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We have carried out an evaluation of the πþπ− and Dþ
s π

þ mass distributions in the Ds1ð2536Þ decay to
Dþ

s π
þπ−, from the perspective that the Ds1ð2536Þ is a molecular state, mostly made from K�D in I ¼ 0.

We are able to obtain not only the mass distributions, but also the branching ratio of this decay. The shape of
the mass distributions differs appreciably from those of the analogous reaction Ds1ð2460Þ → Dþ

s π
þπ−,

which has been measured by the LHCb Collaboration and analyzed theoretically from the perspective that
the Ds1ð2460Þ is a molecular state of D�K, showing good agreement with the data. In spite of the analogy
with the Ds1ð2460Þ decay, the dynamical differences in the decay mechanism are important, since now the
f0ð500Þ resonance is not generated, while it was the dominant mechanism in the Ds1ð2460Þ → Dþ

s π
þπ−

decay. Nonetheless, we find striking differences in the mass distributions compared with phase space as a
consequence of the decay mechanism. The branching ratio obtained is an order of magnitude bigger than
the one of the Ds1ð2460Þ → Dþ

s π
þπ− reaction, mostly due to the larger available phase space. We also

show that the shape of the distributions obtained from the molecular picture is quite different from those
obtained based on a qq̄ picture. We conclude that measuring the shape of the mass distributions and the
total strength of the decay mode should be very valuable to learn about the structure of the Ds1ð2536Þ.
DOI: 10.1103/nr6f-cpb7

I. INTRODUCTION

Over the past two decades, numerous new hadronic
states have been observed, many of which do not fit into the
conventional quark configurations predicted by the quark
model, that is, qq̄ for mesons and qqq for baryons [1–5].
While these discoveries challenge our understanding of the
strong interaction, they also provide a natural laboratory to
explore the complexity and richness of quantum chromo-
dynamics (QCD) in the low-energy regime [6,7].
Most of the experimental observations, as well as the

corresponding theoretical studies, have focused on hadrons

in the heavy-quark sector, involving either charm or
bottom. In contrast, systems containing both charm and
strangeness remain relatively unexplored, despite the exist-
ence of some experimental data available for quite some
time—as is the case of the Ds1ð2536Þ resonance, with
quantum numbers JP ¼ 1þ.
In particular, the Ds1ð2536Þ state was first observed in

1989 by the ARGUS Collaboration in eþe− collisions at
the Deutsches Elektronen-Synchrotron storage ring [8]. Its
mass was measured as ð2535.9� 0.6� 2.0Þ MeV, with a
narrow width of less than 4.6 MeV. Since then, this state
has been confirmed by other collaborations, including
CLEO [9], BABAR [10,11], Belle [12], and, more recently,
LHCb [13].
There have been some attempts not only to describe the

structure of the Ds1ð2536Þ meson, but also to establish a
broader understanding of the spectroscopy of mesons
containing both charm and strangeness—namely, the Ds
mesons [14–18]. Specifically, the Ds1ð2536Þ has quantum
numbers JP ¼ 1þ and is, therefore, an axial-vector reso-
nance [11,19,20]. In principle, this structure is interpreted
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as a quark configuration of the type cs̄. However, mass
predictions from potential models based on heavy-quark
effective theory [21] are in disagreement with experimental
data. This discrepancy also extends to other Ds1 structures,
such as the Ds1ð2460Þ [22]. In particular, the predicted
values from quark models [17] lie well above the D�K and
K�D thresholds, corresponding to the Ds1ð2460Þ and the
Ds1ð2536Þ, respectively. On the other hand, hadronic
structures near meson-meson thresholds can be well
described as molecular-type states using the molecular
model [6]. In Refs. [23–27], both the Ds1ð2460Þ and the
Ds1ð2536Þ are interpreted as dynamically generated states
arising from the interactions between pseudoscalar and
vector mesons, with the D�K and K�D channels playing a
dominant role in the formation of the Ds1ð2460Þ and
Ds1ð2536Þ, respectively. TheDs1ð2536Þmight be different,
since its mass lies closer to conventional cs̄ quark models
[28]. Yet, from the perspective of the molecular nature of
the Ds1ð2460Þ and the similar dynamics that goes into the
D�K and K�D interactions, one also expects a sizable K�D
component for the Ds1ð2536Þ. The present calculation
assumes the state as pure molecular, but we discuss how
the experiment could eventually tell us about the size of this
molecular component of the Ds1ð2536Þ state.
The molecular interpretation finds strong support in the

successful description of the hadronic properties of several
resonances, both in the heavy-quark sector and in the
light sector [29–46]. As a result, this framework has been
extensively explored, with many studies proposing reac-
tions in which such properties can be measured, putting the
molecular picture to the test [47]. This may shed light on
the current debate surrounding the interpretation of these
states as more complex structures, often referred to by the
term exotic.
From this perspective, the reaction Ds1ð2460Þ →

Dþ
s π

þπ− was studied in Ref. [48], assuming a molecular
D�K interpretation for the Ds1ð2460Þ meson, and also in
Ref. [49] including contributions from the Dsη channel,
and using a different formalism. In this approach, the decay
proceeds via triangle loop diagrams. In particular, the
configuration of the intermediate states in the loop allows
for the manifestation of resonances such as the f0ð500Þ and
even the f0ð980Þ in the unitarized amplitudes associated
with the interactions between pseudoscalar mesons
[32,50,51]. A key point in favor of this mechanism, as
applied to the reaction discussed in Refs. [48,49], is its
good agreement with the corresponding experimental data
reported by the LHCb Collaboration for the decay
Ds1ð2460Þ → Dþ

s π
þπ− [52]. Indeed, such agreement sup-

ports the molecular interpretation of the Ds1ð2460Þ meson.
Following this line of thought, we assume in the present

work that the Ds1ð2536Þ structure is also interpreted as a
molecular state, dynamically generated by the K�D inter-
action, as suggested in Ref. [24]. In order to test its
molecular nature, we compute the invariant mass spectra

of the Dþ
s π

� and πþπ− pairs, which are among the final
products of the decay Ds1ð2536Þ → Dþ

s π
þπ−. In particu-

lar, we adopt the mechanism in which the Ds1ð2536Þ
meson decays into Dþ

s π
þπ− via a triangular loop, with D,

K�, and K mesons as intermediate states, in analogy to
the successful mechanism employed in Refs. [48,49].
Through the interactions between the D and K mesons,
the final states Dþ

s π
þ and πþπ− are produced, enabling

the calculation of the relevant spectra. Assuming that the
Ds1ð2536Þ state is pure molecular, this mechanism is
rather predictive. The couplings needed stem from the
molecular hypothesis, as well as a momentum cutoff
factor which enters the loop, tied to the same K�D
interaction [24]. It contains an extra cutoff, tied to the
KD → Dþ

s π
þ transition, which is governed by the range

of the light vector mesons exchanged to obtain this
transition, and we quantify uncertainties from this source.
In Ref. [49], the absolute rate of Ds1ð2460Þ → Dþ

s π
þπ−

was also evaluated and found compatible with experi-
ment within errors. This gives us confidence in the
predictions for the rate of the Ds1ð2536Þ → Dþ

s π
þπ−

decay, yet, accepting that the Ds1ð2536Þ state could have
a large nonmolecular component, as claimed in [28], we
suggest that the measurement of the absolute rate for this
reaction could give us the molecular component of
the state.
This work is organized as follows: In Sec. II, we present

in detail the formalism employed to evaluate the decay
Ds1ð2536Þ → Dþ

s π
þπ−. In particular, we describe the

mechanism through which the reaction proceeds and
introduce the relevant triangle diagrams that contribute
to this reaction. In the same section, we explicitly evaluate
the triangle amplitudes associated with each diagram. Next,
in Sec. III, we present the numerical results for the invariant
mass spectra of the πþπ− and Dþ

s π
� pairs, discussing in

detail the physical implications of the corresponding line
shapes. Moreover, we compute the decay width of the
Ds1ð2536Þ into theDþ

s π
þπ− channel without the use of free

parameters. We devote two sections to numerical improve-
ments and a critical discussion of the results. Finally, in
Sec. VI, we summarize our main results and present our
conclusions.

II. FORMALISM

In our model, the decay Ds1ð2536Þ → Dþ
s π

þπ− occurs
via triangle loops, illustrated in Fig. 1. In particular, we
assume that the mesonDs1ð2536Þ is a molecular state K�D,
whose coupling to this channel is given in Ref. [53]. In
Fig. 1, as a further step in the process, the meson K� decays
into a pair of pseudoscalar mesons, namely, K and π. The
meson K, thus produced, interacts with the meson D
originally generated at the vertex Ds1DK�, and the DK
pair undergoes a transition to the final Dsπ meson state,
whose distribution interests us. The Ds1ð2536Þ has I ¼ 0.
With the isospin phase convention
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K ¼
�
K�þ

K�0

�
; D ¼

�
Dþ

−D0

�
; ð1Þ

theK�Dwave function of theDs1ð2536Þ is jK�D; I ¼ 0i ¼
− 1ffiffi

2
p ðK�þD0 þ K�0DþÞ. The coupling of Ds1ð2536Þ

to the jK�D; I ¼ 0i state is gDs1ð2536Þ;K�D;I¼0 ¼
20234 MeV [53], and then gDs1ð2536Þ;K�þD0 ¼
gDs1ð2536Þ;K�0Dþ ¼ − 1ffiffi

2
p gDs1ð2536Þ;K�D;I¼0. The vertex of

Ds1ð2536Þ → K�þD0 corresponding to Fig. 1(a) is
given by

VDs1ð2536Þ→K�þD0 ¼ gDs1ð2536Þ;K�þD0 ε⃗Aε⃗K� ; ð2Þ

with ε⃗A the polarization vector for the axial meson state
Ds1ð2536Þ. We have neglected the ε0 component of the K�,
but we will show in Sec. IV that this is a very good
approximation.
To calculate the amplitudes in Fig. 1, we first need to

compute the upper vertices of the VPP type (V for vector
and P for pseudoscalar mesons). This can be easily
obtained with the help of the effective Lagrangians of
the local hidden gauge approach [54–57]. Specifically, for
the VPP vertices, we have

L ¼ −igh½P; ∂μP�Vμi; ð3Þ

where g ¼ MV=2f, with MV ¼ 800 MeV, an average
vector meson mass, while f is the pion decay constant,
equal to 93 MeV, and the symbol h� � �i denotes the trace of
the SU(3) matrices. Additionally, P and Vμ correspond to
the matrices qiq̄j in terms of quarks, given in terms of the
physical pseudoscalar and vector mesons, respectively, by

P ¼

0
BBBBBB@

π0ffiffi
2

p þ ηffiffi
3

p πþ Kþ D̄0

π− − π0ffiffi
2

p þ ηffiffi
3

p K0 D−

K− K̄0 − ηffiffi
3

p D−
s

D0 Dþ Dþ
s ηc

1
CCCCCCA
; ð4Þ

V ¼

0
BBBBBB@

ρ0ffiffi
2

p þ ωffiffi
2

p ρþ K�þ D̄�0

ρ�− − ρ0ffiffi
2

p þ ωffiffi
2

p K�0 D�−

K�− K̄�0 ϕ D�−
s

D�0 D�þ D�þ
s J=ψ

1
CCCCCCA
; ð5Þ

where we take into account the standard η − η0 mixing, as
discussed in Ref. [58]. Thus, considering the momenta
defined in Fig. 1, we obtain the following expression for the
relevant VPP vertices:

VVPP ¼ gεμðq − p0Þμ; ð6Þ

where εμ is the polarization vector of the meson K�.
Next, we need to calculate the transitions D0K0 →

Dþ
s π

−,DþKþ → Dþ
s π

þ, which appear at the lower vertices
of the diagrams in Fig. 1. These PP → PP transitions
(with P standing for pseudoscalar meson) can be easily
computed using an extension of the local hidden gauge
approach [54–57]. They were calculated in Ref. [49].
Specifically, for the D0K0 → Dþ

s π
− we have

VK0D0→Dþ
s π

− ¼ 1

4f2
1

2

�
3s − ðm2

K0 þm2
π− þm2

D0 þm2
Dþ

s
Þ

−
1

s
ðm2

D0 −m2
K0Þðm2

Dþ
s
−m2

π−Þ
�
; ð7Þ

where s≡M2
invðDþ

s π
−Þ.

Because of isospin symmetry, the transition potentials
for the processes D0K0 → Dþ

s π
− and DþKþ → Dþ

s π
þ are

identical in both magnitude and sign. This follows from the
fact that both initial two-meson states couple to a total
isospin I ¼ 1, differing only in their third component I3.
Furthermore, by carefully considering the conventional
phase assignments of the isospin multiplets—particularly
the ð−πþ; π0; π−Þ basis for pions and the D, K isospin
phase conventions given above—the relative phases
between the physical states ensure that no additional sign
difference arises between these transitions. Consequently,

FIG. 1. Ds1 decay mechanism: (a) decay through the K�þD0 component, while in (b), the Ds1 meson decays through the K�0Dþ
component.

πþπ− AND Dþ
s π
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the interaction potential derived for the D0K0 → Dþ
s π

−

channel in Eq. (7) can be directly applied to the DþKþ →
Dþ

s π
þ channel.

Once the relevant vertices for calculating the diagrams in
Figs. 1(a) and 1(b) have been obtained, we can write the
corresponding amplitudes for the triangle loops under
consideration. Next, we will discuss in detail the loop in
Fig. 1(a), while the calculation for the diagram in Fig. 1(b)
follows analogously. With the upper vertices K�þπþK0 and
K�0π−Kþ at hand and considering Eq. (7) for the transition
D0K0 → Dþ

s π
−, the diagram in Fig. 1(a) can be written as

−itðaÞloop ¼
Z

d4q
ð2πÞ4 ð−iÞgDs1ð2536Þ;K�þD0εAiεK�i

×
i

ðp0 þ qÞ2 −m2
K� þ iε

ð−iÞgεK�αðq − p0Þα

×
i

q2 −m2
K þ iε

i
ðP − p0 − qÞ2 −m2

D þ iε

× ð−iÞVD0K0→Dþ
s π

− ; ð8Þ

with P standing for the momentum of the Ds1ð2536Þ.

Assuming we are dealing with small three-momenta
compared to the masses of the particles involved, it implies
that only the spatial components of the polarization vector
of K� meson are nonvanishing, that is,

ε0K� ¼ jp⃗0 þ q⃗j
mK�

≃ 0; ð9Þ

and the completeness relation for the corresponding polari-
zation vectors, which reads

X
pol

εK�μεK�α ¼ −gμα þ
ðp0 þ qÞμðp0 þ qÞα

m2
K�

; ð10Þ

can now be written as

X
pol

εK�μεK�α ≃
X
pol

εK�iεK�j ≃ δij: ð11Þ

In Sec. IV, we will actually see that the approximation of
Eq. (9) is indeed very good.
Therefore, using Eq. (11), the triangle amplitude

reduces to

−itðaÞloop ¼
Z

d4q
ð2πÞ4 ð−iÞgDs1ð2536Þ;K�þD0εAiεK�i

i
ðp0 þ qÞ2 −m2

K� þ iε
ð−iÞgεK�j

× ðp0 − qÞj
i

q2 −m2
K þ iε

i
ðP − p0 − qÞ2 −m2

D þ iε
ð−iÞVD0K0→Dþ

s π
− : ð12Þ

For the heavy mesons K�þ and D0, coming from the decay of a particle, it is a good approximation to take the positive
energy part of their full propagators, that is,

1

ðp0 þ qÞ2 −m2
K� þ iε

≃
1

2ωK�ðp⃗0 þ q⃗Þ
1

p00 þ q0 − ωK� ðp⃗0 þ q⃗Þ þ iε
;

1

ðP − q − p0Þ2 −m2
D þ iε

≃
1

2ωDðp⃗0 þ q⃗Þ
1

P0 − p00 − q0 − ωDðp⃗0 þ q⃗Þ þ iε
; ð13Þ

where ωK� ðp⃗0 þ q⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp⃗0 þ q⃗Þ2 þm2

K�
p

, ωDðp⃗0 þ q⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp⃗0 þ q⃗Þ2 þm2

D

p
, ωKðq⃗Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þm2

K

p
(for later use), and

P⃗ ¼ 0 in theDs1 rest frame. On the other hand, for the K meson, we keep both positive and negative energy parts, since it is
a lighter meson and can be more off shell. In Sec. IV, we shall see the goodness of the approximation. Hence, Eq. (12) can be
rewritten as

tðaÞloop ¼ iggDs1ð2536Þ;K�þD0VD0K0→Dþ
s π

−εAi

Z
d4q
ð2πÞ4 ðp

0 − qÞi
1

2ωK�

1

2ωK

1

2ωD

×
1

p00 þ q0 − ωK� ðp⃗0 þ q⃗Þ þ iε
1

P0 − p00 − q0 − ωDðp⃗0 þ q⃗Þ þ iε

×

�
1

q0 − ωKðq⃗Þ þ iε
−

1

q0 þ ωKðq⃗Þ − iε

�
: ð14Þ

Now, we can perform an analytical integration over the q0 variable, using Cauchy’s residue theorem, so that Eq. (14) now
assumes the following form:
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tðaÞloop ¼ ggDs1ð2536Þ;K�þD0VD0K0→π−Dþ
s
ε⃗Ai

Z
d3q
ð2πÞ3 ðp

0 − qÞi
1

2ωK�

1

2ωK

1

2ωD

×
1

P0 − ωDðp⃗0 þ q⃗Þ − ωK� ðp⃗0 þ q⃗Þ þ iε

�
1

P0 − p00 − ωDðp⃗0 þ q⃗Þ − ωKðq⃗Þ þ iε

þ 1

p00 − ωK�ðp⃗0 þ q⃗Þ − ωKðq⃗Þ þ iε

�
: ð15Þ

Next, considering that

Z
d3qFðq⃗; p⃗0Þql ¼ p0

l

Z
d3qFðq⃗; p⃗0Þ q⃗ · p⃗0

jp⃗0j2 ; ð16Þ

we finally write Eq. (15) as

tðaÞloop ¼ I ðaÞ
loopðε⃗A · p⃗0Þ; ð17Þ

with I ðaÞ
loop given by

I ðaÞ
loop ¼ ggDs1ð2536Þ;K�þD0VD0K0→Dþ

s π
−

Z
d3q
ð2πÞ3Θðqmax − jq⃗þ p⃗0jÞΘðΛ − jq�jÞ

�
1 −

q⃗ · p⃗0

jp⃗0j2
�

×
1

2ωK�ðp⃗0 þ q⃗Þ
1

2ωDðp⃗0 þ q⃗Þ
1

2ωKðq⃗Þ
1

P0 − ωDðp⃗0 þ q⃗Þ − ωK� ðp⃗0 þ q⃗Þ þ i ΓK�
2

×

�
1

P0 − p00 − ωDðp⃗0 þ q⃗Þ − ωKðq⃗Þ þ iε
þ 1

p00 − ωK� ðp⃗0 þ q⃗Þ − ωKðq⃗Þ þ i ΓK�
2

�
; ð18Þ

where p⃗0 in this case corresponds to the πþ momentum,
namely,

p⃗0 ¼ λ
1
2ðm2

Ds1
; m2

πþ ;M
2
invðDþ

s π
−ÞÞ

2mDs1

: ð19Þ

In Eq. (18), we have implemented two changes: the
introduction of two Θ functions and the explicit consid-
eration of the K� width. The appearance in Eq. (18) of a
Heaviside theta function Θ, which sets the upper limit in
the integral, comes naturally from the chiral unitary
approach, which considers a separable potential of the
form Vðq⃗0; q⃗Þ ¼ VΘðqmax − jq⃗0jÞΘðqmax − jq⃗jÞ, leading
to Tðq⃗0; q⃗Þ ¼ TΘðqmax − jq⃗0jÞΘðqmax − jq⃗jÞ, where qmax
stands for the cutoff used to regularize the loops encoded
in the G function. In Ref. [53], the Ds1ð2536Þ state
is dynamically generated from K�D interaction with
qmax ¼ 1025 MeV, which is the value we are considering
in Eq. (18). Another theta function ΘðΛ − jq�jÞ is for the
vertexD0K0 → Dþ

s π
−, where q� is the three-momentum of

K0 boosted to Dþ
s π

− rest frame

q� ¼
��

EDþ
s π

−

MinvðDþ
s π

−Þ − 1

�
q⃗ · p⃗0

p⃗02 þ EK0

MinvðDþ
s π

−Þ
�
· p⃗0 þ q⃗;

ð20Þ

where EDþ
s π

− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

invðDþ
s π

−Þ þ jp⃗0j2
q

and EK0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

K0 þ jq⃗j2
q

. We calculate with Λ≡ 600 MeV and vary

it within the range Λ∈ ½500; 700� MeV to estimate the
uncertainty in our result as done in Ref. [49] (the changes
induced by changing qmax are very small compared to
those changing Λ). The values of qmax or Λ are not
arbitrary; they are tied to the range of the interaction in
momentum space, which is governed by the exchange of
light vector mesons [59]. The values 500–700 MeV are
common in most problems. The fact that qmax tied to the
K�D interaction is somewhat bigger when forcing the
Ds1ð2536Þ to be fully molecular is an indication that
other components should also play a role in the building
up of this state.
The triangle loop in Fig. 1(b) is readily obtained from

Eq. (17) by setting p⃗0 → p⃗0
π− , that is,

tðbÞloop ¼ I ðbÞ
loopðε⃗A · p⃗0

π−Þ; ð21Þ

where tðbÞloop is

πþπ− AND Dþ
s π
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I ðbÞ
loop ¼ ggDs1ð2536Þ;K�0DþVDþKþ→Dþ

s π
þ

Z
d3q
ð2πÞ3Θðqmax − jq⃗þ p⃗0

π− jÞΘðΛ − jq�jÞ
�
1 −

q⃗ · p⃗0
π−

jp⃗0
π− j2

�

×
1

2ωK� ðp⃗0
π− þ q⃗Þ

1

2ωDðp⃗0
π− þ q⃗Þ

1

2ωKðq⃗Þ
1

P0 − ωDðp⃗0
π− þ q⃗Þ − ωK�ðp⃗0

π− þ q⃗Þ þ i ΓK�
2

×
�

1

P0 − p00
π− − ωDðp⃗0

π− þ q⃗Þ − ωKðq⃗Þ þ iε
þ 1

p00
π− − ωK� ðp⃗0

π− þ q⃗Þ − ωKðq⃗Þ þ i ΓK�
2

�
: ð22Þ

As a result, the total amplitude will be

ttotal ¼ I ðaÞ
loopðε⃗A · p⃗0

πþÞ þ I ðbÞ
loopðε⃗A · p⃗0

π−Þ; ð23Þ

where p⃗0
πþ and p⃗0

π− are the πþ and π− momenta in the Ds1

rest frame:

p⃗0
πþ ¼ λ

1
2ðm2

Ds1
; m2

πþ ; m
2
23Þ

2mDs1

;

p⃗0
π− ¼ λ

1
2ðm2

Ds1
; m2

π− ; m2
13Þ

2mDs1

; ð24Þ

with m23 and m13 standing for the invariant masses
associated with the Dþ

s π
− and Dþ

s π
þ pairs, respectively

[πþð1Þ, π−ð2Þ, Dþ
s ð3Þ]. Furthermore, these masses are not

all independent, and, by using

m2
12 þm2

23 þm2
13 ¼ m2

Ds1
þm2

Dþ
s
þm2

πþ þm2
π− ; ð25Þ

we can evaluate Eq. (23) as a function of the invariant
masses that we are interested in.
Averaging over the Ds1 polarizations, and taking the

modulus squared of the amplitude in Eq. (23), that is,

XX
jttotalj2 ¼

1

3

n
jI ðaÞ

loopj2jp⃗0
πþj2 þ jI ðbÞ

loopj2jp⃗π− j2

þ 2Re½I ðaÞ
loop · ðI ðbÞ

loopÞ��ðp⃗0
πþ · p⃗0

π−Þ
o
; ð26Þ

we are able to obtain the double differential invariant mass
distribution [60], which is

dΓ
dm12dm23

¼ 1

ð2πÞ3
2m122m23

32m3
Ds1

XX
jttotalj2: ð27Þ

Since all the momenta involved and the scalar products in
Eq. (26) are given in terms of the invariant massesm12,m23,
and m13, by using Eq. (25) we can obtain the two-particle
mass distribution in terms of any one of those invariant
masses. For instance, for the m12 (the πþπ−) distribution,
we integrate Eq. (27) over m23, such that

dΓ
dm12

¼
Z

mmax
23

mmin
23

dΓ
dm12dm23

dm23; ð28Þ

with mmin
23 and mmax

23 given, respectively, by

mmin
23 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE2 þ E3Þ2 −

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
2 −m2

2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
3 −m2

3

q 

2

r
;

mmax
23 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE2 þ E3Þ2 −

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
2 −m2

2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
3 −m2

3

q 

2

r
:

ð29Þ

Moreover, E2 and E3 are given, respectively, by

E2 ¼
m2

12 −m2
1 þm2

2

2m12

;

E3 ¼
m2

Ds1
−m2

12 −m2
3

2m12

: ð30Þ

All the other two-particle mass distribution are easily
derived by taking cyclical permutations of the 1,2,3 indices
in the expressions above.

III. NUMERICAL RESULTS

The numerical results are presented in Figs. 2 and 3.
Specifically, Fig. 2 illustrates the πþπ− mass distribution.
We can observe a smooth line shape throughout the
invariant mass range allowed by kinematics, including a
broad peak in the range of 300–400 MeV. It is interesting to
mention that, even if we do not have a direct πþπ−

FIG. 2. πþπ− invariant mass spectrum and phase space.
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interaction here, the shape of the mass distribution is quite
different from one of pure phase space. This is due to the
particular mechanism of Dþ

s π
þπ− production, tied to the

molecular nature of the Ds1ð2536Þ and the triangle mecha-
nism that follows as a consequence.
In Fig. 3, on the other hand, we notice a smooth curve

throughout most of the distribution, except at the extremes,
where two cusp structures are clearly visible: one around
2140 MeV and another, more pronounced, in the high-
energy region of the spectrum, at approximately 2363MeV.
This latter value is associated with a threshold singularity,
arising from the contribution of the D0K0 → Dþ

s π
− tran-

sition exactly at the D0K0 production threshold, located at
2363 MeV. This threshold condition consequently gener-
ates a cusp at this energy.
Similarly, the small enhancement observed around

2140 MeV can be understood as a result of the on-shell
contribution of the DþKþ pair in the DþKþ → Dþ

s π
þ

transition. In particular, we expect the appearance of a cusp
in the mass spectrum shown in Fig. 3, precisely at
2143 MeV, when the invariant mass of the Dþ

s π
þ system,

mDþ
s π

þ , reaches approximately 2363 MeV.
This correlation between the two values can be under-

stood by noting that, in the rest frame of theDþ
s π

þ pair, the
invariant massmDþ

s π
− can be written as a function ofmDþ

s π
þ

through the relation

m2
Dþ

s π
− ¼ m2

π− þm2
Dþ

s
þ 2Eπ−EDþ

s
− 2ðp⃗π− · p⃗Dþ

s
Þ; ð31Þ

where p⃗π− and p⃗Dþ
s
are the three-momenta of the π− and

Dþ
s mesons, respectively, evaluated in theDþ

s π
þ rest frame:

p⃗π− ¼ λ
1
2ðm2

Ds1
; m2

π− ;M2
invðDþ

s π
þÞÞ

2MinvðDþ
s π

þÞ ;

p⃗Dþ
s
¼

λ
1
2ðM2

invðDþ
s π

þÞ; m2
π− ; m2

Dþ
s
Þ

2MinvðDþ
s π

þÞ : ð32Þ

Both Eπ− and EDþ
s
and the magnitudes of the momenta

depend on mDþ
s π

þ . Therefore, by setting mDþ
s π

þ ¼
2363MeV, the above equation yields mDþ

s π
− ≈2143MeV,

precisely where the corresponding cusp is expected to
appear. It should be noticed that in this case the phase space
distribution is similar to the actual one, except for the two
cusps discussed above.
We do not plot theDþ

s π
− mass distribution which is very

similar to theDþ
s π

þ one (there is a slight difference because
of different masses of the intermediate states).
As we have mentioned, with the assumption of

Ds1ð2536Þ as a pure K�D molecule, we can make absolute
predictions of the mass distributions and the integrated
decay width, up to the dependence on Λ. This width is
obtained by determining the area under the spectral curves
in Figs. 2 and 3, which should, of course, yield the same
value. Consequently, we obtain the following value for the
decay width of the Ds1ð2536Þ → Dþ

s π
þπ− process:

ΓðDs1ð2536Þ → Dþ
s π

þπ−Þ ¼ 44� 15 keV; ð33Þ

where the uncertainty arises from the variation of the cutoff
parameter Λ. This value is about an order of magnitude
bigger than the one obtained in the Ds1ð2460Þ → Dþ

s π
þπ−

decay [49], which should make its observation feasible.

IV. CONSIDERATION OF ε0ðK�Þ AND NEGATIVE
ENERGY PARTS OF THE PROPAGATORS

A. Consideration of ε0ðK�Þ
We should start with a covariant VDs1ð2536Þ→K�þD0 vertex

substituting in Eq. (2):

ε⃗Aε⃗K� ¼ −εAμε
μ
K� : ð34Þ

Actually, since the Ds1ð2536Þ state is at rest, ε0A ¼ 0, and
we would have the vertex

εAiεK�i: ð35Þ

Then we would have for the combination of Eq. (8)

X
K�pol

εAiεK�iεK�αðq − p0Þα

¼ εAi

�
−giα þ

ðp0 þ qÞiðp0 þ qÞα
m2

K�

�
ðq − p0Þα: ð36Þ

The first term in Eq. (36) gives rise to what we have
calculated, and we get a new term

εAiðp0 þ qÞiðq2 − p02Þ
m2

K�
; ð37Þ

which should be compared to

FIG. 3. Dþ
s π

þ invariant mass spectrum and phase space.
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εAiðq − p0Þi: ð38Þ

With the value of q0 ¼ P0 − p00 − ωDðp⃗0 þ q⃗Þ that we get
from the Cauchy integration, we find that ðq2 − p02Þ=
m2

K� ≈ 0.03. Furthermore, the term of Eq. (37) goes with
εAiðp0 þ qÞi, where p⃗0 þ q⃗ will be zero in average, while
the term in Eq. (38) goes as ðq − p0Þi, which does not
vanish as an average. We can conclude that the new term is
basically negligible.

B. Consideration of negative energy component
of the propagators

In Eq. (14), we will now consider the negative energy
component of the K� propagator:

−
1

2ωK� ðp⃗0 þ q⃗Þ
1

p00 þ q0 þ ωK� ðp⃗0 þ q⃗Þ − iε
; ð39Þ

and we apply again Cauchy’s theorem to evaluate the term.
We obtain in Eq. (15) a propagator

1

p00 þ ωKðq⃗Þ þ ωK� ðp⃗0 þ q⃗Þ − iε
ð40Þ

instead of the term in Eq. (15):

1

P0 − ωDðp⃗0 þ q⃗Þ − ωK� ðp⃗0 þ q⃗Þ þ iε
: ð41Þ

We find numerically that the corrections from inclusion of
the new term are of the order of 10% as an average. These
uncertainties have to be assumed in our result but are still
small compared to the uncertainties in Eq. (33) from other
sources.

V. DISCUSSION

Recently, a work appeared [61] evaluating theDs1ð2460Þ
and Ds1ð2536Þ decay to Dþ

s π
þπ−. This work is timely and

illustrating and allows us to give a new perspective to
our work.
Contrary to our work, that assumes the Ds1ð2536Þ state

to be mostly molecular from the K�D component, Ref. [61]
considers the state mostly of qq̄ type, based on the findings
of Ref. [28]. The molecular components are K�D in S and
D wave and barely amount to about 2%. Interestingly, it is
observed in [61] that the cs̄ðPÞ quark model component of
the Ds1 state cannot decay to cs̄ðSÞ þ f0ð500Þ → ππ, that
is Okubo–Zweig–Iizuka (OZI) forbidden, which forces the
Ds1 → Dþ

s π
þπ− decay through a loop mechanism involv-

ing the molecular components, even if they are small.
Since the molecular components for Ds1ð2536Þ assumed

in [61] are different from those considered in the present
work, it is not surprising that the line shapes of the ππ and
Dsπ mass distributions are quite different in the two
pictures, which is a welcome feature, because it means

that the experimental implementation of the reaction can
tell us about the basic molecular components present in the
Ds1ð2536Þ state. This should be an incentive to measure the
reaction.
From our point of view, the presence of the K�D

component in the Ds1ð2536Þ is necessary, although we
cannot quantify it. This statement is based on the observation
that the Ds1ð2460Þ contains a large D�K molecular compo-
nent, ð57� 21� 6Þ% according to [62] based on lattice
QCD data, compatible with that found in [28] of
ð1 − ð52.4þ5.1

−3.8ÞÞ%. TheD�K component is obtained because
theD�K interaction is found attractive and strong enough to
bind by itself aD�Kmolecule [53]. TheK�D system also has
a strong attractive interaction. Indeed, using the local hidden
gauge approach with the exchange of vector mesons, the
D�K interaction at threshold goes as 2mD�2mK and theK�D
interaction as 2mD2mK� with the same coefficient. This
means that the K�D interaction has a strength 1.7 times
bigger than that of the D�K and should generate some
important K�D component in a state orthogonal to the
Ds1ð2460Þ with the same quantum numbers, in this case
theDs1ð2536Þ. It is true that the binding of theDs1ð2536Þ is
about 220 MeV below the K�D threshold, while that of the
Ds1ð2460Þ is only about 40 MeV below the D�K threshold,
but given the much larger strength of theK�D interaction, as
pointed above, it is natural to expect a much larger binding.
Such large bindings are not absent in hadron molecules, and,
for instance, thef2ð1270Þ resonance appears as a bound state
of two ρmesons in the work of [63,64]. From the discussion
above, it seems natural to expect a sizableK�D component in
theDs1ð2536Þ state, and this has been our starting point. This
idea might be in conflict with the zero K�D component of
[28], but we think there is no conflict since in the analysis of
the latticeQCDdata done in [28] the interpolatingK�D fields
were not considered and, hence, a solution is found without
the K�D component.
From our point of view, there should be a sizable K�D

component in the Ds1ð2536Þ state, but experiments like the
one studied here andotherswill tell us in the future.However,
we should also not expect a 100%molecular state as we have
assumed so far. The Ds1ð2460Þ has about 60% D�K
component, and we should not expect more than that.
However, in the present calculation, we have assumed the
whole Ds1ð2536Þ to be of molecular nature, and this
provided the coupling gDs1ð2536Þ;K�þD0 extracted from
Ref. [53] under this assumption. Should the molecular
K�D component be smaller than 100%, this coupling would
be smaller, and the probability would roughly be propor-
tional to this coupling squared [59]. This means that the
measurement of the total width of Ds1ð2536Þ → Dþ

s π
þπ−

would serve as a measure of this component. If this
experimental rate would be about 1=2 of our predictions
and the shape of the distributions the same thatwepredict,we
could come to the conclusion that the K�D molecular
component is about 50%.
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After the former discussion, it is clear that future
measurements of the Ds1ð2536Þ → Dþ

s π
þπ− reaction with

precise mass distributions and integrated width should
provide excellent information to learn about the molecular
components of the Ds1ð2536Þ and their strength.

VI. SUMMARY

In summary, our study highlights the relevance of
triangle loop mechanisms in the Ds1ð2536Þ → Dþ

s π
þπ−

decay process, where intermediate meson-meson inter-
actions play a crucial role in shaping the final-state mass
distributions. Within our model, we assume that the decay
proceeds via such loops, adopting a molecular picture for
the axial meson Ds1ð2536Þ, where this state is dynamically
generated through the K�D interaction.
We have also emphasized the impact of dynamical

effects driven by the proximity of intermediate thresholds.
In the present study, these effects are particularly signifi-
cant, giving rise to nontrivial structures in the spectra.
Specifically, in the invariant mass distribution of the Dþ

s π
þ

pair, the manifestation of threshold singularities becomes
evident at values that coincide with the on-shell conditions
of the intermediate D0K0 and DþKþ states.
We have provided the mass distributions and the total

decay width in absolute values, within a range of uncer-
tainty. The calculations are based on the assumption of the
Ds1ð2536Þ as a pure molecular K�D state. Interestingly, the
qq̄ components that one also expects for this state do not
contribute to this process, since it is OZI forbidden as noted
in [61] and, hence, the shape of the distribution is tied to the
molecular components. Yet, the coupling of Ds1ð2536Þ to
K�D would be smaller if there is a sizable qq̄ component in
the state, which would revert to a smaller integrated width

than the one that we have calculated. This is telling us that
the actual measurement of theDs1ð2536Þ → Dþ

s π
þπ− mass

distributions and decay rate can tell us much about the
nature of the Ds1ð2536Þ.
Overall, these findings offer further insight into the role

of hadronic loops and final-state interactions in shaping
observable features—such as cusps and enhancements—in
multibody decay processes of heavy mesons.
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