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We calculate the binding energies of the hypothetical mesonic atom, K™K~ (kaonium), using the
KTK~ — K"K~ elastic scattering amplitude. Our findings are in line with previously reported results,
which involve solving an eigenvalue equation of the Kudryavtsev-Popov type. Using chiral perturbation
theory, we show that kaonium manifests itself as a sharp resonance around 992 MeV accompanying
£0(980) or ay(980) in cross sections for processes yy — z°z° or yy — z%. The latter process is particularly
striking: the peak at the kaonium resonance energy is highly pronounced, with the ratio of the cross sections
o(yy = 7°7)/6(yy — 7°2°) ~ 9. Due to the short lifetime of kaonium (~107'® s) and its small decay width
(~0.4 keV), direct detection of this exotic atom poses a significant challenge and requires high

experimental resolution. However, we show that once the formation of kaonium is considered in the

cross section, a better fit to the available experimental data is obtained.

DOI: 10.1103/nhjt-fh5h

I. INTRODUCTION

The existence of the hadronic atom kaonium, K+ K~, for
which there is currently no supporting experimental evi-
dence, is still debated, and it remains a hypothetical exotic
atom. On the theoretical side, although kaonium has not
attracted as much attention as, for example, pionium
(z*t7z7) in the literature, there have still been attempts to
address the properties of this elusive but fascinating atom.
One of the first studies discussing the production of
kaonium is given in [1], where the author has calculated
the energy shift of the ground state (1s) of kaonium due to
strong interactions, using methods developed in the context
of antiprotonic atoms [2]. Note that, assuming only
Coulomb interactions to bind K K™, the unshifted energy
of the Is state lies at —a’u/2 ~ —6.576 keV, where a~
1/137 is the fine structure constant and u = mg: /2 is the
reduced mass of the system with mg- ~ 493.677 MeV. The
importance of considering the two scalar resonances
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f0(980) and a((980) in studying strong interactions in
the kaonium system, since their masses are close to 2m -,
is discussed in [3]. By interpreting f(980) and ay(980) as
quasibound states of KK [4,5] and using the KK scattering
length obtained via a separable potential formalism [6,7],
the authors of [3] have made a phenomenological estimate
of the lifetime of kaonium in the ground state, which is
found to be ~10~'® 5. The mixing of £(980) and a,(980)
due to a coupling with kaonium is proposed in [8,9], where
the authors show that Coulomb interactions are essential for
the formation of kaonium. Following previously proposed
assumptions, i.e., mixing kaonium with scalar mesons and
considering a KK structure for scalar resonances, a
rigorous calculation of the lifetime of kaonium is presented
in [10]. To study the dynamics of the KK system, the
authors of [10] have assumed a nonrelativistic SU(3), x
SU(3), invariant effective Lagrangian, where strong inter-
actions are generated by the exchange of vector mesons.
The authors demonstrate that the resulting local, one-meson
exchange potentials are sufficient to determine the scatter-
ing and bound-state properties of the KK system. The
energy levels and decay widths of kaonium are determined
by constructing the associated Jost function. The zeros of
the Jost function, leading to an eigenvalue equation of the
Kudryavtsev-Popov type [11,12], give the bound states of
kaonium. Within this approach, the strong-interaction
effects are incorporated through the complex scattering
length for KK scattering and annihilation. The authors
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conclude that strong interactions shift the binding energy of
Coulombic kaonium only by ~3%; however, the lifetime of
the kaonium ground state is significantly reduced, from
~107'® s for Coulombic kaonium to ~107'8 s in the
presence of strong interactions. Momentum-dependent
interactions have been neglected in the potentials obtained
in [10]; inclusion of these terms is considered in [13,14],
leading to a nonlocal potential in coordinate space.
However, according to [14], the properties of kaonium,
i.e., the energy shifts, decay widths, and its lifetime, within
this approach are in line with previous estimates using the
local potential approximation in [10]. Rather than generat-
ing meson-meson interaction vertices by the exchange of
vector mesons, the authors of [15] have employed a
different approach developed in [16], where meson-meson
potentials are extracted from the Lagrangian given by
leading-order chiral perturbation theory (ChPT). Using
these interactions as input for the Lippmann-Schwinger
equation, one can obtain the 7-matrix elements for a
nonperturbative description of meson-meson scattering
and reactions. Within this framework, the effects of strong
interactions on the energy shifts and decay widths of
kaonium are recalculated in [15]. The reported results
are in line with those in [10]. More recently, an indication
of the 2p state of kaonium is discussed in [17], based on the
analysis of the data of the CMD-3 experiment on the
ete™ — K™K~ process. The exclusive production of kao-
nium via photon fusion in ultraperipheral hadron collisions,
with estimates of expected yields at the LHC, has been
studied in [18].

In the current paper, rather than focusing mainly on the
energy shifts, decay widths, or the lifetime of kaonium, we
investigate how this elusive, exotic atom manifests its
presence in the cross sections for processes yy — n°z°
or yy — n°n. To this end, we employ a version of ChPT,
proposed in [16,19], to calculate the cross sections includ-
ing the formation of kaonium. For this, a solid knowledge
of the strong-interaction scattering amplitudes is required.
We have already presented detailed calculations of the
respective amplitudes for these processes, in the context of
[16,19], in a previously published paper [20]. These
amplitudes need modifications to incorporate the formation
of kaonium, which is the subject of our current paper. We
show that in cross sections kaonium emerges as a sharp
peak around 992 MeV, accompanying f(980) or a,(980)
resonances. The cross-section curve, once the kaonium
formation is included, provides a better fit to the available
experimental data.

This paper is organized as follows. In Sec. II, we calculate
the binding energy of kaonium using the K*K~ elastic
scattering amplitude. This involves the inclusion of isospin
breaking due to the mass difference K° — K* and attractive
Coulomb interactions, which we present in Sec. Il A and
Sec. IIB, respectively. The kaonium binding energies
obtained in Sec. IIB are in line with those reported in

[10,15]. Calculations of cross sections are given in Sec. III.
The process yy — 7°2° is discussed in Sec. IIl A and yy —
7% in Sec. IIIB. For the latter, we also compare our
theoretical cross-section curve with the experimental data
of the JADE and Belle Collaborations [21,22]. The ratio of
the cross sections for these two processes at the kaonium
resonance energy is given in Sec. III C. We conclude and
summarize in Sec. I'V.

I1. BINDING ENERGY OF KAONIUM

In the analysis of kaonium, it is essential to consider
isospin breaking that stems from two different sources.
There is an isospin breaking because of the meson mass
difference, which induces the decay of this exotic atom.
Another source of isospin breaking is due to Coulomb
interactions, which lead to the binding of K™K~. In the
following, we explain how to treat these two cases.

A. Inclusion of isospin breaking due to the mass
difference K° - K*

Isospin breaking due to the kaon mass difference,
A = mgo — mg+, within the context of K~ -proton inter-
actions, has been discussed in [23]. Here, we recast the
formalism of [23] within the context of our paper and set our
notation.

First, recall how the K+ K~ physical scattering length due
to strong interactions can be determined if one ignores
isospin breaking. For this, we need to evaluate the amplitude
of KTK~ scattering, that is, Tg+g- = (K"K~ |T|K"K™).
Note that for

(5 e (5) o

the isoscalar and isovector combinations giving |[I=0,7;=0)
and |/ = 1,15 = 0) read as

=0 7_L S -
(KK)?) = ﬂ(\K K~) + |K°K?)).

1

(KK)') = 7

(IK*K™) = |K°K?)), (2)

and the corresponding inverse relations are

[KTK™) = —%(I(KI_()‘)) +1(KK)')).
IKOR®) = ——((KK)®) — (KK)")). (3)

V2

Then, the scattering amplitude can be evaluated as
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Ty-x- = (K*K-|T|K*K™)
= S UKR)ITIRRY) + (KR)'ITI(KK)'))
=S+ 7). @)

In the notation for 77, the indices (i, j) identify the specific
meson pair involved; here, 1 indicates K K in both isospin
states / = 0 and I = 1; see also [20]. Now, having T g+ - at
our disposal, the K™K~ scattering length is determined by

(K*K~|T|K*K~)
16zmg

aK+K— - -

1
=5 (agz + ayg): (5)

I—:

where we have used the standard formula Ay

—T1,/87+\/s as s — 4m% [24].

As is pointed out in [15], the expression obtained in (5) is
only valid if we ignore the isospin breaking due to the meson
mass difference A = mgo — my-;ifnot, the K* K~ — K°K?
charge transfer channel is closed [23] and the K™K~
scattering length in (5) needs to be modified. To perform
this modification, first note that outside the strong-interaction
zone, r ~ d, the behavior of the charged K* K~ and neutral
K°K? radial wave functions, v, and v,,, can be determined by
solving the corresponding Schrodinger equations, leading to
v, = sin(kr +68,)/ siné, and v, = C,e™", where §, is the
(possibly complex) phase shift; see also [25] for a detailed
and analogous discussion within the context of nuclear
scattering. The wave numbers k and k,, are related by total
energy conservation, k%/2u + 2mgs = k2/2u + 2myo,
where p is the average reduced mass and e = k?/2u is the
center-of-mass energy. Thus, k, = iy/2u(2A —¢€) = ik.
The physical charged and neutral channel wave functions
v, and v, can be written in terms of the solutions of good
isospin u and u; outside the strong-interaction zone as uy =
—(v, +v,)/V2 and u; = —(v, — v,)/V/2. Using u, and
u;, the joining relations at » = d outside the strong-inter-
action zone are

1
501"0 = _ﬁ(gpvp + gnvn)’
N
V2

where £’s are logarithmic derivatives, i.e., &, = v},/v,, etc.
The equations in (6) can then be rewritten as [10]

513—50 5n—§0 Up -
(@—a —(f:,,—e:l)) (v) - 7

5]“1 = - (fpvp - gnvn)’ (6)

Nontrivial solutions for v, , exist provided that the determi-
nant of the coefficient matrix vanishes, which leads to
(ij + 511)(1/50 + 1/51)/2 =1+ fpfn/gogl’ NOW’ recall
that at the zero-range approximation, i.e., r = d — 0, the
logarithmic derivatives are known in terms of the scattering
lengths of good isospin: & = —1/als. & =—1/ay.
¢, =—1/a,, and also &, = ik, = —ky, where the zero-
momentum limit, that is, k — 0, is assumed. Substituting
these &’s into the expression of the vanishing determinant
yields

0 1
kk%kk (8)

’

aAg+g- — koa
Clp =

1- k()(lK+K—

which is also quoted in [14,15] without a derivation. In (8),
ko = \/2mgoA. Thus, instead of ag+g- in (5), the correct
formula for the K K~ scattering length that includes isospin
breaking due to the kaon mass difference A is given in (8).
Note that in the limit A — 0, a, coincides with ag+ - in (5).

To obtain the associated low-energy amplitude, first recall
that the asymptotic form of the scattering wave function
along z is w~e* + fe'* /r, as r - 0o and f is the
scattering amplitude; see [26]. For the s-wave contribution
at low energies, this reduces to y, ~ sinkr/kr + f peik’ /r.
Thus, v, = ry, ~sinkr/k + T ,e'*" /87+/s. The values of
f,, and T, of the charged and neutral scattering channels
defined through v, = sinkr/k + T, and v, = T ™"

still satisfy (7), that is,
gn - 50 Tp
=0, 9

5}7 - 50
5]7 - 51
with the revised value of &, = (1+ikT,)/T,. Thus,
&,=(1+ikT,)/T,=—1/a,, then T, =—-a,/(1 + ika,).
n

Using (5) and (8), T, can be written as

(ag + ay)/2 + ik,apa,

(k+ k,)(ag + a,)/2 — kk,aga,’ (10)

Tp:—8ﬂ\/§1+i

where we have simplified the notation by writing aj( = ar.
The relation in (10) is in agreement with the result reported in
[23] in the context of the scattering of K~ by a proton. A
respective relation can be obtained for 7,, by noting
that 7, /T, = —(&, — &)/ (&, — &)

In the following, we summarize the formulas for the
associated low-energy phase shift, and the S- and T-matrix
elements:
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o 1- koClKJrKf — ik(aK+K7 — kodoal)

1 1—-k -
kcot&p:__:_&’
a, ag+x- — koapa,
) kcotd, +ik 1—ika
_ 25, P _ P
S, =e"r =
=1+2ik o
B : 8my/s’
T, B 1 B a,
8my/s kcotd,—ik  1+ika,’
T,=-——20"% T,

2(ag+ k- — koapay)

B. Inclusion of strong plus Coulomb interactions

The approach to combine the effects of strong and
Coulomb interactions follows the standard procedure of
joining the respective two wave functions, one correspond-
ing to the region where strong interactions dominate and
the other to the region where Coulomb interactions domi-
nate, at an intermediate region. This approach has been
discussed in [25,27,28] for proton-proton scattering, and
was later applied to K~ -proton scattering in [29], and to
kaonium formation in [10]. In the following, we reformu-
late this method in the context of our paper to determine the
correct form of the amplitude for K+ K~ scattering, taking
into account both strong and Coulomb interactions.

First, recall that in Sec. IT A, we introduced v, = cos kr+
sinkrcotd,. Now, the wave function v, where v # v,
outside the strong-interaction zone is modified to read
[25,27,28]

v = Co(G + Fcotd), (12)

where 6 # §,, is to be interpreted as the revised strong phase
shift in the presence of the Coulomb field. In (12), C, is the
normalization constant for Coulomb wave functions, that is,
Cy = \/27n/(e*™ — 1), where the Coulomb parameter
n =pa/k, and the regular and irregular (logarithmic)
Coulomb wave functions F and G for s-waves are defined

in terms of the incoming wave in the Coulomb field, f §_>, as
[30,31]

) = eie(G - iF), (13)

where f£_> is proportional to the Whittaker function, i.e.,
fg_) = e™2W,, 1 »(2ikr), and ¢ =argD'(1 +in) is the
Coulomb phase shift. Note that if Coulomb interactions
are turned off at large distances, v in (12) coincides with v,,.

To see this, first note that f (7)  e=ilkr=nn2kr) Thys, based on
(13), at large distances F and G behave as [30]

kcotd, —ik  1+ika, 1—koagx gx- + ik(ag+x- — koaga,)

(11)

F ~sin (kr —nIn2kr + o),
G ~ cos (kr —nIn2kr + o). (14)

Removing Coulomb interactions implies # = 0, leading
to v — v,

Now, for continuity of the scattering wave function, we
match the logarithmic derivatives of v, and v at some
joining radius d outside the strong-interaction zone:

(15)

!
Yp
v

plr=d Vly=d
Note that the range of strong interactions is 1/mg ~ 0.4 fm;
however, the length scale over which Coulomb interactions
operate is the Bohrradius of 1 /pa ~ 110 fm, thus the joining
radius d satisfies 1/myg < d < 1/pa. This implies that the
joining radius d is such that while the strong-interaction wave
function has already reached its asymptotic form v,, at large
r, the Coulomb waves have hardly had space to crawl away
from the origin; thus, we can use a small argument approxi-
mation to simplify their corresponding wave functions. For

this, note that at small distances F' and G have the form [27]

F~ Cokr,
G ~ Cy'{1 + 2nkr(In2nkr 4+ 2y — 1 + h(n)]},  (16)
where h(n) = ReW(1 + in) — Inn, ¥ is the digamma func-

tion, and y is Euler’s constant. Now, the logarithmic
derivatives of v » and v at r = d read

Bl %
Up r=d 1- (Xpd’
/
21 = 2ualin2uad + 27 + h(y)] + Clk cots
Vly=da
y 1
1 + 2uad(In 2uad + 2y + h(n)] + C3kd cots’

(17)
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where a, =1/a,, with a, given in (8). The matching
relation leads to

—a, = 2ualln2uad + 2y + h(n)] + Cikcots.  (18)

Changing @ — —a for attractive Coulomb interactions, (18)
becomes

1= e—2ﬂ/m/k
2rpa/k
x {2ualln2kd + 2y + Re¥(1 — ipa/k)] — a, }.

(19)

kcotd =

Note that when the Coulomb field is removed, that is,
a — 0, the coefficient expression in (19) behaves as
k(1 — e72a/k) |z ~ 2ua, thus (19) gives kcotd — —a
which correctly reproduces the first relation in (11).

Now, the associated S-matrix element, which replaces S,
in (11), reads

P

si6 kcoté + ik

S S — 2i(04+6) — -
P OKKT =€ “ Kcots— ik

(20)
with kcotd given in (19). For the total center-of-mass
energy below the K+ K~ threshold at 2my, s = P < 4m%,

k = /P —4m%/2 is purely imaginary, and the correct
analytic continuation is k = +i\/4m% — P§/2, which also
implies 6 =0. The KK~ - K"K~ elastic scattering
amplitude, which replaces T, in (10), is determined by

Sp+p-—1
T,> Ty =Tk = Sﬂﬁ%

87/

= V" 21
kcotéd — ik (21)

We have shown [T+ g-|* in Fig. 1, with the strong K™K~
scattering length a, = (2.688 — 1.896i)my' and d~
2.2m%! taken from [15]. The resonance peaks given here
by the amplitude are in line with the estimated kaonium
binding energies reported in [10,15], which correspond to the
pole positions given by the Kudryavtsev-Popov equation.

To conclude this section, we point out that the shape of the
curve in Fig. 1 is a perfect Breit-Wigner resonance. In [20],
we have given the theoretical derivation of the respective
amplitude for KK — KK. The case of Kt K~ — K"K~ can
be worked out in the same way, resulting in

1
TBW ~ gzKa. (22)

KK ™ DMy, Py — Mgy + Tk, /2

where My, , I'k, , and gk, denote the mass of kaonium, its
total width, and kaonium-to-K™K~ coupling constant.
For the 1s state, the resonance peak in Fig. 1 occurs at
—0.006252 MeV, with a respective width of 0.000448 MeV.

300
2s state
(?O L
— 2001
X
; I
§ 100 1s state
0 &—JL ! |
-0.008 -0.006 -0.004 -0.002
Binding energy of kaonium (MeV)
FIG. 1. Resonances in the KT K~ — K"K~ elastic scattering

amplitude squared, |Tg+x-|> x 1070, where Ty-x- is given in
(21), corresponding to the formation and decay of the 1s and 2s
bound states of kaonium.

3001

, \
5 i
X 200+
; L
= 1001

ob—r"", | . |

-75 7. ~6.5 6. _5.5

Binding energy of kaonium (KeV)

FIG. 2. The lowest Is kaonium resonance in the K™K~ —
K*K~ elastic scattering amplitude squared, |Tg+g-|> x 1074,
where T+ - is given in (21), is plotted on an enlarged scale
relative to that used in Fig. 1 (blue curve). The associated Breit-
Wigner (BW) curve obtained from (22), using the pole position of
the Ty+g- for its parameters, is slightly shifted to the right
(orange curve).

Thus, My, =2mg—0.006252=991.994 MeV and I'y, =
0.000448 MeV. We fix gk, = 62.598 MeV to match the
same peak height as in Fig. 1. We have shown TBY _ in (22)
for these values in Fig. 2, compared to the resonance curve of
Fig. 1. The exact curve on the left is indistinguishable from

the Breit-Wigner fit, which is slightly shifted to the right.

III. PHOTON-PHOTON TO MESON-MESON
CROSS SECTIONS INCLUDING THE FORMATION
OF KAONIUM

Due to the very short lifetime of kaonium ~10718 g its
direct experimental detection poses significant challenges.
However, an indirect way of detecting kaonium would be to
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look for its possible manifestation in photon-photon to
meson-meson cross sections. In our previous paper [20], we
have used a version of ChPT, developed in [16,19], being
an appropriate realization of low-energy QCD, to give a
detailed analysis of the final-state, strong-interaction,
meson-meson scattering amplitudes for the processes
arn — nn, nr — KK, KK - KK, and have calculated
the cross sections for yy — 7°2° and yy — 7% within
this framework. These calculations use the leading-order
ChPT interaction Lagrangian density [16,32-34], £, =1/
(12f?)tr[(0, @D — @9, D)? + M®?]|, where f is the (bare)
pion decay constant, tr denotes the trace in the flavor space
of the SU(3) matrices constructed from

/2 +n/V6 a Kt
® = L -°/V2+n/vV6 KO .
K- K? —2n//6
(23)
which i1s a matrix of the meson fields, and M =

diag(m2, m%,2m% — m?) is the diagonal matrix of (bare)
meson masses. Working in a set of basis states of good
isospin /, the 4-point vertices at tree level can be evaluated
as Vﬁnlmz;m3m4 = Vlln3m4;m]m2 = <I’mlm2|£2|1’m3m4> = V{]
In abbreviated notation V7, the indices (i, /) = (1,2) label
the meson pairs as 1 corresponds to KK for both I = 0 and
I =1, 2 corresponds to zz for I = 0 (or I = 2) and to z°¢
for I = 1. Using V,I» it which are, in general, off-shell, one
can obtain the associated scattering amplitudes 7 ; in terms
of coupled Lippmann-Schwinger integral equations.
However, as demonstrated in [16], when dealing with
s-wave scattering, since the off-shell parts of V! ; can be
absorbed as a renormalization factor, V/ ; can be replaced by
their on-shell values, provided that f and the meson masses
take on their physical values. The on-shell values of V! ; are

[15,16,20]

3s 3 s 2s — m>
0 _ 0 _ 0 _
V11—4f2’ VZI_\/;2f2’ Vi = 7 =

. s 29s —m2 —3m} — 8my
V=14 Va=-\/3 2 J
4f 3 12f
m2 s —2m2
Vi = 3_f2 Vi 12 (24)

Replacing V! ; by their on-shell values reduces the coupled
integral equations for 7! ; to coupled algebraic equations
that can be solved analytically, resulting in [16,19,20]

Tiy = [(1 = Vi,II5) Vi, + VI, V4] /DY,

T{Z = Viz/DI = Tél’

T(z)z = (T(1)1)1<->2’

T%z = V%z/(l - V%QH%Z), (25)

where D’ is given by
D' = (1- V{1H{1)(1 - Véznéz)
= Vil Vi, I, (26)

and TIT,

>

indicating the meson loop diagrams, reads

A |
T = , 27
i 6/(27;)412—;713, Gipyi—m @D

with e taking the value 1/2 for two identical and 1 for two
different mesons [24], and m, being the masses of the
mesons in the loop. Notationally, we can also write I}, =
kg for both I =0 and I =1, I}, =11, for I =0 (or
I =2), and I}, = I, for I = 1. Note that the integral in
(27) needs regularization as it diverges at large four-
momenta. This requires introducing an O(4) cutoff param-
eter A to regularize this integral. In [20], we have provided
a detailed analysis and evaluation of IT/, = I, where its
regularized form for s > (m, + m,)?* reads [15,20]

2
€ m
II1= — _In(1+ A%/m?>
(47)? [mtzl —m% n (1 +A%/mg)
m2
—2—b21n(1 +A2/m%) _Lab:|’ (28)
my — mj,
where
1 m§+m12, m? mlzq
Lab__1_§<mg_m%_ p >ln(m3/mi)
VS ab
\/ tanh™! | ———"%
vl { o [1—<mz—m§>/s

+ tanh™! [1 " (n;éj?m%)/s} } — i/ f b (29)

and

Vi = (1= (mg = my)*/5)'/?
< (1= (mg +my)*/$)'2 = 2pgp/ /5. (30)

with p,, denoting the magnitude of the meson’s three-
momentum. A closed form for IT, can be obtained by
setting m, = m, and m;, = m, in (28). When the masses

are equal, i.e., m, = m; = m, Il becomes [15,20]
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1=

(476[)2 [1+1n (1 + A2/m?)

+ m?/(m* + A?) = 2J], (31)

where

J = /=fcot™' \/=fO(4m* - 5)
+/f(tanh™" \/f —in/2)0(s — 4m?),  (32)

with \/f = (1 —4m?/s)'/? and 6 denoting the Heaviside
step function. The first term of J in (32) is the analytic
continuation of J for the center-of-mass energy below the
threshold. To obtain a closed form for [1xz, we set m = my
and e = 1in (31) and for IT,, setting m = m,and e = 1/2.
Now, all the TII. ; that have been introduced in (25) can be
expressed in closed form. The parameter A is fixed as A =
1351 MeV [15,20], so that the real part of T‘l’l’s pole
correctly reproduces the observed mass of f;(980). We
point out that, having meson-meson scattering amplitudes
at our disposal, the respective amplitudes for meson pair
production from photon-photon collisions can be evaluated
as well; see [19,20] for a detailed discussion. These
amplitudes are [20]

ie?
Tyy—»mlmz = 87752 E JmiTnum_;mlmzv (33)
my

where m. denotes the masses of the propagating charged
meson pairs in the loop, T, ;_.n,m, can be obtained from
(25), and J,,, is given by

4m? [ . _ 5 \?
o= 155 (o )

2
4m’

X O(4m% — s) + [1 +

X (eosh—l \/% - in/:> 2} O(s —4m2). (34)

Using the formalism summarized above, combined with
QED, we have studied cross sections for meson pair
production from photon-photon collisions in [20].
However, in [20], as in the above summary, we have
neglected the possible formation of kaonium, which requires
incorporating isospin breaking into the formalism. In the
following, we implement the effects of isospin breaking in
the amplitudes and recalculate the cross sections for the two
processes yy — n°z° and yy — 7', including the formation
of kaonium.

A. Cross section for yy — 7°2° including

the formation of kaonium

The cross section for yy — 7°2° is given by
olyy 2o = Pr
2567T2S q;

< [aar Yl @P. 39

AV

where the incoming photon and the outgoing pion
momenta read g; = /5/2 and p, = \/s\/1 —4m2/s/2,
respectively, and e denotes the polarization of the photon.
After averaging over the photon pair polarization and
integrating over half the solid angle of one of the outgoing
identical z°’s, (35) becomes

1 4m?2 (a\2
olrr =27 = ssems V= <7r>

X |JJTT7I+71_;7IOITO + JKTK+K_;ﬂ0ﬂO |27 (36)

where J, and Jg can be obtained from (34). The
charge exchange amplitude for s-wave pions in terms of
the zz amplitudes of good isospin I = 0, 2 in the isospin
basis is T, ,-p0,0 = (°2°|T|nt ™) = (19, — T3,)/3 and
the annihilation amplitude into two neutral pions reads
Ty kom0 = (2°2°|T|K*K™) = T%,/v/6. With these two
amplitudes, (36) takes the form

1 4m2 (a2
olrr =27 = 2565 V! _T(E>

1
Jng(ng —T3,)+Jk

1 2

V6

However, note that the above results do not consider
isospin violation. Thus, (37) cannot be the correct formula
for the cross section if the formation of kaonium is to be
considered. The amplitude T+ ,-.,0,0 is not affected by the
isospin breaking in the K™K~ channel, and thus the effects
of isospin breaking due to the K® — K* mass difference and
K*K~ Coulomb interactions should be imported into
T+ g-q0.0- The correct formula for T+ g-.0,0 should
contain the value of the modified strong inverse scattering
length a, = 1 /a » in (8) that determines k coté$ from (19).
Note that suppressing the Coulomb field, for example,
leaves us with the expected result k coté = —a,, that only
includes the kaon mass difference effects but no kaonium
formation. To obtain the correct form of T+ g-.,0,0, We
follow the approach proposed in [23,29], which we have
already used in Sec. II to import the effects of isospin
breaking for the correct calculation of the binding energy of
kaonium. The basic physical assumption in those calcu-
lations is that isospin is effectively conserved inside the

X 79, (37)
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strong-interaction zone; in other words, the isospin-breaking
agents are simply too weak with respect to strong interactions
to have a significant effect. We can make this remark
quantitative by examining the strong-interaction matrix
elements in the particle basis involving kaons; they all
contain an additive kaon mass squared. Thus, they differ
by (my, —m%.)/f* = 2mgA/f* = 0.46 compared with a
typical on-shell value ~s/f*~4m%/f*~ 116, or about
0.4% correction in the vicinity of the KK threshold, implying
that the isospin violation occurs effectively only outside the
strong-interaction zone. Taking note of these remarks, we
assume the following two points: (i) Since we are interested
in the energy region Py ~ 2my around the kaonium reso-
nance(s), we ignore symmetry-breaking effects in the pion
sector. Such effects would only become relevant for a study
of pionium that lies just below the two-pion threshold. (ii) In
the kaon sector, the strong-interaction matrix elements are
unaffected by symmetry-breaking effects; only the K™K~
elastic and charge exchange amplitudes are modified as
described by (21) and the last relation in (11). We implement
the aforementioned arguments as follows.

First, note that we have the particle-to-isospin basis
relations:

v 1 Vo s

K+K—;”Oﬂ0 ==V = o>
V6 412

T k-xrx- + Tox-gogo = Ty,

(38)

— 7l
TK+K—;K+K— - TK+K7;KOI'(U = Tll’

where  we have  used (24), Tgig-xrg- =
<K+{(_‘T|K+K_> = (T}, +T1,)/2, and Tgig-gogo =
(K°K°|T|KTK~) = (TY, — T},)/2. From (38) and noting
that 75, = V4, (1 + 11, T%,)/(1 = V1,I1L,), we obtain

TK*](— 0,0 = L 1744 1+ H(I)I(TKJfK*;K*K* + TK*K‘;KOI_{())
o V6 B 1- V(z)zn(z)z

(39)

This expression for the amplitude T g+ g-.0,0 still does
not contain any isospin-breaking effects. We use point

8m\/s

—(ap +ay)/2 — ik,apa,

(i) discussed above to import these by approximating the
K* K~ elastic and charge exchange amplitudes by (21) and
(11) that include both the K — K* mass difference and
Coulomb isospin breaking,

Tk k-x+k- ® Te = T, (off kaoniumresonances),
TK*K‘;K“[_(O ~ Tc.e. = Tn- (40)
The KK polarization loop, I}, = Tlxg, also depends on the
mass of the kaon circulating the loop; thus,

HK*K’ ?é HKOI—(O' (41)
However, except for having thresholds at different branch
points s = 4m>, < 4ms,, their difference in value is
O(1%). The modified version of the K*K~ — z°z°
amplitude given by (39) for insertion into (36) to calculate

the yy — 7920 cross section then reads

1 1+ g g-Te + HgogoT
Ty ggogd X ——= V3 = = 42
K+ K= 32%72° \/6 21 1 — ngngz ( )
A couple of remarks are in order: (a) In actual calculations
in the vicinity of the kaonium resonances, we approximate
Ig+ - and I gogo by the common polarization H(l’1 = Ilgg
evaluated at the average kaon mass mp, thus (42) reduces to

T g+k- onzivo 1+HKI_((Te1_+Tc.e_)
e ‘/6 o I_V(z)zn(z)z

(43)

(b) To study the influence of the kaonium resonances on the
yy = 779 (and later for yy — 7%) cross section, we need to
analytically continue 7. and T .. to include the unphysical
region 0 < s < 4m% of the real s axis where these reso-
nances occur. Both amplitudes are analytic in the upper half
complex s plane, cut along the real axis from their respective
branch points (thresholds) at s ~ 4m% and ~4(m% + 2mgA)
to +o0. Hence, the analytic extension onto the real axis lying
below their respective branch points is given by

Ty =—oY" _NT =8
" kecoto—ik P /s
NT — 1 gzl(a.
~ K+K7—_ B
2Mg, Py — My, + i, /2
—(ap—ay)/2

1 +i(k+ k,)(ag+ ay)/2 — kk,aga,

(off kaonium resonances)

(near kaonium resonances, v/s ~ M, ),

Tc.e. = Tn = 8”\/31 T

<k + kn)(ao =+ (11)/2 - kknaoal ’
—dg — iknaoal

Te) +Tee T, +T, = 81\/s

where

1+ i(k + k) (ag + ay)/2 — kkyapa;’

(44)
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A

s s —4m2 \s — 4(m} + 2mrA)
& 0 v R
4m3, 4(m? + 2mgA) i

FIG. 3. Illustration of complex vectors s, s§— 4m%<, and
s —4(m% + 2mgA), where -z < ¢ <z and 0 < (0,y) < 27
The zigzag lines represent the branch cuts.

k:+%\/4m%(—s,

i
k, = +5 \/4(m%( +2mgA) — s, (45)

withO < s < 4m% forkand0 < s < 4(m% + 2mgA) fork,,.
To see how (45) holds, note that s = |s|e” and
s—4m% = |s—4m%|e”, where —r <¢p <z and 0 <0 <2rx
define the first Riemann sheet. Now, k=(s—4m%)!/?/2=
V|s—4m%|e? ]2— \/dm% —se'"/? | 2=—+i\/4m% —s /2, as
¢ —0 and 0 — . Similarly, s—4(m% +2mgA) =
|s —4(m% + 2mgA)|e”, where 0 <y <27. As ¢ — 0
and o, k,=+/|s—4(mE+2mgA)|e"/? /2>
VA% +2mygA) —se'/? |2 = +i/A(my +2mgA) — /2.
The cut plane is shown in Fig. 3.

It is instructive to study the common complex pole of 7',
and T, given by (44) in the complex s plane. By
introducing the complex variable z = 5/4m?%, the complex
wave numbers (45) that appear in the denominators of these
two amplitudes read

k(z) = mg\/Tz = 1]e,

kn(z) = ’nK\/|Z - (1 + 2A/mK)‘ei6' (46)

The pole of either T is then given by the complex root of the
function:

D(z) =1+ i[k(z) + k,(2)](ap + a1)/2
— k(2)k,(2)apa; . (47)

Now, for the total complex energy of the system, we can
write My — ily/2 ~ 2my + k*(z,)/mg, where D(z,) = 0.
For the values of a; and a; given in [15], we can solve for
Z,, and obtain M, — il'y/2 ~ (982 — 26i) MeV, which is
typical for the resonance f((980).

We now have all the required formulas at our disposal to
calculate the cross section for the process yy — 7°7z°. We
have shown the result as a function of the center-of-mass
energy P in Fig. 4. In this figure, the blue curve, for which
the formation of kaonium is taken into account—(36) is

- — Conserved isospin

:‘; 60— fy (980) - 7im — Broken isospin
-

&
(e}

[

T

>~

o~

S

800 900

1000
Py (MeV)

1100 1200

FIG. 4. Cross section for yy — 7°z° as a function of the center-

of-mass energy +/s = Py. The black curve represents o(yy —
7°72°) with conserved isospin, corresponding to (37). The blue
curve represents ¢(yy — #°z°) with broken isospin, correspond-
ing to (36) with T' g+ g-.0,0 given in (43). The isospin breaking is
only significant in the close vicinity of the kaonium resonance
around 992 MeV. The cutoff parameter is A = 1351 MeV.

evaluated using T g+ g-.,0,0 given in (43)—shows the same
behavior in most of the energy range as the black curve
representing (37), where the isospin is conserved. The
isospin violation manifests itself around 992 MeV as a
sharp peak in the close vicinity of the kaonium resonance.
In these calculations, we have fixed the cutoff parameter A
at 1351 MeV and have assumed ay = (3.530 — 2.077i)my!
and a; = (1.651 — 1.416i)mz' in line with our previous
work in [15,20].

B. Cross section for yy — 7% including
the formation of kaonium

The expression for the cross section of the process yy —
2% differs from that of two-pion production in (36) in
four respects: (i) The angular integral runs over the full
solid angle. (ii) The outgoing z° or ; momentum

IS pay = \/E\/l —(m, — m,,)z/s\/l — (m, 4+ m,)?*/s/2.

+

(iii) T+p-.0, = 0 from G-parity conservation; since x
carry 19(J”) = 17(07) and #° carries I (JFC) = 17(0~1),
while # carries 0%(07"). (V) Tgig-z00 = Tiog-
Hence,

;ﬂ()n.

1
T 1287xs

X\/1_<m”—mn>2\/1_<mﬂ+m,7>2<g>2

X |JKTK+K’;;T n|2' (48)

o(yy — 7°n)

To evaluate Tgg-0,, if we assume Ty g-
(z°|T|K*K~) = =T}, /+/2, then (48) becomes

'y =
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1
0 _
o(yy—n 77)—1287”
X\/I_WW\/l_WW<a>2
S A T
1 2
X JKﬁTél (49)

As was the case with the two-pion production cross
section in (37), (49) also does not contain any isospin-
breaking effects. To import these, we follow the procedure
explained in Sec. III A. First, considering (38) together with

Vi k-0 = —V11/V/2, we obtain

1
TK+K7;7[[]77 — _%V%l
y 1+ 10 (T gk k- — Trogmx0k0)
1 - V,I1, '

(50)

Then, following the arguments presented in Sec. III A, the
modified version of the K*K~ — 7% amplitude required
to calculate the yy — 7% cross section in (48), when the
formation of kaonium is taken into account, can be written as

1 V! 1+ HKI_((Tel. - Tc.e.)

Teso-0, & —— 51
e s g, OV
100__ — Broken isospin ® JADE Coll.
:.;: 80 __ — Conserved isospin ® Belle Coll.
= r x107°
Ol: 60 ao (980) - 71'0 n
I\
>~
=~
b

700 800 900
P() (MQV)

1000 1100 1200

FIG. 5. Cross section for yy — 7% as a function of the center-
of-mass energy /s = Py. The black curve represents o(yy —
7%) with conserved isospin, corresponding to (49). The blue
curve represents ¢(yy — 7°5) with broken isospin, corresponding
to (48) with Tg+g-..0, given in (51). The kaonium resonance
manifests itself as a sharp peak around 992 MeV, where its width
is smaller by a factor of 107> than that of the strong-interaction
resonance width. The experimental data of the JADE and Belle
Collaborations [21,22] are shown in red and green, respectively.
The cross-section curve, when the formation of kaonium is taken
into account, gives a better fit to the experimental data. The cutoff
parameter is A = 1351 MeV.

The necessary analytic continuation of 7. and T,. for
studying the influence of the kaonium resonances on the
cross section is the same as before; see (44) and (45).

We are now in a position to evaluate o(yy — 7%) as a
function of the center-of-mass energy P,. We have shown it
in Fig. 5 compared to the experimental data from the JADE
and Belle Collaborations [21,22]. The blue curve corre-
sponds to (48) with T'g+g-.0, given in (51) and the black
curve represents (49). Kaonium manifests itself as a sharp
resonance around 992 MeV. In contrast to the case of
yy — n°2°, here the difference between the two curves is
more significant in the wider energy range. The cross-
section curve, when the formation of kaonium is taken into
account, gives a better fit to the experimental data.

C. Ratio of the yy — 7% to yy — a2 cross
sections at the kaonium resonance energy

We conclude this section by commenting on the numeri-
cal differences between yy — 7% and yy — 7%2° at the
kaonium resonance energy of My, = 991.994 MeV. The
amplitude ratio for the two processes in question at My, is
approximately

Tr+g--
KKty ~2.6. (52)

TK+K7;IZOJTO

where we have used (43) and (51), and have ignored the
nonresonant amplitude in the vicinity of the kaonium mass.
The value in (52) can be traced to the difference in behavior of
the 7y versus zz propagators, I1}, and I19,, as well as the
difference in the interactions V1, and V9. We can make this
statement quantitative by recalling that T, > T.. near
s ~ Mz, ; therefore, all references to the isospin-breaking
factors, Ty F T, drop out of the ratio, and we can write

~ ‘ _ \/gv_%l(l = ViIly)™!
Ve, (1= V5,15,
~ 2.6, (53)

‘ y——

TK+K7;”0”0

confirming explicitly that the difference in value is due to the
isospin-conserving strong interactions alone. The resulting
cross-section ratio at the kaonium resonance is then

olrr =2 Pm ?

o(yy —» n°2°) " p,
~0, (54)

7”1{4»1(7;”0’7

TK+K—;”0”0

compared to the value of ~8.8 which can be obtained directly
from the ratio of (48) and (36) without approximation.

IV. CONCLUSIONS

In this paper, we have studied the binding energies of the
Is and 2s bound states of the hypothetical mesonic atom,
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K* K~ (kaonium), using the K* K~ — KK~ elastic scatter-
ing amplitude. The resonance peaks of the amplitude,
corresponding to the kaonium binding energies, are in line
with previously reported values derived from the pole
positions of the Kudryavtsev-Popov equation. Employing
a version of chiral perturbation theory (ChPT), developed in
[16,19], we have evaluated the cross sections for processes
yy = 72°2° and yy — 7%, including the formation of kao-
nium. This requires a modification of meson-meson scatter-
ing amplitudes to incorporate the effects of isospin breaking,
stemming from the kaon mass difference and Coulomb
interactions—the latter being essential for kaonium forma-
tion. Our calculations demonstrate that this exotic atom, with
a ground-state lifetime of ~107'8 s, manifests itself as a
sharp peak around 992 MeV accompanying f,(980) or
ay(980). The obtained theoretical cross-section curves—
particularly for the process yy — #°p—show a better fit to the
experimental data from the JADE and Belle Collaborations
[21,22] when kaonium formation is included in the calcu-
lations, and thus hint at the likely existence of this elusive,
yet-to-be-observed atom. Building on this improved agree-
ment with the data, we conclude by commenting on the
experimental testability of the kaonium signal predicted in
this work. The intrinsic width of the ground state of kaonium

is extremely small, 'y, ~ 0.45 keV, implying that a direct
experimental resolution of the isolated kaonium peak would
require a center-of-mass energy resolution AFEg. S
0.45 keV around 992 MeV. Such a resolution is far beyond
the capabilities of current photon-photon experiments.
However, the physical significance of kaonium does not
rely on resolving its intrinsic width. Instead, kaonium
manifests itself through a localized modification of the
energy dependence of the cross sections near the K™K~
threshold, where the background is governed by the much
broader f,(980) and a,(980) resonances. A more realistic
regime for near-future facilities is I'x, < AERes, < T'f 45
where the kaonium signal, though broadened by the
experimental resolution, appears as a narrow enhancement
on a locally flat background. A resolution of AEg. ~
1-2 MeV—which may become accessible with ongoing
upgrades to photon-photon experiments—could produce a
detectable enhancement confined to 1-2 bins.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.
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