that the Dyer-Roeder and backreaction
effects can be clearly identified using curvature-consistency

tests for O and C, and we have made predictions for the
corresponding signatures that are expected. We have also
identified an alternative test statistic, A, which is par-
ticularly useful for probing both scenarios, and which we
expect to be particularly useful in probing non-FLRW
cosmological models more broadly whenever the focus-
ing equation is of the form (3) or (8). Our analytic results
can be compared to the numerical study of curvature
consistency tests that arise from the Dyer-Roeder effect
in Ref. [20], and the results that arise from a ‘template
metric’ treatment of cosmological backreaction3

in Ref. [21].
In addition to the test statisticA, we also find that we can

construct a new null test statistic for a universe that obeys
the Dyer-Roeder equations:

T ¼ ð1 − αÞH0

ð1þ zÞ2H −
D02H0

D2H
−
ð1 − αÞH02

ð1þ zÞH2

þD0H02

DH2
þ H0α0

ð1þ zÞHα
−
D0H0α0

DHα
−
D0D00

D2

þ 3H0D00

HD
−
α0D00

αD
−
ð1 − αÞH00

ð1þ zÞH þD0H00

DH
þD000

D
: ð28Þ

When α ¼ 1, so that the usual FLRW equations are
recovered, this expression for T can be seen to be
given by the derivative of C. However, unlike any of
the test statistics considered above, it vanishes for any
universe obeying the Dyer-Roeder equations, indepen-
dent of the matter content of the universe or the theory
of gravity.
While potentially useful, the T statistic does come with

some drawbacks. Firstly, it is more difficult to apply than
the C statistic, as it contains second derivatives of H and
third derivatives of D, with respect to redshift z. This will
undoubtedly mean that it is more difficult to extract from
astronomical data. It also requires knowledge of the Dyer-
Roeder parameter α, and its derivative, which would need
to come from either some other set of observations or from
some separate set of theoretical considerations.
Nevertheless, it provides a possible way to distinguish
the Dyer-Roeder scenario, which would have C ≠ 0
and T ¼ 0.

V. CONCLUSIONS

The results of this paper present direct ways of testing
the Dyer-Roeder and backreaction effects using astro-
physical data. Our proposed tests provide a way to
distinguish these scenarios from the many alternative

2The excluded case, n ¼ −2, results in hRiD ¼ 6Kð1þ zÞ2,
which is identical to a spatially-curved FLRW model.

3The ‘template metric’ approach uses an FLRW-like geometry
with the same large-scale expansion and spatial curvature as the
universal average of the inhomogeneous Universe, but does not
reproduce observational relationships such as luminosity distance
as reliably as the result of Ref. [36] (see, e.g., [37,38]).
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proposals for modifying the ΛCDM model, such as
evolving dark energy, interacting fluids, and modified
gravity, which would all conform to the standard FLRW
expectations of the curvature-consistency tests. Such tests
therefore provide a way to falsify these popular ideas, and
hence to directly distinguish between different classes of
cosmological models. Of course, violations of curvature-
consistency tests may also be induced by other means, and
one needs to be confident that they are not polluted by
unidentified astrophysical systematics. In order to clearly
distinguish between such effects, and from those appear-
ing from a cosmological origin, one can assess whether
test violations conform with the theoretical predictions of
the Dyer-Roeder effect and backreaction effects that we
have presented here. Such an approach would be bolstered
by considering consistency between datasets, as a cosmo-
logical signature would be expected to persist across
independent catalogs of data, whereas astrophysical sys-
tematics are likely to produce internal inconsistencies
within the data that they affect only. A further subtlety
in using these tests, particularly when considering multiple
datasets, is that optical effects (such as those of the Dyer-
Roeder equations) could be frequency dependent. It is
also possible that the characteristic signatures of the
Dyer-Roeder and cosmological backreaction effects (as
identified above) could be mimicked by some other as-yet-
unidentified non-FLRW phenomena of genuine cosmo-
logical origin. One must therefore be careful in linking
violations of these tests with any one scenario, without
corroborating evidence for that effect from elsewhere.
However, we expect the existence of quantities such as the
T -statistic from Eq. (28) to help with this particular
problem. We also note that the Dyer-Roeder and cosmo-
logical backreaction effects are special FLRW-violating
mechanisms in that they produce isotropic violations of
FLRW observational relations. This is in contrast to non-
FLRW models with large-scale structures, which other-
wise tend to produce directionally-dependent observatio-
nal features, and which can therefore be used to tell them
apart from the scenarios that we have considered in
this paper.
We note that the results we have presented, in combi-

nation with current datasets, already have some falsifying
power: state-of-the-art symbolic regression and Gaussian
process constraints have roughly 10% uncertainties on the
test statistic C [11,15], which means that Dyer-Roeder and
backreaction models with effects of order unity may
already be excluded. An independent investigation of the
tests involvingA, presented in this paper, demonstrates that
they are indeed capable of constraining cosmological
backreaction [41]. The main bottleneck for improving such
constraints is the availability of model-independent mea-
surements ofH and its derivatives. This will improve in the
coming decade with new baryon acoustic oscillation and
cosmic chronometers data from, e.g., Euclid, which will

significantly improve the power of our proposed tests. Due
to the presence of third derivatives, obtaining constraints on
the T statistic is expected to be comparable in difficulty to
measuring the cosmic jerk, j, which has recently been
claimed to be inferred to an accuracy of a couple of percent
within the standard cosmological scenario by using fast
radio bursts, DESI DR2, and other complementary data
[42]. Again, this situation is likely to improve further in the
coming decades with Stage-IV surveys such as Euclid [43],
though the details of exactly what to expect will be strongly
dependent on the statistical methods used and the assump-
tions made (such as degree of smoothness of the relevant
functions). We leave a detailed study of such forecasts to
future work.
Finally, we note that curvature-consistency tests are

usually examined model-independently, which is at least
part of the reason for the relatively loose constraints.
However, another possibility is doing a parametrized
analysis within particular models that violate the expect-
ations of the test statistics. This could be done within either
Dyer-Roeder or backreaction scenarios, and should be
expected to allow tighter constraints from existing data.
Calculating predictions for other curvature-consistency
tests, such as those presented in Refs. [7,11], would also
be very interesting.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX: BOUNDS ON DISTANCES
AND THEIR DERIVATIVES IN THE

DYER-ROEDER APPROACH

Consider the function Wc and its derivative,

Wc≡
dðdAjα¼c

dA
Þ

dλ
¼ ddAjα¼c

dλ
dA −

ddA
dλ

dAjα¼c

dWc

dλ
¼ d2dAjα¼c

dλ2
dA −

d2dA
dλ2

dAjα¼c

�≥ 0 if c¼ 0

≤ 0 if c¼ 1
; ðA1Þ

where the inequalities follow from Eq. (2). This implies

Wc ¼
�≤ 0 if c ¼ 0

≥ 0 if c ¼ 1
ðA2Þ

for all λ ≤ λO (i.e., on the observer’s past light cone), where
we have used the initial condition Wcðt0Þ ¼ 0. In an
expanding universe, with H > 0, the above inequalities
can be combined with Eq. (1) to find that
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dA ≤ dAjα¼0;
ddA
dz

dA
≤

ddA
dz

dA

�����
α¼0

ðA3Þ

and

dA ≥ dAjα¼1;
ddA
dz

dA
≥

ddA
dz

dA

����
α¼1

ðA4Þ

for all values of z. Finally, rewriting Eqs. (A3) and (A4) in
terms of D, we have

D ≤ Djα¼0;
dD
dz

D
≤

dD
dz

D

����
α¼0

ðA5Þ

and

D ≥ Djα¼1;
dD
dz

D
≥

dD
dz

D

����
α¼1

: ðA6Þ
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