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Primordial black holes (PBHs) in the asteroid-mass window (10'7—10%? g) can account for all of the dark
matter without violating any observational constraint, yet are routinely dismissed as fine-tuned. I put that
dismissal to the test by applying three complementary sensitivity measures uniformly across a broad
landscape: three noninflationary PBH production mechanisms, six classes of inflationary PBH models, and
seven particle dark matter benchmarks, all evaluated against the same observable target. Three distinct
naturalness universality classes emerge, determined entirely by the analytic structure of the abundance map
rather than by the nature of the dark matter candidate. Biased-domain-wall PBHs, in their least model-
dependent (free-V,) form, have the same low sensitivity, A = 4.5, as off-resonance weakly interacting
massive particles and freeze-in particles (A = 2), a sensitivity that, because it is constant over the entire
parameter space of the construction, also coincides trivially with its own Wilson-normalized average within
that parameter space (Section Definition and conventions), an equivalence that concerns only the space
over which A is computed and is not a naturalness statement about the construction as a whole; a further
reduction to A =2 is possible only under the additional, independently motivated but not required,
assumption that the domain-wall bias is generated by Planck-suppressed operators; early matter-
domination PBHs occupy an intermediate tier alongside coannihilating weakly interacting massive
particles (WIMPs), unified by a structural identity in which the sensitivity measure equals the logarithm of
the ratio of the formation scale to the matter—radiation equality scale; first-order phase transition PBHs,
once the more accurate super-exponential collapse probability is used in place of the single-exponential
approximation, instead belong to the same highly sensitive tier as resonant WIMP annihilation and single-
field inflationary collapse, for a structurally distinct reason; single-field ultraslow-roll inflationary collapse
is severely tuned for a distinct reason: a double exponential in which the power spectrum amplitude is itself
exponentially sensitive to the inflaton potential coefficients, on top of the exponential collapse sensitivity of
the abundance map. My main conclusion is that the claim that PBH dark matter is generically fine-tuned
conflates the worst case with a landscape spanning every naturalness tier. The Barbieri-Giudice sensitivity
computed here and the Wilson-normalized measure of Iovino and Riotto answer distinct and mutually
consistent questions about the same construction, a distinction I clarify within the two-layer decomposition.
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I. INTRODUCTION

The identity of dark matter remains one of the central
open questions of physics. Among the candidates that
have attracted sustained interest are weakly interacting
massive particles (WIMPs) [1,2], axions [3-5], feebly
interacting (“frozen-in”) particles [6,7], and asymmetric
dark matter [8,9]. More recently, primordial black holes
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(PBHs) have reemerged as a viable dark matter candidate
[10,11], particularly in the asteroid-mass window
(10" < Mpgy/g < 10*?) where Hawking evaporation is
negligible, microlensing and disruption constraints are
weak, and the PBH fraction fpgy = Qpgy/Lpym can equal
unity [12-14].

A common objection to PBH dark matter is that it
requires fine-tuning: in inflationary PBH production the
probability of collapse is exponentially sensitive to the
primordial curvature power spectrum, which must be
arranged to produce the right number density in the right
mass window. This argument is frequently made qualita-
tively, but rarely subjected to the same quantitative scrutiny
applied to WIMP dark matter, where a similar exponential
sensitivity is implicitly encoded, for instance, in the fabled
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thermal freeze-out mechanism. The WIMP miracle, the
coincidence that a particle with electroweak-scale mass and
coupling naturally freezes out with QA% ~ 0.12, is itself a
statement about naturalness, with a well-defined quantita-
tive expression that deserves comparison.

The fine-tuning of dark matter relic abundances has
attracted quantitative attention most prominently in the
supersymmetric WIMP context. Grothaus, Lindner, and
Takanishi [15] applied the Barbieri-Giudice (BG) measure
[16], which quantifies how sensitively a physical observ-
able responds to fractional variations of the underlying
input parameters, A = max; [0InQ/dInx;|, to neutralino
dark matter in the minimal supersymmetric Standard Model
(MSSM), showing that direct-detection exclusions prefer-
entially eliminate untuned parameter regions. The most
comprehensive MSSM treatment was given by Cabrera
et al. [17], who studied all major neutralino annihilation
mechanisms under a unified BG framework; their finding
that funnel and coannihilation scenarios carry the highest
combined tuning is fully consistent with the WIMP bench-
marks of the present paper. King and Roberts [18] coined
the term ‘“supernatural dark matter” for MSSM regions
where the relic abundance is achieved with no fine-tuning
at all.

For PBH dark matter, the fine-tuning discussion has
been framed almost entirely around the inflationary-
collapse mechanism. Several studies have quantified the
sensitivity of the PBH abundance to the inflaton potential
shape in the ultraslow-roll regime [19,20]. Kalaja et al.
[21] showed that the curvature power-spectrum variance o
must lie within a ~7% fractional window to produce all of
the dark matter as PBHs under Gaussian statistics, a result
broadly consistent with the quantitative fine-tuning esti-
mates of Refs. [19,20]. Tovino and Riotto [22], by
contrast, apply Wilson’s naturalness criterion to single-
field inflationary PBH models and conclude that they are
not technically unnatural when the measure is formulated
symmetrically around the target abundance. This is not,
properly understood, in tension with the sensitivity
estimates above: a bare logarithmic sensitivity and a
Wilson-normalized naturalness verdict answer distinct
questions (Sec. II A), and the present paper reports the
former, organized into the two-layer decomposition of
Sec. III D.

Three important gaps remain in the existing literature
that this paper fills. First, no prior work has compared
PBH and particle dark matter fine-tuning under a
common measure applied to a common observable target
(Qpph?* = 0.120); the two communities have developed
parallel but disconnected naturalness vocabularies.
Second, the noninflationary PBH formation mechanisms,
including biased domain walls, first-order phase transi-
tions, and early matter domination, have never been
analyzed from a quantitative fine-tuning perspective.
Third, no systematic comparison of fine-tuning across

inflationary PBH model classes, from curvaton and
spectator-field models through hybrid inflation to sin-
gle-field ultraslow-roll, has been presented within a
unified, internally consistent sensitivity measure frame-
work. The present paper addresses all three gaps.

In what follows I apply the BG measure to the parameter
spaces of three noninflationary PBH formation mecha-
nisms, six classes of inflationary PBH model, and seven
particle dark matter benchmarks, using an identical proto-
col for each: A = 1 means the abundance scales linearly
with the parameter (perfectly natural), A > 1 means it is
exponentially sensitive (fine-tuned).

The principal results of this analysis are

(1) The fine-tuning of any dark matter construction is set
by the analytic structure of its abundance map, not
by whether the dark matter is a particle or a
gravitational relic. Three universality classes
emerge, and PBH constructions appear in all three.

(2) Biased-domain-wall PBHs exhibit the same low
Barbieri-Giudice sensitivity, A =2-4.5, as off-
resonance WIMPs, freeze-in particles, and post-
inflationary axions, and a substantially lower
sensitivity than the coannihilating or resonant-
funnel WIMPs that survive current direct-detec-
tion limits, a statement about sensitivity within the
(n,V},) parameter space (Sec. VIB), not a natu-
ralness verdict on the mechanism as a whole.
Comparing the most favorable noninflationary
parametrization considered here (gravity-fixed
domain walls, A = 2) with the most pessimistic
single-field inflationary estimate (Sec. IIID,
A > 10°-10'9), the PBH paradigm alone spans
more than seven orders of magnitude in A; this
is a comparison between the extremes of distinct
formation mechanisms, not a uniform, like-for-
like scan within a single model class.

(3) Constructions with a single exponential factor in
their abundance universally satisfy A ~ 14-50 on
the observed dark matter contour, independently of
the underlying microscopic physics; the precise
value is set by the logarithm of the ratio of the
formation temperature to the matter—radiation equal-
ity temperature. Coannihilating WIMPs and early
matter-domination PBHs occupy this universality
class robustly. First-order phase transition PBHs also
fall here within a standard single-exponential
approximation for the collapse probability, but a
more accurate treatment raises the fine-tuning esti-
mate significantly, and tracing the abundance back to
the underlying scalar potential reveals a further
double-exponential structure with A ~ 10°~10%*. Cur-
vaton inflationary PBH models occupy this inter-
mediate tier only for low reheating temperatures; for
standard high-reheating scenarios they are elevated
to the most-tuned class, with the reheating tem-
perature setting the boundary between the two.
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The off-resonance WIMP “miracle,” by contrast, falls
in the natural class: when the freeze-out exponential
is absorbed into the measured annihilation cross
section, the abundance map reduces to a pure power
law with A = 2.

(4) Resonance- or cancellation-dependent constructions
(e.g., Higgs-funnel WIMP) and single-field infla-
tionary collapse models are both highly tuned, but
for distinct reasons: the former through a narrow
annihilation pole, the latter through a double ex-
ponential in which the power spectrum amplitude is
itself exponentially sensitive to inflaton potential
coefficients, on top of an additional exponential
sensitivity in the condition for collapse. Multifield
and spectator-field inflationary models avoid the
second exponential and fall into the intermediate
universality class.

Throughout, the sensitivity measure A quantifies local
parameter sensitivity in the sense of Barbieri and Giudice
[16]. Where this sensitivity is not constant over the
physically accessible parameter space (class II and III,
Sec. V B), a Wilson-normalized naturalness verdict would
additionally require specifying a reference ensemble, which
I do not attempt here.

This paper is organized as follows. In Sec. II I define
the sensitivity measures and establish the protocol
applied uniformly to all scenarios. In Sec. III I derive
the BG measure for three noninflationary PBH formation
mechanisms (Secs. I A-IIIC), presenting analytic
results and parameter-space heatmaps, and then map
the framework onto six classes of inflationary PBH
model (Sec. III D), including a systematic comparison
of their two-layer tuning structure. In Sec. IV I apply the
same analysis to seven particle dark matter benchmarks.
In Sec. V I compare the full set of results, establish the
three universality classes, and prove the structural iden-
tity A =~ In(scale ratio) that unifies the class II scenarios;
Apg is compared against two related quantities, the
Strumia-Rattazzi measure Agg and the island half-width
€, which track Agg closely for the benchmarks considered
here rather than provide an independent robustness test.
Section VI places the results in broader context, discusses
limitations, and identifies directions for follow-up.
Conclusions are in Sec. VII.

II. THE BARBIERI-GIUDICE MEASURE APPLIED
TO RELIC ABUNDANCES

A. Definition and conventions

Fine-tuning in the context of new physics models was
first quantified systematically by Barbieri and Giudice [16],
who sought to measure how sensitively the electroweak
scale depends on parameters in the supersymmetric spec-
trum. Given a physical observable O and a set of inde-
pendent input parameters {x;}, the Barbieri-Giudice (BG)

measure is defined as

0lnO
dln x;

A =max A;, A; E‘

. (1)

The interpretation is direct: A; = n means that a fractional
change ¢ in the parameter x; produces a fractional
change ne in the observable O. A construction is con-
sidered to be “natural” if A ~ O(1), “moderately tuned” if
A ~O(10)-O(100), and “highly tuned” if A > 100; the
requirement A < 10 is commonly adopted as a naturalness
criterion in the SUSY literature [16,23], though no sharp
threshold carries fundamental significance.

I stress that A is, strictly speaking, a measure of local
logarithmic sensitivity: a large value does not automatically
imply fine-tuning. A meaningful naturalness verdict
requires comparing A; to a reference sensitivity A, as in
Wilson’s criterion in the normalized form y = A;/A
advocated by Anderson and Castano [24] and adopted
by Tovino and Riotto [22]. Specifying A requires a choice
of ensemble over which the average is taken; this choice is a
convention rather than a derived quantity, in the same sense
that the flat prior on the axion misalignment angle
discussed in Sec. V E is a convention. For the constructions
in this paper for which A is constant over the entire
physically accessible parameter space (class I, Sec. V B),
this convention dependence is immaterial: A trivially
equals its own average for any choice of ensemble, so
y = 1 and the sensitivity and Wilson-normalized statements
coincide without further input. For class II and class III
constructions I report A as a sensitivity and do not attach an
unqualified naturalness verdict to it.

In this paper the observable is the dark matter relic
abundance, © = Qh?, evaluated at the benchmark values
of the model parameters and compared against the Planck
2018 measurement Qpy A% = 0.1200 4 0.0012 [25]. The
sensitivity A; measures how precisely one must specify x;
in order for the predicted abundance to land within, say, a
factor of two of Qpyh?: a value A; = 35 means that a ~2%
variation in x; takes the predicted abundance outside this
window.'

The BG measure is a local quantity: it characterizes the
sensitivity of Qpyh? to small variations around a chosen
benchmark point in parameter space. It should be distin-
guished from related but inequivalent notions of fine-
tuning, including the prior probability of landing on the
Q = Qpy surface from a random draw of parameters, and
the fractional volume of the natural region relative to the
prior volume. I return to the distinction between these

'A fractional shift ¢ in x; produces a fractional shift A; - € in
Qh?; requiring the abundance to remain within a factor of two of
the target imposes A; - e <1In2 %~ 0.69, hence € < 0.69/A,. For
A; =35 this gives € <2%; more generally, the fractional
precision requirement is € ~ 69%/A,;.
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concepts, and to the specific case of misalignment-axion
dark matter where it is particularly consequential,
in Sec. VE.

The BG measure is symmetric in the sense that A; takes the
same value whether one uses O = Qh? or O = 1/(Qh?) as
the observable, since |d1n O/dInx;| is unchanged by this
inversion. For PBH scenarios, replacing Qh? with fpgyy also
leaves A unchanged, since fppy = Qppuh’/Qpph> differs
only by the constant Qpy/A%. It is not symmetric under
reparametrizations of the parameter space: A evaluated with
respect to parameters {x;} and {y; = f;(x)} will generally
differ if f; is nonlinear. The physical content of A therefore
depends on the identification of fundamental parameters,
which I address in Sec. 11 B.

For reference, a pure power-law abundance map of the
form

Qn? o [ [ (2)

yields A; = |a;| identically everywhere in parameter space.
For an abundance set by a single exponential,

Qh? o e . xP, (3)

the dominant contribution on the Qh?> = Qpyh* surface is

A, ~Ax=In [—Qﬂa‘““‘;] : (4)
Qpmh
where Q,,ra 1S the abundance that would obtain if the
exponential were replaced by unity. The full derivative is
A, =Ax+ f, so the approximation A, = Ax overesti-
mates the true value by —f/(Ax); for the early matter-
domination benchmark where f =35 and Ax ~ 9-19, the
correction is 20%—-35% and is the reason the benchmark
A, = 14.4 (which includes the prefactor term +5) is larger
than the pure-exponential approximation Ax =~ 9-10 at
o = 0.055. This result, which is exact when f =0 and
approximate otherwise, is central to understanding
why the three “single-exponential” dark matter construc-
tions discussed in Sec. V yield a universal value
A X In(Ttopm/Teq) & 14-50. Constructions with a Breit—
Wigner resonance yield A ~ M?/(I'M) > In(scale ratio),
a qualitatively distinct and much more severe tuning.
Two complementary measures are computed alongside
BG throughout this paper. The Strumia-Rattazzi (SR)
measure [26] replaces the maximum with a quadrature
sum over all parameter directions:

ASR = A /ZA% = |vlnxln Qh2| (5)

This equals the magnitude of the log-gradient vector and
is sensitive to fine-tuning distributed across multiple

parameters simultaneously. For single-parameter scenarios,
obviously, Aqg = Agg; for scenarios where all parameters
are equally sensitive (e.g. ADM with Ay = Az = 1),
Agg = /nAgg where n is the number of parameters.

The island half-width € in the most sensitive parameter
direction provides the most operationally transparent mea-
sure of tuning. Rather than asking how steeply the
abundance responds to a parameter shift (BG) or summing
sensitivities in quadrature (SR), € asks directly: what is the
fractional range of the most sensitive parameter that is
compatible with the observed dark matter density?
Formally,

— AXSBI’IS

In2 0.693
€ = ~ )

~ T~ )
Xsens |island ABG ABG

(6)

where Ax,., is the full fractional width of the natural island
in the direction of the most sensitive parameter X, (the
parameter with the largest |A;|), and the approximation
holds for a factor-of-2 abundance band. The equivalence
€ ~1n2/Agg follows directly from the definition of Agg: a
fractional shift 6x/x changes InQ by Agg - dx/x, so the
island boundary is reached when Agg - € = In 2 (a factor of
2 in Q). The result is a single percentage that answers the
most experimentally concrete version of the naturalness
question. To illustrate with two benchmarks defined below:
benchmark B3 (coannihilation, Sec. IVA3, A =48)
requires Myrsp to be specified to within € = 1.4% to
remain in the natural island; benchmark BS (asymmetric
dark matter, Sec. IV C, A = 1) tolerates a factor of two in
either direction (¢ = 75%).

The three measures, BG, SR, and ¢, are not independent;
they are related by construction and probe the same
underlying sensitivity from different angles. BG isolates
the worst-case direction; SR weights all directions equally;
€ converts the worst-case sensitivity into an experimentally
interpretable precision requirement. In single-parameter
scenarios all three agree exactly. In multiparameter scenar-
ios BG and SR diverge by at most \/n (where n is the
number of equally sensitive parameters), and e always
tracks BG through Eq. (6). The three measures have been
applied and compared in the context of supersymmetric
dark matter and electroweak naturalness by several authors.
Anderson and Castano [24] introduced a normalized
variant of BG that accounts for the expected sensitivity
of the prior; Strumia [26] proposed the quadrature measure
adopted here as Agg; Cabrera et al. [27] applied both BG
and Bayesian posterior-volume measures to MSSM dark
matter and found them to agree on tier assignments while
disagreeing on absolute values by factors of a few.

A separate line of work has addressed fine-tuning
measures specifically in the context of inflationary PBH
production. Iovino and Riotto [22] identified a pathology of
the BG measure when applied to the inflaton potential
coefficients {c,}: as the target PBH abundance is reduced
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below the observed dark matter density (i.e. as fpgyg — 0),
the BG measure grows without bound even though a model
predicting fewer PBHs is physically less constrained, not
more. This occurs because BG measures the local log-slope
|0In Q/01n ¢;| without reference to whether Q is above or
below the target; as the exponential suppression is tuned
further, the log-slope at any fixed point in parameter space
continues to grow. lovino and Riotto proposed Wilson’s
naturalness criterion as a remedy: a parameter is natural if
its value is stable under small variations of the UV
completion, independent of the abundance it produces.
Their measure assigns a value close to unity to essentially
all inflationary PBH models, in sharp contrast to the BG
values of 10>~108 discussed in Sec. III D.

Evaluating all three measures (BG, SR, €) on the fpgy =
1 contour, rather than at an arbitrary point in parameter
space, removes this specific divergence: the bare BG
derivative, evaluated off the target contour, grows without
bound as fpgy — O even for parameter variations that do
not affect the physical viability of the model. The relevant
question is not “how sensitive is the model at some generic
parameter point?” but “how precisely must each parameter
be specified to maintain the observed dark matter den-
sity?’; and this question is only meaningful on the
fpeu = 1 contour. Evaluated there, the BG measure is
finite and well defined for all scenarios in the comparison,
including inflationary collapse [Eq. (44)], and the Iovino-
Riotto divergence does not arise. This is not the same as
supplying the reference sensitivity A that a Wilson-nor-
malized measure requires, and I do not claim that it is. The
Wilson question, “does a technically natural UV comple-
tion exist for the required parameter values?,” and the
sensitivity question asked here, “how precisely must a
given parameter be specified to remain on the observed
contour?,” are complementary and, properly stated, not in
tension; Sec. V E returns to this distinction in the context of
the prior-probability vs local-sensitivity debate. To the best
of my knowledge, this is the first study to apply all three
measures simultaneously to a cross-paradigm comparison
that includes PBH formation mechanisms alongside par-
ticle dark matter candidates.

B. Choice of fundamental parameters

Because the BG measure is not reparametrization-invari-
ant, the choice of what to call a “fundamental” parameter
must be specified and physically motivated. I adopt the
following convention throughout this paper: the fundamen-
tal parameters are the independently specified inputs to the
UV Lagrangian or to the cosmological initial conditions of
the model under consideration, evaluated at the relevant
renormalization scale. For a particle physics model these
are the pole masses and Lagrangian coupling constants; in
supersymmetric models they are the soft supersymmetry-
breaking masses at the mediation scale; for cosmological
constructions they are the scales and couplings of the

relevant phase transition or symmetry-breaking potential,
together with any field-space initial conditions.

This convention has concrete implications for several of
the scenarios analyzed below.

Coannihilation. In the MSSM [28], supersymmetry is
broken in a hidden sector and the breaking is transmitted to
the visible sector through a mediation mechanism (gravity,
gauge, or anomaly mediation) at a high scale M.4. The
low-energy spectrum is then determined by a set of soft-
breaking mass terms in the Lagrangian; crucially, each soft
mass is an independent parameter at M4, and there is no
symmetry or dynamics that correlates them in the absence
of additional model structure. For the coannihilation
scenario, the two relevant soft masses are M; (the bino
mass parameter, which sets M, = |M,| at low energies)
and the soft mass my of the lightest sfermion (stop, stau, or

sneutrino), which sets My sp (I take the bino as the
lightest neutralino and the lightest sfermion as the next-to-
lightest supersymmetric particle (NLSP); the analysis is
qualitatively identical for any spectrum where the two
lightest states are nearly degenerate). Coannihilation is
relevant when My;sp and M, are nearly degenerate: the
NLSP is present in the thermal bath at freeze-out and its
annihilation cross section (ov)y gp contributes to the
effective rate that sets the relic density. The contribution
is Boltzmann-suppressed by a factor e™*® [Eq. (52)],
where xy = m, /T ~ 25 is theratio of the dark matter mass
to the freeze-out temperature 7x [29,30] and 6 = (M sp —
M,)/M, is the fractional mass splitting. Since Tr ~ m, /xp
is set by the freeze-out condition (cv)n, = H, and xp &
20-30 for weak-scale dark matter regardless of the exact
cross section [29], the exponential suppression can be
substantial even for splitting 6 ~ 0.05-0.10.

The fractional mass splitting § is a derived quantity: it is
the difference of two Lagrangian parameters, not itself a
fundamental input. Taking BG derivatives with respect to o
at fixed M, gives

As=xp0+O0(*) =1 -2 (xpd<1), (7)
which substantially underestimates the tuning because the
derivative 01n Q/d1n § vanishes as 6 — 0 by construction:
the coordinate 6 crosses zero at the threshold where the two
masses are degenerate, and multiplicative log-derivatives
are pathologically small near any additive zero. Taking
derivatives with respect to the independent Lagrangian
parameters (M,,, My sp) at fixed mediation-scale boundary
conditions instead yields

M
Ayrgp = Xr % ~ 26-50, (8)
X

which correctly captures the sensitivity of the Boltzmann-
suppressed coannihilation rate to the NLSP pole mass: a
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2% shift in My sp at fixed M, changes 6 by 2%, which
changes e~ by a factor ¢ ~ 1.6, shifting Qh> by
~50% and taking the model outside the natural island. The
MSSM coannihilation benchmark B3 uses the parametri-
zation (M,,, My sp) and yields A ~ 48 as a consequence
[Eq. (8); see also Sec. IVA 3]. This distinction between
derived and fundamental parameters has been noted in the
electroweak fine-tuning literature [31] but is rarely applied
consistently to dark matter relic calculations.

Axion misalignment. The initial misalignment angle
0;€[—n, x| is a cosmological initial condition, not a
Lagrangian parameter, and is independently specified from
fa» the axion decay constant. It is therefore treated as a
separate fundamental input. The important distinction
between the BG measure evaluated with respect to 6,
(which gives A x~ 2 for 6; ~ 1) and the prior probability of
0, being small (which gives a prior tuning ~1/6; for a flat
distribution) is discussed in Sec. V E.

PBH formation rates. For the PBH mechanisms ana-
lyzed in Sec. 111, the fundamental parameters are the scales
and couplings appearing in the potential or power spectrum
of the underlying model, e.g. the symmetry-breaking scale
n and bias energy density V, for domain walls, the modulus
mass m, and curvature perturbation amplitude ¢ for early
matter domination, and the transition temperature T,
nucleation rate parameter f/H, and latent-heat parameter
a for the FOPT. All three sets of parameters are taken as
independent inputs, and BG derivatives are evaluated
holding all other parameters fixed.

C. Numerical protocol

All BG derivatives in this paper are evaluated numeri-
cally via central finite differences in log-space,

Ans |InQ(x;e") —InQ(x;e™")|

h=107%.
, = , ©)

This step size is small enough to suppress second-
order corrections to better than 1 part in 10° for all
smooth abundance functions considered, yet large enough
to avoid floating-point cancellation errors. Analytic
closed-form expressions for A; are derived independently
in Appendix A for all cases where the abundance map is
sufficiently simple; numerical and analytic results agree to
better than 0.1% in every case.

Parameter-space heatmaps are computed on grids of
400 x 400 points, logarithmically spaced over the ranges
specified in the captions of Figs. 1-5. The color scale
is identical across all panels: log;y A €]0,3.5] on the
viridis_ r color map, saturating to dark purple for
A > 3000. This shared scale is here the principal visual
device for comparing fine-tuning across production
paradigms.

The natural island in each panel is defined as the region
of parameter space satisfying

0.06 < Q% <0.24 (10)

(i.e. within a factor of two of Qpyh? = 0.120) together
with all constraints listed in Table I. The factor-of-two band
is chosen to include representative theoretical uncertainties
in the relic-abundance calculation (QCD uncertainties in g,
perturbative corrections to annihilation cross sections, etc.)
without enlarging the island to the point of obscuring the
tuning structure. Results are qualitatively insensitive to
widening this band to a factor of 3 or narrowing it to 30%.
For PBH mechanisms, QA” is replaced by fpgy (both
measure the fraction of dark matter), and the gray dashed
contours in the PBH heatmaps show the wider 41 dex
sidebands fpgy €[0.1,10] as visual guides; all BG
derivatives and island half-widths are computed using
the factor-of-two band of Eq. (10) applied to fppy (..,
fru €0.06/0.12,0.24/0.12] = [0.5,2]), consistent with
the particle DM protocol.

The direct-detection constraint for WIMPs is imple-
mented via the spin-independent cross section per nucleon,

2f 12Vm12\h“§1v
GSI(MS7)') = s (11)
MM}

where fn = 0.30 is the nucleon Higgs form factor [44],
my = 0.939 GeV, and pgy = myMg/(my + My) is the
singlet-nucleon reduced mass. The LZ 2024 sensitivity
curve is approximated by a piecewise power law calibrated
to the published limit [40]; this prescription overestimates
exclusion at Mg < 10 GeV and underestimates it above
~10 TeV, but neither regime contains any of the bench-
marks analyzed in this paper. The Lyman-a forest con-
straint on the freeze-in DM mass (Mpy = 3 keV for
production from a 100-GeV mediator [41,42]) is imple-
mented as a hard boundary in the FIMP parameter plane.

III. PRIMORDIAL BLACK HOLE DARK MATTER

The formation of PBHs in the asteroid-mass window has
been studied in a wide variety of cosmological scenarios.
Three noninflationary mechanisms have received particular
attention for their ability to produce fpgy =~ 1 without
additional cosmological ingredients: a network of biased
domain walls [45-47], an early matter-dominated era
driven by a decaying modulus field [48-51], and a strongly
first-order phase transition in a hidden sector [52-54].
The idea that biased domain walls can collapse to form a
PBH dark matter population was developed in Ref. [45]
in the context of QCD axion domain wall networks,
building on the long-known instability of biased networks
[55]; it was subsequently revisited and extended by
several authors, including the network-collapse treat-
ments of Refs. [46,47]. The most extensively discussed
mechanism in the literature is single-field inflation with
an enhanced small-scale power spectrum, generated by an
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FIG. 1. Fine-tuning of the three PBH dark-matter formation mechanisms analyzed in this paper. Background color: log;, A on a shared
scale A € [1,3000] (pale yellow = natural, dark purple = highly tuned; see color bar at right). Thick black contour: fpgy = 1. Gray
dashed contours: fpgy = 0.1 and 10 (£1 dex sidebands). Gold/orange vertical lines: asteroid-mass boundaries Mpgy = 10!7 g and
10?2 g. Green hatching: natural island, defined as 0.1 < fpgy < 10 within the asteroid-mass window and satisfying all observational
constraints. Gold star: benchmark point. (a) Biased domain walls in the (7, V,) plane [log,, axes; n = symmetry-breaking scale, V;, =
bias energy scale; Eq. (17)]. The magenta dash-dotted line is the gravity-induced-bias locus V, = (1°/Mp,)'/*. The panel is uniformly
pale yellow, reflecting A = 9/2 everywhere [Eq. (21)]. Benchmark: 7 = 2.4 x 10° GeV, V, = 2 TeV. (b) Early matter domination in
the (my, o) plane [m, = modulus mass, ¢ = curvature perturbation variance; Eqs. (23)~(25)]. The color gradient from yellow-green to
teal reflects the rising A, = 5 + 0.196/6*/3 [Eq. (27)] as ¢ decreases. The asteroid-mass boundaries correspond to my €[4 x 10102 x
1012] GeV [Egq. (24)]. Benchmark: m, = 9 x 10'° GeV, 6 = 0.055, giving Mpgy ~ 10?! g; A = 14.4. (c),(d) FOPT late-blooming in
the (T,, #/H.,) plane, now computed with the Gouttenoire-Vitagliano (GV) superexponential collapse probability Eq. (70), for collapse
threshold 6, = 0.05 [panel (c)] and §, = 0.10 [panel (d)]. The GV formula contains no a dependence; the two panels illustrate instead
the sensitivity to .. Background color: log;o A on the shared viridis_r scale. The color field transitions sharply near f/H, ~ 5 [panel (c)]
and ~4.5 [panel (d)]: yellow-green below (fpgy > 1, overproduction), deep teal-to-purple at and above the fpgy = 1 contour
(A ~ 265-300, class III). The fpgy = 1 contour (thick black) is nearly flat, running at #/H, ~ 4.9-5.1 [panel (c)] and ~4.4—4.6 (panel
(d) across the full asteroid-mass temperature range. The natural island (green hatching, 0.1 < fppy < 10) is an extremely narrow strip of
width ~0.1 in #/H, (corresponding to € ~ 0.26%, class III), visible only as a thin band; its narrowness is itself a visual demonstration of
the severe fine-tuning. The previous analytic structural identity Agz/y = In(T,/0.84T,,) ~ 35 [Eq. (37)], derived from the single-
exponential approximation Eq. (30), does not apply here; see Sec. VI B for the full comparison. Benchmark: 7, = 10° GeV, g/H, =
5.0 (6. = 0.05) and p/H, = 4.5 (5. = 0.10); both at A ~ 265 [Eq. (72)].
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FIG. 2. Comparison of layer 2 sensitivity [A,/.,, panel (a)] and total fine-tuning [Ay = A, X A,/ , panels (b) and (c)] across six
inflationary PBH model classes, ordered from most natural (bottom) to most tuned (top). Bars show the estimated range within each

class; the dot marks the geometric mean. Background shading indicates qualitative fine-tuning tier bands (class I, II, and III; defined in

Sec. V B). Panel (b): total fine-tuning with the matter-dominated HYKN layer 1 floor Af,MD) ~ 14 [Eq. (38)], applicable when T, <

Ttom (low reheating, inflaton-oscillation MD era at reentry). Panel (c): total fine-tuning with the radiation-dominated Press-Schechter
layer 1 floor AS,RD) ~ 57-70 [Eq. (41)], applicable when T, > Ty, (standard high reheating, RD background at reentry). The x axes of
panels (b) and (c) are identical (capped at 10°) to make the factor-of-five shift in the layer 1 floor directly visible; the top row (single-field
USR pessimistic, A,y = 10°-10'0) is off scale and indicated by an arrow. Thick vertical gray lines mark the respective layer 1 floor in
each total-tuning panel; in panel (c) the gray band spans the 57-70 range. Blue vertical lines show the three noninflationary PBH
benchmarks (dotted: DW gravity-fixed, A = 2; dashed: early MD, A = 14; dash-dotted: FOPT, A = 35, single-exponential
approximation; see Sec. VIB for the more accurate estimate A =~ 265). All ranges are estimates based on analytic scaling arguments
and the results of Refs. [19,32-39]; precise values are model-dependent.
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FIG. 3. Fine-tuning of thermal-relic WIMP dark matter. Color scale, contours, and natural island (green hatching) as in Fig. 1, with
Qh? = 0.12 replacing fppy = 1 as the abundance target. The red-shaded region is excluded at 90% CL by LZ 2024 spin-independent
direct detection [40]. (a) Real singlet Higgs-portal WIMP in the (Mg, A;5) plane [Eq. (46)]. The cyan dotted vertical line marks Mg =
M, /2 (Higgs pole). Benchmark B1 (off-resonance, gold star): Mg = 2 TeV, Ayg = 1; A = 2.0. Benchmark B2 (Higgs funnel, gold star):
Mg = 60.7 GeV, Ayg = 0.026; A =~ 6500 (color saturated to dark purple). The contrast between B1 (uniformly yellow stripe) and B2
(deep purple near the resonance) illustrates the class I vs class Il distinction. (b) MSSM bino-NLSP coannihilation in the fundamental soft-
mass plane (M, My sp), using Egs. (52)—(54). The gray-shaded triangle is the unphysical region My sp < M,,. The natural island (narrow
teal strip) hugs the diagonal at constant A ~ 48 = xpMyysp/M,. Benchmark B3: M, = 1 TeV, My sp =~ 1.0515 TeV; A = 48.
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FIG. 4. Fine-tuning of nonthermal dark matter production. Color scale and conventions as in Fig. 1. Both panels are uniformly pale
yellow, reflecting power-law abundance maps with A < 2 everywhere. (a) Freeze-in via heavy-mediator decay B — DM + X with fixed
mediator mass Mg = 100 GeV, in the (Mpy;, y) plane [Egs. (55) and (56)]. The red-shaded region at Mpy < 3 keV is excluded by
Lyman-a forest observations [41,42]. The natural island is the diagonal stripe y o MB}V{Z (from Q « Mpyy?). A = 2 throughout the
entire accessible parameter space [Eq. (57)]. Benchmark B4: Mpy = 1 GeV, y = 1.46 x 107'2; A = 2. (b) Asymmetric dark matter in
the (Mpy, 1pm /1) plane [Eq. (58)]. The cyan dashed horizontal line marks the “canonical ADM” locus 7py; = #5. The natural island is

the hyperbola My (npm/ng) = 4.7 GeV. A = 1 throughout [Eq. (60)], the minimum possible BG measure for a nontrivial abundance
map. Benchmark B5: Mpy =5 GeV, npu/ng = 1; A = 1.
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FIG.5. Fine-tuning of QCD axion dark matter for two cosmological histories of PQ symmetry breaking. Color scale and conventions
as in Fig. 1. (a) Misalignment mechanism (preinflationary PQ breaking) in the (f,,8;) plane [Eq. (61)]. The magenta dash-dotted
horizontal line at ; = z marks the onset of the anharmonic divergence F(6;) — oo. The color gradient near this line reflects the
diverging Ay. The natural island (green hatching) runs diagonally from small f,, 6; ~1 to large f,, small 6;. Gold star Bé:
fa =102 GeV, 0, ~0.787; A = 2.2. Orange square B6,,,: f, = 10'® GeV, 6, ~ 3 x 1073; local A = 2.0, but prior tuning ~300 (see
Sec. VE). (b) Postinflationary PQ (string-network scenario), showing Q,h’> vs f, (black curve) against the uniform A = 1.19
background [Eq. (64)]. The entire panel is uniformly pale yellow: A, = 1.19 everywhere, the lowest fine-tuning of any construction in
the comparison other than pure asymmetric dark matter. The cyan shaded band marks the preferred £, range (2 — 8) x 10! GeV from
the large-scale string-network simulations of Ref. [43]. The green shaded band marks the natural island. Gray horizontal lines show
Qpyh? = 0.12 (solid) and +1 dex (dashed). Gold star B7: f, = 5 x 10'° GeV; A = 1.19.
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TABLE 1. Observational constraints applied in this paper and
the scenarios to which they are relevant. The stochastic gravi-
tational-wave background from the FOPT itself is not listed here
because it constrains the GW signal rather than fpgy directly; this
constraint is discussed qualitatively in Secs. III C and VI A. All
PBH abundance constraints are already encoded in the fppy = 1
requirement and the asteroid-mass window.

Constraint Value Applies to
LZ-2024 SI cross section see [40] WIMPs
Planck 2018 Qpyh? 0.1200 £ 0.0012 All
PBH asteroid window 10'7-10?% g PBHs
Lya forest Mpy > 3 keV FIMPs

inflection point or ultraslow-roll phase in the inflaton
potential [19,56,57], following the foundational treat-
ments of Garcia-Bellido and Ruiz Morales [58] and
Germani and Prokopec [59]; multifield and spectator-
field wvariants offer partial relief from the severe
inflationary fine-tuning [20]. Concretely, Refs. [60,61]
demonstrated that the USR potential shape arises natu-
rally in multifield models with nonminimal couplings to
gravity, and performed the first full MCMC analysis of
CMB constraints and PBH formation in this setting,
identifying a degeneracy direction along which parameter
shifts of ~10% preserve the fit to Planck data. More
recently, Refs. [62,63] showed that adding a noninteract-
ing spectator field to a single-field USR potential changes
the formation mechanism entirely: for example, the
system no longer enters USR, and the resulting model
predictions become exponentially more robust to small
parameter changes, substantially reducing the layer 2
fine-tuning. Within the framework of this paper, these
constructions populate the lower end of the multifield
stochastic inflation range in Fig. 2, and move toward the
boundary between class II and class III for low-reheating
scenarios. A distinct inflationary mechanism is the
collapse of Higgs field fluctuations near the electroweak
vacuum instability scale [64].

For the three noninflationary mechanisms, I derive the
abundance map fpgy({x;}) from the underlying model
parameters, compute A analytically, and display the result
as a parameter-space heatmap (Secs. III A—III C). Inflationary
mechanisms are treated separately in Sec. III D: rather than a
single heatmap, I map the BG framework onto six represen-
tative inflationary model classes and compare their two-layer
tuning structure systematically (Fig. 2). This distinction in
treatment reflects a genuine physical difference. For the
noninflationary mechanisms, the fundamental Lagrangian
parameters map onto fppy through a single, well-calibrated
chain with no hidden exponentials; the BG measure can
therefore be computed precisely and displayed as a smooth
landscape. For inflationary models, the mapping from infla-
ton potential coefficients {c,} to o to fpgy involves two
successive exponentials whose ratio depends sensitively on

the potential shape, leading to estimates that span several
orders of magnitude depending on the model class.
Furthermore, as noted by Iovino and Riotto [22], applying
BG to the potential coefficients off the fpgy = 1 contour
raises a subtlety: A grows without bound as fpgy — 0 even
for variations that are physically harmless. The approach
adopted throughout this paper, i.e. evaluating all measures on
the fppy = 1 contour, avoids this pathology by construction
(see Sec. VD).

All four mechanisms produce PBHs whose mass is set
by the Hubble horizon at formation,

3.8M3,
T2

form

Mppy =~

(12)

where Ty, is the temperature at which PBH formation
occurs (in natural units ¢ = kg = 1). The asteroid-mass
window 10'7-10%? g requires formation temperatures
10* < Trorm/GeV < 108, shown as gold vertical lines in
Fig. 1.

A. Biased domain walls

1. Formation mechanism and abundance map

Consider a scalar field ¢ with a discrete Z, symmetry
¢ — —¢ that is spontaneously broken when ¢ acquires a
vacuum expectation value +# at a phase transition in the
early Universe. The resulting potential has two degenerate
minima separated by a potential barrier, and the field takes
different values in causally disconnected regions; the
boundaries between these regions form a network of
two-dimensional topological defects called domain walls
[55,65]. Each wall carries a surface energy density (ten-
sion) 6,, ~ i°, where 7 is the symmetry-breaking scale; the
exact coefficient is model-dependent and of order unity,
and is absorbed into # throughout.

In the exact Z, limit the two vacua are energetically
degenerate and the wall network is cosmologically
stable [65], which would lead to domain-wall domination
and conflict with cosmology [55]. A small explicit breaking
of the Z, symmetry lifts this degeneracy by an energy
density Vy;,, between the two vacua. Such a bias arises
naturally from Planck-suppressed operators in the scalar
potential [66,67], or can be introduced by hand; in either
case it can be parametrized as Vi, = Vi, where V, is an
effective bias energy scale. The pressure difference Vi,
across each wall provides a volume force that drives the
lower-energy vacuum to expand, causing the network to
collapse and annihilate at a temperature 7,,, set by the
competition between this volume pressure and the Hubble
friction that resists wall motion [45,55]:

90 \ /4 Je,Mp V7
Tann = <2—) %;b’ (13)
"Gy n
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where g, ~ 100 counts relativistic degrees of freedom and
¢; =~ 0.30 is a numerical coefficient characterizing the wall-
network annihilation dynamics (see Ref. [45], which
estimated the resulting PBH abundance using the earlier
field-theoretic wall-network simulations of Ref. [68]; a
dedicated set of network-collapse simulations was per-
formed subsequently in Ref. [47]). At T,,,, a fraction
p ~ 1073 of horizon-sized wall segments collapse gravita-
tionally into PBHs [45,46]. This collapse probability
reflects the small fraction of Hubble volumes in which
the converging wall geometry generates a local overdensity
sufficient to exceed the gravitational collapse threshold; as
discussed in Ref. [45] and quantified by the simulations of
Ref. [47], the PBH mass is robust but the abundance itself
carries large uncertainties (see Sec. VIB). The resulting
PBH mass and formation fraction are

3.8M3
Mppy o~ —— Pl o £ (14)
T v
PPBH Pvi
Pean = o (15)

2 4
Prot Tam  309% Tamn

The present-day PBH dark matter fraction is obtained by
redshifting fpgy from T, to matter-radiation equality at
Teq=0.75¢eV:

Tamn
~ —_— 1
JSreH = Preu 0847, , (16)

where the factor 0.84 accounts for the change in g, between
T ynn and T'q [12]. Substituting Eqgs. (13)—(15) into Eq. (16)
and collecting powers, one finds

o/
frBH V2o (17)
b
a pure power-law in the two fundamental parameters
(n,V,) with no exponential factor. This is the central
structural result for this construction: the abundance map
is a monomial, and the BG fine-tuning measure is therefore
constant across the entire parameter space.
The asteroid-mass window 10'7-10?? g requires, via
Eq. (14),

Toaon €[10°,3 x 107] GeV ~ [10*9,1073] GeV.  (18)

These boundaries follow directly from inverting Mpgy =
3.8M3, /T2, at Typp =107 GeV one obtains Mpgy ~ 10%? g
(upper edge), and at T,,, =3 x 107 GeV one obtains
Mpgy = 107 g (lower edge).

The benchmark 5 = 2.4 x 10° GeV, V, =2 TeV is
chosen as the simultaneous intersection of three conditions.
First, fpgy = 1, so PBHs account for all of the dark matter.

Second, Ty, &5 x 10° GeV, placing Mpgy ~ 4 x 107 g
well within the asteroid window. Third, V, =2 TeV is
within 20% of the gravity-induced bias value V™' =
(7°/Mp)"/* 2.4 TeV at this 7, so the bias is naturally
generated by Planck-suppressed operators of the form
¢’ /My, evaluated at ¢p =1, i.e. Vi~ /Mp [66,67],
without introducing a new free scale.

VE™ () = (i /Mpy) V4. (19)

These three conditions together identify 7 ~ 2.4 x 10°® GeV
as a theoretically motivated “sweet spot”: a single sym-
metry-breaking scale that simultaneously accounts for all of
the dark matter, targets the asteroid-mass window, and
requires no bias scale beyond what quantum gravity
generates automatically. A particularly clean subclass is
the “gravity-induced bias” scenario in which one sets V;, =
V™ exactly, reducing the construction to a single-param-
eter family parametrized by # alone.

2. Analytic sensitivity structure

From Eq. (17) the BG sensitivities follow immediately
by log-differentiation:

9

%:_ Av—‘

dlnny

dln fppy

A __J o0
dln Vb

5 ) =2. (20)

n_‘

Both are exact constants, independent of the values of # and
V, and of the location in parameter space. The overall
measure is

9
ADW = max (Aﬂ’ Avb) = 5

For the gravity-induced-bias subcase, substituting V;, «

vV (V). (21)

7/AM " into Eq. (17) gives fppy o< Myl *5?, so the single-

parameter measure reduces to A¥™) =2, the minimum

value compatible with a nontrivial dependence on any
dimensionful scale.

As shown below, this result places biased-domain-wall
PBHs in the same naturalness tier as off-resonance heavy
WIMPs and freeze-in particles (all with A =2), and
substantially below the coannihilation and FOPT construc-
tions discussed below. The quantitative answer to the title
question is clear for this mechanism: biased-domain-wall
PBHs are not fine-tuned by any reasonable standard.

I have checked explicitly that this result is stable under a
change of fundamental variables, in the spirit of the check
performed for the coannihilation benchmark in Sec. II B.
Unlike the derived mass splitting 6 = (Myysp — M,)/M,,,
which vanishes additively at the degeneracy threshold and
produces a spuriously suppressed multiplicative log-deriva-
tive near that point, the domain-wall abundance map
[Eq. (17)] is an exact monomial in (1,V,), and the BG
sensitivity of a monomial is invariant under any
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multiplicative (power-law) reparametrization of its argu-
ments; no analogous additively vanishing derived coordinate
appears in this construction. I regard this as a structural
distinction between the two cases, not merely a definitional
one. This invariance concerns only the parameters (7, V)
over which A is computed; it says nothing about the physical
origin of V, itself, nor about the calibration coefficients p ~
1073 and ¢, ~ 0.30, which I return to in Sec. VI B.

3. Parameter-space heatmap

Figure 1(a) shows log;yA in the (log;y7,logyV;)
plane. The entire panel is uniformly pale yellow, the lowest
color on the shared scale, reflecting the analytic result A =
9/2 everywhere, a direct consequence of the pure power-
law structure fpgy o 7°/2/V?2 [Eq. (17)]. The thick black
contour marks fppy = 1; gray dashed contours at fpgy =
0.1 and 10 define the £1 dex sidebands that bound the
natural island (green hatching). The two gold-orange lines
show the asteroid-mass boundaries Mpgy = 10'7 g and
10?? g; these are nearly parallel to the fpgy = 1 contour
because both fppy and Mppy are controlled by the same
parameter combination 1*/V} [Egs. (14) and (17)]. The
magenta dash-dotted line shows the gravity-induced-bias
locus V;, = (7’ /Mp)'/* [Eq. (19)], along which the bias is
generated by Planck-suppressed operators rather than
freely tuned. This locus passes through the natural island
and through the benchmark point (7 = 2.4 x 10° GeV,
V, =2 TeV; gold star), confirming that the Planck-sup-
pressed scenario naturally populates the asteroid-mass
window without any additional parameter adjustment.

B. Early matter domination

1. Formation mechanism and abundance map

A natural setting for an early matter-dominated era is
provided by string-theoretic moduli: scalar fields ¢ with
only gravitational-strength couplings to ordinary matter
that are ubiquitous in compactifications of extra dimensions
[69,70]. More broadly, any scalar field that begins to
oscillate coherently in the early Universe when the
Hubble rate drops below its mass, H ~ m, behaves as a
pressureless fluid and temporarily dominates the energy
density before decaying [70]. Such a field decays with a
rate set by dimensional analysis for a gravitationally
coupled particle, ['y ~ cymy/Mp;, where ¢, ~ 107 enc-
odes loop and phase-space suppression factors [69]. When
H drops to I'y, the field decays and reheats the Universe to
a temperature [48,49,70]

c¢m; 1/2
T, ~0.55 . 2
S @)

The period of matter domination preceding reheating
alters cosmological perturbation growth in a way that is

crucial for PBH production. In a radiation-dominated
background, sub-Hubble density perturbations oscillate
and decay; in a matter-dominated background, the same
perturbations grow as dp/p o< a (where a is the scale
factor), and sufficiently large fluctuations can overcome
pressure support and collapse gravitationally before reheat-
ing occurs [48,71]. The relevant perturbations are curvature
perturbations inherited from inflation, characterized by
their root-mean-square amplitude ¢ on the scale that
reenters the Hubble horizon during the matter-dominated
era. The fraction of the energy density that collapses into
PBHs depends sensitively on how many Hubble patches
contain a perturbation large enough to collapse; this
collapse criterion in a pressureless medium was derived
analytically and verified numerically by Harada, Yoo,
Kohri, and Nakama (HYKN) [72], who found

0.147
ﬁAM(G) ~4.6x 10_605 exXp <— W) . (23)

Here f 4\ 1s the mass fraction of the Universe that collapses
into PBHs at the time of formation. The ¢° prefactor
reflects the five-dimensional phase-space volume for a
fluctuation to exceed the collapse threshold in a pressure-
less fluid (compared to the exponential-only Press—
Schechter form in radiation domination [73]), while the
exponential encodes the probability tail of a Gaussian
distribution above the threshold density contrast §, ~
0.05 appropriate to matter domination [72]. The two
contributions are equal at ¢ =~ 0.050, close to the natural-
island benchmark, so neither can be neglected.

The PBH mass equals the Hubble-horizon mass at the
time of collapse, which for this mechanism occurs just
before reheating:

3.8M3,

rh

PBH = x m;S, (24)

where the proportionality uses Eq. (22). The asteroid-mass
window Mpgy € [10'7,10%2] g therefore maps to a modu-
lus-mass range my €[4 x 10'°,2 x 10'?] GeV, as shown
by the gold vertical lines in Fig. 1(b). The present-day
dark matter fraction is obtained by redshifting 4y from
the formation epoch to matter-radiation equality at
T.q =0.75¢eV:

Trh(m¢> .

0.84T

fPBH(mqﬁvG) = fam(o) (25)

The factor 0.84 accounts for the change in relativistic
degrees of freedom g, between Ty, and T, [12]. The
dependence on my, enters solely through 7'y, and is a pure

power law, fpgy o mf/)/ 2ﬁAM(6), while the ¢ dependence

through Eq. (23) is nontrivial, containing both the poly-
nomial prefactor and the exponential that will give rise to
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the characteristic class II fine-tuning structure analyzed in
Sec. I B 2.

2. Analytic sensitivity structure

Differentiating Eq. (25) with respect to Inmy and Ine:

6lanBH 3
A, =|&2JeeHl_ 2 26
i ‘dlnm,ﬁ 27 (26)
alnprH 0.196
A, =|———| = . 27
’ ‘ dlno o3 @7)

The modulus-mass sensitivity A, ) = 3/2 is a constant,

reflecting the simple power-law connection T mfb/ 2,

The curvature-variance sensitivity A, is dominated by the
exponential factor in S5y at small ¢ and by the prefactor at
large o; the two contributions are equal at 6*/3 = 0.196/5 ~
0.039, i.e. 6 ~0.050. Since the natural island (defined
by fpeu~1 in the asteroid window) requires o€
[0.037,0.071] at the benchmark m, =9 x 10'* GeV, the
relevant range is

A 212, 21], (28)

with a benchmark value A, = 14.4 at o = 0.055.

The benchmark value ¢ = 0.055 is chosen because it sits
near o~ 0.050 where the exponential and polynomial
terms in Eq. (23) contribute equally (0.147/¢6%3 = 5),
making it a physically representative point at which neither
term dominates and the value A, = 14.4 is typical of the
natural island. It corresponds to a curvature power spectrum
amplitude Py (korm) ~ 6% ~ 3 x 1072 on the asteroid-mass
scale, a factor of ~10° above the CMB amplitude. Values
0 < 0.04 exponentially suppress fay and require an
unrealistically high m, to compensate; values ¢ 2 0.10
overproduce PBHs and push m, below the asteroid-mass
lower boundary. The natural island in o is therefore
bounded from below by the exponential tail of the
HYKN formula and from above by the asteroid-mass
constraint, precisely the two-sided confinement that makes
A, = 14 a robust result within this window.

The overall measure Ay;p, = max(3/2,A,) = A, across
the entire natural island, placing this construction firmly in
the intermediate “single-exponential” class despite the ¢°
prefactor moderating the growth rate.

The value o= 0.055 required for fpgy =1 in the
asteroid-mass window corresponds to a primordial curva-
ture power spectrum amplitude P ~ 6> ~ 3 x 1073 at the
formation scale k¢, some seven orders of magnitude
above the CMB amplitude PEMB ~ 2 x 107, Generating
such an enhancement without disturbing CMB scales
requires additional model ingredients—a spectator field,
a feature in the inflationary potential, or resonant particle

production [56,57,74]—whose model-building cost I fold
into the tuning through the single effective parameter o,
rather than through the inflaton potential shape. This
treatment is appropriate for the early matter-domination
mechanism, where ¢ is a free parameter of the cosmological
initial conditions; for inflationary models, the additional
cost of generating the required ¢ from the inflaton potential
is treated separately in Sec. IIID as a second layer of
tuning.

3. Parameter-space heatmap

Figure 1(b) shows log;o A in the (m, o) plane, with the
x-axis spanning the modulus masses relevant for asteroid-
mass PBH production, m,, € [10'°, 10"*] GeV. In contrast
to the domain-wall panel, a clear color gradient is visible:
the panel darkens from yellow-green at large o (low tuning,
A= 7) toward teal at small ¢ (higher tuning, A = 20),
reflecting the rising exponential sensitivity A, =
5+ 0.196/6*3 [Eq. (27)] as the Gaussian tail that controls
collapse is pushed further into the rare-event regime. The
A =10 and A =30 white contours bracket the natural
island, confirming the analytic range A,€([12,21] of
Eq. (28). The vertical gold lines mark the asteroid-mass
boundaries Mpgy = 10'7 g and 10?? g, which correspond
via Eq. (24) to m, €[4 x 10'°,2 x 10'2] GeV; the con-
straint is purely horizontal because Mpgy depends on my,
alone and not on ¢. The natural island (green hatching) is a
diagonal strip running along the fpgy = 1 contour. Its tilt
reflects the interplay between the two parameters: increas-
ing o raises f5y through the HYKN formula, which would
overproduce PBHs unless compensated by a larger my
(hence higher T, and stronger dilution from formation to
equality). The benchmark m, = 9 x 10'* GeV, o = 0.055
(gold star) lies within the asteroid-mass natural island at
Mpgy ~ 10*! g and A = 14.4.

A guaranteed observational consequence of the
enhanced curvature power spectrum Py (kfom ) & 6> & 3 X
10~3 required for asteroid-mass PBH production is a
stochastic gravitational-wave background (SGWB) sourced
at second order in perturbation theory by the same scalar
perturbations [75,76]. The peak frequency of this scalar-
induced GW (SIGW) background is set by the formation
temperature, fpea &3 X 1073 Hz(T o/ 10° GeV), plac-
ing it in the mHz—Hz band for the asteroid-mass window,
precisely the target range of LISA and DECIGO [77]. The
SIGW amplitude scales as Qgwh* ~ P% ~ 1076 — 107 at
the benchmark ¢ = 0.055, which is within the projected
LISA sensitivity for transition temperatures 7o 2
10° GeV [77]. Current bounds from Planck on the effective
number of relativistic species, AN < 0.3, translate into an
integrated upper bound [ QgwdInf <5 x 1076 that does
not constrain the benchmark point but begins to disfavor
0 2 0.15 across the full asteroid-mass range [77]. The
SIGW signal is therefore a robust and near-future testable
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prediction of the early matter-domination PBH mechanism,
and constitutes an independent observational channel
complementary to microlensing searches.

C. First-order phase transition

1. Formation mechanism and abundance map

A first-order phase transition (FOPT) occurs when a field
® in a hidden sector tunnels from a metastable false
vacuum to the true vacuum of its potential, rather than
rolling continuously as in a second-order transition. The
transition proceeds by the stochastic nucleation of bubbles
of the true vacuum within the false-vacuum background;
these bubbles expand at close to the speed of light, collide,
and eventually convert the entire Universe to the new phase
[78,79]. I consider a FOPT occurring at a temperature 7, in
a hidden sector that is thermally coupled to the Standard
Model plasma, so that the transition temperature is a
physical parameter that sets the PBH mass through the
Hubble horizon at that time.

Two dimensionless parameters characterize the transition
completely for the purposes of PBH production. The
transition strength « is the ratio of the latent heat released
during nucleation to the ambient radiation energy density,

AV —T,0AV /0T
a= : /T , (29)
prad(T*)

where AV is the difference in free-energy density between
the two phases [80]. A small a corresponds to a weak
transition in which latent heat is a minor perturbation to the
radiation bath; a large a corresponds to a strong, potentially
runaway transition that can dramatically reheat the
Universe. The transition rate parameter /H, measures
how rapidly the nucleation rate grows relative to the Hubble
rate at T,; equivalently, H,/f is the duration of the
transition in Hubble units, with small #/H, corresponding
to a slow, prolonged transition and large 5/ H, to an almost
instantaneous one.

Regions of the false vacuum that are not reached by any
bubble wall before the transition ends are compressed by
the surrounding expanding walls. If the resulting over-
density exceeds the gravitational collapse threshold, these
regions form PBHs [52-54,81-83]. The probability that a
given Hubble-volume region remains in the false vacuum
until the end of the transition is determined by the
nucleation statistics; for an exponentially growing nucle-
ation rate I' o /' (the standard approximation [77]), the
fraction of the Universe that collapses into PBHs is

Pt = exp [—S(a) Hﬁ} , (30)

where S(a) encodes how efficiently the transition converts
false-vacuum regions into PBHs as a function of its

strength.2 S(a) is model-dependent, but can be computed
analytically for a given scalar potential; for the hidden-
sector benchmark model of Ref. [54] the result is well
approximated by the interpolating formula

20
a+0.3°

S(a) =55 - (31)

which decreases monotonically from S(0) =5.5 in the
weak-transition limit (where the radiation bath is barely
disturbed and the false-vacuum survival probability is
relatively insensitive to @) to S(c0) = 3.5 in the ultrastrong
limit (where the latent heat dominates and bubble walls run
away [77,80]). The coefficients in Eq. (31) are specific to
that model; different bubble-wall velocities, plasma cou-
plings, or reheating dynamics would yield different values.
As I show below in Eq. (37), however, the key fine-tuning
identity S(a)B/H.|,,.,—1 = In[T./(0.84T )] follows from
setting fpgy = 1 in Eq. (32) and holds for any monotone
S(a); the fine-tuning result is therefore model-independent
even though S(a) is not. The PBH mass is set by the
Hubble horizon at 7',, Mpgy =~ 3.8M3, /T2, and the present-
day dark matter fraction is

feeu(Ts. p/H,,a) = exp {—S(a) Hﬁ]

T,
0.84T,, "

(32)

The parameter space of interest for this mechanism is
defined entirely by the requirement fppy =~ 1 within the
asteroid-mass window, which fixes f/H, ~5-15 at the
benchmark temperatures 7, ~ 105-107 GeV. It is a non-
trivial consequence that this same range of 5/ H., lies within
the sensitivity reach of LISA and next-generation ground-
based gravitational-wave detectors for the stochastic
background produced by the transition itself [77,85]:
FOPT-PBH dark matter is therefore simultaneously a target
of gravitational-wave observatories and microlensing sur-
veys, not because the two observations are by construction

2Equation (30) is the standard phenomenological approxima-
tion in which the false-vacuum survival fraction is written as a
single exponential in the nucleation-rate parameter f/ H.,, treating
p/H, as a fundamental input. A more complete analysis of the
collapse probability in the supercooled limit, tracking the full
past-light-cone percolation integral, shows that P,y is super-
exponential in /H [46]: the BG derivative evaluated from that
formula at the benchmark /H, ~ 8 gives Ay, & 265 rather than
~35, placing FOPT-PBH in class III even at the phenomeno-
logical level [Sec. VIB, Eq. (72)]. At a deeper level, tracing fpgy
back to the microphysical scalar potential through the Euclidean
action S3(7,)/T, yields a double-exponential (“superexponen-
tial”) structure, fpgy ~ M exp(—Q exp(—S5(T,)/T,)), with Q ~
1077 [84], giving A ~103-10*. The fine-tuning analysis in
Eqgs. (33)-(37) uses the single-exponential approximation and
therefore gives a lower bound on the true BG measure; see
Sec. VIB for the full assessment.
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linked, but because both probe the same underlying
parameter f/H.,.

2. Analytic sensitivity structure
Differentiating Eq. (32):

dln fpgy

Ay =|————| =1, 33
& ‘alnT* (33)

dln fppy p
A = = -— 34
o =] =S 69

dlanBH ﬂ 06(1

A, =|———| = —,

¢ ‘ dlna H, (a+0.3)? (33)

The temperature sensitivity Ay = 1 is a constant, since
freu « T through the dilution factor alone. The dominant
contribution is Ay, which grows linearly with §/H..

The key result emerges upon imposing the condition
fpeu = 1, that is, solving Eq. (32) for /H, at fixed T,
and a:

sa) L L, } . (36)

= ln[
H Srea=1 0'84Teq

*

Substituting Eq. (36) into Eq. (34),

T,
Aﬂ/[—['prH:l =In |:084Teq:| ~ 30 —37 (37)

for T,€[10 10%] GeV (the asteroid-mass formation
window). This result is exact for any a and any 7, in
the relevant range, and is independent of the specific value
of S(a): the fine-tuning of FOPT-PBH dark matter is
determined entirely by the logarithm of the dilution ratio
from formation to equality, and is insensitive to the strength
or dynamics of the phase transition. The nucleation-rate
parameter f/H, must be tuned to ~3% precision to land on
the fpgy = 1 contour.

Equation (37) is the gravitational-sector analog of the
thermal-freeze-out tuning A = xp~25 for standard
WIMPs (see Sec. IV A 3); both express the cost of expo-
nentially suppressing a natural formation rate to match the
observed dark matter density. This structural identity is the
central observation of Sec. V.

3. Parameter-space heatmap

Figures 1(c) and 1(d) show log;y A in the (7,,//H.)
plane computed from the GV superexponential collapse
probability Eq. (70), for collapse threshold 6. = 0.05
[panel (c)] and 6, = 0.10 [panel (d)]. The GV formula
contains no a dependence; the two panels illustrate instead
the sensitivity to J,.

Both panels display a sharply stratified color structure.
Below the fpgy = 1 contour (small /H.), the color is
yellow-green, corresponding to A ~ 1-10 (class I); fppy 1S
large here (PBH overproduction) and fine-tuning in f/H., is
mild. At and above the contour, the color transitions steeply
to teal and then dark purple: A jumps from ~100 to ~265
within a window A(f/H.,) ~ 0.1 around the contour. The
steep transition reflects the superexponential sensitivity of
Pco]l to ﬂ/H*

The fpgy = 1 contour (thick black) runs nearly hori-
zontally, at log;o(f/H.,) =~ 0.70 [panel (c), 5. = 0.05] and
~0.65 [panel (d), 6, = 0.10], spanning the full asteroid-
mass temperature range log;o(7,/GeV) € [4.7,7.6]. The
contour’s horizontal position shifts by Alog,,(f/H,) ~
0.05 between panels as 6, changes from 0.05 to 0.10; a
higher collapse threshold requires fewer surviving false-
vacuum patches, achieved at slightly lower f/H.,.

The natural island (green hatching, 0.1 < fpgy < 10
within the asteroid-mass window) is an extremely narrow,
nearly horizontal strip of total width ~0.09 in B/H,,
corresponding to an island half-width € ~ 0.26% [Eq. (6)],
consistent with A & 265 in both panels. The narrowness of
the hatched strip, compared with the broader islands visible
in Figs. 1(a) and 1(b), is itself a visual demonstration of the
class III fine-tuning severity.

The benchmark 7, = 10% GeV is marked by gold stars
in both panels; the required nucleation rate is g/H, = 5.0
[panel (c)] and 4.5 [panel (d)], and both stars lie precisely
on the fpgy = 1 contour at A ~ 265 [Eq. (72)]. The earlier
structural identity Ag/pl,. In[T,/(0.84T,,)] = 35
[Eq. (37)] was an exact result of the single-exponential
formula and has no direct analog in the GV formula; no
white A = 30 contour coincides with the fpgy = 1 contour
in these panels.

=1

D. Inflationary collapse: A two-layer structure

The three mechanisms analyzed above (biased domain
walls, early matter domination, and first-order phase
transitions) do not exhaust the list of PBH formation
channels. The most extensively studied mechanism in
the literature is the collapse of large-amplitude curvature
perturbations generated during single-field inflation. In the
standard picture, inflation produces a nearly scale-invariant
power spectrum of curvature perturbations Pg (k) whose
amplitude on CMB scales is Pr ~2 x 10™°. PBH for-
mation requires Pr ~ 1072 — 107> on sub-CMB scales
corresponding to the asteroid-mass Hubble horizon, an
enhancement of O(10°-107) relative to the CMB ampli-
tude [56,57]. Such an enhancement is typically achieved
through a feature in the single-field inflaton potential, most
commonly an inflection point or a phase of ultraslow-roll
(USR), during which the inflaton velocity is briefly reduced
to near zero, allowing quantum fluctuations to grow to large
amplitude on the scales that cross the Hubble horizon at
that moment [19,57]. The curvature perturbation variance o
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that enters the collapse formula [Eq. (23)] is related to the
power spectrum by o° ~ [ Pr(k)W?(k)dInk, where
W(k) is a window function on the formation scale ks

for a narrow peak at k¢, 0~ P;{z(kform), though more
generally ¢ depends on the full spectral shape through the
window-function integral. Since the present analysis treats
o as a free effective parameter, the precise form of this
relation does not affect the fine-tuning conclusions; the
model-building cost of generating the required large ¢ from
the inflaton potential is instead captured by the layer 2
analysis below.

I do not analyze inflationary PBH production in the same
detail as the previous three mechanisms, partly because its
fine-tuning has already received dedicated attention in the
literature [19-22], and partly for the methodological reason
explained in the opening of this section. Instead, building
on the fine-tuning audit of Cole, Gow, Byrnes, and Patil
[32], who established for single-field models the chain-rule
relation between the sensitivity of fpgy and that of the
curvature power-spectrum amplitude ¢ (discussed further
below), [ organize the inflationary fine-tuning into the same
two layers: a first layer capturing the sensitivity of the PBH
abundance to the curvature power spectrum amplitude o,
whose value depends critically on the reheating history, and
a second layer capturing the additional sensitivity of ¢ to
the inflaton potential coefficients. I extend this decom-
position systematically across the six inflationary model
classes considered here and two reheating scenarios,
clarifying why their fine-tuning spans more than seven
orders of magnitude.

The inflationary mechanism involves two successive
parameter-to-observable maps, each contributing independ-
ently to the total fine-tuning.

Layer 1: 6 — fppy. The form of the collapse fraction
B(c) depends on the equation of state at the epoch when the
enhanced perturbations reenter the Hubble horizon, and this
distinction is physically important for the fine-tuning
estimate.

For the early matter-domination mechanism of
Sec. III B, collapse occurs during a pressureless era and
is described by the HYKN formula (23) with threshold

5, ~0.05, giving AMP) ~ 14 [Eq. (27)]. T refer to this as the
layer 1 floor for the MDD case: it sets a minimum fine-tuning
cost independent of whatever mechanism generates the
required o.

For inflationary PBH models the background at reentry
depends critically on the reheating temperature 7',. Two
limiting cases arise.

Low reheating (T, < Trom)- If the inflaton decay rate is
small, the inflaton oscillates coherently after inflation ends
and the universe is matter-dominated at the epoch when the
formation-scale perturbations reenter the horizon [49,70].
In this case the collapse occurs in an MD background and
the HYKN formula with 6, ~ 0.05 applies, giving a layer 1
floor identical to the noninflationary early MD mechanism:

AMP) & 14, (38)

identical to Eq. (27). For asteroid-mass PBHs with
Tiorm ~ 10°=107 GeV, this requires T, < 107 GeV,
achievable in models with a weakly coupled inflaton sector.
Note that while the layer 1 floor is the same as in the
noninflationary early MD case, the two scenarios are
physically distinct: here ¢ is not a free initial condition
but is generated by the inflaton potential, and the additional
cost of achieving the required o is captured by layer 2.
High reheating (T, > Tiomy)- In the standard scenario
where reheating completes well before the formation scale
reenters the horizon, the background is radiation-domi-
nated at reentry [11]. The collapse fraction follows the
Press-Schechter form with §, =~ 0.45-0.55 [21]:

O,

1 4 5
Pro(o) = Eerfc <\/§6> ~ mexp <— ﬁ)’ (39)

where the approximation holds for 8./(v/26) > 1. Log-
differentiating Eq. (39):

8
— 1+ (40)
(o2

A(RD) _ dIn frp
’ dlno

For asteroid-mass PBH production one requires
Pro ~ 1070 — 10715, giving 62/(26%) #20-35, so o~
0.05-0.07 for 6, = 0.45-0.55. Evaluating Eq. (40):

AR %57-70  (6~0.06,5, ~045—055), (41)
approximately five times larger than the matter-dominated
value of Eq. (38), reflecting the much higher collapse
threshold in radiation domination.

The two layer 1 floors bracket the layer 1 contribution to
the fine-tuning of inflationary models:

A0 €, AN 14,57 -0, (@2)

depending entirely on the reheating history. Figure 2 dis-
plays A for both cases side by side, with the same x-axis
scale to make the factor-of-five shift in the layer 1 floor
directly visible; note that for model classes with large layer
2 sensitivity the total tuning is dominated by layer 2 and the
factor-of-five shift between panels becomes a small frac-
tional effect. The enhanced power spectrum required for
inflationary PBH production carries the same unavoidable
scalar-induced gravitational-wave (SIGW) background
prediction discussed in Sec. III B, with the additional
feature that the peak frequency and amplitude directly
encode the inflaton potential shape [56,75,76], making it a
particularly powerful discriminant between inflationary
PBH models.
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Layer 2: {c;} - 0. The additional tuning specific to
inflationary models enters through the mapping from the
inflaton potential coefficients {c; }—e.g., the height of the
inflection point, its slope, and the field value at which USR
begins—to the power spectrum amplitude ¢ on the for-
mation scale. Near an inflection point, the inflaton velocity
¢ passes through a local minimum whose depth is con-
trolled by the local slope c;jqp Of the potential. The power
spectrum amplitude depends on ¢~ at horizon crossing, so
it is exponentially sensitive t0 Cggpe:

0 X exp <— COHSt) . (43)

Cslope

A fractional change 6cgope/Csiope therefore produces a
fractional change 60/6 « 6cgope/ 2 an exponentially

slope”
amplified response. Hertzberg and Yamada [19] quantified
this explicitly for polynomial inflation potentials: a change
in the potential coefficients by one part in 10°-10%
(depending on the specific model) shifts the power spec-
trum peak amplitude by an order-one factor, implying
Ay, ~ 10°-10%. A systematic “fine-tuning audit” of sin-
gle-field PBH models by Cole, Gow, Byrnes, and Patil [32]
reached the same conclusion across three representative
classes of single-field potential (superposed-feature, poly-
nomial, and nonpolynomial), finding that the potential
coefficients must be tuned to between one part in ~10>
and one part in ~10® to hold the power-spectrum peak
amplitude fixed, in direct agreement with the layer 2 range
adopted here. Notably, Ref. [32] also separates this from the
additional sensitivity of the PBH abundance to the power-
spectrum amplitude, reporting that the latter contributes a
further factor of p ~22-38 [for radiation-dominated col-
lapse, with a value p ~ 62/207 that maps onto the layer 1

floor ARP) ~ 57-70 of Eq. (41), reduced to p ~ 5/4 in an
early matter-dominated era]. Their two-stage decomposi-
tion of the tuning is precisely the layer 2 x layer 1 structure
formalized in this paper, and provides an independent
cross-check of both factors. The total BG measure for
the potential coefficients is therefore the product of the two
layers,

Ao~ Ay X Ay, ~ (14=70) x (102 = 10%),  (44)

o/c
placing single-field inflationary collapse in class III or
beyond (as defined in Sec. V B) for essentially all realistic
potentials [20,21], with the layer 1 factor ranging from 14
(low-reheating MD collapse) to 57-70 (high-reheating RD
collapse) as discussed above. This double-exponential
structure has no analog in the three mechanisms analyzed
above, where the fundamental parameters (mgy, V;, T,
f/H,) map onto fpgy through at most one exponential, and
not through any hidden exponential in the parameter-to-
o map.

Note that the magnitude of layer 2 varies enormously
across inflationary model classes, as summarized in Fig. 2
and reviewed in detail in the next section. For single-field
USR and inflection-point potentials A,/ ~ 10?~108, plac-
ing the total fine-tuning firmly in class III or beyond
(Sec. V B) regardless of the reheating history. For multi-
field and spectator-field models A,/ ~2-10; the total
tuning then depends on whether collapse occurs in RD
(A = 115-700, class III for standard high reheating) or
MD (A ~21-140, class 1I to lower class III for low
reheating with T, < Tiom)- The severe fine-tuning of
single-field USR inflationary PBH production is a specific
pathology of models that rely on an exponentially sensitive
slow-roll feature to amplify the power spectrum; the
reheating history then sets the overall tuning scale for all
other inflationary model classes.

The recent analysis of Iovino and Riotto [22] reaches a
more optimistic conclusion by applying Wilson’s natural-
ness criterion to the potential coefficients rather than to o.
Their measure assigns a value close to unity even for fine-
tuned inflaton potentials because it is constructed to be
insensitive to the overall normalization of the abundance: a
potential that predicts fpgy = 0.001 and one that predicts
Sfpeu = | are treated as equally natural. The BG measure is
more conservative in this respect: it registers the full
sensitivity of fpgy to each parameter along the observable
contour fpgy = 1, and therefore captures the double-
exponential cost of maintaining that condition via an
inflection-point potential. Both approaches are internally
consistent, and answer complementary questions. The BG
question is: “how precisely must the potential coefficient ¢,
be specified to keep fpgy =~ 1?7” The Wilson question is:
“does a technically natural UV completion exist in which
¢y takes its current value?” For the cross-paradigm com-
parison of this paper, the BG question is the relevant one,
since it is the same question being asked of all other dark
matter mechanisms in the comparison.

1. Fine-tuning across inflationary model classes

The analysis above shows that the double-exponential
structure of layer 2 is a specific property of single-field
inflection-point or USR models, not a universal feature of
inflationary PBH production. Figure 2 quantifies layer 2
[,/ panel (a)] and the total fine-tuning A, for two

choices of layer 1 floor [panels (b) and (c)]: the matter-

dominated HYKN floor AM ~ 14 that applies when

Tieh S Tiorm (low reheating, inflaton-oscillation era at
reentry), and the radiation-dominated Press—Schechter

floor A,(,RD) ~ 57-70 that applies when Ty, > Ty (Stan-
dard high reheating). The x-axes of panels (b) and (c) are
identical to facilitate direct comparison; the pessimistic
USR row (A = 10°-10'9) is off the shared scale and
marked by an arrow. For reference, the three noninfla-
tionary PBH benchmarks are shown as vertical blue lines in
both total-tuning panels at A = 2, 14, and 35.
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I now discuss each model class in turn.

(a)

(b)

(©)

Curvaton and spectator-field models (A, ~ 2-3;
Ay = 115-210 [RD] or 21-42 [MD]). In the curvaton
mechanism, a light spectator field y with mass m, <
H,,; acquires perturbations 8y ~ Hy,;/(27) during
inflation and later converts them into curvature pertur-
bations when it decays [86,87]. PBH production
requires an enhanced curvature perturbation on sub-
CMB scales, which can be arranged if y rolls along a
self-interacting potential that generates a non-Gaussian
or scale-dependent signal on those scales [33,34]. The
key structural property is that the curvature power
spectrum scales as P o (Hiye/m, )*" for some integer
n > 1 depending on the interaction structure. The BG
sensitivity of ¢ to the curvaton mass is therefore
Apjm, =NR 1-2, and to the self-coupling A, ; ~ 1.
The combined layer 2is A, ~ 2-3. Multiplied by the

RD layer 1 floor ARY) &~ 57-70 [Eq. (41)], the total
fine-tuning is A, & 115-210 (class III, Sec. V B) for
standard high-reheating scenarios. For low-reheating
scenarios where collapse occurs during the inflaton-
oscillation matter-dominated era, the MD layer 1 floor
applies and the total reduces to A, &~ 21-42 (class II,
Sec. V B), comparable to the early matter-domination
mechanism of Sec. III B. The reheating temperature is
therefore a critical parameter that determines whether
curvaton PBH models belong to class II or class III.

Multifield stochastic inflation (A, = 2-10; Ay =~
115-700 [RD] or 28-140 [MD]). When the inflaton
traverses an approximately flat direction, quantum
diffusion can compete with or dominate the classical
drift, and the statistics of perturbations must be
described by a Fokker-Planck equation rather than
the standard linear perturbation theory [88]. In multi-
field models where a secondary field undergoes
stochastic diffusion, the power spectrum amplitude
on a given scale is controlled by the ratio Hi,s/ My,
where My, is the effective mass of the flat direction
[35,89]. Since P o (Hiy/Mpy)?*, the layer 2 sensi-
tivity is A,y ~ 2 per parameter, giving a combined
A,/c, #2-10 when multiple parameters of the flat-
direction potential contribute. Multiplied by the RD

layer 1 floor A((,RD) ~ 57-70 [Eq. (41)], the total fine-
tuning range is A, & 115-700 (class III, Sec. V B) for
high-reheating scenarios; with the MD floor the range
reduces to A~ 28-140, straddling the class II/III
boundary. The upper end of this range arises when the
stochastic enhancement requires the flat direction to
remain nearly degenerate with the inflationary trajec-
tory for a precise number of e-folds [35], introducing
additional sensitivity that stretches the layer 2 estimate
toward its upper bound.

Hybrid inflation with waterfall transition (A, .~
3-20; A~ 170-1400 [RD] or 42-280 [MD]).
In hybrid inflation, the inflaton ¢ rolls toward a

(d)

(e)
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critical value ¢, at which a “waterfall” field
becomes tachyonic and triggers the end of inflation
[90]. Near ¢, the perturbations of y are dramatically
amplified because its effective mass my ~ g*(¢ —

¢.)M~% — u? approaches zero, and regions where
the transition is delayed can collapse into PBHs
[36]. The curvature power spectrum amplitude scales
as a power law in the coupling g and the mass
parameter y: Pr o« g~ >"u>" for integers n, m depend-
ing on the potential shape, giving A,/ ~n and
A,/ ~ m. For a mild waterfall (|¢ — ¢.| not exponen-
tially small), n + m ~ 3-5 and the layer 2 tuning is
modest. However, as ¢ — ¢, more closely, the en-
hancement duration becomes exponentially sensitive
to the proximity to the critical point, stretching A, /.,
toward 10-20 at the upper end. Multiplied by the RD
layer 1 floor, the resulting total tuning is A, ~
170-1400 (class III, Sec. V B) for high-reheating
scenarios; with the MD floor the range is Ay, ~
42-280, in the lower part of class III.

Single-field with step or resonance feature
(Ay)c, # 10-100; Ay ~ 570-7000 [RD] or 140-
1400 [MD]). A sharp feature such as a step, a bump,
or a periodic modulation in the single-field inflaton
potential can resonantly amplify perturbations as
modes cross the feature [37,91]. For a step of height

h at field value ¢,, the peak power spectrum scales

roughly as P « k2, a polynomial relationship

giving A,/, ~ 1. The dominant source of layer 2
tuning is therefore not the feature amplitude but its
position: the resonance condition requires that pre-
cisely the modes corresponding to the asteroid-mass
scale cross the horizon when the inflaton is at the step
location. A small change d¢, in the step position shifts
the resonant scale by 6&k/k~ ¢/ (ds — Ppems)s
changing which physical scales are enhanced. In terms
of the inflaton potential coefficients, A/, ~ 10-50
because ¢, must be tuned at the 2%—10% level to
target the asteroid-mass window specifically. The
combined layer 2 is A,/ ~ 10-100; multiplied by
the RD layer 1 floor this gives A, & 570-7000 (class
III, Sec. V B) for high-reheating scenarios, or A, &
140-1400 with the MD floor. A key advantage of this
class of models is that the prediction is falsifiable: the
power spectrum feature also produces a distinctive
oscillatory signature in the SIGW background [91]
that is detectable by LISA for formation temperatures
in the asteroid-mass range.

Single-field USR / inflection point, optimistic
(Ayse, ® 102-10% A, ~6000-7 x 10*  [RD] or
1400 — 10* [MD]). For a single inflaton field with
an inflection point, the slow-roll velocity passes
through a local minimum controlled by the local slope
Cgope Of the potential. In the USR regime, quantum
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perturbations grow as 5¢p « 3/ rather than remaining

constant, amplifying the power spectrum by a factor
e%ANuse over ANygr e-folds of USR evolution [38].
The number of USR e-folds required to achieve Pp ~
1072 from a CMB-scale amplitude PEMB ~ 2 x 107°
is ANysr = 2.7, which in turn requires the potential
slope to satisfy cgope & const/ ANygg. In the optimistic
case, corresponding to potentials where the inflection
point is only mildly fine-tuned and the coefficients are
of order unity, A,/ =~ const/cgqpe ~ 10%-10° (the
Hertzberg-Yamada lower-end result [19]). The sys-
tematic polynomial-potential analysis of Ballesteros
et al. [92], performed independently of and consistent
with Hertzberg and Yamada [19], confirms that the
required tuning of the potential coefficients depends
sensitively on the polynomial order and the number of
terms retained. Multiplied by the RD layer 1 floor, the
total tuning is Ay, ~ 6000-7 x 10* (high-reheating) or
Ay ~ 1400-10* (low-reheating), in either case deep in
class IIT (Sec. V B); a change of order 0.1% in the
inflaton potential slope is sufficient to miss the target
abundance by a factor of order unity.

(f) Single-field USR / inflection point, pessimistic
(Ayse, ® 10°-10%; A 2 10 [RD] or 210° [MD]).
For a generic polynomial inflaton potential, the
relation between the potential coefficients at the
inflection point and the resulting power spectrum
amplitude is far more sensitive than the optimistic
case suggests. A detailed analysis of polynomial
potentials of the form V(¢) = V[l + a,(¢p/M)? +
az(¢p/M)3 + ...] by Hertzberg and Yamada [19] and
by Kannike er al. [39] shows that the required
amplitude Pr ~ 1072 at k¢, is consistent with the
CMB constraint P ~2 x 107 at keyg only if the
potential coefficients satisfy a set of near-cancellation
conditions. In the generic case, achieving both con-
straints simultaneously requires tuning the coefficients
to within one part in 10°~108, giving A, /., ~ 10°~108.
Multiplied by the RD layer 1 floor, the resulting total
fine-tuning reaches A,y = 10" (high-reheating) or
A = 10° (low-reheating), far exceeding any other
scenario considered in this paper in either case. This
pessimistic range represents the majority of the
parameter space for generic polynomial inflaton po-
tentials; the optimistic range is accessible only in
models with additional symmetry or structure that
correlates the potential coefficients in a way that
reduces the cancellation requirement.

The overall message of Fig. 2 is stark: the fine-tuning of
inflationary PBH production spans more than seven orders
of magnitude depending on the model class, in either
reheating scenario. For low reheating (7o, < Tiorm» MD
layer 1 floor), curvaton and spectator-field models

(A ® 21-42) fall in class II, comparable to the noninfla-
tionary early MD mechanism and to coannihilating-WIMP
dark matter. For high reheating (7', > Ty, RD layer 1
floor), every inflationary class falls in class III or beyond;
the most natural class (curvaton/spectator, A, ~ 115-210)
is roughly five times more tuned than the corresponding
low-reheating estimate, reflecting the factor-of-five ratio of
the two layer 1 floors—a shift that is clearly visible for
model classes with small layer 2 sensitivity, but becomes a
minor correction when layer 2 dominates. In both cases the
layer 2 sensitivity A,/., spans five orders of magnitude
from curvaton models to single-field USR potentials, so
the mechanism for enhancing the power spectrum remains
the most physically informative quantity regardless of the
reheating history.

IV. PARTICLE DARK MATTER BENCHMARKS

I now apply the same BG protocol to seven particle dark
matter benchmarks spanning four production paradigms:
thermal-relic WIMPs (B1-B3), freeze-in (B4), asymmetric
dark matter (BS5), and axions (B6, B7). The purpose is not
to provide a comprehensive survey of the particle dark
matter landscape, but to place specific, representative
benchmarks into the same quantitative framework used
for the PBH constructions in Sec. III. The benchmarks are
chosen to span the full range of BG fine-tuning observed in
the particle literature and to correspond to physically well-
motivated, phenomenologically viable scenarios.

A. Thermal-relic WIMPs

Thermal relics freeze out when their annihilation rate
falls below the Hubble rate at temperature T, = M, /xp
with xp ~ 25 [1,93]. The relic abundance is then deter-
mined by the Lee-Weinberg relation

, 107 x10° GeV~'xp
Q h” ~ 7
g "Mpi(ov)q,

» , (45)

where g, ~ 86 counts the effective relativistic degrees
of freedom at freeze-out and (ov)g is the thermally
averaged annihilation cross section evaluated at 7,. The
“WIMP miracle” is the observation that for M, ~ 100 GeV
and  gauge-coupling-strength  (6v) ~ a3,/ M3, ~ 6.7 X
107 GeV~2, Eq. (45) gives Qh>~0.12 [1]. I analyze
three qualitatively distinct WIMP benchmarks that span the
range of BG fine-tuning encountered in this paradigm.

1. Off-resonance Higgs-portal singlet (B1)

The simplest renormalizable portal between the Standard
Model and a dark sector is the real singlet scalar S with
Lagrangian

1 1 2
£33 (05)* — 5Mgs2 - ? S2H'H, (46)
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where Ayg is the Higgs-portal coupling [94-96]. After
electroweak symmetry breaking, S acquires an effective
coupling to the physical Higgs & and annihilates through
SS — hh, WW, ZZ, ff channels. In the off-resonance
regime Mg > M, /2, the thermally averaged cross section
for these channels scales as

2

A
(ov) = M5 = 2.60(2 TeV/Mj)?, (47)
8zM: S

where 6, = 6.7 x 107 GeV~? is calibrated so that the
benchmark B1 (Mg = 2 TeV, Ayg = 1.0) satisfies Qh*> =
0.12 exactly. Substituting into Eq. (45),

Qh? x = (48)

a pure power-law in both parameters. Log-differentiation
gives immediately

ALY =2,

s

Al =2, ABD —2.  (49)
These are constants, independent of (M, Ays), for the same
structural reason as the domain-wall PBH: the abundance is
a monomial in the parameters.

The spin-independent direct-detection cross section at
benchmark Bl is o~ 1.3 x 107 ¢cm?, more than two
orders of magnitude below the LZ 2024 limit at
Mg =2 TeV. Benchmark B1 is therefore currently uncon-
strained by direct detection, and lies in the “decoupling”
regime of the singlet parameter space where the WIMP is
heavy enough to satisfy both relic density and direct-
detection constraints without fine-tuning.

2. Higgs-funnel resonant singlet (B2)

When Mg~ M,/2~62.5 GeV, the annihilation pro-
ceeds through an s-channel Higgs resonance. The thermally
averaged cross section is enhanced relative to the off-
resonance value by a Breit-Wigner factor,

Rmax(l—‘hluh)2
Sett = M7)* + (TyMy,)*

<6U>res = <0v>off X ( (50)

where sq¢ = 4M%(1 + 3/2xp) is the center-of-mass energy
squared evaluated at the freeze-out temperature, I, =
4.07 x 1073 GeV is the total Higgs width, and R, ~
10* is the peak resonance enhancement after thermal
averaging [29,97]. Benchmark B2 (Mg = 60.7 GeV,
Aus = 0.026) is calibrated so that Qh> =0.12 on the
near-resonance tail.

The BG measure in the resonant regime is dominated by
the sensitivity of s.; — M3 to My: a fractional shift € in M
shifts the denominator in Eq. (50) by &(s.; — M7) ~ 8M3e,
producing a fractional change in (ov) of order

8M%/(T,M}). More precisely, numerical evaluation at
B2 gives
Al ~ 6500,

ABY =2 AB2 ~6500. (51)
s

The coupling sensitivity remains at 2 because (ov) « A%
regardless of whether the resonance is resolved, but the
mass sensitivity is set by the inverse fractional pole width:
Ay ~8M3/(T,M,,) ~ 4M,, /T, ~ 1.2 x 10°, reduced to
~6500 by thermal averaging at finite x . This is the “funnel
tuning” that appears generically in models where the relic
density is set by a resonant annihilation channel, including
the A-funnel of the MSSM [29] and the Z-funnel of Higgs-
portal dark matter.

The benchmark B2 is not yet excluded by LZ 2024
(651~ 9 x 107° cm?, well below the sensitivity limit at
60 GeV), but the combination of small coupling required
by the relic density and the extreme sensitivity of the
abundance to Mgy makes this benchmark qualitatively
distinct from B1: it is natural in Azg but requires the singlet
mass to be fixed at the subpercent level.

3. Coannihilating MSSM bino (B3)

When the lightest supersymmetric particle (LSP) is a
binolike neutralino y with mass M, its self-annihilation
cross section is suppressed by the hypercharge coupling
and the typically large sfermion masses appearing in
t-channel exchange diagrams. The relic density from bino
self-annihilation alone generically exceeds Qh? = 0.12 by
orders of magnitude. Coannihilation with a nearly degen-
erate next-to-lightest supersymmetric particle (NLSP)
resolves this by augmenting the effective annihilation rate
with the NLSP’s own (typically gauge-strength) cross
section, weighted by the Boltzmann-suppressed NLSP
number density at freeze-out [29,30]:

(00)egr & (00),, + 20eitf (xF)1/ (00),, (6V)NLSP

+ g% (xp ) (60) NP (52)

where g.¢; &~ 4 counts the NLSP internal degrees of freedom
relative to the bino, and f(xz)=(146)%?exp(—bxy)
with § = (My.sp — M)/ M, is the Boltzmann suppression
factor. The benchmark B3 (M, =1 TeV, My.sp=~
1.0515 TeV, i.e. 6 ~0.0515, recalibrated from an earlier
Mysp = 1.05 TeV so that QAh? lands exactly on the target
contour rather than 0.112) is calibrated so that Qh* =
0.1200 with (ov)xpsp = 0.660(1 TeV/M,,)%.

As discussed in Sec. II B, the BG derivatives must be
taken with respect to the fundamental soft masses (M,,
My sp) rather than the derived splitting 6. The exponential
factor f(xr) = (1 + 8)¥2e~%r gives, at fixed M,
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dIn{ov) 4 My sp
— Ty Sxp—— = =Sxp(1 4 ), 53
Mo % = o (140), (33)

and the BG measure on € (which is inversely proportional
to (o)) satisfies

®3) _ Masp ., Mnisp
AMNLSP ~Xp MX ~ 26 MX . (54)

Atbenchmark B3, My sp/M,~1.0515, giving Ay, =48,
while Ay, ~ 46 from the overall (ov)y; sp & M;? depend-

ence. The total measure is A(B3) =48,

This result places the coannihilating WIMP solidly in the
same tier as PBH early matter domination (A = 14), and,
within the single-exponential approximation, alongside
FOPT-PBH dark matter (A = 35; Sec. VIB shows this
rises to =265, class III, under the more accurate super-
exponential treatment). The shared structural reason, at the
level of the single-exponential approximation, is that all
three constructions contain a single exponential whose
argument is forced by the requirement = Qpy to equal
In(Tgorm/Teq) OF X6, respectively (see Sec. V C). The BG
landscape of Fig. 3(b), computed in the (M, My sp) plane,
shows the natural island as a narrow teal-colored strip
hugging the diagonal My sp = M, at a fixed A ~ 48 set by
xpMyisp/M, across the full mass range 100 GeV to
10 TeV.

B. Freeze-in (FIMP)

1. Production mechanism and abundance map

Feebly interacting massive particles (FIMPs) [6,7] never
reach thermal equilibrium with the Standard Model bath;
instead, they are produced gradually in the forward
direction through infrequent collisions or decays. In the
IR-dominated freeze-in scenario relevant here, production
is dominated by decays of a heavy Standard Model or dark-
sector mediator B with mass Mp and decay coupling y to
two DM particles, B — DM + X. Following Hall et al. [6],
the yield produced by this mechanism from 7" > M g down
to7T =0is

i 45)(1:1 szPI .
= . = Ky
p 93/2 My

y2Mp
My

Yer : (55)

where K ~ 1.7 x 1073 for g, = 100 and Xp; is a dimen-
sionless integral of order unity that depends mildly on the
spin of B. The present-day dark matter abundance is then

— 5 & Mpyy? (56)

where so/(p./h*)~2.7x 108 GeV~! converts yield to Qh?
[93]. I fix the mediator mass Mz = 100 GeV (electroweak

scale) as a representative choice; the scaling Qh? « M3!
means that changing M by a factor of 10 shifts the natural
value of y by a factor of \/10, but does not change the BG
measure.

Benchmark B4 is defined by Mpy =1 GeV and
y = 1.46 x 10712, giving Qh*> = 0.120.

2. Fine-tuning structure

Since Eq. (56) is a pure monomial in (Mpy,y) with
fixed Mp,

A =1, A =2, aABY=2 (57)
exactly, everywhere in the (Mpy;,y) plane. The mass
sensitivity is unity because o My, linearly; the coupling
sensitivity is two because Q o y?. These are constants,
independent of the benchmark point, for the same structural
reason as benchmark B1 and the biased-domain-wall PBH:
the abundance map is a power-law monomial with no
exponential, resonance, or cancellation.

The FIMP scenario is thus as natural as the off-resonance
WIMP by the BG criterion, despite the coupling being
smaller by nine orders of magnitude. The feebleness of the
coupling is not fine-tuning in the BG sense; it is, rather, the
prediction of the freeze-in mechanism, which requires
y ~ 107!2 to avoid thermalizing the DM sector. What the
BG measure quantifies is not the smallness of y itself, but
the sensitivity of Qh? to fractional variations of y; a factor-
of-two change in y changes QA by a factor of four, which
is A, =2, perfectly natural.

3. Parameter-space heatmap

Figure 4(a) shows log;y A in the (Mpy;,y) plane for
Mpg = 100 GeV. The panel is uniformly pale yellow at the
minimum of the color scale (A =2) throughout the
physically accessible region, with the natural island (green
hatching along the Qh? = 0.12 contour) forming a clean
diagonal stripe of slope —1/2 in the log-log plane, as

expected from y «x M 511\,{2 at fixed Q. The red-shaded region
at Mpy < 3 keV marks the Lyman-a forest exclusion for
freeze-in production from a 100-GeV mediator [41,42].
Benchmark B4 (gold star) lies at the center of the natural
island in the phenomenologically well-motivated GeV
mass range. The uniformity of the heatmap is perhaps
the most striking visual feature of the FIMP panel: there are
no gradients, no tuned corners, and no preferred points
other than those set by external constraints.

C. Asymmetric dark matter

1. Abundance map and fine-tuning

Asymmetric dark matter (ADM) [8,9] posits that the
present-day dark matter abundance is set not by thermal
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freeze-out but by a primordial asymmetry between
DM particles and antiparticles, generated by the same
baryogenesis mechanism that produced the baryon asym-
metry. If the DM asymmetry per comoving entropy is
npm = (npm — npy;)/s. and all DM is annihilated away
efficiently (as required for the mechanism to work), then

Q M
SOM_ZDMp o g= M (58)
Qb mp B
where m, = 0.938 GeV is the proton mass and 17z ~ 8.7 x

10~!'! is the baryon asymmetry [25]. With Q,h> = 0.0224
and Qpyh?® = 0.120, the observed ratio Qpy/Q), = 5.4
requires

MpyR ~5.0m, ~ 4.7 GeV. (59)

The natural island in the (Mpy, R) plane is the hyperbola
Mpy X R = 4.7 GeV (or within a factor of two thereof),
ranging from the proton mass at R =5 to multi-TeV
masses at R~ 107°. Benchmark B5 is defined by
Mpy = 5.0 GeV, R =1 (equal DM and baryon asymme-
tries), a canonical choice motivated by models in which
baryogenesis and DM asymmetry generation proceed via
the same operator [9].

Since Eq. (58) is linear in both Mpy; and R,

A =1, ARV =1, ABY =1 (60)
This is the minimum possible BG measure for a nontrivial
abundance map: A =1 means the abundance is simply
proportional to the parameter, and a factor-of-two change in
either Mpy or R produces a factor-of-two change in
Qpyh?. Asymmetric dark matter is the most natural dark
matter scenario in the full comparison precisely because its
abundance is set by a ratio of number densities (R) that is
itself a direct observable, and by the particle mass Mpy,
both entering linearly.

Figure 4(b) shows the ADM parameter space in the
(Mpm, R) plane. The panel is uniformly yellow at A = 1
throughout, with the natural island forming the Mpy X
R = 4.7 GeV diagonal. The cyan dashed line at R =1
marks the “canonical ADM” locus where DM and baryon
asymmetries are equal; benchmark B35 sits at its intersection
with the natural island.

D. Axions

The QCD axion [3-5] acquires a mass m, =~
5.7 ueV(10'? GeV/f,) from nonperturbative QCD effects,
where f, is the Peccei-Quinn (PQ) symmetry-breaking
scale. Its cosmological abundance depends critically on
whether PQ symmetry breaks before or after inflation,
leading to two qualitatively distinct scenarios with different
numbers of free parameters and different BG structures.

1. Misalignment (preinflationary PQ breaking)

If PQ symmetry breaks before the end of inflation, the
axion field 6 = a/f, is homogenized over superhorizon
scales and takes a single value 6; € |-, | throughout our
observable Universe (the “misalignment angle””). When the
Hubble rate falls below the axion mass at temperature
T osc ~ Aqeps the field begins to oscillate coherently around
0 = 0, and the energy density of these oscillations con-
stitutes the dark matter relic. Including the anharmonic
correction F(0;) that becomes important as 6; — = [98],

fa 1.19
Qh2~0.1862 (m F6;).  (61)

where the exponent 1.19 arises from the temperature
dependence of the axion mass near the QCD transition
[99] and F(0;) is a smooth, monotonically increasing
function satisfying F(60;) - 1 as ; — 0 and F(0;) - o
as 0; — rm [98]. Benchmark B6 is defined by f, =
10" GeV and 0, ~0.787 (recalibrated from an earlier
0; = 0.82), which gives Qh> =0.1200 exactly, with
F(0;) ~ 1 (anharmonic corrections are $10% at this angle),
so that the benchmark now lands precisely on the target
contour rather than 9% above it.

The BG sensitivities follow from log-differentiation of
Eq. (61):

B6
APY = 119, (62)
dlnF
AP =246, x22  (6,~0.787), (63)

00,

giving AB® = max(1.19,2.2) = 2.2.

This places the misalignment axion with 6; ~1 com-
fortably in the natural tier (class I of Sec. V B). However,
there is an important subtlety that the BG measure
alone does not capture. If f, is large (e.g., f, =
10'® GeV as in models with a GUT-scale or string-theoretic
PQ scale), then Qh* = 0.12 requires a small misalignment
angle 6; =~ (0.18(f,/10'2)119)71/2 3 x 1073, well below
the natural value of order unity. The local BG sensitivity at
this point remains A = 2, but since 6; is a cosmological
initial condition with a flat prior on [—z, x|, the prior
probability of landing at 6, <3 x 1073 is ~1073, corre-
sponding to a “prior tuning” of ~300 that the BG measure
does not register. This distinction between local sensitivity
and prior probability is discussed in detail in Sec. V E.

Figure 5(a) displays the (f,,6;) parameter space.
The BG heatmap transitions from yellow-green at
moderate f, (where A ~ 2.2, dominated by Ay) to yellow
at small 0; [where anharmonic contributions vanish and
A - max(1.19,2) =2]. Near 0; > = (magenta dash-
dotted line), Ay, diverges with the anharmonic enhance-
ment, visible as a color gradient toward the top of the panel.
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The natural island (green hatching) runs diagonally across
the panel following the Qh? = 0.12 contour, from large f,
and small ; to small f, and 8; ~ 1. The benchmark B6
(gold star, f, = 10'> GeV, 6, ~0.787) and the anthropic
benchmark B6,,, (orange square, f, = 10'¢ GeV,
0; ~3 x 1073) both lie on the QA% = 0.12 contour, both
with A =2, illustrating that the BG measure does not
distinguish between them.

2. Postinflationary PQ (string decay)

If PQ symmetry breaks after inflation, different Hubble
patches independently choose their phase when the U(1 )PQ
symmetry breaks, and the axion field has no single
misalignment angle. Instead, a network of cosmic strings
forms at the PQ transition and radiates axions as it evolves;
the axion relic density is dominated by the string-network
emission rather than by misalignment [100,101]. In this
scenario the yield depends only on f, through the string
tension y  f2 and the mass m,  f;', with no free initial
condition #;. Large-scale numerical simulations [43] find

fa 119
(o) ©

where C~0.12 is calibrated so that f, =5 x 10' GeV
gives the observed abundance, and the exponent 1.19 is the
same as in the misalignment case. The simulation of
Ref. [43] gives a preferred range f,~(2—38) x 10'° GeV
at 95% confidence, incorporating uncertainties from the
string network logarithm and from the QCD mass
modeling.

The BG measure for the postinflationary scenario has
only a single parameter:

Q,h* ~

AP =119V £, (65)
This is the lowest BG fine-tuning of any construction in the
comparison after pure asymmetric dark matter (A = 1), and
it applies globally—not just at a benchmark, but over the
entire parameter space. The postinflationary axion scenario
is also the most predictive dark matter construction in
the comparison: it has a single parameter f, that is
constrained from above by the requirement Qh? < 0.12,
from below by astrophysical bounds on the axion-photon
coupling [102], and is now being targeted directly by
cavity haloscope experiments [103,104] and by the CMB
Stage-4 spectral distortion measurements expected to probe
fa<3x 10" GeV [105]. Benchmark B7 is defined
by f, =5 x 10'° GeV.

Figure 5(b) displays Q,h* as a function of f, (black
curve) against the constant A = 1.19 background. The
entire panel is a uniform pale yellow, the minimum of the
shared color scale, confirming that the postinflationary
axion scenario sits at the floor of BG fine-tuning across all

scales. The cyan band marks the preferred f, range from
the Buschmann et al. [43] simulations, which corresponds
to the portion of the natural island (green shading)
constrained by current simulations. The benchmark B7
(gold star) lies within both the green and cyan bands
simultaneously.

V. COMPARISON AND STRUCTURAL INSIGHTS
A. The sensitivity hierarchy

Table II ranks all twelve scenarios by Agpg, ordered from
most natural to most tuned, and assigns each to one of the
three universality classes defined in Sec. V B. The data

TABLE II. Barbieri-Giudice sensitivity measure at bench-
marks. Scenarios are listed in order of increasing A. The “type”
column indicates the production paradigm. The inflationary-
collapse entry is a lower-end estimate (Sec. III D); the corre-
sponding bar in Fig. 6 is shown truncated. For the first-order
phase transition mechanism the transition strength parameter o
has A, = 3—4 (class I) and does not drive the dominant tuning;
only the nucleation rate #/H, is reported here. All inflationary
model classes (Fig. 2) fall in class III or beyond for standard
high-reheating scenarios [7e;, > Torm», RD layer 1 floor A,(,RD)z
57-70]; curvaton and spectator-field models move to class II

for low-reheating scenarios [7, < Trom, MD layer 1 floor

AS,MD) ~ 14]. The two first-order phase transition benchmarks
(6, = 0.05 and 6. = 0.10, replacing the earlier « = 0.3 and a =
1.0 parametrization) are listed separately in Table III to demon-
strate J.-sensitivity, but are counted as a single mechanism here.

Scenario (benchmark) Type A Tier
Asymmetric DM (BS5) ADM 1.0 1
Axion: postinflationary (B7) Axion 1.19 I
PBH: DW, gravity-fixed bias PBH 2.0 I
WIMP: off-resonance (B1) WIMP 2.0 1
FIMP: freeze-in (B4) FIMP 2.0 1
Axion: misalignment (B6) Axion 2.2 1
PBH: DW, free V, PBH 4.5 I
PBH: early matter dom. PBH 14 I
WIMP: coannihilation (B3) WIMP 48 1T
PBH: phase transition PBH 265" ur
WIMP: Higgs funnel (B2) WIMP 6500 1
PBH: inflation, single-field PBH >103 -

A =~265 wuses the more accurate super-exponential
collapse probability of Ref. [46] (Sec. VIB), evaluated at the
benchmark f/H, ~ 8; tracing the abundance to the underlying
scalar potential gives A~103-10* (Sec. VIB). The single-
exponential approximation Eq. (30), retained in Sec. V C solely
to illustrate the analytic structural identity of Eq. (68), gives the
smaller value A = 35 (class II) and is not adopted as the reported
tier for this mechanism.

The quoted value is a lower-end estimate for single-field
ultraslow-roll and inflection-point models. Curvaton and spectator-
field inflationary models are substantially more natural: A ~ 21-42
(class II) for low-reheating scenarios (7o, < Tiom, MD layer 1
floor), rising to A &~ 115-210 (class III) for standard high-reheating
scenarios (T, > Trom»> RD layer 1 floor); see Sec. I1I D and Fig. 2.
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Barbieri--Giudice fine-tuning A =max|dlnQ/dlnz;|

FIG. 6. Summary of the Barbieri-Giudice sensitivity measure A at the benchmark points listed in Table II, ordered from most natural
(bottom) to most tuned (top). Bar colors indicate the production paradigm: blue = PBH, red = thermal — relic WIMP,
green = freeze — in (FIMP), purple = asymmetric dark matter, pink = axion. Background shading indicates qualitative tuning tiers:
green (A < 10, natural), yellow (10 < A < 100, mild tuning), orange (100 < A < 1000, tuned), red (A > 1000, highly tuned). The
topmost bar (PBH: inflation, single-field) is shown hatched and truncated with an arrow: the value is a lower-end estimate A > 10°
derived from Eq. (44), with the precise value model-dependent and potentially orders of magnitude larger (see Secs. III D and V B). The
FOPT-PBH bar reflects the super-exponential collapse probability of Ref. [46] [Eq. (70)], giving A ~ 265 (class III). The single-
exponential value A ~ 35 [Eq. (30)] is retained only as an analytic illustration in Sec. III C and Eq. (37). The microphysical estimate
gives A ~ 10°-10* [Sec. VI B, Eq. (72)]. All inflationary model classes fall in class III or beyond once the correct radiation-dominated

layer 1 floor is applied (Secs. III D and VI B).

reveal a clear three-tier structure whose boundaries are set
by the analytic form of the abundance map, not by the
nature of the dark matter candidate.

B. Three universality classes

The twelve scenarios fall into three qualitatively distinct
tiers distinguished by the analytic form of their abundance
maps; the precise definitions and membership are given
below, and Fig. 6 summarizes the hierarchy visually.

Before discussing each tier, I compare Apg against two
related quantities, Agg and €, both defined in Sec. IT A.
Table III reports all three measures, Agg, Agr, and e, for
every benchmark. The key observations are: (i) Agg and
Apg agree to within 40% for all scenarios except B3, where
both soft masses are nearly equally sensitive (A, = 46,

Ay = 48), giving Agg = V467 + 482 ~ 67, a factor of
/2 above Agg = 48. For all single-parameter-dominated
scenarios (B2, the two FOPT benchmarks, the MD case),
SR and BG are identical to three significant figures. (ii) The
island half-width ¢ is, by construction, a monotonic
function of Agg through ¢ ~ 0.69/Agg [Eq. (6)]; it there-
fore carries no information beyond Agg itself, and I report
it purely as an operationally transparent restatement, with
values ranging from € = 75% for ADM to € < 0.1% for the
Higgs-funnel WIMP. (iii) No scenario changes tier under
Agr. This is a consequence of the fact that no benchmark
studied here has more than two comparably sensitive
parameters, which bounds the SR/BG shift at V2, while
the tier boundaries adopted below are separated by roughly
an order of magnitude; it is a mild consistency check
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TABLE III. Benchmark calibration and sensitivity measures. For each scenario the fundamental parameters are listed with their
benchmark values, the resulting abundance (“QAh>” denotes Qpyh? for particle DM scenarios and fpgy for PBH scenarios; see
Sec. II C), the individual BG sensitivities A| and A, in the order listed in the parameters column, and the three summary measures: the
Barbieri-Giudice measure Agg = max; A; [Eq. (1)], the Strumia—Rattazzi quadrature measure Agg = (3°; A?)!/? [Eq. (5)], and the
fractional island half-width € = Axeps/Xcens in the most-sensitive parameter direction [Eq. (6), factor-of-2 abundance band]. For the two
FOPT benchmarks the transition strength @ has A, ~ 3—4 and does not drive the dominant tuning; it is omitted from A;/A, and the
benchmarks are listed separately only to demonstrate the a-independence established in Eq. (37). The tabulated A; for both FOPT
benchmarks is the super-exponential value of Sec. VIB [Eq. (72)], not the single-exponential approximation of Eq. (30) used for
illustration in Sec. V C and in the heatmaps of Figs. 1(c) and 1(d). Benchmarks B6 and B3 have been recalibrated (from 6; = 0.82 and
My sp = 1.05 TeV, respectively) so that both now hit Q4> = 0.120 exactly, as the method requires, rather than landing nearby within
the factor-of-two natural island as in an earlier version of this table. All derivatives are computed via Eq. (9) with 7 = 107* and verified

analytically where tractable (Appendix A).

Scenario Parameters (benchmark values) Qh? Ay A, Agg Agr € (%) Tier
PBH-DW (free V) n=24x10°GeV, V, =2 TeV 1.02 45 2.0 4.5 49 155 I
PBH-DW (gravity-fixed) n=3x10° GeV 1.10 2.0 e 2.0 2.0 354 I
PBH-MD my =9 % 1019 GeV, 6 = 0.055 0.120 1.5 14.4 14.4 14.5 4.8 I
PBH-FOPT (6, = 0.05) T, =10° GeV, f/H, =5.0 1.000 265 1.0 265 265 0.26 1
PBH-FOPT (6, = 0.10) T,=10°GeV, g/H, = 4.5 1.000 265 1.0 265 265 0.26 1
WIMP B1 (off-res.) Mg =2TeV, Ayg=1.0 0.120 2.0 2.0 2.0 2.8 354 I
WIMP B2 (Higgs funnel) Mg = 60.7 GeV, Ayg = 0.026 0.120 6505 2.0 6505 6505 < 0.1 I
WIMP B3 (coann.) M, =1TeV, My sp =~ 1.0515 TeV 0.120 46.0 48.0 48.0 66.5 1.4 II
FIMP B4 Mpy =1GeV, y =146 x 10712 0.120 1.0 2.0 2.0 2.2 354 I
ADM BS5 Mpy =5.0GeV,R=1.0 0.120 1.0 1.0 1.0 1.4 75.0 I
Axion B6 (mis.) fa=10" GeV, 0, ~0.787 0.120 1.2 2.2 2.2 2.5 322 I
Axion B7 (postinf.) fa=5x109 GeV 0.120 1.2 1.2 1.2 61.6 I

specific to the present benchmark set, not a demonstration
that the three-tier classification is independent of the choice
of measure in general.

Figure 7 displays this comparison visually. The left panel
shows paired horizontal bars for Apg (solid) and Agy
(hatched, same color) for all twelve benchmarks on a
logarithmic scale, with the island half-width e read off the
top axis. The sole exception is benchmark B3 (WIMP
coannihilation), whose SR bar (66.5, hatched) visibly
extends beyond its BG bar (48.0, solid): the two soft
masses M, and My, sp contribute nearly equally to the log-

gradient, so the quadrature adds a factor ~+/2. The right
panel confirms this geometrically on a log—log scatter of
Agr Vs Agg: every scenario except B3 lies on the solid
reference line Agg = Apg; B3 lies exactly on the dashed
\/§ line. No scenario changes tier under either measure in
this benchmark set.

Class I: power-law constructions (A <5). In these
scenarios Qh® is a monomial in the input parameters,
Qh* « [];x{", so that A; = |a,;| exactly. There is no
exponential factor, no resonant enhancement, and no
cancellation between large contributions. class I contains
seven of the twelve scenarios: asymmetric dark matter
(A =1), the postinflationary axion (A = 1.19), biased-
domain-wall PBHs with gravity-induced bias (A = 2), the
off-resonance WIMP (A = 2), freeze-in via mediator decay
(A =2), the misalignment axion at 6;~1 (A =2.2),
and biased-domain-wall PBHs with free V, (A =4.5).

The striking feature of class I is its diversity: it contains
representatives from every production paradigm: gravita-
tional PBH formation, thermal freeze-out, nonthermal
freeze-in, asymmetric generation, and wave-mechanical
misalignment. Fine-tuning is evidently not a property of
the nature of dark matter, but of its abundance map.

Note that the transition strength a is a class I parameter for
the FOPT mechanism. At fixed 7',, the fpgy = 1 contour in
the (a.p/H,) plane satisfies f/H,=In[T,/(0.84T,)]/
S(a), shifting by only 56% as a ranges from 0 to co. The
BG derivative in the a direction evaluates to A, = f/H,, -
0.6a/(a+0.3)> % 3—4 on the natural island, placing «
firmly in class I alongside the domain-wall and off-reso-
nance WIMP parameters. The dominant tuning cost of the
FOPT mechanism is carried entirely by f/H,, with a a
spectator that shifts the required nucleation rate by a modest
and calculable amount.

Class II: single-exponential constructions (A ~ 15-50).
These scenarios contain exactly one exponential factor in
Qh?, whose argument is forced by Q = Qpy, to be of order
In(Tform/Teq) OF Xp. Class II robustly contains two scenar-
ios: PBH early matter domination (A = 14) and WIMP
coannihilation (A = 48). FOPT-PBH falls in this tier only
within the single-exponential approximation (A = 35); the
more accurate treatment discussed below places it in class
III instead. Despite spanning modulus decay, hidden-sector
percolation, and electroweak-scale MSSM thermodynam-
ics, the two robust members share the same tier because
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FIG. 7. Comparison of the Barbieri-Giudice (Agg), Strumia-Rattazzi (Aggr), and island half-width (¢) sensitivity measures across all
benchmarks of Table III. Left: paired horizontal bars for Agg (solid) and Agg (hatched, lighter); the top axis reads off ¢ = 0.693/Apg
directly as a percentage. Bar colors follow the paradigm convention of Fig. 6. Background shading bands mark the three tiers. Right:
Agr vs Agg on log-log axes. Marker shapes distinguish class I (circles), class II (squares), and class III (diamond). The solid gray
diagonal is Aqg = Agg; the dashed line shows Aqg = v/2Apg, the expectation for two equally sensitive parameters. All scenarios lie on
the solid diagonal except B3 (WIMP coannihilation, red square), which sits on the dashed line because both soft masses contribute
equally. No scenario changes tier under either measure in this benchmark set. Both FOPT benchmarks (6, = 0.05 and 6, = 0.10,
replacing the earlier « = 0.3 and @ = 1.0 parametrization) are shown at Agg = Aggr = 265 with diamond (class III) markers, reflecting
the super-exponential GV formula Eq. (70). The single-exponential value A = 35 (class II) is no longer plotted here; it appears only in

the analytic illustration of Sec. III C.

each uses a single exponential to bridge the gap between a
naturally large formation/annihilation rate and the small
residual required by Qpy. None of the inflationary PBH
model classes belong to class II for standard high-
reheating scenarios, once the correct radiation-dominated

layer 1 floor [AS,RD) ~ 57-70, Eq. (41)] is used. However,
for low-reheating scenarios in which the inflaton-
oscillation era is still ongoing when the formation-scale
perturbations reenter the horizon (T, < Tiorm), the MD
layer 1 floor applies and curvaton/spectator models
(At = 21-42) return to class II; see Eq. (42) and
Fig. 2(c). Coannihilation belongs to class II while the
standard off-resonance WIMP (B1) is class I: in B1 the
freeze-out exponential e™ is absorbed into the power-
law cross-section normalization oy, leaving a pure mono-
mial Qh? « M%/2%g; in B3 the Boltzmann suppression
e~*r® depends explicitly on the mass splitting &, an
independent Lagrangian parameter, creating the single-
exponential class II structure. As already noted above, the
class II placement of FOPT-PBH dark matter holds only
under the single-exponential approximation Eq. (30).
Using the more accurate super-exponential collapse prob-
ability of Ref. [46] [Eq. (70)] gives Ay ~ 265 at the

benchmark, placing FOPT-PBH in class III at the phe-
nomenological level. Tracing the abundance back to
the underlying scalar potential reveals a further double-
exponential structure [84] with A ~ 103-10* (Sec. VIB);
see Eqgs. (72)—(74) for the full assessment.

Class IIl and beyond: Resonance, cancellation, and
double-exponential constructions (A > 103). This tier is
populated by two qualitatively distinct mechanisms.

The WIMP Higgs funnel (B2, A ~ 6500) is tuned by a
Breit-Wigner resonance: the effective annihilation rate is
enhanced by a factor ~M,/I', ~3 x 10* at the pole,
reduced by thermal averaging to ~6500. A 0.01% shift
in M exits the natural island. Other resonance construc-
tions in this tier include the MSSM A-funnel neutralino
and Sommerfeld-enhanced WIMPs near an annihilation
threshold.

Inflationary single-field collapse enters class III from a
structurally different direction. Its large fine-tuning arises
not from a resonance but from a double exponential: the
potential coefficients { ¢, } map exponentially onto ¢, which
then maps exponentially onto fppy through the HYKN
formula. The BG measure for the potential coefficients is
therefore [Eq. (44)]
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Ao, ~A, Ay ~(57—70) x (102 —10%), (66)

far exceeding the class II range for standard high-reheating
scenarios. The large uncertainty in this estimate is intrinsic:
different potential shapes produce widely varying layer 2
sensitivities, and multifield or spectator-field models can
reduce A, /., enough to bring the total into class II for low-
reheating scenarios (7o, < Tiorm, MD layer 1 floor); for
standard high-reheating all inflationary classes remain in
class IIT or beyond (Sec. III D).

The contrast within the PBH paradigm is striking:
domain-wall and gravity-fixed PBH mechanisms sit in
class I alongside the most natural particle dark matter
candidates, while single-field inflationary collapse sits in
class IIT or beyond. Both the lowest and the highest fine-
tuning in the entire dark matter landscape belong to PBH
dark matter.

C. The single-exponential universality identity

The coincidence among class II scenarios can be stated
precisely as a theorem.

Theorem. Consider any dark matter construction whose
relic abundance takes the form

Qn? = A({xj}#i)e‘*‘xi (67)

for some parameter x;, with 4 a function of the remaining
parameters that does not vanish on the Q = Qpy; surface.
Then the BG measure with respect to x;, evaluated on the
Qh? = Qpyh?* contour, satisfies

Q
Ax,- |Q=QDM = Axi =In [ﬁ] = In |:Qnam;j;:| s (68)
DM DM

where Q. ra = A is the prefactor that the exponential must
suppress to achieve Qpy; it is not a physically realizable
relic density [for FOPT-PBH, A=T,/(0.84T)~
10'4-10?°], but rather the “unquenched” abundance that
would result if no exponential suppression were present.

Proof. From Eq. (67), 0InQ/dlnx; = —Ax;, so
A, =Ax;. On the Q= Qpy contour, e = Qpy/A,
hence Ax; = In(A/Qpy). m

Applying it to the class II scenarios within the single-
exponential approximation Eq. (30):

FOPT-PBH. On fpgy = 1: Ag/y = In[T,/(0.84T )] ~
30-37, reproducing Eq. (37) exactly. The more accurate
superexponential formula (Sec. VI B) gives A = 265 at the
benchmark, so the identity holds only within the approxi-
mation and the class II placement of FOPT-PBH is not
robust.

WIMP  coannihilation. On Q= Qp:
xpMyisp/M, = 48 at benchmark B3 [Eq. (54)].

PBH early matter domination. The exponential argu-
ment 0.147/6%3 evaluates to ~9-19 across the natural

AMNLSP ~

island. Multiplying by 4/3 gives the contribution
0.196/6*/3 ~ 12-25, to which the prefactor term +5 is
added, yielding the full A, =5+ 0.196/6*3 ~ 12-21
[Eq. (28)]. The approximate pure-exponential value Ax =
9-19 is smaller than the full measure because the o’
prefactor in Eq. (23) contributes +f = +5, a 20%-35%
correction at the natural-island benchmark that accounts for
the difference.

Numerically,

1eV

T T
form ] z2.3log10{ f‘m} ~30—-37 (69)

for Tiom € [10%,107] GeV, and the WIMP coannihilation
result x My sp/ M, falls in the same range. Both are set by
the same cosmological clock: the ratio of the formation/
freeze-out scale to T.q. Note that inflationary collapse,
while sharing layer 1 of this identity (A, ~ 14 from
HYKN), does not satisfy Eq. (68) as a whole: its layer 2
adds an additional large exponential that takes the total well
outside the class II range.

D. Sensitivity to parameter choice

The BG measure is not invariant under reparametriza-
tions, so the values in Table II depend on the conventions of
Sec. II B. The most consequential choice is coannihilation
benchmark B3.

Parametrizing by (M,,5) with 6 = (Mx.sp —M,)/M,
gives A; = xp6 ~ 1.3, misleadingly low because § vanishes
at the threshold by construction. Parametrizing by the two
independent soft masses (M,, My.sp) gives the correct
Ay = 48 [Eq. (54)]. The convention is unambiguous:
fundamental parameters are those independently specified
at the UV scale. In the MSSM, M, = [M,| and My sp
are set by independent soft terms; ¢ is not a Lagrangian
parameter. Treating g, as fixed introduces A, < 0.5, well
below the dominant contributions.

E. Prior probability vs local sensitivity

The BG measure quantifies local sensitivity: how
precisely must each parameter be specified to maintain
Qpn? This differs from the prior-volume question: what
fraction of randomly chosen parameter values satisfies
Qh? €1[0.06,0.24]?

The misalignment axion illustrates this most clearly.
Benchmark B6 (f, = 10" GeV, 6, ~0.787) and B6,,,
(f,=10'GeV, 6, ~3 x 1073) both have local A ~ 2.0-2.2,
since Qh?  0? has the same power-law structure regard-
less of benchmark. However, 0, = 3 x 1073 is a factor of
~300 below the natural O(1) value; on a flat prior [—r, 7]
the probability of landing there by chance is ~107>. This
prior tuning of ~300 is in addition to, and qualitatively
different from, the local BG measure of 2.
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The same distinction is central to interpreting infla-
tionary PBH collapse. The BG layer 2 measure A, > 10?
[Eq. (66)] is a local sensitivity statement: how much does
fpeu change when c;, is varied fractionally? The Wilson-
normalized measure of Iovino and Riotto [22], y = A/A
(Sec. IT A), is instead a normalized local sensitivity, not a
statement about the prior probability or phase-space vol-
ume of UV completions, and should not be conflated with
the prior-volume question above, which concerns the
probability, under an assumed flat prior on 6;, that the
observed value is as small as it is. It asks a related but
distinct question: does a technically natural UV completion
exist in which ¢, takes its current value? Both are
physically meaningful. This paper focuses on the local
BG question throughout, which is why the inflationary
entry carries a 2 rather than a precise value, and why B6
and B6,,,, receive the same tier classification.

VI. DISCUSSION

A. Implications for the primordial black hole paradigm

The central message for the PBH community is that the
question ‘“are PBHs fine-tuned?” does not have a single
answer: it crucially depends on the formation mechanism.
Among the three mechanisms analyzed in detail here,
biased domain walls exhibit by far the lowest sensitivity
(A =2-4.5) within the (n,V,) parameter space, and
subject to the caveats of Sec. VIB regarding the origin
of V, and the calibration coefficients; early matter domi-
nation occupies an intermediate class II tier (A = 14,
comparable to the coannihilation WIMP level), and
FOPT-PBH, evaluated with the more accurate super-expo-
nential collapse formula [46], gives A = 265 (class III); the
single-exponential approximation Eq. (30) gives the
smaller, illustrative value A ~ 35 (see Sec. VIB). When
the six classes of inflationary PBH model analyzed in
Sec. IIID1 are included, the picture depends on the
reheating history. For standard high-reheating scenarios
(Ttenh > Tiorm), the tuning ranges from A =~ 115-210 for
curvaton and spectator-field models (class III, RD layer 1
floor), through A ~ 10>~103 for step and resonance fea-
tures, to A~ 6 x 103-7 x 10* (optimistic) or A > 10'°
(pessimistic) for single-field inflection-point and ultra-
slow-roll  models. For low-reheating  scenarios
(Tien < Tiorm) Where the inflaton oscillation era is still
active at reentry, the MD layer 1 floor applies and curvaton/
spectator models reduce to A ~21-42 (class II), with all
other classes shifting down by a factor of ~5 in their layer 1
contribution; for model classes with large layer 2 sensitivity
this shift is a minor correction to the total. Comparing the
gravity-fixed domain-wall construction at A =2 with the
pessimistic single-field USR scenario at A > 10*, the full
span of the PBH sensitivity landscape covers more than
seven orders of magnitude, a larger range than all particle
dark matter scenarios in this paper combined; as above, this

compares the extremes of distinct formation mechanisms
rather than a like-for-like scan.

The domain-wall result deserves particular emphasis
because it is least expected. Domain walls are sometimes
described as a “cosmological disaster” [55,65] requiring
special engineering to avoid; the biased-wall construction
turns this around, exploiting the collapse of the wall
network to produce PBHs rather than treating it as a
problem to be engineered away. Yet this analysis shows
that the resulting abundance map contains no exponential:
the dependence on 7 and V,, is purely power-law because
the Hubble timescale at annihilation (which sets fpgy)
and the PBH mass (which sets the dilution from formation
to equality) conspire to cancel all logarithmic factors. This
cancellation is not an accident or a tuning: it follows
algebraically from the scalings Ty, o V2 /173/? and Mpgy o
7’/ V3. The gravity-induced-bias variant (Vs = 17° /Mpy)
reduces the domain-wall construction to a single-parameter
family with A =2. Among all dark matter production
mechanisms, this matches the minimum achievable tuning
short of the pure linear cases (ADM and postinflationary
axion), and it does so with a single technically natural small
parameter: the ratio Vi, /n* ~ (n/Mp), which is small
because n <« Mp;, not because of any special choice. I
emphasize that this class I assignment rests on the power-
law abundance map of Eq. (17), in which the network-
collapse fraction is treated as a fixed input. The dedicated
simulations of Ref. [47] find instead an exponential
sensitivity of the surviving false-vacuum fraction to the
network-collapse temperature, which, together with the
large remaining uncertainty in the PBH abundance, is
the dominant caveat to the natural classification of this
mechanism (see Sec. VIB).

The inflationary model comparison in Fig. 2 clarifies a
debate that has persisted in the literature. For high-reheat-
ing scenarios, the claim that inflationary PBH production
requires fine-tuning is accurate across all inflationary
model classes: the RD layer 1 floor AP ~57-70 places
even the most natural inflationary class (curvaton/spectator)
in class III. For low-reheating scenarios, curvaton and
spectator-field models achieve A ~21-42 (class II),
comparable to coannihilating WIMPs and the noninfla-
tionary early MD mechanism, while single-field USR
models remain in class Il or beyond regardless of the
reheating temperature. In both cases the layer 2 sensitivity
A,/., spanning five orders of magnitude from curvaton to
single-field USR remains the physically informative quan-
tity: the reheating history shifts the entire landscape up or
down by a factor of five in the layer 1 contribution, but does
not change the relative ordering of model classes.

The quantitative comparison thus shows the biased-
domain-wall PBH mechanism to have a robustly low
sensitivity, and clarifies the status of inflationary PBH
production: the frequently stated objection that “PBH dark
matter requires fine-tuning” is correct for inflationary
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mechanisms across all model classes under standard high-
reheating assumptions, but the degree of sensitivity spans
seven orders of magnitude depending on whether the power
spectrum is generated by a single-field USR phase or by a
separate spectator field. More broadly, the cross-paradigm
comparison shows that fine-tuning is a property of the
abundance map’s analytic structure, not of whether the dark
matter is a particle or a gravitational relic: the PBH
paradigm alone spans all three naturalness tiers identified
in this paper. Distinguishing between model classes
requires precisely the framework developed here: a
common measure, a common observable target, and a
systematic comparison across production paradigms.

A particularly notable implication of the FOPT-PBH
analysis is its multimessenger character. The same nucle-
ation-rate parameter f/H, ~5-15 that places the PBH
abundance in the asteroid-mass window also lies within the
sensitivity reach of LISA and next-generation ground-
based gravitational-wave detectors for the stochastic back-
ground sourced by the phase transition itself [77,85]. This
is not a coincidence engineered by model construction: it
follows directly from the fine-tuning identity S(a)f/H, =
In[T,/(0.84T,)] = 30-37 [with benchmark value ~35 at
T, = 10° GeV; Eq. (37)], which fixes #/H, to a window
that is simultaneously relevant for PBH overproduction and
for gravitational-wave detection. The more accurate super-
exponential collapse probability of Ref. [46] shifts the
natural island to the somewhat narrower range f/H, ~ 4-7
(compared to the broader 5-15 from the single-exponential
approximation), but preserves the overlap with the LISA
sensitivity window; the multimessenger conclusion is
therefore robust, even though the fine-tuning cost is larger
than the single-exponential estimate suggests, as discussed
in Sec. VIB. LISA therefore has the potential to simulta-
neously constrain or confirm FOPT-PBH dark matter
through two independent channels: (i) microlensing and
PBH mass-function measurements in the asteroid window,
and (i) the stochastic gravitational-wave background
amplitude and spectral shape. This multimessenger lever-
age is unique among the PBH formation mechanisms
analyzed here and makes the FOPT scenario particularly
testable in the near future.

A complementary implication emerges on the particle
side. The LZ 2024 results [40] eliminate much of the
natural (class I) off-resonance WIMP parameter space
below ~1 TeV, leaving as viable primarily the Higgs-
funnel (class III, A ~6500) and coannihilation (class II,
A = 48) regions. As direct detection improves, the exper-
imentally surviving WIMP parameter space migrates
toward higher tuning tiers—a trend that, if it continues,
will place the most viable WIMP models at naturalness
levels comparable to or worse than the FOPT-PBH scenario
under its more accurate treatment (Sec. VIB).

Note that several of the class I and class II scenarios
make near-term testable predictions: benchmark B7

(postinflationary axion) has a model-independent predic-
tion for f, falsifiable by next-generation cavity haloscopes
[104,106,107], and the early matter-domination PBH
mechanism predicts a scalar-induced gravitational-wave
background detectable by LISA at fgw ~ 1073 — 1072 Hz.

B. Limitations and caveats

The analysis presented here rests on several approxima-
tions and conventions that I enumerate for completeness.

Local vs global fine-tuning. The BG measure captures
only the local, one-dimensional sensitivity to each param-
eter in isolation; it does not measure the total volume of the
viable parameter region in the full multidimensional space,
nor does it account for correlations between parameters.
Multiparameter generalizations of BG (including the
“electroweak fine-tuning” measure [31] and Bayesian
naturalness [108]) exist but require a specification of the
prior, which I have deliberately avoided here; Bayesian
refinements are left to future work.

Formation-rate calibration uncertainties. The domain-
wall collapse fraction p =~ 1073 is calibrated to the wall-
network annihilation dynamics of Ref. [45] with an order-
of-magnitude uncertainty; varying p by a factor of 10 shifts
the natural island in (5, V,) without changing A = 4.5.
A more important caveat concerns the analytic form
of the abundance map itself. The dedicated network-
collapse simulations of Ref. [47] find that the false-vacuum
volume fraction surviving to collapse decays superexpo-
nentially in conformal time, Fy, ~ exp[—(1/#un)?] With
p~3, which translates into a false-vacuum collapse
fraction that is exponentially sensitive to the ratio of the
annihilation temperature to the collapse temperature, sche-
matically fpgy ~ exp[—(WT aun/Tppn)?] With p ~2-3 and
w = O(1). This is structurally analogous to the FOPT and
inflationary-collapse cases: the smooth power-law fppy
n’/2/V?% of Eq. (17) is recovered only when the collapse
fraction p is treated as a fixed, temperature-independent
input, whereas the more complete treatment of Ref. [47]
introduces an exponential dependence on the network-
collapse temperature that would raise the BG measure
substantially and could move the biased-domain-wall
mechanism out of class I once this dependence is folded
in. Reference [47] stresses, however, that the resulting PBH
abundance is presently subject to large uncertainties
(dominated by the unknown departure from spherical
collapse), so a definitive tier assignment for this mechanism
must await a sharper determination of the collapse fraction;
I therefore quote the power-law value A =4.5 as the
abundance map of Eq. (17) implies it, while flagging that
the exponential temperature sensitivity identified in
Ref. [47] is the leading source of model uncertainty in
this assignment. Reference [47] also notes that, in the
corresponding parameter region, the asteroid-mass window
in which PBHs constitute all of the dark matter is
accompanied by a correlated stochastic gravitational-wave
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background in reach of LVK, LISA, and the Einstein
Telescope, paralleling the multimessenger character of
the FOPT mechanism discussed in Sec. VI A. I emphasize
that A quantifies sensitivity only with respect to the
parameters explicitly varied, n and V/; it does not, and
is not intended to, capture whatever physical input or
selection is involved in fixing the calibration coefficients
(p, ¢, g.) at their simulation-central values, nor the
microphysical origin of the bias term V, itself
(Sec. IIT A 2). I state this distinction explicitly to avoid
the impression that A =2-4.5 constitutes a complete
accounting of every physical input to the domain-wall
mechanism; an analogous accounting of the microphysical
origin of the small parameters entering single-field infla-
tionary models is reflected in the larger layer-2 sensitivities
of Sec. I D. The HYKN formula Eq. (23) is fitted to
numerical simulations for ¢€[0.03,0.2]; extrapolation
outside this range is uncertain, but the natural island lies
comfortably within it. Non-Gaussian corrections to the
curvature perturbation statistics can shift 5y, by orders of
magnitude and move the natural island in ¢ [34], modifying
the precise value of A, without changing its single-
exponential class membership, since the collapse proba-
bility retains an exponential tail for any distribution with a
well-defined variance. The natural island in Fig. 1(b) is also
conservative in that it does not include the projected LISA
constraint from the associated scalar-induced gravitational-
wave background [75,76]; including this would disfavor
o 2 0.10 across the asteroid-mass window. For benchmark
B2, the thermally averaged Breit-Wigner peak enhance-
ment R, ~ 10* is accurate to a factor of a few [29,97];
varying it by a factor of 10 changes A(®2) by <30%, which
does not affect the class III classification.

Layer 1 floor: Radiation-dominated vs matter-domi-
nated collapse. As discussed in Sec. IIID, the layer 1
BG sensitivity A, for inflationary PBH models depends on

whether collapse occurs in a radiation-dominated [A,(,RD)z

57-70] or matter-dominated [AgMD) ~ 14] background,
determined entirely by the reheating temperature relative
to the formation scale. The modern numerical treatment
of RD collapse [109,110] modifies the precise value
of 6, but does not change the exponential structure
Prp x exp(—62/26?), leaving the factor-of-five enhance-
ment over the MD result intact; the RD tier assignments
(class III throughout) are robust to O(20%) uncertainty
in §,.

Two-layer fine-tuning structure of FOPT-PBH dark
matter. Treating f/H, as a fundamental parameter gives
the single-exponential result Ay 5 ~ 35 (class II, Sec. 111 C).
However, the single-exponential form Eq. (30) is itself an
approximation. A more complete treatment of the super-
cooled percolation integral [46], which tracks the full past-
light-cone nucleation history, gives a superexponential
collapsed fraction

ﬂ b
Parzexp|-a() (148094 ). (0

with fitted parameters a ~ 1.024, b ~0.692, ¢ ~0.883,
valid for f/H € [3, 8] and 6. € [0.4,2/3]. The BG derivative
evaluated on the fpgy = 1 contour from Eq. (70) is

b
Ay :a(%) (1+5.)P/H {bw%ln(lwc)} (71)

giving at the benchmark /H, ~ 8, 6, = 0.5:

(GV)

o ~ 265, (72)

‘ B/H=8

roughly seven times larger than the single-exponential
estimate, placing FOPT-PBH in class III at the phenom-
enological level. The discrepancy arises because the single-
exponential approximation underestimates the steepness of
the suppression: at #/H =~ 8 the outer exponent in Eq. (70)
equals a(B/H)"(1 +6,)/" ~ 75, and the BG derivative
must account for the #/ H-dependence of this outer exponent
itself.

At a deeper level, f/H, is itself determined by the shape
of the scalar potential. A complete analysis [84] reveals a
double-exponential structure,

SrBH = MCXP[—Q CXP[—S3(Tp)/TpH’ (73)

where S5(T,)/T, ~ 170-176 is the Euclidean action-to-
temperature ratio at its minimum, Q ~ 1077, and
M ~ 4 x 107, This is structurally identical to the layer 1/
layer 2 decomposition of inflationary collapse (Sec. III D):
layer 2 (potential coefficients {c,} — S3/T — p/H.,)
introduces an additional exponential with BG sensitivity
Ag, /1, ~ O(10%)-O(10%), estimated from the result of
Ref. [84] that a fractional shift of Sus/pu3 ~ 1073 in the
cubic potential coefficient moves fpgy from O(1) to
O(10719), The total BG measure at the level of the
potential is

AFOPT ~InM x Ag, 7., ~17 % (10 —10%) ~10° — 107,
(74)

where In M ~ 17 is the value of Qe™%/"» on the fppy = 1
contour. In summary, whether evaluated at the phenom-
enological level [A = 265 from Eq. (70)] or at the micro-
physical level [A ~ 10°~10* from Eq. (74)], the FOPT-PBH
scenario lies in class III or beyond. The natural island in the
(T.,p/H,) plane is defined by fppy ~ 1 and its location is
unchanged by the choice of formula for P_; only the fine-
tuning cost of maintaining that condition differs, and the
multimessenger implications of Sec. VIA remain valid
regardless.
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Gauge dependence of the FOPT nucleation rate. A
recent gauge-invariant calculation [111] finds that PBH
production from FOPTs may be substantially suppressed
relative to the gauge-dependent estimates used in Sec. [1I C,
potentially shifting or eliminating the natural island in the
(T,,p/H,) plane. This gauge-dependence issue has since
been independently confirmed by Wang et al. [112] and by
Ai and Xie [113]; the latter further show that the mecha-
nism remains viable if reheating is sufficiently slow, since
the post-transition Universe can enter an early matter-
dominated era during which overdensities grow and col-
lapse into PBHs, a scenario that maps onto the class II
fine-tuning structure of Sec. III B rather than the single-
exponential estimate of Sec. III C.

Axion string network uncertainty. The simulation result
fam~(2-8) x 10'° GeV has a factor-of-~4 range from
string-network logarithm uncertainty and QCD modeling
[43]. This shifts the absolute prediction for f, but does not
affect Ay = 1.19, which is exact and independent of the
normalization coefficient C.

Definition of the natural island. The factor-of-two band
Qh*€[0.06,0.24] is conventional. I have verified that
widening the band to a factor of five ([0.024, 0.60]) or
narrowing it to 20% ([0.096, 0.144]) does not change the
tier assignments in Table II.

Restricted benchmark set. This paper analyzes a curated
set of twelve scenarios spanning the most widely studied
production mechanisms; the two FOPT benchmarks, now
parametrized by 6. = 0.05 and 6, = 0.10 (replacing the
earlier @ parametrization), are counted as a single mecha-
nism in Table II and listed separately in Table III to
illustrate o,-sensitivity and the effect of the collapse
threshold on the required f/H... Notable omissions include:
the MSSM A-funnel (class III, A ~ 10°~10%, similar to B2);
gravitational production of ultralight dark matter from de
Sitter fluctuations (class I, A ~2, since Q « Hz,./M3,,);
Hawking evaporation seeding a secondary dark matter
component; and clockwork axion constructions. These
are straightforward to add within the framework developed
here and are left for future work.

VII. CONCLUSIONS

Primordial black holes in the asteroid-mass window
(10'7-10?? g) are a viable dark matter candidate, and for
some formation mechanisms exhibit a parameter sensitivity
far lower than is often assumed. I have quantified this
statement by applying the Barbieri-Giudice sensitivity
measure A uniformly to twelve dark matter scenarios
spanning noninflationary and inflationary PBH formation
mechanisms, thermal-relic WIMPs, freeze-in, asymmetric
dark matter, and axions. The principal conclusions are as
follows.

(1) Fine-tuning is a property of the abundance map, not

of the dark matter candidate. The BG hierarchy in
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Table II contains representatives from every para-
digm at every tier: the most natural scenario (ADM,
A = 1) and the second most natural (postinflation-
ary axion, A = 1.19) are particle dark matter; class I
also includes both a WIMP and a gravitational relic
(PBH-DW) at A = 2; and the most tuned precisely
computed scenario (Higgs funnel, A = 6500) is a
thermal relic, not a PBH. The narrative that “PBHs
are tuned while WIMPs are natural” is not supported
by a quantitative comparison.

Three universality classes classify the dark matter
landscape. Class 1 (A <5) contains power-law
abundance maps with no exponential factor; class
IT (A = 15-50) contains constructions with a single
exponential; class Il and beyond (A > 10°) contains
resonance, cancellation, and double-exponential
constructions. PBH dark matter appears in all three
classes, spanning more than seven orders of magni-
tude in sensitivity within the PBH paradigm alone
when the gravity-fixed domain-wall construction
and the pessimistic single-field USR estimate are
compared—a larger range than all particle dark
matter scenarios in this paper combined, though
this compares the extremes of distinct formation
mechanisms rather than a like-for-like scan.
Biased-domain-wall PBHs exhibit the lowest Bar-
bieri-Giudice sensitivity of any construction consid-
ered here short of the pure linear cases. With A = 4.5
in the free-V, case and A =2 in the gravity-
induced-bias case, domain-wall PBHs occupy class
I alongside off-resonance WIMPs and FIMPs; as
discussed in Sec. VI B, this statement is restricted to
the (1, V,) parameter space and does not, by itself,
address the physical origin of V, or the calibration
coefficients entering the collapse fraction.
Single-exponential constructions satisfy a universal
identity, regardless of the underlying physics. Any
construction whose abundance is set by a single
exponential satisfies, on the Q = Q) contour, A=
h‘l(gznatural/gzDM)’\"’Jln(Tform/Teq)z 14-50 [Eq (68)]
Within the single-exponential approximation, this
unifies FOPT-PBH, early matter-domination PBH,
and coannihilating WIMP dark matter into class II
despite spanning modulus decay, hidden-sector per-
colation, and electroweak-scale MSSM thermody-
namics. The class I assignment for FOPT-PBH is
however conditional on the single-exponential
approximation: the more accurate super-exponential
collapse probability of Ref. [46] gives Ay, ~ 265 at
the benchmark (class III), and tracing the abundance
to the underlying scalar potential gives A ~ 103-10*
(Sec. VIB). Curvaton inflationary PBH models
join class II only for low-reheating scenarios
(Tren < Trorms Aot & 21-42); for standard high-
reheating they shift to class III.
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(5) The layer 1 floor for inflationary PBH production is
set by the reheating temperature. For standard high-
reheating (T, > Tiom), all inflationary model
classes fall in class III or beyond, with the Press-

Schechter floor AE,RD) ~ 57-70 applying universally.

For low-reheating (T, < Torm), the HYKN floor

A((,MD) = 14 reduces the total tuning by a factor of
~5, bringing curvaton and spectator-field models
into class II. Single-field USR models remain in
class III or beyond regardless of the reheating
temperature. Joint constraints on 7T, and the infla-
tionary power spectrum are therefore necessary to
assign a definitive naturalness tier to any inflationary
PBH model.

The results above connect two largely separate prior
literatures. On the particle side, the MSSM naturalness
studies of Grothaus ef al. [15] and Cabrera et al. [17] found
that Higgs-funnel and coannihilation scenarios carry the
highest relic-density fine-tuning, while bino annihilation
via t-channel exchange can be “supernatural” [18]; this is
fully consistent with benchmarks B1, B2, B3 falling in
classes I, III, and II respectively. On the PBH side,
Hertzberg and Yamada [19], Cole et al. [32], and
Stamou [20] established that single-field inflection-point
models require tuning to one part in 10°-10%; this paper
identifies the origin as a layer 2 double-exponential
sensitivity A,/ ~ 10?—108, distinct from the layer 1 cost
whose value depends on the reheating temperature. The
argument of Iovino and Riotto [22] that the bare BG
measure is not, by itself, a naturalness statement for
inflationary PBH models is not in tension with the results
presented here: evaluating A on the fpgy =1 contour
removes a related but distinct pathology, the divergence of
A as fpgy — O off that contour, and the two approaches,
bare sensitivity and Wilson-normalized naturalness, answer
complementary questions about the same two-layer decom-
position of Sec. III D. What neither prior literature contains
is a cross-paradigm comparison of the kind presented here,
nor any quantitative fine-tuning analysis of the noninfla-
tionary PBH mechanisms; the finding that biased-domain-
wall PBHs achieve A = 2-4.5, competitive with the most
natural particle dark matter candidates ever identified, is
among the central new results of this work.

The present analysis is deliberately local in the sense of
the BG measure: it quantifies how sensitively the observed
abundance responds to fractional variations of each input
parameter, without committing to a prior over the parameter
space. A natural and well-defined extension would replace
the BG measure with a Bayesian posterior-volume measure
[108], allowing direct comparison with the CMSSM and
NUHM analyses in the SUSY literature and yielding
probabilistic statements about the likelihood of being in
the natural island for each construction. The two-layer
decomposition adopted here, building on Ref. [32],

provides a natural framework for such an analysis: layer
1 and layer 2 priors can be specified independently,
reflecting the distinct physical origins of the two sources
of tuning.

ACKNOWLEDGMENTS

I am grateful to Gabriele Franciolini for helpful and deep
suggestions, feedback, and discussions. I also thank Miguel
Escudero Abenza, David Kaiser, Wenyuan Ai, Christian
Byrnes, Ricardo Ferreira, Alessio Notari, Fabrizio
Rompineve, and Oriol Pujolas for useful comments and
remarks. This work was supported by the U.S. Department
of Energy, Office of Science, Office of High Energy
Physics, under Award No. DE-SC0010107.

DATA AVAILABILITY

Python code available upon request.

APPENDIX A: ANALYTIC DERIVATION
OF BG MEASURES

1. Biased domain walls
Starting from Egs. (13)—(16), the dark matter fraction is

Foon = PV Tum
;’—og*T‘im 0-84Teq
:@%@T‘Sq-mﬂvg. (A1)
Substituting Ty = (¢, Mp V3/10)1/2,
Tam = o My 238, (A2)
so that
frau < 17/2V50 - Vi = 2vi2, (A3)

This is Eq. (17). Log-differentiation gives dln fpgy/dlnn =
9/2 and Oln fpgy/dInV, = -2, hence A, =9/2 and

Ay, = 2 identically. [

2. Early matter domination
From fegy = fam(0)Tren/ (0.84T¢y) with Ty, o m;/z’
alnprH B Jln Treh B 3

= =—. A4
alnm(/, alnm(/, 2 ( )

For the o-dependence,
0.14767*3, so

Infay = const+ S1no —
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- —0.147674/3
dlno S+ 0lna( 0 )
4 ) 0.196
=5+50.1470 43 = St (A9)
which is Eq. (27). ]
3. FOPT late-blooming
From Eq. (32),
dIn fppy p
— 20— _S(a) =, A6
ompi) - "o
1
dln fesn _ 4 (A7)
0lnT,
olnfpgy _ _9S EZL“Zﬁ (A8)
dlna oo H, (a+03)* H,
using 9S/da = —0.6/(a+0.3)%2. On the fpgy =1

contour, e S@A/H. =0.84T,,/T,, hence S(a)p/H.=
In(T./0.84T,), giving Ayy = |-S(a)p/H,| =In(T,/
0.84T.y) as in Eq. (37). This derivation assumes
the single-exponential Eq. (30); the more accurate

super-exponential formula of Ref. [46] gives A = 265 at
the benchmark (Sec. VI B, Eq. (72)). u

APPENDIX B: BENCHMARK CALIBRATION

Table III summarizes the calibration of each benchmark:
the parameter values, the resulting QA?, the individual
BG sensitivities A; for each parameter, and the total
A = max; A;. All quantities are computed numerically
using the central-difference formula Eq. (9) with step size
h = 107" and independently verified against the analytic
expressions derived in Appendix A and the body of the paper.

APPENDIX C: FIGURE NOTES

All heatmap figures (Figs. 1-5 and 7) use a shared color
map (viridis r) with log;y A €[0.0,3.5], saturating to
dark purple for A > 3000. Parameter-space grids are 400 x
400 points, logarithmically spaced. The relic-abundance
contours are computed from the same analytic expressions
used for the A maps; no separate numerical Boltzmann-code
integration is performed. Observational constraints (LZ
2024 direct detection, Lyman-a forest) are implemented
as described in Sec. II C and Table I. The Python source codes
to generate all figures is available upon request.
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