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We investigate the vacuum-induced current density for a charged scalar field in a (Dþ 1)-dimensional
cosmic dispiration spacetime threaded by a magnetic flux. This background combines a cosmic string and a
screw dislocation, yielding a nontrivial helical geometry. By constructing the normalized mode functions of
the Klein-Gordon equation, we evaluate the Wightman function and obtain the vacuum expectation value of
the current density. We show that, in addition to the azimuthal component describing a persistent current
around the defect, a nonvanishing axial component is induced as a direct consequence of the helical
structure of the spacetime. Both components are periodic functions of the magnetic flux depending only on
its fractional part, reflecting the Aharonov-Bohm nature of the effect. Closed expressions are obtained for
massive and massless fields in arbitrary dimensions. We demonstrate that the screw dislocation parameter
plays a crucial role in the behavior of the induced currents, leading to the regularization of the components
at the origin and controlling their magnitude. Their asymptotic behavior is also analyzed in detail. Our
results reduce to known expressions in the absence of the screw dislocation, providing a consistency check.
In particular, we examine the physically relevant (3þ 1)-dimensional case, where numerical analysis
reveals nontrivial features arising from the interplay between topology and gauge effects.
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I. INTRODUCTION

Quantum field theory in nontrivial backgrounds provides
a powerful framework to investigate how geometry and
topology influence vacuum fluctuations and, consequently,
observable physical quantities. It is well established that,
even in locally flat spacetimes, boundary conditions and
spacetime topology can induce nontrivial vacuum expect-
ation values (VEVs) of physical observables. This phe-
nomenon underlies a variety of effects, including the
Casimir effect and vacuum polarization in the presence
of gravitational or gauge fields [1–4].
Among the most extensively studied configurations in

this context are spacetimes containing linear topological
defects, such as cosmic strings [5,6]. These objects, which
may have been formed during phase transitions in the
early Universe, are characterized by a conical topology that
modifies the spectrum of quantum fluctuations. As a
consequence, in an idealized zero-thickness cosmic string
spacetime, vacuum expectation values of quantities such as

the energy-momentum tensor and current densities acquire
nonzero contributions, even though the spacetime is locally
Minkowskian [7–14].
Vacuum polarization effects in cosmic string spacetimes

have been extensively investigated in the literature. Most
analyses employ the idealized model of a zero-thickness
cosmic string, which captures the nontrivial topology
generated by the planar angle deficit while allowing for
exact analytical treatments. However, more realistic descrip-
tions based on strings with internal structure have also been
considered. Examples include finite-core cosmic strings,
Nielsen-Olesen vortices, and magnetic flux tubes of finite
radius, where the internal structure of the defect may give
rise to additional vacuum polarization effects beyond those
associated with the exterior geometry alone [12,15–19].
Different observables have been analyzed in these back-

grounds, including the vacuum expectation values of the field
squared, the energy-momentum tensor, and induced vacuum
currents. For local quantities such as hϕ2i and hTμνi, the
ultraviolet divergences are of local origin and are removed
through the standard renormalization procedure, whereas
finite-core models may additionally contribute finite struc-
ture-dependent terms. Induced vacuum currents exhibit a
qualitatively different behavior: the Minkowski contribution
vanishes identically, and the resulting currents are determined
entirely by the nontrivial topology and gauge structure of the
background, as we will see in the present work.
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A natural generalization of the cosmic string geometry
is provided by the so-called “cosmic dispiration,” which
consists of a combined topological defect incorporating
both a conical structure, which can also be a disclination,
and a helical distortion in the form of a screw dislocation
(see Refs. [8,9] and references therein). This spacetime
arises, for instance, in the framework of Einstein-Cartan
theory and can also be interpreted as an effective geometry
in condensed matter systems with line defects. The
presence of torsion associated with the screw dislocation
introduces qualitatively new features when compared to
the pure cosmic string case, leading to richer vacuum
polarization effects [8,9].
Quantum field theoretical investigations in dispiration

backgrounds have shown that the nontrivial global structure
of the spacetime induces modifications in the two-point
functions and, consequently, in the VEVs of physical
observables. In particular, the renormalized propagator in
such geometries reveals that the vacuum becomes polar-
ized, giving rise to nonvanishing components of the energy-
momentum tensor [8,9].
Another important ingredient that can significantly affect

vacuum properties is the presence of gauge fields. In
particular, a magnetic flux threading the core of a linear
topological defect modifies the phase of the quantummodes,
leading to observable effects even in regions where the
corresponding field strength vanishes. This mechanism is
directly related to the Aharonov-Bohm effect and manifests
itself, in quantum field theory, through the induction of
vacuum currents [11,12].
In cosmic string spacetimes, the presence of a magnetic

flux is known to induce azimuthal vacuum currents for
charged scalar and fermionic fields [11,12,20–23]. These
currents depend periodically on the ratio between the
magnetic flux and the quantum flux, reflecting the topologi-
cal nature of the effect. Extensions of this analysis to higher-
dimensional and compactified settings have revealed addi-
tional contributions, such as axial currents, arising from the
interplay between topology and boundary conditions [11].
In this work, we investigate the vacuum-induced current

density associated with a charged scalar field in a (Dþ 1)-
dimensional cosmic dispiration spacetime in the presence
of a magnetic flux running along the defect core. The
combined effects of the conical topology, the screw dis-
location, and the gauge field lead to a nontrivial modifi-
cation of the mode structure, which in turn affects the VEV
of the current density.
The investigation of VEVs of induced current densities is

of particular relevance in quantum field theory in nontrivial
backgrounds. In semiclassical approaches, the VEV of the
four-current density acts as a source term in Maxwell’s
equations, allowing one to assess how quantum fluctuations
modify the dynamics of the electromagnetic field. In this
sense, the induced current encodes information about
vacuum polarization effects and provides a direct link

between the underlying quantum field and observable
electromagnetic responses.
Moreover, induced currents are especially sensitive to

global and topological properties of the background geom-
etry and gauge configuration. Even in locally flat space-
times, nontrivial topology or the presence of gauge fluxes
can lead to nonvanishing VEVs, reflecting the nonlocal
structure of the quantum vacuum. This makes the current
density a powerful probe of Aharonov-Bohm-type effects,
where physical observables depend on gauge potentials
despite the absence of local field strengths.
From a more fundamental perspective, the study of

induced currents contributes to a deeper understanding of
how boundary conditions and topological defects affect the
spectrum of quantum fluctuations. These effects are closely
related to vacuum polarization phenomena and Casimir-type
energies and may have implications in both high-energy
physics and condensed matter analog systems.
Finally, in scenarios involving defects such as screw

dislocations, cosmic strings or their analogs (disclina-
tions), the induced current density provides insight into
how quantum fields respond to the spacetime topologies
and magnetic fluxes, revealing characteristic periodicities
that are ultimately rooted in the topology of the system.
Our analysis is based on the construction of a complete set

of normalized mode functions for the Klein-Gordon equa-
tion in this background. From these solutions, we evaluate
the positive-frequency Wightman function and use it to
compute the induced current density. Particular attention is
devoted to identifying how the geometric parameters asso-
ciated with the defect and the magnetic flux influence the
behavior of the vacuum current.
The paper is organized as follows. In Sec. II, we

introduce the spacetime geometry of the cosmic dispiration
and derive the corresponding solutions of the Klein-Gordon
equation. In Sec. III, we construct the Wightman function
and evaluate the vacuum-induced current density. Finally,
in Sec. IV, we summarize our main results and discuss their
physical implications.
Through this paper, we use natural units in which both

the Planck constant and the speed of light are set equal to
one, ℏ ¼ c ¼ 1.

II. THE SPACETIME GEOMETRY AND
KLEIN-GORDON EQUATION

In this section, we focus on a (Dþ 1)-dimensional
cosmic dispiration background whose global structure is
determined by the simultaneous presence of a conical defect,
like a cosmic string, and a helical distortion, characterizing a
screw dislocation. The scalar field dynamics is described by
the Klein-Gordon equation, whose mode solutions are
constructed by imposing regularity at the symmetry axis.
Within this setting, we analyze how the geometric and
topological properties of the background manifest in the
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VEVs of physical quantities, with particular emphasis on the
induced current density.
We begin by considering the line element describing a

(Dþ 1)-dimensional cosmic dispiration spacetime, written
in generalized cylindrical coordinates as [8]

ds2 ¼ dt2 − dr2 − r2dϕ2 − ðdzþ κdϕÞ2 −
XD
i¼4

ðdxiÞ2: ð1Þ

Here, κ is a constant parameter that characterizes the screw
dislocation. The coordinates ðt; r;ϕ; z; x4;…; xDÞ span the
ranges

r ≥ 0; 0 ≤ ϕ ≤ ϕ0 ¼
2π

q
;

−∞ < ðt; z; xiÞ < þ∞; i ¼ 4;…; D: ð2Þ

The parameter q ≥ 1 encodes the presence of the cosmic
string, which is assumed to lie along the (D − 2)-dimen-
sional hypersurface defined by r ¼ 0. In the particular case
D ¼ 3, this parameter is related to the linear mass density
μ0 of the string through the relation

q−1 ¼ 1 − 4Gμ0; ð3Þ

where G denotes Newton’s gravitational constant.
The nontrivial topology of the spacetime can also be

implemented by considering the identification condition

ðr;ϕ; Z; x4;…; xDÞ ∼ ðr;ϕþ ϕ0; Z þ p; x4;…; xDÞ; ð4Þ

in a locally flat spacetime given by

ds2 ¼ dt2 − dr2 − r2dϕ2 − dZ2 −
XD
i¼1

ðdxiÞ2; ð5Þ

which is obtained from Eq. (1) by adopting the new spatial
coordinate Z ¼ zþ κϕ. The parameter p ¼ 2πκ=q is the
helical pitch of the cosmic dispiration, as illustrated in
Fig. 1, and ϕ0 is defined in Eq. (2).
Note that, even though the physically relevant case

corresponds to D ¼ 3, we formulate the problem in a
more general setting with D ≥ 3. This extension allows us
to track how the resulting quantities are influenced by the
presence of additional spatial dimensions. Nevertheless,
particular attention will be devoted to the standard (3þ 1)-
dimensional spacetime, which represents the main physical
scenario of interest.
We consider a theoretical framework in which a charged

complex scalar field interacts with an electromagnetic gauge
field, Aμ, in a curved (Dþ 1)-dimensional cosmic dispira-
tion background. In a more general setting, a nonminimal
coupling between the scalar field and the spacetime curva-
ture may also be included. The quantum dynamics of the

system is, therefore, governed by the following field
equation:

ðD2 þm2 þ ξRÞφðxÞ ¼ 0; ð6Þ

where m is the mass of the charged field φ, R the Ricci
scalar, ξ an arbitrary numerical factor named curvature
coupling, and the differential operator D2 is defined as

D2 ¼ 1ffiffiffiffiffijgjp Dμ

� ffiffiffiffiffi
jgj

p
gμνDν

�
; ð7Þ

with Dμ ¼ ∂μ þ ieAμ and g ¼ detðgμνÞ.
In the present analysis, the cosmic dispiration is treated

as an idealized defect with a vanishingly small core. As a
consequence, the scalar curvature R is effectively described
by a Dirac delta distribution, leading to a singular con-
tribution localized at r ¼ 0, where the defect is situated [5].
This feature would, in principle, allow for an interaction
between the scalar field and the curvature through a
nonminimal coupling term concentrated at the origin. To
circumvent these localized contributions and keep the
analysis as transparent as possible, we restrict ourselves
to the minimally coupled case by setting ξ ¼ 0. The role of
nonminimal coupling in related contexts has been inves-
tigated in the literature; see, for instance, Ref. [24].

FIG. 1. Schematic representation of a cosmic dispiration with
negligible core structure. The conical structure represents the
angular deficit of the cosmic string, giving rise to a nontrivial
topology. A thin magnetic flux tube runs along the defect core,
while the red helix illustrates the screw-dislocation component of
the spacetime. The vertical separation p ¼ 2πκ=q corresponds to
the helical pitch.
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In order to proceed further, we consider a constant gauge
field given by

Aμ ¼ ð0; 0; Aϕ; 0Þ; ð8Þ

where Aϕ ¼ −qΦϕ=2π, with Φϕ being a magnetic flux. The
system under consideration, then, describes a magnetic flux
threading the core of the cosmic dispiration, as schematically
shown in Fig. 1. As we will see, this configuration induces
a nonvanishing azimuthal current density and, due to the
helical structure of the spacetime, also generates a non-
vanishing axial component, while the remaining components
vanish.
By using the line element (1), Eq. (6), for ξ ¼ 0, can be

expressed as

�
∂
2

∂t2
−
1

r
∂

∂r

�
r
∂

∂r

�
−

1

r2

�
∂

∂ϕ
− κ

∂

∂z
þ ieAϕ

�
2

−
∂
2

∂z2
−
XD
i¼4

∂
2

∂xi2
þm2

�
φðxÞ ¼ 0: ð9Þ

Given that the Hamiltonian of the system commutes both
with the angular momentum operator projected along the z-
axis, also with Lϕ ¼ −i∂ϕ, and with the linear momentum
operators pj ¼ −i∂j, for j ¼ 3;…; D, it is natural to exploit
these symmetries by adopting the following ansatz in order
to solve the partial differential equation (9), that is,

φσðxÞ ¼ CRðrÞe−iωσ tþinqϕþiνzþik·rk ; ð10Þ

where x ¼ ðt; r;ϕ; zÞ, σ stands for the set of quantum
numbers, C is a normalization constant, and rk and k
represent, respectively, the coordinates of the extra dimen-
sions and their corresponding momenta. Substituting
Eq. (10) into (9), we obtain the differential equation in r
as follows:

d2RðrÞ
dr2

þ 1

r
dRðrÞ
dr

þ
�
η2 −

β2σ
r2

�
RðrÞ ¼ 0; ð11Þ

where

ωσ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ν2 þ η2 þ k2

q
;

βσ ¼ qjðn − hþ αÞj;

α ¼ eAϕ

q
;

h ¼ κν

q
: ð12Þ

In this case, the set of quantum numbers is σ ¼ ðη; n; ν;kÞ.
Also, the parameter α above carries the magnetic flux

information since it can also be written as α ¼ − Φϕ

Φ0
, with

Φ0 ¼ 2π=e being the quantum flux.
The differential equation in (11) is recognized as a

Bessel-type equation whose general solution can be
expressed as a linear combination of the Bessel functions
of the first kind, JμðxÞ, and the second kind, NμðxÞ.
However, since the order βσ depends on the continuous
quantum number ν, the Neumann function typically exhib-
its a singular behavior at the origin, rendering it non-
square-integrable. For this reason, physical considerations
require us to discard this contribution and retain only the
regular solution at the origin given by the Bessel function
RðrÞ ¼ Jβσ ðrÞ, where βσ is defined in Eq. (12).
Knowing the regular solution at origin, r ¼ 0, we can

now determine the normalization constant C in (10) by
imposing the orthonormality conditionZ

dDx
ffiffiffiffiffi
jgj

p
φσðxÞφ�

σ0 ðxÞ ¼
1

2ωσ
δσ;σ0 ; ð13Þ

where the symbol δσ;σ0 denotes a Kronecker delta with
respect to the discrete quantum number n and Dirac delta
distributions for the continuous parameters η, ν, and k.
Substituting Eq. (10) into (13), one finds that the normali-
zation coefficient satisfies

jCj2 ¼ qη
2ωσð2πÞD−1 : ð14Þ

With this result, the properly normalized mode functions
take the form

φσðxÞ ¼
�

qη
2ωσð2πÞD−1

�1
2

Jβσ ðηrÞe−iωσ tþinqϕþiνzþik·rk :

ð15Þ

Alternatively, by expressing the solution in terms of the
coordinate system ðt; r;ϕ; Z; x4;…; xDÞ, one obtains a
mode function that explicitly satisfies the identification
condition given in Eq. (4). In this representation, the
general solution can be written as

φσðxÞ ¼
�

qη
2ωσð2πÞD−1

�1
2

Jβσ ðηrÞe−iωσ tþiðnq−κνÞϕþiνZþik·rk :

ð16Þ

Note that the mode functions expressed in Eqs. (15)
and (16) are physically equivalent, yielding identical
observable quantities despite their different coordinate
representations.
It is worth emphasizing that the structure of the mode

functions derived above indicates that the quantity entering
the order of the Bessel function in Eq. (16) is effectively
shifted according to
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n ⟶ qðn − hþ αÞ ð17Þ

when compared to the corresponding expression in
Minkowski spacetime. This modification admits a clear
physical interpretation. The shift is not exclusively a
consequence of the nontrivial topology of the background
geometry, encoded in the parameters κ and q, but also arises
due to the presence of a magnetic flux, codified in α. From a
quantum-mechanical perspective, this can be interpreted as
an effective redefinition of the angular momentum quantum
number, analogous to the minimal coupling prescription in
the presence of a vector potential, originally considered by
Aharonov and Bohm [25]. Such a feature is a characteristic
signature of an Aharonov-Bohm-type effect [26,27], in
which quantum modes acquire a phase that depends on
the magnetic flux, even in regions where the associated field
strength vanishes. Consequently, the system realizes a
combined geometric and gauge-induced Aharonov-Bohm
effect, where both the global properties of the spacetime
and the magnetic flux contribute to observable quantum
phenomena.
With the complete set of normalized mode functions at

hand, we are now in a position to proceed further. In the
following section, we will employ these solutions to con-
struct the two-point Wightman function and subsequently
evaluate the induced current density.

III. WIGHTMAN FUNCTION AND INDUCED
CURRENT DENSITY

Following the standard field quantization procedure, the
field operator can be written as

φ̂ðxÞ ¼
X
σ

ðaσφσðxÞ þ a†σφ�
σðxÞÞ; ð18Þ

where φσðxÞ is given by (16), and φ�
σðxÞ denotes its

complex conjugate. The operators aσ and a†σ are the
annihilation and creation operators, respectively, satisfying
the standard commutation relation ½aσ; a†σ0 � ¼ δσ;σ0 . The
summation symbol above is defined as

X
σ

≡
Z

dkðD−3Þ
Z

∞

−∞
dν

Z
∞

0

dη
X∞
n¼−∞

: ð19Þ

Once the vacuum state j0i is defined for the quantum field
in (18), it follows that aσj0i ¼ 0 and h0ja†σ ¼ 0.
The requirement that the radial solution given in (16)

remains regular at the origin, together with the interplay
between the topological parameters κ and q and the
magnetic flux encoded in α, leads to a nontrivial modifi-
cation of the vacuum structure. As a consequence, the
spectrum of vacuum fluctuations, as well as the correspond-
ing VEVs of physical observables, acquire a dependence
on these parameters. To evaluate the impact of these

modifications on the physical observables, it is essential
to consider the positive-frequency Wightman function [28],

Wðx; x0Þ ¼ h0jφ̂ðxÞφ̂†ðx0Þj0i; ð20Þ

which plays a central role in our analysis. Expanding the
field operator in terms of the complete set of normalized
mode functions fφσðxÞ;φ�

σðxÞg, as given in Eq. (16), the
Wightman function can be expressed as the mode sum

Wðx; x0Þ ¼
X
σ

φσðxÞφ�
σðx0Þ: ð21Þ

Substituting Eq. (16) into the expression above, the
Wightman function can be written as

Wðx; x0Þ ¼ q
2ð2πÞD−1

X
σ

e−iωσΔtþik·Δrk

ωσ

× eiqðn−hÞΔϕþiνΔZηJβσ ðηrÞJβσ ðηr0Þ; ð22Þ

where Δt ¼ t − t0, ΔZ ¼ Z − Z0, Δrk ¼ rk − r0k, and

Δϕ ¼ ϕ − ϕ0. To proceed with the evaluation of the
expression above, we make use of the following integral
representation:

e−ωσΔτ

ωσ
¼ 2ffiffiffi

π
p

Z
∞

0

dse−s
2ω2

σ−Δτ2

4s2 : ð23Þ

By setting Δτ ¼ iΔt (Wick rotation), substituting this
representation into Eq. (22), and taking into account (19),
the integration over the continuous modes k ¼ ðk4;…; kDÞ
can be performed. The integration over the variable η is then
carried out by employing the identity

Z
∞

0

dη ηJγðηrÞJγðηr0Þe−s2η2 ¼
1

2s2
e−

r2þr02
4s2 IγðwÞ; ð24Þ

where w ¼ rr0
2s2 and IγðxÞ is the modified Bessel function of

the first kind. After considering these steps, the Wightman
function can be expressed as

Wðx; x0Þ ¼ q

2ð2πÞDþ2
2 ðrr0ÞD−2

2

×
Z

∞

0

dww
D−4
2 e−

m2rr0
2w −wΔζ2

2rr0 Iðw; κ; qÞ; ð25Þ

where Δζ2 ¼ Δτ2 þ Δr2jj þ r2 þ r02 and the function
Iðw; κ; qÞ is defined by

Iðw; κ; qÞ ¼
Z

∞

−∞

qdh
κ

e−
q2rr0h2
2wκ2

þiqhΔZκ

X∞
n¼−∞

eiqðn−hÞΔϕIβσ ðwÞ:

ð26Þ
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The representation of the Wightman function given in
Eq. (25) will be useful for the evaluation of the induced
current density in the next section.
We now focus on the evaluation of the VEV of the

bosonic current density operator, given by

jμðxÞ ¼ ie½φ̂�ðxÞDμφ̂ðxÞ − ðDμφ̂Þ�φ̂ðxÞ�
¼ ie½φ̂�ðxÞ∂μφ̂ðxÞ − φ̂ðxÞð∂μφ̂ðxÞÞ��
− 2e2AμðxÞjφ̂ðxÞj2: ð27Þ

Its VEV can be evaluated in terms of the positive-frequency
Wightman function as

hjμðxÞi ¼ ie lim
x0→x

fð∂μ − ∂
0
μÞWðx; x0Þ þ 2ieAμðxÞWðx; x0Þg:

ð28Þ

This expression is a periodic function of the magnetic flux
Φϕ, with period equal to the quantum flux. This property
becomes explicit by expressing the parameter α in (12) as

α ¼ n0 þ α0; with jα0j <
1

2
; ð29Þ

where n0 is an integer that can be absorbed into a
redefinition of the summation index n appearing in (26).
With this decomposition, the VEV of the current density
depends only on the fractional part α0, being insensitive to
the integer contribution. As a consequence, the dependence
on α0 is periodic, reflecting the underlying Aharonov-
Bohm nature of the effect, as already discussed.
The components of the induced current (28) all vanish,

except for the azimuthal and axial components. This
behavior is consistent with the symmetry of the physical
system, which consists of a cosmic dispiration spacetime
threaded by a magnetic flux along the core of the defect, as
illustrated in Fig. 1. While the azimuthal component is
associated with the circular symmetry around the defect,
the axial component arises due to the helical structure of the
spacetime.
Before proceeding with the evaluation of the vacuum

current density, let us briefly comment on its ultraviolet
behavior. Although the Wightman function in Eq. (25)
contains the standard local singularity, the corresponding
Minkowski contribution to the current density vanishes
identically. Indeed, after the action of the operator ð∂μ − ∂

0
μÞ

and taking the coincidence limit, the Minkowski contribu-
tion has the generic structure

hjμiM ∝
Z

dDkkμFðk2Þ; ð30Þ

where Fðk2Þ is an even function of the momentum. Since
the integrand is odd under kμ → −kμ, the integral vanishes
by parity. Hence, the local Minkowski sector does not
contribute to the vacuum current density, and the resulting
current is entirely determined by the finite topological
contribution induced by the cosmic dispiration and the
magnetic flux. This contrasts with observables such as the
vacuum energy density, for which the corresponding
momentum integrals contain even powers of the momen-
tum and generally require ultraviolet renormalization.

A. Azimuthal current density

A nonvanishing contribution arises from the azimuthal
component, hjϕðxÞi, which can be obtained by rewriting
Eq. (28) as

hjϕðxÞi ¼ 2ie lim
x0→x

f∂ΔϕWðx; x0Þ þ ieAϕðxÞWðx; x0Þg: ð31Þ

Differentiating Eq. (25) with respect to Δϕ and taking the
coincidence limit, x0 → x, we obtain

hjϕðxÞi ¼ −
eq

ð2πÞDþ2
2 rD−2

Z
∞

0

dww
D−4
2 e−

m2r2
2w −wJ ϕðwÞ;

ð32Þ
where

J ϕðwÞ ¼
Z

∞

−∞

qdh
κ

e−
q2r2h2

2wκ2
X∞
n¼−∞

βσIβσðwÞ: ð33Þ

In Appendix A, we derive a more convenient expression
for Eq. (33), given by Eq. (A8). After substituting Eq. (A8)
into Eq. (32), we will have to perform the integral in w. This
can be done with the aid of the relationZ

∞

0

dww
D−1
2 e−

m2r2
2w −p2j2w

2r2
−2ws2

¼ 2ðmrÞDþ1fDþ1
2

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjpÞ2 þ ð2rsÞ2

q �
; ð34Þ

where we have defined

fbðxÞ ¼
KbðxÞ
xb

; ð35Þ

with KbðxÞ being the Macdonald function. Hence, the
azimuthal contravariant current density is obtained as

hjϕðxÞi ¼ 4emDþ1

ð2πÞDþ1
2

(X½q=2�
l¼1

sinð2lπ=qÞ sinð2lπα0ÞfDþ1
2

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðplÞ2 þ ð2rslÞ2

q �

þ q
2π2

Z
∞

0

dy sinh y
X∞
n¼−∞

Snðy; α0; qÞfDþ1
2

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpnÞ2 þ ð2rsyÞ2

q �)
; ð36Þ
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where sl ¼ sinðlπ=qÞ, sy ¼ coshðy=2Þ, and ½q=2� denotes
the integer part of q=2. In the special case q ¼ 2g, with g
being an integer, the term corresponding to l ¼ q=2 must
be taken with a weight factor of 1=2. The function Sn is
given by

Snðy; α0; qÞ ¼
�
qy
2π

�
sinð2πnα0Þ�

n − q
2

�
2 þ

�
qy
2π

�
2
: ð37Þ

For large values of mr ≫ 1 and mκ ≫ 1, or when one of
these parameters is kept fixed while the other increases, the
induced current, (36), is exponentially suppressed due to the
asymptotic behavior of the Macdonald function for large
arguments, namely, KbðxÞ ≃

ffiffiffiffi
π
2x

p
e−x [29]. This behavior is

illustrated, for D ¼ 3, in the bottom panels of Fig. 2. In
contrast, the small-argument limit yields the massless case
for the induced current density, as will be discussed next.
The massless limit of the current density in Eq. (36) can

be obtained by making use of the following relation [29]:

lim
z→0

zb KbðnzÞ ¼
2b−1ΓðbÞ

nb

¼
2
D−1
2 Γ

�
Dþ1
2

�
n

Dþ1
2

; ð38Þ

where b ¼ Dþ1
2

in the present case. This leads to

hjϕðxÞi ¼
2eΓ

�
Dþ1
2

�
π

Dþ1
2

(X½q=2�
l¼1

sinð2πl=qÞ sinð2πlα0Þ
½ðplÞ2 þ ð2rslÞ2�Dþ1

2

þ q
2π2

Z
∞

0

dy sinh y
X∞
n¼−∞

Snðy;α0; qÞ
½ðpnÞ2 þ ð2rsyÞ2�Dþ1

2

)
:

ð39Þ

Thus, Eqs. (36) and (39) describe the induced azimuthal
currents for the massive and massless charged scalar fields,
respectively. As can be seen, both expressions encode the
effects of the spacetime topology and the magnetic flux
through the parameters q, κ, and α0. In particular, for
α0 ¼ 0 and α0 ¼ 1=2, the induced currents vanish. Also in
both expressions, for q < 2, the first term on the rhs is
absent, and only the second term, involving the integral
over y, contributes. Specifically, for q ¼ 1, only the
contribution due to the screw dislocation survives through
the second term. Another noteworthy feature is that, for
κ ≠ 0, the induced currents remain finite and nonzero at the
origin, r ¼ 0. In the massless case, Eq. (39) behaves
as hjϕðxÞi ∝ κ−ðDþ1Þ.

FIG. 2. Plot of the induced current, (40), in dimensionless form as a function of α0 (top panels) and as a function ofmκ andmr (bottom
panels), for different values of q. In the top left panel, we setmr ¼ 1 andmκ ¼ 0, whereas in the top right panel we takemr ¼ mκ ¼ 1.
In the bottom panels, we fix α0 ¼ 0.25, with mr ¼ 1 in the left panel and mκ ¼ 1 in the right panel.
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The case κ ¼ 0 corresponds to the induced current in a
cosmic string spacetime in the presence of a magnetic flux
and has been previously investigated in Refs. [11,12]. In
Appendix C, we demonstrate that the sum over n of the
function Snðy; α0; qÞ in Eqs. (36) and (39), upon setting
κ ¼ 0, can be expressed in closed form in terms of hyper-
bolic functions, as given in Eq. (C21). Substituting this result
into Eqs. (36) and (39), we recover the expressions obtained
in Refs. [11,12]. Therefore, our results are in full agreement
with those previously reported in the literature.

1. Case D= 3

We now turn to the analysis of the induced current in the
(3þ 1)-dimensional spacetime. By setting D ¼ 3 in
Eq. (36), we obtain the corresponding expression for the
azimuthal current associated with a massive scalar field.
This particular case allows for a more direct inspection of
the induced current in a physically relevant system. In this
case, we find

hjϕðxÞi ¼ em4

π2

(X½q=2�
l¼1

sinð2πl=qÞ sinð2πlα0Þf2
�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðplÞ2 þ ð2rslÞ2

q �

þ q
2π2

Z
∞

0

dy sinh y
X∞
n¼−∞

Snðy; α0; qÞf2
�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpnÞ2 þ ð2rsyÞ2

q �)
: ð40Þ

This expression is displayed in Fig. 2 in dimensionless form
as a function of α0, mκ, and mr for different values of q, as
indicated in the legend. The top panels show the periodic
dependence of the induced current on α0, as expected. In the
top left panel, we setmr ¼ 1 andmκ ¼ 0, whereas in the top
right panel we take mr ¼ mκ ¼ 1. A comparison between
these panels shows that the presence of the screw dislocation
parameter κ leads to a suppression of the magnitude of the
induced current.
In the bottom panels, where the induced current is shown

as a function of mκ and mr, we fix mr ¼ 1 in the left panel
and mκ ¼ 1 in the right panel. In both cases, we take
α0 ¼ 0.25. These plots indicate the suppression of the
induced current for large values of mκ and mr. At mκ ¼ 0
(or mr ¼ 0), corresponding to the horizontal axis, the
current approaches constant values associated with the
massless limit.
It is worth noting that a divergence arises when both κ

and r vanish in Eq. (40). Accordingly, in the bottom left
panel, if we considered smaller values of mr, the curves

would tend to diverge asmκ → 0, whereas for larger values
ofmr, the suppression would become more pronounced. In
contrast, in the bottom right panel, if we took small values
of mκ, the curves would tend to diverge as mr → 0, while
for larger values of mκ the suppression would become
enhanced.
For D ¼ 3, the massless scalar field case follows from

Eq. (39) and can be written as

hjϕðxÞi ¼ 2e
π2

(X½q=2�
l¼1

sinð2lπ=qÞ sinð2lπα0Þ
½ðplÞ2 þ ð2rslÞ2�2

þ q
2π2

Z
∞

0

dy sinh y
X∞
n¼−∞

Snðy; α0; qÞ
½ðpnÞ2 þ ð2rsyÞ2�2

)
:

ð41Þ
This expression is displayed in Fig. 3 in dimensionless

form as a function of α0 (left panel) and of r=κ (right panel).
In the left panel, we fix r=κ ¼ 1, whereas in the right panel

FIG. 3. Plot of the induced current, (41), in dimensionless form as a function of α0 (left panel) and of r=κ (right panel), for different
values of q. In the left panel, we fix r=κ ¼ 1, whereas in the right panel we take α0 ¼ 0.25.
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we take α0 ¼ 0.25. The periodic dependence of the induced
current on α0 is clearly observed, along with a strong
suppression for large values of r=κ. At r=κ ¼ 0, the current
attains values consistent with the behavior hjϕðxÞi ∝ κ−4.

B. Axial current density

As a consequence of the helical structure of the defect, an
additional nonvanishing contribution emerges from the
axial component of the current, hjZðxÞi. This component
can be obtained by rewriting Eq. (28) in the form

hjZðxÞi ¼ 2ie lim
x0→x

∂ΔZWðx; x0Þ: ð42Þ

By differentiating Eq. (25) with respect to ΔZ and sub-
sequently taking the coincidence limit, x0 → x, we obtain

hjZðxÞi ¼−
eq

ð2πÞDþ2
2 rD−2

Z
∞

0

dww
D−4
2 e−

m2r2
2w −wJ ZðwÞ; ð43Þ

where

J ZðwÞ ¼
q2

κ2

Z
∞

−∞
hdhe−

q2r2h2

2wκ2
X∞
n¼−∞

Iβσ ðwÞ: ð44Þ

In Appendix B, we also derive a more convenient
representation for J ZðwÞ, given in Eq. (B6). Substituting
this result into Eq. (43), the remaining integral over w can
be evaluated with the aid of the relation (34). In this way,
for the contravariant component, we find

hjZðxÞi ¼ 4κemDþ1

qð2πÞD−1
2

(X½q=2�
l¼1

l sinð2lπα0ÞfDþ1
2

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðplÞ2 þ ð2rslÞ2

q �

þ q
2π2

Z
∞

0

dy
X∞
n¼−∞

Mnðy; α0; qÞfDþ1
2

�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpnÞ2 þ ð2rsyÞ2

q �)
; ð45Þ

where

Mnðy; α0; qÞ ¼
ðn − q

2
Þn sinð2πnα0Þ

ðn − q
2
Þ2 þ ðqy

2πÞ2
: ð46Þ

The sum over l above obeys the same restrictions as the corresponding sum appearing in Eq. (36). Moreover, for large
values of mr ≫ 1 and mκ ≫ 1, or when one of these parameters is kept fixed while the other increases, the induced
current (45) is exponentially suppressed. This behavior follows from the asymptotic form of the Macdonald function for
large arguments [29], as already discussed for the azimuthal component.
The massless limit of the axial current density in Eq. (45) can be obtained by making use of the limiting expression given

in Eq. (38). Consequently, we obtain

hjZðxÞi ¼ 4κeΓðDþ1
2
Þ

qπ
D−1
2

(X½q=2�
l¼1

l sinð2πlα0Þ
½ðplÞ2 þ ð2rslÞ2�Dþ1

2

þ q
2π2

Z
∞

0

dy
X∞
n¼−∞

Mnðy; α0; qÞ
½ðpnÞ2 þ ð2rsyÞ2�Dþ1

2

)
:

ð47Þ

It is worth noting that, upon setting κ ¼ 0, the axial current
densities, (45) and (47), vanish identically. This result
reflects the decoupling between the ϕ and Z coordinates, in
which case the only nonvanishing contributions correspond
to the azimuthal components given in Eqs. (36) and (39) for
κ ¼ 0. Therefore, Eqs. (45) and (47) describe the induced
axial currents for massive and massless charged scalar
fields, respectively. These expressions, similarly to the
azimuthal component, encode the effects of both the
nontrivial spacetime topology and the magnetic flux
through the parameters q, κ, and α0. In particular, the axial
currents also vanish for α0 ¼ 0 and α0 ¼ 1=2. For κ ≠ 0,
the induced axial currents remain finite and nonvanishing at

the origin, r ¼ 0. In the massless case, Eq. (47) exhibits the
behavior hjZðxÞi ∝ κ−D.

1. Case D= 3

For the massive axial current, by specifying D ¼ 3 in
Eq. (45), we obtain the corresponding expression in four-
dimensional spacetime. Analogously to the azimuthal cur-
rent, this case is also of particular physical interest, as it
allows for a more direct comparison with realistic models
and facilitates the analysis of the behavior of the induced
current under physically relevant conditions. In this case, we
have
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hjZðxÞi ¼ 2κem4

πq

(X½q=2�
l¼1

l sinð2lπα0Þf2
�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðplÞ2 þ ð2rslÞ2

q �

þ q
2π2

Z
∞

0

dy
X∞
n¼−∞

Mnðy; α0; qÞf2
�
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpnÞ2 þ ð2rsyÞ2

q �)
: ð48Þ

This expression is illustrated in Fig. 4 in dimensionless form
as a function of α0, mκ, and mr, for different values of q.
The top panels display the periodic dependence of the
induced current on α0. In the top left panel, we fix mr ¼ 1
and mκ ¼ 0.1, whereas in the top right panel we take
mr ¼ mκ ¼ 1. A comparison between these panels reveals
a suppression in the magnitude of the induced current asmκ
increases. At the same time, the results indicate that for
small but nonzero values of κ (e.g., mκ ¼ 0.1), the current
attains larger amplitudes compared to the case of larger κ. In
contrast, for κ ¼ 0, the axial current vanishes identically.
This behavior indicates the existence of an intermediate
regime in which the axial current is enhanced as κ departs
from zero before being suppressed for larger values of mκ.
In the bottom panels, where the induced current is

displayed as a function of mκ and mr, we fix mr ¼ 1 in

the left panel and mκ ¼ 1 in the right panel. In both cases,
we take α0 ¼ 0.25. These plots indicate a suppression of the
induced current for large values of mκ and mr. At mκ ¼ 0,
corresponding to the horizontal axis, the axial current
vanishes, in contrast to the azimuthal component, which
approaches a constant value. On the other hand, as shown in
the bottom right panel, at r ¼ 0 the axial component
assumes constant values for fixed mκ. Remarkably, no
divergence arises in this case, even when both κ and r vanish.
An additional noteworthy aspect is that an approximate

expression for (48) can be obtained in the regime of small
mκ ≪ 1. In this limit, one may set κ ¼ 0 in the arguments of
the Bessel functions appearing in Eq. (48) while retaining
the explicit dependence on κ in the overall prefactor. This
procedure leads to a linear dependence of the axial current
on the parameter κ, namely, hjZðxÞi ∝ κ. For sufficiently

FIG. 4. Plot of the induced current, (48), in dimensionless form as a function of α0 (top panels) and as a function ofmκ andmr (bottom
panels) for different values of q. In the top left panel, we setmr ¼ 1 andmκ ¼ 0.1, whereas in the top right panel we takemr ¼ mκ ¼ 1.
In the bottom panels, we fix α0 ¼ 0.25, with mr ¼ 1 in the left panel and mκ ¼ 1 in the right panel.
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small values of mκ, this behavior is clearly illustrated in the
bottom left panel of Fig. 4. This behavior is also present for
a generic number of spatial dimensions D, both in the
massive and massless cases.
For D ¼ 3, the massless scalar field case follows from

Eqs. (47) and (38), yielding the corresponding expression
for the axial current in (3þ 1)-dimensional spacetime, i.e.,

hjZðxÞi ¼ 4κe
qπ

(X½q=2�
l¼1

l sinð2πlα0Þ
½ðplÞ2 þ ð2rslÞ2�2

þ q
2π2

Z
∞

0

dy
X∞
n¼−∞

Mnðy; α0; qÞ
½ðpnÞ2 þ ð2rsyÞ2�2

)
: ð49Þ

This expression is displayed in Fig. 5 in dimensionless
form as a function of α0 (left panel) and of r=κ (right panel).
In the left panel, we fix r=κ ¼ 1, whereas in the right panel,
we take α0 ¼ 0.25. The periodic dependence of the induced
current on α0 is again observed, along with a strong
suppression for large values of r=κ. At r=κ ¼ 0, the current
attains values consistent with the behavior hjZðxÞi ∝ κ−3.
This corresponds to a power-law dependence distinct from
that of the massless azimuthal component, indicating that
the axial current decays more slowly with κ at the origin.
Overall, the results obtained in this section highlight the

combined role of topology and gauge fields in determining
the behavior of the induced currents. The dependence on
the parameter α0 reflects the underlying Aharonov-Bohm-
type effect, while the suppression for large values of r=κ
reveals the interplay between the radial distance and the
screw dislocation parameter. These features arise consis-
tently in both the massive and massless cases for the
azimuthal and axial current densities, thereby reinforcing
the robustness of the physical effects discussed.

IV. CONCLUSIONS AND REMARKS

In this work, we have investigated the vacuum-induced
current density associated with a charged scalar field in a
(Dþ 1)-dimensional cosmic dispiration spacetime threaded

by a magnetic flux. This background combines a conical
defect, characterized by the parameter q, with a screw
dislocation encoded in the parameter κ, providing a non-
trivial global structure despite being locally flat.
By constructing a complete set of normalized solutions of

the Klein-Gordon equation, we have obtained the positive-
frequency Wightman function and used it to evaluate
the vacuum expectation value of the current density. Our
analysis shows that, in addition to the azimuthal component,
hjϕðxÞi, which describes a persistent vacuum current
circulating around the defect, a nonvanishing axial compo-
nent, hjZðxÞi, is also induced. The latter arises as a direct
consequence of the helical structure of the spacetime,
reflecting the nontrivial coupling between the angular
and longitudinal coordinates.
A central result of this work is the derivation of closed

expressions for both components of the induced current
density for massive and massless fields in arbitrary dimen-
sions. These expressions clearly reveal the interplay
between geometry, topology, and gauge fields in determin-
ing the vacuum polarization effects.
We have shown that both components of the induced

current are periodic functions of the magnetic flux, depend-
ing only on its fractional part, α0. This behavior reflects the
Aharonov-Bohm nature of the effect, where physical
observables are sensitive to the gauge potential even in
regions where the corresponding field strength vanishes. In
particular, both currents vanish for α0 ¼ 0 and α0 ¼ 1=2.
An important feature of our results is the role played by

the screw dislocation parameter κ. While the azimuthal
current persists even in the absence of the dislocation, the
axial component is entirely induced by it and vanishes for
κ ¼ 0. Moreover, in contrast to the case of a pure cosmic
string, the presence of κ leads to a finite and well-defined
current density at the position of the defect, r ¼ 0. In this
sense, the helical torsion associated with the dispiration acts
as an effective regulator. In the massless case, at the origin,
both the azimuthal and axial currents exhibit a power-law
dependence on κ, highlighting its role as the relevant scale
controlling the behavior of vacuum fluctuations.

FIG. 5. Plot of the induced current, (49), in dimensionless form as a function of α0 (left panel) and of r=κ (right panel) for different
values of q. In the left panel, we fix r=κ ¼ 1, whereas in the right panel, we take α0 ¼ 0.25.

VACUUM-INDUCED CURRENT DENSITY FROM A MAGNETIC … PHYS. REV. D 114, 025007 (2026)

025007-11



We have also analyzed the asymptotic behavior of the
induced currents. For large values of the parameters mr and
mκ, both components are exponentially suppressed, reflect-
ing the short-range nature of vacuum polarization effects for
massive fields. In contrast, in the massless limit, the currents
display long-range behavior governed by inverse power
laws, making the topological effects more pronounced.
Our results reduce, in the limit κ → 0, to the known

expressions for the induced current in a cosmic string
spacetime with a magnetic flux, providing a nontrivial
consistency check of the formalism. This demonstrates that
the present analysis extends previous results by systemati-
cally incorporating the effects of helical torsion due to the
screw dislocation.
From a physical perspective, the induced current densities

can be interpreted as manifestations of vacuum polarization
in a nontrivial topological and gauge background. In
semiclassical approaches, such currents act as sources in
Maxwell’s equations and may lead to observable electro-
magnetic effects. Moreover, the sensitivity of the currents to
global properties of the spacetime reinforces the inherently
nonlocal character of quantum vacuum phenomena.
Finally, the results presented here may also find appli-

cations in analogous condensed matter systems, where
defects such as disclinations and screw dislocations can be
effectively described by similar geometrical frameworks. In
this context, the induced currents analyzed in this work
may correspond to measurable persistent currents, provid-
ing a bridge between high-energy physics and condensed
matter realizations.
Possible extensions of this work include the investigation

of fermionic fields, finite temperature effects, and the
inclusion of nonminimal coupling between the scalar field
and curvature. Another interesting direction would be the
analysis of backreaction effects, where the induced currents
are incorporated as sources in the dynamical equations for
the gauge field.
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APPENDIX A: EXPRESSION FOR THE
FUNCTION J ϕðwÞ

Our goal in this appendix is to derive a more convenient
representation for the function defined in Eq. (33), which,

for convenience, we reproduce here. That is,

J ϕðwÞ ¼
Z

∞

−∞

qdh
κ

e−
q2r2h2

2wκ2
X∞
n¼−∞

βσIβσðwÞ; ðA1Þ

where βσ ¼ qjn − hþ α0j, and Iβσ ðwÞ denotes the modi-
fied Bessel function of the first kind.
By making use of the delta-function propertyR
dzδðz − z0ÞgðzÞ ¼ gðz0Þ, together with the Poisson sum-

mation formula,

2π
X∞
n¼−∞

δðb − 2πnÞ ¼
X∞
n¼−∞

eibn; ðA2Þ

we obtain, upon setting b ¼ 2πðxþ h − α0Þ,

J ϕðwÞ ¼
X∞
n¼−∞

Z
∞

−∞

qdh
κ

e−
q2r2h2

2wκ2
þi2πhn

×
Z

∞

−∞
dxei2πnðx−α0ÞqxIqjxjðwÞ: ðA3Þ

We can now carry out the integration over h and
decompose the integral over x into two parts. This yields

J ϕðwÞ ¼ −
2ið2πwÞ12

r

X∞
n¼−∞

sinð2πnα0Þe−
p2n2w

2r2

×
Z

∞

0

dxei2πnxqxIqxðwÞ; ðA4Þ

where p ¼ 2πκ=q represents the helical pitch of the cosmic
dispiration.
We next make use of the recurrence relation [29],

qxIqxðwÞ ¼ −w
d
dw

IqxðwÞ þ wIqx−1ðwÞ; ðA5Þ

together with the integral representation of the modified
Bessel function,

IγðwÞ ¼
1

π

Z
π

0

ew cos θ cosðγθÞdθ − sinðπγÞ
π

×
Z

∞

0

e−w cosh y−γydy; ðA6Þ

to show that

Iqx−1ðwÞ ¼
d
dw

IqxðwÞ þ
1

π

Z
π

0

dθew cos θ sin θ sinðqxθÞ

þ sinðqπxÞ
π

Z
∞

0

dye−w coshy sinh ye−qxy: ðA7Þ

Consequently, upon substituting Eqs. (A5) and (A7) into
Eq. (A4), we can perform the integration over x, yielding
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J ϕðwÞ ¼
2ð2πÞ12w3

2

qr

X½q=2�
l¼1

e−
p2l2w

2r2 sinð2πl=qÞ sinð2πlα0Þew cosð2πl=qÞ

þ ð2πÞ12w3
2

π2r

Z
∞

0

dye−w cosh y sinh y
X∞
n¼−∞

e−
p2n2w

2r2 Snðy; α0; qÞ; ðA8Þ

where we have defined

Snðy; α0; qÞ ¼
ðqy
2πÞ sinð2πnα0Þ
ðn − q

2
Þ2 þ ðqy

2πÞ2
: ðA9Þ

The sum over l in Eq. (A8) originally obeys the restriction

−
q
2
< l <

q
2
; ðA10Þ

which can be decomposed into two equal contributions
ranging from l ¼ 1 to l ¼ ½q=2�, where ½q=2� denotes the
integer part of q=2. In the special case q ¼ 2g, with g an
integer, the term corresponding to l ¼ q=2 must be taken
with a weight factor of 1=2. Moreover, the first term on the
rhs exists only for q ≥ 2; otherwise, it is absent. With this
result at hand, we can further develop the azimuthal current
density given in Eq. (32), leading to the closed-form
expressions in Eqs. (36) and (39).

APPENDIX B: EXPRESSION FOR THE
FUNCTION J ZðwÞ

Let us nowwork out an expression for the functionJ ZðwÞ,
defined in Eq. (44). We start by writing it here again, i.e.,

J ZðwÞ ¼
q2

κ2

Z
∞

−∞
hdhe−

q2r2h2

2wκ2
X∞
n¼−∞

Iβσ ðwÞ: ðB1Þ

Upon making use of the Poisson summation formula in
Eq. (A2), with b ¼ 2πðxþ h − α0Þ, and performing the
integration over h, we have

J ZðwÞ ¼
iκð2πwÞ32

qr3
X∞
n¼−∞

ne−
p2n2w

2r2

Z
∞

−∞
dxei2πnðx−α0ÞIqjxjðwÞ

¼ iκð2πwÞ32
qr3

ðT1 þ T2Þ; ðB2Þ

where using the integral representation, (A6), we can
separate the expression above into two terms, T1 and T2.
The contribution T1 comes from the first term on the rhs
of (A6), that is,

T1 ¼
1

π

X∞
n¼−∞

ne−
p2n2w

2r2

Z
∞

−∞
dxei2πnðx−α0Þ

×
Z

π

0

dθew cos θ cosðqxθÞ

¼ 1

q

X
l

le−
p2l2w

2r2 ew cosð2πl=qÞe−i2πlα0 ; ðB3Þ

where l obeys the restriction in Eq. (A10).
The second contribution, T2, on the other hand, comes

from the second term on the rhs of (A6). This can be
written as

T2 ¼ −
1

π

X∞
n¼−∞

ne−
p2n2w

2r2

Z
∞

−∞
dx sinðqjxjπÞei2πnðx−α0Þ

Z
∞

0

dye−w cosh y−qjxjy

¼ 2i
π

X∞
n¼−∞

n sinð2πnα0Þe−
p2n2w

2r2

Z
∞

0

dye−w cosh y

Z
∞

0

dx sinðqxπÞei2πnx−qxy

¼ −
i
π2

Z
∞

0

dye−w cosh y
X∞
n¼−∞

e−
p2n2w

2r2 Mnðy; α0; qÞ; ðB4Þ

where

Mnðy; α0; qÞ ¼
�
n − q

2

�
n sinð2πnα0Þ�

n − q
2

�
2 þ

�
qy
2π

�
2

: ðB5Þ

Consequently, from Eqs. (B2)–(B4), we obtain
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J ZðwÞ ¼
2κð2πwÞ32
q2r3

X½q=2�
l¼1

l sinð2πlα0Þe−
p2l2w

2r2 ew cosð2πl=qÞ

þ κð2πwÞ32
qr3π2

Z
∞

0

dye−w cosh y

×
X∞
n¼−∞

e−
p2n2w

2r2 Mnðy; α0; qÞ: ðB6Þ

Note that the same discussion made below Eq. (A10) for
the sum in l also applies for the expression above.
Unfortunately, the sum over n in Eqs. (A8) and (B6) does

not admit a closed-form analytical expression. However,
upon setting κ ¼ 0 in Eq. (A8), the series over n of
Snðy; α0; qÞ can be evaluated analytically, which will be
demonstrated next. For a null κ, the expression in Eq. (B6)
vanishes. This shows that when ϕ decouples from Z, the
only nonzero component of the induced current is the
azimuthal one.

APPENDIX C: EVALUATION OF THE SERIES
OVER n FOR THE FUNCTION Snðy;α0; qÞ

As stated before, the sum over n in Eq. (A8) does not
admit a closed-form expression. However, in the particular
case κ ¼ 0, the series can be evaluated explicitly. In this
appendix, we focus on deriving an analytical expression for
the resulting series, which we write as

X∞
n¼−∞

Snðy; α0; qÞ ¼
X∞
n¼−∞

A sinð2πnα0Þ
ðn − aÞ2 þ A2

; ðC1Þ

where we have defined

A ¼ qy
2π

; a ¼ q
2
: ðC2Þ

We can now express Eq. (C1) in terms of the imaginary
part of the expression below, i.e.,

X∞
n¼−∞

Sn ¼ A Im

" X∞
n¼−∞

ei2πnα0

ðn − aÞ2 þ A2

#
: ðC3Þ

This representation allows us to apply the Poisson sum-
mation formula,

X∞
n¼−∞

fðnÞ ¼
X∞
k¼−∞

f̃ðkÞ; ðC4Þ

where

f̃ðkÞ ¼
Z

∞

−∞
dxfðxÞe−i2πkx7 ðC5Þ

is the Fourier transform of the function fðxÞ.

From Eq. (C3), we then define

fðxÞ ¼ ei2πα0x

ðx − aÞ2 þ A2
: ðC6Þ

Consequently, the integral in Eq. (C5) becomes

f̃ðkÞ ¼
Z

∞

−∞

ei2πðα0−kÞx

ðx − aÞ2 þ A2
dx: ðC7Þ

By performing the change of variable u ¼ x − a,
we obtain

f̃ðkÞ ¼ ei2πðα0−kÞa
Z

∞

−∞

ei2πðα0−kÞu

u2 þ A2
du: ðC8Þ

Using the standard integralZ
∞

−∞

eiλu

u2 þ A2
du ¼ π

A
e−Ajλj; ðC9Þ

we can evaluate the integral in Eq. (C8), yielding

f̃ðkÞ ¼ π

A
ei2πðα0−kÞae−2πAjα0−kj: ðC10Þ

Thus, from Eq. (C4), we obtain

X∞
n¼−∞

ei2πnα0

ðn − aÞ2 þ A2
¼ π

A

X∞
k¼−∞

ei2πðα0−kÞae−2πAjα0−kj

≡ π

A
S: ðC11Þ

In the present analysis, we assume −1=2 < α0 < 1=2.
For α0 > 0, the sum over k can be decomposed as

S ¼ S1 þ S2; ðC12Þ
with

S1 ¼
X
k≤0

ei2πaðα0−kÞe−2πAðα0−kÞ; ðC13Þ

S2 ¼
X
k≥1

ei2πaðα0−kÞe−2πAðk−α0Þ: ðC14Þ

By defining k ¼ −m in S1 and k ¼ m in S2, we obtain

S1 ¼
X∞
m¼0

ei2πaðα0þmÞe−2πAðα0þmÞ; ðC15Þ

S2 ¼
X∞
m¼1

ei2πaðα0−mÞe−2πAðm−α0Þ: ðC16Þ

The sums over m above are geometric series and can be
written as
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S1 ¼
e−2πAα0ei2πaα0

1 − e−2πAei2πa
ðC17Þ

and

S2 ¼
e2πAα0ei2πaα0

e2πAei2πa − 1
: ðC18Þ

Combining the above expressions, we obtain

S1 þ S2 ¼
sinhð2πAα0Þe−i2πað1−α0Þ þ sinh½2πAð1 − α0Þ�ei2πaα0

coshð2πAÞ − cosð2πaÞ : ðC19Þ

Substituting Eq. (C19) into (C12), then into (C11), and finally into (C3), after taking the imaginary part, we find

X∞
n¼−∞

Sn ¼ π
sinð2πaα0Þ sinh½2πAð1 − α0Þ� − sin½2πað1 − α0Þ� sinhð2πAα0Þ

coshð2πAÞ − cosð2πaÞ : ðC20Þ

Note that, if α0 < 0 in Eq. (C11), the resulting expression differs from the one above only by an overall minus sign.
Therefore, by using Eq. (C2), we can rewrite the above result in a form that is valid for both positive and negative values of
α0 as

X∞
n¼−∞

Snðy; α0; qÞ ¼ π
sinðqπα0Þ sinh½ð1 − jα0jÞqy� − sin½ð1 − jα0jÞqπ� sinhðqyα0Þ

coshðqyÞ − cosðqπÞ : ðC21Þ

This expression exactly reproduces the known results reported in Refs. [11,12] in the cosmic string limit, κ → 0, of
Eqs. (36) and (39).
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