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We derive the gluon transverse-momentum-dependent (TMD) operator structure of back-to-back quark-
antiquark dijet production in deep inelastic scattering at arbitrary Bjorken-x to twist-3 accuracy. Working at
leading order in the strong coupling and in the kinematic regime where the transverse momentum
imbalance of the jets is much smaller than their individual transverse momenta, we perform a systematic
gradient expansion of the quark propagator in a background gluon field. This expansion organizes multiple
interactions with the target in terms of longitudinal Wilson lines and gauge-invariant field-strength
insertions, yielding a TMD description valid beyond the strict high-energy eikonal (x → 0) approximation.
We obtain explicit cross sections for longitudinally and transversely polarized virtual photons, identifying
all contributing gluon TMD operators up to twist-3, including structures involving Fþ−, Fij, and three-
gluon correlators. The full longitudinal phase eixP

þz− associated with Bjorken-x is retained throughout. In
the small-x limit, our results reproduce the known subeikonal expressions obtained in the color glass
condensate framework, establishing a direct connection between the general-x TMD expansion and high-
energy factorization. We further reduce the operator basis using equations of motion, minimizing the
number of independent nonperturbative matrix elements entering the cross section. This work provides a
systematic foundation for extending TMD analyses of dijet production beyond leading twist, establishing a
unified operator framework valid at arbitrary Bjorken-x that smoothly interpolates between moderate- and
small-x descriptions of gluon TMDs.
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I. INTRODUCTION

Accessing gluon dynamics in nucleons and nuclei, par-
ticularly at moderate and small Bjorken-x, is a central
scientific motivation of the future Electron-Ion Collider
(EIC) [1]. Achieving this objective requires identifying
processes that are directly sensitive to the transverse-momen-
tum-dependent (TMD) structure of gluons across a wide
kinematic range. Quark-antiquark dijet production in deep
inelastic scattering (DIS) has emerged as one of the most
promising channels for accessing gluon TMDs at the EIC
[2–6]. In this process, a virtual photon with virtuality
Q2 ≡ −q2 splits into a quark-antiquark pair that subsequently

interacts with the gluon field of the target nucleon or nucleus.
The sensitivity of the dijet cross section to the transverse
momentum imbalance of the final-state jets provides direct
access to the intrinsic transverse structure of gluons [4],
making this observable central to the broader program of
nucleon and nuclear tomography [7–9].
In general kinematics, dijet production in DIS probes

gluon TMD distributions that formally receive contribu-
tions from all twists. A key simplification occurs in the
back-to-back limit, where the transverse momentum imbal-
ance of the dijet system jk1⊥ þ k2⊥j is much smaller than
the individual jet momenta k1;2⊥. In this regime, the dijet
cross section admits a TMD-factorized description, and at
leading power in 1=k21⊥ ∼ 1=k22⊥ provides access to the
Weizsäcker-Williams gluon TMD [2–4,10–13]. The back-
to-back limit has consequently been studied extensively as
a theoretically clean setting for extracting gluon TMDs
from dijet observables.
Building on earlier studies of dijet and heavy quarko-

nium production [14,15], TMD factorization for dijet
production in DIS at large-x was performed [12] within
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the soft-collinear effective theory (SCET) framework at
next-to-leading order and leading-twist approximations.
Within high-energy (small-x) factorization, dijet production
in DIS was analyzed based on the color glass condensate
(CGC) effective theory [16–20]. Back-to-back dijet pro-
duction in DIS, including leading-order (LO) as well as
next-to-leading-order (NLO) quantum corrections, was
calculated in the strict eikonal limit corresponding to x ¼ 0
in Refs. [6,11,21–23].

For realistic EIC kinematics, however, the accessible
values of x are typically ≳10−2 at perturbatively large
k21⊥ ∼ k22⊥ (see, e.g., Ref. [4]). In this regime, subeikonal
corrections associatedwith nonzerox can become significant.
This raises the question of how NLO quantum corrections
compare in importance to finite-x power corrections in the
phenomenologically relevant kinematic region.
Leading subeikonal corrections to dijet production inDIS at

LO in quantum fluctuationswere investigatedwithin the CGC
framework [24]. In the back-to-back limit, these corrections
are found to be suppressed by 1=k21;2⊥ and involve both
kinematic power corrections and genuine twist-3 gluon
operators [25].While these studies provide important insights,
they rely on the high-energy expansion inherent to the CGC
framework and are therefore restricted to the small-x regime.
To firmly establish the structure of higher-twist contri-

butions and assess their relevance for EIC phenomenology,
it is desirable to obtain these effects within a factorization
framework valid for general Bjorken-x. Such an approach
would permit transparent identification of operator struc-
tures, retains the full longitudinal phase factors appearing in
standard TMD definitions, and, simultaneously, enables
controlled comparison with the small-x limit.
In this work, we address this issue using the TMD

factorization framework recently proposed in Refs. [26,27],
hereafter referred to as the MSTT framework. This frame-
work is based on the background-field method [28], in
which QCD degrees of freedom are separated into quantum
and background modes. Importantly, unlike TMD factori-
zation, the background gluon field in the MSTT framework
carries both longitudinal and transverse momentum com-
ponents without assuming any a priori ordering between
them. Depending on the kinematic regime, the background
gluons can be nearly on-shell (the partonic limit), highly
off-shell (the small-x regime), or in intermediate configu-
rations. Consequently, the formalism retains the full
x-dependent longitudinal phase factor eixP

þz−, where Pþ
is the large light-cone momentum of the target and z− is the
light-cone separation between the gluon fields. By contrast,
subeikonal corrections in CGC calculations rely on expan-
sions in inverse powers of the collision energy and hence on
expanding the phase factor eixP

þz− in powers of x [29,30].
We apply the MSTT framework to back-to-back quark-

antiquark dijet production in DIS at leading order in αs.
Going beyond leading twist, we incorporate all kinematic
and dynamic twist-3 gluon operators contributing to the

process. Since the framework is valid for general x, our
results enable a direct and systematic comparison with
eikonal and subeikonal expressions obtained from CGC
framework. In the appropriate limit, we find full agreement
with existing subeikonal CGC results [24,25], while
providing a unified description valid for an arbitrary
Bjorken-x. Furthermore, we improve upon Ref. [25] by
expressing results in terms of a reduced set of independent
twist-3 operators related through equations of motion,
facilitating future phenomenological applications.
The remainder of this paper is organized as follows. In

Sec. II, we introduce the dijet production process in DIS,
establish our conventions, and identify the quark propaga-
tor in a background color field as the central object of
interest. In Sec. III, we evaluate this propagator using the
background-field method in the TMD kinematic limit,
systematically organizing multiple interactions with the
target field. In Sec. IVA, we construct the scattering
amplitude from these results. In Sec. IV B, we compute
the dijet cross sections for longitudinally and transversely
polarized virtual photons, compare with existing leading-
twist calculations, and discuss the extension to higher twist.
Finally, Sec. VI summarizes our findings and outlines
directions for future work.

II. GENERAL STRUCTURE OF THE DIJET
AMPLITUDE AND CROSS SECTION

In the dijet process illustrated in Fig. 1, the virtual photon
splits into a quark-antiquark pair that interacts with the
background gluon field of the target hadron. Within the
background-field approach, this interaction is represented by
multiple gluon insertions on the quark and antiquark lines,
resummed into the background-field quark propagator i=P
with Pμ ¼ pμ þ Aμ, where AμðxÞ ¼ taAa

μðxÞ is the back-
ground gauge field and ta are the generators in the

FIG. 1. Diagrammatic representation of a virtual photon γ�
splitting into a quark-antiquark pair, which interacts with the
target hadron through multiple gluon exchanges. These gluon
lines represent the background-field expansion, with each line
corresponding to one insertion of the background gluon field in
our calculation. The vertical cut separates the amplitude from its
complex conjugate; the dijet momenta are identical on the two
sides of the cut.
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fundamental representation.1 We perform the calculation
using Schwinger notation jx) and jp), which provides a
compact notation for background-field calculations (see
Appendix B for details). In this section, we establish our
conventions, define the relevant kinematic variables, and
outline the structure of the scattering amplitude and cross
section.
The amplitude for producing a quark-antiquark pair with

momenta k1 and k2 from a virtual photon of momentum q
and polarization ϵρðqÞ is

iM ¼ −ieϵρðqÞ lim
k2
1
;k2

2
→0

Z
d4ye−iq·yūðk1Þ

×

�
k1j=p

i
P
jy
�
γρ
�
y

���� iP =pj − k2

�
vðk2Þ; ð1Þ

where ūðk1Þ and vðk2Þ are the quark and antiquark spinors,
and i=P is the quark propagator in the background gluon
field that resums all interactions with the target to all orders.
To facilitate the subsequent gradient expansion, we

rewrite the amplitude in terms of the squared Dirac operator
in the background field. Using the identity

ūðk1Þ
�
k1j=p

i
P
jy
�

¼ ūðk1Þ
�
k1j=pP

i
PP

jy
�

¼ ūðk1Þk21
�
k1

���� i
P2 þ 1

2
σμνFμν

jy
�
; ð2Þ

where the last step uses on-shell reduction for the external
leg, with the factor k21 implementing the standard Lehmann-
Symanzik-Zimmermann (LSZ) reduction of the external
leg in the on-shell limit [31].2 The condition of the zero
background field in the asymptotic past is assumed. The
second equality in Eq. (2) follows from the squared Dirac
operator identity [32]

PP ¼ PμPνðgμν − iσμνÞ ¼ P2 þ 1

2
σμνFμν; ð3Þ

where σμν ¼ i
2
½γμ; γν� and we used the commutator relation

given in Eq. (E7). The additional term 1
2
σμνFμν (or in

shorthand notation, 1
2
σF) represents the standard Pauli-type

spin-field coupling. Applying the same manipulation to the
antiquark leg, the amplitude becomes

iM ¼ ieϵρðqÞ
Z

d4ye−iq·y lim
k2
1
;k2

2
→0

ūðk1Þk21
�
k1

���� 1

P2 þ 1
2
σμνFμν

����y
�
γρ
�
y

���� 1

P2 þ 1
2
σμνFμν

���� − k2

�
k22vðk2Þ: ð4Þ

This form makes the propagator structure explicit in terms
of the covariant kinetic operator ðP2 þ 1

2
σμνFμνÞ−1 and

serves as the starting point for the systematic gradient
expansion in powers of the field-strength tensor Fμν.
To compute observables from the amplitude in Eq. (4),

we express the differential cross section in terms of the
light-cone momenta of the final-state jets. In light-cone
variables, the Lorentz-invariant phase space measure for
particle i is

dk−i d
2ki⊥

2k−i ð2πÞ3
;

so that the two-particle phase space contributes a factor
ð2k−1 Þ−1ð2k−2 Þ−1. The differential cross section is then

k−1 k
−
2

dσ
đk−1 đ2k1⊥đk−2 đ2k2⊥

¼ πq−δðk−1 þ k−2 − q−ÞjiMj2;

ð5Þ

where the δ function enforces minus-momentum conser-
vation, and factors of 2π from the phase space integration

were absorbed into the definition of đ [see also Eq. (B4)] in
the differential cross section on the left-hand side.
In this work, we retain operator structures up to

dynamical twist-3 in the cross section. This includes the
leading twist-2 gluon operators involving the field-
strengths F−iF−j, as well as genuine twist-3 components.
The latter comprise three-gluon (three-body) operators,
terms containing the transverse field-strength tensor
FijF−j, and dynamical target effects encoded in Fþ−F−j.
In addition to this operator classification, we now specify

the kinematic setup and power counting employed in our
calculation. We work in a frame where the target hadron
carries a large light-cone momentum Pþ, while the incom-
ing virtual photon has no transverse momentum, q⊥ ¼ 0,
so that 2qþq− ¼ −Q2. We introduce the relative transverse
momentum P⊥ of the quark-antiquark pair, defined in the
Appendix C, which sets the hard scale of the back-to-back
configuration. With this definition, the plus and minus
components of the quark and antiquark momenta scale
parametrically as k−1;2 ∼ q− ∼ P⊥ and kþ1;2 ∼ qþ ∼ P⊥. The
individual transverse momenta are hard, k1⊥ ∼ k2⊥ ∼ P⊥,

1The corresponding field-strength tensor is FμνðxÞ ¼ taFa
μνðxÞ.

2The term ūðk1Þðk1j=pA i
P2
jyÞ vanishes due to the equations of

motion ūðkÞk ¼ 0. The pole i=p2 does not go on-shell in this case
due to the presence of the background-field A between ðk1j
and i

P2
.
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while their imbalance is parametrically small,
Δ⊥ ≡ k1⊥ þ k2⊥ ≪ P⊥. This hierarchy allows for a sys-
tematic expansion in the small parameter Δ⊥=P⊥ associ-
ated with the back-to-back limit. For dynamical twist-2
operators, this expansion generates both kinematic twist-2
and kinematic twist-3 contributions. In other words, the
power correction linear in Δ⊥=P⊥ originating from twist-2
operators is identified as kinematic twist-3.
Throughout this work, we consistently retain contribu-

tions up to twist-3 in both the dynamical and the kinematic
senses, while neglecting terms that are simultaneously
subleading in both power countings.

III. BACKGROUND-FIELD PROPAGATORS

As discussed in Sec. II, the key object in our calculation
is the quark propagator in the background field, expressed
in mixed momentum-position representation as
ðkjðP2 þ 1

2
σμνFμν þ iϵÞ−1jyÞ, evaluated in the on-shell limit

which is for massless quarks reduces to k2 → 0. In this
section, we develop a systematic approach to compute this
propagator using a gradient expansion in the background
field. First, we compute the scalar part of the propagator
ðkjðP2 þ iϵÞ−1jyÞ. We then systematically include the spin-
field coupling term 1

2
σμνFμν. Both contributions include the

full longitudinal phase structure and capture contributions
from the field-strength tensor through the gradient expan-
sion. Finally, we impose the on-shell condition k2 → 0,
which implements the LSZ reduction for external quarks
and yields the amputated propagator entering the produc-
tion amplitude in Eq. (4).

A. Scalar propagator

The main technical challenge is evaluating the propa-
gator ðkjðP2 þ iϵÞ−1jyÞ in the presence of a nontrivial
background field. Working in a frame where the target
carries momentum dominated by Pþ, with Pþ ≫ P−, we
approximate the background field as independent of light-
cone time, AμðyÞ ¼ Aμðy−; y⊥Þ. This approximation is
justified by the factorization between different kinematic
modes in the high-energy limit and allows us to treat the
background field as static in yþ. The independence of the
background field on the plus coordinate implies that the
minus-momentum operator commutes with Pμ, namely
½p−; Pμ� ¼ 0. Taking this into account and imposing the
gauge condition Aþ ¼ 0 (the so-called “wrong” light-cone
gauge [33] A− ¼ 0 for a hadron moving with large plus
momentum Pþ), we obtain

�
k

���� 1

P2 þ iϵ

����y
�

¼ 1

2k−

Z
d4xðkjxÞ

�
x

���� 1

Pþ − P2⊥
2k− þ iϵ

����y
�
;

ð6Þ

where k− denotes the minus component of the outgoing
quark momentum (k− > 0).
We now focus on evaluating the operator

ðxjðPþ − P2⊥
2k− þ iϵÞ−1jyÞ. Expanding it formally in powers

of P2⊥, we obtain

�
x

���� 1

Pþ − P2⊥
2k− þ iϵ

����y
�

¼
�
x

����
�

1

Pþ þ iϵ
þ 1

Pþ þ iϵ
P2⊥
2k−

1

Pþ þ iϵ
þ 1

Pþ þ iϵ
P2⊥
2k−

1

Pþ þ iϵ
P2⊥
2k−

1

Pþ þ iϵ
þ � � �

�����y
�
: ð7Þ

To evaluate these terms, we insert complete sets of states in the minus coordinate between each operator. Using the
resolution of identity

R
dz−jz−Þðz−j ¼ 1, the expansion can be rewritten as

�
x

���� 1

Pþ − P2⊥
2k− þ iϵ

����y
�

¼
�
x

���� 1

Pþ þ iϵ

����y
�
þ
Z

dz−
�
x

���� 1

Pþ þ iϵ

����z−
��

z−
���� P

2⊥
2k−

1

Pþ þ iϵ

����y
�

þ
Z

dz−1 dz
−
2

�
x

���� 1

Pþ þ iϵ

����z−1
��

z−1

���� P
2⊥

2k−
1

Pþ þ iϵ

����z−2
��

z−2

���� P
2⊥

2k−
1

Pþ þ iϵ

����y
�
þ � � � : ð8Þ

Since the minus momentum operator does not enter into the right-hand side, we get an overall factor of
ðxþjyþÞ ¼ δðxþ − yþÞ. The minus-coordinate integrations are performed in the Appendix E 1 and lead to the string of
Wilson lines which resum the interactions with A− background field to all orders. Thus, the above expression simplifies to

�
x

���� 1

Pþ − P2⊥
2k− þ iϵ

����y
�

¼ δðxþ − yþÞθðx− − y−Þ
�
x⊥

����
�
−i½x−; y−� −

Z
x−

y−
dz−½x−; z−� P

2⊥ðz−Þ
2k−

½z−; y−�

þ i
Z

x−

y−
dz−1 ½x−; z−1 �

P2⊥ðz−1 Þ
2k−

Z
z−
1

y−
dz−2 ½z−1 ; z−2 �

P2⊥ðz−2 Þ
2k−

½z−2 ; y−� þ � � �
�����y⊥

�
; ð9Þ
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where the square bracket denotes the Wilson line

½x−; y−�y⊥ ¼ P exp

�
i
Z

x−

y−
dz−A−ðz−; y⊥Þ

�
: ð10Þ

Throughout this work, we consider the zero background
gauge potential at the asymptotic future Aðx−→þ∞Þ→0.
In the back-to-back limit, where no finite transverse
separation is involved, transverse Wilson lines at infinity
simplify to unity and therefore do not appear explicitly in
our final expressions.
The expansion in Eq. (9) admits, in principle, an all-order

resummation in insertions of P2⊥, as discussed in Ref. [34].
Such a resummation, however, lies beyond the scope of the
present work. Our objective is to systematically isolate

leading- and subleading-twist contributions to the cross
section, including both kinematic corrections and genuinely
dynamic higher-twist effects. Within consistent twist power
counting, higher-order insertions of P2⊥ correspond to
operators of higher twist; retaining them would introduce
contributions beyond the accuracy of our analysis. As
demonstrated explicitly in Sec. IV B, it therefore suffices
to keep only the terms shown in Eq. (9) and neglect the
higher-order contributions represented by the ellipsis. We
proceed by systematically commuting all insertions ofP2⊥ in
Eq. (9) to the left, rewriting the resulting structures in terms
of gauge-invariant field-strength tensors and their covariant
derivatives. This reorganization allows us to clearly identify
the leading- and subleading-twist operator structures enter-
ing the cross section. We begin by considering

D1ðx−; y−Þ ¼
Z

x−

y−
dz−½x−; z−� P

2⊥
2k−

½z−; y−�

¼
Z

x−

y−
dz−

�
Piðx−Þ½x−; z−�

Piðz−Þ
2k−

½z−; y−� −
Z

x−

z−
dz−1 ½x−; z−1 �F−iðz−1 Þ½z−1 ; z−�

Piðz−Þ
2k−

½z−; y−�
�
; ð11Þ

where we commuted the covariant momentum operator Pi through the Wilson line ½x−; z−� using Eq. (E9). Repeated
application of this identity allows us to move all factors of Pi to the leftmost coordinate x−, yielding

D1ðx−; y−Þ ¼ ðx− − y−Þ P
2⊥ðx−Þ
2k−

½x−; y−� −
Z

x−

y−
dz−1 ðz−1 − y−Þ 2Piðx

−Þ
2k−

½x−; z−1 �F−iðz−1 Þ½z−1 ; y−�

þ 1

k−

Z
x−

y−
dz−1

Z
z−
1

y−
dz−2 ðz−2 − y−Þ½x−; z−1 �F−iðz−1 Þ½z−1 ; z−2 �F−iðz−2 Þ½z−2 ; y−�

þ 1

2k−

Z
x−

y−
dz−1 ðz−1 − y−Þ½x−; z−1 �iDiF−iðz−1 Þ½z−1 ; y−�; ð12Þ

where the difference in the minus coordinate (e.g., z−1 − y−) arises from performing the z− integration.
We apply the same strategy to the double P2⊥ insertion. The resulting expression can be written conveniently as a

convolution of the single-insertion result,

D2ðx−; y−Þ ¼
Z

x−

y−
dz−1 ½x−; z−1 �

P2⊥ðz−1 Þ
2k−

Z
z−
1

y−
dz−2 ½z−1 ; z−2 �

P2⊥ðz−2 Þ
2k−

½z−2 ; y−�

¼
Z

x−

y−
dz−2D1ðx−; z−2 Þ

P2⊥ðz−2 Þ
2k−

½z−2 ; y−�: ð13Þ

Substituting the explicit expression for D1 and commuting the P2⊥ insertions to the leftmost coordinate x− using Eqs. (E8)
and (E9), we isolate the operator structures relevant at twist-3 accuracy. As shown in Secs. IVA and IV B, only specific
operator combinations in D2ðx−; y−Þ contribute to the cross section at this order. Retaining only these terms, we obtain3

D2ðx−; y−Þ ¼
ðx− − y−Þ2

2

P4⊥ðx−Þ
ð2k−Þ2 ½x

−; y−� − 2P2⊥ðx−ÞPiðx−Þ
ð2k−Þ2

Z
x−

y−
dz−1 ðx− − y−Þðz−1 − y−Þ½x−; z−1 �F−iðz−1 Þ½z−1 ; y−�

þ 4Piðx−ÞPjðx−Þ
ð2k−Þ2

Z
x−

y−
dz−1

Z
z−
1

y−
dz−2 ðz−1 − y−Þðz−2 − y−Þ½x−; z−1 �F−jðz−1 Þ½z−1 ; z−2 �F−iðz−2 Þ½z−2 ; y−�

3For the double-insertion contributions, we neglect terms containing covariant derivatives acting on the field strength in mixed DFF
structures, as they are twist-suppressed. We also discard terms involving D2F, which correspond to higher-order kinematic twist.
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þ 2P2⊥ðx−Þ
ð2k−Þ2

Z
x−

y−
dz−1

Z
z−
1

y−
dz−2 ðx− − y−Þðz−2 − y−Þ½x−; z−1 �F−iðz−1 Þ½z−1 ; z−2 �F−iðz−2 Þ½z−2 ; y−�

þ P2⊥ðx−Þ
ð2k−Þ2

Z
x−

y−
dz−1 ðx− − y−Þðz−1 − y−Þ½x−; z−1 �iDiF−iðz−1 Þ½z−1 ; y−�

þ 2Piðx−ÞPjðx−Þ
ð2k−Þ2

Z
x−

y−
dz−1 ðz−1 − y−Þ2½x−; z−1 �iDjF−iðz−1 Þ½z−1 ; y−�: ð14Þ

Collecting the contributions from the single- and double-insertion termsD1ðx−; y−Þ andD2ðx−; y−Þ in Eq. (9), we observe a
notable simplification: the local surface terms proportional to P2⊥ðx−Þ combine order by order into an overall exponential
factor. This exponentiation reflects the geometric-series structure of the underlying P2⊥ expansion. The scalar propagator can
thus be cast into the compact form

�
x

���� 1

Pþ − P2⊥
2k− þ iϵ

����y
�

¼ δðxþ − yþÞθðx− − y−Þ
�
x⊥

����e−iðx−−y−Þ
P2⊥ðx−Þ
2k−

�
−i½x−; y−� þ 1

2k−

Z
x−

y−
dz−ðz− − y−Þ

×
�
2Pkðx−Þ½x−; z−�F−kðz−Þ − i½x−; z−�DkF−kðz−Þ − 2

Z
x−

z−
dζ−½x−; ζ−�F−kðζ−Þ½ζ−; z−�F−kðz−Þ

�
½z−; y−�

þ 4i
ð2k−Þ2

Z
x−

y−
dz−1

Z
z−
1

y−
dz−2 ðz−2 − y−Þðz−1 − y−ÞPkðx−ÞPlðx−Þ½x−; z−1 �F−kðz−1 Þ½z−1 ; z−2 �F−lðz−2 Þ½z−2 ; y−�

−
2

ð2k−Þ2
Z

x−

y−
dz−1 ðz−1 − y−Þ2Plðx−ÞPkðx−Þ½x−; z−1 �DlF−kðz−1 Þ½z−1 ; y−� þ � � �

�����y⊥
�
; ð15Þ

as can be verified by computing higher orders. The
structure of Eq. (15) admits a useful diagrammatic inter-
pretation. The propagator consists of three elements: (i) a
kinematic exponential factor encoding transverse momen-
tum propagation, (ii) light-cone Wilson lines connecting
different longitudinal positions, and (iii) field-strength
insertions at intermediate points capturing dynamic
twist corrections. This structure is illustrated in Fig. 2,
which displays the organization of longitudinal and trans-
verse separations, Wilson line connections, and field-
strength insertions. The thick vertical lines represent ex-
ponential propagation in the transverse plane, while the
horizontal structure encodes the longitudinal Wilson line
resummation.

B. Quark propagator

Having derived the scalar propagator, we now generalize
to the quark propagator.4 This generalization amounts
to replacing P2 → P2 þ 1

2
σF in Eq. (6) and repeating

the calculation. The derivation simplifies considerably
because only a single insertion of σF is required at the
accuracy we work, yielding a perturbative correction to the
scalar propagator. Explicitly, the quark propagator takes the
form

FIG. 2. Diagrammatic representation of Eq. (15). Horizontal dotted lines denote Wilson lines along the light-cone minus direction,
while the thick vertical lines represent the transverse propagation given by ðx⊥j exp½−iP2⊥ðx−Þðx− − y−Þ=ð2k−Þ�jy⊥Þ and its transverse
derivatives. We do not further decompose the transverse exponential into Wilson links and field-strength tensors, as such transformation
becomes irrelevant after taking the on-shell limit in Sec. III C.

4By quark propagator we mean ðxj 1
P2þ1

2
σFþiϵ

jyÞ appearing in
Eq. (4).
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�
x

���� 1

Pþ − P2⊥
2k− þ σF

4k− þ iϵ

����y
�

¼
�
x

���� 1

Pþ − P2⊥
2k− þ iϵ

����y
�
−
�
x

���� 1

Pþ þ iϵ
σF
4k−

1

Pþ þ iϵ
þ 1

Pþ þ iϵ
P2⊥
2k−

1

Pþ þ iϵ
σF
4k−

1

Pþ þ iϵ

þ 1

Pþ þ iϵ
σF
4k−

1

Pþ þ iϵ
P2⊥
2k−

1

Pþ þ iϵ
−

1

Pþ þ iϵ
σF
4k−

1

Pþ þ iϵ
σF
4k−

1

Pþ þ iϵ
þ � � �

����y
�
: ð16Þ

The simplification proceeds in close parallel to the scalar case. Using the results of Appendix E 1, we rewrite the right-hand
side of Eq. (16) as

�
x

���� 1

Pþ − P2⊥
2k− þ σF

4k− þ iϵ

����y
�

¼
�
x

���� 1

Pþ − P2⊥
2k− þ iϵ

����y
�
− δðxþ − yþÞθðx− − y−Þ

�
x⊥

���� − 1

4k−

Z
x−

y−
dz−½x−; z−�σFðz−Þ½z−; y−�

þ i
2ð2k−Þ2

Z
x−

y−
dz−1

Z
z−
1

y−
dz−2 ½x−; z−1 �P2⊥ðz−1 Þ½z−1 ; z−2 �σFðz−2 Þ½z−2 ; y−�

þ i
2ð2k−Þ2

Z
x−

y−
dz−1

Z
z−
1

y−
dz−2 ½x−; z−1 �σFðz−1 Þ½z−1 ; z−2 �P2⊥ðz−2 Þ½z−2 ; y−�

−
i

4ð2k−Þ2
Z

x−

y−
dz−1

Z
z−
1

y−
dz−2 ½x−; z−1 �σFðz−1 Þ½z−1 ; z−2 �σF½z−2 ; y−�

����y⊥
�
: ð17Þ

We follow the same strategy as for the scalar propagator: terms involving P2⊥ enclosed between Wilson lines are rewritten
in terms of insertions of D1, and the resulting covariant momenta are commuted to the leftmost coordinate using Eqs. (E8)
and (E9). Retaining only operators at twist-2 accuracy, the quark propagator takes the form

�
x

���� 1

Pþ − P2⊥
2k− þ σF

4k− þ iϵ

����y
�

¼
�
x

���� 1

Pþ − P2⊥
2k− þ iϵ

����y
�
þ δðxþ − yþÞθðx− − y−Þ

�
x⊥

����e−iðx−−y−Þ
P2⊥ðx−Þ
2k−

�
1

4k−

Z
x−

y−
dz−½x−; z−�σFðz−Þ½z−; y−�

−
1

ð2k−Þ2
Z

x−

y−
dz−ðz− − y−ÞPkðx−Þ½x−; z−�DkðσFðz−ÞÞ½z−; y−�

þ i
ð2k−Þ2

Z
x−

y−
dz−1

Z
z−
1

y−
dz−2 ðz−1 − y−ÞPkðx−Þ½x−; z−1 �F−kðz−1 Þ½z−; z−2 �σFðz−2 Þ½z−2 ; y−�

þ i
ð2k−Þ2

Z
x−

y−
dz−1

Z
z−
1

y−
dz−2 ðz−2 − y−ÞPkðx−Þ½x−; z−1 �σFðz−1 Þ½z−1 ; z−2 �F−kðz−2 Þ½z−2 ; y−�

þ i
4ð2k−Þ2

Z
x−

y−
dz−1

Z
z−
1

y−
dz−2 ½x−; z−1 �σFðz−1 Þ½z−1 ; z−2 �σFðz−2 Þ½z−2 ; y−�

�����y⊥
�
: ð18Þ

C. On-shell limit

The results in Eqs. (15) and (18) can be combined into the compact form

�
x

���� 1

Pþ − P2⊥
2k− þ σF

4k− þ iϵ

����y
�

¼ −iδðxþ − yþÞθðx− − y−Þðx⊥je−iðx−−y−Þ
P2⊥ðx−Þ
2k− Oðx−; y−Þjy⊥Þ; ð19Þ

where the operator Oðx−; y−Þ satisfies

Oðx−; x−Þ ¼ 1:

To incorporate this propagator into the dijet amplitude, we evaluate it in the on-shell limit. In this limit, the operator
Oðx−; y−Þ organizes the surviving twist-2 contributions, while subleading terms are either power-suppressed or vanish
identically. The detailed derivation is presented in the Appendix F 1; here we quote only the final result:

BACK-TO-BACK DIJET PRODUCTION IN DIS AT ARBITRARY … PHYS. REV. D 114, 036022 (2026)

036022-7



lim
k2→0

k2
�
k

���� 1

P2 þ 1
2
σF þ iϵ

����y
�

¼ lim
k2→0

k2

2k−

Z
d4xðkjxÞ

�
x

���� 1

Pþ − P2⊥
2k− þ σF

4k− þ iϵ

����y
�

¼ eiðkþy−þk−yþÞðk⊥jOð∞; y−Þjy⊥Þ
���
kþ¼ k2⊥

2k−
; ð20Þ

where we used the asymptotic behavior P2⊥ðx− → ∞Þ → k2⊥. Substituting the explicit form of Oð∞; y−Þ completes the
resummation of background-field effects and yields the amputated quark propagator through twist-2:

lim
k2→0

k2
�
k

���� 1

P2 þ 1
2
σF þ iϵ

����y
�

¼ ieiky
�
−i½∞; y−�y⊥ þ

Z
∞

y−
dz−½∞; z−�y⊥

�
kk
k−

ðz− − y−ÞF−kðz−; y⊥Þ þ
1

4k−
σFðz−; y⊥Þ −

kk
ð2k−Þ2 ðz

− − y−ÞDkðσFðz−; y⊥ÞÞ

−
i

2k−
ðz− − y−Þ

�
δlk − iðz− − y−Þ klkk

k−

�
DlF−kðz−; y⊥Þ þ

i
2k−

Fþ−ðz−; y⊥Þ þ ðz− − y−Þ k2⊥
2ðk−Þ2 Fþ−ðz−; y⊥Þ

�
½z−; y−�y⊥

−
1

k−

Z
∞

y−
dz−1

�
δkl − iðz−1 − y−Þ klkk

k−

�Z
z−
1

y−
dz−2 ðz−2 − y−Þ½∞; z−1 �y⊥F−kðz−1 ; y⊥Þ½z−1 ; z−2 �y⊥F−lðz−2 ; y⊥Þ½z−2 ; y−�y⊥

þ i
ð2k−Þ2

Z
∞

y−
dz−1

Z
z−
1

y−
dz−2 ðz−1 − y−Þkk½∞; z−1 �y⊥F−kðz−1 ; y⊥Þ½z−1 ; z−2 �y⊥σFðz−2 ; y⊥Þ½z−2 ; y−�y⊥

þ i
ð2k−Þ2

Z
∞

y−
dz−1

Z
z−
1

y−
dz−2 ðz−2 − y−Þkk½∞; z−1 �y⊥σFðz−1 ; y⊥Þ½z−1 ; z−2 �y⊥F−kðz−2 ; y⊥Þ½z−2 ; y−�y⊥

þ i
4ð2k−Þ2

Z
∞

y−
dz−1

Z
z−
1

y−
dz−2 ½∞; z−1 �y⊥σFðz−1 ; y⊥Þ½z−1 ; z−2 �y⊥σFðz−2 ; y⊥Þ½z−2 ; y−�y⊥

�
; ð21Þ

where we included the twist-2 effects of a dynamic target
by incorporating the Fþ− insertion arising from the zþ
dependence. The details of this calculation are given in the
Appendix G. We also changed the order of integration:

Z
∞

y−
dz−

Z
∞

z−
dζ− � � � ¼

Z
∞

y−
dζ−

Z
ζ−

y−
dz− � � � ;

followed by renaming variables to obtain a more symmetric
expression. In the amplitude above, we ordered the terms
by increasing the leading twist. It is worth emphasizing that
the last term, to twist-2 accuracy, can only involve σ−iF−i
combinations. However, such a term vanished in the dijet
production cross section.
For completeness, we quote the corresponding antiquark

propagator. In the on-shell limit, the antiquark contribution

lim
k2→0

k2
�
y

���� 1

P2 þ 1
2
σF þ iϵ

���� − k

�
ð22Þ

is obtained from the quark result by charge conjugation,
which amounts to replacing kμ → −kμ and i → −i. The
twist expansion proceeds analogously to the quark case.

IV. DIJET PRODUCTION

Having established the structure of the background-field
propagators, we now apply these results to dijet production.

The quark and scalar propagators derived in the previous
section provide the building blocks for constructing the
amplitude. We then evaluate the corresponding cross
section, enabling direct comparison with existing results
in the literature.

A. Amplitude

Using the quark propagator in the background field
given in Eq. (21), together with the corresponding anti-
quark propagator, we compute the dijet production ampli-
tude defined in Eq. (4). All remaining integrations over the
light-cone minus coordinates can be carried out analyti-
cally; the detailed calculations are collected in the
Appendix D. The amplitude then reduces to a single
integration over the spacetime coordinate x. Moreover,
since the background field is assumed to be independent of
the light-cone time xþ, the integrand carries no xþ
dependence beyond the exponential phase. The xþ inte-
gration therefore yields the overall minus-momentum-
conserving delta function, and the phase factor reduces to
Z

d4xeikg·x¼2πδðk−1 þk−2 −q−Þ
Z

dx−d2x⊥eiðk
þ
g x−−kg⊥x⊥Þ;

ð23Þ
where kμg ≡ kμ1 þ kμ2 − qμ denotes the momentum
transferred from the background field. The factor
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2πδðk−1 þ k−2 − q−Þ is a direct consequence of xþ-trans-
lation invariance and sets the overall normalization of the
scattering amplitude. It cancels against the corresponding
factor arising from the standard normalization of external
states and phase space; we therefore absorb it into the
normalization and suppress it henceforth, with the under-
standing that it is restored in the final cross section.
The resulting amplitude can be expressed in terms of

field-strength insertions dressed by fundamental Wilson

lines along the same lightlike path. For compactness, we
introduce the parallel-transported field-strength tensor,

F̄μνðx−; x⊥Þ≡ ½∞; x−�x⊥Fμνðx−; x⊥Þ½x−;∞�x⊥ ; ð24Þ

which appears throughout the following results. It is also
convenient to package the double field-strength insertions
into the tensors Dkl:

Dklðlþ; x−; x⊥Þ ¼ i
Z

đkþ

kþ − lþ þ iϵ

Z
dx0−eikþðx−−x0−Þ½∞; x0−�x⊥F−kðx0−; x⊥Þ½x0−; x−�x⊥F−lðx−; x⊥Þ½x−;∞�x⊥ : ð25Þ

This representation naturally reproduces the phase structure
appearing in the definition of triple-gluon correlators in the
cross section [35,36]. In our calculation, however, the
double field-strength insertions enter in an equivalent form,
obtained by evaluating the kþ integral to produce a step
function:

i
Z

đkþ

kþ− lþþ iϵ
eik

þðx−−x0−Þ ¼eil
þðx−−x0−Þθðx0−−x−Þ: ð26Þ

Retaining the contributions relevant for the cross section
at twist-3 accuracy, we arrive at the following expressions
for the amplitude. For clarity, we organize these results
according to their distinct Dirac and tensor structures5:

iM ¼ −eϵρðqÞ
Z

dx−d2x⊥
2q−

eiðk
þ
g x−−Δ⊥x⊥Þūðk1ÞfCi

1γ
ρF̄−iðx−; x⊥Þ þ iðS1σ

μνγρ þ S2γ
ρσμνÞF̄μνðx−; x⊥Þ

þ Cþ
2 γ

ρF̄þ−ðx−; x⊥Þ þ ½ðTkl
1 γ

ρ þ iCl
3σ

−kγρ þ iCk
4σ

−lγρ þ iCk
5γ

ρσ−lÞDklðlþ; x−; x⊥Þ
þ ðT kl

2 γ
ρ þ iCl

6σ
−kγρ þ iCl

7γ
ρσ−k þ iCk

8γ
ρσ−lÞD†

klð−lþ; x−; x⊥Þ�lþ¼0gvðk2Þ; ð27Þ

where Cμ (μ ¼ þ; i), T kl with i, k, l ¼ 1, 2, and S multiply
the corresponding Dirac structures, and we included an
overall normalization factor of 2q−. The “DF” structures
appearing in the propagators of Eq. (21) were expressed in
the basis adopted in this work (single F and double F
insertions); for the details see Appendix F 2.
Below, we provide the coefficients (Cμ, Tkl, and S1;d) for

the generic kinematics and also near the back-to-back
(correlation) limit (Δ⊥=P⊥ ≪ 1) detailed in the
Appendix C. Near the back-to-back kinematics, the dijet
pair is characterized by the total transverse momentum

P⊥ ¼ zk1⊥ − z̄k2⊥ and the momentum imbalance
Δ⊥ ¼ k1⊥ þ k2⊥. It is also convenient to define the
longitudinal momentum fractions z ¼ k−1 =q

− and z̄ ¼
k−2 =q

− ¼ 1 − z for the quark and antiquark, respectively.
We also express our results in terms of the commonly used
combination ϵ2f ¼ zz̄Q2 and adopt the shorthand notation
Δ · P≡ Δ⊥ · P⊥ for the transverse momentum scalar prod-
uct. For the expansion near the back-to-back limit, we
retain twist-1 operator structures up to OðΔ⊥=P⊥Þ while
keeping twist-2 structures at Oð1Þ; see Eq. (27):

Ci
1 ¼

ðki1 − ki2Þ
2ðkþg Þ2

�
1

k−1
þ 1

k−2

�
þ ðkl1 þ kl2Þ

ðkþg Þ3
�
kl1k

i
1

ðk−1 Þ2
−

kl2k
i
2

ðk−2 Þ2
�
≈

2zz̄q−

ðP2⊥ þ ϵ2fÞ2
�
2Pi − Δiðz̄ − zÞ þ 4ðΔ · PÞPiðz̄ − zÞ

ðP2⊥ þ ϵ2fÞ
�
;

Cþ
2 ¼ 1

2kþg

�
1

k−1
−

1

k−2

�
−

1

2ðkþg Þ2
�

k21⊥
ðk−1 Þ2

−
k22⊥
ðk−2 Þ2

�
≈ ðz − z̄Þ ðP2⊥ − ϵ2fÞ

ðP2⊥ þ ϵ2fÞ2
;

5Here we also include the twist-2 contributions arising from the product of twist-1 terms in the quark and antiquark propagators in
Eq. (21).
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S1 ¼ −
1

4kþg

1

k−1
−
ðk1l þ k2lÞ
4ðkþg Þ2

k1l
ðk−1 Þ2

≈ −
1

2ðP2⊥ þ ϵ2fÞ
�
z̄þ 2z̄2ðΔ · PÞ

P2⊥ þ ϵ2f

�
;

S2 ¼ −
1

4kþg

1

k−2
−
ðk1l þ k2lÞ
4ðkþg Þ2

k2l
ðk−2 Þ2

≈ −
1

2ðP2⊥ þ ϵ2fÞ
�
z −

2z2ðΔ · PÞ
P2⊥ þ ϵ2f

�
;

Tkl ¼ 1

ðkþg Þ3
�
kþg δkl

2

�
1

k−1
þ 1

k−2

�
−
�
kk1k

l
1

ðk−1 Þ2
þ kk2k

l
2

ðk−2 Þ2
�
þ
�
2 − kþg

∂

∂lþ

�
kk1k

l
2

k−1 k
−
2

�
;

T kl
1 ¼ Tkl þ iδx−

ðkþg Þ2
kk1k

l
1

ðk−1 Þ2
≈

2zz̄q−

ðP2⊥ þ ϵ2fÞ2
�
δkl −

4PkPl

ðP2⊥ þ ϵ2fÞ
þ 2PkPl

zq−
∂

∂lþ

�
;

T kl
2 ¼ Tkl þ iδx−

ðkþg Þ2
kk2k

l
2

ðk−2 Þ2
≈

2zz̄q−

ðP2⊥ þ ϵ2fÞ2
�
δkl −

4PkPl

ðP2⊥ þ ϵ2fÞ
þ 2PkPl

z̄q−
∂

∂lþ

�
;

Cl
3 ¼

1

2k−1 ðkþg Þ2
�
kl1
k−1

−
kl2
k−2

�
≈

2z̄Pl

ðP2⊥ þ ϵ2fÞ2
;Ck

4 ¼ −
kk1

2ðk−1 Þ2
1

kþg

∂

∂lþ
≈ −

Pk

ðP2⊥ þ ϵ2fÞ
z̄

zq−
∂

∂lþ
;

Ck
5 ¼

1

2k−2 ðkþg Þ2
�
kk1
k−1

−
kk2
k−2

�
−

kk1
2k−1 k

−
2

1

kþg

∂

∂lþ
≈

2Pk

ðP2⊥ þ ϵ2fÞ
�

z
ðP2⊥ þ ϵ2fÞ

−
1

2q−
∂

∂lþ

�
;

Cl
6 ¼

1

2k−1 ðkþg Þ2
�
kl1
k−1

−
kl2
k−2

�
þ kl2
2k−1 k

−
2

1

kþg

∂

∂lþ
≈

2Pl

ðP2⊥ þ ϵ2fÞ
�

z̄
ðP2⊥ þ ϵ2fÞ

−
1

2q−
∂

∂lþ

�
;

Cl
7 ¼

kl2
2ðk−2 Þ2

1

kþg

∂

∂lþ
≈ −

Pl

ðP2⊥ þ ϵ2fÞ
z

z̄q−
∂

∂lþ
;Ck

8 ¼
1

2k−2 ðkþg Þ2
�
kk1
k−1

−
kk2
k−2

�
≈

2zPk

ðP2⊥ þ ϵ2fÞ2
: ð28Þ

B. Cross section

To obtain the differential cross section, we square the
amplitude in Eq. (27) and perform the Dirac traces for each
independent γ-matrix structure. We present results sepa-
rately for longitudinally and transversely polarized virtual
photons. For longitudinal polarization, we adopt the con-
vention6

ϵLμ ðqÞ ¼
Q
q−

gμþ; ð29Þ

while for transverse polarization, summing over the two

physical states λ ¼ �1 yields the projector

1

2

X
λ¼�1

ϵλkðqÞϵλ�l ðqÞ ¼ −
1

2
gkl; ð30Þ

with k, l ¼ 1, 2 labeling the transverse directions.

1. Longitudinally polarized photon

For the longitudinal polarization of the virtual photon,
the squared amplitude takes the following form:

jiMj2L ¼ e2
Z

dx−d2x⊥dy−d2y⊥
ð2q−Þ2 eik

þ
g ðx−−y−Þ−iΔ⊥ðx⊥−y⊥Þ8k−1 k

−
2Tr

	
Ci
1C

j
1F̄−iðx−; x⊥ÞF̄−jðy−; y⊥Þ

þ Ci
1ðCþ

2 þ 2S1 − 2S2ÞðF̄−iðx−; x⊥ÞF̄þ−ðy−; y⊥Þ þ F̄þ−ðx−; x⊥ÞF̄−iðy−; y⊥ÞÞ
þ Ci

1ðT kl
1 F̄−iðx−; x⊥ÞD†

klðlþ; y−; y⊥Þ þ Tkl
1 Dklðlþ; x−; x⊥ÞF̄−iðy−; y⊥ÞÞlþ¼0

þ Ci
1ðT kl

2 F̄−iðx−; x⊥ÞDklð−lþ; y−; y⊥Þ þ Tkl
2 D

†
klð−lþ; x−; x⊥ÞF̄−iðy−; y⊥ÞÞlþ¼0


 Q2

ðq−Þ2 ; ð31Þ

where the trace over fundamental indices can be rewritten
as a sum over adjoint indices. Indeed, using the standard
relation between Wilson lines in the fundamental and
adjoint representations, we get

6Any choice of longitudinal polarization vector ϵ̃Lμ satisfying
ϵ̃Lμ ¼ ϵLμ þ qμ yields the same result after contraction with the
leptonic tensor.
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½∞; x−�x⊥taFa
−iðx−; x⊥Þ½x−;∞�x⊥ ¼ tb½x−;∞�bax⊥Fa

−iðx−; x⊥Þ;
ð32Þ

where ½x−;∞�bax⊥ denotes the Wilson line in the adjoint
representation. Consequently, the color trace appearing in

the cross section produces color factors involving Tr½tatb�
for double-F operators and Tr½tatbtc� for triple-F operators.
We prefer to work in the fundamental representation.
Performing the expansion near the back-to-back limit

Δ⊥=P⊥ and retaining all relevant contributions to the twist-
3 precision we get

jiMj2L ≈ e2
Z

dx−d2x⊥dy−d2y⊥eik
þ
g ðx−−y−Þ−iΔ⊥ðx⊥−y⊥Þ 16z2z̄2ϵ2f

ðP2⊥ þ ϵ2fÞ4
Tr½O1 þO2 þO3 þO4� þO

�
Δ2⊥
P2⊥

�
; ð33Þ

where the operator structures are classified according to their field content. Specifically,

O1 ¼ ½2PiPj − ðz̄ − zÞðPiΔj þ PjΔiÞ þ 8ðz̄ − zÞ ðΔ · PÞPiPj

P2⊥ þ ϵ2f
�F̄−iðx−; x⊥ÞF̄−jðy−; y⊥Þ;

O2 ¼
ðz − z̄Þ
zz̄q−

PiP2⊥½F̄−iðx−; x⊥ÞF̄þ−ðy−; y⊥Þ þ F̄þ−ðx−; x⊥ÞF̄−iðy−; y⊥Þ�;

O3 ¼ Pi½HklðzÞF̄−iðx−; x⊥ÞDkl
†ðlþ; y−; y⊥Þ þHklðzÞDklðlþ; x−; x⊥ÞF̄−iðy−; y⊥Þ�lþ¼0;

O4 ¼ Pi½Hklðz̄ÞF̄−iðx−; x⊥ÞDklð−lþ; y−; y⊥Þ þHklðz̄ÞD†
klð−lþ; x−; x⊥ÞF̄−iðy−; y⊥Þ�lþ¼0; ð34Þ

where we defined

HklðzÞ≡ δkl −
4PkPl

P2⊥ þ ϵ2f
þ 2PkPl

zq−
∂

∂lþ
: ð35Þ

Note that the gluon momentum component kþg entering the
Fourier phase should also be expanded; its explicit ex-
pression is given in Eq. (C3). Substituting the squared
amplitude into Eq. (5), we obtain the differential cross
section for longitudinally polarized virtual photons.

In Sec. V, we compare our general-x factorization
framework result with the one obtained in the small-x
approach.

2. Transversely polarized photon

For transverse polarization, the squared amplitude is
more involved due to additional tensor structures; in
particular, the σ−i term now contributes. The result can
nevertheless be organized systematically as a sum of
operator structures multiplied by kinematic coefficients:

jiMj2T ¼ 4e2
Z

dx−d2x⊥dy−d2y⊥
ð2q−Þ2 eik

þ
g ðx−−y−Þ−iΔ⊥ðx⊥−y⊥ÞTr

	
AijF̄−iðx−; x⊥ÞF̄−jðy−; y⊥Þ

þ BiðF̄−iðx−; x⊥ÞF̄þ−ðy−; y⊥Þ þ F̄þ−ðx−; x⊥ÞF̄−iðy−; y⊥ÞÞ
þ CiðF̄ijðx−; x⊥ÞF̄−jðy−; y⊥Þ þ F̄−jðx−; x⊥ÞF̄ijðy−; y⊥ÞÞ
þ ðEiklF̄−iðx−; x⊥ÞD†

klðlþ; y−; y⊥Þ þ EiklDklðlþ; y−; y⊥ÞF̄−iðy−; y⊥ÞÞlþ¼0

þ ðGiklF̄−iðx−; x⊥ÞDklð−lþ; y−; y⊥Þ þGiklD†
klð−lþ; x−; x⊥ÞF̄−iðy−; y⊥ÞÞlþ¼0



; ð36Þ

with

Aij ¼ ðkþ1 k−2 þ k−1 k
þ
2 ÞCi

1C
j
1 − 8gijk−1 k

−
2 ðS2

1 þ S2
2Þ − 2½k−1S2ðCi

1k
j
2 þ Cj

1k
i
2Þ − k−2S1ðCi

1k
j
1 þ Cj

1k
i
1Þ�;

Bi ¼ −k−2 ð2ðS1 þ S2Þ − Cþ
2 Þð2S1ki1 þ kþ1 C

i
1Þ − k−1 ð2ðS1 þ S2Þ þ Cþ

2 Þð2S2ki2 − kþ2 C
i
1Þ;

Ci ¼ 8ðS1ki1k
−
2 − S2ki2k

−
1 ÞðS1 − S2Þ;

Di ¼ 2ðS1ki1k
−
2 − S2ki2k

−
1 Þ þ Ci

1ðkþ1 k−2 þ kþ2 k
−
1 Þ;

Eikl ¼ −½4k−1 k−2 ðgikS1Cl
3 þ gilS1Ck

4 þ gilS2Ck
5Þ − Ci

1ðk−2 ðkk1Cl
3 þ kl1C

k
4Þ − k−1 k

l
2C

k
5Þ� þDiT kl

1 ;

Gikl ¼ −½4k−1 k−2 ðgikS1Cl
6 þ gikS2Cl

7 þ gilS2Ck
8Þ þ Ci

1ðk−1 ðkk2Cl
7 þ kl2C

k
8Þ − k−2 k

k
1C

l
6Þ� þDiT kl

2 : ð37Þ
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In the back-to-back limit, the expansion in Δ⊥=P⊥, the coefficient functions reduce to

Aij
btb ¼

2zz̄ðz2 þ z̄2Þ
ðP2⊥ þ ϵ2fÞ2

�
δij

�
1þ 2ðz̄ − zÞðΔ · PÞ

ðP2⊥ þ ϵ2fÞ
�
−

4PiPjϵ2f
ðP2⊥ þ ϵ2fÞ2

�
1 −

4ðz − z̄ÞðΔ · PÞ
ðP2⊥ þ ϵ2fÞ

�
−

2ðz − z̄Þϵ2f
ðP2⊥ þ ϵ2fÞ2

ðPiΔj þ ΔiPjÞ

þ ðz − z̄Þ
ðP2⊥ þ ϵ2fÞðz2 þ z̄2Þ ððP

iΔj þ ΔiPjÞ − 2ðΔ · PÞδijÞ
�
ðq−Þ2;

Bi
btb ¼ −2zz̄ðz − z̄Þ ðP

2⊥ þ ϵ2f þ ðz2 þ z̄2ÞQ2ÞðP2⊥ − ϵ2fÞ
ðP2⊥ þ ϵ2fÞ4

Piq−; Ci
btb ¼ −

2ðz − z̄Þðz2 þ z̄2Þ
ðP2⊥ þ ϵ2fÞ2

Piq−;

Kikl ¼ 2ðq−Þ2zz̄
ðP2⊥ þ ϵ2fÞ3

�
−2ðz2δilPk þ z̄2δikPlÞ þ 8ϵ2fðz̄2 þ z2ÞPiPkPl

ðP2 þ ϵ2fÞ2
þ δklðz̄2 þ z2ÞPiðP2 − ϵ2fÞ

P2 þ ϵ2f

�
;

Eikl
btb ¼ Kikl −

2q−z̄ðz̄2 þ z2Þ
ðP2 þ ϵ2fÞ2

�
−δilPk þ 4ϵ2fP

iPkPl

ðP2 þ ϵ2fÞ2
�

∂

∂lþ
;

Gikl
btb ¼ Kikl −

2q−zðz̄2 þ z2Þ
ðP2 þ ϵ2fÞ2

�
−δikPl þ 4ϵ2fP

iPkPl

ðP2 þ ϵ2fÞ2
�

∂

∂lþ
: ð38Þ

According to Appendix H, the twist-3 operator FijF−j
can be traded for F−iF−j multiplying a kinematic higher-
twist correction

ðPiΔj − ðΔ · PÞδijÞF−iF−j ð39Þ

and an additional genuine twist-3 contribution involving

the three-gluon operator F−iF−jF−k. This type of relation-
ship between kinematic and dynamic twist operators is well
established for quarks (see Refs. [37,38]). It follows from
equations of motion (which includes the Bianchi identity)
and was used to reduce the number of operators in the cross
section. Therefore, the above expression can be rewritten as

jiMj2T ¼ 4e2
Z

dx−d2x⊥dy−d2y⊥
ð2q−Þ2 eik

þ
g ðx−−y−Þ−iΔ⊥ðx⊥−y⊥ÞTr

	
ĀijF̄−iðx−; x⊥ÞF̄−jðy−; y⊥Þ

þ B̄iðF̄−iðx−; x⊥ÞF̄þ−ðy−; y⊥Þ þ F̄þ−ðx−; x⊥ÞF̄−iðy−; y⊥ÞÞ
þ ðĒiklF̄−iðx−; x⊥ÞD†

klðlþ; y−; y⊥Þ þ ĒiklDklðlþ; x−; x⊥ÞF̄−iðy−; y⊥ÞÞlþ¼0

þ ðḠiklF̄−iðx−; x⊥ÞDklð−lþ; y−; y⊥Þ þ ḠiklD†
klð−lþ; x−; x⊥ÞF̄−iðy−; y⊥ÞÞlþ¼0



; ð40Þ

with

Āij ¼ Aij − C̄ðPiΔj − ðΔ · PÞδijÞ; C̄ ¼ 8ðS1k−2 − S2k−1 ÞðS1 − S2Þ=kþg ;
Ēikl ¼ Eikl þ C̄ðPkδil − PlδikÞ; Ḡikl ¼ Gikl þ C̄ðPkδil − PlδikÞ: ð41Þ

In the back-to-back limit, C̄ simplifies to

C̄btb ¼
4zz̄ðz − z̄Þ2
ðP2⊥ þ ϵ2fÞ3

ðq−Þ2: ð42Þ

The obtained Eqs. (40)–(42) provide the factorized ex-
pression for the dijet cross section for the transversely
polarized photon in the back-to-back limit up to twist-3
accuracy.

Our TMD-factorized results are not limited to DIS
kinematics with large Q2. In the back-to-back limit, the
hard scale can be set by the relative transverse momentum
P⊥ of the dijet system rather than by the photon virtuality.
Consequently, the TMD-factorized cross section and twist
expansion remain well defined even as Q2 → 0, as relevant
for photoproduction or ultraperipheral collisions. In this
limit, one sets ϵ2f ¼ zz̄Q2 → 0 in the expressions above,
and the longitudinal photon contribution becomes negli-
gible, leaving only nonzero transverse polarization.
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The structure of the cross section further exhibits a useful
simplifying pattern. Near the symmetric point z ≃ 1=2, the
cross section simplifies [see Eqs. (33)–(35) and (36)–(42)],
leaving only contributions involving F−i. This provides a
clean starting point for isolating that component. Moving
away from z ¼ 1=2 activates additional operator structures,
allowing, in principle, for a systematic separation of the
remaining gluon TMDs.

V. SMALL-x LIMIT

In Ref. [25] back-to-back quark-antiquark dijet produc-
tion was studied at leading order in strong coupling within
the high-energy CGC framework, valid in the eikonal
x → 0 limit, and results for the cross section were obtained
up to kinematic and dynamic twist-3 through leading

subeikonal expansion around x ¼ 0. In contrast, our results
obtained through the MSTT TMD framework are valid for
any general values of x. We, thus, can establish a direct
connection between the two approaches by taking the
small-x limit of our general expressions. In this section,
we demonstrate that our cross section expressions for both
longitudinally and transversely polarized virtual photons in
the small-x limit reproduce the known CGC results
of Ref. [25].

A. Longitudinally polarized photon

For concreteness, we first consider the cross section for a
longitudinally polarized virtual photon, given in Eq. (43).
To connect with the CGC formulation, we expand the phase
factor eik

þ
g ðx−−y−Þ around kþg ¼ xPþ → 0:

jiMj2L ¼ e2
Z

dx−d2x⊥dy−d2y⊥e−iΔ⊥ðx⊥−y⊥Þð1þ ikþg ðx− − y−ÞÞ 16z2z̄2ϵ2f
ðP2⊥ þ ϵ2fÞ4

Tr½O1 þO2 þO3 þO4� þO
�
Δ2⊥
P2⊥

�
; ð43Þ

where the leading term contributes at both eikonal and
subeikonal order, while the linear term contributes only at
subeikonal order. In the small-x limit, we find exact
agreement with the results of Ref. [25]. Specifically, the
two-body structures in O1 and O2 reproduce the corre-
sponding terms at subeikonal order: the leading-twist

contribution proportional to F̄−iðx−; x⊥ÞF̄−jðy−; y⊥Þ
matches Eq. (115), while the twist-3 term involving
F̄−iðx−; x⊥ÞF̄þ−ðy−; y⊥Þ agrees with Eq. (117).
The correspondence between our result in the small-x

limit and Ref. [25] for the three-body operators in O3 and
O4 is less direct. Considering first the eikonal limit,

jiMj2L;eik ¼ e2
Z

dx−d2x⊥dy−d2y⊥e−iΔ⊥ðx⊥−y⊥Þ 16z2z̄2ϵ2f
ðP2⊥ þ ϵ2fÞ4

Tr½O1 þO3 þO4� þO
�
Δ2⊥
P2⊥

�
: ð44Þ

In the eikonal limit, all longitudinal phase factors vanish, including those in the three-body operators. The three-body
contribution O3 þO4 then becomes

O3 þO4 ¼ PiH̃kl½F̄−iðx−; x⊥ÞD†
klð0; y−; y⊥Þ þ Dklð0; x−; x⊥ÞF̄−iðy−; y⊥Þ þ F̄−iðx−; x⊥ÞDklð0; y−; y⊥Þ

þ D†
klð0; x−; x⊥ÞF̄−iðy−; y⊥Þ�

¼ 2PiH̃kl Re½F̄−iðx−; x⊥ÞDklð0; y−; y⊥Þ þ F̄−iðx−; x⊥ÞD†
klð0; y−; y⊥Þ� ð45Þ

with

H̃klðzÞ≡ δkl −
4PkPl

P2⊥ þ ϵ2f
: ð46Þ

In Eq. (45), the θ-function contributions from Dkl and D†
kl [see Eq. (26)] cancel pairwise.

The relevant (involving three-body TMDs) subeikonal contribution to longitudinal polarization is given by

jiMj2L;Seik ¼ e2
Z

dx−d2x⊥dy−d2y⊥e−iΔ⊥ðx⊥−y⊥Þðikþg ðx− − y−ÞÞ 16z2z̄2ϵ2f
ðP2⊥ þ ϵ2fÞ4

Tr½O3 þO4� þ � � � : ð47Þ

At subeikonal order, O3 and O4 decompose into two independent tensor structures proportional to δkl and PkPl. We treat
these separately, beginning with the δkl term

7:

7For clarity, we suppress the “2Re” projection, the transverse convolution (the associated x⊥; y⊥ integrations), and the overall
kinematic coefficients in the intermediate steps.
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I1 ¼
Z

dx−dy−Piδklðx− − y−ÞðF̄−iðx−; x⊥ÞDklð0; y−; y⊥Þ þ F̄−iðx−; x⊥ÞD†
klð0; y−; y⊥ÞÞ: ð48Þ

Expanding the definitions of Dklð0; y−; y⊥Þ and D†
klð0; y−; y⊥Þ, and performing a change of integration variables in the

latter, we obtain

I1 ¼
Z

dx−dy−dy0−ðx− −minðy−; y0−ÞÞPiδklF̄−iðx−; x⊥ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ: ð49Þ

We now turn to the second tensor structure, proportional to PkPl. Its explicit form can be written as

I2 ¼ −
Z

dx−dy−Pi 4PkPl

P2⊥ þ ϵ2f

�
F̄−iðx−; x⊥Þ

Z
∞

y−
dy0−ðx− − y−ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ

þ F̄−iðx−; x⊥Þ
Z

∞

y−
dy0−ðx− − y−ÞF̄−kðy−; y⊥ÞF̄−lðy0−; y⊥Þ

�

−
Z

dx−dy−Pi 4PkPl

P2⊥ þ ϵ2f

�
z̄F̄−iðx−; x⊥Þ

Z
∞

y−
dy0−ðy− − y0−ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ

þ zF̄−iðx−; x⊥Þ
Z

∞

y−
dy0−ðy− − y0−ÞF̄−kðy−; y⊥ÞF̄−lðy0−; y⊥Þ

�
: ð50Þ

The first contribution originates from the expansion of the Fourier phase associated with kþg , while the second one arises
from taking the derivative of the exponential factor involving lþ. Adding these two contributions, we obtain

I2 ¼ −
Z

dx−dy−Pi 4PkPl

P2⊥ þ ϵ2f

�
F̄−iðx−; x⊥Þ

Z
∞

y−
dy0−ðx− − y− þ z̄ðy− − y0−ÞÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ

þ F̄−iðx−; x⊥Þ
Z

∞

y−
dy0−ðx− − y− þ zðy− − y0−ÞÞF̄−kðy−; y⊥ÞF̄−lðy0−; y⊥Þ

�
: ð51Þ

In the second term, we perform a change of integration variables, which allows us to rewrite the integration range in a
symmetric form. Combining the two terms and rearranging the integration variables, we arrive at

I2 ¼ −
Z

dx−dy−dy0−ðx− − zy− − z̄y0−ÞPi 4PkPl

P2⊥ þ ϵ2f
F̄−iðx−; x⊥ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ: ð52Þ

Collecting the two contributions, the complete eikonal and subeikonal three-body result for longitudinal polarization is
given by

jiMj2L;eikþsubjFFF ¼ 2e2Re
Z

dx−dy−dy0−d2x⊥d2y⊥e−iΔ⊥ðx⊥−y⊥Þ 16z2z̄2ϵ2f
ðP2⊥ þ ϵ2fÞ4

Pi

�
δkl

�
1þ i

ðP2⊥ þ ϵ2fÞ
2zz̄q−

ðx− −minðy−; y0−ÞÞ
�

−
4PkPl

P2⊥ þ ϵ2f

�
1þ i

ðP2⊥ þ ϵ2fÞ
2zz̄q−

ðx− − zy− − z̄y0−Þ
��

Tr½F̄−iðx−; x⊥ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ�: ð53Þ

This expression is in exact agreement with the result
obtained in Ref. [25].

B. Transversely polarized photon

For transverse photon polarization, the comparison pro-
ceeds similarly. At the level of individual operator structures,
only theFþ−F−i contribution inEq. (55) reproducesRef. [25]
directly. In that work, part of the kinematic twist-3

contributions are reexpressed in terms of dynamic twist-3
operators, whereas in our formulation these kinematic effects
remain embedded in the leading-twist sector. To make the
correspondence explicit, we reorganize the kinematic twist-3
terms into FijF−i and F−iF−kF−l structures using Eq. (H8).

Specifically, the second line of Aij
btb can be recast in terms of

the coefficient functions Ci
btb and Kikl. The coefficients in

Eq. (55) then become
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Ãij
btb ¼

2ðq−Þ2zz̄ðz2 þ z̄2Þ
ðP2⊥ þ ϵ2fÞ2

�
δij

�
1þ 2ðz̄ − zÞðΔ · PÞ

ðP2⊥ þ ϵ2fÞ
�
−

4PiPjϵ2f
ðP2⊥ þ ϵ2fÞ2

�
1 −

4ðz − z̄ÞðΔ · PÞ
ðP2⊥ þ ϵ2fÞ

�
−

2ðz − z̄Þϵ2f
ðP2⊥ þ ϵ2fÞ2

ðPiΔj þ ΔiPjÞ
�
;

C̃i
btb ¼ −

2ðz − z̄Þzz̄
ðP2⊥ þ ϵ2fÞ2

Piq−; K̃ikl ¼ 2ðq−Þ2zz̄ðz̄2 þ z2Þ
ðP2⊥ þ ϵ2fÞ3

�
−ðδilPk þ δikPlÞ þ 8ϵ2fP

iPkPl

ðP2 þ ϵ2fÞ2
þ δklPiðP2 − ϵ2fÞ

P2 þ ϵ2f

�
: ð54Þ

It is straightforward to reproduce Ãij
btb and C̃i

btb. We therefore concentrate on the triple-F contribution, which is not as trivial.
At the eikonal level, the triple-F term reads

jiMj2T;eik ¼ 8e2Re
Z

dx−d2x⊥dy−d2y⊥
ð2q−Þ2 e−iΔ⊥ðx⊥−y⊥ÞK̃ikl Tr½F̄−iðx−; x⊥ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ� þ � � � : ð55Þ

Beyond the eikonal approximation, the subeikonal contribution decomposes into four independent tensor structures
proportional to δilPk, δikPl, PiPkPl, and δklPi. The contributions proportional to δklPi and PiPkPl coincide with those in
the longitudinal case, differing only in their coefficient functions, and therefore require no further discussion. The remaining
nontrivial contributions are those proportional to δilPk and δikPl. We first consider the δilPk term,

I3 ¼ −
Z

dx−dy−
ðz̄2 þ z2Þ
ðP2⊥ þ ϵ2fÞ2

�
F̄−iðx−; x⊥Þ

Z
∞

y−
dy0−ðx− − y−ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ

þ F̄−iðx−; x⊥Þ
Z

y−

−∞
dy0−ðx− − y0−ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ

�

−
Z

dx−dy−
2ðz̄2 þ z2Þ
ðP2⊥ þ ϵ2fÞ2

�
z̄F̄−iðx−; x⊥Þ

Z
∞

y−
dy0−ðy− − y0−ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ

�
: ð56Þ

The former contribution follows from the kþg expansion of the Fourier phase, whereas the latter is produced by
differentiating the exponential with respect to lþ. The associated kþg factors are absorbed into the coefficients. Using
ðx− − y0−Þ ¼ ðx− − y−Þ þ ðy− − y0−Þ in the first term of Eq. (56), and combining the two pieces proportional to ðx− − y−Þ,
we can rewrite

I3 ¼ −
Z

dx−dy−
ðz̄2 þ z2Þ
ðP2⊥ þ ϵ2fÞ2

�
F̄−iðx−; x⊥Þ

Z
∞

−∞
dy0−ðx− − y−ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ

þ F̄−iðx−; x⊥Þ
Z

y−

−∞
dy0−ðy− − y0−ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ

�

−
Z

dx−dy−
2ðz̄2 þ z2Þ
ðP2⊥ þ ϵ2fÞ2

�
z̄F̄−iðx−; x⊥Þ

Z
∞

y−
dy0−ðy− − y0−ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ

�
: ð57Þ

Repeating the above manipulations, i.e., recombining the integration regions and reorganizing the kernels, we obtain

I3 ¼ −
Z

dx−dy−dy0−
ðz̄2 þ z2Þ
ðP2⊥ þ ϵ2fÞ2

½x− − y0− − ðz̄ − zÞðy0− − y−Þθðy0− − y−Þ�F̄−iðx−; x⊥ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ: ð58Þ

One proceeds with the δikPl along the same lines.
Collecting the eikonal and subeikonal pieces, we obtain the full three-body contribution to the transverse photon

polarization,
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jiMj2T;eikþsub

���
FFF

¼ 2e2Re
Z

dx−dy−dy0−d2x⊥d2y⊥e−iΔ⊥ðx⊥−y⊥Þ 2zz̄ðz2 þ z̄2Þ
ðP2⊥ þ ϵ2fÞ3

�
PiδklðP2 − ϵ2fÞ

P2 þ ϵ2f

�
1þ i

ðP2⊥ þ ϵ2fÞ
2zz̄q−

ðx− −minðy−; y0−ÞÞ
�

þ 8ϵ2fP
iPkPl

ðP2 þ ϵ2fÞ2
�
1þ i

ðP2⊥ þ ϵ2fÞ
2zz̄q−

ðx− − zy− − z̄y0−Þ
�
− δilPk

�
1þ i

ðP2⊥ þ ϵ2fÞ
2zz̄q−

ðx− − y0− − ðz̄ − zÞðy0− − y−Þθðy0− − y−ÞÞ
�

− δikPl

�
1þ i

ðP2⊥ þ ϵ2fÞ
2zz̄q−

ðx− − y− þ ðz̄ − zÞðy− − y0−Þθðy− − y0−ÞÞ
��

Tr½F̄−iðx−; x⊥ÞF̄−kðy0−; y⊥ÞF̄−lðy−; y⊥Þ�: ð59Þ

This result agrees with the corresponding expression of
Ref. [25].
This comparison clarifies the relationship between our

back-to-back expansion and the back-to-back limit of the
CGC subeikonal expansion. In Ref. [25], results are
obtained via an eikonal expansion. At leading eikonal order,
one captures twist-2 and part of the twist-3 operator
structures, but without the plus-momentum phase.
Subeikonal terms can be used to reconstruct the phase for
twist-2 operators; however, the expansion does not allow
systematic reconstruction of the phases for twist-3 operators,
including both two-body and three-body contributions.
In contrast, within our back-to-back gradient expansion,

the leading term generates the complete set of two-body
operators together with the full plus-momentum phase to all
orders in the eikonal approximation. Subleading terms then
produce the three-body operators with their complete phase
structure. This organization makes the formalism well-
suited for extensions to twist-4 and four-body operators.
We emphasize, however, that our approach assumes

back-to-back kinematics from the outset; extensions
beyond this limit would require a genuine eikonal expan-
sion along the lines of Ref. [24] at small-x or resummation
of higher twists at arbitrary x. The latter can be done for
specific TMD operators to arbitrary kinematic twist order,
as demonstrated by the iTMD formalism [39–42].

VI. CONCLUSION

We computed the dijet cross section in deep inelastic
scattering at leading order in αs using the background-field
method, working in the back-to-back limit Δ⊥ ≪ P⊥.
Restricting to gluon background fields, we obtain a
TMD-factorized expression valid through twist-3 accuracy
in both dynamic twists and kinematic twists. While our
main focus in this work is dijet production in DIS, the
factorized structure derived here relies only on the back-to-
back kinematics and does not assume any ordering in
Bjorken-x. It can therefore be applied across the broad
kinematic range accessible at the EIC, from moderate to
small-x, provided the hard transverse scale P⊥ remains
perturbative. In particular, in the small-x limit our expres-
sions systematically reproduce the eikonal and subeikonal

results of the CGC framework, while at moderate x they
retain the full longitudinal phase structure characteristic of
standard TMD factorization. The same formalism can also
be extended to photoproduction and ultraperipheral colli-
sions, where the virtuality Q2 may become small, but the
hard scale is set by P⊥, allowing a consistent description of
back-to-back dijet production beyond the strict DIS regime.
Our approach employs a gradient expansion of the quark

propagator in the transverse covariant momentum P⊥ while
retaining all powers of the longitudinal momentum Pþ. At
leading order, the expansion yields longitudinal Wilson
lines, with field-strength insertions appearing at subleading
order in 1=P2⊥. This expansion is naturally motivated by
back-to-back kinematics: the small transverse momentum
imbalance implies that the quark traverses the hadron at a
nearly fixed transverse position, with transverse displace-
ment occurring only at light-cone infinity. This structure is
consistent with the operator definition of TMDs, where the
transverse gauge link resides at positive light-cone infinity
(our gauge choice permits zero Aμ at asymptotic infin-
ity, x− → ∞).
A key advantage of this framework is that it retains the

full longitudinal phase eixP
þz− in the TMD matrix elements

without requiring an eikonal expansion. Our results agree
with the back-to-back limit of CGC calculations x → 0
[11,25], while providing a systematic determination of the
Fourier phase for twist-3 TMDs—information that was not
accessible in the subeikonal approach of Ref. [25].
We further reduce the operator basis using equations of

motion. As shown in the Appendix H, matrix elements
involving Fij can be rewritten in terms of kinematic and
dynamic twist contributions, consistent with earlier obser-
vations for quark TMDs [37,38]. This reduction of possible
operator structures might be crucial for the extraction of
TMDs via global analyses [43].
The methods developed here provide a foundation for

extending MSTT framework [26,27] through systematic
inclusion of higher-twist contributions, such as ψ̄Fψ and
FFF. This is particularly relevant at small-x, where a
correspondence between CGC and higher-twist formalisms
is expected [44].
Several extensions remain for future work. Inclusion of

quark background fields will allow treatment of
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quark-gluon dijet production (this was considered at small-
x in Ref. [45]), involving operators such as ψ̄γμψ and ψ̄Fψ
at twist-3 accuracy. This requires careful treatment of quark
equations of motion, with nontrivial implications for gauge
invariance [27].
A key phenomenological extension of this work involves

comparing eþ p and eþ A dijet cross sections. By
analyzing these processes in near back-to-back kinematics,
one can extract specific twist contributions and examine
how nuclear shadowing manifests across the P⊥ and Δ⊥
phase space [46]. In the small-x regime, saturation effects
and the associated nonlinear QCD dynamics in nuclei may
provide an important direction for future study once
contributions beyond tree level are incorporated [47–50].
Finally, this work sets the stage for an NLO calculation

of dijet production at arbitrary x. At NLO, one encounters
numerous diagrams with UV, collinear, soft, and rapidity
divergences. Known cancellation mechanisms should
eliminate UV and soft divergences, while collinear and
rapidity divergences are expected to match those in NLO
TMD matching [26,27]. Under this framework, a compari-
son with small-x CGC calculations at one loop [6,22,23]
would provide a valuable consistency check. Relating the
two factorizations will be essential to understanding the
range of validity for the CGC effective theory. At least for
leading-twist operator Fi−Fi− such a comparison can be
made immediately. Judging by the agreement/disagreement
with the cross sections, we can then set the stage for a
comparison beyond leading twist at NLO.
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APPENDIX A: GAUGE FIELD CONVENTIONS

For completeness, we collect here the conventions and
definitions for the most common objects appearing in the
main text:

XY ¼ XμYμ ¼ XþYþ þ X−Y− − X⊥Y⊥; ðA1Þ

X⊥Y⊥ ¼ XiYi; ðA2Þ

Dμ ¼ ∂μ − i½Aμ; ·�; ðA3Þ

½Dμ; Dν� ¼ −i½Fμν; ·�; ðA4Þ

where the field-strength tensor is defined as

Fμν ¼ ∂μAν − ∂νAμ − i½Aμ; Aν�: ðA5Þ
Throughout this work, the background gauge field was
rescaled to absorb the coupling constant g.

APPENDIX B: SCHWINGER NOTATION

In this paper, we use the Schwinger notation (see
Ref. [32] and application to the background-field method
in Refs. [26,27,51–57]), in which the coherent states jx) and
jp) are eigenstates of the position and momentum oper-
ators, respectively:

x̂μjxÞ ¼ xμjxÞ; p̂μjpÞ ¼ pμjpÞ: ðB1Þ
Both sets of states form a complete and orthonormal basis
in the corresponding Hilbert spaces, yielding two resolu-
tions of identity:

Z
d4xjxÞðxj ¼ 1; ðB2Þ

Z
đ4pjpÞðpj ¼ 1; ðB3Þ

where

đdp ¼ ddp=ð2πÞd: ðB4Þ
The scalar product between position and momentum

eigenstates is given by

ðxjpÞ ¼ e−ipx:

Using the resolution of identity, we can express matrix
elements of functions of the momentum operator as

ðxjfðp̂ÞjyÞ¼
Z

đ4pðxjfðp̂ÞjpÞðpjyÞ¼
Z

đ4pe−ipðx−yÞfðpÞ

ðB5Þ
for an arbitrary function fðp̂Þ.
Additionally, we have the usual canonical commutation

relation

½pν; f� ¼ i∂νf: ðB6Þ
For brevity, we will typically omit the hat notation for
operators and use the letter p to denote the momentum
operator. Capital letters are reserved for the covariant
momentum operator:

Pμ ¼ pμ þ Aμ: ðB7Þ
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APPENDIX C: BACK-TO-BACK KINEMATICS

We introduce the total and relative transverse momenta
of the outgoing quark-antiquark pair via

�Δ⊥ ¼ k1⊥ þ k2⊥;
P⊥ ¼ z̄k1⊥ − zk2⊥;

⇒

�
k1⊥ ¼ zΔ⊥ þ P⊥;
k2⊥ ¼ z̄Δ⊥ − P⊥:

ðC1Þ

Here, Δ⃗⊥ denotes the transverse momentum imbalance
in the quark-antiquark system, while P⊥ represents

the relative transverse momentum. The longitudinal
momentum fractions are defined as z≡ k−1 =q

− and
z̄≡ k−2 =q

− ¼ 1 − z.
With these definitions, the momenta of the photon,

background gluon, and the produced quark and antiquark
can be written as

qμ ¼ ðqþ; q−; 0⊥Þ; ðC2Þ

kμg ¼ ðxPþ ¼ kþ1 þ kþ2 − qþ; 0;Δ⊥Þ ≈
�
P2⊥ þ ϵ2f
2zz̄q−

þ Δ2⊥
2q−

; 0;Δ⊥
�
; ðC3Þ

kμ1 ¼
�ðP⊥ þ zΔ⊥Þ2

2zq−
; zq−; zΔ⊥ þ P⊥

�
≈
�

P2⊥
2zq−

þ ðΔ · PÞ
q−

þ zΔ2

2q−
; zq−; zΔ⊥ þ P⊥

�
; ðC4Þ

kμ2 ¼
�ðP⊥ − z̄Δ⊥Þ2

2z̄q−
; z̄q−; z̄Δ⊥ − P⊥

�
≈
�

P2⊥
2z̄q−

−
ðΔ · PÞ
q−

þ z̄Δ2

2q−
; z̄q−; z̄Δ⊥ − P⊥

�
: ðC5Þ

Here the approximate equalities correspond to expanding
the kinematics in the back-to-back limit where the trans-
verse momentum imbalance Δ⊥ is parametrically small
compared to the hard transverse scale P⊥, i.e.,
jΔ⊥j ≪ jP⊥j. The equations listed above follow from the
on-shell conditions for the outgoing quark and antiquark,
together with the light-cone momentum parametrization
appropriate for high-energy scattering in the background-
field framework.
We want to warn the reader that Pþ denotes the total

light-cone momentum of the hadron and P⊥ denotes the
total transverse momentum of the dijet; both Pþ and P⊥ are
c-numbers. They should be distinguished from the covar-
iant momentum operator Pμ ¼ pμ þ Aμ defined in the
Appendix B.

APPENDIX D: USEFUL INTEGRALS

The following plus momentum integral is ubiquitous in
our calculations:

Z
đkþe−ikþx−

1

kþ − aþ þ iϵ
¼ −iθðx−Þe−ix−aþ ; ðD1Þ

where ϵ > 0 is an infinitesimal regulator.

To evaluate the dijet production amplitude, we must
perform nested integrations over the light-cone minus
coordinates. For double integrations with the ordering
y− < z−, we find

Z
dy−

Z
∞

y−
dz−eik

þ
g y− ¼ −i

Z
dz−

eik
þ
g z−

kþg
; ðD2Þ

Z
dy−

Z
∞

y−
dz−eik

þ
g y−ðz− − y−Þ ¼ −

Z
dz−

eik
þ
g z−

ðkþg Þ2
; ðD3Þ

Z
dy−

Z
∞

y−
dz−eik

þ
g y−ðz− − y−Þ2 ¼

Z
dz−eik

þ
g z−

2i
ðkþg Þ3

:

ðD4Þ

These formulas are obtained by applying the derivative
identity ðz− − y−Þn → ð−i∂=∂kþg Þn acting on the exponen-
tial factor. For triple integrations with the ordering
y− < z−2 < z−1 , the reduction procedure yields

Z
dy−

Z
∞

y−
dz−1

Z
z−
1

y−
dz−2 e

ikþg y−ðz−2 − y−Þ ¼ −
Z

dz−2

Z
∞

z−
2

dz−1
eik

þ
g z−2

ðkþg Þ2
; ðD5Þ

Z
dy−

Z
∞

y−
dz−1

Z
z−
1

y−
dz−2 e

ikþg y−ðz−1 − y−Þ ¼
Z

dz−2

Z
∞

z−
2

dz−1 e
ikþg z−2

�
iðz−2 − z−1 Þ

kþg
−

1

ðkþg Þ2
�
; ðD6Þ
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Z
dy−

Z
∞

y−
dz−1

Z
z−
1

y−
dz−2 e

ikþg y−ðz−1 − y−Þðz−2 − y−Þ ¼
Z

dz−2

Z
∞

z−
2

dz−1 e
ikþg z−2

�
z−2 − z−1
ðkþg Þ2

þ 2i
ðkþg Þ3

�
: ðD7Þ

In the last two equations, the integration over y− was performed, but explicit dependence on the remaining coordinates z−1
and z−2 persists. These residual double integrals appear naturally in the structure of the amplitude and must be evaluated in
conjunction with the specific color and spinor traces of the diagrams.

APPENDIX E: USEFUL IDENTITIES

1. Wilson line propagator

Our goal here is to derive the elementary propagator from y− to x−, i.e., ðx−j 1
Pþþiϵ jy−Þ. There are numerous ways to

proceed; we follow the most straightforward approach by expanding in powers of A− insertions:

�
x−

���� 1

Pþ þ iϵ

����y−
�

¼
�
x−

���� 1

pþ þ A− þ iϵ

����y−
�

¼
�
x−

���� 1

pþ þ iϵ
−

1

pþ þ iϵ
A−

1

pþ þ iϵ
þ � � �

����y−
�
: ðE1Þ

Each term in Eq. (E1) can be readily evaluated using Eq. (D1). We explicitly compute the first two terms. The zeroth-order
term gives

�
x−

���� 1

pþ þ iϵ

����y−
�

¼
Z

đqþðx−jqþÞðqþjy−Þ 1

qþ þ iϵ
¼

Z
đqþe−iqþðx−−y−Þ

1

qþ þ iϵ
¼ −iθðx− − y−Þ; ðE2Þ

while the first-order term yields

�
x−

���� 1

pþ þ iϵ
A−

1

pþ þ iϵ

����y−
�

¼
Z

dz−
Z

đqþ1 đq
þ
2 e

−iqþ
1
ðx−−z−Þ−iqþ

2
ðz−−y−Þ 1

qþ1 þ iϵ
1

qþ2 þ iϵ
A−ðzÞ

¼ ðiÞ2
Z

dz−θðx− − z−Þθðz− − y−ÞA−ðz−Þ ¼ ðiÞ2θðx− − y−Þ
Z

x−

y−
dz−A−ðz−Þ: ðE3Þ

Higher-order terms follow the same way and can be evaluated analogously. Summing all contributions, we obtain the full
propagator in terms of a Wilson line:

�
x−

���� 1

Pþ þ iϵ

����y−
�

¼ −iθðx− − y−Þ
�
1þ i

Z
x−

y−
dz−A−ðz−Þ þ � � �

�
¼ −iθðx− − y−Þ½x−; y−�; ðE4Þ

where ½x−; y−� is the Wilson line defined in Eq. (10).

2. Transverse derivative of a Wilson line

From the definition, it is straightforward to show that the derivative of the Wilson line is given by

∂k½x−; y−�z⊥ ¼ iAkðx−; z⊥Þ½x−; y−�z⊥ − i½x−; y−�z⊥Akðy−; z⊥Þ − i
Z

x−

y−
dζ−½x−; ζ−�z⊥F−kðζ−; z⊥Þ½ζ−; y−�z⊥ : ðE5Þ

3. Commutators and anticommutators

In this appendix, we collect several basic and advanced
operator identities that are repeatedly used in the main text.
For completeness, we list them here and briefly comment
on their role in our derivations.
A frequently used special case of the Leibniz rule reads

½P2⊥;O� ¼ fPk; ½Pk;O�g: ðE6Þ

The commutator of two covariant momenta yields the field-
strength tensor

½Pμ; Pν� ¼ iFμν; ðE7Þ

while commuting a covariant momentum with the field-
strength tensor gives

½Pk; F−i� ¼ iDkF−i: ðE8Þ
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Finally, we specify the identity used to commute covariant
momenta across Wilson lines. For a straight Wilson line
extending along the minus direction, one finds

½x−; y−�Piðy−Þ

¼ Piðx−Þ½x−; y−� −
Z

x−

y−
dz−½x−; z−�F−iðz−Þ½z−; y−�: ðE9Þ

This relation allows us to systematically move all covariant
momenta to a common coordinate and introduces

gauge-invariant insertions of the field-strength tensor along
the Wilson line.

APPENDIX F: DERIVATION OF THE
REDUCTION FORMULA

1. Derivation of the light-cone LSZ formula

In this appendix, we derive the on-shell limit of the quark
propagator given in the main text. The detailed calculation
proceeds as follows:

lim
k2→0

k2
�
k

���� 1

P2 þ 1
2
σF þ iϵ

����y
�

¼ lim
k2→0

k2

2k−

Z
d4xðkjxÞ

�
x

���� 1

Pþ − P2⊥
2k− þ σF

4k− þ iϵ

����y
�

¼ −i lim
k2→0

�
kþ −

k2⊥
2k−

�Z
d4xeikxδðxþ − yþÞθðx− − y−Þðx⊥je−iðx−−y−Þ

P2⊥ðx−Þ
2k− Oðx−; y−Þjy⊥Þ

¼ −i lim
k2→0

Z
∞

y−
dx−d2x⊥

��
−i

∂

∂x−
−

k2⊥
2k−

�
eikx

�
xþ¼yþ

�
x⊥je−iðx−−y−Þ

P2⊥ðx−Þ
2k− Oðx−; y−Þjy⊥

�

¼ −i lim
k2→0

�
eiky þ

Z
∞

y−
dx−d2x⊥eiðk

−yþþkþx−−k⊥x⊥Þ
�
i
∂

∂x−
−

k2⊥
2k−

��
x⊥je−iðx−−y−Þ

P2⊥ðx−Þ
2k− Oðx−; y−Þjy⊥

��

¼ −i lim
k2→0

�
eiky þ

Z
∞

y−
dx−d2x⊥eiðk

−yþþkþy−−k⊥x⊥Þi
∂

∂x−
ðx⊥jei

k2⊥
2k−ðx−−y−Þ−iðx−−y−Þ

P2⊥ðx−Þ
2k− Oðx−; y−Þjy⊥Þ

�

¼ −i lim
k2→0

�
eiky þ

Z
∞

y−
dx−eiðk−yþþkþy−Þi

∂

∂x−
ðk⊥jei

k2⊥
2k−ðx−−y−Þ−iðx−−y−Þ

P2⊥ðx−Þ
2k− Oðx−; y−Þjy⊥Þ

�

¼ eiðkþy−þk−yþÞðk⊥jOð∞; y−Þjy⊥Þ
���
kþ¼ k2⊥

2k−
: ðF1Þ

Here, the on-shell condition k2 → 0 implies kþ ¼ k2⊥=ð2k−Þ. In the final step, we evaluate the x− derivative and take the
limit x− → ∞, using the asymptotic behavior P2⊥ðx− → ∞Þ → k2⊥. The exponential factor becomes stationary in this limit,
and the first term eiky vanishes due to the on-shell condition. The result demonstrates that the on-shell propagator is
completely determined by the Wilson line operator Oð∞; y−Þ evaluated at light-cone infinity.

2. Simplification of the DF term

In the amplitude, operator insertions involving the covariant derivative DiF−i can be reduced to combinations of single-
and double-field–strength structures. Using integration by parts together with Eq. (E5), we find

Z
dzeik·z½∞; z−�z⊥DjF−iðz−; z⊥Þ½z−;∞�z⊥

¼
Z

dzeik·z
�
−ikj½∞; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥ þ i

Z
∞

z−
dz0−½∞; z0−�z⊥F−jðz0−; z⊥Þ½z0−; z−�F−iðz−; z⊥Þ½z−;∞�z⊥

− i
Z

∞

z−
dz0−½∞; z−�z⊥F−iðz−; z⊥Þ½z−; z0−�F−jðz0−; z⊥Þ½z0−;∞�z⊥

�
: ðF2Þ

This identity shows explicitly that the covariant-derivative insertion produces (i) a momentum-weighted single F
insertion and (ii) two distinct FF structures originating from the derivative acting on the Wilson line. The same structure
applies to DiðσFÞ with the replacement F−i → ðσFÞ, and we do not repeat the expression.
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APPENDIX G: DYNAMICS IN THE TARGET

In this appendix, we present a detailed derivation of the
scalar propagator in a background field with explicit zþ
dependence, generalizing the discussion of the main text.
First, we have

Dðx; yÞ ¼
�
x

���� 1P2
����y
�

¼
�
x

���� 1

2p−pþ þ fp−; A−g − P2⊥

����y
�

¼
�
x

���� 1

2p−pþ þ 2p−A− − i∂−A− − P2⊥

����y
�
; ðG1Þ

where A− acts on a Schwinger ket jzþ) according to

A−jzþÞ ¼ A−ðzþÞjzþÞ: ðG2Þ

This definition follows the same convention as that intro-
duced in the Appendix B.
Let us now consider an operator expansion around yþ

A− ≈ A−ðyþÞ þ ðẑþ − yþÞ∂−A−ðyþÞ; ðG3Þ

where ẑþ is the position operator while A−ðyþÞ and
∂
−A−ðyþÞ are c-numbers on the Hilbert space spanned
by jzþ), i.e., ½ẑþ; A−ðyþÞ� ¼ 0. In all expressions below, ẑþ
is the only operator acting on the jzþ) space. We thus obtain

Dðx; yÞ ¼
�
x

���� 1

2p−Pþ − P2⊥ þ 2p−ðẑþ − yþÞ∂−A− − i∂−A−

����y
�
: ðG4Þ

We now focus on the terms that are not included in the main text:

Dþ−ðx; yÞ ¼ −
�
x

���� 1

2p−Pþ − P2⊥ þ iϵ
ð2p−ðẑþ − yþÞ∂−A− − i∂−A−Þ

1

2p−Pþ − P2⊥ þ iϵ

����y
�
: ðG5Þ

We consider the individual contributions to this expression. Focusing on the first term and inserting a resolution of the
identity in the zþ space, we obtain

Dwith zþþ− ðx; yÞ ¼ −
Z

dzþ
�
x

���� 2p−

2p−Pþ − P2⊥ þ iϵ

����zþ
�
ðzþ − yþÞ∂−A−ðyþÞ

�
zþ

���� 1

2p−Pþ − P2⊥ þ iϵ

����y
�
: ðG6Þ

Writing the longitudinal propagators in momentum space and subsequently introducing a resolution of the identity in z−,
this expression can be cast into the form

Dwith zþþ− ðx; yÞ ¼ −
Z

dzþdz−
Z

đp−
1

đp−
2

2p−
2

e−iðxþ−zþÞp−
1 e−iðzþ−yþÞp−

2 ðzþ − yþÞ

×

�
x−; x⊥

���� 1

Pþ − P2⊥
2p−

1

þ iϵ

����z−
�
∂
−A−ðz−; yþÞ

�
z−
���� 1

Pþ − P2⊥
2p−

2

þ iϵ

����y−; y⊥
�
: ðG7Þ

The remaining Schwinger matrix element can be evaluated at leading order in P2⊥. After resumming the external transverse-
momentum insertions, we have

�
x

���� 1

Pþ − P2⊥
2k− þ iϵ

����y
�

¼ δðxþ − yþÞθðx− − y−Þ
�
x⊥

����
�
−ie−iðx−−y−Þ

P2⊥ðx−Þ
2k−

�
½x−; y−�

����y⊥
�
: ðG8Þ

Substituting Eq. (G8) into the zþ-dependent contribution, we obtain

Dwith zþ
þ− ðx; yÞ ¼

Z
dzþ

Z
x−

y−
dz−

Z
đp−

1

đp−
2

2p−
2

e−iðxþ−zþÞp−
1 e−iðzþ−yþÞp−

2 ðzþ − yþÞ

×

�
x⊥je−iðx

−−z−ÞP
2⊥ðx−Þ
2p−

1 ½x−; z−�∂−A−ðz−; yþÞe−iðz
−−y−ÞP

2⊥ðz−Þ
2p−

2 ½z−; y−�jy⊥
�
: ðG9Þ

BACK-TO-BACK DIJET PRODUCTION IN DIS AT ARBITRARY … PHYS. REV. D 114, 036022 (2026)

036022-21



Applying the LSZ prescription, we define

Dwith zþ
þ− ðk; yÞ≡ lim

k2→0
k2

Z
d4xeik·xDwith zþ

þ− ðx; yÞ: ðG10Þ

Carrying out the xþ integral and performing the on-shell reduction, the result can be brought to the form

Dwith zþ
þ− ðk; yÞ ¼ ið2k−Þ

Z
dzþ

Z
∞

y−
dz−

Z
đp−

2

2p−
2

eiz
þk−e−iðzþ−yþÞp−

2 ðzþ − yþÞ

×

�
k⊥jeiz−

k2⊥
2k− ½∞−; z−�∂−A−ðz−; yþÞe−iðz

−−y−ÞP
2⊥ðz−Þ
2p−

2 ½z−; y−�jy⊥
�
: ðG11Þ

To facilitate the zþ integration, we rewrite the factor ðzþ − yþÞ as a derivative with respect to the conjugate momentum p−
2 ,

using

ðzþ − yþÞe−iðzþ−yþÞp−
2 ¼ i

∂

∂p−
2

e−iðzþ−yþÞp−
2 : ðG12Þ

In this way, the zþ integration can now be performed straightforwardly, producing a delta function δðk− − p−
2 Þ.

Subsequently, we carry out an integration by parts with respect to p−
2 , which fixes p−

2 ¼ k− and generates two
contributions. As a result, we obtain

Dwith zþ
þ− ðk; yÞ ¼ −

Z
∞

y−
dz−

1

k−
eiy

þk−
�
k⊥jeiz−

k2⊥
2k− ½∞−; z−�∂−A−ðz−; yþÞe−iðz−−y−Þ

P2⊥ðz−Þ
2k− ½z−; y−�jy⊥

�

þ i
Z

∞

y−
dz−ðz− − y−Þeiyþk−

�
k⊥jeiz−

k2⊥
2k− ½∞−; z−�∂−A−ðz−; yþÞ

P2⊥ðz−Þ
2ðk−Þ2 e

−iðz−−y−ÞP
2⊥ðz−Þ
2k− ½z−; y−�jy⊥

�
: ðG13Þ

Following the same strategy as above, we now consider the contribution without an explicit ðzþ − yþÞ dependence in
Eq. (G5). The corresponding term can be written as

Dnozþþ− ¼ −
Z

dzþ
�
x

���� 1

2p−Pþ − P2⊥ þ iϵ

����zþ
�
ð−i∂−A−ðyþÞÞ

�
zþ

���� 1

2p−Pþ − P2⊥ þ iϵ

����y
�

¼
Z

∞

y−
dz−

1

2k−
eiy

þk−
�
k⊥jeiz−

k2⊥
2k− ½∞−; z−�∂−A−ðz−; yþÞe−iðz−−y−Þ

P2⊥ðz−Þ
2k− ½z−; y−�jy⊥

�
: ðG14Þ

Finally, we combine the contributions from Eq. (G13) and Eq. (G14). We may now commute the transverse exponential
evaluated at z− to the surface at infinity across ∂

−A−ðz−; yþÞ and the Wilson line ½∞−; z−�. This procedure generates
additional transverse derivative terms, which are suppressed by higher powers of transverse momenta and therefore
correspond to higher-twist contributions. Neglecting such terms, we obtain

Dþ−ðk; yÞ ¼ eiðyþk−þy−kþÞ
Z

∞

y−
dz−ðk⊥j½∞−; z−�∂−A−ðz−; yþÞ½z−; y−�jy⊥Þ

×

�
−

1

2k−
þ iðz− − y−Þ k2⊥

2ðk−Þ2
�
: ðG15Þ

Using the light-cone gauge condition Aþ ¼ 0, we may rewrite ∂−A−ðz−; yþÞ in terms of the field-strength Fþ−ðz−; yþÞ. The
final result then reads

Dþ−ðk; yÞ ¼ eiðyþk−þy−kþÞ
Z

∞

y−
dz−ðk⊥j½∞−; z−�Fþ−ðz−; yþÞ½z−; y−�jy⊥Þ

×

�
−

1

2k−
þ iðz− − y−Þ k2⊥

2ðk−Þ2
�
: ðG16Þ

MUKHERJEE, SKOKOV, TARASOV, TIWARI, and YAO PHYS. REV. D 114, 036022 (2026)

036022-22



APPENDIX H: RELATION BETWEEN
KINEMATIC AND DYNAMIC TWISTS FROM

THE BIANCHI IDENTITY

In this appendix, following Appendix C of Ref. [25], we
show that a specific higher-order kinematic contribution
arising from the expansion of leading-twist operators can

be rewritten in terms of genuine twist-3 operator structures.
In particular, we demonstrate that the linear combination
ðPiΔj − ðΔ · PÞδijÞF−i can be expressed as a sum of
operators involving Fij and the form F−iF−j. To this
end, we start from the following kinematic contribution
to the amplitude:

Mj
KT ¼ ðPiΔj − ðΔ · PÞδijÞ

Z
dz−e−ik

þz−
Z

d2z⊥e−iΔ⊥z⊥ ½∞; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥

¼ −ϵimϵjnPnΔm

Z
dz−e−ik

þz−
Z

d2z⊥e−iΔ⊥z⊥ ½∞; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥

¼ −iϵimϵjnPn

Z
dz−e−ik

þz−
Z

d2z⊥
�

∂

∂zm⊥
e−iΔ⊥z⊥

�
½∞; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥

¼ iϵimϵjnPn

Z
dz−e−ik

þz−
Z

d2z⊥e−iΔ⊥z⊥ ∂

∂zm⊥
ð½∞; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥Þ; ðH1Þ

where δimδjn − δinδjm ¼ ϵijϵmn and the subscript “KT” denotes a higher-order kinematic contribution originating from the
expansion of leading-twist operators. Using Eq. (E5), the above expression can be reorganized as

Mj
KT ¼ iϵimϵjnPn

Z
dz−e−ik

þz−
Z

d2z⊥e−iΔ⊥z⊥
�
½∞; z−�z⊥DmF−iðz−; z⊥Þ½z−;∞�z⊥

− i
Z

∞

z−
dz0−½∞; z0−�z⊥F−mðz0−; z⊥Þ½z0−; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥

þ i
Z

∞

z−
dz0−½∞; z−�z⊥F−iðz−; z⊥Þ½z−; z0−�z⊥F−mðz0−; z⊥Þ½z0−;∞�z⊥

�
: ðH2Þ

Using the antisymmetry of ϵim together with the Jacobi identity for the adjoint covariant derivative,

DiFjk þDjFki þDkFij ¼ 0; ðH3Þ

we can simplify the first term appearing in Eq. (H2). Specifically, we have

ϵimDmF−i ¼
ϵim

2
ðDmF−i þDiFm−Þ ¼ −

ϵim

2
D−Fim: ðH4Þ

Substituting Eq. (H4) into Eq. (H2) yields

Mj
KT ¼ iϵimϵjnPn

Z
dz−e−ik

þz−
Z

d2z⊥e−iΔ⊥z⊥
�
−
1

2
½∞; z−�z⊥D−Fimðz−; z⊥Þ½z−;∞�z⊥

− i
Z

∞

z−
dz0−½∞; z0−�z⊥F−mðz0−; z⊥Þ½z0−; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥�

þ i
Z

∞

z−
dz0−½∞; z−�z⊥F−iðz−; z⊥Þ½z−; z0−�z⊥F−mðz0−; z⊥Þ½z0−;∞�z⊥

�
: ðH5Þ

Using the relation derived above, the first term can be rewritten as a total derivative with respect to z−,

BACK-TO-BACK DIJET PRODUCTION IN DIS AT ARBITRARY … PHYS. REV. D 114, 036022 (2026)

036022-23



Mj
KT ¼ iϵimϵjnPn

Z
dz−e−ik

þz−
Z

d2z⊥e−iΔ⊥z⊥
�
−
1

2
∂−ð½∞; z−�z⊥Fimðz−; z⊥Þ½z−;∞�z⊥Þ

− i
Z

∞

z−
dz0−½∞; z0−�z⊥F−mðz0−; z⊥Þ½z0−; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥

þ i
Z

∞

z−
dz0−½∞; z−�z⊥F−iðz−; z⊥Þ½z−; z0−�z⊥F−mðz0−; z⊥Þ½z0−;∞�z⊥�

�
: ðH6Þ

Performing an integration by parts with respect to z− and acting on the Fourier phase e−ik
þz− , we obtain

Mj
KT ¼ iϵimϵjnPn

Z
dz−e−ik

þz−
Z

d2z⊥e−iΔ⊥z⊥
�
−
1

2
ikþð½∞; z−�z⊥Fimðz−; z⊥Þ½z−;∞�z⊥Þ

− i
Z

∞

z−
dz0−½∞; z0−�z⊥F−mðz0−; z⊥Þ½z0−; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥

þ i
Z

∞

z−
dz0−½∞; z−�z⊥F−iðz−; z⊥Þ½z−; z0−�z⊥F−mðz0−; z⊥Þ½z0−;∞�z⊥

�
: ðH7Þ

Note that the final equation has a different form compared to [25] as we retain the full exponential eik
þz− in our calculations.

We can invert the above expression and write an equation that relates Fim to F−i and F−iF−m as

Z
dz−e−ik

þz−
Z

d2z⊥e−iΔ⊥z⊥
�
−Pikþ½∞; z−�z⊥Fijðz−; z⊥Þ½z−;∞�z⊥

− ðPiΔj − ðΔ · PÞδijÞ½∞; z−�z⊥F−iðz−; z⊥Þ½z−;∞�z⊥
þ ðPi − PjÞ

Z
∞

z−
dz0−½∞; z0−�z⊥F−iðz0−; z⊥Þ½z0−; z−�z⊥F−jðz−; z⊥Þ½z−;∞�z⊥

þ ðPi − PjÞ
Z

∞

z−
dz0−½∞; z−�z⊥F−iðz−; z⊥Þ½z−; z0−�z⊥F−jðz0−; z⊥Þ½z0−;∞�z⊥

�
¼ 0: ðH8Þ

APPENDIX I: DIRAC TRACES

In this appendix, we summarize the Dirac traces required
for evaluating the dijet cross section presented in Sec. IV.
Throughout this work, we consider massless quarks and
employ the completeness relations

X
s

usðk1Þūsðk1Þ ¼ k1;
X
s

vsðk2Þv̄sðk2Þ ¼ k2; ðI1Þ

which allow us to convert products of amplitudes into
traces over Dirac matrices. The tables also include the
twist-4 structures, although they do not contribute to the
twist-3 cross section considered in the main text.
For a longitudinally polarized virtual photon, ϵL ∝ γ−, so

both photon vertices reduce to γ−. Consequently, all single
σ−iF−i insertions vanish because γ−σ−iγ− ¼ 0, leaving
fewer independent operator structures than in the transverse

TABLE I. Dirac traces for a longitudinally polarized virtual photon. The twist-4 structures are included for completeness.

Longitudinal 1. Tr½k1γ−k2γ−� F−iF−j ¼ 8k−1 k
−
2 F−iF−j.

2. All the terms proportional to σ−iF−i vanish.
3. Tr½k1γ−k2σklγ−� F−iFkl ¼ Tr½k1γ−k2γ−σkl� F−iFkl ¼ 0.
4. Tr½k1σmnγ−k2γ−� FmnF−j ¼ Tr½k1γ−σmnk2γ−� FmnF−j ¼ 0.
5. Tr½k1γ−k2σþ−γ−� F−iFþ− ¼ Tr½k1σþ−γ−k2γ−� Fþ−F−i ¼ −8ik−1 k−2 Fþ−F−i.
6. Tr½k1γ−k2γ−σþ−� F−iFþ− ¼ Tr½k1γ−σþ−k2γ−� Fþ−F−i ¼ 8ik−1 k

−
2 Fþ−F−i.

7. Tr½k1ðσþ−γ
−Þk2ðσþ−γ

−Þ� Fþ−Fþ− ¼ Tr½k1ðγ−σþ−Þk2ðγ−σþ−Þ� Fþ−Fþ− ¼ −8k−1 k−2 Fþ−Fþ−.
8. Tr½k1ðσþ−γ

−Þk2ðγ−σþ−Þ� Fþ−Fþ− ¼ Tr½k1ðγ−σþ−Þk2ðσþ−γ
−Þ� Fþ−Fþ− ¼ 8k−1 k

−
2 Fþ−Fþ−.

9. Tr½k1ðσmnγ
−Þk2ðσμνγ−Þ� FmnFμν ¼ Tr½k1ðσmnγ

−Þk2ðγ−σμνÞ� FmnFμν ¼ 16k−1 k
−
2 FmnFmn.

10. Tr½k1ðγ−σmnÞk2ðσμνγ−Þ� FmnFμν ¼ Tr½k1ðγ−σmnÞk2ðγ−σμνÞ� FmnFμν ¼ 16k−1 k
−
2 FmnFmn.

11. Tr½k1ðσþ−γ
−Þk2ðσmnγ

−Þ� ¼ Tr½k1ðσþ−γ
−Þk2ðγ−σmnÞ� ¼ Tr½k1ðγ−σþ−Þk2ðσmnγ

−Þ� ¼ � � � ¼ 0.
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case. The corresponding traces are listed in Table I; Items
7–10 are twist-4 and listed for completeness; i; j; k; l; m; n
denote transverse indices.
For a transversely polarized virtual photon, the photon

vertices γm and γn (m, n ¼ 1, 2) are contracted with the
polarization projector 1

2

P
λ¼�1 ϵ

λ
mϵ

λ�
n ¼ − 1

2
gmn. Unlike the

longitudinal case, the single σ−iF−i insertions survive and

generate the additional operator structures Ci and the σ−k

components of Eikl and Gikl appearing in Eqs. (38)–(55).
Combining the traces listed in Table II with the coefficients of
Eq. (28) reproduces the coefficient functionsAij,Bi,Ci,Eikl,
andGikl. Throughout this appendix, i, j, k, l denote transverse
indices and ki1;2 are the transverse components of the jet
momenta. Items 8–10 are again listed only for completeness.
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TABLE II. Dirac traces for a transversely polarized virtual photon. The photon vertices are contracted with the transverse polarization
projector − 1

2
gmn. The twist-4 structures are included for completeness and do not contribute to the twist-3 cross section.

Transverse 1. − 1
2
gmnTr½k1γmk2γn� F−iF−j ¼ 4ðkþ1 k−2 þ k−1 k

þ
2 ÞF−iF−j.

2. Unlike the longitudinal case, the single σ−iF−i terms are nonvanishing: − 1
2
gmnTr½k1σ−iγmk2γn� F−iF−j ¼ −4ik−2 ki1F−iF−j,

− 1
2
gmnTr½k1γmσ−ik2γn� F−iF−j ¼ þ4ik−1 k

i
2F−iF−j, − 1

2
gmnTr½k1γmk2γnσ−j� F−iF−j ¼ þ4ik−2 k

j
1F−iF−j,

− 1
2
gmnTr½k1γmk2σ−jγn� F−iF−j ¼ −4ik−1 k

j
2F−iF−j.

3. Double σ−i insertions (entering the S2
1;S

2
2 part of Aij):

− 1
2
gmnTr½k1σ−iγmk2γnσ−j� F−iF−j ¼ − 1

2
gmnTr½k1γmσ−ik2σ−jγn� F−iF−j ¼ −8k−1 k−2 gijF−iF−j,

− 1
2
gmnTr½k1σ−iγmk2σ−jγn� F−iF−j ¼ − 1

2
gmnTr½k1γmσ−ik2γnσ−j� F−iF−j ¼ 0.

4. − 1
2
gmnTr½k1γmk2σþ−γn� F−iFþ− ¼ − 1

2
gmnTr½k1γmk2γnσþ−� F−iFþ− ¼ 4iðk−1 kþ2 − kþ1 k

−
2 ÞF−iFþ−.

5. − 1
2
gmnTr½k1σ−iγmk2σþ−γn� F−iFþ− ¼ − 1

2
gmnTr½k1σ−iγmk2γnσþ−� F−iFþ− ¼ −4k−2 ki1F−iFþ−,

− 1
2
gmnTr½k1γmσ−ik2σþ−γn� F−iFþ− ¼ − 1

2
gmnTr½k1γmσ−ik2γnσþ−� F−iFþ− ¼ −4k−1 ki2F−iFþ−.

6. − 1
2
gmnTr½k1σijγmk2γn� FijF−l ¼ − 1

2
gmnTr½k1γmσijk2γn� FijF−l ¼ 0.

7. Mixed σij–σ−l insertions: − 1
2
gmnTr½k1σijγmk2γnσ−l� FijF−l ¼ 4k−2 ðkj1gil − ki1g

jlÞFijF−l,
− 1

2
gmnTr½k1γmσijk2γnσ−l� FijF−l ¼ 4k−2 ðki1gjl − kj1g

ilÞFijF−l, − 1
2
gmnTr½k1σijγmk2σ−lγn� FijF−l ¼ 4k−1 ðki2gjl − kj2g

ilÞFijF−l,
− 1

2
gmnTr½k1γmσijk2σ−lγn� FijF−l ¼ 4k−1 ðkj2gil − ki2g

jlÞFijF−l.
8. Fþ−Fþ−: all four orderings coincide, − 1

2
gmnTr½k1ðσþ−γmÞk2ðσþ−γnÞ� Fþ−Fþ− ¼ 4ðkþ1 k−2 þ k−1 k

þ
2 ÞFþ−Fþ−.

9. Fþ−Fij: the mixed σþ−–σij traces vanish, − 1
2
gmnTr½k1ðσþ−γmÞk2ðσijγnÞ� Fþ−Fij ¼ 0.

10. FijFkl: writing K ≡ kþ1 k
−
2 þ k−1 k

þ
2 , the crossed orderings reduce to the single invariant FijFij,

− 1
2
gmnTr½k1σijγmk2γnσkl� FijFkl ¼ − 1

2
gmnTr½k1γmσijk2σklγn� FijFkl ¼ 8KFijðxÞFijðyÞ, while the same-side orderings

reduce, after using the two-dimensional transverse antisymmetry of Fij, to
− 1

2
gmnTr½k1σijγmk2σklγn� FijFkl ¼ − 1

2
gmnTr½k1γmσijk2γnσkl� FijFkl ¼ −8KFijðxÞFijðyÞ.
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