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We propose a method for demonstrating equivalences beyond the saddle point approximation between
quantities in quantum gravity that are defined by the Euclidean path integral, without assumptions about
holographic duality. The method involves three ingredients: (1) a way of resolving the identity with an
overcomplete basis of microstates that is under semiclassical control, (2) a drastic simplification of the sum
over topologies in the limit where the basis is infinitely overcomplete, and (3) a way of cutting and splicing
geometries to demonstrate equality between two different gravitational path integrals even if neither can be
explicitly computed. We illustrate our methods by giving a general argument that the thermal partition
function of quantum gravity with two boundaries factorizes. One implication of our results is that universes
containing a horizon can sometimes be understood as superpositions of horizonless geometries entangled
with a closed universe.
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I. INTRODUCTION

The Euclidean gravitational path integral has played a
central tool in studies of quantum gravity. For example,
nonperturbative wormholes in the path integral helped to
explain how the entropy of Hawking radiation, ostensibly
rising forever, eventually declines to zero consistently with
unitarity [1,2]. Likewise, [3–6] constructed an infinite
family of black hole (BH) microstates under good semi-
classical control and showed that their overlaps receive
nonpertubative corrections from wormholes. These over-
laps led to a Hilbert space of precisely the right dimension
to account for the Beckenstein-Hawking entropy.
Strictly speaking, the Euclidean gravitational path inte-

gral, understood as a sum over topologies and metrics with
a defined boundary condition and weighted by the expo-
nential of the Einstein-Hilbert action, is not well defined by
itself. We will understand it as an effective description
below some cutoff, completed at high energies by some
more refined description, perhaps string theory. However,

the gravitational path integral does not seem to define a
standard effective field theory. For example, some ampli-
tudes that it computes vanish, even though the square of
these amplitudes do not due to nonperturbative wormhole
contributions. This suggests an interpretation that the
gravitational path integral computes coarse-grained infor-
mation regarding some underlying fine-grained theory; see,
for example, [7–12]. Even understood this way, in many
settings it is impossible to calculate explicitly, and we resort
to approximations like summing over saddle points
(extrema of the action) of the dominant topologies.
Here, we propose a computational toolkit that allows us
to extract exact relations in the underlying fine-grained
theory despite the coarse graining and the difficulty of
doing explicit calculations.
The toolkit includes three components building on

results in [6,13]. First, we propose a general way of
resolving the identity in the quantum gravity Hilbert space
with an overcomplete basis of microstates under semi-
classical control. Second, we show that inserting this
resolution of the identity into the path integral drastically
simplifies the sum over topologies in a limit where the basis
is infinitely overcomplete. Third, in this limit, we develop a
method for conducting surgery on geometries contributing
to the path integral that allows us to demonstrate equality
between gravitational path integrals for different quantities,
even if neither can be calculated explicitly. As an appli-
cation we demonstrate that in quantum gravity with two
asymptotically locally anti–de Sitter (AdS) or flat
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boundaries the thermal partition function factorizes, even
though the sum over geometries includes bulk wormholes.
This in turn implies that the trace of any function of the
Hamiltonian factorizes. Our computations make no
assumptions about holographic duality. Along the way
we show that states like the ones used in [3–6] to account
for the entropy of black holes within different micro-
canonical windows actually span the complete gravity of
Hilbert space. As a consequence, a state corresponding to a
black hole geometry can be written as a superposition of
states that do not contain horizons, but are entangled with a
compact universe.
Six sections follow. In Sec. II we introduce some general

features of the gravitational path integral. In Secs. III–V we
develop our toolkit. In Sec. V B we apply the toolkit to
factorization of the thermal partition function in AdS
gravity with two boundaries. We conclude in Sec. VI by
discussing some implications of our formalism.

II. THE GRAVITATIONAL PATH INTEGRAL

The gravitational path integral is a map ζ½Σb� → C from
a set of boundary conditions for spacetime—a boundary
topology, metric, and matter sources, collectively denoted
by Σb—to the complex numbers. We are going to analyze
the Euclidean gravitational path integral, and focus for
concreteness on asymptotically local anti-de Sitter gravity,
although essentially identical analyses follow in the asymp-
totically flat case. To calculate the path integral we must
sum over all topologies and geometries (g), modulo diffeo-
morphisms, and matter fields (ϕ), that are compatible with
the asymptotic boundary conditions:

ζ½Σb� ¼
Z
g;ϕ→Σb

DgDϕe−Ibulk½g;ϕ�

Ibulk ¼ −
1

16πGN

Z
M

ffiffiffi
g

p ðR − 2Λþ LmatterÞ

−
1

8πGN

Z
∂M¼Mb

ffiffiffi
h

p
K; ð2:1Þ

where M is a bulk manifold filling in the boundary. We
have used the Einstein-Hilbert action above, but could have
instead used any self-consistent effective theory in any
dimension, such as two-dimensional Jackiw-Teitelboim
(JT) gravity. We understand this path integral as an effective
description below some cutoff, completed at high energies
by some ultraviolet finite theory. We can construct states of
the theory by partitioning the boundary Mb ¼ M1 ∪ M2

so that ∂M1 ¼ ∂M2 ¼ X (see Fig. 1). The path integral
then produces a functional of the fields and geometry on the
cut X , and formally defines states jM1;2i∈HX in a Hilbert
spaceHX such that hM2jM1i ¼ ζ½Σb�. In general, the path
integral cannot be performed exactly, and so we resort to
saddle point approximations to evaluate overlaps of states
constructed in this way. Note that defining a state by

partitioning boundary data is a standard way of producing
states in the bulk quantum gravitational Hilbert space. For
instance, such methods were used in [13,10] to construct
states in JT gravity and a topological toy model respec-
tively, and in this work we will apply this method in higher
dimensional Einstein-Hilbert gravity. Crucially, we do not
assume any kind of dual boundary conformal field theory
(CFT) construction. It is clear our states live in the bulk
Hilbert space as we can, in principle, compute the wave
functionals ΨM1

ðh;ϕÞ≡ hh;ϕjM1i between our states
and states defined by some bulk time-slice data hμν;ϕ
by performing the path integral subject to these joint
boundary conditions.
For a given cut X one option for producing different

states is to fix the boundary manifold Mb and to create
states jii by inserting matter operatorsOi onMb (see, e.g.,
[10,14,15]). The overlap of such states, hijji is computed
by evaluating the path integral with Oi;j inserted on M1;2.
Likewise we can calculate the square of the overlap
hijjihjjii by inserting Oi;j on two copies of the boundary
manifold and summing over all Euclidean bulk geometries
and topologies that fill in these boundary conditions.
Recent work has shown that the path integral for the
square of the overlap can have additional contributions
beyond a product of the contributions to hijji—there can be
connected topologies, i.e., wormholes, that interpolate
between the two boundaries. These nonperturbative con-
tributions, which are akin to instantons in quantum field
theory, can produce an apparently paradoxical result where

hijji ¼ δij while hijjihjjii ¼ δ2ij þ ZWH; ð2:2Þ

where ZWH is the wormhole contribution, at least in the
semiclassical saddle point approximation of the gravita-
tional path integral. Following [1–12,16] we interpret this
situation as arising because the gravitational path integral,
treated as an effective theory below some cutoff, and
certainly after taking a saddle point approximation, calcu-
lates coarse-grained observables that compute some kind of
average over corresponding quantities in an underlying
more fundamental theory that we refer to as the fine-
grained theory. To reflect this interpretation we will write
an overbar over quantities computed using the gravitational

FIG. 1. Cartoon of cutting a gravity path integral boundary
condition to define a state.
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path integral, for example,

hi1jjiihi2jj2i � � � hinjjni: ð2:3Þ

Thus, it can transpire that hijji vanishes because of the
cancellation of random phases in the coarse-grained com-
putation of overlaps of states in the fine-grained theory, while
these phases cancel in themagnitude squared hijjihjjii. If so,
the square root of the latter quantity quantifies the actual
magnitude of the overlap in the fine-grained theory.

A. Action of the hamiltonian

Next, we define the action of the Hamiltonian on our
states. The action of e−βH is to glue an asymptotic boundary
“cylinder” X × Iβ to the cut [Figs. 2(a)–2(c)]. In other
words, it lengthens the cut open boundary by a Euclidean
boundary time β. This is motivated by Arnowitt–Deser–
Misner (ADM) formalism for Einstein gravity, where the
bulk Hamiltonian generates boundary time evolution. The
so-called survival amplitude hsje−βHjsi is therefore con-
structed by sewing the jsi bra and ket together via a
boundary cylinder of length β resulting in the closed
boundary manifold MsðβÞ [Fig. 2(d)]. The Hamiltonian
can alternatively be viewed as creating a state on two copies
ofX—pictorially, we imagine bending the cylinder in Fig. 2
(a) around into a half torus. We denote the state constructed

in this manner by the operator e−
βH
2 as jβi (note the 1=2 in the

exponent). In quantum field theory, a similar half torus path
integral prepares the Thermofield Double (TFD) state

jTFDðβÞi ¼Pn e
−βEn
2 jEni�LjEniR defined on two copies

of the theory. In what follows we refer to the norm,

hβjβi≡ ZðβÞ; ð2:4Þ

as the “Z partition function.”We introduce this terminology
as it is not clear from the gravitational Hilbert space
perspective presented here why this path integral should
compute the thermal partition sum of the theory. In [17] we
use the toolkit developed here to show that this is indeed the
case, once nonperturbative wormhole corrections to the
thermal trace are taken into account.

B. Traces and the identity

Consider a set of κ states fjiig constructed as described
above by cutting open the path integral with inserted
operators. The span of these states, Hκ ≡ spanfjii; i ¼
i; 2;…κg is a subspace of the full Hilbert space. As we
discussed, even if these states are orthogonal in the low-
energy effective theory, they can have overlaps in the fine-
grained theory, arising from nonperturbative effects. We
characterize these overlaps by the Gram matrix Gij ≡ hijji.
Because of these overlaps the dimension of Hκ can be less
than κ, the number of states in fjiig, i.e., the latter can be
overcomplete as a basis for Hκ. The Gram matrix can be
used to construct an orthonormal basis fjvγig from an
overcomplete one:

jvγi ¼ G−1=2
ji Uiγjji; ð2:5Þ

where U is a unitary transformation that diagonalizes G
(G ¼ UDU† with D diagonal) (see the Appendix and
Appendix A of [6] for details). Here and in what follows we
will use the convention that repeated indices are summed.
Following [6,18] the inverse of the Gram matrix is defined
via analytic continuation of Gn

ij from positive integers n
such that

G−1
ij ≡ lim

n→−1
Gn

ij: ð2:6Þ

This generalized inverse is well defined as it inverts the
nonzero eigenvalues of G and leaves the zero eigenvalues
untouched (see the Appendix).
The matrix elements of operators in the orthonormal

basis can be expressed as

hvγjOjvξi ¼ G−1=2
ki G−1=2

jl U−1
γk UlξhijOjji: ð2:7Þ

So the trace over Hκ is independent of U,

TrHκ
ðOÞ ¼ G−1

ij hjjOjii: ð2:8Þ

Thus, even if fjiig is overcomplete as a basis for the span,
we can use these states and the associated Gram matrix to

FIG. 2. Action of e−βH on states. (a) Action of the Hamiltonian. (b) Example state. (c) Action of the Hamiltonian on a state.
(d) Survival amplitude after Euclidean time evolution.
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compute traces of operators. Another useful quantity is the
resolution of the identity on Hκ:

1Hκ
¼
X
γ

jvγihvγj ¼ G−1
ij jiihjj; ð2:9Þ

in terms of which the dimension of Hκ is

dimðHκÞ ¼ TrHκ
ð1Þ ¼ G−1

ij hjjii ¼ lim
n→−1

Gn
ijhjjii

¼ lim
n→−1

TrðGnþ1Þ; ð2:10Þ

where the definition (2.6) is used. Equation (2.10) provides
an expression for the dimension of the Hκ subspace of the
fine-grained theory. In practice we will use the gravitational
path integral to calculate the dimension as

dimðHκÞ ¼ lim
n→−1

TrðGnþ1Þ : ð2:11Þ

Below we will show that certain classes of states
constructed in this way by the Euclidean path integral
can form a basis of the complete Hilbert space of the theory.

C. The two-sided hilbert space

Consider quantum gravity with an asymptotic boundary
having two disconnected components. We can build states
for this theory by cutting open the Euclidean path integral
on a slice with two disconnected boundary components

X ¼ BL ∪ BR, as after Lorentzian continuation each of
these components continues to a separate asymptotic
Lorentzian boundary. We will call this Hilbert space
HL∪R. There are two ways of preparing states in HL∪R.
First, we could fill in and cut open a single connected
boundary manifold, as in Fig. 3(a). For example, the state
jβi is of this kind. Let us call the resulting Hilbert HLR.
Note that while the two components of the boundary cut are
disconnected, there can exist bulk geometries satisfying
these boundary conditions which connect the boundaries
via a single bulk. Alternatively we could cut open two
disconnected closed boundary manifolds, ML and MR
with cuts BL and BR. As the two boundary manifolds
are disconnected, this construction prepares states in a
tensor product Hilbert space which we call HBL

⊗ HBR

[Fig. 3(b)].
We might expect that the full Hilbert space would be an

(internal) direct sum HLR ⊕ HBL
⊗ HBR

or perhaps
HL∪R ¼ fuþ vju∈HLR; v∈HBL

⊗ HBR
g. But hologra-

phy with AdS boundary conditions requires that the full
Hilbert space with disconnected boundaries has a tensor
product structure because the dual CFT Hilbert space does.
In other words, we expect that, despite appearances,

HL∪R ¼ HBL
⊗ HBR

¼ HLR: ð2:12Þ

In this paper we will take this equality for granted and study
the structure ofHLR. In [19] we show that the factorization

FIG. 3. Two distinct ways of preparing states in HL∪R. (a) Construction of an example state in HLR. (b) Construction of an example
state in HBL

⊗ HBR
.
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(2.12) results from the existence of novel Euclidean worm-
hole saddles connecting these various boundary conditions.

D. Levels of approximation

In this paper are interested in the task of establishing
whether two quantities A and B in the fine-grained theory

are equal, A¼? B. As we have discussed, one challenge to
showing such a thing is that the gravitational path integral
seems to compute coarse-grained averages in a probability
distribution whose precise nature is not known. From this
perspective, the separate path integrals computing A and B
can at best show that Ā ¼ B̄ where the overline indicates an
average over the implicit distribution. To additionally show
that A ¼ B for each configuration in the support of the
distribution, we have to additionally demonstrate that

ðA − BÞ2 ¼ 0. To calculate Ā, B̄ and ðA − BÞ2 we have
to evaluate the path integrals computing these quantities.
This is challenging in its own right, and can be carried out
at various levels of precision:

(i) Level 1: Sum over saddle points consistent with
boundary conditions. The sum includes all topol-
ogies on which we can place a metric that solves the
equations of motion. Sometimes we approximate
further by only keeping the saddle point that
dominates the sum.

(ii) Level 2: Sum over all geometries, not only ones that
solve the equations of motion, associated to topol-
ogies that admit saddle points. This includes all
perturbative fluctuations.

(iii) Level 3: Sum over all topologies and geometries,
even for topologies that do not admit saddle point
geometries. In higher dimensions we may not have a
complete classification of the possibilities, and thus
have to restrict the sum to whatever is known.

An ultraviolet finite completion in something like string
theory could require additional ingredients that are not
captured at all by the effective descriptionvia the gravitational
path integral. Wewill have nothing to say about the effects of

such ingredients. As we proceed below, we will indicate the
level of approximation at which we are working.

III. TOOL 1: A CONVENIENT SET OF STATES

In this section we will show how to construct a candidate
overcomplete basis for HLR that is under semiclassical
control.

A. Construction of the shell states

Our candidate basis for the two-sided Hilbert space
consists of the shell states studied in [3,4,9,20]; see [21] for
a comprehensive discussion. We define these states by
cutting open the Euclidean gravitational path integral. The
resulting boundary I × Sd−1 has a cut with two boundary
components BL ¼ BR, each of topology Sd−1 (Fig. 4). We
also insert a Sd−1 symmetric heavy (m ∼Oð1=GNÞ) dust
shell operator OS separated by a boundary length βL

2
and βR

2

from the BL;R cuts. Following [3] we can obtain an infinite
family of shell states in this way by varying the mass mi of
the shell operators. We call the resulting state jii.
The construction of these states is intuitive within

AdSdþ1=CFTd but applies to any dimension and cosmol-
ogy with a timelike asymptotic boundary. In the AdS/CFT
setting, the CFT lives on the boundary geometry. We
define states on two copies of the CFT with
Hamiltonians HCFT

L ¼ HCFT
R by inserting an operator O

in the CFT path integral and evolving with the L and R
Hamiltonian. Via the usual state-operator map this yields a
state jOi ¼ je−βLHLOe−βRHRi on HCFT

L ⊗ HCFT
R (Fig. 4).

Taking jEni to label energy eigenstates for one copy of the
CFT, such a state in the energy basis is given by

jOi ¼
X
n;m

e−ðβLEnþβREmÞOmnjEniLjEmiR ð3:1Þ

and thus corresponds to a partially entangled state (PETS)
[22]. The CFT shell states are defined by a choice of
operatorO that is holographically dual to the shell operator

FIG. 4. Asymptotic boundary condition for the gravity path integral defining the shell state. (a) Cut-open Euclidean boundary with
topology IβLþβR

2

× Sd−1 for preparation of the shell states. The shell operator Oi is pictured in red. In AdS/CFTwe can also perform the

path integral in the boundary CFTwith the insertion of a Sd−1 symmetric operator dual to the shell. (b) Euclidean boundary with the Sd−1

suppressed. We adopt this convention for the rest of the paper. Here βL;R=2 are Euclidean “preparation times.”
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insertion on the asymptotic boundary of AdSdþ1. In the
CFT this is achieved by inserting products of a scalar
operator OΔ of Oð1Þ scaling dimension Δ. In order to
make the states sufficiently heavy m ∼Oð1=GNÞ, we must
insert n ∼ ld−1=GN such operators (l is the AdS radius) at
spherically symmetric points on the Sd−1, resulting in the
operator OS.
To be clear, a particular microstate of the gravity theory

is constructed by specifying the microscopic details of the
operator insertions that make up the heavy shell. There are
many such exact microstates which share the same semi-
classical description as a spherically symmetric heavy dust
shell in the bulk. As discussed Sec. II above, the semi-
classical gravitational path integral in the manner used here
appears to compute a coarse-graining over these fine-
grained details. Thus while we have some particular
microscopic realization in mind for each of our shell states,
we can, remarkably, learn much about the underlying
theory without specifying these details.
We will want to compute the Gram matrix Gij ≡ hijji of

overlaps between the shell states. We will say that the path
integrals calculating these quantities have shell boundaries
which include operator insertionsOj andO

†
i inserted on the

asymptotic boundary separated by asymptotic times βL and
βR respectively (Fig. 5). The overlap hijji is evaluated by
the gravitational path integral over geometries satisfying
this boundary condition (Fig. 6). Following [3], shell states
of different mass can be rendered orthogonal in terms of the
overlaps computed in Fig. 6 by taking their inertial mass
differences to be arbitrarily large, as it takes jmi −mjj bulk

interactions in Planck units to match such shells in the bulk,
leading to

hijji ¼ δijZ1: ð3:2Þ

However, higher topology wormhole contributions to the
path integral are stabilized by the shell matter and modify
the overlap to

jhijjij2 ¼ hijjihjjii ¼ Z2 þ δijZ2
1; ð3:3Þ

where Z2 is the wormhole saddle point contribu-
tion (Fig. 7).

1. Shell wormholes

The shell states are useful because the associated worm-
holes and their action can be explicitly computed, at least in
the large shell mass limit. The wormholes are constructed
by identifying shell world volumes across two disks subject
to the Israel junction conditions as indicated in Figs. 6 and
7. The saddle point geometry on either side of the shell can
be anything that locally solves the equations of motion;
hence by symmetry these are portions of any of the saddle
points contributing to the Z-partition function in (2.4).
Generalizing this construction, we construct wormhole
saddle points contributing to the amplitude ðGnÞii ¼
hijj1ihj1jj2i � � � hjnjii (no sum on i; jk) by connecting n
asymptotic boundaries [arising from each factor in ðGnÞii]
with a single multiboundary wormhole. The k-th shell is
able to propagate through the bulk of the wormhole from
Ok toO

†
k on different asymptotic boundaries, and hence the

index structure of ðGnÞii manifests in the bulk as the
wormhole in Fig. 8. We will call this wormhole geometry
the pinwheel. There are also disconnected saddle points
connecting different subsets of the boundaries together.
These look like collections of smaller pinwheels.
To construct a pinwheel saddle point imagine that we

cut Fig. 8 open along the shell world volumes producing
the so-called L- and R- sheet diagrams in Fig. 9(a).
We can produce these sheets by removing the pink shell
homology regions from the L and R disks in Fig. 9(b). The
L (R) disk boundary contains n shell operator insertions

FIG. 5. Shell asymptotic boundary condition for hjjii, consist-
ing of the operator insertions Oi and O†

j separated by asymptotic
time extent βL and βR respectively. The red lines represent the
shells propagating into the bulk.

FIG. 6. The saddle points for the shell norm path integral hijii are constructed by gluing together two disks. In particular the shell
homology regions (purple) on each disk are discarded and the resulting geometries glued together along the shell world volume.
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O1;2;…n;O
†
1;2;…n with Oi and O†

i separated by a time ΔTL;i

(ΔTR;i) and O†
i ;Oiþ1 separated by a time βL (βR).

Constructively, then, we start with the disks in Fig. 9(b),
remove the pink shell homology regions, and then use the
Israel junction conditions [23] to glue along the indicated
shell world volumes. The propagation times ΔTi are
determined dynamically by the junction conditions to
obtain an on shell wormhole geometry. This procedure
can be applied to any saddle of the Z partition function
defined above, and hence there are in general multiple
saddles.
As shown in [3,4,20] the bulk turning points of the

shells approach the asymptotic boundary of the disk in
the large shell mass (mi → ∞) limit, and hence the purple
shell homology regions pinch off. In this limit, ΔTi → 0,
and each shell simply contributes a factor Zmi

∼
e−2ðd−1Þ logðGNmiÞ that is a universal function of its mass.
Furthermore, this behavior is independent of the disk
saddle geometries that are being glued along the shells

[3,4,20]. Hence, in the saddle approximation the fully
connected contribution to the n-boundary path integral
decomposes into two Z-partition functions and a shell
contribution: ðGnÞiijconnected ¼ Z̄ðnβLÞZ̄ðnβRÞΠn

i¼1Zmi
.

In themi → ∞ limit the diagram in Fig. 6 computing the
norm hijii also simplifies—the propagation time shell

FIG. 7. Construction of shell wormhole saddles Z2. We glue two disks together by discarding the regions indicated in purple and
attaching the remainder along the shell world volumes (red, black dashes indicate the glued shells) while obeying the Israel junction
conditions. Saddlepoints, i.e., solutions to the equation of motion, exist with this topology [3].

FIG. 8. Fully connected wormhole geometry for ðGnÞii con-
sisting of n shell boundaries connected by a single bulk, pictured
here for n ¼ 4.

FIG. 9. Schematic of the construction of the pinwheel worm-
hole. (a) Sheet diagrams for the pinwheel obtained by cutting
Fig. 8 along the shell world volumes. (b) Each of the pinwheel
sheets can be regarded a portion of a disk. The pinwheel saddle is
constructed by gluing two disks together along the corresponding
shell world volumes by the junction conditions.
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propagator shrinks to zero, so that the diagram decomposes
into two disks of circumference βL;R attached via a point-
like shell trajectory so that Eq. (3.2) for the norm becomes
hijji ¼ δijZ1 ¼ δijZ̄ðβLÞZ̄ðβRÞZmi

within the saddle point
approximation. We can also see this by setting n ¼ 1 in the
above expression for ðGnÞiijconnected. If we then consider the
normalized set of states jki= ffiffiffiffiffi

Z1

p
, we get

ðGnÞiijconnected ¼
Z̄ðnβLÞZ̄ðnβRÞ
Z̄ðβLÞnZ̄ðβRÞn

; ð3:4Þ

within the saddle point approximation, where again the
overbars indicate coarse-grained averages computed by the
path integral. Note that this equality is not restricted to
the leading saddle point; each Z partition sum on the right
side is a sum over all saddle points, accounting for all the
saddles of ðGnÞiijconnected.
On the large-mass limit. Note that the “universality” of

heavy shells is a property of a single shell world volume on
the background geometry—its turning point approaches the
boundary, the homology region pinches off, and it
contributes the factor Zmi

, cancelled by normalization.
It does not erase the data distinguishing the states. Two
pieces survive: the states keep their distinct masses, with
disk-level orthogonality hijji ¼ δijZ1, matching unequal
masses requiring jmi −mjj Planckian interactions; and
the moments TrGn retain nontrivial dependence on n
through Z̄ðnβL;RÞ even at infinite mass. The latter, not the
per-shell factor, fixes the spectrum of G. The universal
factor does not affect the rank, because normalization acts
by congruence G → D−1=2GD−1=2 with D positive and
invertible, which preserves rank; the rank is fixed by the
moments. Equivalently, in the language of Sec. II the path
integral computes the moments of the overlap distribu-
tion: the heavy-shell limit makes the mean tractable,
while the variance hijjihjjii ¼ Z2 and higher moments—
also computed in this limit—carry the Hilbert-space
structure.

2. Shell geometry

Focusing now on the asymptotically AdS case for
concreteness, we can associate a geometry to a shell state
by considering the leading gravitational saddle point
contributing to the norm hijii ¼ Z̄ðβLÞZ̄ðβRÞZmi

(Fig. 6). As shown above, in the large shell mass limit
this is determined by the leading saddle point for the Z
partition functions Z̄ðβLÞ; Z̄ðβRÞ. The leading Z saddle
depends on whether the inverse effective temperature,
i.e., Euclidean time period βL;R, is above or below the
Hawking-Page transition [24] at βHP. For example if βL >
βHP the L disk saddle is thermal AdS, whereas for βL <
βHP it is the Euclidean AdS black hole (similarly for R).
The time reflection symmetric bulk slice of these saddles

can be analytic, continued to Lorentzian signature to
associate a Lorentzian geometry to the state. As βL, βR
can be tuned independently there are four regimes to
consider:
(1) βL; βR < βHP: The leading saddles are two-sided

Schwarschild-AdS black holes with a long worm-
hole interior [Fig. 10(a)]. We will refer to these as
type 1 shell states and the space spanned by these
states as H1 ⊆ HShell. These are the states originally
considered in [3].

(2) βL; βR > βHP: The leading saddles are two copies of
thermal AdS with the addition of a compact big-
crunch AdS cosmology [Fig. 10(b)]. This construc-
tion was studied in detail in [20]. We will refer to
these as type 2 shell states and the space spanned by
them as H2 ⊆ HShell.

(3) βL < βHP and βR > βHP or vice versa: The leading
saddles correspond to an L (R) single-sided AdS
black hole and a disconnected R (L) copy of
thermal AdS [Fig. 10(c)]. We refer to these as
type 3 shell states and the space spanned by them
states as H3 ⊆ HShell. Such states were studied in
[4], but they did not include the disconnected
thermal AdS.

B. Inserting a complete set of shell states

We will now argue that the shell states span HLR at least
in a coarse-grained sense. There is already some evidence
for this from the argument of [3–5] that any sufficiently
large collection of shell states, projected into a micro-
canonical band where the dominant saddle point is an
eternal black hole, spans a space of dimension eSðELÞþSðERÞ
where SðEÞ is the Beckenstein-Hawking entropy of a
horizon associated to energy E. However, this approach
to completeness of the shell states requires an independent
argument that the dimension of the full Hilbert space in this
regime is eSðELÞþSðERÞ. There are also technical complexities
involving the microcanonical projection. To develop the
tools for the full argument in Sec. IV C and Sec. V, we start
with an alternative argument that the shell Hilbert space
Hshell at fixed preparation temperature spans HLR by
showing that the projector onto Hshell (2.9) acts as the
identity on HLR:

1HLR
¼? ΠHshell

≡G−1
ij jiihjj: ð3:5Þ

The gravitational path integral for ZðβÞ, which has a
boundary manifold of topology Sβ × Xd−1, has a standard
interpretation following Gibbons and Hawking as the
thermal partition function of quantum gravity. If this is
indeed the case, the state jβi∈HLR obtained by cutting this
path integral in half (recall that ZðβÞ ¼ hβjβi) must have
support on all the energy eigenstates of the theory. Indeed,
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in the AdS/CFT setting the holographic dictionary equates
jβi to the thermofield-double (TFD) state defined on two

copies of the CFT: jTFDðβÞi ¼Pn e
−βEn
2 jniLjniR. We can

test the validity of (3.5) by checking whether the following
equality is true:

ZðβÞ ¼ hβjβi ¼ hβj1HLR
jβi¼? hβjΠHshell

jβi
¼ G−1

ij hβjiihjjβi≡ lim
n→−1

Gn
ijhβjiihjjβi : ð3:6Þ

1. Resolvent resummation

To try to establish (3.6) we will use the gravitational path
integral to evaluate Gn

ijhβjiihjjβi. The overlap hβjii in (3.6)
corresponds to a periodic asymptotic boundary of length
βLþβRþβ

2
with a shell insertion Oi (Fig. 11). Here βL;R here

are the L, R shell preparation temperatures as in Sec. III A.
We will refer diagrams like Fig. 11 as tadpoles. The
hβjiihjjβi factor in (3.6) is thus described by two tadpoles,
and the powers of the Gram matrix Gij correspond to
products of shell overlaps hijji each associated to a

boundary condition of the form depicted in Fig. 5. The
saddle points of the path integral with these boundary
conditions include all ways of connecting the two shells
from the tadpole boundaries to the n shell boundaries
coming from powers of the Gram matrix. Suppose that we
include κ shell states in our candidate basis. A shell sourced
by Oi can only propagate through the bulk and annihilate
with O†

j if i ¼ j. Therefore less than fully connected
geometries have to break the shell-index loops in the
boundary condition, and will be relatively suppressed by
factors of 1=κ.

FIG. 10. Diagrams showing the analytic continuation of the type 1–3 shell states to Lorentzian signature. (a) Type 1 shell state with
βL < βHP and βR < βHP corresponding to a two-sided black hole. (b) Type 2 shell state with βL > βHP and βR > βHP consisting of two
copies of thermal AdS with the addition of a compact big-crunch AdS cosmology. (c) Type 3 shell state with βL > βHP and βR < βHP
corresponding to a disconnected geometry with an R single sided BH and an L thermal AdS factor.

FIG. 11. Tadpole diagram representing the asymptotic boun-
dary associated to the overlap hβjii of length βþβLþβR

2
with a single

Oi shell operator insertion indicated in red.
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For example, consider TrG2 ¼Pi;jhijjihjjii ¼P
i;j Z2 þ Z2

1δij ¼ κ2Z2 þ κZ2
1. As the disconnected con-

tribution requires j ¼ i it must break the j index loop and
is suppressed by a factor 1=κ, whereas higher topology
contributions, like Z2, are suppressed by factors of
e−1=GN . We are going to consider a “planar” limit in
which κ; e1=GN are both large while κe−1=GN ∼Oð1Þ,
discussed in [1,3]. In this limit both planar partially
connected and planar fully connected geometries con-
tribute at leading order in 1=κ and e−1=GN . By planar we
mean a pattern of connectivity between the asymptotic
boundaries that involves no crossings when depicted on a
2D plane (see for example Sec. 5.3 in [18]). Nonplanar
wormhole geometries require breaking at least two index
loops, and for every such geometry there is a planar
geometry with the same pattern of connectivity between
boundaries. The nonplanar geometries are thus sublead-
ing, and we will exclude them from the sum over saddles
in the planar limit.
In the planar limit the sum over saddles can be performed

by considering the fully connected saddle geometries
connecting two of the tadpoles to n shell boundaries
[Fig. 12(a)], which we refer to as a folded wormhole.
We denote the sum of all folded wormhole saddles as Z̃nþ2.
These folded wormholes are distinct from the pinwheels
explained above and considered in [3–6]. Rather, these
wormholes are generalizations of the n ¼ 0 case discussed
in Sec. 3 of [9].
Folded wormhole construction. The folded wormhole

saddles are constructed by identifying shell word volumes
across a single disk using the junction conditions. Hence

they correspond to saddles of the Z-partition function that
are folded in on themselves. To see this we imagine
cutting open the folded wormhole in Fig. 12(a) along the
shell world volumes. This results in a single sheet, which
can be obtained by discarding portions of a disk saddle. In
particular, consider the pattern of shell operators inser-
tions on the Euclidean disk boundary in Fig. 12(b). The
saddle geometries satisfying this boundary condition
consist of shells that propagate through bulk and are
reabsorbed at the asymptotic boundary after a boundary
time ΔTD;i. A given folded wormhole saddle is then
obtained by cutting off the disk regions homologous to the
shell world volumes [pink in Fig. 12(b)] and gluing the
remaining portion of the disk saddle together along
the shell world volumes using the Israel junction con-
ditions. In particular, the Oi shell is identified with the
other Oi shell, etc. The shell propagation times ΔTD are
dynamically determined by the junction conditions such
that the resulting wormhole geometry satisfies the equa-
tions of motion. In the large mass limit the bulk turning
point of the shells approaches the asymptotic boundary,
the homology regions pinch off, the propagation times ΔT
all tend to zero, and each shell contributes universally to
the action. Hence in this limit the total asymptotic
boundary length of the pregluing disk becomes
ðnþ 1ÞðβR þ βLÞ þ β. The resulting Z̃nþ2 wormhole sad-
dles are therefore products of the Z partition function
saddles Zððnþ 1ÞðβR þ βLÞ þ βÞ and universal shell
contributions Πnþ1

i¼1 Zmi
. The sum over fully connected

wormhole saddles therefore takes the simple form
Z̃nþ2¼Z̄ððnþ1ÞðβRþβLÞþβÞΠnþ1

i¼1 Zmi
. After normalizing

FIG. 12. (a) Folded wormhole geometry Z̃nþ2, consisting of n shell boundaries and two tadpole boundaries connected by a single bulk
geometry, pictured here for n ¼ 2. (b) Construction of the folded wormhole by gluing portions of the same disk together. To construct
the saddle for Z̃nþ2, we consider a disk with 2ðnþ 1Þ shell insertions, cut out the pink shell homology regions, and identify the
corresponding shells. This procedure is pictured here for n ¼ 1.
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the shell states this becomes independent of the shell
masses:

Z̃nþ2 ¼
Z̄ððnþ 1ÞðβR þ βLÞ þ βÞ

Z̄ðβLÞnþ1Z̄ðβRÞnþ1
: ð3:7Þ

This equality is not restricted to the leading saddle point;
each Z partition sum on the right side is a sum over saddle
points. The overline once again indicates that the result is
coarse grained because its is computed by the gravita-
tional path integral. The left-hand side should also there-
fore be understood in this coarse-grained sense.
Resummation. In the planar limit we can use a resolvent

resummation method [1,3,6,18] to express the sum over all
planar saddles for Gn

ijhβjiihjjβi in terms of just the fully
connected wormhole saddles via a Swinger-Dyson equa-
tion. In particular, we define the resolvent matrix

RijðλÞ ¼
δij
λ
þ
X∞
n¼1

Gn
ij

λnþ1
ð3:8Þ

and re-express the required path integral (3.6) as

Gn
ijhβjiihjjβi ¼

I
c0

dλ
2πi

λnRijðλÞhβjiihjjβi: ð3:9Þ

See [18] for details on the c0 integration contour. As we
discussed above, the shell boundaries have two shells each
that must be matched up by grouping together the tadpole
boundaries. Diagrammatically, we can write the tadpoles as
in Fig. 13, leading to the schematic resummation in Fig. 14.
Thus, in the planar limit, the combinatorics of the

resolvent sum reduces to

RijðλÞhβjiihjjβi¼
X∞
n¼0

κnþ1Rnþ1Z̃nþ2

¼
X∞
n¼0

κnþ1Rnþ1
Zððnþ1ÞðβRþβLÞþβÞ

Z̄ðβLÞnþ1Z̄ðβRÞnþ1
;

ð3:10Þ

where R is the trace of the resolvent matrix. This simple
resummation is possible because the path integral for the
wormhole saddles (3.7) are independent of the masses of
the shells in the index loop.

2. Microcanonical projection

The sum (3.10) cannot be performed analytically due to
the Z̄ððnþ 1ÞβL þ ðnþ 1ÞβR þ βÞ factor. Even within
the leading saddle approximation, at large enough n the
asymptotic disk length will be above βHP, causing the
dominant disk saddle to shift from the large black hole to
thermal AdS. We can evade these difficulties by consid-
ering instead the insertion of the projector onto the micro-
canonical shell Hilbert space Hshell;EL;ER

at fixed L, R
energy windows with ΔEL;R centered around EL, ER.

FIG. 13. A graphical representation of the two tadpole boun-
daries hβjiihjjβi in (3.9).

FIG. 14. Schematic of the Swinger-Dyson resummation for (3.9). The sum over saddles is reorganized in terms of which shell
boundaries are connected to the two tadpole shells. Insertions of R correspond to the trace of the shell state resolvant.
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As discussed in [6], microcanonical shell states are
obtained by Laplace transform of the canonical shell
states.1 In particular, we can project the two-boundary
shell states into L, R microcanonical windows ½EL;R −
ΔEL;R

2
; EL;R þ ΔEL;R

2
� by the double Laplace transform:

ji; βL;R; EL;Ri ¼
Z

ELþΔEL
2

EL−
ΔEL
2

Z
ERþΔER

2

ER−
ΔER
2

dẼL;Re−
βL;R
2
ẼL;R

×
Z

dβ̃L;ReẼ
L;R β̃L;R

2 ji; β̃L;Ri: ð3:11Þ

Performing the microcanonical projection of (3.10) in this
way we get

hβjΠHshell;E
jβi ¼

I
c0

dλ
2πi

λn
X∞
n¼0

κnþ1Rnþ1

×
Z̄ððnþ 1ÞðβL þ βRÞ þ βÞEL¼ER¼E

ðZ̄ðβLÞEL¼EÞnþ1ðZ̄ðβRÞER¼EÞnþ1
;

ð3:12Þ

where we have defined Z̄ðβLÞEL
≡ e−ELβLþSðELÞ

(similarly for R), and Z̄ððnþ 1ÞðβL þ βRÞ þ βÞEL;ER
≡

δEL;ER
e−ððnþ1ÞðβLþβRÞEe−βEeSðEÞ. The EL ¼ ER ¼ E con-

straint in the numerator arises from the fact that the
thermofield double state jβi is diagonal in the energy
basis, and for ease we have taken ΔEL ¼ ΔER. Explicit
calculation shows that for energies above a certain thresh-
old the black hole saddle dominates so that SðEÞ is the
Bekenstein-Hawking entropy at energy E with small
corrections from the subleading saddles. Below this thresh-
old SðEÞ ¼ 1 because the thermal saddle dominates.
Plugging this into (3.12) yields

X∞
n¼0

κnþ1Rnþ1
Z̄ððnþ 1ÞðβL þ βRÞ þ βÞEL¼ER¼E

ðZ̄ðβLÞEL¼EÞnþ1ðZ̄ðβRÞER¼EÞnþ1

¼ e−βEeSðEÞ
X∞
n¼0

ðκRe−2SðEÞÞnþ1

¼ e−βEeSðEÞ
κRe−2SðEÞ

1 − κRe−2SðEÞ
: ð3:13Þ

Putting everything together we obtain

hβjΠHshell;E
jβi ¼ e−βEeSðEÞ lim

n→−1

I
c0

dλ
2πi

λn
κRe−2SðEÞ

1 − κRe−2SðEÞ
:

ð3:14Þ

The analytic structure of the shell state resolvent was
discussed in detail in [6]. The upshot is that once
κ ≥ eSðEÞ the resolvent develops a pole at λ ¼ 0, and we
can deform the contour c0 → c2 which encircles λ ¼ 0
clockwise, obtaining

lim
n→−1

I
c2

dλ
2πi

λn
κRe−2SðEÞ

1 − κRe−2SðEÞ
¼ 1; ð3:15Þ

and hence, in the saddle point approximation,

hβjΠHshell;E
jβi ¼ e−βEeSðEÞ ¼ ZðβÞjE ≡ hβjβijE: ð3:16Þ

Note that if κ < eSðEÞ, evaluating hβjΠHshelljβi requires a
detailed analysis of the functional form of the resolvent
RðλÞ. Only when κ ≥ eSðEÞ can the projected overlap be
computed straightforwardly, yielding Eq. (3.16). We
emphasize that the insertion of Gn

ijjiihjj and the subsequent
analytic continuation n → −1 are therefore nontrivial
operations, in contrast to a simpler insertion such as
e−

1
aÔ followed by the limit a → ∞.
We have found that either the family of would-be TFD

states has support only on shell states, or in the micro-
canonical ensemble any set of κ ≥ eSðEÞ shell states
resolves the identity, i.e., (3.5) is true, and hence spans
the complete microcanonical Hilbert space. The latter also
demonstrates that the dimension of this Hilbert space is
eSðEÞ, within the leading saddle point approximation,
consistently with the Bekenstein-Hawking entropy for-
mula. This result implies that the state counting performed
in [3–5,21] indeed measures the dimension of the full
(semiclassical) microcanonical Hilbert space, rather than
that of some restricted “shell superselection sector.”

IV. TOOL 2: INFINITE OVERCOMPLETENESS
AND TOPOLOGICAL SIMPLIFICATION

The result (3.16), computed in the saddle point approxi-
mation of the gravitational path integral, is a coarse-grained
statement. In particular, Eq. (3.16) shows that the projector
onto the shell states acts as the identity on average. In this
section, we lift this result to a fine-grained statement that
holds in each realization of the ensemble computed by the
path integral, while remaining agnostic about the precise
nature of this ensemble. We obtained Eq. (3.16) by
resumming the planar topologies and performing a micro-
canonical projection to enable the evaluation of this sum.
When extending to fine-grained equalities, however, the
topological resummations become intractable. Building on
[6,18], we demonstrate that this difficulty can be overcome
by resolving the identity in the limit of an infinitely
overcomplete basis, in which only fully connected topol-
ogies contribute. We argue that this limit arises naturally in
the canonical ensemble and removes the need for a
microcanonical projection when evaluating expressions
such as (3.6). We demonstrate the utility of these methods

1This follows by noting the Hamiltonian generates boundary
time evolution and assuming the factorization (2.12).
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by rederiving key results from [3–6] directly in the
canonical ensemble and without requiring topological
resummation. We then use these methods to provide a
more general argument that the shell states span at a fine
grained level and provide some explicit examples. First, we
continue the example from the previous section and show
the fine-grained equality:

ZðβÞE ¼ hβjΠHshell;E
jβiE: ð4:1Þ

As discussed in Sec. II, a coarse-grained gravitational path
integral equality Ā ¼ B̄ can be lifted to the fine-grained

theory by showing ðA − BÞ2 ¼ 0 also, from which A ¼ B
follows. Hence, we want to show

ðZðβÞE − hβjΠHshell;E
jβiÞ2 ¼ 0; ð4:2Þ

where again each term in (4.2) is given by the Laplace
transform of the corresponding canonical term. For exam-
ple, the term ZðβÞEZðβÞE is given by the Laplace transform
of ZðβÞZðβÞ, which in the saddle point approximation
is simply ZðβÞ×ZðβÞ, and hence ZðβÞEZðβÞE ¼
ZðβÞE×ZðβÞE.2
Similarly ZðβÞhβjΠHshell

jβi¼ZðβÞ×hβjΠHshell
jβi, as there

are no wormhole saddles connecting the ZðβÞ boundary to
those of hβjΠHshell

jβi because the ZðβÞ boundary condition
contains no shell matter insertions. Hence by the Laplace
transform, and using (3.16), ZðβÞEhβjΠHshell;E

jβi ¼
ZðβÞE × ZðβÞE.
Thus showing (4.2) in the saddle approximation only

requires showing hβjΠHshell
jβiÞ2 ¼ ðZðβÞÞ2. This is non-

trivial as the sum over saddle geometries for

ðhβjΠHshell
jβiÞ2 ¼ lim

n;m→−1
Gn

ijhβjiihjjβiGm
klhβjkihljβi ð4:3Þ

contains planar geometries connecting boundaries from
the two hβjΠHshell

jβi insertions together in the bulk. Such
planar geometries break the two maximal index loops
Gn

ijhβjiihjjβi and Gm
klhβjkihljβi into multiple nonmaximal

loops, making a Swinger-Dyson resummation intractable.
An analogous problem was dealt with in [6,18] by

considering the κ → ∞; κ
e1=GN

→ ∞ limit. The calculations
considered in this work involve gravitational path integrals
with some index loop Gn

ijMji � � � where Mji is a quantity
with two shell indices. This sum over saddle geometries
includes fully connected, partially connected, and discon-
nected contributions. Since the shell sourced by Oi can
only propagate in the bulk if absorbed by O†

i , for every
index loop implied by the boundary conditions the saddle
point geometry must have a connected component that
joins the associated bra and ket. Any saddle point that
breaks the index loop will be suppressed by 1=κ. Hence in
the strict κ → ∞; κ

e1=GN
→ ∞ limit only wormhole geom-

etries that support maximal index loops contribute. We will
refer to this as the κ → ∞ or large κ limit. Note that this
does not mean that only the fully connected geometry
contributes in this limit. If there are multiple maximal
loops, each loop just has to appear in a connected
component of the saddle point geometry.
Putting everything together, in the large κ limit the two

maximal index loops in (4.3) must be unbroken, leading to

ðhβjΠHshell;E
jβiÞ2 ¼ ðhβjΠHshell;E

jβiÞ2 ¼ ðZðβÞEÞ2 within the
saddle point approximation. This establishes (4.1). Note
that even in the models that offer a great deal of analytic
control like JT gravity, the large κ limit was needed to
extend coarse-grained statements to fine-grained ones;
see [18].

A. Interpretation of the large κ limit

Since κ is the size of the candidate basis, not a parameter
of the underlying theory, we delineate what depends on it.
The physical quantities—the resolution of the identity, the
Hilbert space dimension, the factorization below—carry no
κ dependence; ZðβÞmakes no reference to κ at all. The limit
only simplifies the sum over topologies needed to compute
them. This works differently in the two ensembles.
Microcanonically HLRjE is finite dimensional with
dimHLRjE ¼ eSðEÞ, and any κ ≥ eSðEÞ already resolves
the identity: the resolvent pole of Sec. III B 2 appears
exactly at κ ¼ eSðEÞ, and beyond it added states are linearly
dependent, leaving ΠHshell

¼ 1HLRjE unchanged. There is
thus a sharp threshold above which the result is strictly κ
independent. Canonically HLR is infinite dimensional and
admits no finite spanning set, so ΠHshell

is a finite-rank

projector that depends on κ at any finite value—hβjΠHshell
jβi

is strictly below hβjβi and approaches it only as κ → ∞.
Here κ → ∞ is not an optional strengthening but the natural
basis size.

2For the factorization of ZðβÞ × ZðβÞ considered here, we
focus on real and positive β, so the microcanonical saddle points
obtained for β → iT in [25] do not contribute. In this work, we
study shell states inserted on a boundary of topology S1

β × Sd−1,
with particular emphasis on the case d ¼ 3. However, it was
shown in [26] (see also [27,28]) that in the S1

β × S2 and S1
β × S4

cases, the path integral for ZðβÞZðβÞ admits so-called constrained
instanton contributions. These connected wormhole geometries
correspond to saddle points subject to the constraint of either
fixed length or that the two ADM energies of the boundaries are
fixed to be equal, E1 ¼ E2 ¼ E. Although we work within the
saddle point approximation here, it would be interesting to
investigate whether these constrained instanton contributions
can also be recovered in our framework. This could be achieved
by deriving the constrained junction conditions and subsequently
gluing the constrained wormholes into a connected contribution
to, for example, ZðβÞE × hβjΠHshell;Ejβi in the manner depicted
in Fig. 19.
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What survives the limit is not a single geometry but a
single connectivity class, the folded wormhole, itself a sum
over all Z-partition saddles (large black hole, thermal AdS,
small black hole). Nor are wormholes switched off: the
limit suppresses the less-connected topologies. In the

example TrG2 ¼ κ2Z2 þ κZ2
1 of Sec. III B 1 the wormhole

Z2 is enhanced by κ2 while the disconnected Z2
1 carries the

relative 1=κ; the rule is combinatorial, each broken maxi-
mal index loop costing a power of 1=κ. Taking κ → ∞ is
merely the economical route to the κ-independent answer:
above threshold the resolvent resummation of Sec. III B 1
retains and sums the partially connected topologies and
yields the same content. In this respect the limit is unlike
the large-N limit, where 1=N is a physical coupling
organizing a new expansion; here it is a representation
choice, as in resolving the identity with an overcomplete set
of coherent states.

B. Canonical path integrals

While the microcanonical example above illustrates the
main methods, the Laplace transform prescription for
obtaining microcanonical states requires some assumptions
about the path integral and its meaning. Additionally, we
are interested in obtaining results about the entire Hilbert
space, not just a microcanonical band, and would prefer to
avoid subtleties in sewing these bands together to build the
complete Hilbert space. Thus for the remainder of this
paper we consider canonical path integrals and aim to
derive canonical fine-grained equality:

ZðβÞ ¼ hβjΠHshell
jβi: ð4:4Þ

For the reasons outlined above we therefore consider
Gn

ijhβjiihjjβi in the κ → ∞ limit. There is only one index
loop here, and thus only fully connected saddles contribute
as κ → ∞. These geometries are precisely the Z̃nþ2 folded
wormholes of Sec. III B 1. We therefore directly obtain

lim
n→−1

Gn
ijhβjiihjjβi ¼ lim

n→−1
κnþ1Z̃nþ2: ð4:5Þ

Using (3.7) this gives

¼ lim
n→−1

κnþ1
Zððnþ 1ÞðβR þ βLÞ þ βÞ

Z̄ðβLÞnþ1Z̄ðβRÞnþ1
¼ ZðβÞ: ð4:6Þ

Hence the path integral equality (3.6) holds in the sum over
saddle points.
We should be careful with the κ → ∞ limit because of

the κnþ1 factors in Eqs. (4.5) and (4.6). Formally we will
consider the theory to have some very high energy cut off,
rendering the dimension of HLR and therefore κ; κ

e1=GN
very

large but finite. After taking the n → −1 limit the cutoff can
be taken to infinity upon which the Oð1=κÞ terms vanish.
This order of limits makes (4.6) well defined. The extension

to the fine-grained statement via ðZðβÞ − hβjΠHshell
jβiÞ2 ¼

0 now follows trivially, showing the fine-grained relation
(4.4), in the path integral approximation where we sum
overall saddles. This suggests the equality of the full
Hilbert spaces HLR ¼ Hshell.
Previous work, as discussed in Sec. III B 1, attempted to

perform resolvent resummations like (3.10) with the
canonical states at large but finite κ. This resulted in
infinite sums that could not be computed analytically.
Therefore the authors worked instead with the micro-
canoncal projections. From our perspective, the canonical
shell states at finite κ cannot span HLR; They instead span
some complicated, hard to probe subspace that becomes
tractable only after a microcanonical projection. In the in
κ → ∞ limit this subspace grows to span the entire Hilbert
space HLR, with the added advantage that the sum over
topologies simplifies drastically.

1. Note on instabilities

In the large shell mass limit the wormhole saddles are
proportional to those of the Z partition function ZðβÞ. In the
AdS case the Z-partition function has three saddles: the
large black hole, thermal AdS, and the small black hole.
Dominance between the large BH and thermal AdS saddle
is determined by the Hawking-Page transition while the
small BH is always subleading. Recently, [29] discussed
the inabilities of the small BH due to negative modes
contributing to the one-loop determinant around this
saddle. Such instabilities can challenge the interpretation
of the shell-wormhole saddles computing coarse-grained
overlaps of a positive-definite inner product. However, in
the canonical ensemble the small black hole is never the
dominant saddle, and after taking all the saddles into
account ZðβÞ is still positive definite. Furthermore [29]
showed that in a careful treatment of the microcanonical
ensemble these issues can also be resolved. Hence, we will
not consider such instabilities in this work.

2. Semiclassical factorization of the trace
in the large κ limit

To further stress the simplifying power of the large κ
limit, we economically derive the factorization of the
thermal partition function of Hshell:

TrHshell
ðe−β̃LHLe−β̃RHRÞ ¼ Zðβ1Þ × Zðβ2Þ; ð4:7Þ

shown in [6], without a microcanonical projection and
resolvent resummation. As discussed in Sec. II A, the
action of the operators e−β̃L;RHL;R on the states in HLR is
to append boundary cylinders of length β̃L;R respectively to

the L, R cuts defining the state. Defining kL ¼ e−β̃LHL and
kR ¼ e−β̃RHR and using (2.8) we obtain
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TrHShell
ðkLkRÞ¼G−1

ij hijkLkRjji≡ lim
n→−1

Gn
ijhjjkLkRjii : ð4:8Þ

We again consider the κ → ∞ limit in which only
fully connected wormhole geometries contribute to
Gn

ijhijkLkRjji. We will call the geometry at a given n the
trace pinwheel Znþ1ðkL; kRÞ with nþ 1 shell boundaries,
depicted in Fig. 15:

lim
n→−1

Gn
ijhjjkLkRjii ¼ lim

n→−1
κnþ1Znþ1ðkL; kRÞ: ð4:9Þ

The construction of the trace pinwheel saddles is nearly
identical to the nþ 1 pinwheel saddles discussed in
Sec. III A 1 apart from the boundary insertion hjjkLkRjii
consisting of O†

j and Oi insertions separated by L, R times

βL þ β̃L and βR þ β̃R respectively. Hence on the L sheet
diagram O†

nþ1;O1 are separated by a boundary time βL þ
β̃L and similarly for the R sheet [see Fig. 16(a)]. The
wormhole saddles are constructed by gluing the two disks
in Fig. 16(b) via the junction conditions in a manner
identical to that in Sec. III A 1. In the large shell mass limit

we obtain

Znþ1ðkL; kRÞ ¼
Zððnþ 1ÞβL þ β̃LÞZ̄ððnþ 1ÞβR þ β̃RÞ

Z̄ðβLÞnþ1Z̄ðβRÞnþ1
;

ð4:10Þ

and hence

TrHShell
ðe−HLβ̃Le−HRβ̃RÞ

¼ lim
n→−1

Gn
ijhjjkLkRjii ¼ Zðβ̃LÞ × Z̄ðβ̃RÞ: ð4:11Þ

Repeating this argument to show

ðTrHShell
ðe−HLβ̃Le−HRβ̃RÞ − Zðβ̃LÞ × Zðβ̃RÞÞ2 ¼ 0 is now

straightforward because there are no saddles that interpo-
late between Z and Tr boundaries as Z contains no shell
insertions. This establishes the fine-grained result (4.7) in
the sum over saddles. The simplicity of this calculation as
compared to the finite κ microcanonical methods of [6] will
be crucial for extending the result away from the semi-
classical limit in Sec. V B.
State counting. In general terms, the microcanonical

density of states of a theory is obtained by the Laplace
transform of the thermal partition function. The left-hand
side of (4.11) is by definition the thermal partition function
of the shell Hilbert space. Adopting the results of Sec. III B 2
for the Laplace transform of the Z-partition functions on the
rhs of (4.11), we find dimðHShell;EÞj ¼ eSLðELÞeSRðERÞ.
Therefore, as a corollary of (4.11) we can count the
dimension of Hshell;E after taking κ → ∞ without having
to deal with the subtleties ofmicrocanonically projecting the
shell states themselves. Furthermore, this derivation can be
performed without taking the ms → ∞ limit, which played
an important role in the state-counting arguments of [3–5].
Away from this limit shell propagation times ΔTD;i > 0 are
determined by the junction conditions. However the details
turn out to be unimportant:

TrHshell
ðe−HLβ̃Le−HRβ̃RÞ ¼ lim

n→−1
κnþ1

ðnþ 1ÞβL þ β̃L
ðnþ 1ÞβL þ β̃L þPnþ1

i¼1 ΔTi;L
Z̄

�
ðnþ 1ÞβL þ β̃L þ

Xnþ1

i¼1

ΔTi;L

�

×
ðnþ 1ÞβR þ β̃R

ðnþ 1ÞβR þ β̃R þPnþ1
i¼1 ΔTi;R

Z̄

�
ðnþ 1ÞβR þ β̃R þ

Xnþ1

i¼1

ΔTi;R

�
× Πnþ1

i Zshell;i

¼ Z̄Lðβ̃LÞZ̄Rðβ̃RÞ; ð4:12Þ

where now the shell contributions Zshell;i no longer cancel at
general n by normalizing the shell states because for finite
shell masses they will depend on the trajectory followed by
the shell in the different saddle point geometries. Formally,

however, in the n → −1 limit the shell contributions are
absent, giving the product of left and right partition sums on
the right side. Wewill return in later sections to examine the
sleight of hand of naively taking n → −1.

FIG. 15. Fully connected trace pinwheel geometry consisting of
nþ 1 asymptotic shell boundaries, one of which is of L, R size
βL þ β̃L and βR þ β̃R respectively, pictured for n ¼ 3.
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C. A semiclassically complete basis

In Sec. III B 2 andSec. IV Babovewehave shown that the
microcanonical and canonical versions of the state jβi are in
the span of a sufficiently large set of shell states for any value
of β. By noting that the Hamiltonian of the gravity theory
generates boundary time evolution and assuming the fac-
torization (2.12), it follows that the states jβi are in fact the

TFD states of the gravity theory jβi ¼Pn e
−βEn
2 jEniLjEniR.3

Hence we learn that the shell states span the diagonal
subspace jniLjniR. This is somewhat surprising, as by the
same logic the shell states correspond to PETS states
(jOi ¼Pn;m e−ðβLEnþβREmÞOmnjEniLjEmiR) which have
nonzero support on many off diagonal elements too.
While this supports the claim that the shell states form a
basis, wewould like to strengthen this argument by showing
other large classes of states are also in this span. To do so, we
outline the structure of the argument in this section, and then
work out a few examples in Sec. IV D.

The equality Hshell ¼ HLR can be derived by showing

hΨjΨi ¼ hΨjΠHShell
jΨi ð4:13Þ

for ∀ jΨi∈HLR. By definition all states in HLR are states
made by cutting the path integral or superpositions
thereof; see Sec. II. The former can be written in the

notation jΨi ¼ je−β̃LHL
2 OΨe

−β̃RHR
2 i where the operator OΨ

may be nonlocal, and we define hΨjΨi ¼ ZOΨ
ðβ̃L þ β̃RÞ.

To derive the fine-grained statement (4.13) via the gravi-
tational path integral we require that

hΨjΠHShell
jΨi ¼ hΨjΨi ð4:14Þ

and

ðhΨjΠHShell
jΨi − hΨjΨiÞ2 ¼ 0: ð4:15Þ

If (4.13) holds for all states jΨi∈HLR, it follows from the
Cauchy-Schwarz identity that HShell ¼ HLR.
In this section we argue that (4.13) holds (in the κ → ∞

limit) for the subset of states jΨi∈HLR for which the path

FIG. 16. (a) Sheet diagrams of the trace pinwheel in Fig. 15 obtained by cutting along the shell world volumes. (b) Construction of the
pinwheel from the disk by cutting out the purple homology regions and gluing together the remainder by identifying the shell world
volumes, leaving behind the sheets of Fig. 16(a).

3We show this factorization in [19].
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integral hΨjΨi has at least some saddle point. By extension
(4.13) then also holds for arbitrary superpositions of these
states. If one supposes that there exists some basis set for
HLR consisting of states whose norms are dominated by a
saddle point, then our argument shows Hshell ¼ HLR. We
are not seeking to prove this assumption here, but give
some heuristic arguments in Sec. VA. The shell states
discussed here are analogous to coherent states, which
generically provide a nonorthonormal, overcomplete basis
for the Hilbert space.

1. Coarse-grained span

The path integral (4.14) is computed by the analytic
continuation

hΨjΠHShell
jΨi ¼ lim

n→−1
Gn

ijhΨjiihjjΨi : ð4:16Þ

In the κ → ∞ limit, only fully connected saddles contribute
to the right-hand side because of the single index loop in
Gn

ijhΨjiihjjΨi. These geometries connect n shell bounda-
ries (Fig. 5) to two operator boundaries (see Fig. 17) in a
single bulk. There could be multiple saddles of this kind.
We will show later that all of these saddles give contribu-
tions that are independent of the particular shell running
around the loop. Collectively denoting these saddles as
Ẑnþ2½Ψ� we therefore obtain

Gn
ijhΨjiihjjΨi ¼ κnþ1Ẑnþ2½Ψ�: ð4:17Þ

The Ẑnþ2½Ψ� wormholes are conceptually similar to the
Z̃nþ2 folded wormhole of Sec. III B where the special case
jΨi ¼ jβi was considered. To see how these saddles are
constructed we imagine we are cutting open the Ẑnþ2½Ψ�
wormholes along the shell world volumes as in Fig. 18,
producing a sheet diagram. These sheet geometries are each
a cutout of the saddle geometries for an asymptotic
boundary circle with some operator insertions. In particular,

these “disk” saddles involve asymptotic boundary inser-
tions of the OΨ;O

†
Ψ operators and 2ðnþ 1Þ pairs of shell

operators separated by preparation times ΔTi on the
asymptotic boundary; see the left-hand side of Fig. 18.
We will call the asymptotic boundary condition of this disk
Σn. These disk saddles will be some function of the
propagation times ΔTi. This disk is then glued into the
Ẑnþ2½Ψ� wormhole via the junction conditions according
to the shell identification pattern in Fig. 18, which
dynamically determines the ΔTi. The key point, as
discussed in earlier sections, is that in the large shell
mass limit the shell homology regions and propagation
times on the disk shrink to zero, and hence the sheet grows
to cover the entire disk. In this limit the only shell
mass dependence is in the universal factor Πnþ1

i¼1 Zmi
,

which will be canceled by the shell state normalization
factors. As the shell action decouples, the contribution
from the bulk geometry is simply that of the disk
computing the norm of a time evolved version of
the jΨi state: ZOΨ

ððnþ 1ÞðβL þ βRÞ þ β̃L þ β̃RÞ.4 The
upshot is thus that given a saddle for the norm of
the time-evolved version of the state jΨi given by
Z̄OΨ

ððnþ 1ÞðβL þ βRÞ þ β̃L þ β̃RÞ, the saddles for
(4.17) can automatically be constructed in the large shell
mass limit, because of the universal pinching-off behavior
of the shell insertions. Normalizing the shell states and
putting everything together we obtain

Ẑnþ2ðΨÞ ¼
Z̄OΨ

ððnþ 1ÞðβL þ βRÞ þ β̃L þ β̃RÞ
Z̄ðβLÞnþ1Z̄ðβRÞnþ1

; ð4:18Þ

and hence

hΨjΠHShell
jΨi

¼ lim
n→−1

κnþ1
Z̄OΨ

ððnþ 1ÞðβL þ βRÞ þ β̃L þ β̃RÞ
Z̄ðβLÞnþ1Z̄ðβRÞnþ1

¼ Z̄OΨ
ðβ̃L þ β̃RÞ≡ hΨjΨi; ð4:19Þ

showing the coarse-grained equality (4.13) as an equality
between the sum over saddle points of the lhs and rhs.

2. Extension to fine-grained theory

We can extend this to the fine-grained theory by showing
(4.15). For each term in the expansion of the square on the
left side of (4.15), for example hΨjΠHShell

jΨihΨjΨi, there is
a disconnected contribution which can be computed by
simply multiplying the amplitudes discussed above for

FIG. 17. So-called operator boundary condition for hijΨi,
which consist of the OΨ and O†

i shell insertion separated by

L, R times βL;Rþβ̃L;R
2

respectively. The stress energy from the OΨ
operator is depicted in the bulk as a dotted yellow line.

4Here again Z̄OΨ
ððnþ 1ÞðβL þ βRÞ þ β̃L þ β̃RÞ collectively

denotes all saddles to hΨjΨiððnþ 1ÞðβL þ βRÞ þ β̃L þ β̃RÞ and
for each of these saddles individually the above construction
follows.
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each factor. There can also be contributions from worm-
holes connecting the boundaries associated to one factor
with boundaries associated to the other.
For example, consider the fully connected contributions

to

hΨjΠHShell
jΨihΨjΨi ¼ lim

n→−1
Gn

ijhΨjiihjjΨihΨjΨi ð4:20Þ

depicted in Fig. 19(a). At a given n, these saddle geometries
can be constructed by first considering a different worm-
hole: the cylinder connecting one operator boundary hΨjΨi
to the Σn boundary condition discussed above and depicted
on the left-hand side of Fig. 18. On this geometry, the shells
propagate into the cylinder wormhole bulk and are reab-
sorbed at the boundary. The saddle is constructed by
discarding the shell homology regions and gluing the
geometry along the corresponding shell world volumes
via the junction conditions [Fig. 19(b)]. In the large shell
mass limit the shell homology regions pinch off, for the
same reasons as described in previous sections, contribut-
ing a factor of Πnþ1

i¼1 Zmi
.

The remaining wormhole bulk action is therefore
computed by the path integral of the topology shown in
Fig. 19(c) connecting a boundary of the same length Σn but
without any shell insertions to the hΨjΨi boundary.
In the large shell mass limit, this no-shell Σn boundary
is of length ðnþ 1ÞβR þ β̃R þ ðnþ 1ÞβL þ β̃L, as the shell
propagation times ΔTi → 0. This is nothing more than an
elongated version of the hΨjΨi boundary condition; wewill
call the path integral with these boundary conditions
ZΨΨ̃ððnþ 1ÞβL; ðnþ 1ÞβRÞ. For each saddle to ZΨΨ̃ there
is therefore a corresponding saddle to (4.20). Upon normal-
izing the shell states to have unit norm, their contributions
cancel in the same manner as described above, and we
obtain

hΨjΠHShell
jΨihΨjΨi

¼ lim
n→−1

κnþ1 ×
ZΨΨ̃ððnþ 1ÞβL; ðnþ 1ÞβRÞ

Z̄ðβLÞnþ1Z̄ðβRÞnþ1

¼ ZΨΨ̃ð0; 0Þ≡ hΨjΨi2: ð4:21Þ
A similar argument applies to the fully connected worm-

hole relevant for ðhΨjΠHShell
jΨiÞ2, and hence in the n → −1

FIG. 18. Disk-sheet wormhole. The operator pinwheel saddles for (4.16) are constructed by considering the disk saddles, discarding
the shell homology regions and gluing the resulting sheet along the corresponding shell world volumes into the wormhole, depicted here
for n ¼ 2.

FIG. 19. (a) Fully connected contributions to Gn
ijhΨjiihjjΨihΨjΨi for n ¼ 1. (b) Construction of these wormholes by gluing shells.

(c) As n → −1 these limits to the connected contributions to hΨjΨi2. The coloring scheme in this figure is consistent with the discussion
above; red denotes the shell world volume, and chartreuse denotes matter sources by OΨ.
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limit each term in the expansion of the square on the left-

hand side of (4.15) limits to hΨjΨi2, proving the equality.

3. Conclusion

Because we have shown both (4.14) and (4.15), fine-
grained equality

HLR ¼ Hshell ð4:22Þ

follows, in the sum over saddle point approximation to the
path integral. Therefore the shell states span the entire
Hilbert space if we take Hshell to consist of κ → ∞ shell
states. As the derivations of (4.14) and (4.15) were
both independent of the shell preparation temperature,
the fine-grained result (4.22) holds for any choice of
preparation temperature. Also note that the above argu-
ments extend easily to hΨjΦi ¼ hΨjΠHShell

jΦi þOðeG0
N Þ

for any jΨi; jΦi∈HLR.
After the completion of this work the authors learned of

the works [30,31] in which a similar argument is used in JT
gravity to show any microcanonical gravity state can be
reconstructed from a certain basis of eS states. In light of
this, our work can be seen as an explicit higher dimensional
realization, and extension of the fine-grained level, of this
argument.

D. Additional examples

At the beginning of this section, we demonstrated
the above argument explicitly for the case in which
the state under consideration is the TFD state jΨi ¼ jβi.
Two additional simple examples can be worked out
straightforwardly.

1. Shell state

Let jΨi be some shell state created with shell operator
OS and preparation temperatures β̃L; β̃R. For brevity we
consider the heavy shell mass limit ms → ∞, although this
is not required, and fixms to be distinct from the masses of
the shell states defining the basis. Furthermore, we could
instead choose OS to carry some global charge, whilst our
basis does not. In this case ms may equal one of the masses
in the basis. As discussed in Sec. III A, the norm is given by
hΨjΨi ¼ Z̄ðβ̃LÞ × Z̄ðβ̃RÞ × Zms

, with Zms
the shell mass

dependent term. The boundary condition defining
Gn

ijhΨjiihjjΨi is now simply that of the pinwheel discussed
in (Fig. 8) with nþ 2 boundaries. A simple adaptation of
(3.4) yields

Gn
ijhΨjiihjjΨi

¼Zms
×
Zððnþ1ÞβLþ β̃LÞZ̄ððnþ1ÞβRÞþ β̃RÞ

Z̄ðβLÞnþ1Z̄ðβRÞnþ1
ð4:23Þ

and hence hΨjΠHShell
jΨi ¼ limn→−1Gn

ijhΨjiihjjΨi ¼
Zðβ̃LÞ × Z̄ðβ̃RÞ × Zms

¼ hΨjΨi. The cross terms required
for the fine-grained extension can be dealt with analo-
gously. Consider for example (4.20). The connected con-
tribution to Gn

ijhΨjiihjjΨihΨjΨi is given by a pinwheel
with nþ 3 boundaries:

Gn
ijhΨjiihjjΨihΨjΨi

¼ Z2
ms

Zððnþ 1ÞβL þ 2β̃LÞZ̄ððnþ 1ÞβRÞ þ 2β̃RÞ
Z̄ðβLÞnþ1Z̄ðβRÞnþ1

:

ð4:24Þ

Taking n → −1 we obtain

hΨjΠHShell
jΨihΨjΨi ¼ Z2

ms
Z̄ð2β̃LÞZ̄ð2β̃RÞ; ð4:25Þ

which can be recognized as the cylinder topology con-
nected contribution to hΨjΨihΨjΨi (see Fig. 7). Again, the
other cross term can be dealt with similarly. We conclude
that at a fine-grained level hΨjΨi ¼ hΨjΠHShell

jΨi. In the
case where OS is charged under some global symmetry,
the above argument shows that this symmetry is broken by
the nonperturbative wormhole contributions, analogous
to [30].
Light operator. We now consider the case where the

mass mΨ of the operator OΨ is heavy enough for its two-
point function to be accurately described by the geodesic
approximation, yet light enough to avoid significant back-
reaction on the geometry. The norm hΨjΨi then takes the
schematic form:

hΨjΨi ¼
X
X

Z̄Xðβ̃L þ β̃RÞ ×
�X

i

e−mΨLi
Xðβ̃L;β̃RÞ

�
; ð4:26Þ

where fXg label the different saddles to the Z-partition
function Z̄ðβ̃L þ β̃RÞ and Li

X denotes the length of the i-th
bulk geodesic connecting the boundary insertion points of
the operator on the background geometry X. These inser-
tion points are separated on the boundary by β̃L; β̃R the L, R
way around. The index i here denotes the sum over
windings. Crucially, the geodesic lengths Li

X are simple
functions of the boundary separations β̃L; β̃R. See, for
example, Sec. 4 of [20] and references therein for details.
As OΨ is not heavy enough to significantly backreact, the
fully connected contribution to Gn

ijhΨjiihjjΨi is given by
Ψ-matter geodesics propagating on the folded wormhole
background geometry constructed in Sec. III B 1 above.
Recall that this wormhole was obtained by gluing a single
disk onto itself. Hence the Ψ-matter geodesics are again
simply geodesics of the Z-partition saddles with a longer
boundary:
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Gn
ijhΨjiihjjΨi¼

X
X

ZXððnþ1ÞβLþ β̃Lþðnþ1ÞβRþ β̃RÞ

×

�X
i

e−mΨLi
Xððnþ1ÞβLþβ̃L;ðnþ1ÞβRþβ̃RÞ

�
:

ð4:27Þ

In both (4.26) and (4.27) we sum over all winding, such that
the geodesics summed over are in one-to-one correspon-
dence. It then follows that the n → −1 limit of (4.27)
recovers (4.26). Note that if we had kept only the leading
terms, subtleties about the relative sizes of βL; βR; β̃L; β̃R
arise, as for example there might be some positive integer n
at which the i ¼ 0 and i ¼ −1 windings degenerate for
(4.27) but not for (4.26).
The fine-grained extension is trivial, as theOΨ insertions

are not heavy enough to stabilize new connected wormhole
contributions to the cross terms such as hΨjΠHShell

jΨihΨjΨi
(see Fig. 19), and hence each of the cross terms factorizes.5

We therefore conclude that hΨjΨi ¼ hΨjΠHShell
jΨi at the

fine-grained level, and hence that the shell states span these
states also.

V. TOOL 3: SURGERY FOR RELATIONAL
EQUIVALENCE

As discussed in Sec. II, the gravitational path integral
appears to compute coarse-grained averages over an under-
lying fine-grained theory. The path integral is difficult to
compute explicitly, and so we resorted above to the saddle
point approximation to derive fine-grained equalities like
(4.7) and (4.13). However, the latter approach at most
shows fine-grained equality in the approximate effective
distribution defined by the saddle point sum. In principle,
the “true” distribution is computed by the full path integral
over all geometries and topologies satisfying the boundary
conditions (although this sum might not be strictly well
defined). The additional contributions include perturbative
corrections around a given saddle point, but perhaps also
topologies that do not admit any saddle points. Most of
these contributions are highly suppressed; for example
nonsmooth geometries will be suppressed by their infinite
action arising from derivative terms in the Lagrangian.
Nevertheless, the additional contributions to the path
integral could violate fine-grained equalities derived in
the saddle point approximation. For example, consider the
trace factorization (4.7) in Sec. IV B 2. Any finite action
contribution to the trace path integral with a handle
connecting the two sides of the pinwheel as in Fig. 21
will potentially violate factorization.
Below, we propose a method for establishing equality

between fine-grained observables in the full path integral.
The idea is that to show that two quantities are equal we do

not have to explicitly calculate the gravitational path
integral for either. We simply need to show that every
topology and geometry that contributes to one also con-
tributes equally to the other. We will demonstrate how to
use a cut-and-paste procedure on the relevant geometries to
argue for such equality. To this end, we will strategically
insert the shell state resolution of the identity in the κ → ∞
limit that we developed in previous sections. In this limit,
the sum over topologies simplifies if we construct our basis
out of parametrically heavy shells. This is because, as
explained above, in this circumstance only fully connected
contributions to the gravitational path integral survive the
κ → ∞ limit.

A. A complete basis

First, we want to extend the fine-grained equality (4.22)
between HLR and Hshell beyond the saddle point approxi-
mation. It is straightforward to include perturbative cor-
rections around the semiclassical saddles if we take the
shells to be parametrically heavy. As we discussed, in that
case only fully connected contributions survive the κ → ∞
limit because all diagrams that break index loops in (4.16)
are suppressed in powers of κ. What is more, as we
explained, when the shells become heavier the turning
points of their trajectories approach the asymptotic boun-
dary, and the effect of the shells is simply to glue disk
geometries into wormholes. The shells themselves then
contribute a universal factor to the path integral, and by the
arguments of Sec. IV C the same diagrams contribute to the
demonstration of the equalities in (4.19) and (4.21) and
hence also (4.22). Earlier we studied these in the sum over
saddle points, but by construction the perturbative correc-
tions around the saddle points will also agree.
In fact, for any topology that supports a saddle point, the

sum over geometries associated to each topology will
match. To see this, consider the contribution of any such
geometry. If we fix the geometry consistently with the
boundary conditions, in the heavy shell limit the sum over
shell trajectories will again localize to the vicinity of the
fixed spacetime boundary. So the interior gravitational
action will be the same, while the shells contribute a
universal piece from their trajectory near the fixed
boundary.
We can also attempt to include topologies that do not

support a classical saddle point, if such contributions exist.
Below we outline a speculative schematic procedure for
how this might be done. As a cautionary note, we do not
claim that the path-integral manipulations presented here
are strictly well defined, particularly in dimensions d ≥ 4.
Our argument also relies on several heuristic assumptions
about the integration measure and the analytic continuation
of certain contributions. Although this presentation is
nonrigorous, we expect the schematic to capture the
essential features of a careful implementation of these
ideas in lower-dimensional gravity models, where the5See footnote 1 for a potential subtlety.
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relevant analytic and geometric structures are better
controlled.
To do so we have to show the relevant configurations

associated to any of these topologies can be represented as
shells propagating on disks with interior topological deco-
rations. We will argue for this below. Then, by the same
reasoning as above, provided we take the heavy shell limit
first, then for any fixed geometry the shell path integral will
universally localize near the boundary, and the κ → ∞ limit
will restrict the sum to connected geometries. Then the
equalities (4.19) and (4.21) and (4.22) follow for the
complete gravitational path integral. This argument relies
on the heavy shell and κ → ∞ limits, which lead to no loss of
generality because we are always free to make the basis as
overcomplete as we want (κ → ∞), and the inertial mass of
the shells can be arbitrarily chosen in the basis construction.
We will attempt to make the above reasoning somewhat

more formal. To do so we re-arrange the κ → ∞ path
integral (4.16) defined as the n → −1 limit of
Gn

ijhΨjiihjjΨi at a fixed positive integer n,

ζ½Gn
ijhΨjiihjjΨi� ¼

Z
g;ϕ∼Gn

ijhΨjiihjjΨi
DgDϕe−Itot½g�; ð5:1Þ

into parts that vanish once n → −1, and a remainder that
limits to hΨjΨi. We are using the notation of Sec. II, where
ζ½� � �� denotes the gravity path integral subject to some
boundary conditions and ϕ denotes the shell matter fields.
We start by organizing the full sum over connected

geometries by topology. We assume the path integral (5.1)
can be performed by first performing the matter path
integral on each geometry g contributing at a fixed top-
ology, and subsequently integrating over these geometries.
For a given metric, we can then consider the semiclassical
limit of the matter path integral such that the shell
trajectories in the heavy shell limit localize to geodesics
on that background. So for each geometryM associated to
a given topology we can cut out a small region around the
i-th shell world volume of size ϵsi . There are nþ 1 such
regions, one for each shell; see Fig. 20(a). We denote the
part of the geometry excluding these regions as Mbulk,
which contains all handles of M. As the Einstein-Hilbert
action consists of local and boundary terms the total action
for a given geometry is the sum of the action of these
individual patches:

Itot½M� ¼
Xnþ1

i¼1

Iϵsi þ IMbulk
: ð5:2Þ

Next, on a given geometry g the contribution of the i-th
shell stress energy to the action is given by the codimension
1 integral

R
Wi½g� σi of the shell matter density (σi) over the

world volume (Wi½g�). Then shrinking the cutout regions
ϵsi to include just the shell world volume we write

Xðnþ1Þ

i¼1

Iϵsi ¼
Xðnþ1Þ

i¼1

Z
Wi

σi ð5:3Þ

and hence

ζ½Gn
ijhΨjiihjjΨi� ¼

Z
g∼Gn

ijhΨjiihjjΨi
Dg e−IbulkΠnþ1

i¼1 e
−
R
Wi ½g�

σi :

ð5:4Þ

For each topology, we cut a given geometry g along
the shell world volumes to produce a sheet diagram; see
Fig. 20(b). To make contact with the desired result, the
boundary sections of the bulk sheets can be completed onto
an asymptotic circle of length ðnþ 1ÞðβL þ βRÞ þ β̃L þ
β̃R þPnþ1

i¼1 T by adding in “homology” regions gYi

between an asymptotic boundary section of length T and
the shell cutout ϵsi on the sheet bulk; see Fig. 20(c). We can
sum over all possible completions of the sheet geometry g
by summing over all possible homology region geometries

gYi
ending on the world volumeWi:

R
DgYi

e
−IgYi ≡ ZYi

½g�.
Of course, these terms were not present in the original path
integral, but we can rewrite (5.4) in a suggestive manner by

inserting 1 ¼ Πnþ1
i¼1

ZYi
½g�

Πnþ1
i¼1

ZYi
½g�:Z

Dge−IbulkΠnþ1
i¼1 e

−
R
Wi ½g�

σi

¼
Z

Dg
Πnþ1

i¼1 ZYi
½g�

Πnþ1
i¼1 ZYi

½g�e
−IbulkΠnþ1

i¼1 e
−
R
W½g�i

σi

¼
Z

Dge−IbulkΠnþ1
i¼1

Z
DgY;ie

−IgY;i

 
Πnþ1

i¼1

e
−
R
Wi ½g�

σi

ZYi
½g�

!
:

ð5:5Þ

This is useful because summing over all possible
completions of the g sheet regions into a geometry with
a circular asymptotic boundary of length ðnþ 1ÞðβL þ
βRÞ þ β̃L þ β̃R þPnþ1

i¼1 T and doing this for all possible
geometries g is the same as summing over all geometries
with this circular asymptotic boundary condition, which we
denote g

°
:

Z
Dge−IbulkΠnþ1

i¼1

Z
DgY;ie

−IgY;i

 
Πnþ1

i¼1

e
−
R
Wi ½g�

σi

ZYi
½g�

!

¼
Z

Dg
°
e−Ibulk½g°�

 
Πnþ1

i¼1

e
−
R
Wi ½g�

σi

ZYi
:½g�

!
: ð5:6Þ

In the n → −1 limit the factor in parentheses in (5.6) is
absent, and the asymptotic boundary condition for the sum
over geometries g° is that of a periodic boundary of length
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β̃L; β̃R separating OΨ;O
†
Ψ. The latter is precisely the

boundary condition for the norm of jΨi and hence

lim
n→−1

ζ½Gn
ijhΨjiihjjΨi� ¼ hΨjΨi: ð5:7Þ

Schematically, this approach establishes full equality
between the path integrals, hΨjΠHshell

jΨi ¼ hΨjΨi.
Although many of the intermediate steps require a more
rigorous justification, we expect this argument captures the
essential qualitative features of a more complete treatment.
Similarly, the argument could be extended to show

ðhΨjΠHshell
jΨi − hΨjΨiÞ2 ¼ 0 by including all handles

connecting hΨjΠshelljΨi with hΨjΠshelljΨi (or hΨjΨi in
the cross term) into the Ibulk region and repeating the above
argument. This concludes our argument that the κ → ∞ set
of shell states at any preparation temperature spans the fine-
grained Hilbert space HLR in the full gravitational path
integral.

B. Application: Full factorization of the thermal
partition function

As the shell states span the fine-grained Hilbert space
HLR in the full gravitational path integral, we can use
insertions of the shell resolution of the identity to simplify
the task of showing full equality between gravitational path
integrals. We demonstrate the main ideas by means of an
example, and summarize the systematic method in
Sec. VI A; readers can skip directly to that section if they
wish.
We aim to show that the fine-grained two-sided thermal

partition function factorizes,

TrHLR
ðe−β1HLe−β2HRÞ ¼ Zðβ1Þ × Zðβ2Þ; ð5:8Þ

based on full path integral equalities, without explicitly
evaluating either side of (5.8).
In Sec. III B we showed that the thermal partition

function on Hshell factorizes at the fine-grained level in
the sum over saddle points; see (4.7). This followed

FIG. 20. (a) Cartoon of the ϵsi cutouts around the shell world volume for an off shell contribution to (5.1) depicted for n ¼ 3. (b) Sheet
diagram for a nonsaddle contribution, where the cutouts ϵsi have been shrunk to be arbitrarily close to the shell world volume Wi.
(c) Embedding of this sheet onto the disk by filling in homology regions.
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because the pinwheel saddles contributing to the trace path
integral are constructed by gluing an L and R disk together
along shells via the junction conditions. In the large shell
mass limit these disks decouple, and the saddle action is
simply the sum of the L, R disk actions and universal shell
action terms. As we have shown, HLR ¼ Hshell, the result
(4.7) extrapolates to (5.8) in the sum over saddle points.
However, in the complete sum over topologies and

geometries there are potential contributions to the path
integral such as handles connecting the L, R sides
of the pinwheel (Fig. 21) that appear to destroy the
factorization in (5.8). Note that these contributions need

not be saddle points; they need not even be continuously
deformable to saddle points. By contrast, adding handles to
the L, R sheets individually respects factorization and
simply leads to corrections to Zðβ1Þ; Zðβ2Þ separately. To
show (5.8) we consider the full path integral equalities Ā ¼
B̄ and ðA − BÞ2 ¼ 0 for A ¼ TrHLR

ðe−HLβ1e−HRβ2Þ and
B ¼ Zðβ1Þ × Zðβ2Þ, not just in the sum over saddle points,
but in the complete sum over topologies and geometries.
We will achieve this in three steps.
First, we express the trace overHLR on the left-hand side

of (5.8) in the κ → ∞ shell basis:

TrHLR
ðe−β1HLe−β2HRÞ ¼ lim

n→−1
Gn

ijhjje−β1HLe−β2HR jii: ð5:9Þ

Second, we make the equivalence of gravitational path
integrals more apparent by inserting a resolution of the
identity 1 ¼ G−1

ij jiihjj in between the ZðβÞ ¼ hβjβi bra-
kets on the right-hand side of (5.8):

Zðβ1Þ×Zðβ2Þ¼ hβ1jβ1ihβ2jβ2i¼ hβ1j1jβ1ihβ2j1jβ2i
¼G−1

ij G
−1
mnhβ1jiihjjβ1ihβ2jmihnjβ2i: ð5:10Þ

We also rewrite the trace as

TrHLR
ðe−β1HLe−HRβ2Þ ¼ TrHLR

�
e
−β1HL

2 e
−β2HR

2 1e
−β1HL

2 e
−β2HR

2

�
¼ G−1

ij G
−1
mnhjje

−β1HL
2 e

−β2HR
2 jmihnje−β1HL

2 e
−β2HR

2 jii: ð5:11Þ

The task is now to compare the maximal index loop
geometries contributing to

Gw
ijG

z
mnhβ1jiihjjβ1ihβ2jmihnjβ2i; ð5:12Þ

and

Gw
ijG

z
mnhjje

β1HL
2 e

−β2HR
2 jmihnje−β1HL

2 e
−β2HR

2 jii; ð5:13Þ

which in the w; z → −1 limit reduce to (5.10) and (5.11)
respectively. We will refer to contributions to (5.12) and
(5.13) as as ZZ and Tr wormholes respectively. The full
path integral equality between (5.12) and (5.13) can now be
established by considering the corresponding sheet dia-
grams as we describe below.

1. ZZ sheets

The asymptotic boundary structure of the ZZ wormholes
contains two separate maximal index loops corresponding
to the hβ1j1jβ1i and hβ2j1jβ2i insertions. For example, the
Gw

ijhβ1jiihjjβ1i boundary index loop consists of two

boundaries of length β1þβRþβL
2

from the hβ1jii, hjjβ1i
insertions (green in Fig. 22), separated by w shell boundary
insertions of length βL þ βR. At a given ðw; zÞ the
saddles for (5.12) consist of two disconnected folded worm-
holes, Z̃wþ2ðβ1Þ and Z̃zþ2ðβ2Þ, discussed in Sec. III B.
Hence, in the sum over saddle points (5.12) evaluates
to Zðβ1þðwþ1ÞβLþβR

2
Þ×Z̄ðβ2þðzþ1ÞβLþβR

2
Þ×Πwþzþ2

k¼1 Zmk
.

The nonsaddle geometries contributing to (5.12) include
all the contribution to hβ1j1jβ1i and hβ2j1jβ2i individually
and all contributions connecting the two wormholes via
bulk handles [(Fig. 22(a)], which result in Zðβ1Þ×
Zðβ2Þ ≠ Zðβ1ÞZðβ2Þ. The sheet diagrams for a generic
contribution therefore consist of two sheets, one for each
wormhole, connected by a number of handles; see Fig. 22(b).

2. Tr sheets

In contrast, the contributions to (5.13) consist of a single
bulk wormhole as there is only a single maximal index
loop. This loop consists of a boundary of length β1þβ2

2
þ

βR þ βL from the hije−β2HL
2 e

−β1HR
2 jji insertion followed by z

shell boundaries of length βL þ βR from the resolution of

FIG. 21. Example of a contribution breaking the semiclassical
factorization argument.
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the identity, followed by another boundary of length
β1þβ2

2
þ βR þ βL and lastly w more shell boundaries from

the resolution of the trace. The wormhole saddles are a
trivial extension of those in Sec. IV B 2 as they are
constructed by identifying shells across two separate disks.
Hence, in the sum over saddle points (5.13) evaluates to
Z̄ðβ1þðwþzþ2ÞβR

2
Þ×Z̄ðβ2þðwþzþ2ÞβL

2
Þ×Πwþzþ2

k¼1 Zmk
.

The sum over geometries for (5.13) includes nonsaddle
higher topology pinwheels; see Fig. 23(a). The sheet
diagrams for a generic contribution to (5.13) therefore also
consist of two sheets, corresponding to the L, R side of the
pinwheel, connected by a number of handles; see
Fig. 23(b).

3. Diagonal terms

There is some freedom left to fix in (5.12) and (5.13) to
make equality explicit. Apart from the shell identifications
across/within the two sheets, the sheet diagrams (5.12) and
(5.13) at a given ðw; zÞ are identical for the diagonal w ¼ z
terms if we choose the shell preparation temperatures to
satisfy βL ¼ βR ≡ βS. As the shell states span HLR at
any preparation temperature this can always be done.

Furthermore, this choice of parameters for (5.12) and
(5.13) are equal in the saddle point approximation, as
can be seen by expressions in the above two paragraphs.
Schematically the path integrals (5.12) and (5.13) for a
given ðw; zÞ will evaluate to certain functions gðw; zÞ and
fðw; zÞ where Zðβ1ÞZðβ2Þ ¼ limw;z→−1 gðw; zÞ and

TrHLR
ðe−β1HLe−β2HRÞ ¼ limw;z→−1fðw; zÞ. This limit must

either be independent of the contour in the ðw; zÞ plane or
the contour must be chosen to recover Zðβ1ÞZðβ2Þ and

TrHLR
ðe−β1HLe−β2HRÞ. Either way, we are interested in the

w; z → −1 limit of (5.10) and (5.11) along the diagonal
w ¼ z contour. We choose this contour, because the Gram
matrix resolution of the trace (TrHshell

ð� � �Þ ¼ G−1
ij hjj � � � jii)

and identity (1 ¼ G−1
ij jiihjj) are related. So from a physical

standpoint we expect that they should be defined by
analytic continuation of the same powers of the Gram
matrix in a given calculation. Alternatively we could think
about this as an argument for how to choose the correct
contour in analytic continuation to define the physical
theory. It would be useful to also have a strictly math-
ematical argument for why this is the sensible analytical
continuation, but we leave that for future work.

FIG. 22. (a) Wormhole contribution to (5.12) including a nonfactorizing handle, depicted for ðw; zÞ ¼ ð2; 2Þ. The pinwheel with the
blue boundaries belongs to the Gw

ijhβ1jiihjjβ1i insertion and the green to Gz
mnhβ2jmihnjβ2i (b) Corresponding sheet diagram, where

a; b; c � � � denotes the shells to be identified to glue back into the wormhole. The wormhole is obtained by identifying
a ↔ a; b ↔ b � � � i ↔ i, and the handle is depicted by a wormhole connecting the two sheets.

VIJAY BALASUBRAMANIAN and TOM YILDIRIM PHYS. REV. D 114, 026035 (2026)

026035-24



4. Bijection by cutting and gluing

Along the diagonal contour the semiclassical saddle
point actions for (5.12) and (5.13) are equal. To extend this
equality beyond the sum over saddle points we will show
that there is a bijection between arbitrary contributions with
the same action for the full path integrals (5.12) and (5.13).
Starting with a L, R sheet geometry a Tr wormhole is
obtained by identifying the shells across the L, R sheets in
the pattern a ¼ g; d ¼ j � � �, whereas identifying shells
within the same sheet in the pattern a ¼ d; b ¼ e � � � and
g ¼ j; h ¼ k; � � � results in a ZZ wormhole; see Fig. 24. If
regluing any contribution to (5.12) into a contribution to
(5.13) and vice versa is possible without changing the
action the full path integrals are the equal. To show this is
the case we divide the action of a geometryM contributing
to (5.12) or (5.13) as

IM ¼ Ibulk þ IGHY; ð5:14Þ

where Ilocal is the local bulk action and IGHY the Gibbons-
Hawking-York boundary terms [32,33].
Regluing leaves the boundary action unchanged. The

contributions IGHY are determined by the asymptotic
boundary structure of the glued wormholes. In gluing
sheet diagrams into wormholes the asymptotic boundary

sections of the sheet are compactified into circular boun-
daries as in Fig. 24. To compute the boundary terms the
path integral should be gauge fixed by choosing a con-
formal frame, say the Fefferman-Graham gauge [34] for the
case of the asymptotically locally AdS gravity path integral.
Fixing a frame fixes the asymptotic behavior for any metric
in the sum over geometries, and hence the boundary terms
are universal and proportional to the length of the asymp-
totic boundary circle. Hence gluing a sheet into Tr or ZZ
wormhole results in the same IGHY .
The Tr wormhole saddle points were constructed by

gluing two Z-partition function saddles together along the
shells. We can decorate this procedure with perturbative GN
corrections, for which the shell homology regions still
pinch off in the large shell mass limit, and the shell world
volume trajectories are functions of the shell mass only,
independent of the background geometry. This is because
the heavy shells localize to the asymptotic region which
does not fluctuate. Therefore the perturbatively corrected
saddle Tr wormholes correspond to the perturbative cor-
rections to two Z-partition functions and some universal
shell terms. Hence for every correction to (5.12) we obtain
a correction to (5.13) with the same action by simply
changing the shell identification pattern, and vice versa,
extending (5.8) to include perturbative corrections around
saddle points. Extending the argument to all topologies,

FIG. 23. (a) Wormhole contribution to (5.13), depicted for ðw; zÞ ¼ ð3; 4Þ. (b) Corresponding sheet diagram; the wormhole is obtained
by identifying a ↔ a; b ↔ b � � � i ↔ i, and the handle is depicted by the wormhole connecting the two sheets.
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even those that do not support saddle points, and to
complete the sum over geometries, requires more careful
consideration.
Regluing leaves the bulk action unchanged. To do this

extension we start with a ZZwormhole geometry,MZZ. We
divide the MZZ sheet into alternating wedges, each
including a certain shell or asymptotic boundary as in
Fig. 25(a). For higher topology contributions some of the
resulting wedges might be connected by a number of
handles. We can take the two wedges containing an
identified shell, say the two c wedges on the L sheet
and the d wedges on the R sheet, and move one of the d
wedges onto the L sheet by swapping it with one of the c
wedges; see Fig. 25(b). Doing this for every pair of
identified shells we are left with L and R sheets that each
have the Tr identification pattern; see Fig. 25(c). The
rearrangement produces a Tr geometry from the original
ZZ geometry. The smooth metrics on the two spaces will
match everywhere except possibly on the sets of measure
zero where we cut and rejoined them. Hence their actions,

computed from local integrals, will be the same. Since these
smooth metrics constitute the finite contributions to the
path integral we conclude that the path integrals over
metrics on the ZZ and Tr geometries should be the same.
Here we assume that the reglued geometry has the same
measure factor as the original geometry. This requires more
rigorous justification. It would be interesting to show this
explicitly in lower dimensional models of gravity.
In conclusion, by cutting and regluing any contribution

to (5.13) results in a valid contribution to (5.12)
with the same action and vice versa. Hence the full path
integrals (5.13) and (5.12) are the same. Taking the
limw;z→−1 limit this derives the full equality (5.8). The
above argument can trivially be extended to show

ðTrHLR
ðe−HLβ1e−HRβ2Þ − Zðβ1Þ × Zðβ2ÞÞ2 ¼ 0. Hence the

full fine-grained trace factorizes (5.8), even though the
gravitational path integral includes explicitly nonfactoriz-
ing off shell geometries.
Direct limit. Alternatively, (5.8) can be derived by a

slight modification of the n → −1 limit argument of
Sec. VA. This approach avoids having to choose the
diagonal contour and βL ¼ βR restriction in the above
argument. We do not repeat the full argument here, as it is a
simple extension of the method of Sec. VA, but briefly
outline the key points. The wormhole contributions to

Gn
ijhije−HLβ2e−HRβ1 jji can be organized by topology, and

we can cut out small regions around the shells to split up the
action of each contribution. This produces two sheets,
possibly connected by handles, and we again sum over the
completions of each of the sheets into an asymptotic
boundary circle. As in Sec. VA in the n → −1 limit the
only part that survives is the path integral subject to the two
circular asymptotic boundary conditions, the lengths of
which limit to β1, β2 respectively. Thus as limn→−1 the path
integral computes Zðβ1ÞZðβ2Þ. The argument can be

repeated for the cross terms in ðA − BÞ2 ¼ 0 to show
fine-grained factorization.

VI. SUMMARY AND DISCUSSION

We derived our results using only the rules for the
gravitational path integral and the Einstein-Hilbert action
treated as a universal effective field theory for gravita-
tional systems. In particular, we did not assume any form
of holographic duality. While for concreteness we
phrased some of the discussion in terms of asymptoti-
cally AdS gravity, the main results carry over unchanged
to the asymptotically flat space. Our saddle point cal-
culations rely on the explicit form of the gravitational
action, but the general method we proposed of showing
equivalences between path integrals only requires that
the action consists of local bulk and boundary terms. We
therefore expect the relational results to be insensitive to
higher derivative corrections to the Einstein-Hilbert
action arising from, e.g., its possible string theoretic

FIG. 24. A given sheet geometry can be reglued into a Tr
wormhole via the identification pattern a ¼ j; b ¼ k; c…f ¼ i
whereas a ZZ wormhole is obtained by a ¼ f;
b ¼ e;…k ¼ h; j ¼ i.
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FIG. 25. Diagrammatic sketch of the procedure mapping geometries contributing to (5.12) and contributions to (5.13) with the same
action. (a) Sheet for a ZZ wormhole geometry including a handle connecting the two sheets depicted in blue, (b) swap the d; e; f wedges
with the a; b; cwedges, and (c) sheet for a Trwormhole with the same action as the original ZZ wormhole geometry; this geometry now
includes a handle on only one of the sheets depicted in black.
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completion at high energies. Below we summarize the
toolkit that we have developed and discuss some
implications.

A. Algorithm for deriving relational equivalence

As discussed, the gravitational path integral seemingly
has only access to coarse-grained data of an underlying
fine-grained theory, and is difficult to compute beyond the
saddle point approximation. These difficulties can be
overcome by collecting together the three tools we have
developed into a general framework for deducing equiv-
alences between quantities in the fine-grained theory using
the gravitational path integral. Suppose we want to show
that two a priori distinct quantities in the fine-grained
theory, A and B, are equal. We can do so by demonstrating
the equivalence of the full path integrals Ā ¼ B̄ and

ðA − BÞ2 ¼ 0. We achieve this by taking the following
three steps.
(1) Step 1: Express quantities in terms of shell states in

the κ → ∞ limit. In Secs. IV C and VA we argued
that the shell states span the entire gravity Hilbert
space HLR in the κ → ∞ limit. Use this fact to
resolve the trace and identity onHLR in terms of the
shell states via Eq. (2.9) and Eq. (2.6), which involve
the inverse of the shell Gram matrix defined as
limn→−1 Gn

ij. In the κ → ∞ limit the gravitational
path integrals for these quantities include only the
fully connected geometries for each maximal index
loop, leading to a highly simplified sum over
topologies.

(2) Step 2: Insert the identity to obtain equality for
positive integers n. It may be that the computation
of Ā requires an analytic continuation
limn→−1 ĀðnÞ involving some insertions of Gn

ij,
while this is not the case for B. To show that
limn→−1 ĀðnÞ ¼ B̄, reorganize the path integral by
using the arguments in Sec. VA. Alternatively, as in
Sec. V B we can establish equivalence by appro-
priately inserting a shell resolution of the identity
1HLR

¼ limn→−1Gn
ijjiihjj in the path integral for B

so that B̄ ¼ limn→−1 B̄ðnÞ, where by B̄ðnÞ we mean
the path integral with 1HLR

inserted. This procedure

allows us to directly compare ĀðnÞ ¼? B̄ðnÞ at fixed
positive n. We then establish equality by comparing
the corresponding sheet diagrams as described in
step 3.

(3) Step 3: Compare sheet diagrams to deduce a
bijection of geometrical actions. Each of the worm-
holes contributing to ĀðnÞ and B̄ðnÞ can be cut
along the shell world volumes to produce a set of
sheet diagrams. These serve as a visual tool for
organizing the sum over geometries in the κ → ∞
limit, and hence are a geometrical analog of

Feynman diagrams.6 Even if neither ĀðnÞ nor
B̄ðnÞ can be explicitly calculated, their equivalence
can be established by showing a bijection that maps
a givenA sheet to a B sheet with the same action and
vice versa. We argued that such equalities can be
naturally extended to include perturbative correc-
tions around the saddle points. We also outlined how
these equalities might be further generalized to
incorporate geometries in the path integral whose
topologies do not admit a classical saddle point.
Although this outline relies on several heuristic
assumptions regarding the integration measure and
the analytic continuation of certain contributions, we
expect the schematic to capture the essential quali-
tative features. It would be interesting to realize
these ideas explicitly in lower-dimensional models
of gravity, such as JT gravity or AdS3 gravity.

B. Macroscopic superpositions of semiclassical
geometries

The fact that the canonical shell states span HLR at any
preparation temperature (4.22) has a striking consequence.
For example, the basis change

ji; βL; βRi ¼
X
j

ajði; βL; βRÞjj; β̃L; β̃Ri ð6:1Þ

allows us to express a type 1 black hole state consisting of
shells behind a horizon as a superposition of the over-
complete basis states of type 2 horizonless geometries
which include a disconnected closed universe. This is
evident after including the Oðe−1=GNÞ wormhole correc-
tions, while in the strict GN → 0 limit all the shell states at
any temperature are linearly independent.
Focusing on the AdS case, as hijii ¼ Z̄ðβLÞZ̄ðβRÞZmi

(see Sec. III A 2) a given shell state could be associated to
nine possible saddles geometries, as there are three poten-
tial saddle points for each ZðβLÞ and ZðβRÞ—the large and
small AdS black holes which have horizons, and thermal
AdS which does not. For any βL, βR one of the saddles
dominates, and this in the perturbative GN → 0 limit only
this one survives. (Note that the small AdS black hole never
dominates.) Hence in the GN → 0 limit we can associate a
single geometry to a canonical shell state, but in general we
should always think of it as a superposition which involves
saddle point configurations with and without horizons.
That said, the type 2 shell states with both preparation
temperatures below the black hole threshold βL;R > 2πlffiffi

2
p ,

where l is the AdS radius, are only associated to thermal
AdS saddles.

6Note that the sheet diagrams are not literally gravitational
Feynman diagrams representing graviton scattering.
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In the microcanonical ensemble a black hole saddle can
be selected out by imposing a boundary condition fixing
the ADM energy (see [35,36]). Together (4.11) and (4.22)
imply that microcanonical shell states can also be obtained
via the Laplace transform of the canonical states:

jiiEL;ER
∝
Z

dβLdβRe
βRERþβLEL

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðβLÞZðβRÞ

p
ji; βL; βRi:

ð6:2Þ

Moreover, using the basis change (6.1) a microcanonical
state (6.2) can also be expanded as a superposition shell
state at a fixed temperature:

jiiEL;ER
∝
X
j

Z
dβLdβRe

βRERþβLEL
2 ajði; βL; βRÞ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZðβLÞZðβRÞ

p
jj; β̃L; β̃Ri

≡X
j

bjði; EL; ERÞjj; β̃L; β̃Ri: ð6:3Þ

Hence by choosing β̃L; β̃R > 2πlffiffi
2

p , a microcanonical black

hole state, associated to a saddle point with a horizon, can
be written as a superposition of type 2 geometries without
horizons, but which have disconnected closed universe
components instead [see Fig. 10(b)]. Observers inside the
compact disconnected universe in the latter cannot send
signals to an asymptotic observer, much like observers in
the black hole interior. So like the black hole interior the
events inside the closed universe component are hidden
from infinity. However, unlike for a black hole, the
asymptotic observer cannot send a classical probe into
this hidden region. That said, the Euclidean state prepara-
tion path integral entangles the quantum state in the
compact component with the state in the asymptotic
component. This means that observers in either region
might be able to use the entanglement of the state to send
signals to each other, similar to recent proposals that the
black hole interior lies within the entanglement wedge of
the distant Hawking radiation, at least at late times [1,2].
See [20] for a detailed discussion of the encoding of the
compact universe into the boundary theory.

1. Geometry must be emergent

One consequence of these observations is that bulk
geometry cannot in any sense be a linear quantum observ-
able. Consider a state jΨi for which the norm is associated
to a single gravitational saddle with a metric gΨ, and define
this as the semiclassical geometry of the state:

hΨjΨi ≈ e−I½gΨ� → jΨi ¼ jgΨi: ð6:4Þ

If this notion of the metric associated to a state is a well-
defined quantum observable it should correspond to the

eigenvalue of some Hermitian “geometry operator” G:

GjgΨi ¼ gΨjgΨi: ð6:5Þ

See [37] for an example where such a notion can be defined
reasonably precisely in the context of the half-
Bogomol’nyi–Prasad–Sommerfield states of supersymmet-
ric Yang-Mills and the dual AdS5 gravity. In our case, since
the β̃L; β̃R > 2πlffiffi

2
p type 2 shell states form a basis for the

entire Hilbert space HLR, and have only a single horizon-
less saddle computing the norm, we can say that the latter
geometric states form a complete basis of eigenvectors for
G. But since the microcanonical black hole states also have
a single saddle computing the norm, but have a semi-
classical geometry with horizons distinct from that of any
type 2 state, (6.3) implies it is impossible for G to be
Hermitian with respect to the nonperturbative inner prod-
uct. A version of this claim was made in [3], where it was
suggested that a microcanonical type 1 shell with a very
long wormhole can be understood as superpositions of
short wormholes, suggesting that there is no linear operator
that extracts the wormhole length from the underlying
state. The nonexistence of a linear geometry operator is
compatible with the conjecture that bulk connectedness
emerges from quantum entanglement [38,39], as entangle-
ment cannot be measured by a linear operator.
In the GN → 0 limit, shell states at any temperature are

linearly independent, and hence the operator (6.5) can be
Hermitian with respect to the perturbative inner product.
This matches expectations from AdS/CFT that the semi-
classical gravity description of the CFT emerges in the
strict N → ∞ limit, which translates to the GN → 0 limit.
Related ideas have been developed from the perspective of
state dependence of the description of black hole interiors
[40,41], nonisometry in the holographic code [42,43], the
nonexistence of a topology operator [44], the exterior
description of a black hole [45], and the algebraic
description of the semiclassical limit in gravity [46–50].

2. Nonperturbative definition of bulk geometry

Despite the considerations described above, bulk observ-
ers can measure the spacetime they find themselves in.
Thus, some meaningful nonperturbative definition of bulk
geometry is necessary. In lower dimensional models of
gravity a basis of states explicitly associated with bulk time
slice geometries can be constructed. In two-dimensional JT
gravity the perturbative Hilbert space is spanned by length
basis jli, which are eigenstates of the operator bl that
measures the geodesic length between the two asymptotic
boundaries (see for example [51,52]). However, as shown
in [13] these states too are overcomplete due to non-
perturbative effects, and therefore bl is also not a well-
defined linear operator in the nonpertubative theory. To
resolve this they proposed a nonperturbative definition of
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the length operator: F−1ðR dlF ðlÞjlihljÞ for some real
and invertible function F . As this operator maps null states
to null states it is a well-defined linear operator in the
quantum theory. Several authors approached this problem
from the alternative perspective of a dual double scaled
Sachdev–Ye–Kitaev (DSSYK) model. First, [53] showed
that the large system, low energy limit, of the DSSYK
theory is a classical limit, and has an effective description
that matches JT gravity in two dimensions. Then, [54,55]
pointed out that the length of wormholes in JT gravity is
precisely computed by the spread complexity of [56] of the
DSSYK model. Finally, [57] showed how, away from the
classical limit, small quantum effects truncate the appa-
rently infinite dimensional Hilbert space identified by [53]
to finite dimension. For similar reasons even if a bulk time
slice Hilbert space can be constructed in higher dimensions
we expect it also to be overcomplete. Hence it again cannot
support a linear geometry operator.

C. The gravity hilbert space in the presence
of an observer

To find a way of defining what we mean by saying that a
state has a definite geometry, it may help to understand how
observers should be included in the gravitational path
integral. Recently, [58] proposed a rule for calculating
observables in the presence of a gravitating observer (see
also [59,60] for a discussion of rules for defining observ-
ers). The idea is that for every inner product inserted in the
gravitational path integral, the observer’s worldline should
propagate between the boundaries defining the correspond-
ing bra and ket, and not to any other. Using this rule [58]
showed that the Hilbert spaces of closed universes and the
black hole interior are larger relative to an observer. These
results suggest that we should imagine an additional
holographic theory living on the worldline of the observer.
It would be interesting to use the simplified setting
provided by the toolkit we have developed to probe this
observer Hilbert space in more detail. For example, an
observer should be able to probe its local patch of
spacetime, and therefore it is unlikely that geometries with
a horizon can be expanded in terms of geometries without
one in the presence of an observer. Such an effect would
reduce the linear dependence of geometries shown in our
results, perhaps providing a physical mechanism for the
increase in the dimension of the Hilbert space when an
observer is present.
Recently [61] used AdS/CFT to argue that two distinct

semiclassical geometries can be assigned to the type 2 shell
states. One is the leading saddle in the gravitational path
integral computing its norm, discussed in (III), and the
other is obtained by the extrapolate dictionary, which
results in two copies of empty AdS with some operator
insertion, but without a compact big-crunch universe. It
would be interesting to understand whether including an
observer in the type 2 shell states and applying the rule

from [58] can reconcile these two views. Indeed [62]
argued that there are asymptotic observables that can detect
the presence or absence of a semiclassical compact uni-
verse. In our work we have argued that in some circum-
stances a space with a horizon can be regarded as a
superposition of the type 2 shell states discussed in
[61,62]. Ours is not in tension with theirs because we
are considering a very large quantum superstition of the
type 2 states. There is nothing semiclassical about it.

D. Other possible bases and saturation
of the spectral form factor

By the argument in Sec. V, any set of κ states that
satisfies hijji ∝ δij with hijjihjjiij ≠ 0 for any two states
jii; jji in the set should form a basis as κ → ∞. The shell
states are useful because hijjihjjii ≠ 0 already in the
semiclassical saddle point approximation, and correspond-
ing wormholes are easily constructed. A potential alter-
native basis for HLR is the time-evolved TFD states
recently discussed in [63]. This family of states is obtained
by evolving the state jβi by a varying amount in Lorentzian
boundary time. As discussed in [64], proving that these
states span the full quantum gravity Hilbert space implies
the saturation of the plateau of the gravity spectral form
factor. In chaotic quantum systems, time evolved TFD
states satisfy the two above properties as shown in [65]. If
this can be shown explicitly for the gravity construction of
these states, a corollary is that the spectral form factor for
gravity in any dimension has a late time plateau. However,
the relevant gravitational wormholes have not been con-
structed, and may not exist as saddle points, because of the
absence of matter stress energy supporting the wormhole
topology.

E. de Sitter space

The arguments in this paper relied on cutting open a
Euclidean asymptotic spatial boundary for spacetime to
define states. However, Euclidean de Sitter space is
compact and has no spatial boundary. So the Euclidean
de Sitter gravitational path integral computes no-boun-
dary wave functionals Ψ½hij� of the bulk data on a time
slice hij. However, it is not clear that these wave func-
tionals can be expanded in states with definite geometries
because there is no privileged asymptotic observer
relative to whose observables such an expansion can
be defined. Although Lorentzian de Sitter space does
have boundaries at future and past infinity, probes of the
bulk geometry sent out by observers located on these
boundaries would need to travel backward in time, so
these would not constitute a measurement per se of the
spacetime in the conventional sense.
One way of achieving greater control is to create a

bubble of Euclidean de Sitter within the Euclidean asymp-
totically anti–de Sitter spacetime. To achieve this, [66]
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imposed an additional constraint on the Euclidean AdS
path integral that the relevant saddle points must contain an
asymptotic spacelike boundary at future infinity after
continuation to the Lorentzian signature. This procedure
can be seen as imposing a mixed Euclidean/Lorentzian
boundary condition that requires the saddle geometries to
be locally de Sitter in the infinite future. This rule could be
used in conjunction with the highly simplified AdS path
integral setting provided by our toolkit to probe de Sitter
quantum gravity.
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APPENDIX: GRAM MATRIX OF OVERLAPS

In this Appendix we detail the Gram matrix formalism
for obtaining an orthonormal basis from an overcomplete
set of states. We consider a d dimensional Hilbert space H
spanned by a set of κ ≥ d, generally nonorthogonal, vectors
U ¼ fjuiig. The Gram matrix of overlaps,

Gij ¼ huijuji; ðA1Þ
is Hermitian and can therefore be diagonalized by a unitary
matrix U,

G ¼ UDU†; ðA2Þ
where D is a diagonal matrix with real, positive semi-
definite eigenvalues λi. The rank of G is given by the
number of nonzero eigenvalues of D, which must equal the
dimension of d ofH, and the κ − d dimensional kernel ofG
is the space of null states. Using the decomposition (A2)
powers of the Gram matrix can be defined for any real n as

Gn ≡ UDnU†; ðA3Þ
where Dn ≡ diagðλn1; λn2;…λnd; 0; 0;…0Þ. For positive non-
integer powers k this definition is understood as an analytic
continuation of the positive integer n result Gn:
Gk ¼ limn→k Gn. For example, the generalized inverse
G−1 ¼ UD−1U† is defined by inverting all nonzero eigen-
values and leaving the rest untouched, resulting in

GG−1G≡ limn→−1GGnG ¼ limn→−1 UDnþ2U† ¼ G. As
it is intractable to explicitly diagonalize the Gram matrix
in the cases of interest in this paper, we write expressions
like G−1 directly by their analytic continuation G−1 ≡
limn→−1Gn from Gn at positive integer n without reference
to D.

1. Orthonormal basis

This formalism can also be used to obtain an orthonor-
mal basis for H in terms of the overcomplete set U.
Consider the states fjvaig defined as

jvai ¼
X
ij

G
−1
2

ji Uiajuji ¼
X
jb

UjbD
−1
2

bajuji: ðA4Þ

The first d states in this set are orthonormal and span H,
while the remaining states are null

hvajvbi ¼
X
jkcd

D
−1
2

acU
†
cjhujjukiUkdD

−1
2

db

¼
X
cd

D
−1
2

acDcdD
−1
2

db ¼ ðD0Þab; ðA5Þ

where by the above definition D0 ¼ diagð1; 1;…;
1d; 0; 0;…; 0Þ. As H is a Hilbert space the null states must
all be the zero vector; hence the states fjvaig with a; b;…
running from 1 to d provide an orthonormal basis for H.

2. Identity, inner products, and traces

The resolution of the identity in the orthonormal basis is
given by

P
a juaihuaj and can be expressed in terms of the

overcomplete basis using (A4):

1H ¼
X
a

jvaihvaj ¼
X
abcjk

jujiUjbD
−1
2

baD
−1
2

acU
†
ckhukj

¼
X
ij

G−1
ij juiihujj≡ lim

n→−1

X
ij

Gn
ijjuiihujj: ðA6Þ

Inserting this identity into the inner product we obtain

hAjBi ¼ hAj1HjBi ¼
X
jk

hAjujiG−1
jk hukjBi: ðA7Þ

We can similarly derive a formula for the trace of an
operator O:

TrHðOÞ ¼
X
a

hvajOjvai ¼
X
abcjk

D
−1
2

abU
†
bjhujjOjukiUkcD

−1
2

ca

¼
X
jk

G−1
kj hujjOjuki: ðA8Þ

Hence this trace is formally defined by the analytic
continuation,
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TrHðOÞ ¼ lim
n→−1

X
jk

Gn
kjhujjOjuki: ðA9Þ

The trace can be used to extract the dimension of H:

d ¼ TrHð1HÞ ¼
X
jk

G−1
kj hujj1Hjuki

¼
X
jk;lm

G−1
kj G

−1
lmhujjulihumjuki

¼
X
jk;lm

G−1
kj G

−1
lmGjlGmk ¼

X
i

ðGG−1GG−1Þii

¼
X
i

ðGG−1Þii; ðA10Þ

where the sixth equality follows from the definition of the
generalized inverse. Hence, the dimension can be extracted
directly from the overcomplete basis by the analytic
continuation

d ¼ lim
n→−1

X
i;j

Gn
ijGji: ðA11Þ

The fact that the identity, trace, and inner product
(although not matrix elements) can be expressed in terms
of the overcomplete set U while being independent of U
will be very useful in the gravity constructions considered
in this paper, as finding U explicitly is generally intractable
in this setting.
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