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Real-time simulation of asymmetry generation in fermion-bubble collisions
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Motivated by the out-of-equilibrium dynamics during an early-Universe first-order phase transition, we
perform real-time simulations of fermion-bubble scattering in 1 4+ 1 dimensions. This nonequilibrium
process can generate a charge-conjugation C asymmetry outside the bubble wall, induced by the complex
fermion mass profile. The resulting C asymmetry is the 1 + 1-dimensional analog of the CP asymmetry in
3 + 1 dimensions, a key ingredient in baryon asymmetry generation at the electroweak scale. Using tensor
network methods, we track the real-time evolution of the C asymmetry in the charge density as the fermion
interacts with the bubble wall, a regime inaccessible to analytic calculations. We further introduce two
observables to quantify the asymmetry in the asymptotic region where reflected particles are well separated
from the scattering point: one based on the net charge outside the bubble wall, and the other on the spatial
displacement between the reflected particle and antiparticle wave packets. Our study represents a first step
toward nonperturbative, real-time computations of CP asymmetry in 3 + 1 dimensions for electroweak

baryogenesis.
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I. INTRODUCTION

The origin of baryon asymmetry remains one of the most
significant questions in particle physics. Mechanisms for
baryogenesis need to satisfy the Sakharov conditions [1]:
baryon-number violation, C and CP violation, and depar-
ture from thermal equilibrium. Depending on the temper-
ature of the Universe at which baryogenesis occurs,
departure from thermal equilibrium is realized by different
cosmological processes. For high-scale baryogenesis, such
as grand unified theory baryogenesis [2] or leptogenesis
[3], the baryon asymmetry is generated at a very high
temperature comparable to the Planck mass where the
out-of-equilibrium dynamics are due to the expansion of
the Universe. For a low-scale baryogenesis, such as
electroweak baryogenesis (EWBG) [4,5], the departure
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from equilibrium is caused by a strong first-order phase
transition.

To effectively address out-of-equilibrium dynamics,
approximations are applied at multiple stages of the
theoretical calculations. Take the EWBG scenario as an
example: during the first-order electroweak phase transi-
tion, bubbles of true vacuum form, as the Higgs field
acquires a vacuum expectation value (VEV), and fermions
become massive. In the presence of CP violation, particles
and antiparticles are redistributed among different chiral
states in the collisions with the bubble wall, resulting in a
nonvanishing chiral asymmetry. This asymmetry is then
converted into net baryon number through the nonpertur-
bative sphaleron process active in the symmetric phase,
outside the bubble wall. The net baryon number generated
in front of the bubble wall is subsequently transported
into the broken phase as the bubble expands. If the
phase transition is sufficiently strong, the sphalerons
become inactive, due to the Boltzmann suppression
controlled by the Higgs VEV, and the baryon asymmetry
is preserved. Accurate calculations of the bubble wall
profile, bubble dynamics, chiral asymmetry generation
by particle-bubble collisions, and sphaleron processes
present multiple challenges. These calculations often
rely on various approximations, introducing significant
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theoretical uncertainties to the predictions of the baryon
asymmetry [5—10] and other observables, such as gravita-
tional waves emitted from phase transitions [11-14].

As quantum technology advances, the possibility of
achieving fault-tolerant quantum computing systems
becomes increasingly attractive and may lead to trans-
formative tools for tackling real-time dynamics in particle
physics. Studies exploring this area are consistently emerg-
ing; see review articles [15-18]. Examples include particle
scattering problems which are hard to solve by perturbation
theory [19-22], parton shower studies considering quantum
interference [23-25]. Real-time simulations of out-of-equi-
librium dynamics on a quantum computer may well emerge
as the best computational tool for a deeper understanding of
the evolution of our Universe. Although realistic large-scale
quantum simulations are still limited by resources, classical
simulations with tensor network methods have enabled
real-time studies of scattering phenomenon [26-30], as
well as dynamics of bubble-wall collisions [29,30] in 1 + 1
dimensions. Tensor network methods exploit the fact that
physically relevant states occupy only a small corner of the
exponentially large Hilbert space. In particular, the ground
states of the gapped 1 + 1-dimensional lattice systems can
be efficiently approximated by matrix product states
(MPSs) [31,32]. This insight underlies powerful algorithms
such as the density matrix renormalization group (DMRG)
[33,34], which enable efficient computation of ground
states and even real-time dynamics in such systems.

In this work, driven by our interest in computing the
dynamics of EWBG, we present a real-time lattice simu-
lation of particle-bubble scattering using tensor networks.
Our efforts concentrate on a toy model in 1 + 1 dimensions
to explore the feasibility of real-time simulations to shed
light on the realistic 3 4 1-dimensional scenario. In par-
ticular, we focus on the dynamics of the generation of
asymmetry during scattering, commonly calculated with
semiclassical methods [35,36], or VEV-insertion approxi-
mation (VIA) [37-39]. Both approaches have limitations.
Semiclassical methods only apply to walls with thickness
much larger than the de Broglie wavelength of the particle,
where the impact of the bubble wall can be approximated
by a classical force. VIA evaluates the asymmetry gen-
eration with reflection and transmission coefficients, which
are only defined in the asymptotic regions away from the
scattering point and thus do not capture the instantaneous
asymmetry generated near the scattering point. Moreover,
the calculations of the reflection and transmission coef-
ficients are currently limited to perturbative regimes. Our
study therefore provides the first nonperturbative results on
the asymmetry generation over the space throughout the
scattering process. This work marks a necessary step
toward simulating baryogenesis from early-Universe phase
transitions on fault-tolerant quantum computers.

This article is organized as follows. In Sec. II, we
describe our setup for measuring the particle-antiparticle

asymmetry in continuum theory. In Sec. III, we implement
this framework on the lattice and present the results of our
tensor network simulations. Finally, in Sec. IV, we discuss
the broader implications and outlook of the study.

II. CONTINUUM THEORY AND OBSERVABLES

A prototype of chiral asymmetry generation in EWBG is
a Dirac fermion y coupled to a complex scalar field that
undergoes a first-order phase transition, from the phase that
preserves electroweak symmetry to the one that breaks it.
Bubbles of the true vacuum of the scalar field nucleate
and expand, and the massless fermions outside the bubble
scatter off the wall. In this work, we consider the rest frame

of the bubble wall, where its effect on the fermions can be
described by a complex mass term m(x) = |m(x)|e®)”,

where we have |m(x)| = 0 in the region outside the bubble
(symmetric phase s) and a nonvanishing mass |m(x)| # 0
inside the bubble (broken phase b). Such mass term can be
induced by the Yukawa coupling of the fermion to a
complex scalar field in the presence of a physical complex
phase; see its realization in, e.g., the two Higgs doublet
model in Refs. [40-42]. The Hamiltonian in d 4+ 1 (even)
spacetime dimensions of the fermion interacting with a
static bubble wall is

H= /ddxy"/[—iyfaj + |m(x)] @075 |y, (1)

with j=1,...,d. Dynamical scalar fields can also be
incorporated in this framework (see, for example, recent
studies of bubble-wall collisions [29,30]), which we leave
for future work.

The presence of a complex mass with 8(x) # 0 makes
the scattering process qualitatively different from the case
of a bubble-wall profile with 8(x) = 0. This is because a
complex mass term generically breaks certain discrete
symmetries relating particles and antiparticles. A nontrivial
profile for 6(x) breaks CP symmetry in 3 + 1 dimensions.
With varying 6(x), fermions of a certain chirality will
scatter differently from their CP conjugates.

Thus, one can measure changes of the chiral charge
density j§ = @7y to quantify the effects of CP violation
in scattering. Since j§ is CP odd, an initially CP symmetric
state would have a vanishing chiral charge density. With
CP-violating interactions, j4 would generically become
nonzero after scattering. This net chiral charge density
subsequently creates a chemical potential that enables
the electroweak sphaleron to generate more baryons than
antibaryons.

Can we study this process of CP asymmetry generation
nonperturbatively? While a thorough quantitative study of
this problem for the Standard Model is beyond the reach of
all current classical or quantum resources, in this work we
start an investigation of how we might study this with
future quantum hardware. To do so, we consider the
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problem of fermion-bubble collisions in a 1 4+ 1-dimen-
sional setting. In 1 4 1 dimensions, the complex mass term
breaks charge conjugation C (but preserves CP), allowing
for chiral asymmetry generation since j§ is odd under c.
With the replacement of CP by charge conjugation C, the
discussion of measuring asymmetry generation in the
previous paragraph for (3 + 1) dimensions can be applied
to (1 4+ 1) dimensions.

The scattering process relevant for generating the asym-
metry near the bubble wall is that a Weyl fermion (or its
C-conjugate antifermion) in the symmetric phase moves
toward the bubble wall and scatters off. To develop a
formalism for a lattice simulation of this process, let us first
describe our setup in the continuum with an infinite
volume.

A. Simulation setup in the continuum and
infinite volume

Let |Q) be the ground state of the Hamiltonian in Eq. (1).
We take the static bubble-wall profile m(x) to be centered at
x, =0 with a wall width L,, such that m(x) - 0 as
x<—-L, and m(x) > my for x> L,. We take the
physical volume to be infinite for this discussion.

With y(x),y"(x) denoting Dirac fields, we define the
creation operators w,ta and the annihilation operators v,
for particles (@« = +) and antiparticles (@ = —),

dk 1 . ] )
w(x) = /Zﬁ(Wk+uke_lkx+‘//1Z_Uke+lkx)v (2)

where u; and v, are the positive and negative energy
eigenfunctions of the massless Dirac Hamiltonian with
energy €, = *|k|. For a momentum-space wave packet
f(k), we define wave packet states

fa) = / dk f (k)L 1), 3)

Normalization of the wave packet states (f.|fi) =1
requires [ dk|f(k)[> = 1/(2x). If the wave packet f(k)
is nonvanishing only for k> 0, then the states |f.)
describe a particle or antiparticle wave packet moving in
the positive x direction. We note that the states |f.) are
conjugates of each other under charge-conjugation sym-
metry C that exchange particles and antiparticles,

C:yl, < v (4)

[f2) = Clf5). (5)

See Appendix A for a more in-depth discussion of charge
conjugation.

'For a discussion of the charge-conjugation C and parity P
symmetries in arbitrary spacetime dimensions, see Appendix A.

p(z)

Symmetric phase

Broken phase

FIG. 1. Schematic for our simulations of fermion-bubble
scattering. Top: local charge density for a fermion (or antifer-
mion) wave packet in position space. The region around x = 0
with the color gradient represents the bubble wall. Bottom: the
wave packet in momentum space.

As shown in Fig. 1, we take f(k) to be a Gaussian wave
packet localized in momentum space at k = ky > 0 with
width o} and localized in position space at x = x; < 0 with
width o, = 1/(26y),

1
A —€
(2”)3/4\/0k

f (ks ko, 01 X0) = BT ()

We need to choose o, < | x| to ensure that the wave packet
is located deep inside the massless phase, away from the
bubble wall. Furthermore, we need to choose ¢, < kq to
make sure that there are no left-moving modes (modes with
negative k). With this, |f, ) and |f_) are right-moving, left-
chiral (ys =—1) Weyl fermion and antifermion states,
respectively.

Taking the initial state at time ¢ = 0 to be either the
particle or the antiparticle wave packet

W(0)) = [f), (7)

we turn on time evolution, obtaining the state |¥_. (7)) =
e H1|W_(0)) after a time ¢. As the wave packet moves
toward the bubble wall with velocity v = 1, it scatters off
the bubble wall at time ¢ ~ |x,|. Part of the wave packet is
reflected back, whereas the rest is transmitted across the
bubble wall into the massive phase. After a sufficiently long
time, the (reflected and transmitted) wave packets are
sufficiently far from the bubble wall. We can then measure
some observables quantifying the asymmetry between how
the particle |f,) and antiparticle |f_) wave packets are
scattered. This would be a measure of the C asymmetry
generated during the interactions of the fermions with the
bubble wall.
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B. Observables

Breaking of C by the bubble wall implies that the
particles scatter differently than the corresponding anti-
particles. Therefore, we need to probe the C-asymmetry in
the S-matrix for the fermion-bubble scattering.

Schematically, the S-matrix for elastic fermion-bubble
scattering, S,(k,k’) (a==+1 for fermion/antifermion),
governs how a single-particle momentum eigenstate in
the far past t - —oo,

|ka) oy = W},|Q). (8)

transforms into |ka) e | ka)__ in the far

future t —» +oo0,

0 — hmt—>+oo —00

|ka) _ e — |ka) o
Scattermg

/dk’ So(k, KN |Ka)_o.  (9)
Elastic scattering implies that

Sa(k, k') = Ry(k)o(k + k') + Ty (k)o(K' = kr),  (10)
where k; = Vk*> — m? is the transmitted momentum in the
massive phase, and R, (k) and T,(k) are the complex
reflection and transmission coefficients, respectively. Thus,

[ka) ;oo = Ra(k)| = ka)_qo + Ta(K)[kra) . (11)

A localized wave packet |f,)_,, = [ dkf(k)|ka)_,, in the
far past transforms into | fa) 1o in the far future,

o) oo = /dkf(k) [Ro(K)| = ka) _oo + To(k)|krat) ]
= |fRa>+oo + |fTa>+oo (12)

with

Frae / dkR,(K)f ()| - ka) oy, (13)

k)|kra)_ (14)

—0o*

Fra)s / dk T (k

Let us consider just the reflected wave packet. The
reflection coefficient R, (k) = |R,(k)|e~*#«(X) characterizes
the reflected wave packet completely. The C-asymmetry
can appear in both the magnitude |R,(k)| and the phase
¢, (k). In a lattice simulation, we would like to be able to
measure both of these. Therefore, we define two observ-
ables that measure (i) “magnitude asymmetry” and
(i1) “phase asymmetry.”

1. Magnitude asymmetry

Let j#(x) = w(x)y*y(x) be the current for the vector
U(1) symmetry, such that the local charge density at
time ¢ is

pi(x.1) = (Fi(1)|j°(x)[ P (2))- (15)

The total charge in the symmetric phase x < 0 is then

0
Q.. = / dxpe(x.1). (16)

Since the initial wave packet is completely localized in
the symmetric region, Qy . = *£1 at t = 0. At large times,
this is related to the reflection magnitudes using Eqgs. (13)
and (2)2:

Q.= / " A lfre PO re) s (17)

" / CaROPIFOP (8)

Therefore, a convenient measure of the magnitude asym-
metry is simply the sum over the particle and antiparticle
states Q, = 9, , + 9, _, such that in the limit r — oo, we
get

Qoo = Qoo,Jr + Qoo,— (19)

- /_: dk [|R, (k)|> = |[R_(k)|*]| £ (k)|>. (20)

We note that in the limit o;/kg — 0 as the wave packet
becomes infinitely peaked at k = k;, the observable Q, .
measures the reflection coefficients |R . (ko)|?

s

Oy
— - 0. 21
— 1)

2. Phase asymmetry

Qe = HRo(ko) > as

While the above observable captures any C-asymmetry
in the magnitude |R, (k)|, asymmetry will also lie in the
phase ¢ (k) = argR.(k). As we will see in our lattice
simulations, this becomes especially important when the

2R 2.
fractional C-asymmetry in magnitude % is too small
PR

to be detected within numerical uncertainties. In that case,

there may still be a significant asymmetry in the phase.
An observable that is sensitive to the phase of R, (k) is

the spatial displacement of the reflected wave packets,

*This can be seen by writing Qu 1+ = [° dx(fr|/%(*)|frs)s
noting that the integration limits can be extended to the entire
space because |fr.) vanishes outside the symmetric region
anyway.
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p+()

Reflected wave packets

: :

)

FIG. 2. The phase-asymmetry observable ® [Eq. (24)] captures
the relative spatial displacement between the particle and anti-
particle wave packets, while the magnitude asymmetry Q.
[Eq. (19)] captures the asymmetry between the total amount of
charge reflected. In this picture of the local charge densities p.t (x)
for the particle (blue) and antiparticle (red) wave packets, © is the
distance between the peaks of the Gaussian wave packets, and
Q. is the sum of (signed) areas enclosed by the wave packets.

shown schematically in Fig. 2. We provide a more careful
explanation in Appendix B, but the essential idea of this
observable can be simply understood as follows. For a
relativistic Gaussian wave packet sharply peaked around
k = kg, a given k wave transforms after reflection as

etk(x=1) _, |Ra(k)|e_ik[x+t]_i‘/'“<k) (22)
~|R, (K)ot i) (23)

where we expand the phase ¢, (k) about k = k as ¢, (k) =
da(ko) + (k= ko)l (ko) + O(k?) for @ = + and drop the
k-independent phase ¢, (k,). We see that the reflected wave
at a given time ¢ gets displaced by an amount ¢/ (k)
relative to the case with a trivial phase shift ¢,(k) = 0.
Therefore, we may use the difference in the displacement of
the sharply peaked Gaussian wave packets for the particle
and antiparticle after reflection as a measure of the phase
asymmetry,

@ = ¢’ (ko) — ¢~ (ko). (24)

Assuming that the reflected wave packet is itself well
approximated by a Gaussian, we can relate @ to the
correlation between the charge densities p. (x, r) [defined
in Eq. (15). At large times t — oo, we find

0
lim [ dxp,(x,0)p_(x,1) = —Ae™B¥  (25)

—00 —c0

for certain constants A, B independent of ®, where the
integration limits ensure that only the reflected wave
packets contribute. This relation motivates us to define a
new (time-dependent) phase-asymmetry observable,

O(1) = \/—ﬁlog (—ﬁ/}; dxp, (x,1)p_(x, t))

(26)

where A(t), B(t) are now time-dependent functions that do
not depend on cross-correlations of p.. In the limit  — oo,
we get (i)(t) — @ of Eq. (24). See Appendix B for a more
detailed discussion of this observable, including the def-
initions of A(r), B(t).

C. Mass profiles

To complete the description of our simulations, we need
to specify the mass profiles used for the bubble wall m(x).
For EWBG calculations, a commonly used mass profile is
of the hyperbolic form [43], given by

im(x)| = S {1 + tanh(x/L,)]

0(x) = % [l + tanh(x/L,)], (27)

where L, is the width of the bubble wall. The parameter 0,
controls the degree of C violation. In this work, we consider
two cases.

First, we consider a real mass profile, 8, = 0 with no C
violation. The Dirac equation in this case is, in fact,
analytically solvable [44] and thus serves as a benchmark
for our lattice simulations. The reflection coefficient
R (k)PP = [R_(k)[* is [44]

sin[3(8'=p+&)] sin[5(5'—p=¢)]
|Ri (k)|2 — J sin[5(F+p+E)]sinf5(F +p-E)]
1’ k < my

where f = i\/€* — &, B =ie, with the dimensionless
quantities € = kL,,, £ = myL,,. As there is no C symmetry
breaking, the asymmetry observables should vanish: @, = 0
and ® = 0.

We then consider the nontrivial case of a complex mass
with 6, # 0, where no analytical solution is available.
A complex mass term produces an asymmetry in the
reflected particle and antiparticle wave packets. The goal
of this work is to show the above mentioned asymmetry
observables can be computed using real-time simulations.

III. LATTICE SIMULATIONS

We now translate the continuum setup described in the
previous section to the lattice to enable a nonperturbative
study of C-asymmetry generation during fermion-bubble
collisions. We then describe the results of the simulations
performed using MPSs [45].
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A. The lattice setup

1. Hamiltonian

Staggered fermions [46] provide a convenient doubler-
free lattice formulation for a Dirac fermion in 1+ 1
dimensions by mapping the two spinor components of
the Dirac field y(x) in Eq. (1) to the odd and even sites. On
a N-site (N even) chain with open boundary conditions
(OBCs), the staggered fermion Hamiltonian is

-1
N |1 .
H = Z l |:§ + (—1)"|mn| Slnen (Zj;+1)(n _)(jl)(n+l)
n=1
N
= (=1)"|m,| cos O (29)

n=1

where y, are 1-component complex fermion fields satisfy-
ing {x}.2,} = &}

We use m,, = am(an — aN,) and 0, = @(an — aN,) as
discretizations of the mass profile given in Eq. (27), where
N.= (N +1)/2 is the center of the bubble wall. The
symmetric phase can thus be identified as the half space of
sites n with 1 < n < N/2 and the broken phase as the other
half with N/2+1<n <N.

2. Initial state and time evolution

We use DMRG to compute the ground state |2) [33,47].
Despite the vanishing mass gap in the symmetric phase, we
find that DMRG converges well for the system sizes
considered in this work.

Let I/A/Ll be the creation operators on the lattice for
particles (¢ = +) and antiparticles (@ = —) with momen-
tum k for the staggered fermion Hamiltonian in Eq. (29).
(See Appendix C for precise definitions on the lattice.)
Strictly speaking, lattice momenta k are not well defined in
OBCs. However, we define the single-particle momentum
eigenstates in periodic boundary conditions (PBCs) and
assume that the volumes are large enough such that the
errors are negligible. We study the finite-size effects in
more detail in Appendix D.

In analogy with the continuum formalism discussed in
the previous section, we define the wave packet initial
states

[P (0) = [f2) = N _f(k)p).|Q) (30)
k

where A is the normalization constant such that
(f+|f+) =1, and k runs over lattice momenta in PBCs,
k=-n/2+2xj/N for j=1,....,N/2. We place the
center of the wave packet at n, = N/4 to have minimal
overlap with the bubble wall and the lattice boundary. The
exact construction of the wave packet is specified in
Appendix C.

The state | (7)) is then obtained by time evolution with
the Hamiltonian in Eq. (29). The real-time evolution can be
computed using a simple second-order Trotter scheme as
described in Appendix C.

3. Choice of parameters

In the continuum theory, the mass m, of the fermion in
the broken phase is the natural physical scale. Therefore, in
the following, we report all quantities in physical units
of my.

We fix the lattice volume to be L =28 and the wall
width to be L,, = 0.6 for all simulations in this work. We
perform time evolution for a total time 7 = L. For this, we
use a Suzuki-Trotter scheme with the step size fixed at
7 = 0.05, which is much smaller than the inverse of the
momentum resolution Ak = 2z/L ~ 0.22. We find that the
Trotter errors are negligible compared to finite-size and
lattice artifacts, so we do not perform 7 — 0 extrapolations.

One of the most challenging aspects of these simulations
is that we need the wave packet to be localized in both
position and momentum space. This results in the presence
of multiple scales that need to fit in the box. The initial
Gaussian wave packet is characterized by the physical
value of the central momentum k(, the momentum width
oy, the central position x,;, and the spatial width
o, = 1/(20}). With the bubble wall located at x =0,
localization of the initial wave packet in position space
implies

L
0 < |xg £ o, <5 (31)

On the other hand, we need the wave packet to also be
sufficiently localized in momentum space to avoid lattice
artifacts from large momenta and to avoid the presence of
negative-momentum (left-moving) modes,

T

(IR |k0:|:0k|<< .
2a

(32)
We take x, = —L/4 so that the initial wave packet has a
minimal overlap with the left boundary at x = —L/2 and
the bubble wall at x = 0. Noting that ¢,0;, = 1/2, the
above inequalities can be satisfied if we choose the wave
packet momentum-space parameters kg, o, such that

T

2
k —. 33
2a>> 0>>ak>>L (33)

Getting a clean separation of all these scales is a numerical
challenge for any lattice simulation. In particular, for a
fixed o, we expect there to be increased systematic errors
as we make k, too small (ky < oy), as well as when k
becomes large (ko = 7/2a).

We vary the lattice spacing a in the range {§. 4,1, 1} fora
continuum limit extrapolation. This corresponds to a lattice
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size N = L/a varying in the range N = 112, ...,224. The
largest lattice spacing we have is thus a = 0.25. Therefore,
Eq. (33) requires that 6.28 > k; > o, > 0.07. Ideally, we
would like o, to be as small as possible to allow maximum
variation in ky,. However, we are also limited by the
resolution in momentum space Ak =2x/L ~0.22. So
we take o, =05=~2Ak and keep it fixed for all
simulations.”

4. Observable (i) magnitude asymmetry
Defining the local charge density of the states |¥,. (7)),

Pz (1) = (FL ()]s () = (QITIQ).  (34)

where we subtract the vacuum contribution to reduce lattice
artifacts, we define the total charge in the symmetric phase
on the lattice as the lattice analog of Eq. (16),

N
Qr,i = anpn,i(t) (35)
n=1

where J = yly, is the U(1) charge density on the lattice at
site n, and w,, is a suitably chosen “smeared” step function
which vanishes deep in the broken phase w,, = 0 for n >
N, and is unity in the symmetric phase: w, =1 for
n <K N,.. A smooth w, reduces contributions close to the
wall, thereby reducing lattice artifacts. For the measure-
ment of the magnitude asymmetry, we choose w,, to be the
Sigmoid function,

where n,, = L,,/a is the wall width in lattice unit.
The magnitude-asymmetry observable on the lattice
is then

Q; = Qt,+ + Qt'_- (37)

In the infinite-volume limit, Q, saturates to the total

reflected charge Qoo as t — oo. However, this is not the
case in a finite box, and therefore we need to choose an
appropriate time window to measure this observable with
minimal finite-size errors. The finite-size effects will be
minimized when the reflected wave packet has minimal
overlap with the bubble wall. Since the wave packet in
the symmetric region travels with a velocity v = 1, and the
wave packet is initially located at the center of the
symmetric region, we choose to measure the observable
in the window 7€ (At)g = (3L/4,L). This is when the
reflected wave packet is expected to hit the left boundary
and return to its starting position. We use the mean value of

*For a study of finite-volume effects, see Appendix D.

Q, in the window (Af)g as the measurement and use the

standard deviation of Q, over the time window (At)g as an
estimate of the systematic errors due to finite volume. [See
Fig. 3(a) for an illustration of the time window (Af)o,
which is highlighted as a yellow band.]

5. Observable (ii) phase asymmetry

We use a naive discretization of the phase-asymmetry
observable ®(¢) in Eq. (26) given by

b, = —ilog{—ifja-'w/p (Dpu-(1)]. (38)
t B(l) A(Z) - nFn,+ n,— ’

where w/, is again a suitably chosen smearing function that
vanishes in the broken phase. We choose w/, to be a double-
sided sigmoid function to suppress the boundary effects
from both the bubble wall and the lattice boundary (see
discussion in the next paragraph),

_ -1
w,=w, {exp <_r(1) ] ZW> + 1} , (39)

with w, given by Eq. (36). See the discussion following
Eq. (B15) for the expressions of A(¢) and B(#) on the
lattice.

The choice of a suitable time window (At)4, to measure
the phase asymmetry is more subtle than for the magnitude
asymmetry. This is because, while the magnitude asym-
metry only depends on the total charge reflected back, the
phase asymmetry assumes that the wave packets are
Gaussian. When there is significant overlap with either
the bubble wall or lattice boundary, the shape of the wave
packet cannot be approximated as a Gaussian anymore.
However, if the wave packet is sufficiently away from both
boundaries, <i>, becomes independent of ¢. Thus, we choose
the window (Ar)g by looking for a plateau in ®,. We find
that an optimal time window is approximately (At)q, =
(0.5L,0.6L) for the choice of parameters considered in this
work [see Fig. 5(b) for an illustration of (At)g, highlighted
as a yellow band]. This is consistent with our expectation
that the reflected wave packet is in the center of the
symmetric region, and therefore is maximally away from
the bubble wall and lattice boundary, at approximately
t =L/2. We use the mean value in this window as the
measured asymptotic value &, and the standard deviation
as a measure of systematic errors from the finite volume.

B. Simulation results: Real mass (0,=0)

We first consider a fermion that scatters off a bubble wall
given by a real mass profile 6, = 0. When 6, =0, the
Hamiltonian preserves C and therefore the particle and
antiparticle wave packets propagate identically. We there-
fore only consider the particle wave packet. For the real
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L=28,L,=0.6
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FIG. 3.

Simulation results for a fermion wave packet with ¢, = 0.5 scattering off a real mass profile with wall width L,, = 0.6 in a

lattice box of size L = 28. (a) Evolution of the particle number density over the lattice for k, = 1.0 and a = 1/8. (b) Particle number in
the symmetric phase Qw as function of time at different lattice spacings. The vertical dotted line shows the time z = 37 /4. The yellow

highlighted band in (a) and (b) shows the time window (At) 4 used for the asymptotic value Qw‘ . (c) Continuum limit extrapolations

for Qm,+ using linear fit for various values k. The measurement errors are too small to be visible on this scale. (d) Continuum limit of

A

Q.+ as a function of ky, compared with the analytic prediction (black line) R,(k,) [Eq. (40)]. The result for k, = 1, corresponding to

(a) and (b), is highlighted by a yellow circle.

mass profile in Eq. (27), we have an analytic computation
of the reflection coefficient [Eq. (28)]. Therefore, this
computation serves as an important benchmark for the
validation and estimation of systematic uncertainties when
we look at C-asymmetry generation with a complex mass in
Sec. HIC.

Figure 3 shows the results of the simulation for a total
time of 7 = L = 28. In Fig. 3(a), we illustrate the time
evolution of a particle wave packet prepared with ky, =
1.0,0, = 0.5 at the lattice spacing a = 1/8, where the
color gradient indicates the particle number density p,, ., ().
The fermion wave packet moves toward the bubble wall
with a constant velocity » = 1 until it hits the bubble wall at
t~L/4 =7. Part of the wave packet is reflected back into
the symmetric phase, while the rest is transmitted across
into the massive phase. Around t~3L/4 =21, the
reflected wave packet hits the lattice boundary and reflects
again. During this simulation, we measure the total charge

in the symmetric phase QH as a function of time ¢ to keep
track of the reflected wave packet. .

In Fig. 3(b), we show the behavior of Q, , for the same
ko = 1.0 for various lattice spacings a. The initial value

of Q,, =1 is maintained until the wave packet hits
the bubble wall. After the reflection is complete, Qr,+
approaches an asymptotic value Qoo, .+ < 1. The yellow
highlighted band marks the window of time (Af), that
we use to obtain the asymptotic value Qw_—i—. The

variation in this time window is a measure of the
finite-volume effects. We then take the measured value

Q.+ as a function of a and extrapolate to a — 0. Even
though the asymptotic value of Qt. . does not depend on

the boundary for the definition of Q,.Jr—that is the
convention of w, in Eq. (36)—we would like to point

out that the dip structure of QH near the scattering
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region in Fig. 3(b) does depend on it. If the boundary
for QH was pushed deep into the broken phase by
setting w,=1 for n<N,+n, and w,=0 for
n > N.+ n,,, the result would be a monotonic decrease
in Qr,+ toward its asymptotic value as a function of 7.

The continuum limit extrapolation for Qoo’ . is shown in
Fig. 3(c) for & in the range of [0.5, 2.5] in steps of 0.25. We
find that a two-parameter linear fit (shown by a solid line)
works well. The uncertainties from the variation of the

observable in the time window are too small to be seen on
this scale.

Finally, we show a comparison between the lattice simu-
lations and the analytic predictions for Q, . as a function
of the wave packet momentum k, in Fig. 3(d). The con-
tinuum-extrapolated values of QOO,JF are shown by filled
squares. The continuum, infinite-volume, analytic prediction
(shown by a solid line) is computed using |R, (k)|> from
Eq. (28) with the wave packet f(k; ko, oy, o) in Eq. (6) as

L=28,L,= 0.6,k =1.00

(a) 6,— /12, a=1/8 o)
\ 0.2
20 - 0.1
- 0.0
10 -
0.1
—0.2
0 T T T T
10 -5 0 5 10
0,=37/12, a=1/8 pu(®)
. 0.2
20 - 0.1
- 0.0
10
b ~0.1
0.2
0 T T T T
10 -5 0 5 10
T
(©)
S R
0.00 - =
:—*;@:Hﬂ . 6,=0
*_/E———H—_‘E m 0,=m/12
m 0,=2r/12
, —0.02-
o " 6,=3/12
B 0,=4r/12
6, = 5m/12
—0.04
B 0,=67/12
T T T
0.0 0.1 0.2

a

(b) Oy=m/12
0.00
—a=1/8
_—0.05 1 = | a1p
Q —a=1/5
—0.10 + —a=1/4
—0.15 4
T T T
0 10 20
t
0y=3m/12
0.0
—a=1/8
_ —0.1 1 — a=1/6
Q —a=1/5
_02 . — a= 1/4
T T T
0 10 20
t
(d)
0.00 H
—0.01 +
8
«Q
—0.02
—0.03 4 a—0, linear
T T T
0.0 0.2 0.4
0o/

FIG. 4. Magnitude asymmetry as a measure of C-asymmetry generated during fermion and antifermion scattering with a complex
mass profile for fixed wave packet with ky = 20, = 1.0 and physical volume of L = 28. For two parameters 6y = z/12,37/12,

(a) shows the net charge density in spacetime and (b) the evolution of the net charge density in the symmetric phase Q, at different lattice
spacings a. The yellow band marks the time window (At), used to measure the asymptotic value Q, and estimate the systematic

uncertainties, as described in Sec. III. (¢) Continuum limit extrapolations for Qw using linear fit for various values of 8. The errors on
the measurements are too small to be seen on this scale, and the 1o errors from the fitting are shown for the extrapolated @ — 0 points.

A

(d) Finally, Q, as function of #,. The error bars are 1o uncertainties computed in a — 0 fits of (c).
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Ry (ko) = / ® AR, (0)f (k: kyv 0o x0) 2. (40)

where we set o, = 0.5 for the incoming wave packet, and the
above expression is independent of x,. We observe a good
agreement between the lattice and the analytic predictions.
However, compared to the error bars from the continuum limit
fits, which are too small to be visible on the plot, the deviation
between the lattice and analytic results is much larger. We
observe larger deviations with respect to the error bars for
smaller k,, which is expected from a consideration of scale
separation. At a fixed o, = 0.5, the small momentum kq ~ o},
invalidates the scale separation of Eq. (33). This results in a
shape distortion of the wave packet away from a Gaussian,
since we do not allow negative k modes in the wave packet.
Ideally, we could make o, smaller, but that would require a
larger physical volume to fit a wider wave packet in position
space. So, the disagreement at lower momentum is a
systematic error from finite-volume effects.

C. Simulation results: Complex mass (6, # 0)

Having validated our methods with an estimate of the
expected uncertainties, we now proceed to the nontrivial
case of a complex mass profile where a genuine C-
asymmetry generation may be observed.

For studying the C-asymmetry, we independently sim-
ulate the particle and antiparticle scattering processes and
combine the results. We can equivalently formulate our
discussion in terms of the time evolution of a completely
mixed state pg = >, |fa)(fa] Of the C-conjugate pair of
wave packet states |f.). As this initial mixed state is
symmetric under C, observables that are not invariant under
C can be used to measure the generation of C-asymmetry in
collision. However, for efficiency of the tensor network
algorithms, we perform separate simulations for the C-
conjugate pure states |f.).

We would like to study the asymmetry generation for the
mass profile Eq. (27) as a function of 6,. For these
simulations, we vary 6, in the range [0, z/2] in steps of
z/12. The wave packet parameters are fixed to
ko = 20, = 1.0. All other parameters are as before. We
now describe the results for both the magnitude and phase-
asymmetry observables.

1. Magnitude asymmetry

The results for the magnitude asymmetry are shown in
Fig. 4. In Figs. 4(a) and 4(b), we focus on two values of 6,
for illustration 6y = z/12,3z/12. In Fig. 4(a), we show the
net local charge density,

Pu() = Pus (1) + pu (1), (41)

for lattice spacing a = 1/8. For both s, the C-asymmetry
can be clearly seen from the nonvanishing p,, (¢). In Fig. 4(b),
we plot the time evolution of the magnitude-asymmetry

observable Q, [Eq. (37)], measuring the net charge in the
symmetric region, for various lattice spacings a. The total

charge in the symmetric region Q, is zero at r = 0, since the
initial wave packet states are C conjugates of each other.*
After an initial period of no change, the wave packet scatters
from the bubble wall around ¢ ~ 7, where we see a large dip

in Q,. Around 7 ~ 21, the reflected wave packet has minimal

overlap with the bubble wall, and therefore Q, begins to
saturate. The yellow band therefore marks the time window
(A1) which we used to define the asymptotic value Q.. as

discussed previously in Sec. IIT A.
Figure 4(c) shows the continuum limit a — 0 extrapo-

lation of Qoo for the entire range of 6. We find that a linear
fit works well. The errors in the measurements are too small
to be visible, but the error of the linear fit a — 0 can be seen
on the a = 0 axis. We observe that for 6, = 0, the central

value of Q,, which is expected to be zero, is comparable to
the systematic errors of the initial state preparation as we
studied in Appendix D 1. Interestingly, we find that the
lattice artifacts, and therefore the total systematic errors as
shown in Fig. 4(d), are larger for intermediate 6, values.

Finally, we show the continuum-extrapolated magnitude
asymmetry Q as a function of 6, in Fig. 4(d). While these

results establish Qoo as an easily measurable observable
quantifying the C-asymmetry generated during the fer-
mion-bubble collision, they also demonstrate a clear

A

limitation of this observable. At large 6, Q. is small
simply because of the strong reflection but not because the
asymmetry itself is small. Because both the particle and the
antiparticle are completely reflected, the net reflected
charge is almost zero. But the local charge density plot
in Fig. 4(a) clearly shows a large asymmetry in the relative
displacement of the particle and antiparticle wave packets
even for the larger 6, = 3x/12. This demonstrates that
when the reflection coefficient approaches unity,
|R,(ko)|> ~ 1, magnitude asymmetry no longer serves as
an effective measure of C-asymmetry. Consequently, we
turn our attention to the phase asymmetry in R,(kq) in what
follows.

2. Phase asymmetry

We now look at the phase-asymmetry observable q3,
defined in Eq. (38), with the results shown in Fig. 5.
Figure 5(a) shows the same net local charge density p,, (¢) as
previously shown in Fig. 4. However, the time window
(At)g over which &, is measured is different, shown as a
yellow band in Fig. 5(a). The reason for this can be seen

“The initial wave packet states are actually not exact C
conjugates of each other in the presence of a complex mass
due to a finite wave packet width, which introduces a small
systematic error from the overlap of the initial wave packet with
the bubble wall. We examine this in Appendix D 1.
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FIG. 5.

Phase asymmetry as a measure of C-asymmetry generated during fermion and antifermion scattering with a complex mass

profile for fixed wave packet with k, = 20, = 1.0 and physical volume of L = 28. For two parameters 6, = z/12,3x/12, (a) shows the
net charge density in spacetime and (b) the evolution of the phase asymmetry in the symmetric phase ®, at different lattice spacings a.
The yellow band marks the time window (Af)g, used to measure the asymptotic value &, and estimate the systematic uncertainties.
(c) Continuum limit extrapolations for &, using linear fit for various values of 6,. The errors from the measurements and the 16 errors
from the fitting are shown for the finite a points and the extrapolated a — 0 point, respectively. (d) Finally, ®,, as function of ¢,.

The error bars are the 1o uncertainties computed in @ — 0 fits of (c).

from Fig. 5(b), where we plot ®, as a function of 7 for
various lattice spacings a. Our definition of ®, assumes a
Gaussian wave packet, which is valid only when the
reflected wave packet is sufficiently far from any bounda-
ries. The presence of a plateau in Fig. 5(b) shows that the
yellow band is a reasonable choice for (At)g. In the limit of
L/o, — oo, Fig. 5(b) would be completely flat in this time
window. Therefore, any variation in this window is a finite-
volume effect.

In Fig. 5(c), we show the continuum limit extrapolation

a — 0 for ®, for various 6y. Again, we find that a linear
extrapolation works well. The dependence of phase
asymmetry &, (in the a — 0 limit) on the parameter
0y is shown in Fig. 5(d). At 6, = 0, we observe a small
nonvanishing &, which is again comparable to the
systematic errors in Ci)oo from initial state preparation,
as discussed in Appendix D 1. For large 6,, the phase-
asymmetry observable reveals a significant C-asymmetry,
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which could not be detected by the magnitude-asymmetry
observable.

The behavior of the instantaneous charge asymmetry in
Fig. 5(a), shown by the nonvanishing p,(z), in real time
near the wall, merits particular attention. In EWBG, SU(2)
sphalerons active in the symmetric phase can convert the
analogous CP asymmetry in 3 4+ 1 dimensions to baryon
asymmetry. As the bubble expands, the baryon asymmetry
generated near the wall penetrates into the broken phase,
where it remains preserved when electroweak sphalerons
become inactive for a sufficiently strong phase transition.
This suggests that the instantaneous CP asymmetry gen-
erated at the collision point near the wall may play a crucial
role in explaining the observed baryon asymmetry of the
Universe, necessitating careful consideration in future
nonperturbative studies.

IV. CONCLUSIONS

Motivated by the goal of a fully nonperturbative quan-
tum simulation of baryon-number asymmetry generation
during EWBG, we initiated the study of C-asymmetry
generation during fermion-bubble collisions in 141
dimensions. Although quantum technologies evolve and
a full-scale simulation of EWBG remains beyond imme-
diate reach, tensor network methods provide an extremely
useful way to prototype future quantum simulations in
lower dimensions.

In this first study, we explored a toy model consisting of
free fermions moving in the rest frame of a bubble wall
modeled as a complex mass profile. The particle and
antiparticle wave packets reflect off the bubble wall differ-
ently, which is the source of the C-asymmetry generated
on the symmetric side. Emphasizing the need to care-
fully design real-time observables that can capture the
C-asymmetry, we proposed two observables constructed
from local charge densities of the final states. The first is the
magnitude asymmetry, which measures the total net charge
in the symmetric phase after scattering, and the second is
the phase asymmetry, which measures the relative spatial
displacement between particle and antiparticle wave pack-
ets. In regimes of strong reflection, which occur at large
C-violating phase 6, the simplest observable—the magni-
tude asymmetry—is too small, comparable to systematic
errors, thereby creating a signal-to-noise ratio problem. We
observe a strong asymmetry in the relative displacement of
the wave packets in real time, which can be successfully
captured by the phase-asymmetry observable. This observ-
able does not suffer from the signal-to-noise problem
afflicting the magnitude asymmetry, although it does
require a careful choice of measurement time window
due to strong boundary effects.

While this work employs classical tensor network
simulations exclusively, a natural extension would be
quantum simulations on actual hardware. This would
necessitate wave packet state preparation, time evolution,

and measurement of asymmetry observables. Quantum
simulation of fermionic wave packet scattering is, fortu-
nately, an active research area [19-22,48-52]. These
methods apply directly to our scenario although hardware
limitations prevent C-asymmetry studies on quantum
hardware from being quantitative, restricting us to tensor
networks in 141 dimensions for the present work.
Ultimately, realistic simulations in higher dimensions
would require large-scale quantum simulations.

Beyond applications to early-Universe dynamics, our
methods for computing phase asymmetry could be broadly
relevant for nonperturbative computations of scattering
amplitudes in quantum field theories, as an alternative to
the Liischer method [53] used in lattice quantum chromo-
dynamics. Exploring such applications in the context of
two-particle scattering on quantum computers remains an
important direction. Our phase-asymmetry observable is
closely related to the time-delay measurement of Ref. [54],
though their approach differs fundamentally from ours.

We have shown that lattice methods can compute a
quantitative measure of C-asymmetry generation in a
1 4 1-dimensional toy model of baryogenesis, demonstrat-
ing how real-time simulations can quantitatively probe
nonequilibrium phenomena. We focus on a phenomeno-
logically relevant measure of C-asymmetry often computed
using traditional analytic methods without systematically
improvable uncertainties. Real-time lattice simulations
instead supplement them by computing such observables
in a controlled manner. We emphasize that although we
compute the asymmetry away from the bubble walls,
where reflection coefficients are well defined, the methods
are also applicable for computing the asymmetry closer to
the bubble wall, which could in fact be the relevant
quantity for precise estimates of baryon asymmetry in
the broken phase.

There is no in-principle obstruction to also including
thermal effects within the simulation itself, which would
complement the analytic approaches which use diffusion
equations. In the context of early-Universe dynamics,
Refs. [29,30] studied the scattering of dynamical bubble
walls (without fermions) using tensor networks.
Combining their techniques with ours provides a natural
pathway to study asymmetry generation in the presence of
dynamical bubble walls. Including sphaleron processes is
an important step toward a more complete model for
baryogenesis. The minimal change to our model which
would allow this would be the addition of a U(1) gauge
field and a complex scalar field, resulting in the 1+ 1
dimensions Abelian Higgs model coupled to dynamical
fermions [55]. Our work serves as a starting point for
investigating ingredients such as sphalerons converting
chiral asymmetry to baryon-number asymmetry, dynami-
cal bubble walls, thermal effects, and particle transport,
preparing us for a fully nonperturbative ab initio simu-
lation of baryogenesis.
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APPENDIX A: SYMMETRIES

In this appendix, we discuss the symmetries of the
staggered fermions formulation and their dynamics.

1. Continuum
a. Parity

The massless Dirac fermion in even spacetime dimen-
sions has a parity symmetry P. We define this to be a
symmetry which flips the sign of all the spatial coordinates.
Under P, we have

P { w(t,x) = kyoy(t, —x) (A1)

w(t,x) = (1, —x)(kyo)"

where k = 1 or k = i such that (kyy)?> = 1, so that this is
valid of any choice of signature, either Minkowski or
Euclidean. One can check that this is always a symmetry of
the fermion kinetic term, but not necessarily for a mass
term. A general fermion bilinear transforms under parity as

_ P _
wTy— 75 Trow. (A2)

b. Charge conjugation
There are actually two definitions of charge conjugation
since any charge-conjugation symmetry can be transformed
into another by a discrete chiral transformation. To define
the charge-conjugation symmetry C, we first define unitary
matrices C,. (e = %), such that

Cer,Ce' = €(r,)" (e = £). (A3)

CrsCot =ns(ys)T. (A4)
for the Clifford algebra in even spacetime dimensions D.
These matrices can be defined in any even dimension, and
we refer the reader to Ref. [56] for a detailed pedagogical
discussion.” The action of C, on the “fifth” y matrix
depends on the dimension, with 75 = (—1)2. With this
definition, a charge-conjugation symmetry C acts on a
Dirac field operator y(x) as

C.: {l” - Cefr = Gy (AS)

7 = ey C;!

where we used Eq. (A3) to obtain the action on . We can
check that either choice of € = + leads to a symmetry of
the fermion kinetic term, since it transforms as

-_ Cé' -_ — —_

Py — ey (C' ' Co) o,p = wry o, . (A6)
On the other hand, a fermion mass term may not be
invariant under this symmetry. A general fermion bilinear
transforms as

Ty —5 (—cCo'TC) Ty, (A7)
The transformation of various mass bilinears Ty for the
C, symmetry is given in Table I.

We note that the C-conjugation on a Weyl fermion flips
its chirality in 3 + 1 dimensions but notin 1 + 1d. Let y be
aright-chiral (ys = +1) Weyl fermion field. Right chirality
of y implies that ysy = 4y, which upon charge conju-
gation implies

we =COO)Tvsw* = —nsysw.. (A8)
where we used y! =yi. Therefore, we find that
YsW. = —Nsy.. In 3 4+ 1 dimensions with 75 = 1, chirality
flips under C. However, this is different in 1+ 1d with
ns = —1: the C-conjugate of a left-chiral (y5 = —1), right-
moving Weyl fermion in 1+ 1d is a left-chiral, right-
moving Weyl antifermion.

°In Ref. [56] the C. ., C_ matrices are referred to as 7 and C
matrices, respectively.
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TABLE I. Charge-conjugation C, and parity P transformation
properties of various fermion bilinears yIy. The two definitions
of charge conjugation correspond to € = &+, as defined in
Eqgs. (A3) and (AS). The action of charge conjugation on ys
depends on the dimension and is given by 75 = (=1) in D
spacetime dimensions. We use the notation where (—1)# = 1 for
u =0 and —1 otherwise.

r 1 r 7 "y

C. —€ —ens -1 15

P 1 1 (=1) (=1
2. Lattice

a. Charge conjugation

In 1 4 1 dimensions (mostly minus signature) with the
basis choice yq,y1,y5 = 03,10,,0;, we obtain the C,
matrices,

C+ = 03, C_ = 0, (Ag)
which lead to the following action of charge-conjugation
C.. on the continuum Dirac fermion fields:

Citw = Corpy” =y,
C_:y > Cyly* =iowy". (A10)
In the staggered fermion formulation, the action in
Eq. (A10) implies that C, is an on-site symmetry, while
C_ mixes with translations,

Cotyw =2 (A1)

c_: Xn = iZIhLl' (AlZ)
One can check that, with the above definitions, the trans-
formations for C. in Table I are satisfied on the 1 + 1-
dimensional lattice for our discretization of the complex
mass term as in Eq. (29).

APPENDIX B: PHASE ASYMMETRY FOR
GAUSSIAN WAVE PACKETS

In this appendix, we show how the phase asymmetry can
be computed from the charge densities under the
assumption of Gaussian wave packets.

1. Phase asymmetry in the continuum

We begin with the incident wave function at t — —o0,

oolwt) = [ dkflkiko.o)e 0, (B)

where f(k; ko, 0,) = N (o)e” k50140 with N (o) =
[(27)¥* /5], such that [ dk |f (k)| = 1/(2z). With the

reflection coefficient defined as R(k) = e~ " e~ the
reflected wave function as t — oo can be written as

@r(x,1) = /dkR(k)f(k; ko, o3 ) ekt
= / dk [e7" O f (k; ko, o) ] e~ *a+=id k)

— N(oy) / dk ¢~ g=ikaH)-id ). (B2)

The peak of the momentum-space wave function of the
reflected wave packet is determined by the minimum of the
exponential factor g(k) = r(k) + (k — k9)?/(402) at ko,
which satisfies the following equation:

ko — ko

0=g (k) =r(k
g (ko) =1 (ko) + 27

(B3)

To further simplify Eq. (B2), we expand g(k) and (k)
around k, and keep only the leading-order terms,

1

o(6) ok + 3 | () + 5] (=, (B

P(k) = p(ko) + &' (ko) (k — ko). (BS)

Substitute these expansions into Eq. (B2) and define

1 1 — 1
et

B6

(ks ko, 5) = N (a7) e *k-Fo)/(4727), (B7)

we get
orlx.1) ~ e_g@_ic\/(y:k / dk F (k; ko, 57 ) ekl ko)l
O
(B8)

with ¢ = ¢(ky) — @' (ko)ko. The reflected particle number
density after a sufficiently long time is

pr(x 1) = |, (x )2 (B9)
52 _
- \ﬁe—zg(ko) Ok p=lett+¢ (ko)*/ (2572)
V3 Oy
=2 e 2CIN(x + 1,00 (ko) (B10)

Ok

with
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1
2_7

Ox

(B11)

~

where we have used the notation N,(x;u) to denote a
normalized Gaussian with width ¢ and center pu.
Equation (B10) shows that the reflected wave is an
unnormalized Gaussian with amplitude reduced and the

central position shifted to ¢’ (k). For later use, we note that

/dxp,(x, t) = §e‘zg(@,
c

k

/dxp,(x 0?2 = ;dep,(x t)r. (B13)

In the case of charge symmetry breaking, the particle and
antiparticle have different reflection amplitude r. (k) and
phase ¢ (k). The difference in the reflection amplitude can
be measured by the reflected charge in the symmetric
phase, which, according to Eq. (B12), is determined by
r+ (k). To measure the difference in the phase, we calculate
the product of the particle and antiparticle number densities
and find it to be related to the phase difference,

(B12)

0 2
—/ dxp,.p_ = Ae B® (B14)
where
® = ¢/ (ko) — ' (ko).
A= 2 Giol e~2lotko, ) +g(ko-)]
T 67\/Gi + 64
26,2.6;>
B= # (B15)
kT (o't

From this we can define a new observable for the phase

shift as
©— _7] Sl dxpip-
A

2. Phase asymmetry on the lattice

(B16)

On the lattice, 5. and ¢=29%0+) can be measured from
the discrete version of Egs. (B12) and (B13) as follows:

— VA L)
A (T
e~20(kos) = Ok 3 (B17)
O+ 4,

With these quantities, one can calculate the coefficients A
and B. The cross term can be measured as

(B1S)

0 1
/ dxp.p_ — P E Wi pLpL,
n

with the weight function w/, picking up only the charge
density in the symmetric phase. This can then be used to
calculate the phase shift observable using Eq. (B16).

3. Some useful identities

The product of two normalized Gaussians is an (unnor-
malized) Gaussian,

No, (3 p1)No, (x; 2) = Nz (py = po; 0)N5(x; 1) - (B19)
with
2.2
P BT L ol Y
o1+ 03 o7 + 63

In particular, to compute the square of a Gaussian, we can

set 6y =0, =0 and p; = p, = p to get
Ny(x;u)*> =N_ 5(0;0)No(x;4) = ! N (x;p)
A o2\ H\ 26\/7.[ S\ H)-
(B21)

APPENDIX C: WAVE PACKETS ON THE
LATTICE AND TIME EVOLUTION

We prepare the initial wave packet as a superposition of
plane waves defined on the full lattice in the absence of the
bubble wall. Taking PBCs, the Fourier transform takes the
following form on the lattice for the staggered fermion:

¢ 1 A X2j-1€
(et
¢ O N/ijl X2j€

The momentum modes satisfying PBCs take the discrete
values k = —%—i—%, j=1,2,...,N/2. This leads to the
lattice Hamiltonian given by

—i(2j=1)k
} )

—i2jk

sink
Hppe = ZCk(smk 0 >Ck- (C2)
We define (c;,d )" = V¢TI, with V, given by
1 1 sign(k))
Vi=—7 , C3
= i )

the Hamiltonian can be diagonalized as
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Hppe = ZQ(CZCk - d—kdik)
k

= Zek(c}[ck +d',d_) +const,  (C4)
k

with ¢, = |sink|. ¢} and d] can be expressed in terms of the
position space operators as

N
Z eikn [HnO + Sign(k)nnl])(jl’ (CS)

o
T

=

—_

. 1 L
dy =— ezkn [Hnl + Sign(k)nno])(n? (C6)
U
where
1=(=1 n+l
m,, E%, lefo,1}.  (C7)

When acting on the vacuum, 12/; L= cz and li/;;_ = d,t create
particle and antiparticle excitations with P* = (e, k). We
can then construct the creation operators for the fermion
(C™) and antifermion (D') wave packets,

ct = Z{:w,&& = Zn:)(;(pn-&-’ (C8)
DY = Zk:u?l_fk = zn:)(ncon_, (C9)
with
fre = ﬁsz M +sign(0)T,),  (CI0)
o :%ﬁzkjfkefk"[nnl Fsign(MMe.  (CI1)

The initial wave packet |¥.(0)) is thus prepared by
applying Eq. (C8) or Eq. (C9) to the ground state of the
Hamiltonian in Eq. (29).

1. Time evolution

Staggered fermions in 1 4 1 dimensions can be mapped
to a one-dimensional spin chain by Jordan-Wigner trans-
formation [57],

An = (Hioﬁ)o—;, Xh= <H - iof)a;,

s<n s<n

(C12)

which ensures anticommutation relations between different
lattice sites. This leads to the following Hamiltonian:

N-1
H=Y hy,i+hy, (C13)
n=1
with iy = (=1)N*my| cos Oyoyoy, and
1 .
s =[5+ (1 sin6, | o7 05 + 0307,
— (=1)"|m,| cos 8,0, 0;' . (C14)

The time evolution of this Hamiltonian can be efficiently
implemented by Trotter decomposition. For our simulation,
we employ second-order Trotterization [58],

—iH% . ,=ihj2%)2 =il 37/2 —ihy_1 NT/2 p—ihyT
e T gy o7t 122/ e it/ el vt/ e T

e—ihN_lvN%/Z . e—ihz.ﬁ/Qe—ihl.z%/Z 4 O(%S), (CIS)
where £ = t/a is the Trotter step in lattice units. The error
for each time step is O(N%3) for Trotterizing H into N
pairs of noncommuting terms. For total evolution time
T, there are N, = T/t Trotter steps, thus the total error
is O(NN,2%).

A note on boundary conditions and momentum trunca-
tion. To ensure that the wave packet moves toward the
bubble wall and avoids scattering with the lattice boundary
in the direction opposite to the bubble, we truncate away
the nonpositive k modes from the wave packet. This
truncation will distort the wave packet from a perfect
Gaussian shape, which will cause errors in measuring local
observables. For 6, = 0, where we can compare with exact
analytic results, we find these truncation errors to be
negligible. When 6, # 0, where we study the asymmetry
generation, we choose ky > 20, to ensure that the negative
modes lie beyond 26, from kg, thereby diminishing the
Gaussian shape distortion.

APPENDIX D: SYSTEMATIC UNCERTAINTIES

In the simulations presented in Figs. 3-5, we fix the
physical volume to L = 28 and extrapolate to the con-
tinuum limit a — 0. In this appendix, we investigate the
systematic uncertainties associated with the finite-volume
effects, which could be a dominant source of errors.
We vary lattice spacing in the range a € {§.3.%.1} and
physical volume L € {20,24,28}.

1. Charge asymmetry of the initial state

We first check the charge asymmetry of the initial state
consisting of the particle and antiparticle wave packets by
measuring the magnitude asymmetry and phase asymmetry
in the symmetric phase at t =0, Q, and <i>0. Using the
same hyperbolic complex mass profile as in Figs. 4 and 5,
we prepare the initial state and measure QO and ®,. Since
the wave packets have not yet interacted with the bubble
wall, the 8, dependence of the initial state is expected to be
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L,=0.6, my=1.0, 0,=/3, k,=1.0

Continuum limit

0.0016 ‘_/_-@———E——H
0.0014 -
n L=20
0.0010 - = L=28
0.0008 -
—

0.0 0.1 0.2
a

Infinite-volume extrapolation

20
0.001 -
24
28
& 0.000 * a0
— order 1
~0.001 -

0.00 0.02 0.04
1/L

FIG. 6. Magnitude asymmetry of the initial state Qo for various lattice spacings and physical volumes. The mass profile is chosen to be
the same one used for Figs. 4 and 5, with 6, = z/3. For each physical volume L, we calculate the continuum limits by fitting Q, as a
linear function of the lattice spacings a and extrapolating to @ = 0. The continuum limits are then fitted as a linear function of the inverse

lattice volume 1/L and extrapolated to the infinite-volume limit 1/L — 0. The deviation of the infinite-volume limit of QO from zero
measures the systematic uncertainty of the charge asymmetry in the initial state.

very weak. In Figs. 6 and 7, we show as an example for

0y, = n/3, the measured values of Qo and Ci)() at various
lattice spacings and physical volumes. With these results,
we first perform a linear fit of the two observables as a
function of the lattice spacings a and extrapolate to the
continuum limit @ — 0, as shown in the left panels of Figs. 6
and 7. We then perform a linear fit of the continuum limits as
a function of the inverse physical volumes 1/L and
extrapolate to the infinite-volume limit 1/L — 0, as shown
in the right panels of Figs. 6 and 7. The extrapolation results
are the “x” points in the plots, with the error bars showing 1o
fitting errors. The deviation of the extrapolation results from
zero quantifies the systematic uncertainties in the initial state
preparation. These uncertainties can come from a charge-
conjugation symmetry [C_ defined in Eq. (A12)] breaking
inherent to staggered fermions and finite-volume effects
caused by the wave packet leaking into the broken phase
where charge-conjugation symmetry is broken.

2. Asymmetry generation from scattering with
step-function complex mass profile

We also investigate the systematic uncertainties associ-
ated with the scattering. For this investigation, we take the

mass profile to be a step function for both magnitude and

phase,
0 x<0
o) = {

0 x<0
im(x)| = 7 :
my x>0 6y x>0

(D1)
The complex phase of this profile, although nonvanishing
in the broken phase, can be rotated away by a field
redefinition  without  breaking other symmetries.
Therefore, no asymmetry is expected to be generated in
this case. Any deviation from zero for the asymmetry

observables Qoo and ﬁDm is thus a measure of systematic
errors. In the following, we show the results for step-
function mass profile with m, = 1 and 6, varying in the
range [0, z/2]. With the results for various a and L, we first
extrapolate to the continuum a — 0 for each fixed L. Then
to study finite-volume effects, we perform an infinite-
volume extrapolation using a linear fit.

In Fig. 8, we show the continuum limits at the largest
physical volume L = 28, as well as the infinite-volume
extrapolations of Qoo and @, where the error bars
represent 1o errors from the infinite-volume linear fits.
As expected from a step-function profile, the absolute

L,=0.6, my=1.0, 0,= /3, ky=1.0

Continuum limit

0.0200 A
B L=20
= L=24
0.0175 B L=28

0.0150

0.0 0.1 0.2
a

Infinite-volume extrapolation

0.0250 A
0.0225 A
@ e o—0
= 0.0200 /Wﬂ’% @
- * — order 1
0.0175 A
0.0150 A
T T T
0.00 0.02 0.04
1/L

FIG. 7. Same as Fig. 6 but for the phase asymmetry @, of the initial state.
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0.008

0.006
0.004
0.002 ¥

o 0.000 - v .

—0.002 -

3

—0.004
m g0, L=28

—0.006 * a—0,1/L—0

—0.008 - T T

0.0 0.2 0.4
0,/

m g—0,L=28
0-10 1 , * a—0,1/L—0
0.05 %
8 ]
2=l
[ |
0.00 4 * L
[ | * *
—0.05 A
T T T
0.0 0.2 0.4

0,/

FIG. 8. The continuum limits at the largest physical volume L = 28 and the infinite-volume limits of 9, and &, generated from
scattering with the step mass profiles with m, = 1 and 6, varying in the range [0, z/2]. The error bars represent the 1o fitting errors.

values of Qoo and Ci)oo are close to zero for L = 28. The
measured magnitude asymmetry is of the order Qoo ~1073
while the phase asymmetry is <i>oo ~ 1072, This therefore
provides an approximate measure of the absolute errors in
our studies of the complex mass profile in Sec. III C. We
expect that the nonvanishing asymmetry is likely due to
finite-volume effects. Looking at the infinite-volume

results in Fig. 8, we observe that a simple linear
1/L — 0 extrapolation is not under control, sometimes
leading to larger uncertainties compared to the continuum
limit results at L = 28. Therefore, in this work, we work
with a fixed physical volume of L =28 and leave a
more systematic analysis of the finite-volume effects for
future work.
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