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The dual Ginzburg-Landau (DGL) theory is one of the nonperturbative effective field theories of
quantum chromodynamics (QCD). The DGL theory describes the QCD vacuum as a dual superconductor
and possesses electric flux-tube solutions via the dual Meissner effect, which applies to the quark
confinement mechanism. We demonstrate a powerful numerical method for solving the field equations in
the DGL theory with U(1) dual gauge symmetry. An essential aspect of our method is to formulate the DGL
theory on the dual lattice, which enables us to investigate any system composed of finite-length flux tubes
in a systematic manner. Taking full advantage of the dual lattice formulation, we investigate the finite-
length flux-tube solution corresponding to the quark-antiquark system in detail, which exposes the
significant terminal effects absent in the infinitely long flux-tube solution. We also study the flux-tube
interaction in the two-flux-tube and multiflux-tube systems, providing new insights into the non-

perturbative properties of QCD.
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I. INTRODUCTION

If the quantum chromodynamics (QCD) vacuum
behaves as a dual superconductor [1-3], the color-electric
field emitted from a quark will be squeezed into a stringlike
flux tube [4] due to the dual Meissner effect until being
absorbed by an antiquark or by another two quarks with
different color charges. Then, the potential energy for the
bound state of quarks increases linearly as the flux-tube
length becomes longer, so that quarks can never be isolated
with a finite amount of energy, which provides us with a
possible mechanism of quark confinement. It is quite well
known that the interquark potential computed by lattice
QCD' simulations contains a linearly rising part for the
distance between quarks.
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'We assume that “lattice QCD” also includes compact U(1)
and SU(2) lattice gauge theories, as these theories also exhibit the
dual superconducting nature.
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The properties of an ordinary superconductor are known to
be described by the Ginzburg-Landau theory, where its
response to the magnetic field depends sensitively on the
type of superconducting phases characterized by the
Ginzburg-Landau parameter x, defined by the ratio of the
penetration depth to the coherence length. Likewise, the QCD
vacuum can effectively be described by the dual Ginzburg-
Landau (DGL) theory [5-10]. Itis then natural to ask the type
of dual superconducting phase of the QCD vacuum, since it
must directly be responsible for the structure of hadrons. So
far, many efforts have been made to identify the type of phase
by investigating the field profile of the quark-antiquark
system from lattice QCD simulations, but it seems that the
results are not easily settled [11-28].

Part of the reason may be due to the difficulty of
reducing numerical errors in the lattice QCD simulation,
while another part may stem from the unsatisfactory
analyses of the lattice QCD results. For instance, the field
profile of the quark-antiquark system obtained by the lattice
QCD simulations has often been compared with exponen-
tial functions with a negative exponent for identifying the
penetration depth or the coherence length. In most cases,
however, despite the distance between the quark and the
antiquark being always finite, the effect of finiteness is not
taken into account seriously. Since the numerical errors of
lattice simulations are getting smaller, thanks not only to
the increase of computer resources but also to the efficient
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numerical algorithms [29,30], it is quite important to use
appropriate model functions for the analysis.

In this paper, we demonstrate a powerful numerical
method for obtaining the finite-length flux-tube solution in
the DGL theory corresponding to the quark-antiquark
system in QCD, and clarify the properties of the solution
in detail. In general, the flux-tube solution can be obtained
by solving simultaneous nonlinear partial differential equa-
tions for the field variables with appropriate boundary
conditions. An essential aspect of our method is to
formulate the DGL theory on the dual lattice [31], which
enables us to investigate any system composed of finite-
length flux tubes in a systematic manner in contrast to
normal discretization methods [32]. Our method has been
successfully applied to the analysis of the lattice QCD
results [15,16,33]. We describe all the details of the dual
lattice formulation of the DGL theory, including several
updates from our previous work [31]. As further applica-
tions of our method, we also investigate the interaction
properties of flux tubes in the two-flux-tube and multiflux-
tube systems.

This paper is organized as follows. In Sec. II, we
introduce the DGL theory with the U(1) dual gauge
symmetry and summarize the basics of the flux-tube
solution. In Sec. III, we describe the dual lattice formu-
lation of the DGL theory, and demonstrate how to obtain
the finite-length flux-tube solution. The methods of the
Hodge decomposition and of identifying the location of the
flux-tube core are also given, which are quite useful to
reveal the structure of the flux tube. We then provide an
optimal set of parameters for controlling systematic effects
due to the lattice formulation. In Sec. IV, we present the
numerical results on the finite-length flux-tube solution,
and on the interaction properties of flux tubes. Section V is
devoted to the summary of our findings and outlook. In
Appendices, we present the basic properties of the lattice
Green’s functions for the massless field used in our study,
and how to obtain the flux-tube solution in the large « limit.

Although we intend to apply our method to the analysis
of lattice QCD results, or more widely, that of lattice gauge
theories results, the presented method can obviously be
used to investigate the ordinary superconductor by regard-
ing the dual variables as the original ones, with introducing
an appropriate physical scale [34]. It would also be useful
to understand any physical phenomena that are expected to
be described by the Abelian Higgs model [4,35], since its
field-theoretical structure is the same as the DGL theory.

II. THE FLUX-TUBE SOLUTION
IN THE DGL THEORY

In this section, we introduce the DGL theory with U(1)
dual gauge symmetry, and summarize the essential feature
of the most popular flux-tube solution with infinite length.
We clarify the role of the Dirac string for the flux-tube
solution, which is necessary to define the electric charge in

the dual world, both from analytical and numerical points
of view.

A. The model

We consider a D-dimensional Euclidean space, whose
coordinate is specified by x = (xy, x5, ..., xp). The DGL
theory is then defined by the Lagrangian density

1 .
L= Fu+ 10, +igB)xl* + Al = )%, (1)
where B, denotes the axial vector dual gauge field and y the
complex scalar monopole field, and

‘¥, =0d,B,—0,B,—eX, (2)

is the antisymmetric dual field strength tensor (the star
represents the Hodge dual). The Greek indices u and v take
values from 1 to D, and repeated indices are summed over.
The monopole field carries the magnetic charge g, while the
quark and antiquark fields, which are introduced as the
endpoints of the Dirac string %, carry the electric charge e
and —e. Between the magnetic and the electric charges,
there is an important relation called the Dirac quantization

condition,
eg = 2. (3)

The Lagrangian density is apparently invariant under the
U(1) dual gauge transformation,

X _))(eig“’ )(* —>)(*e_i§, Bﬂ N Bﬂ _ 0,457 (4)
for £ €N, where the star denotes the complex conjugate.
This symmetry will be broken spontaneously once monop-
ole condensation occurs |y| — v (vacuum expectation
value), and then both the dual gauge field and the monopole
field acquire masses,

mg = \/Egv, m, = 2V v, (5)
respectively. The distances defined by the inverse of these
masses correspond to the penetration depth and the
coherence length, and the ratio of these masses,

K:ﬂ:@, (6)
mpg g

characterizes the type of the dual superconducting phase;
type-I for x < 1 and type-II for « > 1. The border of the two
phases, k = 1, is often called the Bogomol’nyi limit [36].
We may call x the Ginzburg-Landau (GL) parameter as in
the ordinary superconductor.2

*The border of the type-I and type-II phases is often defined at

k = 1/+/2. The difference from our definition of the border is just
a matter of convention.
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For the numerical analysis, it is useful to isolate the
physical scale v from the theory, which is recovered when
needed. In practice, we may introduce dimensionless
variables with the carets by

9B, = Uéw Y=uy = U(ﬂ?l iAZ)
— . _ —1a - &
aﬂ = 'Uaﬂ, xﬂ =70 xﬂ, 2}4 = 2
mg = vitg,  m, =vin (7)

Then, the Lagrangian density in Eq. (1) is written as

%)(2
2 e -1, )

where
“Fo =0,B,-9,B, 215, 9)
D3* = 0,4% — easB 3", (10)

and f, =1/ g*. The Greek indices a and f take values
from 1 to 2, and repeated indices are summed over, where
€ In Eq. (10) is the 2nd-rank antisymmetric tensor
(€10 = —€31 = 1, €1 = €3 = 0). For simplicity, we omit
all of the caret hereafter except for the masses. As the
coupling f, is just an overall factor, we always assume
B, =1 when the numerical results are presented in the
following. This value needs to be adjusted when the results
are compared to the lattice QCD ones.

B. The analytical approach to the flux-tube solution

The DGL theory has a flux-tube solution when a chain of

%, (x) # 0 is put. For ,, (x) # 0, the dual gauge field can

be decomposed into three parts by applying the Hodge
decomposition,”

B, = By® + B)" + B (11)

The first term B,,* is, as demonstrated later, related to the

regular monopole supercurrent and leads to a solenoidal

structure of the electric field. The second term qug i

related to the singular boundary condition of the system
which satisfies the relation [32,38],
aﬂ Bls;ing

- 01,3:}“2 - 27X, = 27C,,, (12)

*Using codifferential § and exterior derivative d, the Laplacian
is defined by A = d6 + dd. Then, a 1-form field B can be decom-
posed as B=A"'AB=A"'(d5+86d)B=A"'dB+A~'6dB =
A~'dSB + AT'S(xF +272%) = A~ dSB + A5 F +27A716% =
Bred 4 pree 4 Bsing where * denotes the Hodge star operator, and
the definition of the 2-form dual field strength *F = dB — 2zX is
used [37].

where C,, leads to the Coulombic electric field, and is
related to the electric charge density by

1

. 1
JO(X) = _56071/10'017210 = +_€011/16011C/lo" (13)

2
The formal solution of Eq. (13) with respect to C,, in
D dimensions is given by

C;u/(x) - _e;wo'aa / de/G<x - X/)j()()cl), (14)

where G(x) denotes the massless Green’s function, which
satisfies AG(x) =—5(P)(x). Using the fact that 9,C,,, (x) =0
and 9,B,"* =0, the formal solution of Eq. (12) with

sing

respect to B, © is expressed as

Bzing(x) _ Zﬂ/delG(x - x/)@{,Z,,y(x/). (15)

The last term B,rfd in Eq. (11) is redundant, and is irrelevant
to the electric field, as d,B;¢ — 9,B = 0.

The existence of the flux-tube solution is demonstrated
analytically by looking at the static D = 2 dimensional
system. We put a single Dirac string at the origin x = 0,
such as

2, (x) = =€, N ,69(x), (16)
where N, € Z characterizes the scalar multiple of the
electric charge e. Note that this system can also be regarded
as the cross section of an infinitely long flux-tube system
along the x;3-axis in D = 3 dimensions. Therefore, there is
no endpoint of the Dirac string, and C,, is absent. By
inserting the D = 2 dimensional Green’s function,

1
G(x—x’):—z—ln\x—x’| (17)
b3

into Eq. (15), we obtain an explicit form

sin, N €uXy
B =~ (18)

As the system becomes cylindrically symmetric around the
origin, we may introduce polar coordinates, x; = pcos
and x, = psin@ with p = \/x7 + x3, and then, Eq. (18) can
be written as

gy N N
B¢ = —7(1(— sin 0¢; + cos 0¢,) = —7’1*9 (19)

with the unit vector é, = —sin 0¢; + cos 0¢,. Other field
variables are also written as
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e )

Ereg:Breg(p)a): €, X =X ==

(20)

N

The functional forms of B,(p) and ¢(p) are determined
to minimize the spatial integration of the Lagrangian
density in Eq. (8) written in the same polar coordinates,

dB\? i [ [dp)>
GzﬁgWZA (2ﬂp)dp{2 C) dp) +%{<d—i)

B,—N,\2 nL 2
n < » q) ¢2} + mpnt, (¢ — 1)2]' (21)
P 8
From the extremum condition, 00/ 0B,=0 and

0c/d¢ = 0, we obtain the field equatlons

d*B, 1dB,
B NP =0 (22)
¢ 1dp (B,—N,\?2 m;
s —Lp(pP—1)=0. (23
it (2R - Teg - =0 @

With the solution of B, and ¢ in Egs. (22) and (23), which
usually requires numerical methods, Eq. (21) provides the
energy of the flux tube per unit length, i.e., the string
tension.

Although the exact analytical solution of these simulta-
neous field equations is not known, it is possible to show
the existence of the solution as follows. By expressing the
dual gauge field as B, = N, — p'K(p') with the rescaled
radial coordinate p’ = mizp, Eq. (22) can be written as

&’K 1dK 1

rCRRr (1+?)K¢2:0. (24)
In the region of p’ where ¢(p’) ~ 1 is satisfied, the modified
Bessel function of the second kind, K = K(p') ~

7/(2p")e"" can be the solution of Eq. (24). Thus, the
dual gauge field can be written as B, = N, — p'K;(p'). By

”’K “4 = —p'K,, the electric field is

using the relation Ky + p';
given by E=V x B = ( p)E';

E,(p) ~ ingKo(ingp). (25)
This reads that the electric field is suppressed exponen-
tially with the increase of p, indicating a confining
tubelike structure of the electric field within migp < 1.

4Assuming that the phase of the monopole field y is multi-
valued as [d,.9,]n = 22N 4€,,6%) (x) for y = pe™ [4], the ex-
pression of Eq. (21) and the following field equations in Egs. (22)
and (23) can be derived. However, this way of introducing N,
obscures the relationship between N, and the electric charge,

especially when the finite-length flux-tube solution is considered.

The appearance of the electric field E is linked to that of the
monopole supercurrent k via the dual Ampere law,

VxE= l_é, which signals the occurrence of the dual
Meissner effect. In the cylindrical case, the monopole

supercurrent can be written as k= k,(p)éy, where
,B,—N
p

k,(p) = —rirg L* ~ K, (hgp).  (26)

This reads that the monopole supercurrent is circulating the
electric flux tube.

For the special case such that 7 = 7, is satisfied
(x =1), it is possible to evaluate Eq. (21) analytically
without knowing the functional forms of B, and ¢.
Following the idea of Bogomol’'nyi [36], we may rewrite

Eq. (21) as
a2 7 1(1dB, g oo )
o=y [ Capian| (L £ 2 - )

+ﬁ123 (d N (B/, —Nq>¢)2
p p
2
B

+——— (¥~ 1)2]
I’hZ
T vQ/ (2ﬂp)dp2—; n—ljf (@*—1)
dg?
a0 (B, - Nq)] , (27)

where the upper sign is for N, > 0 and the lower sign is for
N, < 0. For 7n,, = ing, the field equations are given by the
first-order differential equations,

1dB, mB 5 _0 73
SR =N =0, (28)
dé |

0. 29
dp ( p >¢ @)

By taking into account the boundary conditions of the
fields such as B,(0) =0, ¢(0) =0, and B,(c0) = N,
¢(o0) =1, Eq. (27) is reduced to

o = nf,|N, |miv? = T[ﬂgqu|m%. (30)

Note that differentiating Eqs. (28) and (29) with respect to
p recovers the second-order differential equations as in
Eqgs. (22) and (23).

C. The numerical approach to the flux-tube solution

The field equations in Egs. (22) and (23) can be solved
numerically. We may write the radial coordinate as p = nh
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(n=0,1,2,...,ny,) with a small interval A, and approxi-
mate derivatives with finite (central) differences as

dflp) _ fnt1)=fln=1)
dp 2h

(31)

for an arbitrary function f(p). Eq. (21) is then expressed as

B,v? 1 /B,(n+1)—B,(n—1)\2

(ingh)? { <¢<n 1) = g(n- 1))2

# L (g -1y (32)
and the field equations are given by

X(n)=B,(n+1)+B,(n—1) —2B,(n)
B,(n+1)=B,(n—1)
2n
= (mgh)*(B,(n) = Ny)¢(n)> =0,  (33)

Y(n) = gln+ 1) + pln = 1) = 2 (n)
L+ ) —gln=1)

2n
- (P2 )
Gy

L g ) - 1) =0, (34)

The simultaneous equations X(n) =Y(n) =0 can be
solved, for instance, by applying the Newton-Raphson
method; using derivatives of the field equations with
respect to the field variable,

0X(n)
0B,(n)

opX(n) = = =2 (ingh)*p(n)>,  (35)

st =200y _ (B NY:

op(n) n
P s~ 1), 30

the field variables are iteratively updated by

By(n) = By(n) = 5o
o) = ) = 0 37)

The iteration process is terminated when both
max(|X(n)|) < e and max(|Y(n)|) < ¢ are satisfied simul-
taneously with a reasonably small value of €. The boundary
conditions of the dual gauge field and the monopole field
are set to be B,(0) =0, $(0) =0, and B,(ny.) = N,
P(nmax) = 1 for a large enough n,,,.

The dimensionless interval /4 should be small enough to
avoid discretization effects, and at the same time, the size of
nmax Should be large enough to avoid finite size effects.
Here, it is useful to pay attention to the fact that the interval
h is always accompanied by the mass parameters such as
fgh and i, h. This means that it is possible to take 7 = 1
and to regard the /715 as the contraction percentage of the
interval A. Then, the continuum limit can be defined by
g — 0, while 71, should be adjusted to keep x = 7, /7irg
intact.

According to Eq. (7), the physical scale of a dimension-
less distance can be recovered by multiplying it by

q°

. 7
a=-=—-2 (38)

v mp

Thus, the physical scale of the radial coordinate p is given
by pa = nha = na = ning[l/mg] forn =0,1,2, ..., By
Although the physical value of mpg is not known a priori,
we can always compare the distances for various 1z values
with each other in units of 1/mp, the penetration depth. The
small 71 or large i1z corresponds to the computation with
the fine or coarse discretization.

To examine the discretization effect, let us demonstrate
two cases of a fundamental flux-tube system N, = 1 for the
border k = 1 with iz = 1.0 (coarse) and 0.10 (fine). We
set the maximum radial coordinate as p,,,a = 40[1/mg],
which means n,,, = 40 for i1z = 1.0 and n,,, = 400 for
mp = 0.10, respectively. In Figs. 1 and 2, we show the
histories of the maximum violation max(|X(n)|) and
max(|Y(n)|), and of the value of ¢ in Eq. (32) both as a
function of iteration steps. We find that if we set the
convergence criterion € such that the maximum violation
should be smaller than ¢ = 1077 for instance, this is
achieved after about 300 steps for /5 = 1.0, and about
2000 steps for iy = 0.10. The number of iteration steps for
convergence depends on the initial guess of the solution.
The examples are the case starting from the linear inter-
polation ansatz such that B,(n) = N n/ny,, and ¢(n) =
n/np.- It is a general tendency that smaller /1 requires
longer computation time, but it takes only 0.06 seconds
for mp = 0.10 with a single CPU on the Apple Mac mini
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T T T T
10tk — max(|X(n)])
----- max(|Y'(n)])
- 107t -
S mp = 0.10
+
=< . o
S 107 7
-
1072 =
10—7 Lo L \\\\\Hlt L \\\\\Hl, AR
10° 10! 102 103 10*
iteration step
FIG. 1. Histories of the maximum violation of the field

equations max(|X(n)|) and max(|Y(n)|) for k = 1.0 as a function
of iteration step.

3 GHz Intel Core i7 without any specific optimization of
the numerical code.

The converged values of ¢ are found to be 6/m% =
2.5137 for iz = 1.0, and 6/m% = 3.1362 for /g = 0.10.
Since the analytical continuum value is 6/m% = = accord-
ing to Eq. (30), we find that the former reproduces the value
with only 20 percent of accuracy, while the latter repro-
duces the value successfully within 0.2 percent of accuracy.
Note that the difference from the analytical continuum
value cannot be cured even if we simply use the smaller
convergence criterion €. The final value is limited by the
setting of p,..a and /71, the infrared and ultraviolet cutoffs,
respectively. A detailed computation with larger p,,,,a with
smaller 7715 leads to more accurate results as presented in
Table I in the next section.

In Fig. 3, we plot the field profiles of the electric field

B,(n+1)=B,(n—1)

E (n) = , 39
o (n) - (39)
103E e
. o
102} mB—IO OO mB:010 ]
~ R * °
S o
~ * (e}
o . o
10t * 0% _
.
T hessssnnnnn ?‘i.....................L .........
100 T | T | T | L
10° 10! 102 103 104

iteration step

FIG. 2. History of the value of ¢ in Eq. (21) for k = 1.0 as a
function of iteration step. The dotted line denotes the analytical
continuum value ¢/m% = = in Eq. (30).

1.2 [
® mp=10 10)

LOH o smg=0.10
08F .

field profile

FIG. 3. The field profiles for x = 1.0 as a function of the radial
coordinate p. The circles with dotted lines are for /g = 1.0
(coarse), and the solid lines are for /iy = 0.10 (fine).

and the monopole supercurrent

PR gy, (a0

and the monopole field ¢(n) as a function of p. In this plot,
the physical scales of E, and k, are recovered by multi-
plying 1/a? and 1/a>, respectively, to compare the results
between two different discretization constants a in Eq. (38).

The flux-tube structure can be observed from both coarse
and fine settings such that the electric field is distributed
mainly in the region where the monopole field takes the
value 0 < ¢ < 1. As expected, the finer setting i1y = 0.10
can capture the detailed p-dependence of the field variables;
the electric field E, approaches a constant value as p — 0,
and the monopole supercurrent k, peaks around pa ~
1[1/mg]. For a larger p, the difference between the coarse
and finer settings is getting insignificant; regardless of the
my values, the monopole fields are condensed as ¢ ~ 1 for

L6

14F

12f

ratio [mp]

LOf

r o
0t §o k,/(mpE,) for g = 0.10
o

L2 0
0'60 2 4 6 8 10

pa [1/mg]

FIG. 4. The ratio of the monopole supercurrent to the electric
field with the normalization 71 for « = 1.0 as a function of the
radial coordinate p. The ratio is compared to that of the modified
Bessel functions K /K.
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pa > 5[1/mg], and the electric field and monopole super-
current are similarly suppressed exponentially as already
discussed.

In Fig. 4, we present the ratio of the monopole super-
current k, to the electric field E, (multiplied by 7i15) as a
function of p, where the vertical axis is normalized by mp,
and the ratio of the modified Bessel functions K; /K|, is also
plotted. The result confirms the analytical expectation in
Egs. (25) and (26) for pa > 5[1/mg], which gradually
approaches K;/K, — 1 for larger p, as K; and K, behave
similarly at long distances. Note that this tendency offers a
possibility of extracting the mass mp from the ratio between
k, and E, [33].

III. THE DGL THEORY ON THE DUAL LATTICE

It is straightforward to impose the boundary condition on
the field variables as long as we consider a single flux tube
in D = 2 dimensions with cylindrical symmetry, as dem-
onstrated in the previous section. However, a naive exten-
sion of such an approach to a finite-length open-ended
flux tube in D =3 dimensions makes the procedure
complicated [32]. Our approach is then to formulate the
DGL theory on the dual lattice, and to solve the lattice
version of the field equations by monitoring carefully the
lattice effects caused by the finite cutoff and finite volume.
The DGL theory on the dual lattice has been investigated
previously [31]. In this section, we complete the framework
for a systematic numerical study.

A. The dual lattice formulation

We consider the DGL theory on the lattice in D
dimensions, such that the lattice volume is given by LP =
[17-) L, (L, €N) and the lattice spacing by a = 1/v =
fmg/mpg as in Eq. (38), where we set a = 1 hereafter. The
physical scale of a will be recovered when the numerical
results of different /M are compared with each other.
Although we use the argument x = (x,x,,...,Xxp) to
express space coordinates as in the continuum theory, each
component is discretized as x, € [1, L,]. We impose peri-
odic boundary conditions in all directions, as in the
ordinary lattice QCD simulations.

On the lattice, we may define the monopole field y(x) =
21 (x) + iy?(x) (x* € N) as the site variables, the dual gauge
field as the link variables, and the rotation of the dual gauge
field B, (x) as the noncompact plaquette variables,

(0 A B),,(x) = B,(x) + B,(x +p)
~B,(x+0) = B,(x), (41

where 1 is assumed to be a unit vector to the direction p.
The lattice action, the spatial sum of the lattice discretized
version of the Lagrangian density in Eq. (8), is then
given by

$= A3 |5 Pl + Do)

AD A
mp
8

+ TR (e - 12 @)

where

*F,(x) = (0 A B),,(x) —27%,,(x) (43)

)22
is the dual field strength in Eq. (9), and
D,y"(x) = x*(x) = x"(x + jt) cos B,,(x)
+ eaﬁ)(ﬁ (x4 1) sin B,,(x) (44)

is the covariant derivative in Eq. (10). The field equations
for the dual gauge field B, (x) and the monopole field y* are
given by

35 = ke =0, (45)
0S 4 o var _
Spita) = P = 0. (46)

where

Xu(x) = Y [ Fpu(x) +Fpy(x = )]

%%
+ 3 (x + ) sin By, (x)
+eqpr(x)x (x + f) cos B, (x)].  (47)

Y(x) =) [2¢(x) — x“(x + 1) cos B, (x)

+ €45’ (x + 1) sin B,,(x)
— (= ) cos By (x )
ot (x— ) s B, (x — )]

ﬁ12
+ 2 ) P (P - 1), (48)

One needs to find the field variables that satisty X, (x)=0
(w=1,2,...,D)and Y*(x) = 0 (a = 1, 2) simultaneously,
where the Newton-Raphson method can be used again for
this purpose. In this method, after setting initial field
variables, for instance B, (x) =0, ¥'(x) = 1, and y*(x) =
0 everywhere (we may call this as the trivial initial
condition), they are updated iteratively by

Xu(x)

Bu(x) - Bﬂ(x) - 5BX (x) s

(49)
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()= G- () (e

(50)
where
o
=2(D — 1) + mp[y*(x)x*(x + fi) cos B, (x)
— €qpx"(x)2’ (x + 1) sin B, (x)], (51)
. _oY(x)
o) = o’ (x)
= 6y 2D+ (7 (12 = 1)
+ iy ()P (%), (52)

where 5,4 denotes the Kronecker delta. As in the cylindrical
case, the iteration process is terminated when all of
max(|X,(x)|) <e (u=1,2,...,D) and max(|Y*(x)|) < e
(a =1, 2) are satisfied simultaneously with a reasonably
small value of e.

The most elegant point in the dual lattice formulation is
that we can simply treat the Dirac string £, in the dual field
strength as integer values, which allows us to obtain the
solution for various kinds of flux-tube systems without
caring about the detailed boundary condition of the field
variables. For instance, if a quark-antiquark system with the
charges N, and —N, with the distance R along the x3-axis in
D = 3 dimensions is considered (N, = 1 for the fundamen-
tal representation), we only set a connected stack of N, as

£,(0,0,0) =N, (I=1,2,..,R),  (53)

and set zero for the rest. In this setting, the locations of
the quark and antiquark correspond to X = (0,0,0) —
(1/2)1 + (1/2)2 + (1/2)3 and X = (0,0,R) — (1/2)1+
(1/2)2 + (1/2 + R)3. A schematic image is illustrated in
Fig. 5 for the R = 3 case. The dual Bianchi identity for the
dual field strength is violated as (1/2)e,,,0,"F,, =
+27zN,(-2zN,) at the location of the cube where the
quark ¢ (antiquark g) is assumed to be inside, providing the
total electric charge density in the system

jO (X) = Nq5x105x20(6x30 - 5x3R)' (54)

Let us demonstrate what the numerical solution looks
like for the quark-antiquark system in D = 3 dimensions.
We set here 7y =m, =0.50 (x =1.0) and employ a

]

\

X3

R
<
T2 <

I <

FIG.5. How to put the nonzero %,,, for the quark-antiquark (¢g)
system in D = 3 dimensions. This example is for the R = 3 case,
where the ¢g axis is taken along the x3-axis. The shaded part of
%, is set to be —=N,,.

Fed—<I—<+o
V=N V¥ V=

L3 =323 lattice. After setting the Dirac string as in
Fig. 5 with the trivial initial condition, we apply the
Newton-Raphson method. To avoid direction dependence
during the update process, we divide the lattice sites and
links into odd and even parts, and the field variables on
each are updated in turn.

Typical histories of the maximum violation
max(|X,(x)|) and max(|Y*(x)|) for R =5 and R = 10
are shown in Fig. 6. We find that the maximum violation is
getting reduced exponentially as we increase the number of
iteration steps. As a general tendency, a large value of R
requires more iteration steps. During the iteration, we also
monitor the value of S in Eq. (42), which finally converges
to the potential energy in D = 3 dimensions, S — V. We
find that the approximate value of the potential energy can
be obtained only after several tens of iteration steps, as
shown in Fig. 7, although the maximum violation is yet of
0(1072) at this stage.

100
\ L3 =328 sy — 0.50
AN
1072 ‘3:\ max(|X,(z)]) H
N max(|Y?(z)[)
107 \N\O-. i
= \ T
2 0k \\\]\% - 10 |
108} R =5 \\\ \\\\\\\\ .
10710‘”@””\>H‘|HH|HH|\“7N
0 100 200 300 400 500 600

iteration step

FIG. 6. Typical histories of the maximum violation
max(|X,(s)|) and max(|Y*(s)|) for R =5 and R = 10 for k =
1.0 as a function of iteration step.
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50 ————T T T
] L3 =323 thp = 0.50 |]
40 L o R=10 ;
o R=5
30F {
©n K ]
20F
lor V(R =5)=12.713
0 : N T BT B B
0 10 20 30 40 50
iteration step
FIG. 7. Typical histories of the value of S in Eq. (42) for R =5
and R = 10 with k = 1.0 as a function of iteration step.

B. The Hodge decomposition
The Hodge decomposition can also be applied to the dual
gauge field on the lattice as in Eq. (11). The decomposition
is achieved by using the massless lattice Green’s function
G (x) in a finite volume LP, which satisfies the relation

1
_5)()(/ + 7D’

AL GL(x=X)=0,0,G (x—x) = 7

(55)

where 9, and 0,’4 are forward and backward differences,
respectively. We summarize some basics of the lattice
Green’s functions in Appendix A. The decomposed parts
of the dual gauge field are then given by

By (x ZGL(X X)) F (), (56)
Bi™(x) =21y Gr(x—x)3,Z,(¥),  (57)

Bid(x ZGL x—x)

The rotation of B,® leads to

B,(x)).  (58)

(00 B),, (1) = "F (1) + oo~ 2, (). (59)

where we denote
é;w = Zzﬂv(x)’ (60)

C;w(x) =

€}4U60/GZGL (X - x/)jO ()C/). (61)

The correction term 27z&,,/LP appears due to the 1/LP
term in Eq. (55). The C,, term represents the Coulombic

electric field. The rotation of B}"® becomes

ﬂf,w

(0 A B2, (x) = 27Z,,(x) — +27C,,(x),  (62)
which also has the correction term with the opposite sign.
Since the redundant part has no contribution to the dual
field strength as (0 A B™),,(x) =0, we recover the
relation in Eq. (43),

(0 A B),,(x) = (0 A B%),,(x) + (9 A BY™),,(x)

= "Fu(x) +27%,,(x). (63)
which has no explicit volume correction. Therefore, when
the regular and the singular parts of the dual gauge field are

evaluated separately, it is possible to improve them by
removing the 1/LP term in advance as

(00 B, (x) = (9.1 B),,(x) ~ 2 (64)
. A 21E,,
(0 B),,(0) = (0.1 B, (x) + ot (65)

where this procedure has no visible effect if the volume is
already large enough. Note that these improvements were
not taken into account in our previous work [31]. With this
improvement, the field strength becomes

“Fu = (0 A B™®),(x) +27C, (x). (66)

Since the contribution from the cross term of (9 A
B*¢),, and C, vanishes because of the relation

€3001(0 A B*#),,, = 0, the action can also be decomposed
into two parts as

S = Scout + Ssoles (67)
where
1
Seout = By )_ 7122C, (. (68)
i
Sune = 1,3 1008 B, 0 + 52 (D)
ﬁ12 m2
+ e G () - 1)2] : (69)

The labels “coul” and “sole” mean the Coulombic and the
solenoidal parts, respectively, reflecting the structure of the
resulting electric field profile (we will demonstrate
this below).

In Fig. 8, we present the potential energy V (the
converged value of §) with the Hodge decomposition,
V.ou and V., for various distances R, where the lattice
setting is the same as before (on the L3 = 323 lattice with
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FIG. 8. The interquark potential with the Hodge decomposition

V = Veu + Vigre for k = 1.0 (g = i, = 0.50).

mp = rhl = 0.50, Nq = 1), and the iteration process is
terminated when the maximum violation becomes smaller
than € = 107°. One may immediately notice that the
Coulombic part of the potential V., (R) becomes constant
at large distances, while the solenoidal part V.(R) is
linearly increasing.5

In fact, V., (R) exactly coincides with the lattice
Coulombic potential of the functional form

vcoul(R) = 4”2ﬁgN%1 [GL (0’ 0’ 0) - GL (O’ 07 R)} . (70)

In the current setting, G, is the massless lattice Green’s
funtion on the L3 =323 lattice.® Note that Eq. (70) is
derived by inserting an explicit form of

C;w(x) = _qu;wa

05[G(x) = G(x1, X5, x3 = R)] (71)

into Eq. (68), with the relation

Z(GLGL(x))Q = _ZGL (x)ALG(x) (72)

X

and Eq. (55), where the finite volume correction terms
2ré,,/ L3 from the quark and the antiquark cancel each

other. The partial cubic rotational symmetry of C,, around

the x3-axis such as Co3(x) = C3(x) is also taken into
account, which appears when L| = L, is satisfied or both

>The quark-antiquark potential in the lattice QCD simulations
with the Abelian projection in the maximally Abelian (MA)
gauge [39] also exhibits a similar composed structure of the
potential, where the “photon” and “monopole” parts in the MA
gauge corresponds to the “Coulombic” and “solenoidal” parts in
the DGL theory. This correspondence has been exploited in our
previous investigation on the type of the dual superconducting
vacuum [15,16,33].

For instance, G;(0,0,0) = 0.2456765511, G;(0,0,1) =
0.0790149708, G, (0,0,2) = 0.0358552903, on the L? = 323
lattice.

L, and L, are sufficiently large. In the continuum and the
large volume limit, Eq. (70) reduces to

zf,N2
Vcoul(R) ->-—21

-+ const., (73)
since G (0,0, R) will approach 1/(4zR). An important fact
is that the Coulombic part is always independent of the
mass parameters.

On the other hand, V.(R) seems to be proportional to
the distance R with a positive slope as V..(R) « R, which
reflects approximate translational invariance of the solenoi-
dal part along the x3-axis. As already explained in Sec. II, if
the length of the initial Dirac string is straight and infinitely
long, the system becomes D = 2 dimensional. Since the
string tension is known to be ¢ = 73 [N, |m3% [Eq. (30)] for
k = 1, we expect

Vee(R) ~ oR = mm%R ~ 0.785R. (74)

With the resolution in Fig. 8, this expectation seems to be
realized from short distances. In general, the string tension
o depends on k, and numerical methods are needed to
obtain the value if x # 1.

The functional form of the potential has a direct con-
nection to the profile of the action density s(x), where V =
> . s(x) in D = 3 dimensions. We present an example of
the profile in Fig. 9 for the R = 10 case just on the median
plane of the flux tube. The action density s(x) can be
decomposed into two parts Seo(x) and s (x) as in the
potential. We observe two sharp peaks at the location of the
quark and antiquark in the Coulombic part, while a ridge
structure between the quark and antiquark in the solenoidal
part. Then, the sum of these two profiles gives the full
action density.

The height of the two sharp peaks themselves is
irrelevant to the interaction, but just reflects the self-
energies of the quark and antiquark. The interaction occurs
when the action density is continuously connected by
positive values. When the quark and antiquark are close
to each other, the tails of the two shape peaks overlap,
yielding the Coulombic potential. As the quark and
antiquark are separated, the overlap of the tails is reduced,
and the ridge structure comes out of hiding. Since the
height and width of the ridge are almost constant, which
persists even when the quark and antiquark are separated
further, there appears a linearly rising potential with a
constant positive slope.

The behavior of the action density is closely related to
the profile of the electric field,

1 *
E;t == 56"‘”4) pr, (75)
since the square of this quantity is a part of the action
density. The electric field can also be decomposed into the
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1.0

0.5

0.0

r1 24 8 T3 x1
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FIG. 9. The profile of the full action density s (left) with the Hodge decomposition, the Coulombic part s, (middle), and the
solenoidal part s, (right), just on the median plane that the quark (the black-filled circle) and antiquark (the black-open circle) are
placed for k = 1.0 (72 = i, = 0.50) on the L3 = 323 lattice, where the interquark distance is R = 10. Note that the vertical axis scale

of the solenoidal part is one-tenth smaller than the others.

Coulombic and the solenoidal parts. The Coulombic part of
the electric field should behave as that around the electric
dipole in electromagnetism. The solenoidal part is expected
to behave similarly (but dual) to the magnetic field in and
around a finite-length solenoid coil, which is the origin of
its naming. In our case, the monopole supercurrent,

Ky = =3[ (x)(x + 2) sin B, (x)
e (P (x4 ) cos B, (). (76)

acts as the circular current.

In Fig. 10, we show the electric field E,(x) with the
Hodge decomposition. Since R = 10 corresponds to
5.0[1/mg] for iy = 0.50, one may naively expect a tube-
like structure with the ratio, length:diameter = 5:2, how-
ever, the profile of the full electric field in Fig. 10 (left)
rather looks like a sphere. In this sense, the naming, such as

24

16
X1 L2

24 8

the “flux tube” which evokes translational invariance of the
profile, may not always be appropriate, though we use this
term to express the solution throughout this paper. To
observe a thin tubelike structure for the electric field, the
k should be larger, or the length R should be unrealistically
longer compared to the penetration depth.

In fact, the penetration depth alone does not characterize
the width of the electric-field profile properly when « is
finite. Since the electric field is getting suppressed expo-
nentially beyond the distance of coherence length, it is
reasonable to think that the width of the electric-field
profile is roughly given by the sum of the coherence length
and the penetration depth. For the x = 1 case, the width will
then be twice the penetration depth, so that the above naive
ratio should be modified to length:diameter = 5:4, which
may be consistent with the appearance (see Fig. 3, where
the electric field at pa ~ 2[1/mg] becomes about e~ ~ 1/3
of the maximum value at the center).

FIG. 10. The profile of the full electric field E, (left) with the Hodge decomposition, the Coulombic part E;“”l (middle), and the
solenoidal part ES*' (right), for k = 1.0 (/1 = i, = 0.50) on the L3 = 323 lattice, where the interquark distance is R = 10, and the
locations of the quark and antiquark are specified by the black-filled and black-open circles, respectively. The values for |E, | > 0.004 are
displayed, and the strength is represented by a color scale, with violet indicating higher magnitudes.
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FIG. 11. The profiles of the monopole supercurrent k,(x) for
k =1.0 (fmp = i, = 0.50) on the L* = 32? lattice, where the
interquark distance is R = 10, and the locations of the quark and
antiquark are specified by the black-filled and black-open circles,
respectively. The values with |k,| > 0.001 on the four selected
planes are displayed, and the strength is represented by a color
scale, with violet indicating higher magnitudes.

Even if the full electric-field profile does not show a
tubelike structure, it is not the same as the Coulombic field,
since the full electric field is given by the sum of the real
Coulombic field in Fig. 10 (middle) and the solenoidal field
in Fig. 10 (right). The solenoidal part plays a role in
canceling the Coulombic field in the outer region, which, at
the same time, enhances the electric field in the inner region
around the Dirac string. In Figs. 11 and 12, we show the
profiles of the circulating monopole supercurrent k,(x) and
the monopole field ¢(x) = |y(x)|. In the region where the
electric field has a large value, ¢(x) necessarily takes a

) 24 8 3

FIG. 12. The profiles of the monopole field ¢(x) = [y(x)| for
k =1.0 (mp = i, = 0.50) on the L? = 32° lattice, where the
interquark distance is R = 10, and the locations of the quark and
antiquark are specified by the black-filled and black-open circles,
respectively.

value smaller than one, indicating the melting of vacuum
condensate.

C. The final location of the Dirac string

The shape of the flux-tube solution may depend on the
path of how the Dirac string is put. As we will show below,
however, the iteration process always tries to find a
minimum energy configuration of the fields, so that the
final path of the Dirac string is not always the same as the
initial one. During the iteration process of the Newton-
Raphson method, the phase of the monopole field or the
redundant part of the dual gauge field can become multi-
valued, which generates a new set of Dirac strings. This
happens when the flux tube along the original Dirac string
%, is energetically unstable. The sum of the original and
the generated Dirac strings then determines the final Dirac
string that is responsible for the flux-tube solution.

In practice, the location of the final Dirac stringin D = 3
dimensions can be identified by the following procedure.
First, we identify the total winding number of the dual
gauge field, including the contribution from the phase of
the monopole field n(x) = tan~! (y*(x)/x'(x)) € [-x, z) by

n,(x) = floor <B”(x) + 02/4;7()6) + 57

where the shift of 5z is just for technical reasons, and the
function floor(arg) is assumed to return the greatest integer
value less than or equal to arg. When n, # 0 the closed
Dirac string is generated by

> -2, (77

ZEed(x) = (0 A n),, (%), (78)
which satisfies ), 5 (x) = 0 regardless of the choice
of pv planes. Second, we extract the remnant of the dual
gauge field by

B;™(x) = B,(x) = 2zn,(x), (79)

which allows us to compute the final location of the Dirac
string by

) d A B™™ —2xC,,(x)+5
T (x) = ﬂoor(( (%) = 27C,0 (%) ﬂ) -2

2r
= Z;w(x) + Z/(ill?sed<x)' (80)

where the subtraction of the Coulombic electric field C,, is
crucial when a finite-length flux tube with higher charges
N, > 2 is investigated, since the large value of the electric
field proportional to N, often leads to the wrong integer
value which is not related to the string singularity. Note that
the location of the Dirac string identified by
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[ closed —_ final
b fin

FIG. 13.  The vector representation of the original Dirac string ¥, (Ieft), the generated closed Dirac string Z,il,j’sed (middle), and the final
Dirac string Zfi"! (right), where the ending and starting points of the string, (x,x,,x3) = (13.5,13.5,13.5) and (19.5,19.5,19.5),
correspond to the quark source and the antiquark sink, respectively. The profile of the electric field E, is also plotted with Ef};‘al,

ﬂ00r<(a A B)W(x) —-27C,,(x) + 57

5 ) —2, (81)

is the same as the original Dirac string %, so that the
cancellation of the Dirac string occurs in the field strength,
leaving the Coulombic term as in Eq. (66).

Let us see a typical example of the generation of the
closed string on a 32 lattice with iy = m, = 0.50. We
first put the Dirac string along the side of a cube as shown
in Fig. 13 (left) and start the Newton-Raphson method,
where the ending and starting points of the string,
(x1,x2,x3) = (13.5,13.5,13.5) and (19.5,19.5,19.5), cor-
respond to the quark source and the antiquark sink,
respectively. The convergence criterion is € = 107, Note
that we always compute 5 €,,,%,,(x) etc. for identifying the
string in the p direction. Once the field equations are
satisfied, we evaluate Eq. (78) and obtain the string as

20

16

12
16

T

]

o

1)

20

shown in Fig. 13 (middle). The final string in Eq. (80) has
the structure as shown in Fig. 13 (right), where the
corresponding electric field E,(x) is also plotted.
Clearly, the location of the Dirac string is different from
that of the original one, and the flux tube is formed along
the final Dirac string.

It may also be interesting to see what happens if two open
Dirac strings are placed in parallel with the opposite direction.
With the same lattice volume and mass parameters as above,
we put the two original Dirac strings along the x5-axis from
(x1,%2,x3) = (14.5,16.5,12.5) to (14.5,16.5,20.5) and
from (18.5,16.5,20.5) to (18.5,16.5,12.5). We then obtain
the result as shown in Fig. 14, where the original Dirac string
(left), the generated closed Dirac string (middle), and the final
Dirac string (right) are plotted. We find that the sum of the
original Dirac string and the generated closed Dirac string
leads to the final Dirac string. If we only look at the original
and the final Dirac strings, we may interpret this result as an

- closed - final
wle wfin

W
“ 20 ] Xl ‘. ‘
A |

16 \

12 T ) 200 12 T

FIG. 14. The similar plots as in Fig. 13 for the two-flux-tube system, where the two original Dirac strings are put along the x5-axis
from (x, x5, x3) = (14.5,16.5,12.5) to (14.5,16.5,20.5) and from (18.5,16.5,20.5) to (18.5,16.5,12.5).
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occurrence of the string flip. We will investigate the case that
two open Dirac strings are placed in parallel but in the same
direction in the next section in detail.

D. The control of systematic lattice effects

Our method is based on solving the field equations
defined on the dual lattice, therefore the solution can be
affected by the systematic lattice effects due to the finite
cutoff and finite volume. To close this section, we consider
a way of controlling such lattice effects in the flux-tube
solution, and propose optimal sets of parameters for
k = 0.50 (type I), 1.0 (border), and 1.5 (type II).

As discussed in Sec. IIC, the physical scale of a
dimensionless distance can be recovered by multiplying
it by a =imgz/myg in Eq. (38), which means that any
physical distances can be expressed in units of the physical
penetration depth 1/my. Then, the lattice cutoff effect can
be investigated by changing 71z by assuming the existence
of a unique physical value of mp, and the finite volume
effect by changing the lattice size L,, where the physical
size is given by L,a = L,fp[l/mg]. As the flux-tube
solution consists of the Coulombic and the solenoidal parts
as in Egs. (68) and (69), it will be useful to look at the
lattice effect separately.

First, we look at the Coulombic part of the potential in
Eq. (68), which is expressed by using the massless lattice
Green’s function G, in a finite volume up to the overall
factor 3, and the electric charge N, as in Eq. (70). Thus, the
lattice effect for this contribution can be investigated by
looking at how V., (R) is far from the continuum
Coulombic potential in infinite volume, VI(R) =
—rfyN. ,21 /R + const. However, one cannot directly compare
Veou(R) and VEON(R) due to the presence of the unspeci-
fied constant term from the self-energy. Thus, we do this
comparison with the help of the massless lattice Green’s
function in infinite volume G, which has the value
G (0) = 0.25273100985866 at the origin [40] and is
known to behave as the continuum function G (R) ~
1/(4zR) at large R. As the relation G;(0) — G, (R) =~
Go(0) — G (R) is held for large lattice volume, it makes
sense to compare G; (0) — G, (R) with G (0) — 1/(4zR),
which requires no constant shift.

In the upper panel in Fig. 15, we plot the Coulombic part
of the potential in Eq. (70) for various cubic lattice volumes
L3 with L =16, 32, 64, oo, where N, = 1, which are
compared with that of its continuum limit counterpart

1
VIR = 47N (Gul0) - ) (82)
The lower panel in Fig. 15 is the difference between Vo
and Vo, that is, 6V oy = VO — Viou. These figures
indicate that the finite volume effect for larger R can be

cured simply by increasing the lattice size L, while the short
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FIG. 15. The upper panel shows the Coulombic part of the
potential V., in Eq. (70) for cubic lattice volumes L3 with
L =16, 32, 64, oo, which are compared with that of its
continuum limit counterpart Vo in Eq. (82). The lower panel
shows the difference between V& and V. There is a
characteristic difference at very short distances quantified ap-

proximately by an exponential function.

distance behavior, especially for R < 5, never coincides
with the continuum one. Based on a fitting analysis,
the characteristic difference at short distances can be
quantified approximately by an exponential function,
SV out = 0.60(1) exp(—0.84(2)R). To reconcile this
short-distance lattice effect with the continuum theory,
we may redefine the distance R by R = (47G(R))™" as
often used in the lattice QCD simulations with the name of
tree-level improvement [40]. Note that R = (47(G,(R) —
G1(0) + G (0)))~! can also be applied if R < L.
Second, we look at the solenoidal part of the potential in
Eq. (69), which is responsible for the string tension of the
flux tube. Thus, the main lattice effects in this part can be
investigated by computing the infinitely long flux-tube
solution without terminals. This is possible by putting the
Dirac string along the whole x3-axis, which is nothing but
the D = 2 dimensional system. Hence, it is economical to
perform the computation on the D = 2 dual lattice. In D=2
dimensions, the converged value of S in Eq. (42) directly
corresponds to the string tension, S — o. The convergence
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is faster than the D = 3 case, and it is also simple to put the
Dirac string; we just assign X;,(x) = —N 6, for a single
flux tube at x = 0.

In Fig. 16, we show the L-dependence of the string
tension o for k = 0.50, 1.0, 1.5 on the squared lattice of the
size L2, where various values of mp, that is, various lattice
spacings are examined. The convergence criterion is set to
be € =10"* here, which is already small enough to
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FIG. 16. The L-dependence on the string tension o for k = 0.50
(lower), 1.0 (middle), and 1.5 (upper) with various /715. The span
of the vertical axis for the three figures is taken to be the same as
Ac/m% = 0.20 to observe how the string tension is sensitive to
mpg among three x values.

guarantee the convergence of 6. As a common feature
for all values of k, we find that ¢ becomes constant at large
L for each value of /715. At small L we observe that o shifts
upward for x> 1 and downward for k <1, while it
remains flat for k =1. As we will clarify later in
Sec. IV D, this tendency reflects the effect of interaction
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FIG. 17. The rig-dependence on the string tension o (after

taking L — oo limit) for x = 0.50 (lower), 1.0 (middle), and 1.5
(upper) with the quadratic fitting functions. For a given /mp the
lattice spacing corresponds to a = fig[l/mg]. The shaded
regions represent the detailed value of 6yjiyq in Table I within
0.2 percent of relative error.
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TABLE I. The continuum and large volume limits of the
normalized string tension ¢/m?% on the D = 2 dimensional lattice
with N, = 1 for three x values. The physical size corresponds to
La = 25.6[1/mg]. They are compared to the string tension of the
cylindrical flux-tube solution, ocyjing, computed by using the
method described in Sec. II, where we set p.ca = 40[1/mg] and
g = 0.01 (N = 4000) with ¢ = 1077,

K G/sz Ucylind/m%?
0.50 2.37951(4) 2.379481
1.0 3.14175(8) 3.141539
1.5 3.7266(3) 3.725956
TABLE II.  The summary of the GL parameter k = 7, /7irp, the

mass parameters 71z and 71, and the lattice volume with La=

128-0.20/mp=25.6[1/my] and L;a=256-0.20/my=>51.2[1 /mg).

K g i, L?L,

0.50 0.20 0.10 1282256
1.0 0.20 0.20 1282256
1.5 0.20 0.30 1282256

among the flux tubes: attractive for k < 1, no interaction for
k = 1, repulsive for k > 1.

We then extract ¢ for each /iy in the large L limit, and
plot them as a function of /iy in Fig. 17, which are
compared to the string tension of the cylindrically sym-
metric flux-tube solution 6yjinq (see, Table I). We find that
o approaches 6yjing as /ity — 0, where the /15-dependence
of o is well described by the quadratic functions. If
mp < 0.20, it is possible to obtain the same string tension
as o.ying Within 0.2 percent of accuracy, indicating that the
rotational symmetry around X, is recovered properly.

From these experiences, we conclude that the lattice
effect can be controlled by the following method; one
investigates the lattice volume dependence of the observ-
able for various 715 and finds the L-independent results at
first, and extracts the value in the continuum limit from
them by taking /i1 — 0 next. As a common problem in the
lattice formulation, it takes much computation time for
larger lattice volumes with smaller lattice spacings. Thus, it
is economical to choose the mass parameters depending on
the desired accuracy; if one requires about 0.2 percent of
accuracy for the wide range of the potential, it may be
necessary to take /g < 0.2 and L 2 O(10?). This is how
we arrive at the lattice setting and mass parameters as in
Table II. As for the convergence condition €, we find that if
only the potential energy and the field profiles are of
interest, it seems to suffice to take ¢ = 10~%, while if the
derivative (corresponding to the difference on the lattice) of
the potential is of interest, it should be € < 107°. Thus, in
most cases of the following computation, we adopt the
convergence criterion € = 107°.

IV. NUMERICAL RESULTS

Based on the optimal parameter set in Table II, we
compute the interquark potential from the finite-length
flux-tube solution, and analyze its functional form in detail.
Using also the twice coarse-grained parameter set of
Table II, we investigate the width of the finite-length
flux-tube, and the interaction properties of flux tubes in
the two-flux-tube and multiflux-tube systems.

A. The interquark potential from the finite-length
flux tube

We compute the interquark potential for the three values
of the GL parameters k = 0.50, 1.0, 1.5 as in Table II on the
L?L; = 1282256 lattice. The length of the flux tube is

0.5 o
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. r e e
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FIG. 18. The interquark potential V(r = Ra)/a with the fitting functions V,(r) in Eq. (83) and V(r) in Eq. (84) (lower three panels)
and the fitting residue (upper three panels) for k = 0.50, 1.0, 1.5 (from left to right). The maximum value of Ra = 16[1/mg] corresponds

to R = 80, which is about 1/3 of L; = 256.
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varied from R =1 to 80, where R = 80 is about 1/3 of
L; = 256. We keep the location of the quark at the origin
and shift that of the antiquark along the x3-axis. The initial
field variables for the R = 1 case are set as trivial such that
B, =0, ' =1, and »* =0. For computing the R >2
cases, we use the solution of the R — 1 case, which helps to
reduce the number of iteration steps toward convergence as
it is closer to the final solution than the trivial setting.

In Fig. 18, we plot the potential with the physical
scale V/a[mg] as a function of the physical distance,
r = Ra[l/mg], where two functional forms are examined.
One is the Yukawa plus linear function

A
Vyu(r) = _Ty e 4 6,1 + py, (83)

which is motivated by the theoretical expectation of
the superconductor in the type-II limit as in Ref. [1,8].
The parameters Ay, Oy, Hy denote a constant to control the
strength of the Yukawa interaction of the mass m,, the
string tension, and a cutoff-dependent constant with mass
dimension, respectively. The other is the Coulomb plus
linear function, as often used in the lattice QCD analyses,

A,
Vcl(r> = _7"'_ Ol + e, (84)

where the parameters A, 6., y,. have similar meaning as
above, but when the Coulombic interaction is assumed at
short distances. To use these continuum functional forms,
we apply the tree-level improvement to the lattice distance
as discussed in Sec. III D, with the massless lattice Green’s
functions in infinite volume. We take into account all data
(80 data points for each x) in the fitting, and summarize the
result of the fitting parameters in Tables III and IV.

TABLE III.  The fit results of the interquark potential in Fig. 18
toVy = —A,e™™"/r+ o,r + u, in Eq. (83). The errors of the fit
parameters are estimated by assuming 8y>/Ngs = 1. The poten-
tials for k > 2 are not presented explicitly in this paper, as their
behaviors are qualitatively similar to that for x = 1.5. The
potential in the type-II limit k — oo is shown in Appendix B
(* is for the case mp = 0.10 to examine the ultraviolet cutoff
effect).

K A, my, oy Hy fit range R
0.50 3.190(2) 0.229(4) 2.3716(6) 49.393(8) 1-80
1.0 3.1678(1) 0.629(1) 3.1376(1) 48.000(1) 1-80
1.5 3.1687(9) 0.852(1) 3.71998(8) 47.2876(9) 1-80
2.0 3.170009) 1.005(1) 4.20273(7) 46.8059(7) 1-80
3.0 3.169(1) 1.201(1) 4.98335(7) 46.1646(7) 1-80
4.0 3.1642) 1.321(2) 5.60424(9) 45.7426(9) 1-80
oo 3.084(6) 1.668(9) 9.5344(3) 43.987(3) 1-80
oo 3.081(4) 1.66(1) 11.686(2) 93.651(8) 1-80

TABLE IV. The same as in Table III but to V,, = —-A./r +
o.r + u. in Eq. (84). The fit parameters for the xk = oo case are
not included as the fitting residue got even worse than the other
cases.

K A, o, He fit range R
0.50 3.151(6) 2.3439(9) 49.977(9) 1-80
1.0 2.92(3) 3.077(4) 48.97(4) 1-80
1.5 2.79(3) 3.652(5) 48.33(5) 1-80
2.0 2.70(4) 4.132(6) 47.88(6) 1-80
3.0 2.58(5) 4.910(7) 47.25(7) 1-80
4.0 2.51(5) 5.531(7) 46.83(7) 1-80

We find that both functional forms V,; and V; seem to
explain the behavior of the potential quite well for all «
cases, only if the fitting curves are looked at. However, the
residues, 6V, =V -V, and 6V, =V =V, shown in the
panels above the potential plots, indicate that V', is clearly
better than V ;, especially for the cases x > 1. In fact, o, for
all three « values are consistent with the string tensions
computed directly in the D = 2 setting, and A, is stable
compared to A,.

It may be interesting to notice that the masslike quantity
my n Vyl, which we call the effective mass, is not common
but dependent on k, which is monotonically increasing with
the growth of k. Since the distance r is measured in units of
1/mp, m, itself corresponds to the effective ratio of the
interaction range to 1/mp. Hence, if the value is smaller
(larger) than one, it means that the effective interaction
range of the dual gauge field is longer (shorter) than 1/myp.
We will consider the meaning of this tendency later.

By applying the Hodge decomposition, the potential can
be decomposed as V = V1 + Vo1e- The functional form
of V .u 1s exactly described by using the massless lattice
Green’s function in Eq. (70) on the 1282256 lattice.” In
other words, the values of V, are perfectly under control.
On the other hand, the functional form of V. is slightly
nontrivial, which cannot be exactly linear, as the fitting
results show that V; is favorable than V ; V. should
contain nontrivial r-dependence at short distances that
modifies the pure Coulombic term to the Yukawa term
with the effective mass m,.

To investigate the detailed feature of V., we further
(link)

Y _ y/(plaq)
decompose it into three terms as V. = V. + Ve

sole
Vi) with

sole

o ﬁgz[ @A B, 2|, (85)

"For instance, GL(O 0,0) = 0.25160834912, G,(0,0,1)
0.08494163028, G, (0,0,2) = 0.04176644516, on the LL.
1282256 lattice.
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v =py [’" R D

V)

Vor =Y PR G- 1] ()

where the additional superscripts of V. are just named
after the geometric shapes of the contribution to the
potential, from plaquettes, links, and sites on the dual
lattice. The results are shown in Fig. 19, where the
derivatives of these terms with respect to r are also
computed.

Let us first look at the result for k = 0.50, the left panels
of Fig. 19. We find that all the contributions y/(Plaa) -y {link)

sole °> " sole
(site)
Vsole

tion is of V

seem to behave linearly, where the largest contribu-
(link) (plaq) and

sole * sole
Vi;llt? almost identically. Although each component looks

linear, its derivative exhibits nontrivial behavior as r — 0.

and the next is provided by V

Typically, the slopes of V(plaq and Vi;ll? approach

smoothly zero for » — 0. In contrast, the slope of Vglnek)

increases as » — 0 up to a certain finite value, which gives a
dominant contribution to V. in this limit. The slope of
Ve for large r approaches the string tension o/m3 =
2.37951 obtained on the L?> = 1287 lattice. The contribu-
tion to the string tension from each term for larger r
is, plaq:link:site = 0.19:0.62:0.19 ~ 1:3:1.

We then look at the results for x = 1.0 and 1.5, the
middle and right panels in Fig. 19. We find that the slope of
each component becomes relatively steeper as x increases,
which finally leads to the larger string tension. The
qualitative behavior of the derivatives is similar to that
of k =0.50, but as « increases, the difference between

VP9 and V') becomes noticeable for smaller r. It is
interesting to note that the ratio of the contribution to the
string tension of each term is almost the same as that for
k = 0.50. We find the ratio is given by plaq:link:site =
0.20:0.59:0.21 for x=1.0, and 0.21:0.58:0.21 for
k = 1.5, both approximately ~1:3:1.

It may be remarkable that all the values of lim,_q V.
for three x seem to be around 7z due to the contribution of

Vigfek), implying a topological origin rather than the

dynamical effects of interaction. In fact, we observed that
the value becomes just twice for the N, = 2 system. This
means that the effect of the quantized Dirac string is present
even at short distances in the DGL theory, though its effect
on the flux-tube dynamics is probably hidden by the
contribution of V.

Finally, we make some comments on the behavior of the
effective mass m,, in V ;. According to [1,8], m, is expected
to approach m, — 1 in the type-II limit, which is based on
an ansatz such that the monopole field prefers to take the
value of condensate v everywhere in the type-II limit. Then,
the dual gauge field acquires the mass mp regardless of the
direction of propagation, which results in the interaction
to be o —e™s"/r. In fact, our fitting result on m, as

plaq + link + site

plaq + link + site

plaq + link + site

‘/sole / a [HIB}

B /o )

Ra [1/mp]

Ra [1/mp]

Ra [1/mp]

FIG. 19. The solenoidal part of the interquark potential V,.(r = Ra)/a (upper three panels) and its derivative with respect to the
distance (dV./dR)/a* (lower three panels) for x = 0.50, 1.0, 1.5 (from left to right). The horizontal dotted lines in the lower panels
denote the values of the string tension a/m% = 2.37951, 3.14175, 3.7266 for k = 0.50, 1.0, 1.5, computed in the D = 2 dimensions
(see, Fig. 17 and Table I). The definitions of “plag,” “link,” and “site” are given in Egs. (85), (86), and (87), respectively.
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FIG. 20. The k-dependence of the effective mass m, in the
fitting function V,; in Eq. (83). The data are from Table 111, where
the horizontal dotted line corresponds to m, = 1.668[mg] from
the potential in the type-II limit.

summarized in Table III for three x values seems to support
this expectation; m,, tends to increase monotonically from
the value m, < 1 against x. However, our further inves-
tigation with larger « values such as x = 2.0, 3.0, 4.0, and
the computation in the type-II limit provides us with a
different view as shown in Fig. 20, where the fitting results
are also included in Table III. The result exhibits that m,
can be larger than one beyond x = 2.0, and approaches a
constant value around m, = 1.668[mg]. This indicates that
the suppression effect of the interaction at short distances in
the type-II limit is stronger than previously expected. It may
be interesting to explore theoretically the origin of this
behavior [37].

B. The width of the finite-length flux tube

As mentioned in the Introduction, the width of the flux-
tube profiles, especially for the quark-antiquark system, is
often investigated by lattice QCD simulations to identify
the type of dual superconducting phase [11-28]. However,
most previous studies seem to assume translational invari-
ance of the flux-tube profile along the quark-antiquark axis.
We focus on whether such an assumption is valid or not for
a finite-length flux tube. We compute the profile of the
electric field, the monopole supercurrent, and the action
density, and investigate how they behave as a function of
the flux-tube length.

For economical reasons of visualization of the field
profiles, we use twice the coarser lattice than that used in
the potential study; we set 7y =0.40 (N, =1, and
€ =107%) and L’L; = 64128. This coarse-graining may
affect the quantitative argument; however, the effect on the
string tension of a single flux tube is at most 0.6 percent for
k = 1.5 according to Fig. 17, and is further smaller for
Kk =0.50 and « = 1.0. We compute the profiles of flux
tubes with the length R = 8§, 16, 24, 32 along the x;-axis,
and compare them with the R = oo profiles computed by
the D = 2 setting on the L?> = 642 lattice. To provide a
quantitative sense, we introduce a physical scale with
respect to the penetration depth 1/mpg, hence, the lengths
R=38, 16, 24, 32 correspond to r=Ra =3.2,64,
9.6,12.8[1/mg] for iy = 0.40. Just like the potential
study, we also examine the k-dependence by setting
7, = 0.20, 0.40, 0.60, corresponding to k = 0.50, 1.0, 1.5.

In Figs. 21 and 22, we show the results of the electric
field and the monopole supercurrent with the semilog scale,
where each field is normalized by a* and a?, respectively,

SE./E.

10°g 10°

1071 107"

10" e

107" E

%“ 10*7; 10*2; 10*2;
NE r r r
N —3 L —3 L -3 L
o 107 107 107
1074k 10 10
107 10-° 10-°
pa [1/mg] pa [1/mg]
FIG. 21. The profile of the electric field on the mid-transversal plane of the finite-length flux tube in comparison with the D = 2

profile denoted as r = oo (lower) and the relative error from the D = 2 profile (upper) as a function of the distance from the flux-tube
center p for k = 0.50, 1.0, 1.5 (from left to right). The lattice size is L2L3 = 642128 and the flux-tube lengths are R = 8, 16, 24, 32,
which correspond to r = Ra = 3.2,6.4,9.6, 12.8[1/mg] for 7z = 0.40.
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FIG. 22. The similar plot as in Fig. 21 for the monopole supercurrent.

and the profiles along the x;-axis on the mid-transverse
plane are plotted as a function of the distance from the flux-
tube center using the radial coordinate p as in Fig. 3. As a
common feature of the profiles for all x values, the width of
the flux tube depends on r as long as r is finite; the profiles
decrease exponentially for large p, have a narrow structure
when r is small, tend to be broad with increasing r, and
finally approach the D = 2 result. One can see how the
D = 3 profiles converge to the D = 2 ones by looking at
the relative errors (not taking the absolute value) plotted on
top of the profiles.

If one does not know how these profiles are obtained,
one may speculate that the broadening of the profile is
caused by a roughening effect of the flux tube [41].
However, this is not the case as the profiles are completely
based on the classical solution. We would like to point out
that the broadeninglike behavior reflects the change of
contribution to the total profile from the Coulombic part
and the solenoidal part for the increase of r under the flux
quantization condition; if one part of the electric-field
profile is enhanced, the other part must be reduced, and vice
versa, since the sum of the electric field on a plane is always
quantized to be 2zN, if the plane is pierced by the Dirac
string of the charge N,.

For smaller r, the electric field has a larger value at small
p due to a significant contribution from the Coulombic part,
and then, it must take a smaller value at large p instead. On
the other hand, for larger r, the electric field has a smaller
value at small p as the Coulombic contribution is sup-
pressed, and then, it must take a larger value at large p by
enhancing the solenoidal contribution. When r becomes
large enough at the Coulombic contribution is completely
negligible, the solenoidal part of the profile should cover
the total electric flux 2zN ,, which then coincides with the
D =2 result. The r-dependence of the monopole super-
current is directly related to that of the solenoidal part of the
electric field via the dual Ampere law.

An important lesson from this result may be that when
one investigates the flux-tube profile in the quark-antiquark
system similarly in lattice QCD simulations, one must keep
in mind that this kind of broadening effect can affect the
determination of the width, and thus, of the penetration
depth. One difficulty in the analysis may be that one does
not know a priori how the examined quark-antiquark
distance is close to the limit » — oo, where the use of
the D = 2 profile in the analysis makes sense. Then, one
usually investigates translational invariance of the field
profiles in advance. In Fig. 23, we show the profiles of the
electric field and the monopole supercurrent for r =
3.2[1/mg] (R = 8) around the midtransversal plane, which
are compared to the D = 2 profiles as in Figs. 21 and 22.
We find that the D = 3 profiles exhibit a translational-
invariant behavior except for the region near the center of
the flux tube, but they are clearly different from the D = 2
profile. This means that observing the translational invari-
ance in the field profile only from a limited distance of r
does not always guarantee the realization of the D =2
system.

In Fig. 24, we next show the profiles of the action density
along the x;-axis on the midtransverse plane (the same
location as the field profiles). As in the field profiles, the
action densities have a narrow structure when r is small,
and tend to be broad with increasing r. In contrast to the
field profiles, however, the action densities do not show a
convergence behavior. Rather, they tend to spread and
deviate from the D = 2 profile, especially at large p. Since
the contribution to the action density is not only from the
electric field but also from the monopole field, the
interpretation of the behavior may not be straightforward.

To understand this peculiar broadening behavior, it is
useful to go back to the definition of the Coulombic electric
field C,, in Eq. (61) and S, in Eq. (68). By using the
continuum Green’s function in D =3 dimensions,

G(x) = 1/(4n\/x] + x3 + x3), we can estimate the action
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FIG. 23. The profile of the electric field (upper three panels) and the monopole supercurrent (lower three panels) for r = 3.2[1/mg]

(R = 8) around the mid-transversal plane, which are compared to the D = 2 profile. The value of dx; = £0.5 corresponds to the mid-
transversal plane for the even length R = 8, and 6x;3 = +1.5 corresponds on the planes just shifted a lattice spacing a along the x5 axis
above and below the center, and so on. The location of the terminals is dx3 = +4.

density for S, along the x;-axis on the midtransverse
plane as
Scoul(pa’ 0’ 0) = 2”2ﬂgC12 (pa7 07 O>2

_ ﬁyNZrz A4
" 8((pa) Ay

(88)

This indicates that it is hard to reproduce the D = 2 result
from the D = 3 setting, since this Coulombic contribution
can only be suppressed by a power of r for a fixed p and

is independent of « (for a fixed r, it also behaves as p~6 at
large p). At least, the maximum length r = 12.8[1/mg]
(R = 32) in Fig. 24 is yet far from the r — oo limit.

In Fig. 25, we reveal the ingredients of the action density
for k = 1.0 with the decomposition by s = s,y + Ssolc and

1 link it .
£§1§‘q’ + sgollt ) 4+ si(s;l: ). The behavior of Scoul €an be

explained by Eq. (88), which is responsible for half of the
tail behavior of the action density. We find that another half

is supplied by sgzq) in sy.. This is quite reasonable as the

solenoidal part (0 A B™¢),, plays a role in canceling the
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FIG. 24. The similar plot as in Fig. 21 for the action density.

094511-21



YOSHIAKI KOMA and MIHO KOMA

PHYS. REV. D 112, 094511 (2025)

sole

10" e RS e e
Scoul T [1/11113]
10°

ffffff 3.2

s/a* [mg]

5(Plaa) o

T

TTTTT™ /L ] T IITTT Ty TTTTTIOT
r [1/mg]

(site) —
Ssole r [1/111]_;]

N\
PRI RN BRI

T PN

10 0 2

6 8 100 2 4 [§ 8

pa [1/mp] pa [1/mp] pa [1/ms] pa [1/mp] pa [1/mp]
. . . . - . . . o _ (plaq) (link) (site)
FIG.25. The ingredient of the action density for x = 1.0 in Fig. 24 (middle), where s = 5¢ou + Ssole a0d Sgole = Sqo1e + Seole . T Ssole -

Coulombic electric field C,, in the large p region to form a

flux tube. One may find a cusp structure in sg}:q) at a

certain p for each r, which is just the radius that the
solenoidal electric field changes its direction: the same

(opposite) direction with the Coulombic electric field inside
(link)

(outside) the cusp. On the other hand, we observe that s

and sif)llf’) approach the D = 2 result when r becomes large,

as in the field profiles.

The profile of the action density is also often used to
evaluate the width of the flux tube in the lattice QCD
simulation. Our result here indicates that a naive fitting with
a sort of exponential function may be problematic; one may
extract a widthlike quantity, but it can potentially depend on
the flux-tube length r and the fitting range of p. Thus, the
profile of the action density may not be suitable to evaluate
the width, at least as it is. Even if one could observe a
translational invariance of the action density around the
mid-transverse plane in the lattice QCD simulation, the
profile can be different from the D = 2 one as long as the
Coulombic contribution persists. The Coulombic contri-
bution cannot be removed easily, as it also affects the
behavior of the solenoidal part.

C. The flux-tube interaction in the two-flux-tube system

In our method, all required before computation is to set a
connected stack of integer values %, along the Dirac string
for a flux tube as in Fig. 5. This feature then enables us to
investigate the two-flux-tube system quite easily, as dem-
onstrated in Sec. III C. As already argued, the interaction
properties of the flux tube can depend on «; it is expected
that the attractive or repulsive force works for x < 1 (type I)
or k > 1 (type II).

1. The parallel case

We first investigate the two-flux-tube system in which
the two straight Dirac strings are placed in parallel with the
same direction. Here, to simplify the visualization, we set

g = 0.40 and L>L, = 64?128, the same as the study of
the flux-tube width.

In Fig. 26, we show the final profile of the Dirac string as a
representative of the flux-tube solution for R = 56
(22.4[1/mg]) with the distance between two original
Dirac strings X = 8 (3.2[1/mg]), where some selected cross
sections of the monopole field ¢ = |y| are also presented.
We find that the two Dirac strings are bent inward with each
other for x = 0.50 (left), and outward for x = 1.5 (right),
which clearly indicates the appearance of attractive and
repulsive forces between the two flux tubes, respectively. On
the other hand, the two Dirac strings remain straight as the
original setting for x = 1.0 (middle), as if there is no
interaction. From the contour of the monopole field, we
may learn that the total energy cost for digging holes in the
monopole field along the path of the Dirac string is related to
the final shape of the Dirac string, such that a single hole is
preferable for k = 0.50 even though the hole diameter is
enlarged, while double holes are preferable for x = 1.5.
There is no such preference for k = 1.0in terms of the energy
cost, so that the original Dirac strings can remain intact.

The interaction of the two flux tubes can further be
investigated by changing the length R and the distance X as
shown in Figs. 27 and 28. These plots indicate that for
k = 0.50 the two flux tubes are eager to be combined to
create a single flux tube as they are closer, while forx = 1.5
the two flux tubes are eager to be apart from each other and
can be independent once they are separated enough. For
k = 1.0, it is clear that the two Dirac strings remain straight
regardless of the length R and the distance X. A shorter flux
tube (R = 28) seems to resist bending more than a longer
one (R =56), which suggests that the flux tube has a
certain rigidity. Another feature of the flux-tube interaction
suggested from these figures is that a flux tube has a finite
interaction range depending on «; the final shape of the flux
tubes might not be determined solely by the minimum
energy condition of the whole system.

The interaction energy between two flux tubes may be
quantified by looking at the difference of the energy
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x = 0.50

xy

FIG. 26. The profile of the final Dirac string for the two-flux-tube system (R = 56, X = 8) with the contours of the monopole field
¢ = |y| at x3 =35, 51, 64, 78, 94. The values of the contour lines from outer to inner are ¢ = 0.9, 0.7, 0.5, 0.3, 0.1.
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FIG. 27. The profile of the final Dirac strings for the two-flux-tube system with R = 56 with various original separations X = 4, 8, 12,
16, 20, 24, where the same line-type and color are the pair for each X (X = 24 is the outermost pair). The 3D profile for X = 8 is shown
in Fig. 26.
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between the two-flux-tube system V() (R, X) and twice the
single flux-tube system V(R) (the interquark potential) as

AV(R,X) = V@(R,X) - 2V(R). (89)

This definition is similar to that used for investigating the
inter-meson potential [42], but what we can learn from this
definition for the finite-length flux-tube system in this dual
lattice formulation is not the energy before the interaction,
but after or intermediate. In other words, it corresponds to a
remnant of the interaction energy that is not liberated yet
because of the fixed terminals. Note that in the case without
fixed terminals in the D = 2 setting, the flux tubes can
move freely until all the interaction energy is liberated.

In Fig. 29, we plot AV(R = 56, X) against the distance
X (corresponding to Fig. 27) for k = 0.50, 1.0, 1.5, where
the Hodge decomposition is applied to see the breakdown
of the contribution as AV = AV, + AV.. As already
argued, the contribution from the Coulombic part does not
depend on the x values. In the current setting, it is always
positive for small X because repulsive interaction between
the electric charges of the same sign gives a dominant
contribution to the energy for X < R as

2
2np, Ny '

AVcoul(R’X) ~ X

(90)

On the other hand, the contribution from the solenoidal part
exhibits a qualitatively different behavior below and above
x = 1.0. It would be clear that the negative or positive value
indicates the appearance of an attractive or repulsive
interaction, which causes the bending of the Dirac strings
as in Fig. 27. Similarly, AV(R = 28, X) (corresponding to
Fig. 28) is plotted in Fig. 30. We find that the behavior of
the Coulombic part is almost the same as for R = 56, which
is quite reasonable since Eq. (90) is still dominant for small
X. The solenoidal parts for k =0.50 and x = 1.5 are
approximately half of the R =56 case, just reflecting
the difference in the flux-tube length. In contrast, for
k = 1.0, the solenoidal part of the R = 28 case seems to
be identical to the R = 56 case, which may indicate that the
energy of the middle part of the flux tube is completely
canceled in Eq. (89), leaving only the remnant of the
terminal contribution in the solenoidal part.

In general, the flux-tube interaction depends not only on
the « value but also on the initial geometric configuration of
the two flux tubes. Thus, if we shift one of the two flux
tubes along the xs-axis, or change the length of one of
them, we will obtain another final configuration and

4; o AV L 4;
e o AViu|] [ 8
o of e AV [I oL %
= ] L
o

o AV 1 4L Av |l
o AVeu|]l | AV |]
A AVae ] oL Al |1

Yo}

12 16 20 24 0 4 8 12 16 20 24
X X

FIG. 29. The interaction energy between two flux tubes defined by Eq. (89) for R = 56 as a function of the distance between two
original Dirac strings X, where the Hodge decomposition is applied.
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FIG. 30. The same plot as in Fig. 29 but for R = 28.
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interaction energy. What is different from particle inter-  the sense that, if we regard a flux tube as a hadronic state,
action is that a nonlocal interaction occurs between the it might produce a new type of bound state of hadrons, such
middle part of the two flux tubes. In particular, the  as an exotic four-quark (tetraquark) state or a mesonic
attractive interaction for x <1 may be remarkable in  molecule.

k = 0.50

16 39 40 167 16 39 40 167 16 39 40 167

FIG.31. The final Dirac string profile for k = 0.50 (left), 1.0 (middle), and 1.5 (right) in the two-flux-tube system with various relative
angles. Note that some of the two Dirac strings appear to intersect from this view angle, but they do not. The string flip occurs around
6 = 30° for k = 0.50 and 1.0, which around 8 = 60° for x = 1.50. The colors of connected strings are changed before and after
the string flip.
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2. The nonparallel case

If we regard the finite-length flux tube as a quark-
antiquark system, the interaction of two flux tubes does not
always happen in parallel. It is then interesting to inves-
tigate how the interaction depends on the initial relative
angles between two flux tubes. We employ here a cubic
lattice of the size L3 = 643 with iz = 0.40 and take
R =32 and X =8 as an example. For the two points
Xa=0G-4L5andX, =(+%.5.%), we put the Ist
Dirac string from X, = X.; —§¢, to X; =%, +%¢,, and
the 2nd one from X, = X, — (§sin6)é, — (Zcosh)é, to
X; =X+ (Bsin0)e, + (Bcos)é,, where ¢ varies from
the same direction (8 = 0°) to the opposite (8 = 180°).

In Fig. 31, we show the final Dirac-string profile of the
flux-tube solution for x = 0.50, 1.0, 1.5 against 6. The
change of the Dirac-string shape from the original straight
one indicates the appearance of an attractive or repulsive
force. As @ increases from 0° to 180°, we find that the 1st
and 2nd Dirac-string shapes are distorted and the string flip
occurs beyond a certain angle. Within the plotted profiles,
the string flip is already seen at @ = 30° for k = 0.50 and
1.0, while at 8 = 60° for k = 1.5, where connected strings
are displayed with the same color. A remarkable feature is
that the interaction between the middle part of the flux
tubes occurs even for k = 1.0 once two flux tubes are
originally placed with 6 > 0, which is attractive.

For the relative angle 6, the total energy V(R =
32,X =8,0) is found to behave as in Fig. 32. We find
that the Coulombic part of the energy is almost constant for
6 compared to the change of the solenoidal part, implying
rotational symmetry around the axis that pierces the center
of the original 1st and 2nd Dirac strings in the current
geometrical setting, and thus, the change of the total energy
is mostly governed by that of the solenoidal part. The
qualitative behavior seems to be common to all x values;
the energy starts to decrease gradually at around 6 = 30°.
Although the energy may possess a small fluctuation
against 6, this is mostly due to the lattice discretization
effect. Only an exception is around the angle between

6 = 50° and 55° for k = 1.5, which indicates a jump of the
energy due to the string flip (the corresponding figure is not
displayed in Fig. 31, but we have examined the final Dirac-
string profiles with these energy data as well).

D. The flux-tube interaction
in the multiflux-tube system

So far, we have regarded the finite volume effect as an
undesired lattice artifact to be removed. However, this
effect can rather be exploited to investigate the interaction
properties among the multiflux tubes [10] simply by putting
a single flux tube in a small box with the periodic boundary
condition. In fact, the result of the string tension on the
D = 2 lattices presented in Fig. 16 of Sec. III D already
contains this effect especially when the size of L? is small,
such that the string tension decreases for x = 0.50 or
increases for k = 1.5 as the size L becomes small, while
it remains constant for x = 1.0.

The question is then what happens if the lattice size
becomes further smaller. Since the increase of the flux-tube
density causes a reduction of the spatial region for
monopole condensation, a phase transition is expected to
occur from the superconducting phase ¢ # 0 to the normal
one ¢ ~ 0 everywhere when it exceeds a critical density. In
such a normal phase, the value of S in Eq. (42) in D =2
dimensions is reduced to

2
“l. o1

regardless of the k values. The situation is, so to speak, an
appearance of a uniformly distributed electric field between
the metal plates with the electric charges N, and —N , like
in a capacitor. Hence, o is not the string tension of the flux
tube anymore, but simply means the energy per unit length.
If we regard Eq. (91) as a function of the density
1/(La)*[m], this takes a minimum value o,/m% =
mpk|N,| when 1/(La)* = «/(4x|N,|)[m].
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FIG. 32. The potential energy in the two-flux-tube system V() as a function of relative initial angles of the Dirac strings for x = 0.50
(left), « = 1.0 (center), and x = 1.5 (right). The “flip” indicates the angle at which we observe the string flip by monitoring the profile of

the Dirac strings as in Fig. 31.
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FIG. 33. The string tension or the energy per unit length o
as a function of the density. The dotted lines are Eq. (91) for
each « value, and their minimum values correspond to zkx at
1/(La)* =/ (4x)[m§].

In Fig. 33, we show the value of ¢/m} for N, =1
against the density 1/(La)? for iz = 0.20. As the density
increases, the value of ¢ for the solution starts to fall into the
expectation in Eq. (91), indicating the disappearance of the
superconducting phase. The melting point of the normal
phase [the point at which the numerical data starts to follow
Eq. (91)] seems to depend on the x value, where the
tendency is such that the superconducting phase of smaller
k can melt to the normal phase with a lower density.

The flux-tube density can also be increased for a fixed
lattice size by increasing the charge N, instead. We show
how the monopole field ¢ = |y| is melting for the increase
of N, on a fixed L? =32* lattice in Fig. 34. In this
computation, we put a Dirac string with the charge N, at
the center of the lattice and solve the field equations for
g = 0.40 with ¢ = 10*. The flux-tube density will be
given by |N,|/(La)? ~0.006|N,|[m}]. For x = 0.50, we
observe the signs of melting already for N, = 2. As for
N, =4, we find ¢ ~ 0 in the whole region of the lattice,
where the corresponding density is 0.024[m3], which is
already in the region that the data point falls into Eq. (91) in
Fig. 33. On the other hand, for x = 1.5 we find that the
N ,~charged flux tube splits into N, single flux tubes with a
characteristic distribution depending on the number of N,,.
We note that even for N, = 10 the monopole field keeps
condensation ¢ ~ 1 except at the cores of the flux tubes,
which is a similar situation to the Abrikosov vortex lattice
in type-II superconductors.

It is also possible to investigate the density dependence
of the multiflux-tube system in D = 3 dimensions by
putting the finite-length flux tube along the x3-axis on a
L?L lattice, where L5 is taken to be large enough, while
L is changed to control the flux-tube density. In Fig. 35, we

k = 0.50

FIG. 34.  The profiles of monopole field for various charges N,
on the L? = 322 lattice, where the left panels are for x = 0.50 and
the right for k = 1.5. The range of the vertical axis is from O to 1.
Note that the initial Dirac string of N, charges is always put at the
center of the lattice (x;,x,) = (16, 16), but it can split into N,
strings of single charge for xk = 1.5 due to internal repulsive
forces.

plot the interquark potential and its derivative with respect
to the distance for x = 0.50, 1.0, 1.5 (with /p = 0.40),
where the lattice volume is L3 = 128 with L = 4, 8, 12, 32.
The lattice sizes L = 4, 8, 12, 32 correspond to the flux-
tube density 1/(La)? = 0.39,0.098,0.043,0.0061[m3],
respectively. We find that the interquark potential contains
a linearly rising part regardless of the density, and its slope
tends to be steep as the density increases. Note that the
slope extracted from the potential is consistent with the
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FIG. 35. The interquark potential and its derivative with respect to the distance r = Ra for k = 0.50, 1.0, 1.5 (with /i1y = 0.40), where

the interquark distance is taken along the x;-axis on the L>L; lattice with Ly = 128. The lattice size perpendicular to the interquark axis
is L = 4, 8, 12, 32; the corresponding flux-tube density is 1/(La)? = 0.39,0.098,0.043,0.0061[m3] (cf. Fig. 33). The maximum value
of Ra = 16[1/mg] corresponds to R = 40, which is about 1/3 of L; = 128.

value of ¢ in Fig. 33. The steep slope for higher densities
indicates a realization of a uniformly distributed electric
field along the x3-axis as in a capacitor.

The difference from the ordinary capacitor may be that
the electric charges are now discretely distributed, the
interquark distance is not limited to short, and the slope
yet has a dependence on k. According to Eq. (91), the x-
dependence will disappear in the high-density limit,
1/L* — oo, where the second term becomes negligible.
We find an interesting feature of the slope for x = 0.50, as
already expected from Fig 33, such that the case for L = 12
has the smallest slope within the plotted data, which means
that it is not necessarily true that the higher density leads to
a larger slope. This behavior is qualitatively different from
that for « > 1.

V. SUMMARY AND OUTLOOK

For efficient use of the DGL theory toward under-
standing the dual superconducting properties of the QCD
vacuum, we have demonstrated a powerful numerical
method for solving the field equations in the DGL theory
with U(1) dual gauge symmetry. An essential aspect of our
method is to formulate the DGL theory on the dual lattice,
which enables us to investigate any system composed of
finite-length flux tubes in a systematic manner.

The tasks of solving simultaneous nonlinear partial
differential equations for the field variables remain the

same as in the ordinary discretization methods, but we do
not need to struggle to set complicated boundary conditions
for the field variables. For the quark-antiquark system, all
we have to care about is specifying the locations of a quark
and an antiquark as the ends of an open Dirac string. Using
the ordinary Newton-Raphson method, we always obtain
the field configurations that minimize the energy of the
system, regardless of the original path of the Dirac string.
Moreover, the systematic lattice effects accompanied by the
finite lattice spacing and the finite volume can be controlled
depending on the desired accuracy of the numerical results.

Using this formulation, we have obtained the finite-

length flux-tube solution for three types of the dual
superconducting phases of x = 0.50 (type 1), x =1.0
(the border), and « = 1.5 (type II) as templates, and have
investigated (i) the interquark potential, (ii) the width of the
finite-length flux tube, and (iii), (iv) the interaction proper-
ties of flux tubes in the two-flux-tube and multiflux-tube
systems. Let us summarize our findings on these topics
briefly.

(i) The functional form of the interquark potential for
the distance r is well-described by the Yukawa term
—e™™"/r plus linear function o,r, where the k-
dependence of the potential can be successfully
captured by the effective mass m,(«), and the string
tension o, (k). m,(x) grows monotonically from a
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value smaller than the dual gauge boson mass my to
the value about 1.668mp in the type-II limit.

(i1) The width of the finite-length flux tube on the mid-
transversal plane can grow with the increase of r, if
we define it from the tail behavior of the profile of
the electric field, or the monopole supercurrent, or
the action density. The profile of the finite-length
flux tube cannot be reproduced by the infinitely long
flux-tube solution in D = 2 dimensions as long as
the Coulombic contribution from the flux-tube
terminals remains, which does not go away easily,
even at quite large r.

(iii) The flux-tube interaction depends not only on the x
value but also on the geometric configuration of flux
tubes specified by the distance, the length, and the
relative angles. If the original flux tubes are located
within the range of interaction, an attractive force or
a repulsive force between flux tubes can cause the
change of the original shapes of the flux tubes, such
as the bending or the string flip. An attractive force
between flux tubes might produce a new type of
hadronic state, such as an exotic four-quark (tetra-
quark) state or a mesonic molecule.

(iv) A phase transition occurs from the dual super-
conducting phase to a normal phase if the flux-tube
density exceeds a critical one, where the linearly
rising behavior of the interquark potential persists
with a different slope, indicating an appearance of a
uniformly distributed electric field, as in a capacitor.
The slope for k > 1 tends to grow monotonically
with increasing density, while the slope for x < 1
once becomes smaller than that in the dual super-
conducting phase and then increases, which is
qualitatively different from the behavior with ¥ > 1.

In fact, some of the above findings may contain the

features already known or speculated by approximate
treatments. We would like to emphasize, what is new is
that it is now possible to investigate these features quanti-
tatively in a systematic manner with the dual lattice
formulation of the DGL theory. Another useful feature
of the dual lattice formulation may be that we can obtain the
solution that contains systematic lattice effects on purpose.
Since the results of lattice QCD simulations certainly
contain the lattice effects, this will be helpful to isolate
the effects from the results when the comparison is made.
When analyzing the lattice QCD results of the flux-tube
profiles in the quark-antiquark system, the finite-length
flux-tube solution will be more effective than the infinitely
long one for extracting quantitative values on the dual
superconducting QCD vacuum. In QCD, there also exists a
three-quark state corresponding to a baryon. It is quite
interesting to analyze our recent results of the three-quark
potential in SU(3) lattice gauge theory [43] with the
baryonic flux-tube solution in the DGL theory, which is
possible by extending the dual gauge symmetry of the DGL

theory to U(1) x U(1) [31,44]. It is also interesting to
investigate the two-flux-tube and multiflux-tube systems by
lattice QCD simulations, as we already have the solution
for these systems. These analyses can provide new insights
into the nonperturbative vacuum structure, which will be
addressed in our future publications.
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APPENDIX A: THE LATTICE GREEN’S
FUNCTION FOR THE MASSLESS FIELD

There are two types of the lattice Green’s function for the
massless field, whether it is defined in an infinite volume or
in a finite volume. In an infinite volume, the lattice Green’s
function in the coordinate representation G, (x) is defined
by the equation

ALGy (X) = —0x0- (Al)
where A; denotes the lattice Laplacian. In the D-dimen-

sional Euclidean space, the left-hand side of Eq. (A1) is
written as

A; Gy (x)=0,0,G(x)

= [Geo(x+/1) + G (x—1) =2G o (x)], (A2)
n=1

where 0, and 9, are forward and backward differences to a
direction p, respectively.

The solution of Eq. (Al) is formally obtained by
performing the Fourier transformation of the Green’s
function in the momentum representation. By using the
definition of the momentum

. . P
p”:2s1n7” (py €7 7)), (A3)

it is given by
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1 1

Go(p) === : (Ad)
p* 2D =23, cosp,
and the Fourier transform is
r gpP P -
G = —— e’ G ) A5
o) = [[Shernta).  »9)

In a finite volume with periodic boundary conditions in
all directions, p, in Eq. (A3) is discretized as p, =
27m”/L” with integers n, =0,1,2,...,L, =1, so that
the Green’s function in the momentum representation is
given by

~ 1 1
Grp)=—= S (A6)
P~ 2D =23 cos=;*
and the Fourier transform is
1 izzﬁx# =~
G =5 3¢ H (), (A7)
n,#0
where LP = !Lt)=1 L,. To avoid division by zero, one may

exclude the zero momentum mode n, =0 for all u

reluctantly, which yields a finite volume correction in
Eq. (Al) as

1
ALGL(X) = _5X0 + L_D

(A8)

The Fourier transformation of G, (p) in Eq. (A7) is
easily achieved by using the FFT algorithm, while that of
G (p) in Eq. (A5) needs alternative approach for lower
dimensions D <4 as demonstrated in Refs. [40,45,46],
since the convergence of the numerical integration is
quite slow.

We summarize the typical behavior of the lattice Green’s
function in D = 3 dimensions. In the continuum case, the
Green’s function

_ U
~ 4zR

G(R) (A9)
will diverge for R — 0. In contrast, the lattice Green’s
function at the origin is always finite. In Fig. 36, we plot the
values of G, (0)=G,(0,0,0) on the L3 lattice as a
function of L, where the horizontal dotted line corresponds
t0 G (0) = G, (0,0,0). We find that G, (0) depends on
the size L, which approaches G (0) from below as the
size L is increased. In Fig. 37, we plot the on-axis
lattice Green’s functions, G;(R)= G, (R,0,0) and
Go(R) = G (R,0,0), which are compared with the con-
tinuum Green’s function G(R) in Eq. (A9). G (R) seems
to be identical to G(R) except for the distances near the
origin, while G, (R) is clearly different from G(R) and is

0.30 [ —
o GL(O)

025 e+ iy emgneeee o re e O te ettt N
o ]
lo

0.20 .

0.15 p -
N R RS R SRR N

0'100 100 200 300 400 500

L

FIG. 36. The behavior of G, (0) on the L3 lattice, which is
compared with G, (0) = 0.25273100985866 (dotted line).
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FIG. 37. The behaviors of the lattice Green’s functions Gy (R)

and G (R), which are compared with the continuum Green’s
function G(R) = 1/(4xR).

70,107. T

~0.15}

—0.20f
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FIG. 38. The behaviors of the normalized lattice Green’s

functions, where the values at the origin are subtracted.
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FIG. 39. The difference between the normalized lattice Green’s
functions and the normalized continuum Green’s function. The
characteristic short-distance behavior is described by the expo-
nential function (dotted curve).

dependent on the size L. Although G, (R) approaches G(R)
gradually with the increase of L, there still seems to be a
constant gap even after taking the limit L — oco. As shown
in Fig. 38, however, once the values at the origin are
subtracted from the lattice Green’s functions, they can fall
into one curve corresponding to G(R) — G, (0). We look at
the difference between them carefully in Fig. 39, which
clearly shows that the difference tends to disappear as the
size L is increased. Only at very short distances for R < 5,
there is an inevitable difference. A chi-square fitting
analysis for the infinite volume data G (R) — G(R) indi-
cates that the difference approximately obeys an exponen-
tial function 8G = 0.0151(3)e 0842k Multiplying a
factor 47 to the vertical axis of Fig. 39 leads to Fig. 15
(lower) in Sec. IV.

APPENDIX B: THE FLUX-TUBE SOLUTION
IN THE LARGE x LIMIT

For a large «, the monopole field prefers to be condensed
everywhere |y| = v to reduce the energy originating from
the monopole self-interaction term. On the other hand, if
this happens, the energy contribution from the monopole
kinetic term, which contains interaction between the Dirac
string and the monopole field via the singular part of the
dual gauge field, requires large energy instead, which will
diverge in the continuum limit. Thus, the monopole field
should be zero at least just on the Dirac string, even in the
type-II limit, x — oo.

On the dual lattice, however, such a potential ultraviolet
divergence from the Dirac string is already regularized
by admitting a finite size of X, , so that the monopole
field can take nonzero values on all sites of the lattice.
This feature then allows us to investigate the case of the
type-II limit at any lattice spacing, which will help us to
learn the numerical limitations of the dual lattice
formulation.

To set |y| = v everywhere from the beginning, it is
convenient to start from the polar coordinate representation
of the monopole field y(x) = ¢(x)e"™ (p,n€N), and
write the (dimensionless) DGL action as

S =5 |y Fulo?

X

where the dual gauge field is redefined as B, + d,n(x) —
B,(x). Then, we set ¢(x) = 1 everywhere and obtain the
action in the type-II limit,

S=p5,> H*Fﬂy(x)z + g Y (1 = cos B,,(x>)] . (B2)

X p=1

The field equation for the dual gauge field is derived by

= B,X,(x) =0, (B3)

0B, (x)

X,(x) =Y [F(x) + F,,(x = )] + i} sin B, (x). (B4)
v#p

which is nothing but the lattice version of the London
equation. To solve the field equation X,(x) =0, the
Newton-Raphson method is still applicable. The derivative
of the field equation with respect to B, is further given by

()

7

X

8pX,(x) = aBZ(x) =2(D—-1)+ m}cosB,(x), (B5)
and then, the update process can be performed by
Xu(x)
B,(x) = B™¥(x) = B,(x) - —~ . B6
W) = B = B — 5 s (B6)

In the continuum theory, the ultraviolet cutoff of the
momentum is usually assumed to be the mass of the
monopole field m,. The inverse of m, corresponds to
the coherence length, which can be regarded as the thick-
ness of the flux-tube core, where the magnitude of the
monopole field changes drastically from the value of
condensate v (outer region) to zero (inside). The introduc-
tion of a sharp cutoff regularizes the string tension of the
flux tube to be
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FIG. 40. The string tension computed from Eq. (B2) in D =2
as a function of 1/ with the fitting function in Eq. (BS).
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2

It is not clear how this expression will be modified in our
lattice formulation, as the monopole mass m, is absent, and
in addition, the lattice cutoff is not just the inverse of my.
However, the numerical result presented in Fig. 40 exhibits
a quite similar behavior except for m,, where the string
tension computed from Eq. (B2) in D = 2 is plotted as a
function of 1//15 on the L? = 128 and 256 lattices (we
have set N, = 1) with the one-parameter fitting function

motivated by Eq. (B7),

£ (g :Mm(l 4! ) (BS)

2
2 iy

We find that this function excellently describes the behavior
of the string tension. We may attempt to identify the fitting
value of y = 18.0(1) as the square of the (dimensionless)
monopole mass, such as 7, = V18.0 ~4.24. The GL
parameter is then defined by x = 4.24 /5. However, this
correspondence slightly needs to be modified. In Fig. 41 we
show the x-dependence of the string tension with the
normal D =2 setting for 71z = 0.40 on the L?> = 647
lattice and 7z = 0.20 on the L? = 128 lattice and its
breakdown as in Egs. (85)—(87). In both cases, the site
contribution due to the monopole self-interaction term
starts to decrease beyond a certain value of «, but the tail
remains even at quite large k. The relation, x = 4.24 /7,
leads to x =10.6 and « =21.2 for mp =0.40 and
mp = 0.20, respectively, but the value of the string tension
has not yet reached the value in the type-II limit compu-
tation. To obtain the type-II limit result from the field
equations in Eqgs. (45) and (46), the value of x at least

12

L B —_
L L2 = 642 ThB = 0.40 O  plaq + link + site |]
10 - : - === plaq N

ro
1o

1% .
Pl S 7

0 1 IR EET T TTPT PN Joomeeneiqeay.n
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K
FIG. 41. The k-dependence of the string tension with the

normal D = 2 setting [Eq. (42)] for mp = 0.40 on the L? =
647 lattice (upper) and 71y = 0.20 on the L?> = 1282 lattice
(lower). The labels, “plag,” “link,” “site” are the separated
contributions to the string tension as in Egs. (85)—(87). The
horizontal dotted lines correspond to the values in the type-II limit
computation, ¢/m% = 7.42778 for iz =0.40 and o/m3% =
9.53481 for riig = 0.20.

200

100 [

V/a [mg]

50 b

FIG. 42. The interquark potential V(r = Ra) in the type-II limit
for g = 0.20 and 71z = 0.10 on the L?L; = 1287256 lattice,
together with the fitting function V,, in Eq. (83). The fit
parameters are summarized in Table III.
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should be twice as large as that estimated from the above
fitting.

It is possible to compute the interquark potential in the
type-II limit with the D = 3 setting. In Fig. 42, we show
the result for /13 = 0.20 on the L*>L; = 1282256 lattice,
together with the fitting function V; in Eq. (83). The linear
slope is consistent with the string tension from the D = 2

computation. An interesting observation may be that the
effective mass in the Yukawa term is larger than one,
my, = 1.668(9)[mg]. We note that the value of m, is the
same even in the finer lattice with /mz = 0.10, while the
slope of the linear term is described by Eq. (B8). This
suggests that the Yukawa term in the type-II limit decays
more quickly than previously thought.
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