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A uniformly accelerated atom in an inertial vacuum generally thermalizes to a Gibbs state, which is
known as the Unruh effect. In contrast, for a noninteracting many-body system coupled to a common
massless scalar field, we find that thermalization proceeds in multiple stages: the system first attains a
prethermal generalized Gibbs state, before eventual relaxation to the thermal Gibbs state. The prethermal
state is protected by emergent conserved quantities; hence, the system behaves like a nearly integrable one,
which shows a sharp distinction from the Unruh effect. We coin the term “Unruh prethermalization™ to
characterize this phenomenon. The measure of entanglement is a good estimation of the lifetime of the
prethermal state and is consistent with previous studies. Finally, we show that in such a regime, the
dynamics show a Dicke superradiance-type radiation burst before reaching the prethermal state. In contrast,
only a monoexponential decay is observed for Unruh thermalization. In addition, to highlight the
significance of our results, we compare them with existing experimental observations.
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I. INTRODUCTION

Thermalization of a many-body quantum system is one
of the major areas of research of the last few decades in
quantum and statistical physics [1]. A simplified definition
of the thermalization phenomenon is given as the complete
loss of initial memory in many-body quantum systems
where the ergodicity condition holds [2]. Two different
approaches are developed throughout the year to explain it,
i.e., the first one is for the isolated quantum systems, where
such systems thermalize due to their internal dynamics,
whereas the second one is strictly for the open quantum
systems, where the system is coupled with a comparatively
larger subsystem, which is already in thermal equilibrium.
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Here, we mostly focus on the latter case, where it is
expected that the system will reach the thermal Gibbs state
at a late time and the final temperature of the system will be
equal to the bath temperature. In the weak-coupling
approximation and the Markovian limit, such an irrevers-
ible journey of the system is well explained by the Lindblad
equation [3]. The dynamics beyond the Markovian regime
and the weak-coupling approximation have been explored
recently to understand the other demanding aspects of the
irreversible dynamics [4].

An exception occurs when a many-body system fails to
thermalize. In such cases, the initial memory of the initial
states can be kept for an arbitrary long time, e.g., integrable
systems [5-7]. It has been shown that the quantum
dynamics is constrained by several conserved quantities
that help the system to skip thermalization. Such non-
thermality has been studied thoroughly in condensed matter
physics, atomic physics, and quantum information [8]. A
different class of systems that shows striking features of
nonthermality is the nearly integrable quantum systems
[5,9-12]. There exists a clear timescale separation in the
dynamics of such nonintegrable systems. However, the
extremely long-time dynamics have no difference from the
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thermalization. But in the intermediate timescale, the
system reaches a quasistationary state, which is widely
known as the prethermal state. The dynamics are con-
strained by several quasiconserved quantities in this
regime. Recently, it was obtained that an open quantum
system consisting of noninteracting spins can show the
notion of prethermalization in the presence of an engi-
neered reservoir with a long bath correlation length [11].
Such an environment with a high correlation length can
hold the quantum memory for a longer time, which
ultimately leads to prethermalization. There also exist
several states that act as a decoherence-free subspace in
the prethermal regime. Such a state has several applications
in making an efficient entanglement storage device, which
was explored recently [13]. Motivated by the above-
mentioned ideas, we want to study the prethermal behavior
of open quantum systems in a different context, i.e., the
Unruh effect.

The indistinguishability between the quantum vacuum
fluctuation and the thermal fluctuation leads to the discov-
ery of the Unruh effect [14]. Such a connection between the
quantum vacuum and the thermal bath is first introduced as
the thermalization theorem by Fulling and Davies, which
states that the inertial vacuum acts as a thermal bath for a
uniformly accelerated observer [15,16]. Moreover, it was
shown that the temperature of the bath is proportional to the
acceleration of the detector. Later, Unruh put this theorem
in the context of particle creation, which, after him, is
known as the renowned Unruh effect [17]. It is well known
that the Unruh thermalization is also connected to the
Hawking radiation in the near-horizon region [18].

From the perspective of a uniformly accelerated atom
prepared in an initial pure state, it interacts with the vacuum
state of a free scalar field and goes through a nonunitary
time evolution. As a result, the system will reach a thermal
mixed state at equilibrium. Following the prescription of
Benatti et al., we treat the atoms within an open quantum
system framework, where the presence of the surrounding
environment is modeled as a thermal bath. In this approach,
the effective temperature of the bath is proportional to the
atomic acceleration a, reflecting the Unruh-like nature of
the noise perceived by the accelerated atoms [19]. Hence,
the Lindblad equation successfully captures the dynamics
of the system. The steady-state solution of the Lindblad
equation is the thermal state, which is a mixed state with the
maximum von Neumann entropy. The initial memory of the
atom is completely lost during this irreversible time
evolution, and no conserved quantities survive at thermal
equilibrium.

However, more interesting features can be observed
when we increase the number of atoms in this system.
For example, the emergence of entanglement between two
noninteracting accelerated atoms occurs for a particular
regime of interatomic distance and acceleration [19]. We
note that in such a regime, the thermal bath acts as a

common bath, which creates quantum correlations between
the atoms [20]. An interatomic distance-dependent thermal-
nonthermal signature of the Unruh effect in resonance
Casimir-Polder interaction (RCPI) was reported earlier. At
longer atomic separation, the local inertial approximation is
not valid, hence the system shows nonthermal behavior. On
the other hand, such a response is thermal at lower
separation due to the validity of local inertial approximation
[21-26]. We argue that in this regime of local inertia, the
system may skip the Unruh thermalization, as the dynamics
are constrained by several conserved quantities. Here, we
explore such a regime, where the time evolution is different
from Unruh thermalization.

The significant similarities between the common-envi-
ronment problem and entanglement generation due to
vacuum fluctuation bring our major interest in investigating
the existence of an Unruh-prethermal state for a uniformly
accelerating two-atom system [11,19,20]. We also extend
our analysis to the many-atoms case to observe whether
such a system shows the notion of collective behavior or
not. A set of noninteracting atoms initially prepared in an
excited state shows the notion of Dicke superradiance due
to coupling with the common modes of the cavity [27]. One
key feature of the Dicke superradiance is that the decay
profile of the spontaneous emission is nonmonotonic in
nature, and the radiation burst is more intense and short-
lived for increasing the number of atoms [28-30]. One of
our central results in this paper is the similarities between
the intermediate scale dynamics toward the Unruh pre-
thermal state of a many-body quantum system and the
Dicke superradiance.

In this manuscript, we confine ourselves to the
Markovian regime. We note that the source of non-thermal-
ity, which is investigated here, is completely different from
the non-Markovian Unruh effect [31]. We also use the exact
experimental values estimated by Bell and Leinass in our
numerical simulation to provide an estimation of the
prethermal regime [32]. Such an estimation will be helpful
for future experiments involving the observation of Unruh
prethermalization.

Throughout the paper, we follow the given notation. The
four-vector is denoted by “x,” the time is represented by “z,”
and the proper time by “z.” We denote the space coordinate
by “x,” (x = X,Y,Z). We arrange the manuscript in the
following order. In Sec. II, we provide a brief description of
the system where we explicitly show the vacuum correla-
tion function and the analytical form of the Lindblad
equation. We consider the two-atom problem in Sec. III,
where, in terms of the two-atom observable, we calculate
the steady state and predict the emergence of a prethermal
state, and we also show the entanglement generation as a
feature of the prethermal state. In Sec. IV, we extend our
approach to the many-atom case, where we particularly
focus on two aspects: the von Neumann entropy for the
Unruh prethermal state and the Dicke-type short-lived
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radiation burst in intermediate-scale dynamics. We also
compare our results with the existing experimental works in
Sec. V. Finally, in Sec. VI, we will present a general
overview and the outlook of Unruh Prethermalization and
conclude in Sec. VIL

II. DYNAMICS OF TWO ACCELERATED ATOMS
THROUGH A MASSLESS SCALAR FIELD

Here, we consider a system of two atoms (two-level
systems) uniformly accelerated in the Minkowski space-
time interacting with a free massless scalar field. The atoms
are following the hyperbolic trajectory with respect to the
inertial observer. The positions of the atoms in terms of
proper time are written by,

1 1
t,=—sinhar, X,=-coshar, Y,=0, Z,=Z,
a a

1 1
t,=—sinhazr, X,=-coshar, Y,=0, Z,=Z,. (1)
a

a
Here, Z,, Z, are the constant spatial coordinates. The
proper distance (interatomic distance) between the atoms is
defined as L = |Z, — Z,|. We assume that such a distance
is constant in time. Here, a and b denote the fixed positions
of the two atoms.

The Hamiltonian of the system + scalar field is
expressed as,

H=HS +Hf + H. (2)

Throughout the paper, we use the natural units, 7 = ¢ = 1.
Here, we assume the two atoms have the same Zeeman
levels, and the free Hamiltonian of the system is
He = He' + HS? = %a)oagl) + %a)oag2) (The superscript
in the Pauli matrices represents the atom number.) o; is the
Pauli matrix, and @, is the frequency of Zeeman levels. For
simplicity, we assume that the principal axis of the atoms is
in the “Z” direction. The free Hamiltonian of the scalar field

H? can be expressed as, H; = f%a)ka*(k)a(k). Here,

wy, is the frequency of the free scalar field, and a', a are the
creation and annihilation operators of the quantized field,
respectively. Motivated by the previous work by Benatti
et al. [19], we define the coupling Hamiltonian between the
atom and the scalar field as

3

HsL = ’IZ["LU ® ¢, (x1) + 0';(42) ® pu(2)].  (3)

u=0

where 4 is the coupling constant, ¢ represents the free
scalar field, which satisfies the massless Klein-Gordon
equation, and x;, x, are the individual trajectories of two
atoms. Here, ¢,(x) = >N [y4¢~(x) + (x4) T (x)].
¢*(x) is the positive and negative field operator of N

independent modes of the free scalar field and yj; are the
corresponding complex coefficients of the field modes.
Taking into account the isotropic case, we consider all
components {X,Y,Z} of the field modes in the system-
field coupling. However, it is well known that the “Z”
component of the system-environment coupling leads to
the dephasing process, and it has no contribution in the
decay to the thermal state [3]. Following the same analogy,
we expect that the “Z” component has a negligible
contribution in this case. It is assumed that the spins and
the scalar field are initially uncorrelated, so the total initial
density matrix can be written as p(0) = p,(0) ® |0)(0|. |0)
is the vacuum state of the scalar field, and p,(0) is the initial
density matrix of the system. Such an assumption is
consistent with the Born-Markov approximation [3]. We
are also working in the weak system-scalar field-coupling
limit. Using the von Neumann Liouville equation in the
interaction frame, expanding it up to the second-order terms
of Hg and finally taking the trace over the field variable,
we get the dynamical equation of the system, which is
written below,

dp,(7)
dr

= _i[Hlamb’ps<7)] + ‘C(ps(f)) <4)

The above Eq. (4) is known as the Lindblad quantum
master equation (QME) [3]. Here, L(p,(7)) is the dissipator
of the master equation and H,,;, is known as the Lamb-
shift Hamiltonian that leads to the renormalization of the
Zeeman Hamiltonian. We note that the Lamb shift gives
rise to the Casimir-Polder interaction between the spins
[24,25]. The analytical forms are given by,

I o
L) = Y 3t (ednoh -y iedhn) ). O

.2 3
l .
Hiamb = — 2 E E S%’O‘L(F]g (6)

The field correlation timescale is taken to be smaller
than the relaxation timescale of the system. The dynamics
have the following properties of complete positivity and
trace preservation. Here, we assume that yj satisfies
N ()t = 0,,- Hence, the field correlation functions
are diagonal, i.e., G?j]’(x —y) = 6;;G(x — y). The expres-
sions of the field-correlation function are obtained by,

G* (A1) = (0®(7, x,)D(7'. x,)[0). (7)

Here A7z = (r—17'). The correlation function is also
assumed to be stationary, which is an essential condition
for the Markovian time evolution. For a massless scalar
field, in the four-dimensional Minkowski spacetime, the
expression of this function is written as [17],
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1

Glxx) ==

(8)

where R = /(t—1 —ie)>—|x —x]°. It is called the
positive-frequency Wightman function. Here ie is a small
constant in the complex plane and acts as a regulator to
avoid the divergence and make sure about the function’s
analytic property over the chosen complex plane. The
Fourier transform of the correlation function along the
trajectory of the atoms is given below,

1 w,

g (w.) :ﬂmf“b(‘)‘)' 9)

_ sin(2%=sinh~! (aL/2

Here, f,;(a) = o m)) fora # b,and f,,(a) = 1

for a = b. Using the above Eq. (9), the explicit form of the
Kossakowski matrix, which is an essential component of
the Lindbladian, is given by [19],

7;11? = Aabﬁjk — l.BabEjkl(S:;l - Aab53k53l. (10)

A% (B?) are the even (odd) combination of G* for the
positive and negative Zeeman frequency. Here, y;“.,i’ has a
nonzero contribution for a # b, which signifies the atom-
atom correlation due to the common environment. We also
note that the “Z” component has no contribution in the
dynamics, y;’kb =0, for j =0, and k = 0.

For a massless scalar field, the explicit forms of A¢?, B4
are written as,

ab /12(00 ab ab
B :Vfab(a), A% =B x coth(zw, /a).  (11)

Here a, b = {1,2}. We note that f;, has two extreme limits
based on the value of aL. For L < 1/a, f,, ~ 1, and for
L>1/a, fu ~0. In terms of (up)downward transition
rate (y,)y_, the Lindblad equation is written as,

2

1
'C(ps) = § Y+ <0i/7s611 — E{Jédi,ps}>
a,b=1

1
+7- (6“_/)540’1 -3 {Gic’“_,ps}> : (12)

Here, 1y, = %(1 + tanh(zw, /@))/2, and
2
£2- (1 — tanh(zw., /@))/2.

III. DYNAMICAL EQUATION OF THE SYSTEM

The steady-state solution of the QME gives the notion of
the equilibrium state of the system. In the Liouville space,
the QME can be written as, %pﬁ. = L p,. Here, p, is a
column vector of dimension N2x1 and L is the
Lindbladian superoperator of dimension N? x N> (N is
the dimension of the Hilbert space). The eigenvector

corresponding to the zero eigenvalue is the steady-state
solution of the QME. In our case, the steady-state solution
depends on the behavior of f,,. For a single spin-1/2
system and 2 x 2 matrix, the observables are (o,,0,.0,)
(one constraint, i.e., the trace preservation) and the corre-
sponding equations are known as the Bloch equations.
Similarly, for two spin systems, there exist fifteen observ-
ables. As the Zeeman levels of the spins are the same, the
number of observables is further reduced to nine, which can
be written as [10],

1
Mi:ETrs([ogl) RI+I®0s]p,),

1
M=, Tr (o} ® 0 ]p,).
1
M= (0 @0y +0) @07 p). (i#)). (13)

The Bloch-type equations for our case are written as,

M, —Al 0 2B27[M, B!

M, | =| B2 24" A2 ||M_,|+]| 0

M, —B2/2 242 AV | M, 0
(14)

Here M. =M, + M,, and f,, varies from 0 < f < 1.
Here, we are interested in the steady state behavior of the
system. Therefore, we focus on the observables that
represent the populations of the energy levels (i.e., the
diagonal elements), which are described by M,, M, as
well as the observable M, that is dynamically coupled to
them through the equations of motion. We find that only
these observables remain nonzero in the limit,  — oo, due
to the presence of inhomogeneous terms in the coupled
differential equations for M, ,M,,,M,. The differential
equations for the remaining observables are decoupled
from this set and, in the absence of inhomogeneous terms,
their solutions decay to zero. Therefore, these observables
only characterize transient decoherence and dephasing
dynamics and can be neglected when discussing steady-
state properties. In the next subsection, we will show the
steady state solution for different values of f,,.

A. Steady state solution for 0 < f,, <1

We note that, in this regime, the Lindbladian has a single
zero eigenvalue, which is shown in Fig. 1. We note that the
steady-state solution is independent of the initial value
dependency. Such a solution is given by,

qu :Mo’
M
2z 4 9
M =0, (15)
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g -1.0 .“ii‘li
g -1.5
g 20 ** + fab=0.5
D *t? 8 fp=075
-2.5ig @ fip=1.0
®
3 6 9 12 15
Index
FIG. 1. Plot of the eigenspectrum of the Liouvillian for different

values of f,,. The effect of Hy,,, is neglected, hence all the 16
eigenvalues of £ for the two-spin case are real. The x axis denotes
the index of eigenvalues arranged in decreasing order of the
absolute value of their real parts. Index 1 corresponds to the
eigenvalue with the largest absolute real part, while index 16
corresponds to the smallest eigenvalue (which is zero). For
fa» = 1, we have two zero eigenvalues, whereas for f,, < 1,
we have a single zero eigenvalue. With decreasing f;,, the 15th
eigenvalue also decreases. Hence, at f,,;, — 1, itis very close to 1
and hence shows the notion of prethermalization. Here, we
choose y, = 0.8, and y_ = 0.2.

Here, M, = B"' /A" = tanh (7w, /@), which denotes the
equilibrium value of the “Z” magnetization, when the
system only interacts with the local environment.
Interestingly, a = 1/ (f is the typical definition of inverse
temperature in statistical mechanics), which ensures that
the Unruh temperature is proportional to the acceleration of
the atom. Using the above solution, the steady-state density
matrix is given by,

_zpe
eq €7

pS_ Z )

€q

M
=1/4 + 2Z (I} + 12) + 4MIIL 1. (16)

Here, Z is the partition function, and I; = 6;/2. In this
regime, the expression for ps? indicates that the thermal-
ization theorem holds as the final state is a thermal Gibbs
state [17].

B. Steady state solution for f,, =1

Before discussing the steady state solution for this case,
we give a short review of the symmetries and conserved
quantities in open quantum systems [33,34]. Symmetry can
be classified into two categories. If an operator O com-
mutes with both the Hamiltonian and the jump operators of
the Liouvillian, then it is defined as the strong symmetry
operator. On the other hand, if the symmetry superoperator
only commutes with the total Liouvillian, not the individual
components (i.e., Hamiltonian and jump operators), then it
is called the weak symmetry. Hence, the strong symmetry

conditions already satisfy the weak symmetry condition,
but the reverse condition is not always true.

In our case, we find that at f,, = 1, the Liouvillian has
two zero eigenvalues (shown in Fig. 1), which corresponds
to the existence of another symmetry or conserved quan-
tities apart from the trace preservation. Here, A!l = A!2,
B'! = B'2. The Lindbladian superoperator £ is invariant
under the following unitary transformation, U/ (k) LU (k) =
L where « is real. We define, U(x) = exp[—iDx] and
D=D®I-1® D".Here, D = 5..5,. D is the symmetry
superoperator. The analytical form of conserved quantity is
written as,

d
E(Mxx“_Myy +Mzz) =0. (17)

The steady state solution in terms of observables is
given by,

eq _Mo(3+4(M2 +M3))

z 3+M20 )
M = _Mzo _4(M2 +M3)
‘ 234+ M%)
M?g:Mz +M3—ng. (18)

Here, M.(0)=M,, M..(0) =Mz and M , = tanh(zw, /).
We note that the steady state solution has the initial value
dependency, which is a sharp contrast from the thermal
Gibbs state. The steady state density matrix is given by,

. D_[_—) —
piq = e~dlls JJI‘O-Z/Zg,
M
=1/4 + 21 (1} + 12) + 4M21L 12
+ 2ME(ILE2 + 113). (19)

Here, [, = ln(%(l +2cosh™=)). Z, is the par-

tition function for the generalized Gibbs state.

C. Emergence of prethermalization at f,, — 1

fap = 1 is an asymptotic limit, as such a value is only
possible when L =0, or 1/a = 0. Such values are not
possible experimentally. Here, our main focus is to study
the regime of high acceleration and closely spaced atoms.
In this regime, for the two-atom case, the Liouvillian has a
single zero eigenvalue, but the nearest eigenvalue is very
close to zero.

Following our recent work, the prethermalization can be
identified by looking at the structure of the eigenspectrum of
the Liouvillian, i.e., the eigenspectrum consists of a single
zero eigenvalue, and the real part of a few eigenvalues is very
close to zero in comparison to the remaining sets of
eigenvalues [11]. We note that in this case, the eigen-
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0.5 _
o 0.1 0.0
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T T T
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FIG. 2. Plot of the time evolution of the relevant observables {M_, M., M} for different choices of f, and initial condition. Here
N = 2. The initial states are chosen from the dipolar basis as it is the eigenbasis of the symmetry operator &,.5,. We note that the steady
state value of the observables is different for f,, = 1 and f,, < 1. The steady state for f,, < 1 is the Gibbs state, and for f,, = 1 itis
the generalized Gibbs state. For f,,;, — 1, the system spends a longer time at a quasisteady state, which is the same as the steady state for
fap = 1, which shows the notion of prethermalization. The singlet state |y) = (|11) — |{1))/V/2 never evolves for f,, = 1, hence
acting as a dark state of decoherence-free subspace. Here, we choose y, = 0.8, and y_ = 0.2. As our focus is to explore the Gibbs state,
a long-lived prethermal state, and generalized Gibbs state, we choose the following four values of f,, = {0.0,0.99,0.9999, 1.0}.

spectrum follows a similar structure. Hence, we conclude  follows the dynamics for O < f,, < 1 ata later time. Hence,
that the system reaches a prethermal quasisteady state before it reaches the thermal Gibbs state in the long-time limit.

it thermalizes. We call such phenomena the “Unruh pre- We are interested in the dynamics of the system in the
thermalization.” As such, in the intermediate timescale, the = dipolar basis, as it is the eigen-basis of the symmetry
system follows the dynamics for f,;, = 1, so the quasisteady ~ operator. The corresponding states are |11), [|]),

state is a generalized Gibbs state. However, the system  (|1]) + [|1))/v/2, and (|1])=|{1))/v2. Among the
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[pO))=|1 1)
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0.9 — f=0.0
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= — fp=1.0
& 07
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1073 107! 10! 103 10°
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o) =1|1 i)
020
0.15
I
5 0.10
0.05
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10 107! 10! 103 10°
T
(b)

FIG. 3. Plot of the time evolution of the purity operator, Tr(p?) and concurrence C(p,) for different choices of f,,;,. Here N = 2. For
Tr(p?), we choose the initial condition as |11). When f, < 1, the steady state purity is minimum, whereas, due to the presence of the
symmetry, purity is increased for f,;, = 1. The system shows the notion of prethermalization for f,, — 1. The creation and evolution of
entanglement is shown for a separable state |1 ). The maximum value of C(p,) occurs for f,;, = 1. The entanglement decays as the
prethermal state evolves to the thermal state. Hence, the value of C(p;) is a good identifier of the lifetime of the prethermal state. Here,

we choose y, = 0.8, and y_ = 0.2.

four states, the first two states are separable, and the next
two are maximally entangled states. We show the plots for
the relevant observables, {M_, M., M.}, using the above
four states as an initial configuration. We only consider four
values of f,, ={0.0,0.99,0.9999, 1.0}. Apart from the
singlet state (ie., |y (0) = (1) —[{1))/V2), Fig. 2,
depicts the emergence of prethermalization for f,, — 1,
as the quasisteady state is similar to f,, = 1, whereas, the
final steady state is same as f,, = 0. We note that 1/(1 —
fap) is a good identifier of the lifetime of the prethermal
state. For the singlet state, there is no evolution for f,;, = 1,
hence it acts as a dark state. A detailed discussion is
provided in the next section.

To exhibit the presence of a prethermal state, we also plot
the purity of the quantum state as a function of time in
Fig. 3(a). The purity is defined as Tr(p?). For a pure
quantum state Tr(p?) = 1, whereas, for a mixed state
Tr(p?) < 1. The purity is a minimum for the thermal state.
We show that for f,, — 1, as the system reaches the
prethermal state, Tr(p?) becomes constant at that timescale
and further it decays to the minimum value.

D. Entanglement as a measure of the lifetime of the
prethermal state

In case of multiple zero eigenvalues, the pure eigenvector
of the corresponding eigenvalue acts as a dark state or
decoherence-free subspace [35]. Hence, if we choose this
state as an initial state, it never evolves. Such a state is also
represented as an eigenvector of the symmetry operator
[11]. In this case for f,, =1, the dark state is
ly) = %(|Ol> — |10)), which is also an eigenstate of D.
It is a maximally entangled antisymmetric Bell state. If we
choose the value of M, = —1/4 and M5 = —1/2, (which
corresponds to the singlet state), the final steady state
solution is the same as the initial state, (M:!=0,

M3} = M,, M' = M3). The purity of such an initial state
is conserved, [Try(p?) =1]. The presence of such
entangled dark states indicates that entanglement can be
generated between the noninteracting atoms at the f,, —
1 limit.

1. Measure of concurrence, C(py)

Concurrence is a good measure for the growth of
entanglement for a bipartite system. Following the previous
works by Wooters et al. [36], we define the concurrence of
the two-atom system C(p;) is given by,

Clps) = max{0, 4 — Ay — A3 — A4} (20)
Here, A; are the eigenvalues (i.e., arranged in decreasing
order) of the non-Hermitian matrix, p.p}. We define
py =06, ® 6,py0, ® 6,, where p is the complex con-
jugate of p, provided it is written in the Zeeman basis. Here,
A; are the eigenvalues (i.e., arranged in decreasing order) of
the non-Hermitian matrix, pyp}. If C(p) > 0, then the
system is entangled, whereas for C(p,) = 0, the system is
in a separable state. In terms of observables, C(p;) is
written as [37]

Clp,) = max{O, 20M,| - % V14, )? - 4M§}. (21)

For the singlet state, we note that the values of the
observables follow the condition of C(p,) > 0. Hence, the
entanglement is preserved under the evolution. We also
show the plot for the creation of entanglement as a distinct
feature of Unruh prethermalization. We choose a separable
state (Jw(0)) = |1])) for the initial configuration in
Fig. 3(b). Our simulation shows that for the prethermal
state, the entanglement is created in the intermediate
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timescale and preserved for a long time until it decays to the
Gibbs state, and the lifetime increases as f,, gets closer to
1. After a very long time, it further decays. Hence, we claim
that entanglement is a good measure for the lifetime of the
prethermal state, as the decay of the prethermal state in
Fig. 3(a) is quite similar to the decay of entanglement in
Fig. 3(b). We note that such analysis is in line with the
formation of an entangled state in the presence of a
common environment [19,38,39]. The value of C(p,) in
the prethermal state is less than 1, which ensures that a
mixed state emerges due to interaction with the vacuum.

IV. EXTENSION TO MANY-ATOMS CASE

We further extend our analysis to many-atom cases by
considering here a bunch of N noninteracting atoms
accelerating together. We only focus on the extreme limits
of f,, =0, 1. We assume the coupling constant for atom-
field interaction is the same for all atoms, which helps us to
simulate the dynamics in the collective basis for f,, = 1.

O =]T1T2.. Ty

A. Measure of von Neumann entropy

Along with purity, the von Neumann entropy is also a
good measure for analyzing the mixing of a system due to
irreversible dynamics. The expression for the von Neumann
entropy is given as, S = —Tr(p, Inp,). In the steady state,
the von Neumann entropy becomes maximum. In terms of
the partition function, such a quantity is also written as
S =~p*5(InZ/p). Here f = z/a.

For f,, =0, the atoms are evolved through their
individual dynamics, hence the system reaches the Gibbs
state at equilibrium. In this case, the steady state configu-
ration is given by,

Pl =e" ZL%;‘N/Z. (22)
We note that S is an extensive quantity for the system in a
Gibbs state. Hence, for a fixed a, using the above formula
for S, one can show that S o« N, which is consistent with the
plot shown in Fig. 4(a).

wON =] T1T2.. Ty

5.0
50l — fa=0 20 — fap=0
> — fap=1 — fap=1
g 4.0 15
£ |
S_‘:’ 3.0 ) "
-
K 2.0 =
1.0 5
0.0
2 4 6 8 10 0 1 2 3 4 5
N T
(a) (b)
. /‘/" \'\ .
3.0 Numerlfcal /‘/. ~0.6 '\.\ Numer:ccal
—-— Linear fit P N —-— Linear fit
. \} AR
P _-osl
= 2.5 7 ‘\‘\ [ ®) N\,
E 7 qc)'\/ t %0\‘\
S 200 S -1.0 N
2.0 SR = Lo
0 -1.2 SN
g z (AN
e\ QK/VJ\'\
1.5t ~ 09 -14 N
7 N
1.00 1.25 1.50 1.75 2.00 1.00 1.25 1.50 1.75 2.00
log(N) log(N)
(c) (d)

FIG. 4. Plot of von Neumann entropy as a function of N. Here N = 10. For f,, = 0, as the system thermalizes, entropy behaves like
an extensive quantity. On the other hand, for f,, = 1, the system skips thermalization, and the emerging conserved quantity leads to
constant entropy for large N. We also plot the dynamics of I = (J,J_) for N = 10 with initial condition |y (0)) = |[1;%5...1x). For
fap = 0, the dynamics are monoexponential. For f,, = 1, a short-lived, intense radiation burst appears in an intermediate timescale
before reaching steady state. The maximum intensity plotted as a function of N (from 10 to 100) shows a quadratic scaling:
log I .« = —0.618 + 1.9511log N. The decay time 7 shows inverse scaling: log T = —0.57 — 1.024 log N.This short-lived, intense

radiation is characteristic of Dicke superradiance.
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The situation is entirely different for the f,, = 1 case.
The corresponding dynamical equation for the N spin case
is given by,

There exists an exchange symmetry in such a case (i.e., in
the exchange of any ath and bth atom, the Liouvillian
remains unchanged). Such symmetry leads to N(N — 1)/2
numbers of conserved quantities for f,, =1 (e.g., the
corresponding operator is 6,.6,), which shows the notion
of integrability in the system [11]. The Liouvillian is
invariant under the following unitary transformation,
ULU" = L. Here U = e770%, ¢ is a real parameter, and
0=0QI-1® 0", with 0 =", | 5,.6,. The num-
ber of zero eigenvalues of £ increases exponentially with
the system size. To explore the dynamics of the system, we
use the collective basis for analysis. The collective operator
is defined as, J = >N | 6;, the corresponding eigenbasis is
defined as |jm). Here, j = 1/2:N/2, and m = —j:j. The
number of independent blocks is N/2 + 1 if N is even, or
(N + 1)/2. Similar to the two-spin case, the dynamics are
confined to a particular block. We also note that the total
population of each block depends on the initial configu-
ration of the system p,(0). The separate irreversible
dynamics of individual blocks show the notion of the
generalized Gibbs ensemble [40]. The dynamical equation
of the individual block is given by,

dp?! 1
dr =7- <J—ps‘l+ _5{]+J—’ps}>

1
. (um_ - {J_J+,ps}) L

p! is the density matrix corresponding to the Jth block. We
also neglect the effect of the Lamb shift in this case. If the
dynamics are initially confined in the principal block (i.e.,
J = N/2), then the corresponding steady state is given by,

J el Ty J.,
Ps g =e 'leJA/ZJ7

sinh (N+1)zw,

Z; =Tr(e@l:) = — 20 (25)
sinh 5

Using the previous formula of S, we note that for a large N
limit, S is independent of N, which is explicitly shown in
Fig. 4(a). Next, we focus on the dynamics of the system in
the intermediate regime for both values of f .

B. Emergence of Dicke superradiance

We find that the main difference between f,, — 1 and
fap» < 1is the presence of collective dissipation at f,;, — 1.
Hence, we study the emerging collective features that help
to distinguish it from Unruh thermalization. Recently,
multiatom superradiance in a cylindrical cavity via vacuum
fluctuation was analyzed in the context of detecting the
Unruh effect [41]. We have a similar kind of setup.
However, the major difference in our work is the presence
of linear acceleration instead of circular motion. We study
the time evolution of the radiative intensity operator, which
is defined as /=J,J_. The initial state is chosen
as |y(0)) = 1112 Ty) or |w(0)) =[N/2.N/2). For
fap <1, (J,J_(7)) shows an exponential decay over time
[Fig. 4(b)]. On the other hand, for f,, — 1, (J_J_) shows
the characteristic of an intense and short-time radiative
burst, which is non-monoexponential and has several
similarities with Dicke superradiance [Fig. 4(b)]. We plot
the maximum intensity by varying the number of atoms,
and we find that /,,,,, « N? in Fig. 4(c). The lifetime of the
burst can be calculated from the eigenvalue analysis of the
block-diagonalized Liouvillian. The asymptotic decay rate
(ADR) A is defined as the difference between the real value
of the zero eigenvalue and the nearest negative eigenvalue
[35]. The inverse of ADR is proportional to the decay time.
Here, we plot 1/A as a function of N. We show that
decay time « 1/N [Fig. 4(d)]. Hence, the radiative burst is
short-lived and intense and similar to Dicke superradiance.
On the other hand, the decay time is constant for the Unruh
thermalization case, as the individual atoms reach the
steady state separately at the same time. We also show
the plot of (J,J_) vs 7 for a five-atom system at
far = 0.999, to show exact dynamics before it thermalizes
in Fig. 5. For Unruh thermalization, the dynamics are
always monoexponential toward the Gibbs state. However,

7
6 — f2,=0.999
5
-4 Super- Pretherma- | Therma-
= radiance lization lization
3
2
\
1 T
102 107! 109 10 102 10°® 104
T

FIG. 5. Plot of (J,J_) vs proper time 7 for a five atom system
with f,, = 0.999. The initial state is |11,..15). The dynamics
can be divided into three regions. At a very short timescale, a
Dicke superradiance-type radiative burst is observed. In the
intermediate time scale, it reaches a prethermal quasisteady state.
Finally, the prethermal generalized Gibbs state further decays to a
thermal Gibbs state.
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Unruh prethermalization at f,;, — 1, the dynamics show an
initial radiative burst before reaching the prethermal state.
Finally, the prethermal state shows a monoexponential
decay to the thermal state. We mostly focus on the
collective behavior of the system in this section. Such
nonequilibrium phenomena also have acceleration depend-
ence, which we skip in our analysis as it is quite similar to
the generalized Gibbs state. As such, if the prethermal
magnetization value increases, then the maximum peak will
also increase.

V. COMPARISON WITH THE EXPERIMENTAL
OBSERVATIONS

The correspondence between the Unruh temperature and
the relativistic acceleration is given by, kT = ha/2zc [17].
Here « is the Boltzmann constant, c is the velocity of light,
and 7 is the Planck constant. The above relation shows that
for producing 1K temperature, the limiting value of
relativistic acceleration a = 2.4 x 10 m/s?. Previous
experiments were done in a circular ring using the presence
of centrifugal acceleration. Using a 3.1 km accelerator ring
of SPEAR at Stanford, the ultrarelativistic electron can be
rotated at the value of @ = 2.9 x 10> m/s?. Such experi-
ments can be used to produce a range of temperatures from
ten Kelvins to a thousand Kelvins [32]. In the case of a
circular trajectory, the position of the atoms is given by,

t,=yr, X,=Rcos(Qyr), Y,=Rsin(Qyr), Z,=Z,
ty=yt, X,=Rcos(Qyr), Y,=Rsin(Qz), Z,=7,.
(26)

Here R is the constant radius, y = 1/v'1 — 2%, and the
angular velocity Q = v/R. In the ultrarelativistic limit
(y>1), it is known that the system also reaches the
thermal state similar to the linear case [32], where the

effective Unruh temperature is higher than a factor of z/v/3
of the linear case [42,43]. Similarly, earlier studies have
demonstrated that qualitative features remain unchanged
for transition probabilities [44]. This correspondence
allows us to study the effective regime of prethermalization
in the linear case by using the parameter range of the
circular case. We conjecture that, in the circular case, the
qualitative features of the prethermal state remain the same;
however, the quantitative characteristics—such as concur-
rence, entropy, and emission rate—may differ. For a better
understanding, the exact expression for f,;, in the circular
case should be derived in order to comment on the
quantitative features. This constitutes a possible future
direction of the present work. We must note that for the
circular Unruh effect, we require charged particles experi-
encing the electromagnetic environment [32]. The depend-
ence of the Unruh prethermalization timescale on

environmental parameters would be an interesting future
aspect of the present work.

For synchrotron radiation, the ultrarelativistic electron
needs to rotate in a magnetic field at a critical frequency of
10'® Hz: hence, we choose @, = 10'> Hz for our calcu-
lation. We are interested in the values of the minimum inter-
atomic distance for exhibiting such phenomena. Our
calculation shows that for varying the values of « between
102 to 10%° m/s?, we get f,, — 1 when the average
distance between the atoms is between um to nm range
(the yellow region in the figure). Previous experiments
show that the minimum distance between the conducting
plane for observing the Casimir-Polder interaction is
0.5 — 3.0 pm [45]. Hence, using similar atomic separation
and the ultrarelativistic centrifugal acceleration used in
synchrotron radiation, one can observe that the system will
skip the Unruh thermalization and reach a prethermal state.
We note that the system generally reaches the thermal state
at a timescale proportional to Ty, = 1/{(y, +7_)(1 = fu)}
(shown in Fig. 2) and reaches the prethermal state at a
timescale proportional to Ty = 1/(y4 + 7). We define

the fractional prethermal lifetime Tgraec as,

Ty —T
Tlfarraéc = % x fap- (27)
th

We note that T{,f;‘; depends only on f,,, hence such a
quantity can be identified using the following experimental
values for the circular case shown in Fig. 6. A key
advantage of the circular case is that experiments can be
carried out within a finite-sized laboratory. However, in
circular motion, the proper and coordinate times are related
by a time-dependent Lorentz gamma factor, and the circular
Unruh temperature depends on the energy gap of the
system. These features often hinder the detection of
Unruh thermalization in the circular case. In these circum-
stances, the observation of prethermalization is also chal-
lenging and beyond the scope of the present manuscript.

10—6 _
0.8
1077
i~ 0.6
S 3
~J
10-8 0.4
0.2

107°
10% 10% 10% 10%

a(ms=2)

FIG. 6. Contour plot shows the value of f,;, for changing L and
a. We choose @, = 10" Hz. The yellow region corresponds to
fa» — 1, where the system shows the notion of prethermaliza-
tion.
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VI. DISCUSSIONS AND OUTLOOK

We have revisited the well-known thermalization theo-
rem originally proposed by Unruh and Davies in the
context of uniformly accelerating many-body systems. In
the case of RCPI, for a small distance aL < 1, a local
inertial frame description is valid, so the response is
thermal. However, for the opposite limit aL > 1, such a
description is invalid, and a breakdown of thermal response
is reported [21]. An interesting observation has also been
made for the steady-state configuration of such systems
[19]. The scalar field induced entanglement can be possible
in the regime aL. < 1. A common question that arises is
how entanglement can be generated in such a regime. We
understand that such an answer was still missing in the
literature. Hence, in this manuscript, we provide a brief
analysis of system dynamics in this regime.

The consequence of the thermalization is the following:
the initial memory of the system vanishes, and the system
reaches the Gibbs state. Surprisingly, in the case of the
Unruh effect, similar things can be observed, where the role
of temperature is played by acceleration. In condensed
matter physics, for both closed and open quantum systems,
the integrability shows a sharp distinction from such
thermalization phenomena [11]. It is expected that there
should also be a one-to-one correspondence in the case of
the Unruh effect. We show that for the al. << 1 case, the
system becomes nearly integrable as there exists an
extensive number of quasiconserved quantities. Such phe-
nomena are quite similar to prethermalization in open
quantum systems.

Unruh thermalization is related to the dissipation of the
system coupled to a local bath. As a result, the atoms
individually reach the Gibbs state at equilibrium. The
questions remain about the influence of collective dissipa-
tion, which has not been investigated previously within the
framework of Unruh thermalization. Previous works were
confined to the two-atom case, where the entanglement
generation is extensively studied. Here we provide the
generalized picture of the two-atom case [19]. Our result
shows that for the aL <« 1 case, the collective dissipation
dominates over the local dissipation. The long-time regime
shows the notion of the Unruh effect. However, in the
intermediate timescale, the collective dissipation results in
the integrability as the dynamics is confined in a symmetric
subspace. Similarly, another collective feature, i.e., Dicke
superradiance, is also observed before the systems reach the
prethermal state. Our recent work on linear acceleration can
also be applied to ultrarelativistic particles in circular
motion [32], for future experimental verification of the
Unruh prethermalization. In this manuscript, we are not
claiming any modification of the Unruh thermalization
theorem. However, such a theorem does not capture the
whole story for noninteracting many-atom systems inter-
acting with a common massless scalar field, as in such
cases, a cascaded dynamics is observed: the system reaches

a long-lived prethermal state on an intermediate timescale
before thermalizing, which has not been previously
explored.

We also comment on the nature of the prethermal state
from the perspective of the nonthermal character of the
Unruh effect. A number of works have shown that, under
certain conditions, the Kubo-Martin-Schwinger condition
is violated, and the Unruh effect therefore loses its thermal
interpretation [46,47]. In a different work, using the
generalized uncertainty principle, the corrections to the
Unruh temperature have been calculated [48]. We argue
that the quantitative features of the prethermal state would
change accordingly. From a statistical mechanical view-
point, however, the atoms are subject to dissipative noise
and ultimately relax to a steady state, which may be thermal
or nonthermal. When the interatomic distance is small or
the acceleration is large, the evolution toward the steady
state occurs in multiple stages. In the intermediate regime,
the presence of a symmetry leads to a long-lived quasis-
teady state. The symmetry operator is valid for any values
of the two-point correlation function, provided that
fa» = 1. Therefore, under these conditions (high acceler-
ation and/or small interatomic separation), prethermaliza-
tion can be observed regardless of whether the Unruh effect
is thermal or nonthermal.

The only caveat is that at least two atoms are required,
since prethermalization involves long-lived many-body
correlations. Therefore, this phenomenon cannot be
observed in the single-atom case. We recognize several
compelling areas where our present work can be explored
further. Given that most experimental setups emphasize
circular acceleration rather than linear, a critical investiga-
tion into the lifetime of the prethermal state under cen-
trifugal acceleration presents a significant opportunity, as
our work predicts that using the relativistic particles in a
circular ring also shows prethermalization in the ultra-
relativistic regime. Additionally, the influence of non-
Markovian vacuum fluctuations on Unruh prethermaliza-
tion is also an interesting area to gain more insight into
these complex interactions. We also establish a connection
between Dicke superradiance and Unruh prethermalization,
thereby enabling new lines of research into the relativistic
aspects of several features of the well-known Dicke
model [49-54].

VII. CONCLUSION

As a summary, we discuss the correspondence between
the open quantum system and uniformly accelerated non-
interacting atoms. For a single atom, it is always in
the thermal state. On the other hand, for a many-spin case,
the system may skip the thermalization, as in aL < 1, the
dynamics is constrained by the extensive number of
quasiconserved quantities. Hence, such constrained
dynamics lead to Unruh prethermalization. We also show
that in that regime, the collective dissipation dominates. As
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such, the system shows a Dicke superradiance-type col-
lective emission process before reaching the prethermal
state. Finally, we also predict the values of a,L,®, in
connection with the experiments using accelerating elec-
trons in a circular ring. We also discuss the relevance of our
results in the context of existing experimental proposals
and compare our findings with those of previous studies.
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