
Accounting for the known unknowns: A parametric framework
to incorporate systematic waveform errors in

gravitational-wave parameter estimation

Sumit Kumar ,1,2,3,4,* Max Melching ,1,2,† and Frank Ohme 1,2,‡

1Max-Planck-Institut für Gravitationsphysik (Albert-Einstein-Institut), D-30167 Hannover, Germany
2Leibniz Universität Hannover, D-30167 Hannover, Germany

3Institute for Gravitational and Subatomic Physics (GRASP), Utrecht University,
Princetonplein 1, 3584 CC Utrecht, The Netherlands
4Nikhef—National Institute for Subatomic Physics,

Science Park 105, 1098 XG Amsterdam, The Netherlands

(Received 6 March 2025; accepted 31 October 2025; published 24 November 2025)

The parameter estimation (PE) for gravitational wave (GW) merger events relies on a waveform model
calibrated using numerical simulations. Within the Bayesian framework, this waveform model represents
the GW signal produced during the merger and is crucial for estimating the likelihood function. However,
these waveform models may possess systematic errors that can differ across the parameter space.
Addressing these errors in the current data analysis pipeline is an active area of research. We introduce
parametrizations for the uncertainties in the amplitude and phase of the reference waveform model. When
the error budget in the amplitude and phase of the waveform model, as a function of frequency, is known, it
can be used as a prior distribution in the Bayesian framework. We also show that conservative priors can be
used to quantify uncertainties in waveform modeling without any knowledge of waveform uncertainty error
budgets. Through zero-noise injections and PE recoveries, we demonstrate that even 1%–2% of errors in
relative phase to the actual waveform model, for a GW150914-like signal and advanced LIGO detector
sensitivity, can introduce biases in the recovered parameters. These biases can be corrected when we
account for waveform uncertainties within the PE framework. By analyzing a series of simulated signals
from mergers with precessing orbits and recovering them using a nonspinning waveform model, we
demonstrate that we can reduce the ratio of systematic errors to statistical errors. This approach allows us to
address scenarios where specific physical effects are missing in waveform modeling. The code that
implements our parametrization for performing PE is available as a Python package “pycbc_wferrors_-
plugin”, compatible with the PyCBC open source GW analysis library.
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I. INTRODUCTION

GW signals from compact binary merger events provide
us with a unique opportunity to probe these highly
energetic events. With the network of advanced GW
detectors, including the LIGO detectors in Hanford and
Livingston, USA, the Virgo detector in Italy, and the
KAGRA detector in Japan, the detection of GW signals

has become routine [1–5]. Recent catalogs of GW mergers,
compiled from the data analysis of the first three observa-
tion runs of the LIGO and Virgo detectors, compile over 90
merger events. These catalogs include the analysis from the
LIGO-Virgo-KAGRA (LVK) Collaboration [6], as well as
analyses conducted by other independent groups [7,8]. The
emphasis of the GW community has now expanded from
detection to precision science, such as constraining the
theory of general relativity [9], inferring the astrophysical
distribution of the population of compact binary mergers
[7,10], inferring Hubble constant [11], constraining the
equation of state of a neutron star [12–14], etc.
The detection of GWs and the precision of measurements

of source properties relies on the accurate modeling of the
signals from the merger of compact binary systems such as
binary black holes (BBH), binary neutron stars (BNS), and
neutron star-black hole (NSBH). These waveform models
have been developed over the years with the help of

*Contact author: sumit.kumar@aei.mpg.de
†Contact author: max.melching@aei.mpg.de
‡Contact author: frank.ohme@aei.mpg.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Open access publication funded by the Max Planck
Society.

PHYSICAL REVIEW D 112, 104071 (2025)

2470-0010=2025=112(10)=104071(24) 104071-1 Published by the American Physical Society

https://orcid.org/0000-0002-6404-0517
https://orcid.org/0009-0001-4899-9955
https://orcid.org/0000-0003-0493-5607
https://ror.org/03sry2h30
https://ror.org/0304hq317
https://ror.org/04pp8hn57
https://ror.org/00f9tz983
https://crossmark.crossref.org/dialog/?doi=10.1103/nkq9-zh2y&domain=pdf&date_stamp=2025-11-24
https://doi.org/10.1103/nkq9-zh2y
https://doi.org/10.1103/nkq9-zh2y
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


post-Newtonian (PN) analytical calculation for the early
inspiral part of the signals [15], and they rely on calibration
from numerical relativity (NR) simulations for merger and
ringdownregimes [16–18].Thesignal’s loudnessanddetector
sensitivity determine the width of statistical uncertainties
in the measurement, while the inaccuracies in the waveform
models could lead to systematic errors. The statistical uncer-
tainties go down as the detectors become more and more
sensitive while systematic errors remain the same.
In the coming years, the planned upgrades to existing

detectors [3,19] and the addition of new ones, such as
LIGO India [20], are expected to enhance the sensitivity of
the detector network. Efforts are currently underway to
develop third-generation (3G) detectors, such as the
Einstein Telescope (ET) [21,22] and Cosmic Explorer
(CE) [23–25], over the next decade. These 3G detectors
are anticipated to be significantly more sensitive—by an
order of magnitude—than the current generation of detec-
tors, and they are expected to enhance low-frequency
sensitivity. As the GW detectors’ sensitivities keep improv-
ing, the waveform modeling community tries to keep up
with the required accuracy to provide unbiased estimates.
One important question is how accurate waveform

models need to be. One may not want to burden the
waveform modeling and NR simulation community with
generating waveform models much better than the analysis
can resolve [26]. However, studies suggest that we are
already reaching the point where we can not ignore the
systematic bias in a fraction of loud events. In a recent
study, [27], it is shown that the typical biases in the inferred
source parameters will be roughly equivalent to the
standard deviation for the design sensitivity of current-
generation detectors, and these biases could increase
significantly for third-generation (3G) detectors. While a
small bias in the fraction of events may be irrelevant for
some studies, it could be critical for those that depend on
accurate estimates of source properties. This is particularly
true for inferring population characteristics of BBH merg-
ers [28], estimating the Hubble constant using localization
volume, issuing premerger localization alerts [29], and
conducting tests of general relativity [30,31], among others.
The impacts of the waveform modeling accuracy on

estimating the source parameters have been extensively
studied [26–28,32]. The standard approach to account for
waveform systematics is combining the posterior samples
from different waveform models by assigning appropriate
weights [33–35] or using hyperparameters to sample over
different waveform approximants at the likelihood evaluation
level [36–41]. These approaches are expected to marginalize
potential differences between different waveform approxim-
ants. However, if all the waveform models have similar
systematic effects, their difference would not accurately
represent the true systematics in each model. Another
approach is to marginalize the uncertainties using prior
distributions analytically. These priors can be constructed

using the Gaussian processes regression technique from a
training set of accurate templates [42]. Similar techniques can
also be applied to address the waveform systematics arising
from calibration with NR simulations [43,44]. There are also
approaches to provide probabilistic models for thewaveform,
which can be used in sampling with appropriateweights [45].
The authors in [46]marginalize over higher order PN terms to
mitigate the systematic errors.
This work presents a general framework that accounts

for the uncertainties in waveform modeling through para-
metric models. The additional parameters in PE analysis
relate to the waveform’s amplitude and phase errors. When
we know the expected amplitude and phase error distri-
bution in the waveform as a function of frequency, we can
use them as priors in PE analysis. These errors are expected
to be a function of parameter space. In the absence of such
knowledge, we can be agnostic and use wider priors to
capture any possible deviation. We evaluate this framework
by introducing arbitrary deviations into reference waveform
models and recovering them through our data analysis
pipeline. In addition to correcting for biases, we assess the
method’s ability to quantify the nature of deviations from
the true signal, particularly for the higher signal-to-noise
ratio (SNR) “golden” binary systems.
This paper is structured as follows: Sec. II A reviews

current techniques used in waveform model developments
and the potential sources of systematic biases they might
contain. Section II B visits the state-of-the-art PE techniques
and also discusses current methods to deal with waveform
systematics. Section III discusses modeling GW strain data
from thedetector and introduces theparametrizations thatwe
use in this work to account for waveform errors in PE. The
following section (Sec. IV) discusses the Fisher matrix
approach to account for the systematic bias. We also discuss
the limitationswhere the Fishermatrix approach is no longer
valid, and we need to do a full PE analysis. In Sec. V, we
present the detailed simulations followed by an injection-
recovery campaign to test thevalidityof thismethod.Wealso
discuss the scenario where we can use these parametric
models to account for the missing physical effects not
considered in the waveform model. In Sec. VI, we compare
our method to the other approaches in the literature. In the
end,wediscuss the findingsof thework and summarize them
in Sec. VII. If the reader is already familiar with the PE
techniques and the potential sources of errors, they may skip
Sec. II B. Additionally, if the reader is acquainted with the
Fisher matrix approach for correcting systematic biases and
understands its limitations in specific scenarios, theycanskip
Sec. IV. The readerwho is just interested in themethodology
and results can read Secs. III, V, and VII in that order.

II. TECHNICAL BACKGROUND

A. Waveform modeling and sources of uncertainties

The GW signal of compact binary mergers can be
predicted by solving Einstein’s equations for the two-body

SUMIT KUMAR, MAX MELCHING, and FRANK OHME PHYS. REV. D 112, 104071 (2025)

104071-2



problem in the general theory of relativity. However, due to
the complexity of these equations, some form of approx-
imations need to be employed to model binary systems.
The most sophisticated models combine several modeling
techniques. A review of those techniques and models is
beyond the scope of this paper, but we give a brief overview
of aspects that are relevant to our discussion of systematic
waveform errors. Here, we focus on black hole binaries on
quasicircular orbits, as they are the most frequent source of
detected GWs. However, many considerations detailed
below apply to more general binary sources as well.
A black hole binary and its emitted GW signal are

described by several parameters, such as the BH compo-
nent masses (m1, m2), their spins (s⃗1; s⃗2), luminosity
distance (DL), inclination of binary plane with the line
of sight (ι), polarization angle with respect to the detector
(ψ ), coalescence phase of the binary (ϕ), right ascension
(RA), and declination angle (dec) in the sky, and the
coalescence time (tc).
When the binary constituents are widely separated and

their velocities are small (compared to the speed of light),
the system’s evolution can be approximately modeled by a
power series expansion. The most commonly used
approach is the PN formalism that expands in the system’s
relative velocity (see [15] for a review). Alternative
approaches exist, for example the post-Minkowskian for-
malism expands in the gravitational constant G [47,48]. In
the highly relativistic regime, where the spacetime curva-
ture is large and velocities are high, these approaches
become inaccurate. More concretely, PN expansions are
well suited to describe the early inspiral of a black hole
binary, but as the black holes approach each other and their
velocities increase, purely PN models become inaccurate
and unable to describe the merger and postmerger stages.
While the postmerger ringdown of the remnant black

hole can be well described by perturbation theory [49,50],
the merger itself can only be modeled by numerically
solving Einstein’s equation. Since its breakthrough
[16–18], NR has become an important, well established
tool in GW astronomy. However, because of its computa-
tional complexity, NR simulation can only cover the late
inspiral (typically, a few tens of orbits), merger, and
ringdown of the binary coalescence.
Neither of the above mentioned approaches can model

the entire GW signal of interest. PN models become
inaccurate towards the merger and do not include any
merger or ringdown portion. NR is computationally too
expensive and cannot cover hundreds or even thousands of
orbits before merger. Therefore, several model approaches
have been designed to bridge the gap between numerical
and analytical methods [51].
Three model families are regularly employed in the

analysis of GW observations [33]. The phenomenological
models [52–67] are based on a set of hybrid waveforms that
smoothly connect analytically derived inspiral signals with

NR data. This dataset is then described by PN inspired
phenomenological formulas with tuneable coefficients that
fit across the binary’s parameter space. The resulting model
is a set of closed-form expressions that describe the
amplitude and phase of the GW signal.
Another approach is based on the effective-one-body

(EOB) formalism [68], in which the binary system is
mapped to a Hamiltonian formulation of a particle orbiting
in an effective potential. By introducing higher-order terms
and tuneable coefficients that are fit to waveforms from NR
simulations, the resulting EOBNR waveforms can describe
the binary coalescence accurately up to the merger.
Completed by a suitable ringdown attachment, several
models of the EOBNR family have been developed
[69–79] and applied to the analysis of GW events.
The third model family is called surrogate models. These

models are built by decomposing waveform data from NR
simulations into a suitable basis and interpolating between
them [80]. NR surrogate models [81–84] are very faithful to
the NR simulations they were built from, but they are
limited by the length and parameter coverage of NR
simulations.
All of the modeling approaches approximate the exact

solutions of Einstein’s equation. Therefore, they carry
systematic uncertainties that are difficult to quantify in
their entirety. Numerical simulations start with approximate
initial data and discretize the spacetime. The resulting
resolution error is often estimated by providing simulation
results of the same system for different resolutions. All
modeling approaches described above rely on input from
numerical simulations, but they also need to interpolate
between different simulations to cover the entire parameter
space of interest. This interpolation introduces additional
inaccuracies that are often less well quantified. Part of the
problem is not only the interpolation (or even extrapolation)
of existing NR data. The ansatz used to describe the data
carries its own limitations, whether it is data driven (such as
Gaussian process regression) or analytically motivated.
In summary, all modeling approaches have to balance

representing known NR simulation data as accurately as
possible while ensuring a smooth and robust interpolation
across the parameter space. The techniques employed to
accomplish this have advanced over the years, but they
cannot be perfect. Therefore, any model’s prediction has to
be treated as a “best-guess” waveform for each set of
parameters. While the faithfulness to NR data is often very
impressive, one must not forget the uncertainties arising
from each step of the modeling process.
Here, we discuss and test a framework that moves away

from the “best-guess” paradigm to accounting for uncertain
signal predictions in parameter-estimation analyses.

B. Parameter estimation

In this section, we review the PE techniques for GW
data analysis and potential errors in estimating source
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properties. Readers who are familiar with this can skip to
the next section. Time series strain data sðtÞ in each detector
consists of noise nðtÞ and may contain a transient signal
hðtÞ. It is assumed that when the signal is present, the noise
and signal are additive to give the strain data, i.e.,

sðtÞ ¼ hðtÞ þ nðtÞ: ð1Þ

The noise from the detector is modeled as Gaussian and
stationary. In the absence of the signal, the detectors are
assumed to contain only Gaussian and stationary noise. The
Gaussian and stationary time series noise nðtÞ can be
expressed as [85]

n ¼ 1ffiffiffiffiffiffiffiffi
2πΣ

p exp

�
1

2
ðnðtiÞ − μ̂ÞTΣ−1

ij ðnðtjÞ − μ̂Þ
�
; ð2Þ

where n is a noise realization which is represented as a
vector with discrete time samples nðtiÞ, Σ is a covariance
matrix, and Σij represent covariance between i and j time
bins, and μ is the expectation value of noise n. The GW
signal buried in strain data are modeled in terms of the
parameters Θ⃗ described in Sec. II A as hðt;ΘÞ. Under these
assumptions, search pipelines use matched filter techniques
to estimate the SNR as

ρ2 ¼ 4

Z
fhigh

flow

js̃ðfÞh̃ðf;ΘÞj
SnðfÞ

df; ð3Þ

where s̃ðfÞ and h̃ðfÞ are the functions of frequency and are
the Fourier transforms of the time domain quantities sðtÞ
and hðtÞ, respectively. SnðfÞ is the power spectral density,
which quantifies the noise properties of the GW detector.
flow and fhigh are the low and high-frequency cutoffs for the
integration limit. A template bank-based approach is
employed in data analysis pipelines for GW searches
[86–88]. The SNR time series is evaluated for each point
in the template bank. When the SNR surpasses a certain
threshold, it is deemed a trigger and is saved for further
analysis. Triggers from individual detectors that occur
within the light travel time between the detectors are
known as coincident triggers. In the next stage of GW
searches, these coincident triggers are further examined,
and their significance is estimated by comparing them
with the expected distribution of background triggers.
Statistically significant triggers are classified as GWmerger
events [85,87]. A more detailed analysis is done using PE
techniques to determine the waveform model’s parameters
(Θ⃗) [89,90].
In order to estimate the parameters of a GW merger

signal, the standard method is to use a Bayesian framework.
For the given data d, the likelihood function LðdjΘ⃗; IÞ
describes the probability of obtaining the data for a given
model with any other prior information I. The posterior

probability distribution pðΘ⃗jd; IÞ is then calculated using
Bayes’ theorem,

PðΘ⃗jd; IÞ ¼ LðdjΘ⃗; IÞπðΘ⃗jIÞ
pðdjIÞ ; ð4Þ

where πðΘ⃗jIÞ represents the prior probability distribution
for parameters Θ⃗ and pðdjIÞ describes the marginalised
likelihood.

C. Sources of errors in the parameter estimation

There can be systematic errors present in the PE analysis
due to any of the following reasons:

(i) Data analysis artifacts due to mismodeling the
noise: For certain periods of strain data, the noise
in the GW detector may not adhere to the assump-
tions of Gaussianity and stationarity. This deviation
can occur due to environmental factors or issues
with the instrument itself. In a study, Mozzon et al.
[91] found that approximately 3% of the GW
detector data does not conform to the assumptions
of Gaussianity and stationarity. This represents a
situation where the noise model fails. If left unad-
dressed, this could result in biased estimates of the
properties of the binary source (systematic errors) or
inaccurate statistical uncertainties (statistical er-
rors) [29,92].

(ii) Waveform systematics: With the improvements in
the sensitivity of the GW detectors and with the
addition of more physics in the description of wave-
form from the GW merger, such as the inclusion of
higher modes, eccentricity, precision, the require-
ments for the accuracies of the waveform models
are becoming stricter. We have already reached an era
where the systematics of the waveform models can
not be ignored. If the waveform model does not
describe the underlying reality, and if we do not
account for the possible errors, the estimates of source
properties are expected to be biased.

(iii) Other unaccounted effects: Even if our models for
noise and the waveform describe the strain data
perfectly, there can be rare cases such as modifica-
tion of GW waveform by strong lensing by inter-
mediate-mass black hole object or presence of
subthreshold overlapping signals, etc. It can give
rise to unmodeled effects, which can again bias the
PE results.

It is crucial to consider any systematic errors that may arise
from the above mentioned effects. This work focuses on the
systematic and statistical errors arising from inaccuracies in
waveform models. In PE, the systematic errors can be
represented by jΔΘj ¼ jΘrec −Θtruej, where Θtrue repre-
sents the true value of waveform parameters and Θrec
represents the recovered value of the parameters. For
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individual waveform parameters, we define ΔΘi ¼ jΘi
rec −

Θi
truej where Θi

rec is the median value of one dimensional
marginalized posterior samples for ith waveform param-
eter. Similarly, the statistical error σi represents the standard
deviation of marginalized posterior distribution of ith
waveform parameter. For a given waveform model, the
statistical errors depend on the signal loudness and detector
sensitivity. We can ignore systematic errors when

jΔΘij ≪ σi ∀ i: ð5Þ

Conversely, the systematic errors become important when

jΔΘij
σi

∼Oð1Þ for any i: ð6Þ

III. MODELING UNCERTAINTIES IN STRAIN

The description of transient signal hðt; Θ⃗Þ can be affected
by following:

(i) Calibration uncertainties: The GW detectors are
calibrated periodically to map between input strain
and time series output. GW detectors are not
perfectly calibrated, and the calibration uncertainties
are provided with detector characterization [93].

(ii) Inaccuracies in waveform modeling: These inaccur-
acies might arise due to one of many reasons, such as
(i) errors in calibrating to NR waveforms, (ii) not
accounting for all the physics in the waveform
modeling, (iii) inherent errors in NR simulations.

To model general uncertainties in the observed strain data,
we go to the frequency domain where the signal, h̃obsðfÞ,
can be modeled as

h̃obsðfÞ ¼ ÃobsðfÞ expfιϕ̃obsðfÞg; ð7Þ

where AobsðfÞ and ϕobsðfÞ are observed amplitude and
phase of the signal. From now on, we will drop writing the
explicit frequency dependence. Whenever we present a
quantity in the frequency domain, with overhead ˜ , it is
assumed that it is generally an explicit function of fre-
quency unless stated otherwise. Now we assume that the
observed signal h̃obs can be expressed in terms of “true”
amplitude and phase with linear perturbation,

h̃obs ¼ Ãobs expfιϕ̃obsg
¼ ðÃtrue þ δÃabsÞ exp fιðϕ̃true þ δϕ̃absÞg ð8Þ

¼ Ãtrueð1þ δÃrelÞ expfιϕ̃trueð1þ δϕ̃relÞg; ð9Þ

where Ãtrue and ϕ̃true are true amplitude and phase of the
signal. δÃabs and δϕ̃abs are absolute errors in the true
amplitude and phase, respectively, while δÃrel and δϕ̃rel are
relative deviation in true amplitude and phase respectively.
The relation between absolute and relative deviation (or

errors) are δÃrel ¼ δÃabs

Ãtrue
and δϕ̃rel ¼ δϕ̃abs

ϕ̃true
.

A. Detector calibration uncertainties

When GW passes through the detector, it produces a
differential arm displacement between two L-shaped arms
relative to the original arm lengths. This differential arm
displacement generates laser power fluctuations in the
photodetector, reproduced as the time series data. The
conversion to the digital strain data regarding time series
from the differential arm displacement happens through the
control loop and calibration pipeline [94,95]. The calibra-
tion of the strain data are modeled with systematic and
statistical errors, which are then provided as calibration
uncertainties as function of frequency [94–98]. Figure 1

FIG. 1. The figure shows the calibration uncertainties as a function of frequency for the LIGO Hanford detectors around the time of the
first GW detection: GW150914. The left panel shows the systematic error in the magnitude, while the right panel shows the systematic
error in the phase angle (in radians). The shaded region represents the �1σ band around the median systematic error. The systematic
error is described by the ratio of the true response function to the modeled response function of the detector. The LIGO and Virgo
calibration uncertainty files for O1, O2, and O3 observation runs are available at [93].
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shows the calibration envelopes for the LIGO-Hanford
detector around the event GW150914.
The calibration uncertainties are modeled as frequency

dependent errors in phase and amplitude as follows
[99,100]:

h̃obs¼ h̃trueð1þδÃcalÞexpðιδϕ̃calÞ; ð10Þ

In terms of the general parametrization we discussed above,
δÃcal can be identified as relative error in amplitude while
δϕ̃cal is absolute error in the phase. In the calibration
uncertainty model, Eq. (10), the exponential term can be
expanded as a Taylor series and is rewritten as

h̃obs ¼ h̃trueð1þ δÃcalÞ
2þ ιδψ̃ cal

2− ιδψ̃ cal
; ð11Þ

where the ratio involving δψ̃ is designed to have a modulus
of unity, thus being a pure phase [99]. In existing PE
pipelines such as PYCBC-Inference [90] and BILBY [101],
the projected strain in each detector is modeled with phase
and amplitude correction using cubic-spline curves drawn
from the distribution provided by calibration envelopes, as
shown in Fig. 1.

B. GW waveform model uncertainties

Motivated by how detector calibration uncertainties
are handled, we suggest that uncertainties in waveform
models can be treated similarly. Specifically, we propose
parametrizing the uncertainties in the description of GW
waveform in the frequency domain. Furthermore, we
suggest that waveform developers provide uncertainty
bands with their model. A similar approach was proposed
in [32]. Here, we examine the technical details, feasibility,
choices of parametrization, and degeneracy with the detec-
tor calibration-correction framework. We use the following
parametrizations to account for waveform modeling errors:

(i) abs-phase: Relative errors in amplitude and absolute
errors in phase,

h̃model ¼ Ã0ð1þ δÃÞ expfιðϕ̃0 þ δϕ̃Þg;
¼ h̃0ð1þ δÃÞ expfιδϕ̃g; ð12Þ

(ii) rel-phase: Relative errors in amplitude and phase,

h̃model ¼ Ã0ð1þ δÃÞ expfιϕ̃0ð1þ δϕ̃relÞg;
¼ h̃0ð1þ δÃÞ expfιϕ̃0δϕ̃relg; ð13Þ

where h̃0 ¼ Ã0 exp ðιϕ̃0Þ represent the baseline (or refer-
ence) model, which aspires to be a “true” model. As no
waveform model is perfect to arbitrary accuracy, we
introduce additional terms to account for potential system-
atics. δÃ represent the fractional or relative error in the

amplitude of the signal, and δϕ̃ (δϕ̃rel) represent absolute
(relative/fractional) errors in phase.
The abs-phase parametrization described by Eq. (12) is

also used in the correction for the detector calibration.
Other studies also use this parametrization to quantify the
waveform uncertainties [32,102]. Since δÃ is the relative
change in amplitude, it is a dimensionless parameter in
these parametrizations. The units of δϕ̃ is radian in abs-
phase parametrization while δϕ̃rel is a dimensionless
parameter.
A point of caution must be mentioned here for descrip-

tion of the relative phase error. The baseline phase ϕ̃0 is
only uniquely defined up to integer multiples of 2π.
However, the multiplication with δϕ̃rel would give the
phase error a different physical meaning depending on the
chosen branch of the baseline phase. Therefore, a con-
vention must be to introduced to remove this ambiguity. We
implement a simple method that ensures the baseline phase
to be between −π and π at the starting frequency of the
waveform generation. The rest of the phase evolution
follows a standard unwrapping algorithm as implemented
in NUMPY [103].
We note that alternative choices for removing this

ambiguity exist. For example, one could parametrize the
phase by an exact value ϕ̃ref at a given reference frequency
fref . By this convention, the error would vanish at the
reference frequency, and one could explicitly set

ϕ̃0ðfÞδϕ̃relðfÞ ↦ ½ϕ̃0ðfÞ − ϕ̃0ðfrefÞ�δϕ̃relðfÞ þ ϕ̃ref : ð14Þ

In this formulation, phase errors would accumulate as one
moves away (both in the positive and negative f direction)
from fref .
From now on, we will drop the subscript “rel” from the

δϕ̃ parameter, and we will refer these parameters as the pair
ðδÃ; δϕ̃Þ, which in general are functions of frequency.
These parameters will represent either the abs-phase or rel-
phase model, depending on the context of which para-
metrization is being discussed. We refer to these models as
waveform error parametrization models or WF-error para-
metrization for short.
Following the calibration uncertainty framework, we use

N nodal points (or knots) between the frequency interval
f∈ ½fmin; fmax�. Here, fmin serves as the low-frequency
cutoff, or the frequency for the first nodal point, while fmax
represents the maximum frequency of our analysis which
can be a frequency immediately following the merger. In
this way, we can account for waveform errors throughout
the signal in the detector band. The values of the WF-error
parametrization parameters at the waveform nodal
points can be utilized for cubic spline interpolation. This
method employs piecewise polynomial curves that are
cubic in order and have continuous second derivatives.
We utilize the CubicSpline implementation from the
publicly available SCIPY package [104] for our WF-error
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parametrizations. Using fi ∈ ½f1; f2;…:fN �, which are the
nodes of the polynomial in the frequency, we construct
δÃðfÞ and δϕ̃ðfÞ curves using

δÃðfÞ ¼ P3
sðf; ffi; δÃigÞ ð15Þ

δϕ̃ðfÞ ¼ P3
sðf; ffi; δϕ̃igÞ; ð16Þ

where P3
s is the cubic spline polynomial. In the PE analysis,

we provide the priors for δÃi and δϕ̃i at each frequency
node. Each realization of (δÃi; δϕ̃i) points corresponds to
the curves δÃðfÞ, and δϕ̃ðfÞ, which is used to modify
the reference waveform model h̃refðfÞ in accordance to
Eqs. (12) and (13).
We now turn to the question why we introduce two

different phase parametrizations. The SNR (3) and the inner
product (A2) used in PE obey a symmetry between the
observed data and the GW model. Therefore, if one
accounts for calibration uncertainties in the data, this
should have the same effect as accounting for waveform
systematics. Since the calibration uncertainties are modeled
with absolute errors in phase, marginalizing over calibra-
tion uncertainties can account for waveform systematics if
they are of the same order. However, it is worth pointing out
that all GW transient catalogs (GWTCs) included the effect
of uncertain detector calibration in the analysis of GW
events. Despite marginalizing over amplitude and (abso-
lute) phase uncertainty for each detector, the properties of
some binaries showed significant systematic differences
between the waveform models that have been employed for

the analysis (e.g., GW190412 [105], GW191109_010717,
GW191219_163120, GW200129_065458; see Sec. III E in
[33]). Evidently, marginalizing over calibration uncertain-
ties did not incorporate all waveform systematics.
This is not unexpected. Systematic uncertainties in

waveform models can often appear as secular phase drifts
caused by numerical errors, (unavoidably) incomplete
series expansions, interpolation inaccuracies, or even miss-
ing physics. The resulting waveform errors can, therefore,
become much more severe than random small phase
variations. If one wants to allow for possibly significant
waveform uncertainties, large absolute phase errors must be
considered, which may lead to an overly pessimistic error
estimate. Alternatively, a small relative phase error is likely
more appropriate to model systematic waveform uncer-
tainties at the leading order.
We now turn to incorporating WF-error parametriza-

tions in PE analysis. Ideally, a waveform model shall
consist of the best-estimated reference model h̃ref , and
priors for the parameters δÃ and δϕ̃ for rel-phase or abs-
phase parametrization to account for the waveform sys-
tematics. We call them WF-error priors or error budget.
The WF-error priors should generally depend on the
parameter space. We expect these priors to be narrower
in the regime where many NR simulations are available,
and waveform models are calibrated to greater accuracy.
For the regions where NR simulations are sparse and
theoretical waveform description is not so accurate, we
expect them to be broader. For a given signal in parameter
space, we also expect these priors to be broader for the
frequencies close to the merger, where the analytical

FIG. 2. We show the time domain waveform in a signal frame (before projecting it in the detector) for one of the polarization (þ) for a
GW150914-type signal. Apart from the reference waveform model IMRPhenomPv2 hSFþ;refðtÞ (blue, denoted by “+”markers), we also show
the modification to the reference signal by one of the parametrizations described in the text. Red and violet waveforms represent the abs-
phase modification given by (12). We use cubic splines for the parameters ðδÃ; δϕ̃Þ with a realization from the normal distribution as
shown in corresponding plot legends. Orange and green waveforms represent the modification with rel-phase parametrization given
by Eq. (13).
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models extending from the inspiral regime to the merger
are calibrated with NR simulations.
In the absence of such priors from the waveform

modeling side, we can use a conservative approach and
use wide enough priors so that we expect to capture any
systematic and use data to constrain the parameters related
to waveform errors. It might lead to broader posterior
distribution resulting in larger variance on signal param-
eters (especially for weak signals), but it is expected to be
unbiased. We will test these assumptions in the Sec. V with
simulated signals and recovery.
Figure 2 shows an example of waveform with

GW150914 type signals and the modifications applied
in the frequency domain using cubic splines. To generate
the reference signal, we use the IMRPhenomPv2 waveform
model with source frame masses ðmsrc

1 ; msrc
2 Þ ¼

ð36M⊙; 29M⊙Þ at the luminosity distance of 500 Mpc.
We used nonspinning injections for this example. For the
modifications, we use both the parametrizations described
previously with WF-error parameters chosen from a
realization of the normal distribution described in the
figure. For the same values of δϕ̃, the rel-phase para-
metrization significantly modifies the reference model
compared to abs-phase parametrization. In Fig. 3, we
show the reference waveform model for the GW150914
type signal described above along with the modified
waveform curves with abs-phase modification. We use
cubic splines with ten waveform nodal points in frequen-
cies with values ðδÃ; δϕ̃Þ drawn from a normal distribu-
tion N ðμ ¼ 0; σ ¼ 0.05Þ.
It is important to note that the WF-error parametrizations

(abs-phase and rel-phase) can be transformed into one
another using simple mathematical relations by evaluating
the phase ϕ̃0 of the reference waveform model h̃ref . We
can use one of the parametrizations and mathematical

transformations to convert it into the other according to
the situation. However, using the correct parametrization is
desirable for practical purposes in PE analysis. As an
example, if the rel-phase parametrization is used for
waveform systematics, and if one chooses abs-phase para-
metrization in PE, the priors for δϕ̃ need to become wider
for larger frequencies to account for the growing reference
phase ϕ̃0.
We can use hints from the mismatch (see Appendix A for

definition) studies to decide which WF-error parametriza-
tion is better suited for practical purposes. In Fig. 4, we
show the distribution of mismatches between the reference
waveform model and the modified one using both para-
metrizations. We use the Gaussian prior with zero mean and
a fixed standard deviation across frequency range to
generate the modified signal hmod. As expected, even with
the narrower Gaussian prior, the rel-phase parametrization
produces significant deviation to the href compared to the
abs-phase model, hence more significant mismatches.
When we are in the parameter space where larger mis-
matches are expected, we can set our PE analysis frame-
work to use rel-phase parametrization.

C. Degeneracy between detector calibration and
waveform uncertainties

A comprehensive PE data analysis pipeline for PE
should include (i) methods to incorporate uncertainties
in waveform modeling, (ii) corrections due to detector
calibration, and (iii) adjustments for possible deviations
from Gaussian and stationary noise, whenever applicable.
If we choose cubic-spline curves to mitigate waveform
uncertainties and detector calibration uncertainties, a natu-
ral question arises: can these systematics be decoupled?

FIG. 3. We show the time domain waveform for (þ) polari-
zation for the GW150914 type signal. The reference waveform
model IMRPhenomPv2: h̃SFþ;refðtÞ is shown as dashed black curve.
Other curves are modified waveform with abs-phase modifica-
tion, described by Eq. (12), with WF-error parameters sampled
from the distribution δÃ; δϕ̃ ∼N ðμ ¼ 0; σ ¼ 0.05Þ.

FIG. 4. On the x axis, we show the mismatch between the
reference waveform model href and the modified waveform
model hmod. The modified signal, hmod, is generated by either
abs-phase or rel-phase WF-error parametrization. The WF-error
parameters are taken from the normal distribution, and we
generate cubic spline curves to modify the reference model.
The rel-phase model is generally well suited to model compa-
ratively more significant mismatches.
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Wewill explore the specifics of this query in a future study.
However, we would like to point out that there are
fundamental differences in how these corrections are
applied: While the calibration corrections are applied in
the detector frame and are different for each detector, the
WF-error parametrization corrections are applied before
projecting the waveform into each detector. Therefore, the
modification due to the calibration uncertainties and abs-
phase waveform errors can be decoupled for a sufficiently
loud signal.

IV. CAN FISHER MATRIX ESTIMATES BE USED
FOR ACCOUNTING SYSTEMATIC BIASES?

A standard tool in the literature to quantify systematic
biases between two waveform models is the Fisher matrix
formalism [28,106]. In this section, we will apply it to see
how significantly errors modeled as (13) change the
recovery of source parameters Θμ and verify whether the
formalism can account for the induced biases. If it can, this
will help us predict the systematic parameter errors induced
by externally provided estimates of waveform errors. Then
we can assess the significance of these errors and determine
if corrections are necessary. For the science case for next-
generation GW detectors, many investigations focus on
forecast studies using Fisher matrix formalism [107–109].
This section specifies the conditions under which correc-
tions based on Fisher matrix analysis are applicable or not.
Appendix A introduces the Fisher matrix formalism.

A. Setup of the analysis

In this part, we introduce methods to test how well the
Fisher estimates work in trying to recover biases induced
by certain choices of δÃ; δϕ̃. We do that by injecting data
generated from the signal model (13) for chosen values
δÃ; δϕ̃, and recovering using the baseline waveform model.
The injection parameters chosen for these analyses are
quoted in Table I. We focus on nonspinning binaries and
keep the extrinsic parameters ψ , α, δ fixed, so in the end
only Mz; q;DL; ι and time of coalescence t0, global phase
ϕ0 are varied. Accordingly, the set of parameters constitut-
ing the Fisher matrices we calculate is

fMz; q;DL; ι; tc;ϕ0g: ð17Þ

Please refer to Appendix A for details on the calculation.

There are two properties of the posteriors that we wish to
compare to the respective Fisher matrix estimate:
(1) First of all, the systematic error ΔΘμ. From (A3), we

see that it is formally defined as the difference
between maximum a posteriori estimate Θbf and
injected parameters Θtr.
In practice, we follow the method chosen in the

gravitational-wave transient catalogs [6,110–112]
and use median values as proxies for the maximum
a posteriori points.

(2) Secondly, the posterior width. Ref. [113] shows that,
in the high-SNR limit, it reads

σΘμ ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1Þμμ

q
; ð18Þ

and this number is compared to the standard
deviation of the marginalized posterior for Θμ.

B. Results of comparing fisher matrix estimates
with PE runs

In total, we have analyzed four scenarios: two different
sets of error values of δÃ ¼ 0.004; δϕ̃ ¼ 0.004 and
δÃ ¼ 0.01; δϕ̃ ¼ 0.01, and for each of them, one moderate-
and one high-SNR case (cf. Table I). All of the signals have
been injected as a zero-noise injection into the Hanford
detector with an O4 PSD. The results are summarized in
Table II.
Since the chosen signal lies in the nonspinning part of the

parameter space, the remaining intrinsic parameters are the
masses parametrized by the tupleMz; q. We will direct our
attention toward these two, not discussing biases in the
luminosity distance DL and inclination ι in detail. This is
because the uncertainty in DL is typically very large.
Moreover, there is a known correlation between these
two parameters, which makes their recovery and the
assessment of their bias results more complicated. We
have verified that this correlation has no significant impact
on results for other parameters.
The first important finding is that the PE results are

biased if a modified signal is recovered using the baseline,
nonmodified model. This finding implies that the error
model (13) is capable of parametrizing systematic errors in
the way we intend it to. Moreover, we find that these biases
can be recovered in the Fisher matrix framework, validating

TABLE I. Injection parameters for the base signal. In the high-SNR case, the luminosity distance is changed, now taking a value of
100 Mpc instead and accordingly, the SNR changes to 83.91. Note that the SNR values quoted here refer to the nonmodified injection,
for the modified one the SNR will be slightly different (with deviations being on the order of 1%). We use priors that are uniform in
component mass for Mz; q, uniform in cosðιÞ for the inclination [i.e., pðιÞ ∝ sinðιÞ], uniform in comoving volume for the luminosity
distance, and uniform in coalescence time tc (no prior for ϕ0 because we use a marginalized-phase likelihood).

mz
1 ½M⊙� mz

2 ½M⊙� DL (Mpc) ι (rad) fref (Hz) ra (rad) dec (rad) ψ (rad) Detector tgps ½s� SNR

Base signal 20 10 500 0.2 20 4.67 0.65 2.34 Hanford 1192529720 16.78
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that the biases have a physical origin rather than being an
artifact of flawed application of PE or an error in the
implementation. The statistical bias is recovered very
well in all four scenarios, with differences usually
appearing in the second significant digit. This agree-
ment is an interesting feature of the results because it
indicates that the width estimate (A5) seems to be more
robust to increasing waveform differences than the
systematic bias estimate (A3) (at least for our applica-
tions), where only the first configuration δÃ ¼ δϕ̃ ¼
0.004 shows consistency between Fisher matrix esti-
mates and PE results.
Those results motivate the following interpretation: in

case of δÃ ¼ δϕ̃ ¼ 0.004, the waveform differences intro-
duced into the waveform are still well approximated by the
linear expansion (A6), the LSA is justified; this clearly
changes for δÃ ¼ δϕ̃ ¼ 0.01, where the systematic bias
estimates begin to diverge from the corresponding PE
results—the LSA is not a faithful approximation anymore.
This divergence happens in various ways, with both
magnitude and sign being sources of inconsistency.
We have seen that Fisher estimates can work, but not

always. First of all, it was expected that the LSA will not
hold up to arbitrarily large values of δÃ; δϕ̃, simply because
we use the relative error model where errors accumulate
from low to high frequencies and thus will quickly result in
large waveform differences. However, this being the case
for a 1% error and the simplest setup we can think of
(constant shifts, same deviations in both polarizations) has
serious implications for our objectives of a practical
application of the Fisher estimates: for realistic scenarios,
where errors of this magnitude are expected, they are not a
suitable prospect to predict systematic errors in intrinsic
parameters induced by δÃ; δϕ̃. Of course, in other parts of
the parameter space, other thresholds for the LSA validity
might exist, but the existence of such a counterexample in a
part of the parameter that is certainly relevant for detected
signals is already sufficient to recognize that we should not
rely on a faithful estimation of biases. The numbers are
particularly concerning for the high-SNR signal with δÃ ¼
δϕ̃ ¼ 0.01 since this corresponds to the to data from

next-generation GW detectors, where a tenfold increase
in sensitivity is aimed for. Here, Fisher estimate and true
recovery are basically fully separate. All of this plays into
why we choose to not use Fisher matrix estimates for the
rest of this paper. A suitable replacement to still account for
these systematic errors by using waveform with an error
model like (13) on top of them is discussed in the next
section.

V. SIMULATIONS AND TESTS OF PARAMETER
ESTIMATION FRAMEWORK

This section uses simulations to test the WF-error
parametrizations described in Sec. II A. Though we do
not have access to the “true” waveform model, we can still
check the validity of the PE framework we describe by
considering a reference waveform model, href , modifying
the href , and checking if our parametrization can pick up the
introduced modification. We take a reference signal href
described by a waveform approximant and introduce errors
in the model described by parametrizations in Eqs. (12) and
(13). Now we have a modified signal hmod, which shall
have a systematic error compared to the href . We consider
hmod as the ‘true’ signal and inject it in the strain data of
LIGO detectors at Hanford (H1), Livingston (L1), and
Virgo detector (V1). Then, we use the Bayesian PE data
analysis pipeline to recover the source properties using href
as our waveform model with and without incorporating
waveform uncertainties in PE. We use nonspinning signals
(spin parameters in waveform approximant set to zero) with
zero noise, except the last subsection where we deal with
missing physics. In the subsequent subsections, we
describe each injection-recovery campaign’s injected sig-
nals and PE scheme.
For PE, we use the publicly available toolkit PYCBC

inference [90], and for sampling the likelihood function, we
use the nested sampling algorithm implemented in the
publicly available code DYNESTY [114]. We also implement
WF-error parametrizations in code that serves as a plugin
[115] for PYCBC. We use the ALIGOZERODETHIGHPOWER

PSD for the LIGO Hanford and Livingston detectors and
the ADVVIRGO PSD for the Virgo detector. These PSD

TABLE II. Summary of results from full PE runs and Fisher matrix estimates. The numbers one should primarily compare the
neighboring columns labeled “PE” and “Fisher”, for each of the four quantities that appear in the upper row. Moreover, when comparing
them one should keep in mind that neither number is expected to be perfectly accurate, explaining certain small deviations; PE results are
always subject to sampling uncertainties (which are noticeable, for instance, for Δq), while limitations of the Fisher approach have been
laid out at the beginning of this section and Appendix A.

ΔMz ½M⊙� σMz ½M⊙� Δq σq

Configuration PE Fisher PE Fisher PE Fisher PE Fisher

δÃ ¼ δϕ̃ ¼ 0.004 Base signal −0.023 −0.026 0.040 0.039 −0.012 0.001 0.143 0.137
High-SNR −0.028 −0.026 0.0077 0.0078 0.007 0.001 0.0271 0.0273

δÃ ¼ δϕ̃ ¼ 0.01 Base signal −0.064 −0.04 0.040 0.039 −0.0048 −0.057 0.143 0.137
High-SNR −0.069 −0.039 0.0078 0.0078 0.013 −0.058 0.0275 0.0273

SUMIT KUMAR, MAX MELCHING, and FRANK OHME PHYS. REV. D 112, 104071 (2025)

104071-10



functions are implemented in publicly available modules
LALSIMULATION, which is a part of the LALSUITE code
[116]. We use two sets of runs for each injection:

(i) In first set of runs, we sample the parameter space
with the following parameters: source frame chirp
mass (Msrc), mass ratio qðq ¼ m1

m2
; m1 ≥ m2Þ, co-

moving volume, inclination angle, and geocentric
time of arrival of the signal (tc). We fix right
ascension (RA), declination (dec), and polarization
angle (ψ) for these runs.

(ii) In the second set of runs, in addition to the parameters
described above, we also vary ra, dec, and ψ .

We transform the sampling parameters to the waveform
model parameters, such as detector frame masses (mz

1; m
z
2),

and luminosity distance (DL) through standard transforma-
tions. We fix the spins to be zero for the study in this
manuscript, except for in Sec, V C. For the PE runs
described by WF-error parametrizations, we use additional
parameters. We use two additional WF-error parameters for
the constant shift models: δÃ and δϕ̃. For the cubic-spline
model, we use ten frequency nodal points with log spacing
between a minimum frequency of 20 Hz and a maximum
frequency of 500 Hz.
In Table III, we describe the prior distribution for each of

the abovementioned parameters. All the injections
described in this section are zero-noise injections.

A. Simplest modification: A constant shift in amplitude
and phase with rel-phase parametrization

We consider a GW1500915-like signal with source
frame masses msrc

1 ; msrc
2 ¼ ð36M⊙; 29M⊙Þ at a distance

of 500 Mpc. We generate the corresponding reference
signal using the IMRPhenomPv2 waveform model and intro-
duce the errors in reference signal with rel-phase para-
metrization corresponding to

ðδÃ; δϕ̃relÞ ¼ ð0.01; 0.01Þ: ð19Þ

For this most straightforward case, a constant phase shift
is expected to be significant for rel-phase parametrization.
For abs-phase parametrization, a constant phase shift will
not introduce any physical effect except a constant shift in
time. We will consider the general modification with abs-
phase parametrization in the following subsections. We
perform PE with the injected signal in the detector network,
HLV, with the following combination:

(i) Injection: standard, PE: standard In this scenario,
we inject the reference signal as described above and
perform the PE with the same waveform model
without introducing the WF-error parametrization.

(ii) Injection: modified, PE: standard In this scenario,
we inject the modified signal and perform the PE
with the reference waveform model without intro-
ducing the waveform errors.

(iii) Injection: modified, PE: WF-errors In this scenario,
we inject the modified signal, perform the PE with
the reference waveform model + WF-error para-
metrization.

(iv) Injection: standard, PE: WF-errors Here, we inject
the reference signal, perform the PE with the
reference waveform model +WF-error.

In Fig. 5, we show the injection and recovery of various
combinations. We show that when we have a modified
injection (equivalent to a systematic error with rel-phase
parametrization), and we perform PE with reference wave-
form model, we get a bias in the detector frame chirp mass
Mz. This bias is corrected when we use the right para-
metrization to account for waveform systematics. We also
note that we can correct the bias when we use cubic splines
for constant shift error in the reference signal. However, it is
to be noted that when we use abs-phase parametrization to

TABLE III. This table describes the priors used in the PE of simulated signals. The distribution Uða; bÞ refers to a
one-dimensional uniform distribution defined within the interval ða; bÞ. For the WF-error parameters, when we
employ cubic spline curves with ten nodal points across the frequency range of (20, 500) Hz. The prior distributions
for each δÃi and δϕ̃i are specified accordingly. The same prior is used for the special test cases, when we do not use
cubic spline but a constant shift in amplitude and phase with parameters δÃ; δϕ̃. πðθÞ denotes the prior distribution
used for a parameter θ.

Recovery model Sampling parameters Description Prior

IMRPhenomPv2 Msrc Source frame chirp mass
Uniform in component massesq ¼ m2

m1
ðm1 ≥ m2Þ Mass ratio
Vc Comoving volume Uniform: πðVcÞ ¼ Uð5 × 103; 9 × 109Þ
ι Inclination angle πðιÞ ∝ sinðιÞ
tc Time of arrival Uniform: πðtcÞ ¼ Uðtc − 0.1; tc þ 0.1Þ

RA, dec
Right ascension

Uniform Sky
and declination

ψ Polarization Angle Uniform angle: πðψÞ ¼ Uð0; 2πÞ
IMRPhenomPv2+

δAi; δϕi WF-error parameters N ðμ ¼ 0; σ ¼ 0.032ÞWF error
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correct for the bias introduced by rel-phase parametrization,
it fails to correct for the bias. These effects are more visible
in a louder signal, which is simulated by injection at a
closer luminosity distance (100) Mpc compared to one at
500 Mpc. We also show the network SNR, ρnet ¼

ffiffiffiffiffiffiffiffiffiffiffiffiP
i ρ

2
i

p
,

for the reference waveform injection and recovery, where ρi
is the SNR for the ith detector. Figure 6 shows the recovery
of parameter δϕ̃ with rel-phase parametrization. We show
that we can recover the injected value of δϕ̃ with the correct
parametrization. When there is no modification to the
reference signal, the rel-phase parametrization recovers
δϕ ¼ 0. We fix the RA, dec, and ψ for the runs shown
in Figs. 5 and 6. We find that the δÃ parameter returns the
prior distribution and does not have a constraining power

for the PE runs described in this subsection. For simplistic
cases, we expect δÃ to be degenerate with distance, i.e., a
small constant shift in the amplitude can be modeled in the
luminosity distance. At this stage, it can be argued that we
can get rid of δÃ parameter in the WF-error parametrization
and focus on δϕ̃ parameter. However, we shall keep this
parameter in our model for more general scenarios where
errors in amplitude can be a function of the frequency. We
do not find any bias in the other parameters considered in
the simulations in this subsection, except for the detector
frame chirp mass.
Through these simulations, we have established that for a

simplistic model, a systematic error corresponding to δϕ̃ ¼
0.01 can lead to significant bias in the detector frame chirp

FIG. 5. Injection and recovery are shown for a nonspinning GW150914-like signal with source frame masses
ðmsrc

1 ; msrc
2 Þ ¼ ð36; 29ÞM⊙, at a luminosity distance of 500 Mpc (left panel) and a distance of 100 Mpc (right panel). We also

inject a modified signal with rel-phase modification with parameters ðδÃ; δϕ̃Þ ¼ ð0.01; 0.01Þ. When we inject a modified signal and use
the incorrect model to recover, we see a bias in the recovery of detector frame chirp mass Mz. We also show that using the correct
parametrization (in this case, rel-phase) can correct the bias and get a broader marginalized posterior sample. The bias is more prominent
in a louder signal (right panel) than in a comparatively weaker signal (left panel). We mark that combination of injection and recovery by
an asterisk (⋆) where we do not expect a bias. The vertical dashed line represents the injected value ofMz. For these PE runs, we fix the
parameters RA, dec, and polarization to the injected values. The network SNR for reference injection is shown in each panel.

FIG. 6. Recovery of the parameter δϕ̃ for rel-phase parametrization for various scenarios of injected parameters. The signal injected
here is a nonspinning GW150914-like, as in Fig. 5. The left panel has an injection at 500 Mpc, while the right panel shows the case with
an injection at 100 Mpc. The vertical dashed line shows the injected value for δϕ̃ for the modified signal. The green dashed curve shows
the prior distribution for the δϕ̃ parameter. We can recover the injected value of δϕ̃ with the correct parametrization for PE. We recover
δϕ̃ ¼ 0 for the reference injection. For these PE runs, we fix the parameters RA, dec, and polarization to the injected values.
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mass for GW150914-type signal, with the detector sensi-
tivity of advanced LIGO design sensitivity. We have also
shown that, by using WF-error parametrization, we can
account for the systematic errors introduced in the reference
waveform. We can also recover the injected modification in
the δϕ parameter with correct parametrization. However,
when we modify the reference waveform with rel-phase
parametrization, the PE recovery with abs-phase paramet-
rization fails to correct the observed bias in Mz. This is
because the relative-phase parametrization can accommo-
date more significant deviations in the reference waveform
than the absolute-phase parametrization for the same range
of priors in δϕ̃, as previously discussed.

B. A more realistic modification using cubic splines

Within the framework of WF-error parametrizations, a
waveform model href will deviate from the “true” model
described by general functions of frequency: δÃðfÞ; δϕ̃ðfÞ.
We use cubic splines to generate them at specific
frequency nodal points. In this subsection, we introduce
a more general type of modification to our reference
GW150914-like signal within the framework of both the
parametrizations,

δÃ; δϕ̃ ∼N ðμ ¼ 0; σ ¼ 0.002Þ ð20Þ

δÃ; δϕ̃ ∼N ðμ ¼ 0.01; σ ¼ 0.002Þ: ð21Þ

Figure 7 shows examples of cubic spline curves gen-
erated from the abovementioned distributions. We use a
realization of ðδÃi; δϕ̃iÞ at nodal frequency points gener-
ated from the distributions described by the Eqs. (20)
and (21).

In Fig. 8, we show the recovery of δϕ̃ parameter at each
frequency nodal point for the modified injection generated
using rel-phase parametrization. We demonstrate that the
WF-error parametrization framework can recover the δϕ̃
curves used to modify the reference waveform model. For a
relatively louder signal, corresponding to the source located
atDL ¼ 100 Mpc, we observe that the posterior samples at
nodal points align well with the injected values of δϕ̃.
These examples demonstrate that if the reference waveform
model deviates from reality, which is described by rel-
phase parametrization, the framework presented here has
the potential to account for that. In other words, in the
absence of true knowledge of WF-error priors, we can use a
data-driven approach to determine if there is a deviation
from the reference waveform model, especially for loud
signals.
We now focus on the other parameters, such as chirp

mass M. In Fig. 9, we present various combinations of
injections and PE recovery. Our findings can be summa-
rized as follows:

(i) When the injection uses the reference waveform
model href and PE recovery is performed with the
same model, we achieve the expected recovery with
no bias.

(ii) If we enable the waveform error parametrizations
(rel-phase or abs-phase) while using the correct
recovery model, we observe a broadening of the
posterior samples as anticipated. The broadening of
the posterior distribution is more pronounced with
the rel-phase parametrization than the abs-phase
parametrization.

(iii) In the scenario when the injection is performed
by modifying the reference signal and we use
the reference signal to recover the source param-
eters, we get bias in the chirp mass. As expected,
the bias is more prominent for a large SNR
signal.

(iv) In the case of modified injections, using WF-error
parametrization in conjunction with the href recovery
model broadens the posteriors. Additionally, em-
ploying the correct parametrization leads to a cor-
rection in bias. The bias introduced by rel-phase
parametrization can only be corrected using rel-
phase parametrization. The abs-phase parametriza-
tion does not correct the biases introduced by rel-
phase parametrization.

(v) For the abs-phase parametrization, the moderate
deviation introduced by the cubic spline curves
generated from the abovementioned distribution
does not introduce significant bias for a
GW150914-like signal with advanced LIGO de-
tector sensitivity. In order to see any significant
bias for abs-phase parametrization, we either need
a comparatively large deviation in phase or a very
high SNR, such as in the case of 3G detectors.

FIG. 7. We show a realization of cubic spline curves with ten
frequency nodal points (vertical dashed curves) for δϕ̃i taken
from two normal distributions: one with zero mean (green curve)
and the another with nonzero mean μ ¼ 0.01 (blue curve). The
points marked with a cross (x) are the realization of the normal
distribution. In reality, these curves will represent a general
function of frequency that captures the waveform systematics or
deviation from the “true” waveform model.
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(a)

(b)

(c)

FIG. 8. The recovery of WF-error parameter δϕ̃i for rel-phase parametrization is shown for each frequency nodal point used in PE.
The light violin plot represents the prior distribution for each δϕ̃i, and the dark-shaded region represents the one-dimensional
marginalized posterior samples. The last frequency nodal point at f ¼ 500 Hz returns the prior because the signal merges before this
frequency. The constraints are also weaker at fi ¼ 20 Hz because this frequency bin’s signal-to-noise ratio is comparatively low. (a)
The modification to the reference waveform is applied using the rel-phase parametrization with a cubic spline realization generated
from the distribution δÃi; δϕ̃i ∼N ðμ ¼ 0; σ ¼ 0.002Þ. Panels (b) and (c) represent the modification from the distribution
δÃi; δϕ̃i ∼N ðμ ¼ 0.01; σ ¼ 0.002Þ. The network SNR and luminosity distance of the injected (GW150914-like) signal are shown
at the top of each panel. For these PE runs, we fix the parameters RA, dec, and polarization to the injected values.
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Through these simulations, we conclude that if the “true”
waveform model deviates from the reference waveform
model in a manner described by the parametrizations in
Eqs. (12) and (13), our framework can correct any bias in
source parameters, if present. Additionally, a sufficiently
loud signal can recover the frequency dependence of WF-
error parameters. We still need to ensure that the priors are
sufficiently broad to capture the deviations. Additionally,
the selection of knots or nodal points for cubic splines
should accurately reflect the true nature of δϕ̃ as a function
of frequency. In these examples, we use binning in log

frequency and use a total of ten nodal points between 20 Hz
and 500 Hz.

C. Incorporating missing physics

One use of WF-error parametrization can be to account
for the missing physics. For BBH mergers, the most up-to-
date waveform model includes effects such as higher-order
harmonics and system precession, and the waveform
developers are working on systems with eccentricity
[117–120]. The most general description of a BBH merger
can include other environmental effects such as matter

FIG. 9. A GW150914-like signal is injected and recovered using two WF-error formalisms. The blue violin plots show the cases with
reference injection href while orange violin plots show the modified injections. The left panels represent the cases where the modification
is done with rel-phase modification, while the right panel shows abs-phase modification. The top rows represent the injections with the
source placed at a luminosity distance of 500 Mpc, while the bottom panels show the injection corresponds to the same source placed at
100 Mpc. Labels on the y axis show the waveform models used in PE runs. For these PE runs, we fix the parameters RA, dec, and
polarization to the injected values. The network SNR, ρnet, for reference injection is shown in each panel.
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accretion, another binary or heavy object nearby, or a
merger near a supermassive BH near the host galaxy’s
center.
However, the waveform model used in PE might not

fully describe the reality. We want to see if the WF-error
parametrization can capture the deviation from the actual
model because the missing effects are not considered in the
waveform model. In order to test this scenario, we injected
a set of precessing signals with components coming from
the uniform distribution sx;y;z1;2 ∈Uð−0.1; 0.1Þ. We use the
IMRPhenomPv2 model and other parameters described in the
previous section. We call the injected model hprec. We
expect bias in the measured parameters for a precessing
injection if we use a recovery model that does not include
spins in the waveform description: hno−spins, where we set
spin parameters to zero in the IMRPhenomPv2 waveform
model. For the PE analysis, we use the priors described in
Table III. For the precessing PE runs, we use isotropic spin
priors for all the spin components sx;y;z1;2 . Our selection of
spin parameters aims to modify the reference waveform
model, which includes the missing physics. Our goal is not
to model deviations based on an actual astrophysical
distribution, but rather to investigate whether we can
incorporate such deviations for individual signals, if they
are present.
In order to test if cubic-spline corrections to the hno−spin

work, we simulate 500 realizations of the GW strain hprec.
We then estimate the amplitude and phase differences
[δÃrelðfÞ; δϕ̃relðfÞ] with respect to the nonspinning wave-
form template h̃no−spin. We then choose a different number
of nodal points, Np, and apply the correction to the
nonspinning template, using cubic splines generated using
these nodal points. We define the mismatch between two
normalized templates ĥ1 and ĥ1 as

MMðĥ1; ĥ1Þ ¼ 1 − hĥ1jĥ2i; ð22Þ

where ĥ is a normalized template such that the inner
product hĥjĥi ¼ 1. We estimate the mismatch between
the waveform strain before and after the correction,
i.e., MM1 ¼ MMðĥprec; ĥno−spinÞ, and MM2 ¼ MM×
ðĥprec; ĥcorrectedno−spin Þ. When the cubic spline corrections to
hno−spin bring the model closer to the injected signal
hprec, the ratio MM2

MM1
is less than unity, or the logarithm of

this ratio is less than 0. In Fig. 10, we show the distribution
of the ratio MM2

MM1
for different number of nodal points used

for cubic spline curves. For Np ¼ 8, we get this ratio less
than one for > 70% simulated precessing signals. For
Np ¼ 10, more than 99% of cases show the improvement.
This number was 100% for Np ≥ 12. This indicate that, in
principle, using ≥ 10 nodal points to apply corrections to
baseline nonspinning waveform model should be enough

to incorporate missing physics considered in this spe-
cific study.
We now focus on PE runs done in this study with

ten realizations of precessing signals generated from the
distribution described earlier in this subsection. Figure 11
shows that when we use a nonspinning waveform model
hno−spins to recover precessing injections, we get bias in the
recovered chirp mass parameter Mz in detector frame.
However, when we use WF-error parametrizations along
with hno−spins waveform model, we notice that, for rel-phase
parametrization, it results in broader marginalized posterior
samples. However, abs-phase parametrization cannot make
their posterior samples broad enough to correct the biases
for this specific example. We observe that for injections
with a significant mismatch ð≥ 1%Þ to the reference model
href , the correction remains inadequate to account for the
missing physics fully. We will revisit this issue later in this
subsection.
We assess the performance of the WF-error paramet-

rization using the ratio of systematic errors to statistical
errors, expressed as jΔMzj=σMz , with two runs consist of
one that employs the hno−spin waveform model and
another that applies the same model with the rel-phase
parametrization. As demonstrated in Eq. (6), systematic

FIG. 10. We demonstrate the efficiency of the cubic spline
method based on the number of nodal points ðNpÞ used to correct
the baseline model. The x axis represents the logarithm of the
ratio of mismatches: the mismatch after correction compared to
the mismatch before correction. The function MMðh1; h2Þ is
defined in Eq. (A2). Here, hprec represents the injected waveform
strain with precessing signals, while hns refers to the strain
generated with the same parameters except the spin parameters
set to zero. hcorrectedns indicates the corrected strain using wave-
form-error parametrization with Np frequency nodal points. A
logarithmic mismatch ratio less than one indicates an improve-
ment, meaning that the corrected model is closer to the injected
waveform hprec. The vertical dashed line serves as a reference.
The efficiency is defined as the percentage of simulation points
where an improvement is achieved (i.e., where the logarithmic
mismatch ratio is less than 0).
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errors become important when this ratio is of the order of
unity. In Fig. 12, on the x axis, we show the mismatch
between two templates: hprec and hno−spins, keeping the
values of nonspinning parameters the same. It quantifies
how much overlap there is between the waveform
templates. On the y axis, we show the quantity
jΔMzj=σMz (left panel), and the bias Mz (right panel).
The bias is estimated as the difference between the
injected value and the median of the 1D marginalized
posterior samples. The ratio jΔMzj=σMz increases when
there is a larger mismatch between the two templates. It
shows a significant drop in the ratio when the rel-phase
WF-error parametrization is used with the hno−spins wave-
form model. This drop is a combination of both the
effects: broadening of posterior samples (larger σ), as well
as a decrease in bias ΔMz (See right panel of Fig. 12). In
this set of PE runs, we do not find significant biases in any
other parameter except Mz.
The functional form of the parameters ðδÃ; δϕ̃Þ for

the simulation set considered in this section is shown in
the Appendix B. In our PE runs, though we notice

consistent decrease in the bias value jΔMzj and the
ratio jΔMzj=σMz , we focus on two injections where the
original mismatch was more than 1%. The current
framework fails to fully mitigate the systematic bias
(ideally jΔMzj → 0). Upon further investigation, we
find that this could be because of a combination of
(i) A most generalized waveform modification should
be applied on both polarizations (hþ; h×) independently,
and (ii) a large prior ranges for δÃi; δϕ̃i are needed to
incorporate significant deviations for large mismatch.
We leave the details of such an investigation for a
follow-up study.
We want to emphasize that this is an extreme example of

the proof of concept. However, it indicates that we can
switch on appropriate WF-error parametrization in PE
analysis whenever we are unsure if the waveform model
captures the realistic description. If the “true” model differs
from the reference model in such a way that the WF-error
parametrizations can capture it, we should be able to
account for potential biases in the source parameters of
the binary system.

FIG. 11. We use ten precessing injections in the HLV network. The top left panel shows the posterior samples from each PE run where
we use the precessing recovery model: hprec. We use the nonspinning model hno−spins for PE in the top right panel. The bottom panels
use a nonspinning model along with the WF-error framework. The bottom left plot shows recovery with rel-phase parametrization, and
the bottom right model uses abs-phase parametrization. The horizontal dashed line represents the injected chirp mass (Mz) value in the
detector frame. The x axes represent the injection simulation IDs. We use all the parameters listed in Table III for these PE runs. We also
use component spin parameters sx;y;z1;2 for the precessing recovery. We use the same priors for ðδÃi; δϕ̃iÞ parameters for both the WF-error
parametrizations in bottom panels. The numbers above the data points in the top right panel represent mismatch (%) between the injected
template waveform hprec and the corresponding nonspinning template hno−spin.
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VI. COMPARISON WITH OTHER APPROACHES
IN THE LITERATURE

This section compares our framework with existing
approaches in the literature regarding waveform systemat-
ics. We categorize the types of systematic errors that
waveform modeling may encounter, focusing on at least
two primary categories:

(i) Type-A errors: These errors are realized when GW
waveform morphology of a true signal htrue can not
be achieved by the waveform model hmodelðΘÞ.
Mathematically,

hĥtruejĥðΘÞi < 1 ∀ Θ; ð23Þ

where ĥ is the normalized strain such that hĥjĥi ¼ 1.
(ii) Type-B errors: The waveform model can generate

the true signal’s morphology, but for the wrong
parameters Θ. These errors are challenging to
address, particularly if we rely on only one wave-
form model or if all available waveform models
exhibit similar systematic errors.

Current approaches to mitigate the waveform systematics
can be categorized in several ways, with some methods
fitting into multiple categories. However, we will list them
under their primary category:

(i) Account for differences between waveform models:
In some regions of parameter space, such as high
spins or highly unequal mass ratios, waveform
models fall short of the accuracy requirements
[121], and different waveform models may give
inconsistent results in PE [6]. Several approaches try
to account for these differences, e.g., by combining
the posterior samples with appropriate weighting
[33–35] or using hyperparameters [36–41] to sample
across different waveform models. It is important
to understand that if all waveform models share

common systematics, particularly type-A errors,
then these methods will not be able to address
those systematics. However, if one of the waveform
models exhibits type-B errors, this approach can
help mitigate the impact of waveform systematics by
diluting the contribution from that model.

(ii) Numerical relativity calibration errors: Other ap-
proaches include using Gaussian process regression
techniques to model deviation from the reference
waveform [42]. The deviations can be modeled by
interpolating from differences found with accurate
templates, e.g., numerical relativity simulations, or
by modeling the numerical relativity calibration
parameters used in waveform models based on
effective one-body (EOB) approaches [43,44] These
approaches may fail to mitigate type-A errors if
the NR simulations used for the waveform model
calibration themselves contain the systematics, e.g.,
thermal systematics in binary neutron star wave-
forms [122,123].

(iii) Probabilistic waveform models: Another suggested
approach is that waveform developers provide the
probabilistic models across the parameter space. For
each waveform call, a bunch of curves with different
weights associated with the model or an error
band as a function of time or frequency can be
provided [45].

Our framework provides a generic, data-driven approach
in which the cubic splines can account for various sys-
tematic errors, including waveform systematics. While
providing the prior ranges, we expect them to contain
error budgets from waveform systematics, missing physics,
and other data analysis artifacts. Examples of the data
analysis artifacts include residual power from glitch
removal near the signal or nonstationary noise. We can
integrate other approaches in the literature with our
framework to provide error budgets for waveform

FIG. 12. For the injections and recovery shown in Fig. 11, on the x axis, we show the mismatch between the waveform generated
with nonspinning and precessing parameter values. We kept all other parameters the same (see text). Left panel: The y axis shows
the ratio of the absolute value of the bias (ΔMz ¼ Mz

median −Mz
inj) to the standard deviation of the 1D marginalized posterior

samples of Mz. Horizontal dashed line represent the line where ΔMz ¼ σMz . Right panel: The y axis shows the absolute value of
the bias ΔMz.
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systematics, thus serving as a complementary method.
Another unique feature of our framework is the ability
to mitigate type-A systematic errors. If these types of
systematic errors are present, they can show up in the
posterior distribution of the nodal points as deviating away
from ðδÃi; δϕ̃iÞ ¼ 0. It can guide determining that type-A
systematic errors are present in the data, as shown in panel
(c) of Fig. 8. For type-B errors mitigation, we can combine
our framework with the methods that account for
differences between waveform models.

VII. DISCUSSION AND SUMMARY

The systematic errors in the PE analysis of a GW merger
can arise due to waveform modeling errors, data analysis
artifacts, or missing physics. As the GW detectors become
more sensitive, the statistical errors become smaller, and we
are reaching an era where systematic errors can not be
ignored. Several approaches in the literature deal with
accounting potential systematic errors in PE. To account for
potential differences between existing waveform models,
posterior samples are combined [33–35], or hyperpara-
meter models are used to sample likelihood samples
[36–39,41]. Other approaches include marginalizing the
potential differences using prior distribution analytically
[42]. These priors can be constructed by estimating the NR
calibration errors [43,44] or using PN-based methods to
mitigate the errors [46].
In this work, we present a general PE framework to

account for the errors in the waveform modeling of GW
sources. We assume that the reference signal, href , used in
the recovery of the GW source parameters, is different from
the “true” signal htrue; the parameters can model the
differences ðδÃ; δϕ̃Þ, as differences in the amplitude and
the phase of the signal. We present two WF-error para-
metrizations: one corresponds to the relative phase, while
the other corresponds to the absolute phase difference from
the so-called true phase.
We use the cubic-spline method to modify the reference

waveform model. We developed a Python code as a plugin
that can be easily integrated with the publicly available GW
analysis tool PYCBC. The source code can be downloaded
from [115]. We also release the frame files for the simulated
injections and configuration files of all the PE runs done in
this analysis [124].
If the WF-error budgets for the parameters ðδÃ; δϕ̃Þ are

available for a given waveform model, these error budgets
can be used as a prior in WF-error parametrization. Without
such error budgets, we can use wider priors, potentially
making our errors in estimating other parameters broader.
This code and analysis framework can be utilized for the
following purposes: (i) to account for systematic errors in
waveform models by incorporating appropriate priors for
ðδÃ; δϕ̃Þ, such as calibration errors from numerical rela-
tivity (NR), or (ii) to address the potential bias that may

arise from missing physical effects in the waveform
description.
We use Fisher matrix formalism to study its abilities and

limitations in accounting for the bias induced by ðδÃ; δϕ̃Þ.
In the LSA regime, where the modified model is very
close to the reference model, we can use the Fisher
matrix formalism to account for systematic biases.
However, in the non-LSA regime, where the overlap
between the waveform models is smaller, we can no
longer trust the Fisher matrix approach to correctly predict
the systematic bias.
Our findings indicate that even a 1% phase error in the

rel-phase parametrization can introduce bias in the
observed chirp mass. The bias in the chirp mass could
affect the conclusion of follow-up studies that rely on the
correct distribution of source parameters, such as inferring
the properties of an intrinsic population of BBH mergers.
For the abs-phase parametrization, the moderate deviation
in δϕ of the order of ∼Oð0.01Þ radians, with cubic splines,
do not introduce significant bias, at least in current
generation detectors. We need a more significant deviation
or a very high SNR signal to notice any bias. However, even
in the absence of significant bias, we observe a broadening
of the posterior samples by up to 20% ( σ

σref
≈ 0.2), where σ

is the standard deviation of 1D marginalized posterior of
parameter M using the abs-phase parametrization, and
σref is the standard deviation with the reference wave-
form model.
We make a case for waveform developers to provide

error budgets alongside the waveform models. It is neces-
sary to accurately account for the WF-error parametrization
in the PE analysis. These error budgets can be frequency
dependent ðδÃ; δϕ̃Þ regions of 1σ uncertainties. We call
them WF-error envelopes. These WF-error envelopes are
expected to be a function of parameter space. These
envelopes can be used as priors for ðδÃ; δϕ̃Þ parameters
in WF-error parametrization. However, if such envelopes
are unavailable, we can use wider priors to account for
potential waveform systematics, allowing the signal’s
loudness and data to inform us about the constraints on
the WF-error parameters. In this scenario, we may face a
penalty in the form of broader posterior samples due to the
significantly larger prior volume.
One of the use cases of WF-error parametrization is to

see if the waveform model in use is missing a description of
reality. The next generation of waveform models are
expected to include combined effects such as eccentric
orbits, precessing systems, and higher-order modes. If any
of the above-mentioned effects are missing from the
description of the waveform model, we might introduce
bias in inferred parameters such as chirp mass. Assuming
the true model differs from the reference waveform
model used for the PE, we can use WF-error para-
metrization to determine if the data favor this hypothesis.
At the very least, we expect the posterior samples to be
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broad enough to bring down the bias and standard
deviation ratio. In order to test this, we used ten random
realizations of mildly processing systems and performed
PE analysis with the nonspinning model. We find
expected bias in this scenario. However, when we switch
on rel-phase parametrization, the ratio jΔMzj=σ comes
down, up to, by a factor of 3. In this case, the abs-phase
parametrization could not account for correcting the bias
with given prior range.
The method we present here is based on certain

assumptions that need to be tested in broader scenarios.
We assume that the reference waveform differs from the
true waveform in a manner that can be parametrized using
one of the WF-error parametric models described by
Eqs. (12) or (13). Additionally, we assume that the number
of knots or nodal points selected within the frequency bins
are sufficient to produce cubic spline curves that accurately
model the deviation.
As we approach an era where loud signals are more

common, we expect systematic biases to become amplified.
It is important to account for the WF-error parametrization
or any other scheme that can address potential systematics
in the reference waveform model. The pipeline we present
can work in scenarios where the types of systematics are
unknown. We can select our preferred waveform model,
and the parameterization best describes the deviations,
allowing the data to indicate any possible systematic errors.
At the same time, this approach results in broader posterior
samples, and such an outcome is anticipated.
The authors plan to explore the use of WF-error

parametrization to correct for potential biases in source
parameters due to missing physics in more detail in the
follow-up studies. For example, the next generation wave-
form models are expected to include the effects such as
spin-precession, eccentric orbits, as well as higher modes.
Until this is achieved, there might always be a question of
whether there is inherent bias in estimating source proper-
ties due to a missing description of one of the above
effects. In our follow-up studies, we will use existing NR
simulation and state-of-the-art waveform models to study
if any potential biases can be accounted for, and corrected
if possible.
We make certain assumptions for the method presented

here, and these assumptions need to be tested in broader
scenarios. We assume that the reference waveform differs
from the true waveform in a manner that can be para-
metrized using one of the WF-error parametric models
described by Eqs. (12) or (13). Additionally, we assume
that the number of knots or nodal points selected within the
frequency bins are sufficient to produce cubic spline curves
that accurately model the deviation. In our future studies,
we will thoroughly test these assumptions for more general
scenarios such as the systems with precession and/or
eccentricity. Moreover, if the amplitude and phase correc-
tions are highly oscillating functions of frequency, which

can not be captured by the cubic-spline curves and a small
number of fixed nodal points, we need to test other
schemes, such as flexible nodal points and/or more com-
plicated interpolation schemes.
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APPENDIX A: FISHER MATRIX
FORMALISM

In Sec. IV, we have applied the Fisher matrix formalism
to quantify systematic biases, but we have assumed a
familiarity with the topic. This section serves as an
introduction to the formalism itself.
The framework in which Fisher matrix estimates are

derived is based on a geometric perspective on PE. Using a
metric on the parameter space, the Fisher matrix,

Γμν ¼ h∂μh; ∂νhi; ðA1Þ

one can derive estimates about various errors in the
process.1 Here, h is some fiducial waveform model, and
∂μ refers to the derivative with respect to the parameter Θμ.
Equation (A1) is defined in terms of the noise-weighted
inner product,

ha; bi ¼ 4ℜ
Z

fhigh

flow

ãðfÞb̃�ðfÞ
SnðfÞ

df; ðA2Þ

1As far as we can see, Ref. [125] was the first one to use these
estimates. The related geometric interpretation was first applied
to GW data analysis by Ref. [126].
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which has already been used in Eq. (3). It is this inner
product that several important notions in GW data analysis
are based on. Specifically, we will use “match” to refer to
the inner product optimized over relative time and phase
shifts t0;ϕ0 between a, b and “overlap” to refer to the
normalized match, where the result is divided by the
product jjajj · jjbjj. A complementary notion is the “mis-
match”, which is defined as 1 −match.
The Fisher matrix formalism is a very popular tool

because it allows to estimate biases in the source param-
eters Θ, which we will denote as ΔΘ ¼ Θbf − Θtr. The
two parameters Θtr, Θbf are to be understood in the
following context: say we have data that contains a signal
produced by a model h1 (and potentially some noise on
top of that), and we wish to run PE on this data using
another model h2; then we call the parameters that h1 is
evaluated in the “true parameters” Θtr and the parameters
obtained from PE “best-fitting” parameters Θbf . What the
Fisher matrix formalism does for us is that it allows to
obtain an estimate of the parameter difference between
true and recovered parameters without having to perform
a full PE run. This difference will have two contributions:
the systematic bias due to h1 ≠ h2 can be estimated
as [125]

ΔΘμ
sys ¼

X
ν

ðΓ−1Þμνhh1 − h2; ∂νh2i; ðA3Þ

and the corresponding measurement uncertainty caused by
noise (which is also called statistical bias) as [125]

ΔΘμ
stat ¼

X
ν

ðΓ−1Þμνhn; ∂νh2i: ðA4Þ

In reality, where n is not known, it is more common to
work with the corresponding standard deviation [125],

σΔΘμ
stat

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1Þμμ

q
: ðA5Þ

These estimates are very valuable because they can be
calculated without having to do an extra PE run. The right-
hand side of both equations can be evaluated either in the
true, injected parameters Θtr or in the best-fitting param-
eters Θbf that would be the result of a PE run using h2 on
the signal h1ðΘtrÞ. To calculate the Fisher matrix in this
context, h2 must be used.
However, there is also a caveat. The whole approach

depends crucially on the validity of the linear signal
approximation (LSA),

h2ðΘtrÞ ≃ h2ðΘbfÞ þ ∂μh2ðΘbfÞðΘtr − ΘbfÞμ: ðA6Þ

Besides numerical issues with condition numbers of the
Fisher matrix, which are also common problems, this is
the major bottleneck of Fisher matrix estimates. If h1
and h2 exhibit large differences, they might produce

maximum-a-posteriori estimates Θtr, Θbf for which
(A6) is not a good approximation. In this case, the
accuracy of later applied estimates such as (A3) may be
compromised.
Recently, the authors of [28] introduced a scheme to

improve this issue, which we have adopted in this paper
as well. The idea, which we only briefly review, is to
replace the waveform difference h1ðΘtrÞ − h2ðΘtrÞ by
another difference h1ðΘtrÞ − h2ðΘ̄trÞ in a procedure called
alignment.2 The new point Θ̄tr is defined in such a way
that most of its components still coincide with the one of
Θtr; only the ones that belong to parameters from a set S
are changed in order to minimize the normalized inner
product,

hh1ðΘtrÞ; h2ðΘ̄trÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hh1ðΘtrÞ; h1ðΘtrÞihh2ðΘ̄trÞ; h2ðΘ̄trÞi

p : ðA7Þ

In principle, S can contain an arbitrary combination of
parameters because there is no restriction as to which
parameters can be optimized over in (A7). From the
motivation, it is natural to select parameters for which
conventional differences might occur and as a basic (yet
effective) version of S, we choose to include relative
time and phase shifts t0;ϕ0 [so that (A7) coincides with
our definition of the “overlap”]. This also allows a
computationally very efficient optimization, exploiting
that (A2) can be written as an inverse Fourier transform
[127]. Of course, the estimate (A3) has to be changed
accordingly, and the details of how to do this are
presented in Sec. III. B. of Ref. [28] (the basic structure
remains the same, which is why we do not cover it
explicitly here).

APPENDIX B: ADDITIONAL DETAILS
OF SIMULATIONS AND PE RESULTS

In the examples we considered in Sec. V, we find that it is
primarily the δϕ parameter (for both the parametrizations)
that is constrained by the data. We obtain the prior
distribution only for the δÃ. It can be understood because,
in our simulations, we introduce 1%–2% relative errors in
amplitude. It seems too low for the simulations to pick up
variation of that order in the amplitude parameter.
Moreover, a constant shift of δÃ is expected to be
absorbed in distance posteriors. For the 2G PE analysis,
we can use WF-error parametrizations (12), and (13)
which uses only δϕ̃ parameter. We choose to keep the δÃ
in our parametrizations to account for most general cases
of deviation.
In Fig. 13, we show the relative amplitude and phase

errors between hno−spin and 500 simulated hprec GW strain

2Here, we assume estimate (A3) to be evaluated in Θtr, without
loss of generality (the discussion also applies when using Θbf ).
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for the GW150914-like system. The details of the
waveform parameters are given in Sec. V C. In PE,
we use ten frequency nodal points with logarithmic

spacing in the range f∈ ½20; 500�. Distribution of
δÃðfiÞ; δϕ̃ðfiÞ at given frequency nodal point fi can
be used as prior distribution.
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Jiménez Forteza, and A. Bohé, Phys. Rev. D 93, 044007
(2016).

[56] S. Khan, K. Chatziioannou, M. Hannam, and F. Ohme,
Phys. Rev. D 100, 024059 (2019).

[57] S. Khan, F. Ohme, K. Chatziioannou, and M. Hannam,
Phys. Rev. D 101, 024056 (2020).

[58] S. Husa, S. Khan, M. Hannam, M. Pürrer, F. Ohme, X.
Jiménez Forteza, and A. Bohé, Phys. Rev. D 93, 044006
(2016).

[59] L. London, S. Khan, E. Fauchon-Jones, C. García, M.
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