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Using unitarity and causality, we derive an infinite tower of two-sided positivity bounds on the effective
field theory coefficients which describe the propagation of heavy fields on de Sitter spacetime. We design
this effective field theory (EFT) to describe propagators with the in-in boundary conditions that are relevant
for cosmological correlators. Our positivity bounds therefore identify EFT correlators that can never emerge
from a consistent underlying model of inflation. This implies nontrivial constraints on primordial non-
Gaussianity; for instance the cosmological collider oscillations in the squeezed bispectrum from the
exchange of a heavy scalar are tied to the shape of its EFT background.
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I. INTRODUCTION

What are the possible effective field theories in de Sitter
spacetime? Effective field theories (EFTs) have played a
central role in how we understand quantum field theory on
Minkowski spacetime and how we search for new physics
in particle colliders [1]. An analogous framework for de
Sitter—the maximally symmetric spacetime most relevant
for cosmology—would similarly shed light on quantum
field theory (QFT) in curved spacetimes and improve the
analysis of cosmological collider signals from the early
inflationary Universe [2,3].

In particular, alongside the comoving curvature pertur-
bations responsible for the Cosmic Microwave Background
and Large Scale Structure, the early inflationary Universe is
expected to contain a number of massive modes (e.g., from
degrees of freedom beyond the inflaton). Properties of these
modes—such as their mass, spin, and interaction with the
curvature perturbations—are encoded as characteristic fea-
tures in the primordial non-Gaussianities produced by
inflation. At their most extreme, these signals are within
reach of current and upcoming surveys, e.g., DESI,
EUCLID, LSST, SPHEREx, and Simons Observatory
[4]. The most promising signal—the scalar bispectrum—
can be produced by a massive mode propagating from one
curvature perturbation to another two. An EFT description
of how massive modes propagate on quasi—de Sitter space-
times, particularly when they interact strongly with other
degrees of freedom, would therefore allow these sky surveys
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to analyse the inflationary particle spectrum in the same
spirit as conventional collider experiments.

From a purely bottom-up perspective, to construct an
EFT on dS one can follow the same procedure as on
Minkowski: first identify the relevant degrees of freedom
and a small power counting parameter that can be used to
estimate their size; then construct all local operators
compatible with the spacetime isometries up to a fixed
order in this parameter; and finally build an effective action
by summing these operators, each multiplied by an EFT
coefficient. These EFT coefficients are undetermined a pri-
ori, and must be fixed by matching to data or to a known UV
completion of the theory.

While pragmatically useful, this approach does not
address several conceptual issues with de Sitter. It assumes
a Wilsonian decoupling of the heavy degrees of freedom at
low energies, which is spoiled by particle production. It is
also not yet clear what is the correct power counting
parameter for de Sitter, since “energy” is no longer a good
quantum number. And it treats the EFT coefficients as free
parameters, when there is no guarantee that all values can
arise from a consistent UV completion. In this paper, we
address all three of these issues by building a consistent EFT
for scalar fields on de Sitter and bounding its coefficients so
that a healthy underlying UV theory can exist.

This is the latest in a series of attempts to carve out the
space of consistent EFTs in cosmology. The earliest
attempts used unitarity of 2 — 2 scattering on sufficiently
subhorizon scales that an energy-conserving S-matrix can
be defined [5-7], however the resulting positivity bounds
require stronger UV assumptions about analyticity which
can be violated in causal theories [8—10]. More recent work
has developed Kramers-Kronig dispersion relations for two-
point functions with broken Lorentz invariance [11-14]:
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FIG. 1. Our positivity bounds (27) forbid EFT coefficients in
the grey region, for which there is no unitary/causal UV
completion. We verify that a number of explicit UV comple-
tions—the interactions ¢y, ¢y* and ¢y> with a heavy field y in
different spatial dimensions d—produce EFTs that lie in the
allowed region. The largest region from the ¢y’ interaction
occurs in d = 1, and we show with a dashed red line the d = 3
region for comparison.

these have the advantage that they apply to a wide range of
systems—including condensed matter [15—17]—however
they do not exploit the (approximate) de Sitter symmetries
which characterize the early Universe. Another strategy has
been to use causality classically by imposing positivity of
scattering time delays on cosmological spacetime back-
grounds [18-22] (see also [23-30] for asymptotically flat
spacetimes), though on Minkowski these causality con-
straints often differ from the positivity bounds of unitarty/
microcausality [28]. The most recent dS positivity bounds
have used unitarity and causality in the form of a Kallen-
Lehmann spectral decomposition [31] to bound anomalous
dimensions [32,33] and to numerically explore the space of
allowed bispectra [34]. This letter uses a similar imple-
mentation of unitarity and causality to produce the first
analytic bounds on EFT coefficients using relativistic QFT
in de Sitter.

Our main result is a tower of two-sided positivity bounds
[see (27)], which must be obeyed by cosmological corre-
lators at every order in the EFT expansion if they were
produced by unitarity/causal physics. We demonstrate that
these are satisfied in several explicit UV completions,
summarized in Fig. 1. For instance, the first EFT interaction
beyond mass and kinetic counterterms, schematically
c,0*¢?, must obey ¢, > 0 on Minkowski. On de Sitter,
we show that ¢, is no longer always positive and we
establish a new bound

AdpImZE(u)
At

(1)
where A is the EFT cutoff and Im X is the decay width of ¢
due to the spacetime background. We are able to similarly
map the infinite tower of EFT constraints that exist on
Minkowski—the analog of the EFThedron for two-point
interactions—onto new bounds for dS EFTs at every order.
Just like (1), these bounds mix the conservative and
dissipative parts of the EFT. When applied to observable
signals from inflation—e.g. the squeezed limit of the scalar
bispectrum—they therefore bound the decay of the cosmo-
logical collider oscillations in terms of the nonoscillating
EFT background.

An important feature of the EFT that we introduce below
is that it contains—in addition to the usual c,, coefficients of
Minkowski—another series of coefficients y/, that capture
the low-energy decay due to the de Sitter spacetime
background:

ImE(v) = mu(yy +vjv* + ). (2)

In practice, positivity on de Sitter [e.g., (1)] constrains c,, in
terms of y},. A useful way to visualize these bounds is to
define modified ¢, coefficients that include dissipative
corrections. For instance

2
g =Acy+ 51\76 + 203, + - - (3)

is defined so that positivity (1) implies g, > 0. Analogous
gn>> are defined in (33) and obey the tower of two-sided
and nonlinear bounds recently discovered on Minkowski
(see Fig. 1).

The relative size of the dissipative corrections depends
on the background Hubble rate, which can be viewed as
setting the “temperature” of the environment. When the
new degrees of freedom at the EFT cutoff A are “cold,”
i.e., A> H, then the y) coefficients are exponentially
suppressed and g, = ¢, (the EFT matching is not affected
by the de Sitter background). When the new degrees of
freedom are “hot,” i.e., A < H, then y}, ~ O(1) and g, can
differ significantly from c, (dissipation affects the EFT
matching). Below we adopt units in which H =1, and
indeed find

0+ O(e—ﬂ'/\>
A4C‘2 > > , 3
—§A7/0 + O(A )

when A > 1,

(4)

when A < 1.

In the intermediate regime A ~ H, the first O(A/H) terms
in (2) can be important and appear in the positivity bounds
(see Fig. 3).

Our results are an important proof of principle—that
consistent EFTs can be constructed and bounded despite
particle production in de Sitter. Phenomenologically, they
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are relevant for the cosmological collider signal from
the exchange of heavy fields during inflation. Theoreti-
cally, they reveal a positive geometry analogous to the
EFThedron on Minkowski [35,36], advancing the ambi-
tious program of elevating these mathematical structures to
defining features of a QFT: viewing the positive geometry
as the fundamental object from which unitarity/causality
emerge [37-39].

We organize the paper as follows. In Sec. II we introduce
our observable of interest: the time-ordered two-point
function with in-in boundary conditions relevant for cos-
mology. In Sec. III we describe the EFT that captures its
low-energy limit, and in Sec. IV we derive positivity
bounds on the EFT coefficients. In Sec. V we give various
concrete UV completions to demonstrate that our bounds
are indeed always satisfied. In Appendix we discuss
phenomenological consequences of these bounds.

Throughout we consider a fixed de Sitter spacetime,
ds* = (—t)7%(—dz* + dx?), in d spatial dimensions and
work in units where the Hubble rate H = 1. For a real
scalar field ¢ of mass m, we split the action S = Sy + S,
where the free action is

So= [ dea'x /g5 (@ - m). (5)

We consider heavy fields to be in the principal series,
which have sufficiently large masses so that the parameter

u = \/m?> — d?/4 is real. The free equation of motion can
be written in momentum space as ¢y (1) = u’¢y (1),
where

Oy = 72((20,)* = K2*)7Pepy. (6)

I1. IN-IN PROPAGATORS

The time-ordered two-point function plays a central role
in defining (and calculating with) any QFT. It represents
propagation, and therefore is constrained by the causal
structure of the spacetime. It also encodes the overlap
between one-particle states, and therefore is constrained by
unitarity. In this section, we review the time-ordered two-
point function on de Sitter with the in-in (Bunch-Davies)
boundary conditions relevant for cosmology.

Recall that, on Minkowski, the time-ordered two-point
function can be written as

G(p) = ——

R0 "

where X is the self-energy. The free theory propagator
corresponds to X = ie with ¢ — 0 from above, shifting the
pole into the complex plane to encode time-ordered
boundary conditions. In fact, unitarity requires ImX > 0
in any interacting theory.

On de Sitter, what is the analog of (7)? There are two
important differences with Minkowski. First, the boundary
conditions are different: since the Hamiltonian depends on
time, there is now a different ground state on each time slice
and so we must specify which of these vacua are used to
compute the two-point function. Here we focus on the
Bunch-Davies vacuum of the far past, as this is the
correlator that underpins cosmological collider signals from
the early inflationary Universe. The resulting “in-in” two-
point function requires both bra- and ket- boundary con-
ditions to be specified in the far past (while the “in-out”
two-point function on Minkowski can be computed using
one vacuum in the far past and one in the far future). The
second difference on de Sitter is the kinematic variables.
The energy which appears in p, (the Fourier conjugate of
time) is no longer a good quantum number. Instead, the
analog of p? on Minkowski is the de Sitter Casimir 22,
defined as the eigenvalue of the free equation of motion

O0f, = v*f,. We transform to this variable using

(T () ()" /

ey = | NS GG 8)

[Se]

where N, = vsinh(zv)/x and f; (kz) is the Hankel mode
function of the free theory: the analog of e*® on
Minkowski [40]. The prime on the correlator indicates
that the universal factor of (27)96%(k + k') has been
removed. This Bunch-Davies propagator takes the form
(see, e.g., [41,42])

Glv) = 2 sin_h(m/)

€+7w e W
AT e O

In the free theory, X(+v) = +ie with € — 0 from above.
In a general interacting theory, the self-energy obeys
Y(-v) = X*(v) and unitarity will requires ImZ(v) > 0
for all v > 0. This means that the second term has poles
shifted in the opposite direction: physically, this reflects the
particle production that takes place on de Sitter [42]. In the
flat space limit—which corresponds to taking H — 0
with 22 — p?/H? and p*> — m?/H*—the particle produc-
tion term turns off exponentially and we recover the usual
Minkowski propagator (7).

Since it is the positivity of X that will lead to our bounds
on EFT coefficients, we will now give a more detailed
account of what observable this self-energy corresponds to.
On Minkowski, it is the time-ordered two-point function of
the source, 6S;,./6¢. On de Sitter, the connection between X
and Jy (7) = 88 /6¢x (7) is more subtle. To compute the
in-in two-point function, we must path integrate from the far
past to the far future and back again, along the two branches
of the Schwinger-Keldysh contour. This leads to self-energy
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insertions with all possible operator orderings. To capture
this, we define four self-energies

T (r, T

) = i(TJx(7)J (7)),
“(z.7) = {{TJ(0) ) (7)),
p (0. 7) = i (@) (7))
(2, 7) = il (o) (7)) (10)

1

X (n1

z
z

(1,7

where the prime again denotes that an overall
(27)38%(k + k') has been removed and T (T) denotes
(anti)time-ordering. They are related by

iz = iz, (11)
Tt =45t (12)

To compare with (9), we transform these self-energy
functions to the same Casimir basis using

59(2,7) = / AN, fe(ke) L (SR ) (13)

where both f;* mode functions have been used to preserve
the conjugate relation (11). Notice that ™~ (v) = 7" (v)
since they are related by permuting 7 <> 7/, and (12)
becomes

iImEt*(v) = cosh(zv)Z7 (v) (14)

thanks to a relation between the f; integrals (see (20).
There is therefore only one independent complex function
here (rather than the naive four if all =% were independent).
An explicit calculation using in-in perturbation theory [43]
shows that the self-energy X appearing in (9) is given by

B e+nv2++(y) _ e—mxz——(y)
) = 2 cosh(nv)

(15)

This combination of time- and antitime-ordered matrix
elements again reflects particle production on de Sitter,
and in the flat space limit of large v we recover ¥ — X, It
enjoys several nice properties: for instance causality implies
that X(v) is analytic in the lower half of the complex v plane
[44] and since the imaginary part can be written using (14)
and (20) as

Im X(v) = sinh(zv){|J(v)|*)’ (16)

with J(v) = [° dcf, (kt)J(7), we see explicitly that
unitarity implies positivity of ImXZ. X is also the analytic
continuation from the sphere [45,46] or from EAdS [47-49]
(see Appendix C of [41]), which is a complementary way to
prove these properties.

III. IN-IN EFTS

Having defined a propagator and self-energy on de Sitter,
we will now construct an EFT which can describe their
“low-energy” regime in terms of only the lightest degrees
of freedom in the theory.

On Minkowski, we would do this by expanding the
action Sggr[g] = [d*x >, o L,[¢] using a two-point
operator basis such as

1
L, =

=5 ', (17)

This gives Zgpr(p) = >, ¢,p*", which can be matched
onto any gapped UV completion by fixing the ¢, accord-
ingly: at least up to some desired accuracy (finite order
in n).

On de Sitter, it is tempting to use the same EFT. However,
this would give Zgep(v) = 3, ¢,0°" and such an expansion
cannot capture the odd (imaginary) part of X. We will see
below that this difficulty is due to the lack of a mass gap on
de Sitter: heavy fields can affect X at arbitrarily low v, so
never fully decouple. Put another way: Im X represents the
decay width of ¢ particles, and while the decay of a light
particle into two or more heavy particles is forbidden on
Minkowski by energy conservation, there is no such
restriction on de Sitter. The EFT must therefore capture
the dissipation of ¢ through these decay channels.

One resolution is to build an in-in EFT by doubling the
number of fields so that ¢* denotes the field on each branch
of the in-in path integral contour. We can then add to
the free theory the EFT corrections Sgprlp™, ¢p~] =

[d*x/=g>, LT, ¢7], where

£, =5 (e + i) TIG" — i P
1
- 5 (Cn - iYn)qj_Dngb_ (18)

is the generalization of (17) which uses both branches and
obeys the reality condition L,[¢p~,¢"| = —Li[pT, ¢7].
This doubling of the light degrees of freedom is by now
familiar, given recent progress in developing open EFTs for
cosmology [50-58], though here we focus on only covar-
iant quadratic terms since these capture the de Sitter
invariant effects of heavy fields on the propagation of light
fields (see also [59-62] for the role played by boundary
terms, which we do not include here). Explicitly, the
interactions in £, can be viewed as local approximations
of each self-energy
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51 (e.7) = (eu + i) 62— )
= () = (¢, + iy,
() + 5 (6 ) = 2i,0"8(r = 7)
2n

K,V

= S () = (19)

cosh(zv)
where we have used the integral identities

5z—7) = / N ()

- /—:o %}iv(:w)[ S@)f7 (@) +ec]  (20)

together with CIf (kr) = v2f;(kr). In order to match a
consistent UV theory, with =% given by (10) and hence
obeying (14), we must fix

Kp = ¥n- (21)

With this condition, the X given by (15) is

> (¢, + iy, tanh(zv))p>". (22)

n=0

Terr(v) =

This can now be matched to the complex X(v) of any UV
completion by fixing the real EFT coefficients c,, y,
accordingly: at least up to some desired accuracy in the
low v regime. We will abuse terminology and refer to low v
as “low-energy” by analogy with Minkowski, despite the
fact that o> represents a de Sitter mass invariant which is
unrelated to the Hamiltonian or time translations.

Finally, it is convenient to reorganize the y,, coefficients
so that Zgpr = >, (¢, + invy,)v*". Explicitly, the reor-
ganized coefficients are

—Z

where T, are the tangent (or zag) numbers: the first few are
/“ ={1.3. 5,75} for j=0, 1,2, 3.

jﬂ'ij

, 2
2] + 7/Vl—J ( 3)

IV. IN-IN POSITIVITY BOUNDS

Having established an EFT that captures the low-energy
behavior of the propagator, we will now show how its
coefficients are bounded by unitarity and causality. We
indicated above that unitarity will imply ImX(v) > 0,
which immediately leads to constraints on the y, coeffi-
cients; the simplest of these is y, > 0. Here we will also
show that, when combined with causality, this positivity
will imply constraints on ReX that lead to a tower of two-
sided bounds on the ¢, coefficients.

On Minkowski, this is an old story rooted in the Analytic
S-matrix program [63]. Using the Kallen-Lehmann spectral
representation of X,

o dm?  p(m')
2(p) = [ (24)
4m T m P e

the EFT coefficients are moments of the positive spectral
density p

©dm” p(m')
Cn_Amz z () (25)

In practice we are often interested in cutoffs much larger
than 2m, so we define the couplings
s dm/Z

) = [T (22) 9

which can be computed in the EFT by subtracting the part
of the branch cut which can be reliably computed below the
cutoff A [64]. As a series of moments, these g, obey various
bounds. They
(i) are manifestly positive, g, > 0, since p is a positive
measure [65],
(ii) obey convergence relations, g,.; < g,
m'> > A? in the domain of integration [64],
(iii) obey nonlinear Cauchy-Schwartz inequalities, such
as gpi19n-1 — gn > 0 [66].
For illustration, let us focus on ¢,, g3, and g,. The bounds
can be written succinctly as

2
0<% B <@> <& (27)
9 D 9 9

since

together with g, > 0 [67].

An important caveat to these bounds is the assumption of
convergence; the bounds need not apply if the spectral
density grows too quickly and the integral (26) diverges.
These divergences can be renormalized by introducing
counterterms (performing “subtractions”) in the dispersion
relation, but the finite part of these counterterms is fixed by
imposing a renormalization condition which can be of
either sign since it is no longer connected to the underlying
UV physics. A renormalizable propagator in the UV
implies that at most two subtractions are required, i.e.,
once gy and g; are fixed by the mass and wavefunction
renormalization, the remaining g,, obey the above pos-
itivity bounds. These n > 2 bounds are then remarkably
universal: they must be satisfied in any low-energy EFT
with a unitary, causal Wilsonian UV completion.

On de Sitter, since the self-energies > are two-point
functions, they admit an analogous Kallen-Lehamnn rep-
resentation
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zwww=4“ﬂfmwmf@> (28)

T

where ijﬁ is the free propagator for a field of mass y with
operator ordering specified by the af indices (e.g., ITT" is
time-ordered, 17~ is Wightman). This dS KL representa-
tion dates back to many earlier works [45,68—71] and was
recently revitalized by [31,41,72,73]. The simplest proof
inserts a complete set of states between the two J operators
in (10), since (J) elements are fixed by the de Sitter
isometries to be (proportional to) their free theory values.
Combining these via (15) produces the analog of (24) for
the dS self-energy [74]

o du”  p(u)
Z(v) = —_— 29
W= [T (29)

Physically, (28) represents causality (interactions do not
change the support of the free theory propagators [75] and
p = ImZX > 0 represents unitarity (interacting states can be
resolved into a complete basis of free theory states).

While tempting to match (29) directly to the EFT
coefficients as on Minkowski,

» [od® p(W)
. A s (30)

notice this only captures even powers of v. In fact, (29)
develops a branch cut at v = 0 and is no longer an even
series in ?". This is due to the lack of a mass gap, a
consequence of the fact that a particle on de Sitter can
decay into other particles no matter the mass difference
[76]. Although p is positive, there is therefore no guarantee
that the c¢,, are positive (in the examples below we will find
they are often not positive). The solution is to subtract part
of the spectral integral and define the couplings

ga(A) = /A:o iﬁ(iﬂ(ﬂ') (A—;> " (31)

7

These can be computed within the EFT, since

pv) = mypti*! (32)
j=0
and we therefore have
2A2j+1}//-
= A¥¢ — — Y 33
In Cn ;01+2j—2n (33)

which can be used to compute g, to any desired order in the
EFT expansion, providing the cutoff A is sufficiently low
that (32) converges (more on this below). Since they are
positive moments, these g, obey the same positivity

conditions (27) as on Minkowski. This combination of
linear and quadratic constraints carves out leaf-shaped
regions in parameter space, as shown in Fig. 1.

To recap: we have shown that the time-ordered Bunch-
Davies two-point function on de Sitter can be written as (9)
in terms of a self-energy X, which is related to the two-point
function of sources by (15). This can be matched to an in-in
EFT which contains complex coefficients, c, + iy,.
Unitarity alone would imply bounds only on y,, but by
combining the Kallen-Lehmann representation and unitarity
we have shown that the g, combinations obey an infinite
tower of two-sided bounds, for instance (27). These differ
from the Minkowski bounds in that, due to the lack of a
mass gap, a subtraction is essential for mapping the c,, onto
positive moments.

V. EXPLICIT UV COMPLETIONS

We will now consider a number of concrete UV
completions and show that our positivity bounds are
obeyed. Of course, the main virtue of the bounds are that
they apply to any EFT, regardless of the detailed UV
physics. This section is a useful consistency check, and also
hints at whether the bounds are optimal. The results are
summarized in Fig. 1, and we see that there are some
regions of parameter space which are allowed by positivity
but which cannot be realized by any of the UV completions
we consider here. This suggests the bounds may not be
optimal, or that more elaborate UV completions (e.g., with
spinning fields) are needed to access this region.

A. Tree-level mixing

First consider a linear interaction g¢y between the light
field ¢ of the EFT (mass ) and a heavy field y (mass p).
Then =" (v) is simply the free y propagator, namely (9)
with +ie in place of X(£v). The self-energy (15) is then
72

(V) =—5—"5—.
) u—1v* —ie

(34)

Taking the imaginary part gives the positive spectral
density,

p(v) = gad(u* —1?). (35)

In this simple example, there is a mass gap. Equivalently,
we see that y,, = 0 for all n and the EFT expansion of X(v)
produces a real series with EFT coefficients

92

)
u

(36)

Cn

which coincide exactly with the Minkowski values. These
are positive, and saturate the bounds (27) since every
gn(A)/A? goes from 0 to ¢* as A is increased from O to y,
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and then drops back to 0 once A exceeds p. This is shown in
Fig. 1 (blue line).

As a consistency check, notice that the corresponding ¢
propagator contains poles at

2

g
ui—uz—ﬂz_yz =0. (37)

These are precisely the mass eigenvalues obtained from
diagonalizing the mass matrix

2
L5 () <”¢ i) (¢> (38)
g W) \x

B. One-loop bubble

Next, consider the cubic interaction ¢y>. It contributes to
the self-energies at leading order via a one-loop bubble
diagram. In Minkowski, this loop integral is straightfor-
ward and the resulting ¥ has a branch cut along p? > 4m?,
with positive discontinuity

21_d71'3/2 (p2_4m2)%
p(P)=—m NS

(4n) =T
The EFT coefficients appearing in £ =", ¢, p*" are

O(p? —4m?). (39)

R L VAl (54 4 n)
(4m*)"c, = (47[)% 41“(%2—5— - (40)

and indeed correspond to the moments of (39). Their ratio

4m?c,,, 3+2n-d (41)
¢,  342n

indeed obeys the positivity conditions required of a series
of moments. As we take the cutoff A — oo, the individual
ga(A) = 0 as the heavy physics decouples, but their ratios
approach a finite value

i Grst(N) 34204
A—=oco gn<A) 5 -+ 2n—d

(42)

which also satisfies the positivity conditions.
On dS, the spectral density for the bubble is [41,48]

. dtintiptiv
sinh(zv)I’ (%)

) = AT L ) )

where the + shorthand denotes a product of I" functions
with these arguments (i.e., there are 8 I" functions in the
numerator and 3 I" functions in the denominator of this
expression). p is manifestly real and positive for v > 0. In
the limit that v and g are both > 1, it is exponentially

0.5
0.4F 1.0
0.8
0.3}
94 0.6
92
0.2F 04
0.2
0.1 Forbidden
by postivity 0
Ny
O‘ ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
8. A . 03 04 05 0.6

FIG. 2. The region of EFT parameter space traced out by the
one-loop bubble in d = 3 dimensions as the cutoff A and mass u
are varied. Different values of A/u are coloured so that all A > u
are displayed as red. Black lines show contours of 4 = 1, 2 and 4.
The boundary ABCD is described analytically in the text.

suppressed for v <2y, and for v > 2u recovers the
expected Minkowski value (39) with p?> = v and m? = u>.

The g,, can be found numerically and indeed they satisfy
the positivity bounds in all positive integer dimension for
which the cubic interaction is renormalisable, namely
1 <d < 6. The region that is traced out by varying A
and u has a simple boundary which can be described
analytically. The key observations are that (i) at large y and
A, we recover the Minkowski values, and (ii) at low p, the
ratio becomes insensitive to A/,

INCELCO| R e (44)
u—0 gn(A) A=ap 2n+ 1

For instance, the boundary in {% , %} space is then made up

of four segments:

(A) A straight line from (44) to the origin, from A
approaching zero at large y, which is dominated by
the y, subtraction,

(B) A quadratic curve from the origin to (41) from
varying 0 < A < 2y at large y, which is captured by
Minkowski limit,

(C) An approximately straight line from (41) to (42)
from varying 2u < A < co at large u, which is
captured by Minkowski limit,

(D) A straight line from (42) to (44), from varying A at
low pu.

This is shown in Fig. 2 [77].

Furthermore, we can use this one-loop example to
illustrate an important point about the convergence of
our EFT expansion. On Minkowski, the EFT expansion
is controlled by the large hierarchy of scales between the
mass m of the light field and the cutoff A which represents
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FIG. 3. The relative size of the first 25 terms appearing in the
EFT expansion p =, zy,v*"*! of the one-loop bubble in
d=2,withuy=5andv=1,4,7, 10, 13. For v < 1, the terms
strictly decrease and the EFT can be truncated at any order. For
1 <v < 2u = 10, the largest contribution comes from a finite n
and thus the EFT series only provides a reliable approximation if
sufficiently many terms are included. Forv > \/4—/42—+—I ~ 10.05,
the terms become increasingly negative at large n and the series
does not converge.

the characteristic mass scale of the heavy field(s). In
practice, this means that the series in c,p>* ~ (p?/A?)"
not only converges for p?> < A?, but can be safely truncated
at any finite order N with an error of order (p*/A?)Y. On de
Sitter, we have two hierarchies: the ratio of v to H = 1, and
the ratio of v to A. While the EFT expansion formally
converges for 2 < A2, since A represents the lowest-lying
singularities of X, there can be analytic functions of v/H
that cannot be safely truncated unless v < 1 or sufficiently
many terms are included in the EFT. As a toy example,
consider expanding the function ¢/(A — v) around v = 0
and truncating after the first N terms. If we take A > v, the
error does not go to zero. The relative error is O(1) for all
N <v, and then decays rapidly for N Z v (faster than
e N /N! for some 0 < ¢ < 1, thanks to Lagrange error
bound on the exponential). This example captures the
behavior of p(v) in (43), which in d =2 dimensions
simplifies to

1 cosh(zv) — 1
16v cosh(zv) + cosh(2zu)

P4z = (45)

The poles at v = 2u =+ i imply that the y,2*"*! series will
converge for v? < 4u®> + 1. However, the analytic cosh
functions imply truncation errors that do not vanish as
A — . The relative size of each term in the EFT
expansion is plotted in Fig. 3. For v < 1 they decrease
uniformly as expected from Minkowski, so the series can
be safely truncated at any order. But for 1 < v < 4u? + 1,
the dominant contribution is from a finite order in the EFT
series, and truncating before this order will lead to O(1)
errors in the EFT approximation of p. For v > 4u* + 1, the

series coefficients grow more and more negative and
unitarity is violated if the EFT series is truncated at any
sufficiently large order. In contrast, if we consider the real
part of X, which can be written as

1—iv

‘l/(z

; 1-iv : .

— —_ __l’_

ip) —w(F+in) (46)
167w tanh(7zu)

by - ,
(V)] g=2 160

then we find that the EFT series Y.~ c,0*" is always
dominated by the n = 0 term when v < 4u> + 1 and the
series can be safely truncated at any finite order.

C. Two-loop sunset

Finally, consider the interaction ¢y>. This contributes to
the self-energies via a two-loop sunset diagram at leading
order. This was recently computed on de Sitter in [48]
using techniques from AdS [78,79]. In d = 2, the spectral
density is

_ sinh(zv) (v = p123) coth (% (v—H123))
PW)a=r = E : : ;
lov =, sinh(zy ) sinh(zu,) sinh(zps)

(47)

where 23 = u; + pp + p3. We have numerically inte-
grated this for a range of A and p values and plotted
the resulting ¢g3/¢, and g4/ g, values in Fig. 1. This region
of parameter space can be understood analytically in the
same way as for the bubble. In the Minkowski limit of
large v and u,

. p—3m
1 . p—
I}H%)P(Vﬂd_z 2p

O(p? — 9m?). (48)

The lower boundary is then a quadratic curve from the
origin to the Minkowski value at threshold

(n+1)(2n+3)
i (+2)2n+5)’ (49)

(3m)2cn+l
c}’l

followed by an approximately straight line segment to the
extremal value

A
lim gnJrl( )
A—co gn(A>

_n+1
i N2

(50)

The upper boundary connects the origin to this extremal
value via a kink at

hmgnJrl (A)
H=0 g, (A)

_2n—|—1
C 2n+3°

(51)

A=au

To sum up: in all of these examples we have verified that
the EFT coefficients {c,,7,} can be combined via (33) to
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produce a g, that closely matches the UV integral (31) and
therefore bounded by two-sided inequalities such as (27).

VI. DISCUSSION

Given the vast space of inflationary models, it is essential
that we develop an efficient EFT parametrization with
which to analyze data from the cosmological collider.
The danger—inherent to any EFT parametrization—is that
we introduce parameter values that are secretly unphysical,
i.e., which do not correspond to any consistent inflationary
model. In this paper, we have shown that the EFT expansion
of the self-energy must obey an infinite tower of two-sided
positivity bounds if the underlying UV completion is
unitary and causal. We have given a number of explicit
UV completions to demonstrate that these bounds are
indeed satisfied, and also to clarify how to estimate the
error when truncating an EFT expansion on de Sitter. Our
results open up several new questions:

Phenomenology. Having established new constraints on
the EFT description of heavy fields on de Sitter, one future
direction is to explore how this positivity manifests in
observables such as primordial non-Gaussianity. Let us
now offer some first steps in this direction.

The self-energy shifts the poles in the ¢ propagator from
the bare mass y to the renormalized value i — iy, where

_ ReX(uy)

_ _ ImZX(uy) )
=y S A (52)
at leading order in the interaction couplings. This has
important consequences phenomenologically. For instance,
one of the most promising observational targets is the
bispectrum (equal-time three-point function of comoving
curvature perturbations) [80-84]. It can be calculated by
acting with various differential operators on a basis of
simple seed integrals that correspond to a conformally
coupled scalar ¢ interacting with heavy fields ¢ through
interactions such as o?¢ [3]. Explicitly, the (c*) seed
integral from the s-channel exchange of ¢ is

0 dr [0 d7 "
(o), = / i / Gy ke, k7)o (53)

2
o T

where G, is the propagator for the internal ¢ field with
spatial momentum k; = |k; + Kk,| and k., = |k,| + |Kk|
are the “energies” flowing into each vertex (labeled so that
kiy > ks4). In the Appendix, we evaluate this integral and
show that it naturally splits into “particle production”
contributions (in which on-shell ¢ are produced by the
spacetime background) and “EFT” contributions (in which
off-shell ¢ are produced by the o). The particle production
effects are most transparent in the collapsed limit k&, — O,
where there are two contributions at leading order

kag\i k2 \i@
Re[a(ﬁ)w + 5(4/{12‘1(34) D]

Vkizksy

which exhibit logarithmic oscillations in the momenta ratios
at a complex frequency v = ji — i7, i.e. ji sets the period and
7 sets the damping rate of this characteristic cosmological
collider signal. The relative amplitudes a, f are given in
(A18); both ~e ™™ due to Boltzmann suppression and
therefore vanish in the Minkowski limit. The EFT contri-
bution, on the other hand, can be written as a power series in
§", where § is the differential operator (A10) and reduces to
the usual Mandelstam invariant in the Minkowski limit. The
first few terms are

()

(54)

1 Z 72 2 1
(T = | 4 205 L0 T Mg | (ss)
2 4 6 k
0 Ho Ho T

where 1/k; = 1/(k, + k34) is the contact diagram in
which the internal ¢ propagator has been contracted to a
local interaction. The first term fixes the mass of the
exchanged field (uj = u*> — c), the second term fixes
the normalization of its kinetic term (Z, =1+ ¢;), and
the third is the order at which interactions unambigu-
ously enter.

Our positivity bounds on the self-energy can then be
translated into concrete restrictions on the bispectrum. The
simplest of these is that, since ImX > 0, we have 7 > 0 and
therefore the particle production effects (54) are finite in the
soft limits k;, — 0 or k., — 0. Our bounds on the ReX
correspond to restrictions on the EFT part of the signal, for
instance ¢, A® > —=2y{/3 + - - - & —47/(3z) bounds the size
of the §? shape in terms of the damping rate of the particle
production oscillations. Any violation of the Minkowski
bound ¢, > 0 must therefore come with a corresponding
decay rate in the cosmological collider signal; conversely, a
measured decay rate ¥ implies a lower bound on corrections
to the EFT background. Finally, at every subsequent order in
the EFT expansion, our bounds place constraints on the
relative size of the EFT corrections in terms of the damping
rate. It would be interesting to compare these analytic
bounds with the numerical bounds recently obtained in [34].

Further bounds. While our explicit UV completions all
produce EFT parameters inside the allowed positivity
island, they do not completely fill the island. One out-
standing question is then: can our bounds be improved? It
may be that our bounds are already optimal and more
elaborate UV completions (e.g., with spinning fields) would
populate the entirety of the allowed region. However, notice
that (at least in the UV completions that we considered) the
EFT parameters cluster more closely around the origin as
the number of spatial dimensions is increased. It therefore
seems likely that, by adding the further requirement that
d =3, the bounds may be strengthened (an analogous
strengthening occurs in Minkowski for massive spinning
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fields, see, e.g., [85]). Our bounds could also be refined by
including various additional UV assumptions (e.g., about
spin dominance) so that they map EFT parameter regions
onto UV properties beyond basic unitarity and causality.

If we continue to assume only unitarity/causality in the
UV, here are three directions which seem to go beyond our
positivity bounds:

(i) for v = ia purely imaginary, then we have

L [readp* p(u)
Y(ia) = [) o (56)

which is real and manifestly positive [86]. We have
confirmed this in our example UV completions, e.g.,
(46) is real and positive since 2a Imy (L% + i) <
ar tanh(zp) for any real @ and g > 0. This appears to
have interesting phenomenological consequences
which are not obviously captured by our other
bounds. For instance in the squeezed limit ki, >
kg ~ k34 relevant for the bispectrum,

<04>EFT ~ L 1
kio u? + 1/4 —ReX(i/2)

(57)

and therefore the EFT background is always made
larger by the effects of heavy physics.

(i1) Unitarity, when formulated as an optical theorem,
places both lower and upper bounds on matrix
elements. For instance, anomalous dimensions in
AdS (analogous to p [33]) are bounded by |y| < 4
[78], and EFT couplings in Minkowski (analogous
to ¢,) are similarly bounded from above [[87],
(3.35)]. We believe that there are analogous upper
bounds for EFTs on de Sitter, which have yet to be
fully determined.

(iii) Our bounds follow from the spectral representation
%, the two-point function of the source J. Of course,
the two-point function of ¢ itself also has a spectral
representation with positive spectral density, and
therefore generates an analogous series of positive
moments. The two spectral densities are related
by [88]

210
,0¢<V) - |Iu§§_y2_2(y)‘2' (58)
It would be interesting to repeat the above using p,,
particularly since the recent numerical bounds of [34]
use p, rather than p;.
Furthermore, our bounds apply to the propagation of a
massive scalar mediator—given the recent progress in
developing the analogous Kallen-Lehmann spectral repre-
sentation for massive spinning fields [73], it would be
interesting to repeat our construction for mediators of
other spin.

In-in vs in-out EFTs. In order to match a propagator with
the in-in boundary conditions relevant for inflationary
cosmology, we have used an EFT that mixes fields on
different branches of the in-in path integral contour. The
resulting in-in EFT is sufficiently similar to the in-out
EFTs used for scattering on Minkowski that we can bound
its coefficients. However, it differs in one key respect.
Ordinarily, an in-out EFT will break down at the mass scale
of the lightest state not included in the EFT description. An
in-in EFT will instead break down at a scale set by the
smallest mass difference. For example, the interaction
¢y x> will produce a bubble diagram that has spectral
density given by (43) with I'((¢ & iy, + iup £+ iv)/2) in
the numerator. This has singularities at points with
V> = |uy — po)* + d*/4, and therefore the EFT expansion
in powers of v can only converge providing |v| is smaller
than this scale [89]. This can be much lower than the radius
of convergence that an in-out observable would have,
namely |p; + u»|* + d*/4. In a follow-up work [90], we
will present analogous positivity bounds for in-out EFTs
on de Sitter, since while they are one step removed
from cosmological correlators [91], they enjoy a much
higher cutoff and share even more similarities with the
EFThedron of Minkowski.

Integrating out light fields. We have taken the view that
light fields with m? < d?H?/4 (in the so-called comple-
mentary series) should be included explicitly in the EFT,
while heavy fields with masses m”> > d*H?*/4 (in the so-
called principal series) can be integrated out to produce our
EFT interactions. Consequently, the EFT corrections to the
self-energy can be written as a Kallen-Lehmann represen-
tation involving only principal series values (real y). One
question, which we leave open for the future, is how our
positivity bounds would change if one also integrates out
light fields (imaginary ). Mathematically, this would
require deforming the integration contour in (28) to account
for poles on the imaginary axis. One could then split the
integral into three regions: the |i/| < A region, that can be
computed explicitly within the EFT and subtracted; the u >
A region (31) which obeys the positivity bounds (27); and a
new iy > A region which must be bounded by other means.

Bootstrapping dS EFTs. On Minkowski, unitarity and
causality (analyticity) are often powerful enough to boot-
strap the S-matrix [92]. In cosmology, these properties lead
to various perturbative cutting rules [93-98] and much
progress has been made in using them to bootstrap
cosmological correlators (see, e.g., [99—104]). These boot-
strap strategies typically exploit the analyticity of cosmo-
logical correlators in the complex k plane [59,105], which
is distinct from the analyticity in v exploited here. It would
be interesting to combine these two different notions of
analyticity, and also to better understand the connection
with analyticity of the underlying S-matrix [106].

Beyond de Sitter. The spectral representation (28)
requires dS isometries, however we commonly consider
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cosmological correlators which break boosts (for instance
correlators from the EFT of inflation [107-109]). In fact,
since correlators which obeys full dS isometry are slow roll
suppressed, these boost breaking correlators are often more
important for observations [110]. It is therefore important
to understand whether it is possible to write down a spectral
representation in the absence of dS boosts. Relatedly, it
would be interesting to apply our bounds in other cosmo-
logical settings: for instance various EFTs of dark energy
have been constrained using Minkowski positivity bounds
[111-117], and it would be interesting to compare those
with the dS positivity bounds developed here.
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APPENDIX: COSMOLOGICAL
COLLIDER SIGNALS

In this Appendix, we discuss some phenomenology of
the de Sitter self-energy and its positivity bounds. In
particular, we will focus on how a heavy field ¢ with
self-energy X would, if present during inflation, appear to
us today in primordial non-Gaussianity. Thanks to recent
progress in the cosmological bootstrap programme
[3,118,119], these signals can be computed from simpler
correlators of a conformally coupled field ¢ (with mass
u = i/2) on a fixed de Sitter background. In simple terms,
this procedure evaluates some o fields “on the background”
by taking a soft limit k — 0 and then acts on the remainder
with various weight-shifting operators to transform them
into scalar or tensor non-Gaussianities at leading order in
the slow-roll parameter (assuming de Sitter symmetries are
weakly broken). The bispectrum from the exchange of
massive fields, for instance, can be computed in this way
from the seeds (6*) and (6°) (by evaluating one or two &
fields on the background). Here we focus on the single-
exchange contribution (¢*),

o1 o9 o3 04
= N e @
P

though our results can be readily generalized to more o
fields or more exchanges, such as

01 02 03 04 05

(A2)

Concretely, consider the interaction 6*¢ so that two o
can combine into an off-shell ¢. At leading order in this
interaction, (%) can be decomposed into an s-channel
contribution (o 0y, > ¢ = ... &> ¢d = o, 0,) plus
analogous 7- and u-channel contributions related by per-
mutation. Dilation invariance implies that the s-channel
contribution can be written in terms of two dimensionless
ratios

|k + k| ks 4Ky

ok 4k kst kg

(A3)
In the time domain, {¢*); is given by the integral (53). To
perform this, use (8) to transform to the Casimir variable v,

k@%—ljwmmwmw%m (Ad)

where N, = vsinh(zv)/z, the universal vertex factors F,
are particular Legendre functions [120]—the two-particle
analog of f,f—and the propagator G, can be written as

I . (AS)

: Ay
ZG¢(1/> == +/,{2 —1/2 —Z(—I/)

W — v —2(v)

where a_, + a_, = 1 ensures the correct normalization and
a,, —a_, depends on the observable in question (see
(A17) below). To evaluate this integral, we will close the
contour in the complex v plane. The singularities of the
universal F, functions produce the so-called “EFT” con-
tribution, while the singularities of the object-dependent G,
function produce the so-called “particle production”
contribution.

EFT contribution. To find the EFT part, note that the
vertex factors can be written as,

@ u n m C .
F,(u)F,(v) = u2mtl <—> m_

(A6)

plus analytic terms that do not contribute, where the
residues are given by

n+2j+30(1+n+2mIGE+n+ j)

i = m = ) 4 TG+t m+ )

(A7)
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Closing the contour in the complex v plane around these
singularities produces

ks <04>EFT — i u2m+l <Z>ncm” (Ag)
m.n=0
where
m Cinnj
Cmn ZﬂZ — y - RGZ( ) v=i(n+2j+%) (Ag)

J=

Since the odd (imaginary) part of X(v) vanishes at iv =
4+ n for any integer n, this EFT series depends only on its
real part. This EFT contribution is therefore universal: it is
the same for any observable (e.g., in-in correlator, wave-
function, or S-matrix). In the squeezed limit k1, > k, ~ k34
(i.e., u — 0), this becomes (57).

In the tree-level limit, ReX(v) vanishes and (A8) coin-
cides with the result of [118]. At leading order in the EFT
couplings, one can resum this series at large y into the form
(55), where .the two-particle Mandelstam is [42]

§ = —i2(1 = )3 + 2, —% (A10)
and coincides with —A,, — % of [118]. This resummation is
to be expected, since $F,(u) = v?F,(u) and therefore (55)
can also be recognized as the expansion of G (v) in powers
of 12, together with the identity [*° duN,F, (u)F,(v) =
ky/kr.

Particle production contribution. It is the particle pro-
duction part of the integral that gives rise to distinctive
oscillations in the squeezed limit of the bispectrum
[2,95,121-128]. To perform this part of the integral, notice
that the vertex factors can be split

Fl/ = Q+u + Q—I./ (All)

where Q,, (Q_,) decays sufficiently quickly in the lower
(upper) half of the complex v plane that we can close the
integration contour. When u < v, we expand F,(u) using
(A11) and then close the integration contour around the
singularities of G4, which gives two distinct residues

k(e =R, + R_ (A12)
that are given explicitly by
R, = auQu(”)Fu(v”y:iﬁ—i? (A13)

Explicitly, Q, are related to Legendre functions of the
second kind and have the following expansion at large
argument:

LG+ iv)[(-iv) <u>%+iv
)y ————— | = Al4
This leads to the collapsed limit
A\PD \/ﬁ u iy v iy
o= S (5)(5) s

plus O(k?) corrections, with coefficients

Gy = ”T[r( +Wb> —ip).  (A16)

The equal-time correlator (o, (7)o, (7)o, (7)o, (7))’

requires summing four in-in propagators with different
time orderings, which in the late time limit 7 — 0 produces
(A4) with

€+m’ — e +l+l
2 sinh(zv)

a, =

(A17)

(A15) with (A17) gives the result (54) quoted in the main
text, with amplitudes

2mi
_ | sin(i
sin (2ziv) (1 sin(im)),

5 G+ i”fr(_i”)z (1 + sin(im)).

(A18)

For contrast: the 4-particle dS S-matrix of [129] requires
only the time-ordered propagator (9), so is given by (A4)
with 2a, = ¢™/ sinh(zv), and the late-time wavefunction
coefficient y, requires the bulk-to-bulk propagator, so is
given by (A4) with 2a, = (™ — f;/f;)/ sinh(zv) and
depends on the late-time limit of the mode functions [42].

Extension to higher point correlators. There is a
straightforward generalization of the above to the single-
exchange part of any n-field observable. Consider the
interactions 6" ¢ and ¢"2¢, which contribute to n = n; +
n, field observables through the integral

+o0

("= [ NFIWF”(1)Gy)  (A19)
where now u = ‘kl:ffkll" = Ikkl:ffk‘ and the FJ' are

n-particle generalizations of f,, namely (A24). We again
split this integral into EFT and particle production pieces,
and find

(o")EFT = Z u2m+1<ﬁ> crn (A20)
v
0

m,n=

where
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<_1)’1+1C"1’12
5 i . (A21)
—1v* —ReX(v) v=i(n+2j+})

m

nn

Coin”® = g 5
o H

and the constants ¢, are given in [42]. This is again
universal (independent of whether we consider S-matrix,
wavefunction or in-in correlator). since the odd (imaginary)
part of X(v) vanishes at these values of v. In the tree-level
limit, ReX(v) vanishes and this coincides with the result of
[42]. Again we see that positivity of Z(ia) constrains the
shift in this EFT background due to the presence of heavy
fields in the UV.

Power spectrum. Finally, a remark about the power
spectrum of ¢ (the equal-time in-in two-point function at
late times). This may seem the natural observable to
compute from a resummed propagator like (9). However,

this function is uniquely fixed by the de Sitter symmetries.
An equivalent statement is that the 2-particle S-matrix (i.e.,
the 1 — 1 scattering amplitude) is trivial, since it simply
reflects the normalization of the states. This is familiar on
Minkowski, where the only on-shell information in G(p) is
the location of the pole in the complex p? plane, which we
identify with the physical mass of the field, and its residue,
which encodes the wavefunction normalization of the field.
The dS power spectrum is similarly insensitive to X(v)
beyond the pole location and residue. Once the mass and
field have been renormalized, the remaining EFT coeffi-
cients do not contribute to the (on-shell) power spectrum.
Instead, they show up in the propagation of off-shell ¢
particles: for instance in the 4-point exchange correlator
computed above.
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