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Radial inverse metric components do not identify null surfaces
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We investigate the conditions under which a hypersurface becomes null through the use of coordinate
transformations. We demonstrate that, in static spacetimes, the correct criterion for a surface to be null is
g, = 0, rather than ¢ = 0, in agreement with the results of Vollick. We further show that, if a Kruskal-like
coordinate exists, the proxy condition ¢ = 0 is equivalent to g, = 0 if d,g,, # 0 and both ¢"" and g,
vanish at the same rate near the horizon. Our method extends naturally to axisymmetric stationary
spacetimes, for which we demonstrate that the condition det(%,;,) = 0 for the induced metric on a null
hypersurface is recovered. By contrast with the induced metric approach, our method provides a physical
perspective that connects the general null condition with its underlying relationship to photon geodesics.
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I. INTRODUCTION

A null hypersurface is one for which the normal vector
n, is null, n,n* =0 [1]. For a hypersurface that can be
defined by f(r) =0, where f is some function of a
spacelike (typically radial) coordinate r, a vanishing radial
inverse metric component g = 0 is often used as a proxy
condition to identify the surface as null [2]. This condition
can be readily motivated: if one considers the normal
vector n, =V, f = d,f to the surface in some coordinates
[x] = [t.r.0,¢], say, then its components are [n,]
[0,0,f,0,0] and its norm is simply n,n* = g (d,f)>
Thus, the condition ¢ = 0 appears to indicate that the
surface is null.

By contrast, for a static spacetime in a coordinate system
for which the metric takes the form ds* = g,,dr* + g;;dx'dx/,
with g,, and g;; depending on the spatial coordinates x' but
not the time ¢ = x°, Vishveshwara [3] proposed that null
surfaces should instead be identified by the condition
e, -e, =g, = 0, where e, is the 7-coordinate basis vector,
which is timelike and hypersurface orthogonal in the static
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region on one side of the surface. Vishveshwara arrived at
this conclusion by considering the normal to the surface
of constant e, - e¢,. However, Vollick [4] later identified a
loophole in Vishveshwara’s argument, and demonstrated
that, in fact, the condition for the normal to the surface of
constant e, - €, to be null is

gijal-gnajg” =0. (1)

For the special case of a spherically symmetric static
spacetime with metric ds? = g,,(r)de®> +g,,(r)dr? + r*dQ?,
and d,g,, # 0, the condition Eq. (1) reduces to ¢" =0,
in agreement with the analysis above.

By its very nature, however, the condition ¢ = 0 can
be problematic. In particular, for spacetimes in which
g, = 1/g", the coordinates become singular at the
surface of interest, and so the condition ¢"" = 0 may be
a coordinate-dependent artifact arising from the fact that,
near the surface, r is not related in a finite manner to a
proper radial distance. More generally, as we will see, the
condition Eq. (1) holds only in nonsingular coordinate
systems, where the metric components remain finite and
nonzero, and so may be inapplicable in some singular
situations.

Somewhat ironically, despite identifying a loophole in
Vishveshwara’s argument, Vollick’s own analysis, which
considers both nonsingular coordinate systems and exami-
nation of the induced metric on the surface, recovers
g;; = 0 as the appropriate condition to identify null surfaces
in spherically symmetric static spacetimes.

Published by the American Physical Society
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Indeed, the most general condition for a hypersurface to
be null in any spacetime is that the determinant of its
induced metric vanishes, i.e., det(h,,) = 0, where

oxH ox
hab = G v oy = gued'ers (2)

in which y* are a set of coordinates that parametrize the
surface and we have defined the quantities e,*. The
condition det(h,;) = 0 arises from the fact that for a null
hypersurface the normal vector is also a tangent vector, and
hence expressible as n# = v?e, . Contracting v” with the
induced metric, we obtain h,,v” = g,,(n”e,*) = 0, which
shows that there exists a nontrivial direction on the hyper-
surface along which the induced metric vanishes, since n*
is a nonzero tangent vector with zero length. For a
nontrivial v”, the above relation is only solvable if
det(h,;,) = 0, which occurs since the intrinsic null direction
in the tangent space reduces the rank of the induced metric
by one, rendering it degenerate. While this condition is
general and hence practically useful, its relation to photon
trajectories may not be immediately apparent.

In this letter, we therefore analyze null surfaces by
instead performing coordinate transformations, in order
to explore the relationships between the aforementioned
proxy conditions and their physical interpretation. Our
focus will be on coordinates similar to those encountered in
the Eddington—Finkelstein (EF) and Kruskal schemes, and
we discuss these in Sec. II A. While EF-like coordinates are
sufficient to identify null surfaces, Kruskal-like coordinates
provide a regular description of the surface itself, thus
ensuring that the metric remains finite and nonzero, and
that the surface is located at a finite coordinate value. We
first demonstrate these approaches for spherically sym-
metric static spacetimes in Sec. Il A, for which we recover
the condition g, = 0. We then show in Sec. II B that our
analysis naturally extends to general static spacetimes, for
which we arrive at the same condition, but also show that
one recovers Eq. (1) if d,g,, # 0 and the ratio g,,¢"" remains
finite and nonzero in the vicinity of the surface of interest.
We further show that our method also accommodates
axisymmetric stationary spacetimes in Sec. IIC, for
which we demonstrate that one recovers the condition
det(h,,) = 0 on the induced metric, and we suggest how
our approach may be extended to more general spacetimes
in Sec. I[ID. We apply our method to several wormhole
examples in Sec. I1I, and present our conclusions in Sec. IV.
We use the “West Coast” or “mostly minus” metric
signature. Starting in the middle of both alphabets,
Greek coordinate indices yu, v, etc., run from O to 3, and
roman coordinate indices i, j, etc., are spatial, running from
1 to 3. Roman indices a, b, etc., from the start of the
alphabet, refer to adapted coordinates with respect to any
other hypersurface.

II. THEORETICAL DEVELOPMENT

We first investigate the existence of null surfaces by
performing coordinate transformations to EF-like and
Kruskal-like coordinates. This procedure consists of two
steps: (i) defining the tortoise coordinate through an
appropriate transformation, and (ii) transforming into
EF-like or Kruskal-like coordinates, if feasible.

A. Spherically symmetric static spacetime

1. Schwarzschild-like and tortoise coordinates

The spherically symmetric static spacetime provides
the simplest case for analysis, since it evidently reduces
to a two-dimensional problem. The general metric in
Schwarzschild-like coordinates is given by

ds? = 7 (r)d? — R(r)dr? — r?dQ>. (3)

To introduce the tortoise coordinate 7, we consider a radial
null curve by setting ds = 0 and d€2 = 0, which yields

dr R dr
G @)

By expressing Eq. (3) in terms of 7, we obtain
ds? = T (r)(ds* — d7?), (5)

and thus Eq. (5) defines the tortoise coordinate system.

Consider first the case where 7 (rg) is finite and nonzero,
where r = rg defines the surface of interest. Then, the
radial null curves are diagonal lines in the plane of ¢ and 7,
whilst the surface is a vertical line. Therefore, a surface
where 7 (rg) is finite and nonzero is not a null surface. In
Sec. A2, we will show that the opposite case with
7 (rg) = 0 s a null surface. Moreover, if the behavior of R
and 7 on the surface satisfies certain conditions shown in
Sec. IT A 3, we will recover Eq. (1).

2. Eddington-Finkelstein-like coordinates

If 7 (rg) = O then the metric is singular at the surface: an
additional transformation is required, beyond that which
took us from Egs. (3) to (5), to determine whether the
surface is null. The EF-like transformation can provide a
coordinate system in which some metric components
remain finite and regular on the surface, allowing for a
clearer diagnosis.

Defining v=¢—7 and d7=7dr, we can rewrite
Eq. (5) as

ds? = 7 (r)dv? + 2dvdF. (6)

Since v depends on ¢, it is generally not a constant, but 7
depends only on 7, i.e., on r, and so the surface of constant
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r = rg corresponds to a surface of constant 7. In the limit
ri>rs, as 7 (r) = 0, Eq. (6) simplifies to ds*> = 2dwvd7,
so the surface is once again a diagonal line in the spacetime
diagram, and hence null.

3. Kruskal-like coordinates
We further analyze Eq. (5) by introducing Kruskal-like
coordinates. Again we consider the case where 7 (rg) = 0.
Since the new chart should be regular at the surface,
we introduce the new light cone coordinates as

V=el?sF(T), (7a)

U= —e"?sF(T), (7b)

where at this stage we take (7") to be an arbitrary function

of 7 whose only requirement is that U and V do not diverge
as r > rg. In these new coordinates, we compute

A 4T\ T |

Since we require the combination d? — d7? as in Eq. (5),
we find that Eq. (8) tells us that 7 must satisfy

F2 (dF\2(dT\?>T ©)
4r2 \d7) \dr) R’

If Eq. (9) holds, then Eq. (5) can be rewritten as

2
ds? = 4’;2T dvdu (10a)
- R(SZ__) (d T) dvdu. (10b)

We demand that the metric remain nonzero at r + rg.
This is equivalent to requiring

m(7:)
lim —5 | = const.
T0\ F

The constraint in Eq. (11) allows us to write F(7) as

(11)

— - np, nPn
F:ﬁ;}'ﬂ’ pr, Fo#0, Pt > (12)
By rewriting Eq. (9), we obtain
d(InF)]-! a7 /T
=2rq— 4/ —. 1
[ d7 ] Sar VR (13)

Meanwhile, taking r > rg (i.e. 7 (r) + 0) in Eq. (12), we
already know

. {d(InF) 1

1 =—. 14
T‘Lno< a7 > 2T (14)

Substituting Eq. (14) into Eq. (13), we obtain

d7T

,I,Lm[ 9'0; gltajglf] = hm |:R <dr> ]

=4rglim[7T] =0, (15)
r—=rg

which confirms the condition in Eq. (1). While we have
shown that Eq. (1) and 7 (rg) =0 are equivalent, the
Kruskal-like transformation is not always possible.

To determine the necessary conditions for a Kruskal-like
transformation to be possible, we further investigate the
properties of the radial metric function R and the tortoise
coordinate 7. First, if d7 /dr remains finite and nonzero
as r+> rg, then from Egs. (10b) and (12), it follows
that R ~ 1/7 in the vicinity of rg. Next, for the tortoise
coordinate, we rewrite Eq. (9) as

F dF dr
—=t—— 1
2rg dr d7’ (16)
and Eq. (16) integrates to
F = e*/7s, (17)

Now Eq. (17) implies that we require 7 > *oo as r > rg if
7T (rg) =0. These two conditions determine whether
a coordinate transformation into Kruskal-like form is
possible. Thus, Eq. (1) does not universally determine a
null surface.
To illustrate this point, consider the metric
ds? = rdr? — r3dr. (18)
In Eq. (18), we see that r = rg = 0 is null since 7 (0) = 0.
A Kruskal-like transformation is not possible in this case,
because the tortoise coordinate remains finite. Whilst a
Kruskal-like transformation is ruled out, an EF-like trans-
formation still allows us to identify the null quality of the
surface. This example demonstrates that neither Eq. (1) nor
the condition ¢ = 0 applies in all cases.

B. General static spacetime

The analysis of Sec. Il A can be extended to a general
(i.e., asymmetric) static spacetime for which the line
element

ds? =

T (r,0.¢)dr* + g;;(r, 0, ¢)dx'dx/, (19)
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replaces Eq. (3). To apply the previous analysis, we note
that it is always possible to perform a rotation into a
coordinate system where the photon geodesic has no
angular motion. In this new frame, the problem reduces
to a two-dimensional one, allowing the earlier derivations
to be applied. Since this argument applies to all points on
the surface of interest, albeit with different transformations
for different geodesics, we conclude that the necessary and
sufficient condition for a surface to be null is 7 (rg) = 0 for
general static spacetime.

C. Axisymmetric stationary spacetime

It is also possible to extend the static analysis of Sec. II A
and II B to axisymmetric stationary spacetimes. A key
difference from the static case is the need to account for the
angular motion of photon geodesics. We further extend
Eq. (19) to the stationary line element

ds? = S(r,0)dr* +2M(r, 6)drdg
—R(r,0)dr* — O(r,0)d0*> — ®(r,0)d¢*, (20)
where R(r,0) — oo for all 8 as r — rg. Without perform-
ing any coordinate transformations, one can rewrite
Eq. (20) in the usual Boyer-Lindquist form
Mé(r,@)
®(r,0)

—d>(r,0)<d¢—%dt>2—®(n9)d92. (21)

ds?= (S(r,9)+ )dtz—R(r,@)dr2

The existence of an axial Killing vector implies that the
angular momentum

de

au’ (22)

dr
L=M, U O]
will be a conserved quantity along geodesics parametrized
by some affine parameter A. We consider a radially infalling
photon at spatial infinity, which we take to be asymptoti-
cally flat, so that L = 0. This means that the photon follows
a trajectory where

d M
do _ 9 (23)
dr O]

The condition in Eq. (23) once again simplifies the problem
in Eq. (21) to a two-dimensional system in which the
effective line element function associated with ¢ is

MZ
T=8+ F"’ o det(hyy). (24)

where h,, is the induced metric on a hypersurface of
constant r and 6. By applying the method of Sec. Il A,

we conclude that a surface is null if and only if
7T (rs,0) =0 for all 0, and this result agrees with the
general condition det(h,,) =0. On the other hand, it
should be noted that Eq. (24) demonstrates that the null
surface does not generally coincide with the stationary
surface, for which S(r,0) = 0.

D. Generalizations

The method proposed in Secs. IT A to II C can be applied
to other spacetimes. The key requirement is the ability to
find first-order relations between the mixed metric com-
ponents, such as that given in Eq. (23). A simple example
(though not a relevant solution to the Einstein field
equations) is a spacetime where the metric is independent
of ¢ and 6. In this case, an additional Killing equation
can be obtained, leading to a relation for 6 similar to
Eq. (23). Consequently, the null condition remains
7T « det(h,,) =0, but h,, is now the induced metric
on a hypersurface of constant r. For general spacetimes,
it may be possible to derive the necessary first-order
evolution relations using the Hamilton-Jacobi equation [5].
Consequently, this approach may provide a pathway to
further generalizing our analysis. A detailed exploration
of this extension is, however, beyond the scope of the
present work.

III. EXAMPLES

Having developed the various null surface criteria across
Sec. II, we now apply them to several examples of
traversable wormholes.

A. Ellis drainhole

As a first example, we consider the Ellis drainhole [6],
which is a static traversable wormhole. This solution can
be further extended to model a bouncing cosmology [7].
The line element is usually written as

dr?

st = (1= g(r)ar ===

(r)2dQ?,  (25)

where the functions g(r) and p(r) are determined by the
field equations. Note that Eq. (25) does not necessarily
conform to the Schwarzschild-like coordinates in Eq. (3),
since the enclosing spheres do not have a proper area
of 4zr*. So long as p(r) remains finite, the condition
worked out in Sec. Il A is insensitive to the scaling of r,
and so we conclude that a null surface exists if and only
if g(rg) =+1. This special case corresponds to the
Schwarzschild solution. In general, for an Ellis drainhole,
g(r)? < 1, implying the absence of a horizon or null
surface.
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B. Einstein-ather wormhole

In this section, we consider the Eling-Jacobson worm-
hole. This spacetime was originally identified as a solution
to the field equations of minimal Einstein-ether (EA)
theory with a Maxwell-like kinetic term [8—35] (see also the
review [36]). Minimal EZ theory is not considered viable
due to instabilities, but it has recently been shown [37,38]
that all the static spherically symmetric solutions to EAE
theory are automatically inherited by a more promising
modified gravity model known as ather-scalar-tensor
theory (EST) [39-49], a relativistic completion of modi-
fied Newtonian dynamics (MOND) which is thought
to be phenomenologically consistent with precision cos-
mology.1 Unlike the case in Eq. (25), Schwarszschild-
like coordinates as in Eq. (3) are commonly used for the
Eling-Jacobson solution. In this case, however, the worm-
hole is asymmetric: the two possible branches of the time
function 7 are given, not in terms of r, but in terms of R by
the formula

B \/i—m +1
- [(22225)

(V2R -T) - V2I-Ks
V2+Kg(R-1)++vV2-Kz

(26)

In Eq. (26) the dimensionless constant 0 < Kg <2 is
termed the @ther coupling, and it is the only parameter
(apart from the Planck mass or Newton-Cavendish con-
stant) that appears in the EZA theory action [50]. The
coupling Ky is also a parameter in £ST, in which it takes
the same numerical range, and in both theories this range
is associated with the stability of vector perturbations.
Accompanying the formulas in Eq. (26), the two corre-
sponding branches of the Schwarzschild-like radial coor-
dinate r are also given as a function of R by

, (R) . FS\/ZKBR
* 412Kg(R—1)+2

V2K R=1)+ 2Ky e
V2+Kg(R=1)-v2-Kg '

In Eq. (27) the branches r, and r_, respectively, cover
the far and near sides of a wormhole whose throat lies at
r, = r_ = rg. The near side has the property of asymptotic
flatness in the sense that r_(R)+> oo as R+ 1, and

(27)

'Note that the specific version of the ZAST action for
which this correspondence holds is one for which the MOND
phenomenology is actually disabled. Moreover, the stability of
such solutions against perturbations has not been worked out in
the AST context.

7 _(1) = 1. Moreover, the asymptotic behavior of the
near-side spacetime is identical to the Newtonian limit
of a Schwarzschild black hole, whose Schwarzschild
radius (or Newtonian “weight”) is related to rg by some
Kp-dependent parametrization. This parametrization is
such, that as Ky +> 0 the whole near-side solution
approaches Schwarzschild spacetime. At all finite Kp,
however, the nonlinear core of the spacetime actually
has quite a different structure, and in particular it always
lacks a horizon. To understand this property, notice how, as
R + o0, it follows from Eq. (27) that r.(R) + rg from
either side. As discussed in Sec. I, one might erroneously
conclude from this observation that r, =r_ =rg is a
horizon owing to the property of being null. However, by
inspecting Eq. (26), we can see that 7. (R) remains finite
in this limit, so the throat is not actually a null surface.

By contrast with the behavior at the throat, Eq. (27)
reveals that the far-side spatial infinity r, (R) — oo cor-
responds to the limit R +> 0. Turning to Eq. (26), it can be
found that 7 ,(0) = 0. It is confirmed in [38] that this
surface is a null singularity, i.e., a null surface on which
various curvature scalars diverge.

We illustrate these results in Fig. 1, where the properties
of the Eling-Jacobson wormhole are compared with those
of a Schwarzschild black hole. Focusing on spatial folia-
tions, this diagram embeds 2D equatorial 8 = /2 slices

[}

FIG. 1. Different metric functions (left and right) are used to
color cylindrical embeddings of an Eling-Jacobson wormhole
with Ky = 1 (outer surfaces) for comparison with a Schwarzs-
child black hole of the same asymptotic mass (inner surfaces).
The upper halves show the asymptotically flat wormhole near the
side and black hole exterior, which would share the same
geometry at infinity (here truncated). The wormhole throat lies
at a dilated radial coordinate compared to the black hole horizon,
and on this diagram the throat and horizon are aligned vertically.
The condition g"" = 0 is met both at the wormhole throat and
black hole horizon. The condition g,, = 0 is met only at the black
hole horizon, and so the throat of the wormhole is not a null
surface. The lower halves show the “flare-out” of the wormhole
far side and the “pinch-off” of the black hole interior at the
singularity. A curvature singularity would also occur at infinite
radius on the far side of the wormhole (here truncated). This
singularity would be null, as evidenced by the steadily decreasing
value of g,, in the visible region.
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(for which dQ = d¢) spanned by radial r and azimuthal ¢,
in a 3D cylindrical coordinate system spanned by axial z,
radial r and azimuthal ¢. Working from Eq. (3) we identify

RAr? + r?dg? = sgn[R — 1]dz2 + dr? + r2d¢g?,  (28)

where the signature of the embedding space on the RHS
changes abruptly according to the value of R, such that
Eq. (28) yields

%:\/m—u. (29)

This change in signature extends Eq. (29) formally to cover
regions where R < 1, such as happens for the whole of the
interior of the Schwarzschild black hole. This condition is
also encountered some radial distance into the far side of
the Eling-Jacobson wormhole, and it persists as R +— 0 all
the way to the null singularity at r, (R) — .

C. Rotating traversable wormholes

Rotating Teo wormholes” [53] are constructed following
the procedure used for static Morris-Thorne wormholes
[54]. Teo wormholes have been commonly used to model
axisymmetric traversable wormholes. Using Boyer-
Lindquist coordinates as in Eq. (21), the Teo line element
is given by

b(r.0)]"!
dszzNz(r,Q)dﬂ—{l—(r)} dr?
r

—r2K?(r,0)[sin?(0)(d¢p — w(r,0)d2)*> +d6?], (30)

where the shape function b(r,0) satisfies b < r and is
independent of € at the throat, where rg=b(rg,0)=
b(rg) > 0. The function K(r, ) is a positive, nondecreas-
ing function of r that determines the proper radial distance,
while w(r,0) encodes the angular velocity of the worm-
hole. For the wormhole to be traversable, the redshift
Sfunction N(r,0) must remain finite and nonzero throughout
the spacetime, ensuring the absence of event horizons or
curvature singularities. This condition thereby confirms
that the throat is not a null surface.

IV. CONCLUSION

In this letter, we have presented a method to identify
null hypersurfaces via coordinate transformations.
By employing Eddington-Finkelstein-like coordinates,

%See also [51,52] for related examples.

we recover the criterion that for a surface to be null in a
spherically symmetric static spacetime one requires the
timelike metric component to vanish, i.e., g, = 0 on the
surface [3,4]. We further extended this analysis using a
Kruskal-like coordinate transformation, where Eq. (1) was
recovered. However, we showed that such Kruskal-like
coordinates are not always attainable. Specifically, if
0,9, # 0, the ratio g,¢"” must remain finite and nonzero
in the vicinity of the surface of interest. We then generalized
our analysis to asymmetric static spacetimes, for which we
demonstrated that the problem can always be locally
reduced to a two-dimensional form through an appropriate
coordinate transformation. Consequently, for any static
spacetime, the nullity condition remains g,, = 0.

For axisymmetric stationary spacetimes, the nontrivial
angular motion of photons near the horizon necessitates a
more refined approach. By expressing the metric in Boyer-
Lindquist coordinates, we isolated the angular motion and
applied the two-dimensional analysis. We found that the
nullity condition is given by g, = 0 for a reduced line
element, as defined in Eq. (24). This result is consistent
with the more general condition that the determinant of
the induced metric on the hypersurface must vanish, i.e.,
det(hab) =0.

Our analysis provides a systematic method for identify-
ing null surfaces in both static and axisymmetric stationary
spacetimes, which may possibly be extended to more
general cases, and offers insights into the underlying
connection between such surfaces and null geodesics.
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