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This work presents the first calculation of a two-to-two particle matrix element of a local current within a
lattice-regularized quantum field theory. This exploratory calculation is performed using a leading-order
pionless effective field theory of two nucleons in a finite 3D spatial volume, where the Hamiltonian can be
diagonalized exactly for moderate volumes. By considering a range of couplings where the theory supports
a deuteronlike bound state, we determine the finite-volume spectra and matrix elements of the conserved
local vector current. Using the Lüscher formalism, we constrain the infinite-volume, purely hadronic
amplitude for this theory. Using previously derived formalism, we then map the finite-volume matrix
elements to scattering amplitudes describing a reaction coupling two-particle states via a current insertion,
2þ J → 2. We then use a recently derived relation between this class of amplitudes and the bound-state
elastic form factor to directly constrain the infinite-volume form factor. By varying over a range of values of
the coupling of the theory, we explore the effects of this analysis for deep- and shallow-bound states. We
reproduce the expected result that, for deep-bound states, the finite-volume formalism is largely
unnecessary, while for shallow-bound states, it is absolutely critical to obtain a sensible result. We
present a detailed outline of the analysis of this class of matrix elements, including the determination of the
charge radius of the bound state. In the shallow-bound-state limit, we find good agreement with the
prediction stemming from the anomalous threshold.
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I. INTRODUCTION

A long-standing goal of nuclear physics is to establish
reliable predictions of the properties and reactions of nuclei
directly from quantum chromodynamics (QCD).
Constraining the dynamics of quarks and gluons, and
how they bind together, first into protons and neutrons,
and then into nuclei, is a notable theoretical challenge due
to the nonperturbative nature of QCD. However, precise
theoretical input is needed, for example, to constrain the

dynamics of nuclear interactions, which itself is critical for
having a quantitative understanding of the most basic
nuclear reactions driving the Universe’s evolution [1–3].
Additionally, characterizing the hadronic responses to
electroweak probes is necessary for understanding a large
number of experimental searches constraining beyond-
Standard-Model physics scenarios, like long-baseline neu-
trino experiments, which use the nucleus as a laboratory to
probe the nature of neutrinos [4–8]. Determining the
relevant electroweak matrix elements of these processes
is necessary to enhance the discovery potential of such
experiments and to provide insight into their nature.
First-principles calculations of the structure and proper-

ties of nucleons and bound nuclei are possible with lattice
QCD (LQCD), a numerical approach that yields quantita-
tive predictions for hadronic observables. In the last decade,
we have witnessed significant progress in the determination
of elastic electroweak form factors of the nucleon [9–17], as
well as parton distribution functions [18–24], which are
starting to paint a detailed picture of its internal structure.
However, understanding the internal dynamics of light
nuclei with LQCD is still in its infancy due to the
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complexity of the calculations and the amount of computa-
tional resources required for the extraction of baryon
correlation functions, which are plagued by a severe
signal-to-noise problem [25,26]. This signal-to-noise prob-
lem has resulted in the fact that, although we have known
formally how to constrain nucleon-nucleon (NN) scattering
amplitudes from LQCD for over a decade [27–30], it has
not been until recently that several groups using comple-
mentary techniques have obtained statistically consistent
NN scattering amplitudes at exploratory heavy quark
masses [31–37], corresponding to mπ ∼ 700–800 MeV.
All of these studies point to the fact that, at these heavy
quark masses, the isoscalar and isovector NN systems have
a shallow virtual bound state. This is in contrast with the
experimental situation, where it is well known that the
isovector channel contains a virtual bound state, namely the
dineutron, while the isoscalar channel contains the deu-
teron, which appears as a real bound state. Understanding
the evolution of these states as the pion mass is reduced to
the physical point is of paramount importance for control-
ling LQCD calculations of light nuclei.
Now that we have reliable methods for computing the

purely hadronic NN amplitudes, it is a reasonable time to
investigate the feasibility of accessing the structural infor-
mation of these states. There are presently two classes of
formalisms for performing these calculations in the liter-
ature. The first uses the fact that, at low energies, one can
construct an effective field theory (EFT) to describe both
finite- and infinite-volume observables in terms of volume-
independent low-energy coefficients [38–41]. This allows
for an indirect matching of, for example, finite-volume
matrix elements and infinite-volume electroweak proc-
esses, which holds up to a finite order in the expansion
of the EFT. Consequently, the resulting amplitudes can
only be as precise as the EFT and the order chosen in
performing the analysis. Alternatively, one can derive a
more universal class of correspondences between finite-
volume matrix elements of local currents and infinite-
volume amplitudes. These correspondences can be derived
using all-orders perturbation theory [42–44]. Furthermore,
these correspondences can be obtained for large classes of
reactions using a minimal set of kinematic assumptions. As
a result, one can imagine implementing these for studying,
for example,

(i) coherent neutrino deuteron scattering, νld → νld,
(ii) photodisintegration of the deuteron, γ�d → np, and
(iii) elastic form factors of the deuteron, γd → γd.
Currently, there are two key assumptions made in the

derivation of Refs. [42–44] that limit their applicability.
First, the formalism only holds for kinematics, where only
two-particle systems can go on shell. Second, it assumes
that all particles involved are spinless. Therefore, until this
formalism is generalized to incorporate the intrinsic spin of
nucleons, it can only be rigorously used for kinematics
where spin effects are negligible.
In brief, the formalism presented in Refs. [42–44] first

relates the finite-volume two-particle matrix elements
h2jJ j2i, where J is a local current, to an infinite-volume
amplitude 2þ J → 2, denoted as W. These classes of
amplitudes are largely unexplored in the literature, but they
contain a tremendous amount of information. For example,
if these processes support bound states or resonances, one
can obtain elastic factors and inelastic transition amplitudes
from the pole singularities of these amplitudes. This
procedure, which is qualitatively depicted in Fig. 1, is
the main focus of this work.
This formalism is absolutely critical if one wishes to

access 2þ J → 2 amplitudes via LQCD. This is because
scattering/reactions are strictly inaccessible in finite vol-
umes, where LQCD calculations are necessarily performed.
This formalism directly maps finite-volume observables to
infinite-volume observables. This mapping is exact up to
exponentially suppressed errors that scale as e−mL, where L
is the spatial extent of the lattice and m is the mass gap of
the theory. This formalism builds on previous formalisms
presented in Refs. [45–49] for studying a simpler class of
reactions, which are of the type J → 2 or 1þ J → 2.
These other formalisms have been used in lattice QCD
studies of an increasingly large number of electroweak
transition amplitudes [50–58]. These studies provide prom-
ising progress toward the consideration of more compli-
cated electroweak transitions, with the most natural case
being of the form 2þ J → 2.
Before this work, several nontrivial checks have been

performed on the formalism presented in Refs. [42–44].
These include studying the limit where a two-body system
supports a bound state and when the amplitude satisfies
the Ward-Takahashi identity. In Ref. [59], it was shown
that the correction provided by the formalism becomes

FIG. 1. Shown is a qualitative depiction of the 2þ J μ → 2 amplitude Wμ and its relation to the bound-state form factor fB. Note
Q2 ¼ −ðPf − PiÞ2.
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exponentially small as the binding energy increases,
agreeing with the expectation that matrix elements of stable
states have negligible volume dependence. It was also
shown that the amplitude extracted satisfies constraints
placed by the Ward-Takahashi identity when a conserved
vector current is considered. In a parallel study, it was
shown that the formalism reproduces the expectations from
perturbation theory [60]. In particular, the nonperturbative
formalism was used to describe a weak system, where the
finite-volume spectrum and matrix elements could be
evaluated perturbatively, and perfect agreement was found
when perturbatively expanding the result of the formalism.
Furthermore, it was shown that the volume scaling of
matrix elements for a scalar current was consistent with the
expectation from the Feynman-Hellmann theorem.
In this work, we present the first implementation of this

formalism for a lattice quantum field theory calculation.1 In
particular, we evaluate the finite-volume spectrum and
matrix elements for the so-called pionless nuclear EFT
(EFT=π) [62,63].2 By considering moderately sized 3D
volumes, we can diagonalize the Hamiltonian exactly.
We tune the two-body interaction of the theory to support
a bound state and vary the parameter to study the matrix
elements within deeply bound states, where we expect the
formalism to be largely unnecessary, as well as increasingly
shallow-bound states. Although we have spectra and matrix
elements below and above the two-particle threshold, in
this analysis, we focus our attention on the energy levels
below threshold. We find that, for shallow-bound states,
without applying the finite-volume formalism, one would
obtain form factors for the bound states that are multivalued
and consequently violate analyticity. In other words, unless
the binding momentum of the two-particle bound state is
large in comparison to the inverse of the spatial extent of
the lattice, the formalism is necessary and crucial.
The remainder of this work is organized as follows. In

Sec. II, we review the formalism presented in Refs. [42–44]
for studying two-body matrix elements and the correspond-
ing amplitudes. In Sec. III, we present our implementation
of the lattice EFT=π . In Sec. IV, we present our analysis of
the spectrum and matrix elements and provide our deter-
mination of the infinite-volume form factors. Finally, in
Sec. V, we conclude and discuss the outlook for the
formalism. Additionally, we provide details regarding the
projection procedure for the lattice in Appendix A and the
asymptotic form of the charge radius in Appendix B.

II. REVIEW OF SCATTERING AND FINITE-
VOLUME FORMALISM

Here we review the fully relativistic scattering formalism
presented in Refs. [42–44] for studying reactions where
two-particle states are coupled via an external vector
current J μ, i.e., 2þ J μ → 2 amplitudes. The key take-
away from these formalisms for the context of this work is
that the fully relativistic form factor for a two-particle
bound state fB satisfies the relationship

ðPf þ PiÞμfBðQ2Þ ¼ g2ðAμðPf; PiÞ þ ðf1ðQ2Þ
þ f2ðQ2ÞÞ½ðPf þ PiÞμGðsB;Q2; sBÞ
− 2GμðPf; PiÞ�Þ; ð1Þ

where Pi=f is the four-momentum of the initial/final state,
Q2 ¼ −ðPf − PiÞ2 is the current virtuality, and sB ¼ P2

i=f is
the mass squared of the bound state. The different terms in
this expression encode dynamical information of the two-
particle system in the following way. First, g is the coupling
of the two-particle scattering state to the bound state, which
can be extracted from the two-particle scattering amplitude.
Second, the functionAμðPf; PiÞ contains the short-distance
dynamics between the two-particle system and the current.
Finally, f1=2ðQ2Þ stands for the individual form factor of
each of the particles within the two-particle system,
assuming that the two particles are distinguishable; while
G and Gμ are kinematic functions originating from the
triangle diagram to be discussed later.
Below, we explain how this form factor can be obtained

from the residue of the 2þ J μ → 2 amplitude at the
bound-state pole [44]. This is qualitatively depicted in
Fig. 1. Furthermore, we explain how such an amplitude can
be obtained from the analysis of finite-volume matrix
elements of the current [42,43], as well as the finite-volume
spectrum. Before discussing these, we will need to define
matrix elements of single-particle states as well as purely
hadronic 2 → 2 amplitudes, since these are necessary
inputs into the analysis. In what follows, we will assume
the particles are degenerate but can be distinguished by the
charge coupling to the external current. One of the particles
will have a nonzero coupling to the current, while the other
will have a 0 coupling (e.g., πþ and π0 or p and n in the
isospin limit). In Sec. II D, we will discuss how one can
match to nonrelativistic quantum field theories (QFTs).

A. Single-particle form factors

Let jPirel. denote a relativistic infinite-volume single-
particle state with four-momentum Pμ ¼ ðE;PÞ with mass
M ¼

ffiffiffiffiffiffi
P2

p
and the standard relativistic normalization,

hPfjPiirel ¼ 2Efð2πÞ3δ3ðPf − PiÞ: ð2Þ
With this, we can define matrix elements of a vector

current, J μðxÞ, in terms of two Lorentz scalars (the form

1For an ongoing parallel Monte Carlo calculation of this same
class of reactions in the Oð3Þ nonlinear sigma model in 1þ 1D,
we point the reader to Ref. [61].

2Lattice EFTs have been used to study the properties of light-
and medium-mass nuclear systems [64–70]. Typically, these
studies are performed at large enough volumes where finite-
volume errors can be safely ignored.
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factors) which depend on the current virtuality Q2,

hPfjJ μðx ¼ 0ÞjPiirel ¼ ðPf þ PiÞμf1ðQ2Þ
þ ðPf − PiÞμf2ðQ2Þ: ð3Þ

Requiring that this current is conserved, ∂μJ μðxÞ ¼ 0, puts
an additional constraint on the matrix element, which in
momentum space can be written as

ðPf−PiÞμhPfjJ μð0ÞjPiirel ¼ðPf−PiÞμðPfþPiÞμf1ðQ2Þ
þðPf−PiÞ2f2ðQ2Þ;

¼−Q2f2ðQ2Þ¼ 0; ð4Þ

which must be true for any value of Q2, implying that
f2ðQ2Þ ¼ 0. In summary, for a conserved current, we need
a single form factor, and as a result, we drop the subscript,

hPfjJ μð0ÞjPiirel ¼ ðPf þ PiÞμfðQ2Þ: ð5Þ

The fundamental fields will be structureless in the
nonrelativistic EFT used in this work, so their charge form
factor will be equal to 1 for all kinematic configurations.
However, Eq. (5) also holds for the bound states of two
particles. These bound states dynamically acquire non-
trivial structure and will, in general, have a Q2-dependent
form factor. In Sec. II C, we describe the two-hadron
formalism of Ref. [44] and its application to bound states.

B. Relativistic 2 → 2 scattering

Here, we are interested in a field theory that only has one
open two-particle channel composed of nonidentical
degenerate particles of mass M that only couple to the
l ¼ 0 partial wave. In this limit, the purely hadronic 2 → 2
scattering amplitude can be written in terms of a single
function, namely the l ¼ 0 scattering phase shift, which we
label as δ. This is a function of the center-of-momentum
(CM) energy E⋆, or equivalently, the Mandelstam variable
s ¼ E⋆2. Without loss of generality, one can write the
scattering amplitude M as

MðsÞ ¼ 1

ρðsÞ cot δðsÞ − iρðsÞ ; ð6Þ

where

ρðsÞ ¼ q⋆

8πE⋆ ; ð7Þ

is the phase space factor for distinguishable particles, and
q⋆ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s=4 −M2

p
is the CM relative momentum of the

two-particle system.
A useful low-energy parametrization of the scattering

amplitude that we utilize in this work is the effective range

expansion (ERE), where q⋆ cot δðsÞ is expanded near
threshold as a polynomial in q⋆2. In what follows, we
will only consider terms that go to next-to-leading order
(NLO) in this expansion,

q⋆ cot δNLOðsÞ ¼ −
1

a
þ 1

2
rq⋆2; ð8Þ

where a and r are respectively known as the scattering
length and effective range.
Furthermore, we will explore values of these parameters

for which the scattering amplitude can acquire a bound
state. This occurs when the denominator of Eq. (6) van-
ishes. Denoting the binding momentum as κ, this occurs for
energies below threshold satisfying

q⋆ cot δðsÞjq⋆¼iκ þ κ ¼ 0: ð9Þ

Ultimately, we will need to know not just the pole location
of the scattering amplitude, but also the residue at the pole.
This is given by the behavior of M near the bound-state
pole sB,

MðsÞ ∼ ðigÞ2
s − sB

;

⇒ g ¼ lim
s→sB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsB − sÞMðsÞ

p
: ð10Þ

After a bit of algebra, one finds that g can be written as [59]

1

g2
¼ 1

64πκ
ffiffiffiffiffi
sB

p
�
1 − 2κ

∂

∂q⋆2
q⋆ cot δðsÞ

�
s¼sB

: ð11Þ

C. Relativistic 2+J μ → 2 amplitudes

We now review the definition of the 2þ J μ → 2
amplitudes [44,59]. As for the purely hadronic process,
we restrict our attention to the l ¼ 0 partial wave. Just like
in the one-particle sector, discussed in Sec. II A, these
amplitudes have a matrix element definition

hPf; pfjJ μð0ÞjPi; piiconn ≡WμðPf; PiÞ; ð12Þ

whereWμ is the desired amplitude, jPi; pii=jPf; pfi are in/
out two-particle states with total momentaPi=Pf where one
of the two particles carries momentum pi=pf, respectively,
and the subscript conn. reminds us that only connected
diagrams contribute to this amplitude.
Reference [44] shows that this amplitude can be written

in terms of two pieces. The first is a sum of terms with
simple poles associated with propagators, D, of single
particles coupling to the external current and is completely
constrained by subprocess quantities that may be deter-
mined independent of Wμ, i.e., the two-particle scattering
M and terms proportional to the single-particle form
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factors, wμ
on ∝ f1=2ðQ2Þ. The second term is known asWμ

df ,
where the subscript alludes to its divergence-free nature,
since it no longer has simple single-particle poles. As
explained in Ref. [44], this still has softer kinematic
singularities and possible dynamical pole singularities,
associated with bound states or resonances. In short, Wμ

can be written as

iWμðPf; PiÞ≡
X

fiwμ
oniDiMg þ iWμ

dfðPf; PiÞ: ð13Þ

In the limit that two-particle states couple to l ¼ 0, the pole
piece within the summation depends on the angles of the
relative momentum, while Wμ

df does not. The latter is the
piece that is dynamically interesting since it can provide
nontrivial information on the internal structure of the two-
particle state, so it is the focus of our attention in this work.
We consider the specific case of two distinguishable

degenerate particles, one neutral and the other charged,
with no internal structure, i.e., with single-particle form
factors f1ðQ2Þ ¼ 1 and f2ðQ2Þ ¼ 0. Projecting to l ¼ 0,
the general expression found in Ref. [44] for Wμ

df can be
written as

Wμ
dfðPf; PiÞ ¼ MðP2

fÞ½AμðPf; PiÞ
þ ðPf þ PiÞμGðP2

f; Q
2; P2

i Þ
− 2GμðPf; PiÞ�MðP2

i Þ; ð14Þ

where G and Gμ are relativistic infinite-volume triangle
functions,

GðP2
f;Q

2;P2
i Þ¼ i

Z
d4k
ð2πÞ4Dðk2ÞD

�
ðPf−kÞ2ÞDððPi−kÞ2

�
;

ð15Þ

GμðPf;PiÞ¼ i
Z

d4k
ð2πÞ4k

μDðk2ÞD
�
ðPf−kÞ2ÞDððPi−kÞ2

�
:

ð16Þ

in which Dðk2Þ ¼ ðk2 −M2 þ iϵÞ−1 is the single-particle
propagator. These integrals are UV convergent and can be
evaluated using standard methods. Reference [43] provides
a general prescription for evaluating this class of integrals,
and Appendix A of Ref. [44] gives a thorough discussion
on the singularity structure of these functions. A key point
is that, in addition to square-root threshold singularities
also present in M, these functions exhibit anomalous
threshold singularities that can be logarithmic or inverse
square root depending on the kinematics.
The only function that has not already been defined in

Eq. (14) isAμ. This was identified in Ref. [44] to be purely
real and a nonsingular function of the external kinematics
but is otherwise unconstrained. For conserved vector
currents like the one considered in this work, the Wμ

amplitude is subject to the Ward-Takahashi identity

qμWμ ¼ ðPf − PiÞμWμðPf; PiÞ ¼ 0: ð17Þ

This equation can be used to further restrictAμ, however, it
is not sufficient to completely determine its functional
form. The proper normalization of the bound-state form
factor, i.e., fBð0Þ ¼ f1ð0Þ, follows from the amplitude
satisfying the Ward-Takahashi identity [59].
Let us now consider the consequence of this formalism

in the limit where a bound state is present at P2
i ¼ P2

f ¼ sB.
Beyond this, we can follow Refs. [44,59] to define the
bound-state form factor fB from W.
If there is a bound-state pole inM, thenWdf will have a

pole associated with the initial and final state. Using the
Lehmann-Symanzik-Zimmermann reduction procedure to
get the form factor from the residue of Wμ,

ðPf þ PiÞμfBðQ2Þ ¼ lim
P2
f=i→sB

P2
f − sB
g

Wμ
dfðPf; PiÞ

P2
i − sB
g

:

ð18Þ

Note that whether one uses Wdf or W on the right-hand
side of the equality, one arrives at the same result because
the single pole piece of Eq. (13) does not contribute.
By inserting Eq. (14) in this expression and canceling the

poles appearing in M, given by Eq. (10), one arrives at an
expression for fB in terms of the previously introduced
functions,

ðPf þ PiÞμfBðQ2Þ ¼ g2ðAμðPf; PiÞ
þ
�
Pf þ PiÞμGðsB;Q2; sBÞ

− 2GμðPf; PiÞ
�
; ð19Þ

where all functions are evaluated at the bound-state energy
sB. This finalizes the derivation of Eq. (1) quoted at the
beginning of Sec. II for the case of f1ðQ2Þ ¼ 1,
f2ðQ2Þ ¼ 0. This equation holds for all Lorentz compo-
nents. In particular, we can solve this expression for fB for
the case μ ¼ 0,

fBðQ2Þ¼ g2
�
A0ðPf;PiÞ
EfþEi

þGðsB;Q2;sBÞ−
2G0ðPf;PiÞ
EfþEi

�
:

ð20Þ

In Sec. IV, we will use the finite-volume matrix elements
to first determine A0 and then use Eq. (20) to obtain the
form factor. We will do this for a range of values of the
parameter of the theory that we describe in Sec. III. By
varying this one parameter, we will see the variation of the
bound-state pole and all of its properties.
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D. Nonrelativistic limit

In what follows, we will be considering a nonrelativistic
QFT. Instead of taking the nonrelativistic limit analytically
of the formalism above, we will be using the relativistic
formalism as is to analyze the results and simply take the
nonrelativistic limit numerically. We do this by construct-
ing ratios of functions that, in the nonrelativistic limit, have
a nonzero finite value. Equivalently, we consider quantities,
like q⋆ cot δ, that have no explicit dependence on the mass
of the particles involved.
For further clarity, we review the basics of the non-

relativistic limit. For single-particle states, it is easy to
consider this limit by expanding by the momentum to be
small relative to the mass, or equivalently, that the mass is
large. For example, the single-particle dispersion relation
can be approximated by

ωq⋆ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ q⋆2

q
¼ M þ q⋆2

2M
þOðq⋆4Þ: ð21Þ

For two-particle systems, the energy of interest is the
nonrelativistic energy, which in the CM frame is defined by

E⋆
NR ¼ E⋆ − 2M; ð22Þ

with E⋆ ¼ 2ωq⋆ . If the two-particle system carries relative
momentum q⋆ < M, then one see that

E⋆
NR ¼ q⋆2

M
þOðq⋆4Þ: ð23Þ

In a moving frame, the nonrelativistic energy ENR is still
defined as the total energy, E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E⋆ þ P2

p
, minus the

energy of the two particles at rest,

ENR ¼ E − 2M

¼ E⋆
NR þ P2

4M
þOðP4Þ þOðP2q⋆2Þ; ð24Þ

where in the first term we use the definition of E⋆
NR, and

everywhere else we can approximate E⋆ ¼ 2M up to
corrections that can be ignored at this order.
In the nonrelativistic limit, it is common to normalize the

states as

hP0jPiNR ¼ P0

M
ð2πÞ3δ3ðP − P0Þ; ð25Þ

which at leading order in the nonrelativistic expansion
simplifies to

hP0jPiNR ¼ ð2πÞ3δ3ðP − P0Þ: ð26Þ

This is the normalization that will be adopted for the
nonrelativistic theory described in Sec. III.

E. Relativistic finite-volume formalism

Having reviewed the desired target observables, we give
a brief review of the finite-volume formalism needed to get
these scattering amplitudes. We begin with the well-known
formalism for relating the finite-volume spectrum of two
particles, a discrete set of four-momenta Pn, to the purely
hadronic scattering amplitude, M. Assuming the two-
particle states exclusively couple to the l ¼ 0 partial wave,
the finite-volume spectrum satisfies the Lüscher quantiza-
tion condition [71–73],

M−1ðP2
nÞ þ FðPn; LÞ ¼ 0; ð27Þ

where F is a known geometric function,

FðP;LÞ ¼
�
1

L3

X
k

−
Z

d3k
ð2πÞ3

�
DððP − kÞ2Þ

2ωk

				
k0¼ωk

; ð28Þ

where ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ k2

p
, analogous to the definition

of Eq. (21).
Similarly, 2þ J μ → 2 amplitudes can be constrained

from finite-volume matrix elements [42,43]. In particular,
one can show that the finite-volume matrix element of a
conserved local vector current J μ satisfies

L3hPfjJ μð0ÞjPiiL¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðPf;LÞRðPi;LÞ

q
Wμ

L;dfðPf;Pi;LÞ;
ð29Þ

where the finite-volume states are normalized to unity, i.e.,

hPfjPiiL ¼ δPf;Pi
δP0

f;P
0
i
: ð30Þ

The multiplicative factor R is commonly known as the
Lellouch-Lüscher factor [74]. Here we write this factor in a
form that more closely follows Ref. [75],

RðPn;LÞ¼−M−2ðP2
nÞ
�

∂

∂P0

�
FðP;LÞþM−1ðP2Þ

��
−1

P¼Pn

:

ð31Þ

Finally, the rightmost quantity in Eq. (29) depends
explicitly on the object of interest, namely Wμ

df,

Wμ
L;dfðPf; Pi; LÞ ¼ Wμ

dfðPf; PiÞ þMðP2
fÞ

×
h
ðPf þ PiÞμGðPf; Pi; LÞ

− 2GμðPf; Pi; LÞ
i
MðP2

i Þ; ð32Þ

where G and Gμ are the finite-volume analogs of the
triangle functions G and Gμ, given by Eqs. (15) and (16),
respectively. These functions provide additive finite-vol-
ume corrections,
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GðPf; Pi; LÞ ¼
�
1

L3

X
k

−
Z

d3k
ð2πÞ3

�

×
DððPf − kÞ2ÞDððPi − kÞ2Þ

2ωk

				
k0¼ωk

; ð33Þ

GμðPf;Pi;LÞ¼
�
1

L3

X
k

−
Z

d3k
ð2πÞ3

�
kμ

×
DððPf−kÞ2ÞDððPi−kÞ2Þ

2ωk

				
k0¼ωk

: ð34Þ

One notable difference to their infinite-volume counterparts
is that the integral over the k0 component has been done
explicitly, and it has been shown that only the k0 ¼ ωk pole
leads to power-law finite-volume effects, with the other
poles leading to contributions exponentially suppressed in
the finite volume.
The G and Gμ functions involve sums and integrals over

poles. The integrals can, in general, lead to anomalous
threshold singularities of the kind given by Eqs. (15) and
(16). As a result, the evaluation of the three-dimensional
integral using standard numerical techniques can result in
slow convergence. To circumvent this, Ref. [43] proposed
writing the three-dimensional integral in terms of the
standard covariant four-dimensional integral, plus a non-
singular correction that can be evaluated with faster
numerical convergence. For further details of the formalism
and its implementation, we point the reader to Ref. [43].

III. DISCRETIZED PIONLESS EFT FOR TWO-
NUCLEON SYSTEMS

Here we briefly review the pionless EFT [62,63] used in
this study, presenting specific aspects relevant for this
work. This EFT=π will be regularized by placing it in a
finite-volume lattice, and the infinite-volume properties
will be extracted following the formalism described above.
The EFT=π describes nonrelativistic, pointlike nucleons

interacting via contact interactions where the π (and all
heavier, purely virtual) fields have been integrated out. It is
expected to apply to systems of nucleons at energies less
than the pion mass. We apply the theory to a system
ψ ¼ ðpðxÞ; nðxÞÞ, represented by a degenerate pair of two-
component, nonrelativistic spinor fields with mass M. The
leading-order hadronic Lagrangian density is given by

L ¼ ψ†
�
i∂t þ

∇2

2M

�
ψ þ g0

4
ðψ†ψÞ2; ð35Þ

where ∇2 is the Laplacian operator, ∂t is the partial
derivative with respect to time, g0 is a bare coupling,
and ψ is the nonrelativistic field for the particles being
considered. Higher-order terms include derivatives of the
fields and consequently become irrelevant near threshold,

which is the kinematic region of interest in this work. The
coupling g0 is tuned to reproduce a particular infinite-
volume scattering length of the l ¼ 0 partial wave,
determining the coefficient c used in the discretized lattice
operator in Eq. (43). Because the effective range and
higher-order ERE coefficients are not explicitly tuned,
they are expected to be of the order of the lattice spacing
to the appropriate power.
Bearing in mind that we are interested in evaluating the

form factor of a two-particle state, we could, in principle,
extend the Lagrangian to include external vector currents.
Instead, we proceed as in Ref. [76] and determine the
consequences of such currents by evaluating their matrix
elements. The current we are interested in is the vector
current, J μðxÞ, whose matrix elements are defined using
the nonrelativistic basis and are given by [76]

hpðP0ÞjJ μð0ÞjpðPÞiNR ¼ ðP0 þ PÞμ
2M

; ð36Þ

hnðP0ÞjJ μð0ÞjnðPÞiNR ¼ 0; ð37Þ

where the n states are neutral and the p states have a charge
normalized to 1. Throughout the text, we will be referring
to these as the neutron and proton, respectively. We keep
the leading term in the nonrelativistic expansion and
consider the μ ¼ 0 component of the current so that this
simplifies further to

hpðP0ÞjJ 0ð0ÞjpðPÞiNR ¼ 1; ð38Þ

hnðP0ÞjJ 0ð0ÞjnðPÞiNR ¼ 0: ð39Þ

These are the single-particle matrix elements. The matrix
elements for two-particle states will follow from these
definitions. Before discussing this, we turn our attention to
the implementation of this theory in a finite, discretized
volume, in order to determine the spectrum.
We consider the discretized version of this EFT pre-

sented in [77]. In this work, the Euclidean transfer matrix
for the two-particle system, T ¼ e−H, is calculated in the
basis of two discretized, noninteracting, single-particle
momentum states. Each of these single-particle states
carries a three-momentum p ¼ 2π

L ðnx; ny; nzÞ, where
nj ∈ ½−L=2; L=2Þ for a periodic spatial lattice (assuming
even L). With boosts implemented, we enforce periodic
boundary conditions in the first Brillouin zone (BZ)
pj ∈ ½−π; πÞ. For convenience, we work in lattice units,
where the spatial lattice spacing is equal to 1.
Although the particles are distinguished by their inter-

action with the external current, within the EFTπ they
behave as identical fermions with an overall antisymmetric
wave function. For this calculation, we focus on the case of
a two-nucleon system in the isovector channel. In particu-
lar, the proton-neutron state appears with the third
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component of isospin equal to zero. The total spin of the
two-nucleon system is chosen to be zero, which, with the
isovector condition, ensures that the transfer matrix
receives contributions from the interaction in the l ¼ 0
partial wave. This also leads to a state with total angular
momentum equal to zero. The transfer matrix derived from
the Lagrangian of Eq. (35) is diagonal in both isospin and
spin spaces since these are conserved quantities in this
theory. Therefore, within a given spin-isospin channel, we
only need to keep track of the momentum dependence of
the transfer matrix. In the noninteracting basis described
above the transfer matrix is given by

hp0q0jT jpqiL ¼ δpp0δqq0 þ g0
L3 δpþq;p0þq0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ξðpÞξðqÞξðq0Þξðp0Þp ; ð40Þ

where the noninteracting finite-volume states are normal-
ized to 1, and we have

ξðqÞ≡ 1þ ΔðqÞ
M

; ΔðqÞ≡ −
1

2
hqj∇2

LjqiL; ð41Þ

which are obtained from the single-particle free propagator.
The aplacian operator ∇2

L is constructed to reproduce the
continuum dispersion relation in the kinetic term of the
Lagrangian up to periodicity within the BZ,

ΔðqÞ ¼ Mðeq2

2M − 1Þ; qj ∈ ½−π; πÞ: ð42Þ

Note that in the evaluation of the transfer operator, it is
useful to project to the two-particle subspace of total
momentum P. This reduces the dimensionality of the total
calculation by a factor of L3 and singles out systems with a
given total lattice momentum, in which the two-particle
momentum states jpqiL have to satisfy the relation
P ¼ pþ q.
The two-fermion transfer matrix may be diagonalized

analytically in a finite volume to match the coupling
constants g0 to energy eigenvalues. For a zero total
momentum system, the nonrelativistic energy eigenvalues,
λ ¼ e−ENR , of T are given by solutions to the equation
[77,78]

M
4π

1

c
¼ 1

L3

X
p∈BZ

1

e−ENRþp2=M − 1
; ð43Þ

where we have defined c≡Mg0=ð4πÞ. This equation
admits a single negative energy state solution, ENR < 0,
for any value of c > 0 in a finite volume. With this
prescription we can tune to a value cuni, an M- and
L-dependent critical value, where the lowest, negative
energy state becomes a scattering state in the infinite-
volume limit for 0 < c < cuni and a bound state for
cuni > c. This tuning procedure allows us to focus on
extracting the energy spectrum for bound-state systems. We

vary this coupling, allowing us to consider the possibility
where the bound state goes from being deeply bound to a
shallow-bound state.
Since we are only interested in the interaction in the s-

wave state, we also need to project to the relevant cubic
irreducible representation. For further details, we refer the
reader to Appendix A. In practice, we project and diago-
nalize numerically the transfer matrix of Eq. (40) to find its
eigenvectors and eigenvalues λn. The nonrelativistic energy
spectrum can then be recovered from the eigenvalues of the
transfer operator with the relationship ENR;n ¼ − logðλnÞ.
The eigenvectors of the transfer matrix are also the
eigenvectors of the finite-volume Hamiltonian, jPniL, with
total energy ENR;n þ 2M and total momentum Pn. We use
these eigenvectors in the two-particle momentum basis to
calculate the matrix elements as described in the next
section.

A. Finite-volume two-nucleon matrix elements

The formalism of Sec. II E presents the matrix element
with the current in position space. We evaluate matrix
elements with the current in momentum space, so we
Fourier transform the matrix element,

L3hPfjJ μð0ÞjPiiL ¼ hPfjJ̃ μð0;Pf − PiÞjPiiL: ð44Þ

In order to evaluate the finite-volume matrix elements,
we employ the finite-volume eigenvectors jPniL obtained
from the numerical diagonalization of the transfer matrix.
These eigenvectors can be expressed in the basis of the
noninteracting two-particle momentum states used to
define the transfer matrix

jPniL ¼
X
p∈BZ

apðPnÞjpðPn − pÞiL; ð45Þ

with the eigenvector components apðPnÞ. Note that
ðPn − pÞ takes the place of the now-eliminated second
degree of freedom q in the basis; this is because every
nonzero component of the state must have total momen-
tum Pn.
We recall that the electromagnetic current will couple

only to the proton in our system, so there is no single-
particle matrix element for the neutron. The discretized
EFT requires single-particle form factors for the charged
particles in the system, which will then scale the contri-
butions of the electromagnetic currents on the two-particle
states. The single-particle form factor for the structureless
proton used in our model is simply equivalent to its charge,
which we recall is normalized to 1 for this system. We can
write the proton matrix element of the electromagnetic
current carrying momentum k as

hp0jJ̃ 0ð0;kÞjpiL ¼ ωp0 þ ωp

2M
δp0;pþk ≈ δp0;pþk; ð46Þ
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where in the last step we assume a nonrelativistic limit,
similar to what is done for Eq. (38).
We use the single-particle matrix element to calculate the

matrix element of the current in the noninteracting two-
particle momentum basis. Similar to the transfer matrix, we
do not need to keep track of the isospin part of the wave
function since the electromagnetic current is diagonal in
flavor space. We also do not need to keep track of the spin
part when the initial and final states have spin projection
Sz ¼ 0. In this case, the proton and neutron spins are
anticorrelated, and the proton spin-flip matrix elements
cannot contribute to the two-particle matrix element,
effectively making the matrix element diagonal in spin
space. This also means that we can calculate the current
matrix element in the two-particle noninteracting basis,
assuming the first particle is the proton. Doing so, we find

hp0q0jJ̃ 0ðkÞjpqiL ¼ δp0;pþkδq0;q: ð47Þ

Finally, the matrix element of the eigenstates of the
Hamiltonian can be derived in terms of the components
apðPnÞ,

hPfjJ̃ μð0;kÞjPiiL ¼ δPf;Piþk

X
p∈BZ

a�pðPfÞap−kðPiÞ: ð48Þ

We proceed to analyze the spectrum and matrix elements
obtained from the discretized EFT following the formalism
described in Sec. II E to extract the infinite-volume bound-
state form factor fB. In particular, we explore the variation
of the form factor with the coupling c, and we pay

particular attention to finite-volume effects on the deter-
mination of fB.

IV. ANALYSIS OF FINITE-VOLUME SPECTRA
AND MATRIX ELEMENTS

In this section, we present the main results of this work.
Following the steps outlined in the previous section, we
determine the finite-volume spectrum of two particles for
values of c ranging from 0.44 to 0.60. In all scenarios, the
theory supports a bound state. For the smaller values of c,
the bound state is shallow, while for the larger values of c,
the bound state becomes deeply bound. The expectation is
that, for the deep-bound state, the finite-volume formalism
should make little systematic difference, with the leading
finite-volume effects scaling like Oðe−κLÞ for bound states
[60,79], while for a shallow-bound state, these corrections
are of order Oð1Þ, and the formalism is needed to remove
these finite-volume artifacts.
Because we are interested in the nonrelativistic limit of

the formalism reviewed in Sec. II E, we will take the mass
M to be large compared to the momenta considered. We
find that for M ¼ 50 in lattice units, we have sufficiently
recovered the nonrelativistic limit. In what follows, we fix
this parameter to this value.

A. Finite-volume spectrum and purely hadronic
observables

Given a fixed value of P ¼ 2π
L d, with d being a triplet of

integers, we determine the two-particle finite-volume
spectra. The results are shown in Fig. 2 for the range of
values of c considered. We only report the spectra for the

FIG. 2. Shown is the finite-volume spectra for the AðþÞ
1 cubic irreps for a range of values of c and fixed values of L ¼ 10 andM ¼ 50.

The errors are introduced as discussed in the main body of text. The solid lines show the noninteracting spectrum, and the dashed line
shows the two-particle threshold.
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A1 irreducible representations (irreps) up to boost vector of
d ¼ ½1; 1; 1�. We compare this with the noninteracting
spectrum, which is given by

Efree ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
2π

L
n1

�
2

þM2

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
2π

L
n2

�
2

þM2

s
;

E�
free ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
free − P2

q
; ð49Þ

such that n1 þ n2 ¼ d. The free energy levels are plotted as
gray bands, and the dashed line is the two-particle
threshold.
Although the diagonalization of the transfer matrix is

exact, we introduce synthetic random uncertainties to study
error propagation.3 In this analysis, synthetic uncertainties
on the four lowest-lying energies in each moving frame and
for each coupling are introduced through randomly gen-
erated distributions on the q⋆2, defined in Eq. (23),
extracted from each corresponding energy from the transfer
matrix. These distributions of momenta have central values
equal to q⋆2i and absolute errors σi. We describe below how
we generate these errors.
First, we recognize that the spectra with d ¼ ½0; 0; 0�

have smaller discretization errors. Using the unboosted
spectrum solely, we do an uncorrelated fit with uniform
errors to the quantization condition, Eq. (27), applying the

effective range parameters of Eq. (8) to describe the
scattering amplitude. Then, we use the quantization con-
dition to generate a model spectrum (Emod.) assuming these
values of the effective range parameters, including for every
boost considered. For the resulting spectrum, the systematic
error quoted is σi ¼ jEmod:;i − Eij. Additionally, we intro-
duce a correlation of 50% across all energy levels generated
within a fixed volume. For energy levels from different
volumes, we keep them uncorrelated. This explains the
uncertainties appearing in the energy levels in Fig. 2.
Given these uncertainties and correlations for the spectra,

we fit the spectrum using the quantization condition,
Eq. (27). We perform a simultaneous fit of the four lowest
energies in each frame with d2 ≤ 3 for three different lattice
sizes. An example showing this procedure is shown in
Fig. 3 for c ¼ 0.5. Figure 3(a) shows the spectrum obtained
for this coupling, which has been parametrized and numeri-
cally constrained. The resulting fit is shown as a continuous
curve as a function of volume. Figure 3(b) shows the
resulting 1σ band for q⋆ cot δ=M as a function of q⋆2=M2,
alongside the energy levels used to constrain the quantiza-
tion condition. Also shown is the

ffiffiffiffiffiffiffiffiffiffiffi
−q⋆2

p
=M curve below

threshold. We see a clear crossing of these curves, which,
from Eq. (9), one sees is clear evidence of a bound-state
pole in M below threshold.
We repeat this exercise for a range of values of the

couplings c ¼ ½0.44; 0.6�. The resulting fitted q⋆ cot δ=M
with uncertainties for these parameters are given in the top
panel of Fig. 4. We see that, for the smallest value of c, one
obtains a remarkably shallow-bound state, while for the
largest values of c, one obtains a rather deep-bound state.
As the state becomes shallower, its size grows inversely

FIG. 3. Shown is the procedure for constraining the scattering amplitude from the finite-volume spectrum using the Lüscher
quantization condition in Eq. (27) for c ¼ 0.5. Using the finite-volume energy levels in Fig. 2, the ERE parametrization in Eq. (8) is
numerically constrained. In (a), we show the result of inverting this procedure, allowing us to predict the finite-volume spectrum as a
function of the lattice size in any frame, where we present the case of the rest frame. The red line is the predicted energy levels with error,
while the points are the obtained finite-volume spectrum, and the dashed gray lines are the noninteracting energy levels. In (b), we show
the resulting 1σ band for q⋆ cot δ=M alongside the finite-volume spectrum and the bound-state condition, −

ffiffiffiffiffiffiffiffiffiffiffi
−q⋆2

p
.

3The introduction of artificial errors into continuum π-less
EFT was recently explored by introducing Gaussian fluctuations
to quantities that are expected to be extracted from LQCD,
namely the finite-volume energy eigenvalues and three-point
functions [80].
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with the binding momentum. As a result, not only the
energy of this state, but also its matrix elements, will be
more sensitive to the volume. We also calculate the
expected size of the leading-order finite-volume corrections
derived in Refs. [60,79], where the finite-volume effects
corrected by the formalism are of order expð−κLÞ, in the
bottom panel of Fig. 4, obtained using the binding
momentum found with Eq. (9). We will examine the effect
of the formalism on these artifacts for the matrix elements
in the subsequent sections.
Before presenting the matrix elements and their analysis,

we first evaluate the remaining ingredient required for the
analysis, specifically the Lellouch-Lüscher factors. These
were defined in Eq. (31) with the symbolR. This definition
of the Lellouch-Lüscher factors results in a complex
number, but the phases are given directly from the scatter-
ing phase shift. It is easy to verify that the following
combination is purely real,

R̃ðPn; LÞ ¼ M2ðsnðLÞÞRðPn; LÞ: ð50Þ
One important check of this quantity was given in

Ref. [59], where it was shown that, for a bound state in
the large L limit, R̃ is equal to

R̃ðPn; LÞ
				
P0
n≈EB

¼
�
2EB

g2
þOðe−κLÞ

�
−1

ð51Þ

¼ g2

2EB
þOðe−κLÞ; ð52Þ

where g is given by Eq. (11), and EB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sB þ P2

p
. The

factor of 2EB corrects for the fact that the finite-volume
states are normalized to 1, and the coupling g can be
understood as the infinite-volume wave function renorm-
alization of the bound state. This is to say that this

combination of factors conspires to relate the finite-volume
matrix elements of a bound state to its infinite-volume
matrix elements.
More importantly, within the context of this work, this

gives us an analytic expression to compare our numerical
evaluations of R̃. In Fig. 5, we plot the product 2EnR̃ for
the ground state of all of our volumes, boosts, and
couplings. For comparison, we show the value of g2, which
is what Eq. (52) predicts this value should approach.We see
that, as one would expect, these agree moderately well for
the deep-bound states, but there remain sizable deviations
for the shallower bound states.

B. Finite-volume matrix elements and f B
Having all the ingredients for the analysis of the matrix

elements, we proceed to the results for the matrix elements.
Although we have evaluated all matrix elements for the two-
particle sector, here we only report the matrix elements for
the transitions with the initial state being the ground state
with P ¼ 0 and the final state corresponding to the ground
state across the different boosts. We report the matrix
elements for the three volumes considered in the spectrum
analysis. As discussed in Sec. III A, we evaluate the finite-
volume matrix elements of the Fourier transformed matrix
currents, see Eq. (44). Furthermore, we only quote the
μ ¼ 0 component of the current. This component has the
nice feature that if we assume that finite-volume state is
exponentially close to the infinite-volume bound state and
take the nonrelativistic limit, the finite-volume matrix
element is exponentially close to the bound-state form
factor. To show this relation, we start from the left-hand
side of Eq. (44) and use various previously derived relations,

hPfjJ̃ μ¼0ð0;Pf − PiÞjPiiL ¼ 1

2
ffiffiffiffiffiffiffiffiffiffi
EfEi

p 2
ffiffiffiffiffiffiffiffiffiffi
EfEi

p
L3

× hPfjJ μ¼0ð0ÞjPiiL;

≈
1

2
ffiffiffiffiffiffiffiffiffiffi
EfEi

p hPfjJ μ¼0ð0ÞjPiirel;

¼ 1

2
ffiffiffiffiffiffiffiffiffiffi
EfEi

p ðEf þ EiÞfBðQ2Þ;

≈ fBðQ2Þ: ð53Þ

In the second equality, we used the fact that for stable
particles the proportionality factor between finite-volume
states normalized to 1 and relativistic states is

ffiffiffiffiffiffiffiffiffiffiffi
2EL3

p
. In

the last equality, we used the nonrelativistic limit. In other
words, if finite-volume effects and relativistic effects are
negligible, this matrix element should be a single-valued
analytic function of Q2.
The finite-volume matrix elements for the ground state

are shown in Fig. 6. We add synthetic uncertainties to the
matrix elements σME, proportional to the synthetic relative

FIG. 4. Top: the resulting parametrized q⋆ cot δ=M (q⋆ refers to
CM relative momentum) for the different values of the coupling c
considered in Fig. 2 as a function of the CM compared to the
bound-state condition, as given in Eq. (9). Bottom: the expected
finite-volume corrections on the matrix elements as a function of
the coupling of the theory.
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error of the CM energies of the initial and final states; these
errors are shown in Fig. 2. More specifically, we add the
relative errors in quadrature,

σME ∝

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
σE⋆

i

E⋆
i

�
2

þ
�σE⋆

f

E⋆
f

�
2

s
ð54Þ

and we adjust the proportionality constant such that the
relative error of the matrix elements at Q2 ¼ 0 is approx-
imately 1.5%, which is the typical precision achieved by
modern LQCD calculations of nuclear matrix elements.

As expected, we see that, for the deep-bound states, the
matrix elements qualitatively behave as a form factor with a
negative slope of relatively small magnitude. This suggests
that it has a small charge radius, i.e., it is relatively compact.
On the other hand, we see that, for the shallowest bound
state, the matrix element seems to be multivalued, or it has a
large unaccounted-for systematic error. We note that, at
Q2 ¼ 0, all of the matrix elements are equal to 1, as
expected by charge conservation, so we only show one
matrix element at this value.
Given the matrix elements, we can use Eqs. (29) and (32)

to obtain Wμ¼0
df . From this, we use Eq. (14) to relate Wμ¼0

df
to Aμ¼0. These steps require the evaluation of the pre-
viously discussed purely hadronic amplitudeM and theR
factor, as well as the finite- and infinite-volume triangle
functions. For the latter, we use the code presented in
Ref. [43]. Given these steps, in Fig. 7, we plot Aμ¼0 as a
function of Q2. In this case, the initial state of the matrix
element is at rest, i.e., Pi ¼ 0, so that all the resulting values
of Aμ¼0 shown in Fig. 7 are all evaluated in the frame
corresponding to that of a fixed target experiment. This is
needed to remove frame dependence, which mixes tempo-
ral and spatial components, from the four-vector Aμ.
These results highlight two key observations. First, the

application of the 2þ J þ 2 formalism successfully
removes the power-law finite-volume effects. This is most
dramatic for the shallow-bound state, where the Aμ¼0

function is no longer multivalued. This is, of course, the
intended purpose of the formalism, which provides a check
of its effectiveness. Second, we find that Aμ¼0 exhibits
essentially no dependence on Q2. In other words, the
formalism relates finite- and infinite-volume matrix ele-
ments via an overall real-valued function that, in this case,
remains constant. This is a surprising result, as it suggests
that the Q2 dependence of these amplitudes—and con-
sequently the bound-state form factor—is driven primarily
by the triangle functions, or equivalently, by the so-called
“anomalous threshold.” This implies that the contributing

FIG. 5. Shown are the values of 2EnR̃ ¼ 2EnM2R for the
ground state of all volumes and values of the coupling. The errors
are due to the propagation of errors of the fitted effective range
parameters. The straight lines are the infinite-volume prediction
of 2EnR̃, which is equal to g2.

FIG. 6. Shown are the finite-volume matrix elements, obtained
using the construction in Sec. III A, for the transition from the
ground state to moving frames mediated by the temporal
electromagnetic current, interacting with only one of the particles,
as a function of Q2. The matrix elements are calculated for the
finite-volume spectrum across various values of the coupling and
lattice sizes.

FIG. 7. We present the results for the dimensionless quantity
g2A0=M, where g2 is the residue of the bound state and A0 is
obtained using Eq. (14). For each value of c, we fit the discrete
points using the parametrization given in Eq. (55).
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to A0 is relatively insensitive to the momentum transfer in
this regime, leaving the kinematic singularity of the triangle
loop as the dominant source of Q2 variation.
In general, Aμ is a Lorentz vector, which can be Lorentz

decomposed in terms of energy-dependent form factors,
Fiðsf; Q2; siÞ. In general, this might be the best procedure
for performing a detailed analysis of this function.
However, having only evaluated Aμ¼0 in a fixed frame,
nothing prevents us from parametrizing this quantity
directly. Given how structureless this function appears to
be, this is what we analyze.
We consider a total of eight different types of para-

metrizations for fitting A0. Given the exploratory nature of
this work, we just report the results from a single fit, given
by a linear parametrization

A0
fitðQ2Þ ¼ x0 þ x2Q2: ð55Þ

The results from the other seven parametrizations sta-
tistically agree with the result of this fit.
In Fig. 8(a), we break down the contribution to the form

factor, as defined in Eq. (1). These two include the A-
dependent contribution,

fB;AðQ2Þ≡ g2
A0ðsB;Q2; sBÞ

Ef þ Ei
; ð56Þ

and the triangular contribution,

fB;tri:ðQ2Þ≡ g2
�
GðsB;Q2; sBÞ −

2G0ðsB;Q2; sBÞ
Ef þ Ei

�
: ð57Þ

Although the form factor is being constrained in the
spacelike region Q2 ≥ 0, we show these functions not only
for Q2 ≥ 0, but also for timelike values. This allows us to
see the role of the anomalous threshold [81–84], which is
the point where the logarithmic singularity in the triangle

functions diverges. This divergence occurs at the current
virtuality Q2 ¼ Q2

A, where

Q2
A ¼ −4sB

�
1 −

sB
4M2

�
: ð58Þ

We see that, as the bound state becomes shallower, the
anomalous threshold approaches the physical region,
Q2 ≥ 0. Having determined A0, we are finally at a stage
to evaluate fB, using Eq. (1).
The bound-state form factor fB is shown in Fig. 8(b),

which is the sum of the two contributions shown in Fig. 8(a).
We show the form factors extracted for different values of the
coupling c, as a function ofQ2. We immediately see that the
form factors obtained are smooth, single-valued functions, as
one would expect. The form factor has to be exactly equal to
1 at Q2 ¼ 0 by charge conservation. What is more interest-
ing to see is that, away from this point, the behavior of the
form factor is qualitatively explained by the vicinity of the
anomalous threshold to Q2 ¼ 0. As Q2

A approaches the
physical region, the form factor exhibits a larger variation
in Q2.
Given the form factor, we can now evaluate the charge

radius of these bound states. For this, we use the well-
known formula relating the radius to the derivative of the
form factor as Q2 ¼ 0,

hr2Ci ¼ −6
dfBðQ2Þ
dQ2

				
Q2¼0

: ð59Þ

The resulting radii are shown in Fig. 9. For comparison, we
show the leading behavior of the charge radius of a two-
particle bound state when the binding momentum goes to
zero,

hr2Ci ¼
1

8κ2
: ð60Þ

FIG. 8. Shown is the final result for the bound-state ground-state elastic form factor using Eq. (1) and the parametrized form of A0 in
Eq. (55) for a range of couplings from deep- to shallow-bound states. In (a), we show the decomposition of factors contributing to the
bound-state form factor, where the solid lines are the A0 contributions [Eq. (56)] and the dashed lines are the contributions from the
scalar and vector triangle functions [Eq. (57)] for a range of couplings. In (b), we show the resulting form factor with propagated errors.
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This relationship is independent of the details of the
interaction, as long as it has a finite range.
Equation (60) is universal in that it can be derived both
from a nonrelativistic and a relativistic approach. In the
case of the relativistic formalism, the triangle contribution
of Eq. (57) is directly responsible for this behavior, while
the A-dependent contribution vanishes in this limit. In the
nonrelativistic case, Eq. (60) can be derived by employing
the asymptotic behavior of the wave function first derived
in Ref. [85]. This result also follows from Eq. (61), which
was derived for the nonrelativistic pionless EFT of
Ref. [76]. More details on the derivation of Eq. (60) are
given in Appendix B.
Figure 9 shows that, as the bound state becomes

increasingly shallow, one recovers the prediction of
Eq. (60). This is reassuring, given that, as we discussed
above, we find that the form factor is largely driven by the
anomalous threshold in this limit. This provides one of the
most stringent checks in the formalism reviewed in Sec. II.
Finally, we review the impact of the overall formalism on

the original matrix elements. In Fig. 10, we show the finite-
volume matrix elements for three values of the coupling
compared to the extracted bound-state form factors. These
three values show clear evidence of the trend described in
Ref. [59]. For deep-bound states, the finite-volume matrix
elements are consistent with the infinite-volume ones. For
these cases, the formalism has minimal impact, and most
importantly, it does not appear to have any bias with respect
to the matrix elements. It can be understood as simply
giving a parametrization for the form factor. For the
shallower bound states, the formalism gives a form factor
that is many standard deviations away from the finite-
volume matrix element, removing the large finite-volume
artifacts. We also compare the extracted form factors to the
ones predicted by leading-order (LO) pionless EFT [76],

fLOB ðQ2Þ ¼ 4κ

Q
tan−1

�
Q
4κ

�
: ð61Þ

We observe a rather good agreement between this lattice
EFT calculation and the analytic leading-order result. This
could be understood to be a consequence of the fact that the
effective ranges obtained for all the couplings are small
compared to our range of inverse momenta, explaining why
subleading effects are suppressed.

V. CONCLUSION

In this work, we present an exploratory lattice calculation
of a two-body matrix element using the LO pionless EFT,
which serves as a reasonable toy model forNN scattering at
near-threshold energies. As in previous works, e.g.,
Refs. [86–93], we have determined the finite-volume
spectrum of this theory and related it to the infinite-volume
scattering amplitude using the well-known Lüscher for-
malism. We did this for a range of values of the coupling,
allowing for the would-be deuteron to emerge with varying
degrees of binding, as one may encounter, e.g., with
different pion masses used for LQCD calculations.
We go beyond previous work by considering the finite-

volume matrix elements of this theory for the local
conserved vector current. For the deep-bound-state sce-
nario, we see that the finite-volume matrix elements
qualitatively resemble the form factor of a small compact
object, while for the shallow-bound state, the matrix
elements exhibit nonmonotonic behavior in Q2 when
comparing results with different lattice volumes, which
is a clear indication of large finite-volume artifacts. By
restricting our attention to the matrix elements of the lowest
energy levels for each volume, we use the formalism
presented in Refs. [42,43] to map these matrix elements
to the infinite-volume 2þ J μ → 2 amplitudes Wμ, which
couple two-particle scattering states via the insertion of a
local current. Using the on-shell decomposition of this

FIG. 9. The extracted charged radius of the bound states as a
function of the extracted bound-state energy compared to the
predicted value of the anomalous threshold. FIG. 10. Shown is the final result for the bound-state elastic

form factor using Eq. (1) and the parametrized form of A0 in
Eq. (55) for three couplings compared to the LO perturbative
result from Eq. (61) and to the finite-volume matrix elements
defined in Sec. III A.
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amplitude presented in Ref. [44], we relate this amplitude
to a short-distance, purely real function Aμ. For all the
values of the EFT coupling considered, we find that this
function can be described as a constant function ofQ2. This
is a nontrivial observation, given that the resulting form
factors have a strong Q2 dependence.
After performing the full analysis of the matrix elements

for each value of the coupling, we observe that all the
resulting bound-state form factors are monotonic functions
of Q2. We also see a clear, smooth behavior in the form
factors as a function of the coupling of the theory. For each
form factor, we evaluate the charge radius, which is given
by theQ2 derivative atQ2 ¼ 0. We observe that, in the limit
that the bound state approaches the threshold, our evalu-
ation of the radius asymptotes to the prediction, which
assumes that the anomalous threshold completely describes
the form factor.
This study does two major things. First, it provides the

best proof of principle that the formalism and framework
laid out in Refs. [42–44] for studying 2þ J μ → 2 reac-
tions is self-consistent. Second, it explains why this is
critical for studying the structural information of shallow-
bound states, such as the deuteron at near-physical quark
masses.
Going forward, there are two remaining subtleties to be

addressed to begin to apply this class of formalism for NN
lattice QCD calculations. First, the formalism presented in
Refs. [42–44] is strictly speaking only applicable for
spinless particles. For low energies, effects due to the spin
of the nucleons are not likely to play an important role, but
this must be worked out in detail. Second, we must extend
our study to include virtual bound states, which are real-
valued poles on the nearest unphysical Riemann sheet of
the NN scattering amplitude. The analytic continuation for
the purely hadronic amplitude is straightforward. For the
2þ J → 2 amplitude, this analytic continuation is more
subtle [44]. In particular, the prescription proposed in
Ref. [44] is assured to give the correct answer for energies
close to the cut in the first Riemann sheet, but it does not
provide an unambiguous procedure for continuation away
from the cut into the second Riemann sheet.
These two remaining limitations, although technical, can

be expected to be removed in the near future. These formal
developments, along with the ongoing lattice QCD pro-
gram, will ultimately allow us to resolve not just the
structure of composite states, like the deuteron, but also
access a broad class of previously inaccessible electroweak
nuclear reactions.
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APPENDIX A: PROJECTING THE TRANSFER
OPERATOR

In this work, we have projected the transfer matrix to
the trivial irrep of the cubic group for the case where d ¼
½0; 0; 0� and its little groups otherwise. This projection
follows directly from previous work [95–100]. For com-
pleteness, we review some key ideas, beginning with the
cubic group. Although we have discretized our volume by a
cubic mesh, the reason for needing to project the low-
energy spectrum to these irreps is due to the fact that we
have also made the volume cubic.
When truncating the space to be finite and cubic, the

point group that one is concerned with is the octahedral
group O for particles with integer spin. The group contains
the proper rotations that transform an octahedron into itself,
not including the parity transformation. The group O
consists of 24 rotation elements R, which are further
categorized into separate conjugacy classes. The group
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that includes inversion is theOh group, which is the product
of the O group and C2 ¼ fe; σ̂g, Oh ¼ O ⊗ C2, a group
with 48 elements. The two-particle system at rest,
d ¼ ½0; 0; 0�, will be contained in the irreps of Oh, which
are labeled as A�

1 ð1Þ, A�
2 ð1Þ, E�ð2Þ, T�

1 ð3Þ, and T�
2 ð3Þ,

where the number in parenthesis distinguishes the dimen-
sionality of the group. The character table and rotations for
the relevant point groups can be found in Tables V and VI
of Ref. [100].
When considering boosted systems in the CM frame

moving with velocity β ¼ P=E, where P ¼ 2π
L d, the sym-

metry group further reduces to subgroups of the full
octahedral groups, which are referred to as the little groups.
In each little group, the allowed transformations are found
by considering elements of the full group Si, which obey

Sid ¼ d; ðA1Þ

leaving only a subset of the total elements of Oh in each
moving frame. In constructing each of the rotations and
their corresponding conjugacy classes, the allowed
momenta in our calculation can have any values of the
integer triplet, d ¼ ½nx; ny; nz�, necessitating the classifica-
tion of all point groups.
Once we have all the allowed rotations in each frame, the

mapping between the finite-volume irreps and the con-
tinuum, SOð3Þ can be used to identify which irrep contains
the partial-wave l ¼ 0. This results in a decomposition of
the l-wave representations of SOð3Þ in terms of the irreps
of the octahedral group, so that different linear combina-
tions of irreps correspond to a wave of SOð3Þ. A thorough
treatment of this problem can be found in Ref. [95], where,
for example, for systems at rest only the A�

1 representation
contributes to s-wave scattering but also contains contami-
nation of waves with l ¼ 4;…. A similar pattern is
observed in moving frames, where a higher degree of
partial-wave mixing necessitates the identification of cer-
tain partial waves.
To project the transfer matrix to the irreducible repre-

sentations of the cubic group (r), we must construct a
projection operator that acts on the momentum states of the
transfer operator. The projector operator that we define is

hpqjPP
r jp0q0iL ¼ 1

2h

X
g

χrðgÞðδRðgÞp;p0δRðgÞq;q0

þ δRðgÞðP−pÞ;p0δRðgÞðP−qÞ;q0 Þ; ðA2Þ

where χr is the character for the irrep r of group element g,
RðgÞ are the three-dimensional rotation matrices for group
element g, and h is the order of the group (number of group
elements). Notably, the characters for the trivial irrep Aþ

1

and A1 are 1 for all elements. This projector operator is
constructed to also satisfy the required symmetry for the
identical particles in a boosted system. In constructing this

operator, we ensure that it is Hermitian, commutes with the
transfer operator, and is idempotent. In proving these
relations, we used the orthogonality theorems for charac-
ters, defined as X

g

χiðgÞ�χjðgÞ ¼ hδij: ðA3Þ

Additionally, since the characters of the octahedral group
and its associated little groups are strictly real, it is easy to
show that we can then rewrite the evaluation of the transfer
operator projected to irrep r,

hpqjPrT Prjp0q0iL ¼ hpqjT Prjp0q0iL: ðA4Þ

Evaluating the equality in Eq. (A4) by inserting a complete
set of momentum states, we can then express the projected
transfer operator in this basis to ensure we compute
energies only on irreps that couple to the scattering channel
of interest.

APPENDIX B: CHARGE RADIUS DERIVATION

The properties of a two-particle bound state are domi-
nated by the long-distance asymptotic behavior of two
noninteracting particles whenever its binding energy B is
small. This universality was exploited in Ref. [85] to
explore the properties of the deuteron only using its binding
energy as input and neglecting the specifics of the short-
distance interaction between the nucleons. In this appendix,
we derive the leading behavior of the charge radius of a
two-particle bound state as a function of the binding
momentum κ ¼ ffiffiffiffiffiffiffiffiffi

2μB
p

. First, we follow Ref. [85], deriving
the charge radius from the solution of the nonrelativistic
Schrödinger equation. In the second subsection, we derive
this same behavior from the relativistic formalism used to
extract the bound-state form factor, i.e., taking the zero
binding energy limit of Eq. (1).

1. Nonrelativistic quantum mechanics

The asymptotic radial behavior of a two-particle s-wave
bound-state wave function, assuming only an interaction of
finite range r0, is

ψðr ≫ r0Þ ∼
e−κr

r
; ðB1Þ

where r is the relative distance between the two particles, κ
is the binding momentum κ ¼ ffiffiffiffiffiffiffiffiffi

2μB
p

, μ is the reduced mass
of the system, and B is the binding energy. In the limit
where κ → 0, the asymptotic behavior will dominate the
properties of the system. In this limit, we can approximate
the wave function everywhere using its asymptotic behav-
ior, as originally derived in Ref. [85], with the normalized
wave function equal to
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ψðrÞ ¼
ffiffiffiffiffiffi
κ

2π

r
e−κr

r
; ðB2Þ

where r ¼ jrj.
The charge radius of a two-body system, with one

particle being charged and the other being neutral, is given
by the expectation value of the location squared of the
charged particle, which, for equal masses, corresponds to
half of the relative distance,

hr2Ci ¼

�

r
2

�
2
�

¼ 1

4

Z
d3rr2jψðrÞj2: ðB3Þ

When plugging the wave function of Eq. (B2) into Eq. (B3)
we obtain

hr2Ci ¼
1

8κ2
: ðB4Þ

This result diverges in the limit of zero binding energy and,
as such, will dominate the charge radius of states close to
this limit, providing a universal behavior independent of the
details of the finite-range interaction.

2. Relativistic formalism

The form factor of the bound-state system can be
extracted with Eq. (1), which we repeat here for the case
of only one charged particle within the two-particle state,

fBðQ2Þ ¼ g2

Ef þ Ei
ðA0ðPf; PiÞ þ f1ðQ2Þ

× ððEf þ EiÞGðsB;Q2; sBÞ
− 2G0ðPf; PiÞÞÞ: ðB5Þ

The bound-state coupling g2 given by Eq. (11) can also
be written as

1

g2
¼ −

∂

∂s
ðρ cot δ − iρÞs¼sB : ðB6Þ

The first term is an analytic function of s near threshold,
while the second term, ∂ρ

∂s, is proportional to κ−1, which
dominates this expression in the limit of zero binding
energy and leads to a vanishing coupling at κ ¼ 0. In other

words, the leading behavior of the coupling near threshold
is proportional to κ,

g2 ¼
�
∂

∂s
iρ

�
−1

s¼sB

þOðκ2Þ: ðB7Þ

Similar to the behavior of g2 driven by the nonanalytic
part of the scattering near threshold, the behavior of fB is
driven by the nonanalytic contribution of the triangle
contribution, dominating over the analytic contribution
from A0. In particular, the anomalous singularity of the
triangle diagram located at the timelike momentum

Q2
A ¼ −4sB

�
1 −

sB
4M2

�
ðB8Þ

moves from Q2 < 0 toward Q2 ¼ 0 as κ → 0. This
divergent singularity combined with the vanishing cou-
pling gives rise to a finite and universal form factor as
κ → 0, which is independent of the dynamics of the
system described by the phase shift δ and the smooth
function A0,

fB;tri:ðQ2Þ¼ 1

EfþEi

�
∂

∂s
iρ

�
−1

s¼sB

f1ðQ2ÞððEfþEiÞ

×GðsB;Q2;sBÞ−2G0ðPf;PiÞÞþOðκÞ: ðB9Þ

In particular, it can be shown that in the limit of κ → 0 this
form factor has the correct normalization at Q2 ¼ 0,

lim
κ→0

fB;tri:ð0Þ ¼ 1: ðB10Þ

We can calculate the charge radius associated with this
form factor to obtain

hr2Citri ¼ −6
d

dQ2
fB;tri:ðQ2ÞjQ2¼0 ¼

1

8κ2
þOð1Þ; ðB11Þ

showing the same universal dominating result as in the
quantum mechanical case of the previous section.
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