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To mitigate the severe information loss arising from widely adopted linear scale cuts in constraints on
modified gravity parametrizations with weak lensing (WL) and large-scale structure (LSS) data, we
introduce a novel alternative method for data reduction. This principal component analysis (PCA)-based
framework extracts key features in the matter power spectrum arising from nonlinear effects in a set of
representative gravity theories. By performing the analysis in the space of principal components, we can
replace sweeping linear-only scale cuts with targeted cuts on the transformed data vector, ultimately
reducing parameter bias and significantly tightening constraints. We forecast constraints on a minimal
parametrized extension to ΛCDM which includes modifications to the growth of structure and lensing of
light (ΛCDMþ μ0 þ Σ0) using mock stage-IV data for two simulated cosmologies: the ΛCDM model and
extended shift symmetric (ESS) gravity. Under the assumption of a Universe defined by ΛCDM and
general relativity, our method offers constraints on μ0 a factor of 1.65 tighter than traditional linear-only
scale cuts. Crucially, our approach also provides the necessary constraining power to break key
degeneracies in modified gravity without relying on fσ8 measurements, introducing a promising new
tool for the analysis of present and future WL and LSS photometric surveys.
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I. INTRODUCTION

Next-generation stage-IV late-time cosmology surveys,
such as the Rubin Observatory Legacy Survey of Space and
Time (LSST, [1]), Euclid [2,3], and the Roman Space
Telescope [4], promise to revolutionize our understanding
of the Universe by providing unprecedented precision in
cosmological measurements. These surveys will offer new
opportunities to probe dark energy (DE), dark matter (DM),
and modifications to gravity (MG) through a combination
of enhanced statistical power and refined analysis tech-
niques. The combination of varied and complementary
datasets will enhance our ability to distinguish between
competing cosmological models, potentially resolving
existing tensions in the data and providing deeper insights
into the fundamental physics of the Universe. As these
surveys begin, the landscape of cosmological research is set
for a transformative decade [5].
With the increasing volume and quality of data, cosmo-

logical parameter tensions become more pronounced [6–8].

This makes the search for new physics, including signa-
tures of alternative theories of gravity, a promising and
exciting research avenue [9]. Alternative theories of gravity
have emerged as a crucial area of exploration in modern
cosmology, driven by the limitations of general relativity
(GR) in explaining key phenomena such as the cosmo-
logical constant problem and the observed acceleration of
the universe’s expansion. Awide range of modified gravity
candidates have been proposed to solve the problems and
tensions that arise from the standard cosmological para-
digm, but no theory has been singled out as a front-running
competitor to ΛCDM (for a review of cosmological
modified gravity, see for example [10–15]).
The range of available candidate gravity theories keeps

growing, with the result being that testing all known viable
modified gravity theories is prohibitively resource-inten-
sive. Additionally, a purely theory-specific approach risks
overlooking potential modified gravity signals in the data if
the range of theories considered is too limited. We find a
more attractive alternative in general parametrized frame-
works. Such frameworks can in principle cover many
theories at once and minimize the risk of missing potential
hints of modified gravity in the data [16], with the most
prominent examples being the so-called “μ=Σ” parametri-
zation [17] and the α parametrization [18]. Over the past
several years, significant effort has gone into developing
such frameworks and understanding requirements for their
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consistency, as reflected in the growing body of literature
on the subject [15,17,19–24].
These general parametrization frameworks typically

capture the behavior of large classes of alternative theories
of gravity, in part by restricting their a priori applicability
to the linear regime. To circumvent potential model mis-
specification biases arising from applying these paramet-
rizations on nonlinear scales, the typical approach is to
apply a severe cut at smaller, nonlinear scales [25–27].
However, this method, applied naively, risks discarding
most if not all of our data, especially in high-precision
stage-IV surveys. Notably, over half of the signal-to-noise
in some current and future surveys comes from the non-
linear regime, so cutting these scales would significantly
reduce our ability to constrain cosmological parame-
ters [28].
Accurate modeling of the nonlinear growth of cosmic

structure is a significant challenge when testing modified
gravity. In GR, we rely on fitting formulas or emulators
derived from suites of N-body simulations to predict
cosmological observables on small scales where nonlinear
effects dominate. Creating equivalent models for each MG
theory is computationally prohibitive. Ongoing attempts at
mitigating this degradation of parameter constraints include
improved (and faster) nonlinear modeling tools for broad
classes of individual modified gravity theories [29–35] or
developing alternative general parametrizations that are
able to probe further into the nonlinear regime (see, e.g.,
[36–40]). The latter show very promising results but come
with their own challenges, including requiring scale- as
well as redshift- dependent descriptions of modifications to
GR on all scales. Some of these larger MG parameter
spaces are likely to introduce further issues by bringing
additional degeneracies with cosmological parameters and
with each other.
In this paper, we present a novel method for data

reduction that aims to provide a less conservative (but still
unbiased) alternative to severe linear scale cuts when
constraining parametrized modified gravity with weak
lensing and galaxy clustering surveys. Previous analogous
studies introduce scale cuts which remove a large fraction
of serviceable data (e.g., in the case of [25], retaining only
around 55% of the fiducial dataset). Instead, we use a
principal component analysis (PCA)-based method
(inspired by previous work presented in [41,42] in the
context of baryonic modeling) to identify the components
in data space that contribute the most to deviations between
the linear model and the data. To achieve this, we compute
linear (approximate) and nonlinear (more accurate) model
vectors for a range of alternative theories of gravity. The
specific modified gravity model choices are less important,
as long as they capture a diverse range of deviations from
linear theory in the nonlinear regime beyond the general
relativistic prediction. These allow us to construct a
reduction matrix that removes specifically these nonlinear

signatures from the data. As we will describe in Sec. V, our
PCA-based data reduction is effective at removing most of
the deviations between our nonlinear vector and our linear
model vector while minimizing information loss.
This paper aims to introduce and analyze the feasibility

of this method. We complete an LSST-like simulated
parameter estimation as a proof-of-concept, and show that
our method can achieve unbiased results while increasing
the constraining power of current and future weak lensing
and galaxy clustering surveys. We use the μ − Σ phenom-
enological prescription to parametrize our model (with
redshift-dependence governed by the DE-like parametriza-
tion, see for example [26,27,43,44]).
The remainder of the paper is structured as follows. In

Sec. II, we introduce the standard scale-cuts method,
demonstrating the amount of data loss this involves, and
we provide a high-level introduction to our alternative
PCA-based data reduction method. In Sec. III, we describe
the modified gravity theories and screening mechanisms
relevant to our data reduction method. In Sec. IV, we
introduce the 3 × 2 pt and fσ8 simulated data, as well as
our likelihood and parameter inference methods (both for
the standard method and for our novel approach). In Sec. V,
we present the results of our proof-of-concept simulated
analysis, and in Sec. VI we look at the limits and successes
of this method, and the scope of future analyses.

II. INTRODUCING THE PCA-BASED DATA
REDUCTION FOR MODIFIED GRAVITY

A. Conservative scale cuts

During a standard cosmological parameter inference
process, we apply scale cuts to work around limitations
in current nonlinear modeling approaches (see, e.g., [44]).
This procedure is applied in ΛCDM analyses for the
mitigation of primarily baryonic modeling uncertainty at
small scales; in our case, we focus instead on uncertainty in
nonlinear modeling for modified gravity theories and
parametrizations.
The typical scale-cuts strategy for parameter inference

when trying to constrain linear modified gravity para-
metrizations is to only keep data points in a given data
vector D that are, by some definition, in the linear regime.
The usual criterion for the linear regime is determined on
the basis of computing the linear (lin) and nonlinear (NL)
theory prediction for our model data vectors M at some
fiducial parameter values pfid and calculating the quantity

Δχ2 ¼ ðMNL −MlinÞTC−1ðMNL −MlinÞ: ð1Þ

We then identify the element of the data vector that
contributes the most to Δχ2, and remove it. This process is
repeated until Δχ2 < 1 [25–27].
This method for scale cuts has been commonly used in

recent modified gravity analyses [25–27,45], but often
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requires discarding a significant portion of the data. This
will become particularly significant in high-precision stage-
IV surveys like LSST and Euclid, where very small
uncertainties on our measured data vectors require very
precise modeling in order to avoid parameter inference
biases.
An issue that arises with the choice of scale cuts

indicated in Eq. (1) is the variability with which data
points are selected in the case where preliminary cuts have
already been applied to the data. For example, if the data
vector has been precut to mitigate biases due to uncertain-
ties in baryonic modeling (see Sec. IV B 2), then—even if
all points removed by these earlier, less stringent cuts are
ultimately excluded by the application of Eq. (1)—the
covariances of those points with the remaining data can
affect the specifics of how theΔχ2 < 1 criterion is satisfied.
In other words, because of the covariances in the data, the
order in which data points are removed matters, which can
result in differences in the choice of data points being cut.
Additionally, the assumption of a small deviation from

GR is implicit in this method for scale cuts. The model data
vectors (M) used to inform these cuts are based on the
ΛCDM model. These scale cuts could therefore be inad-
equate when testing MG theories where deviations between
linear and nonlinear theory are larger (or become important
at larger k, i.e., smaller scales, see Fig. 6 below). We will
see that this is implicitly resolved in the PCA-based data
reduction method we propose, where we directly and
explicitly use the modified gravity power spectra difference
between linear and nonlinear modeling for our data
reduction.
Let us look at current scale cuts for state-of-the-art

constraints on alternative gravity. As an example, in [25], a
total of 462 data points for the fiducial case were cut down
to 256 using Eq. (1). Additionally, Fig. 1 shows LSST Year
1 (Y1 hereafter) simulated data: in navy blue we display the
datapoints that we could keep if we had adequate dark-
matter-only (DMO) nonlinear modeling for our modified
gravity analysis, and the limits in our model were driven by
baryonic effects only; in red are the data points we retain
relying only on linear modeling and the scale cuts given by
Eq. (1). As a result of these intensive scale cuts, parameter
constraints are significantly less precise than they would be
with improved nonlinear modeling (see, e.g., Figs. 4 and 5
in [46]).

B. PCA-based data reduction method

To deal with the prohibitive information loss introduced
by the standard linear scale cuts presented in the previous
subsection, we propose a new data reduction method which
takes advantage of the principal component analysis (PCA)
framework. We base our method closely on the one
outlined in [41], first introduced in [42], expanding upon
that work to create a method applicable to constraints on
deviations from general relativity. By using power spectra

for a representative set of models from different gravity
theories of interest—which we hereafter call our data
reduction models (for details of the specific theories used
in this work, see Sec. III B)—we create a parameter-
dependent reduction matrix, Uch;cut (defined below). The
latter will apply a rotation and scale cut in data space,
minimizing both the information lost through the cut and
the bias introduced by the lack of nonlinear modeling. We
now outline the main steps of our method, and will expand
on the method’s details in Sec. IV E.
To begin, we consider a simplified analysis setup, to

illustrate how we create a reduction matrix Uch;cut from data
reduction models. Because this matrix depends on the
cosmological parameters of our model vector, our scale
cuts will also be cosmological parameter-dependent. This
means we will find a reduction matrix and apply a scale cut
to our data at each point when sampling our parameter
space. We consider the process that occurs during a single
step within a sampling algorithm (e.g., Markov chain
Monte Carlo (MCMC) sampling). We assume a simulated
measured data vector with GR gravity and parameters p ¼
pfid (as defined in Table II below). The discussion below
will refer to a step sampled at an illustrative point in
parameter space

pmcmc ¼ fΩc∶ 0.23; As∶2.4 × 10−9; h∶0.61;

ns∶0.962;Ωb∶0.05; b1∶1.2; b2∶1.4;

b3∶1.8; b4∶2.0; b5∶2.2; μ0∶0.0;Σ0∶0.0Þg:

For definitions of these parameters, see Sec. IVA below.
As we explain further in Sec. IV B 1, in this paper we

will often work with a 3 × 2 pt data vector

FIG. 1. Illustration of scale-cuts on a simulated LSST Y1 3 ×
2 pt Fourier-space data vector. With full DMO nonlinear model-
ing but no baryonic mitigation we could retain the navy blue data
points (baryonic cuts). With linear DMO modeling only, we
could retain the points in red (linear cuts). For clarity, we only
display the autocorrelations of the cosmic-shear (shape-shape)
measurements.
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D¼fCij
ABðlÞ;i;j∈ð0;…;4Þand A;B∈ðκ;δgÞg;

dimðDÞ¼n

where C is an angular power spectrum, l is the angular
multipole, and i and j label the redshift bins. A and B
denote the type of probe being cross-correlated: either the
source galaxy sample shear field (κ) or the lens galaxy
sample overdensity field (δg). However, in the illustrative
scenario of this section, for the purposes of visualization we
will instead consider the (much reduced and less realistic)
data vectorD ¼ C00

κκð½l1;l2;l3�Þ. This is the angular power
spectrum of the autocorrelation of the 0th redshift bin of the
shear field κ, where the data is divided in three l bins only,
spaced logarithmically between l ¼ 20 and l ¼ 2000
(centered at l1 ¼ 43;l2 ¼ 200 and l3 ¼ 928). This data
vector is displayed in Fig. 2. We compute the covariance
matrix C1 for this data by using the publicly available code
TJPCov.2

We can then find the model vector M at pmcmc under the
relevant data reduction models as well as under the para-
metrized modified gravity model to be constrained. For the
purpose of this example, assume that we use only two data
reduction models to build our reduction matrix, labeled
“MG model 1” and “MG model 2,” respectively the orange

(o) and blue (þ) markers in Fig. 2 (concretely, these are
chosen here as the null case (GR) and nDGP respectively—
more details can be found in Sec. IV E below).
In order to find our data reduction matrix we first

compute the difference between the angular power spectra
in our nonlinear model (MðiÞ

NL ¼ C00
κκ;NLðlÞ) and linear

model (MðiÞ
lin ¼ C00

κκ;linðlÞ) for each of our data reduction
models

ΔMðiÞ ¼ MðiÞ
NLðpmcmcÞ −MðiÞ

linðpmcmcÞ

with i ¼ 1, 2 labeling the data reduction model in question.
In order to incorporate available information on the relative
importance of each data point on final parameter con-
straints, we follow [41] in defining a covariance-weighted
difference of our model data vectors

ΔMðiÞ
ch ¼ L−1ΔMðiÞ;

Dch ¼ L−1D;

Mch ¼ L−1M ð2Þ

where the matrix L is the Cholesky decomposition of C,
the data covariance matrix described above

C ¼ LLT: ð3Þ

In Fig. 3, we display ΔMðiÞ
ch for each data reduction

model within our simplified example. We also display the
(similarly weighted) difference between the data vector and
the model vector, this time computed within the linear μΣ

FIG. 2. Simplified example analysis: the simulated data vector
[brown cross] is shown together with the model data vectors for
two data reduction models [orange circle and blue plus] under the
linear (dashed) and nonlinear (dotted) modeling.

FIG. 3. Simplified example analysis: Cholesky-weighted differ-
ence vectors ΔC00

κκ ðlÞ for the simulated data vector [brown cross]
and for the two data reduction models [orange circle and blue
plus]. We also display the Gaussian covariance matrix C used for
the Cholesky decomposition.

1For this example, we computed a Gaussian covariance for a
survey with sky fraction fsky ¼ 0.42, number density of sources
per bin Ni

gal;src ¼ 1.78 arcmin−2, standard deviation of the dis-
tribution of source ellipticities σe ¼ 0.26, source photo-z scatter
per bin σiz ¼ 0.05, photometric redshift bins from Sec. IV B 1,
and cosmological and nuisance parameters pfid as defined in
Table II.

2https://github.com/LSSTDESC/tjpcov
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parametrization (details of which are provided below in
Sec. III A)

ΔDch ¼ DchðpfidÞ −MchðpmcmcÞ: ð4Þ

In our simple example, with a single angular power
spectrum and only 3l bins, we can visualize our data
vector difference ΔDchð½l1;l2;l3�Þ as a vector in R3,
where its components correspond to the x-, y-, and z-
coordinates in three-dimensional space (in general, the data
vector can be thought of as a vector in a space with
dimension equal to the number of data points). We can
additionally populate this 3D space with two other points,
each corresponding to the model data vector difference in

one of our two data reduction models: ΔMð1Þ
ch ð½l1;l2;l3�Þ

and ΔMð2Þ
ch ð½l1;l2;l3�Þ. These are displayed in the left

panel of Fig. 4.
In order to find our data reduction matrix, we find the

singular value decomposition (SVD) of the 3 × 2 difference

matrix Δ ¼ ½ΔMð1Þ
ch ð½l1;l2;l3�Þ;ΔMð2Þ

ch ð½l1;l2;l3�Þ�T

Δ ¼ UchΣVT

where Σ ¼
hσ1

0
0
σ2

0
0

i
T
is a 3 × 2 matrix, where σ1 and σ2

are the square root of the eigenvalues of ΔΔT , and V is a
2 × 2 square unitary matrix. Crucially, we find a 3 × 3
rotation matrix Uch

Uch ¼

2
64

j j silent

PC1 PC2 orthogonal

j j vector

3
75:

The first two columns represent the first and second
orthonormal directions where the Cholesky-weighted
differences for our data reduction models are largest.
These two vectors are displayed as PC1 and PC2 in the
left panel of Fig. 4. The third column is a vector ortho-

normal to the PCs. ΔMðiÞ
ch lie in the same plane as PC1 and

PC2; this means that the differences for our data reduction
models along the third orthogonal direction will be zero.
Because of this, in the case where our data reduction
models are representative of the space of alternative
theories in question, linear modeling can be safely applied
for a point in data space along this orthogonal vector.
If we rotate each vector in our space to a new basis

aligned with the PC basis

ΔM0ðiÞ
ch ¼ UT

chΔM
ðiÞ
ch

ΔD0
ch ¼ UT

chΔDch

2
6664
x0

y0

z0

□

3
7775 ¼ UT

ch

2
64

PC1

PC2

orthogonal vector

3
75;

we rotate to the frame where ΔM0ð1Þ
ch and ΔM0ð2Þ

ch are
perpendicular to the z0 axis (the direction of the rotated

FIG. 4. Simplified example analysis: The left panel displays a visualization of the weighted data vector difference ΔDch (brown cross)

and the weighted model vector differences for the two data reduction models [ΔMð1Þ
ch in orange cirlce and ΔMð2Þ

ch in blue plus], in a 3D
space in which the axes each represent the value of the data vector difference in one of three l bins. These can be compared with the
alternate visualization of the identical quantities in Fig. 3. The Cartesian basis vectors ½x; y; z� are in black, the principal components
(PCs) are the green dashed lines, and their orthogonal vector is in green. The equivalent quantities rotated by Uch are displayed in the
right panel. In a general problem, the space would be n dimensional with n the number of l bins.
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silent orthogonal vector, as displayed in the right panel of
Fig. 4). In the equations in this section, a prime is used to
describe quantities in this rotated space.
We can see in the right panel of Fig. 4 that, if we project

the MG model 1 (ΔM0ð1Þ
ch , orange) and the MG model 2

(ΔM0ð2Þ
ch , blue) vectors onto the orthogonal vector, we have

ΔM0ðiÞ
ch × ½0; 0; 1�T ¼ 0. This means that data projected

along the orthogonal vector direction (D0
ch × ½0; 0; 1�T)

should be well-modeled by linear theory (again, assuming
our data reduction models are representative). If we project
ΔD0

ch onto the z0 axis (labeled Data—Model, projected in
the right panel of Fig. 4) we recover a nonzero vector which
should be minimally sensitive to nonlinear effects.
We define a data reduction matrix

Uch;cut ¼
2
4 silent

orthogonal

vector

3
5

that applies a cut to our data within our likelihood function
to remove inaccuracies due to linear modeling [see Eq. (28)
in Sec. IV E for details].
In a realistic 3 × 2 pt analysis, the dimension of our data

vector is not 3, but in the hundreds or thousands. Take, for
example, the proof-of-concept analysis we will conduct
in Sec. IV E below: in that case, we are working with a

254-dimensional data space and 3 distinct data reduction
models. This means that by removing the three principal
components, we retain all the constraining power of the
remaining 251 rotated dimensions.
While a 254-dimensional space is impossible to visualize

directly, we can still examine the PCs in l-space—
analogous to Fig. 3 from our toy example—to gain valuable
insights into the effect of PCA data reduction in high
dimensions. In Fig. 5, we display principal components for
the 00 redshift bin combinations from our realistic analysis
from Sec. IV B 1 below. We can see that the principal
components represent the most important common patterns
in l-space of the difference model vectors ΔMch. Much
like in the low-dimensional case which we have used as an
illustrative example, once we identify the key data-space
directions that contribute to the modeling discrepancies
introduced by the linear approximation, we can remove
them from both our data and theory vectors before
computing the likelihood.
In Sec. IV E, we will explain in detail how we construct a

realistic reduction matrix in high-dimensional space and
situate this method in a likelihood estimation pipeline.
However, before diving into the mechanics of this
approach, we first introduce key aspects of modified
gravity, both to clarify why this data reduction is necessary
and to provide an overview of the parametrizations and
theories that form the foundation of our analysis.

FIG. 5. Weighted difference between linear and nonlinear model vectors for our three data reduction models (ΔMch, top; see Sec. III B
for details) and resulting principal components (bottom) for the 0th source and lens redshift bins. The y-axis scale is not shown, as the
scales of the shear, cross, and clustering subplots vary significantly.
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III. MODIFIED GRAVITY: THEORIES AND
PARAMETRIZATIONS

The method proposed in this work integrates realistic,
theory-specific modeling at small scales while ultimately
constraining a simple large-scale parametrization of modi-
fied gravity. In this section, we introduce both the general
modified gravity parametrizations we are constraining, and
the specific modified gravity theories and screening mech-
anisms we use to inform (and validate) our data reduction
method.
Any viable alternative gravity theory must be theoreti-

cally consistent and meet stringent constraints, ensuring the
background evolution closely resembles that of ΛCDM
(e.g., [26]) and that the speed of gravitational waves
remains approximately luminal (e.g., [47,48], at least at
high frequencies). Additionally, solar system constraints
mean that any modification to GR must be suppressed at
very small scales. Many viable models achieve this through
so-called screening mechanisms that ensure MG theories
recover the GR limit at small scales. Despite the vast
number of MG theories, only a few viable screening
mechanisms have been identified.
We conjecture that selecting our data reduction models to

correspond to theories with different screening mechanisms
provides a sensible starting point for capturing a wide
variety of nonlinear gravity effects. We justify this choice in
part because, for a general scalar-tensor theory with a
potential and a conformal coupling to matter, the complete
dynamics of the model are uniquely defined by specifying
two time-dependent functions which are determined
entirely by the cosmological background [49,50].
Furthermore, for luminal Horndeski theories, once we
model the background expansion and modifications to
the growth of structure (μ), the power spectrum on non-
linear scales will differ because of the choice of screening
mechanism [51]. Given this strategy, we select Hu-Sawicki
fðRÞ (chameleon screening) and nDGP gravity (Vainshtein
screening) as our data reduction models (together with
GR). Section V B below will go some way toward
validating this choice: we use one Vainshtein-screened
theory (nDGP gravity) to inform our data reduction matrix
and then another (ESS gravity) to test the resulting PCA-
based data reduction matrix.
We now introduce the linear modified gravity para-

metrizations used in this paper as well as the specific
alternative gravity models of interest and the emulators
available for the fast production of their nonlinear matter
power spectra.

A. Linear growth parametrizations of modified gravity

A common practical way of conducting tests of gravity
using late-time WL and LSS survey data involves intro-
ducing phenomenological functions μ, γ, and Σ.
Introducing these functions allows one to test deviations

from GR across a wide range of models, avoiding the
inefficient testing of each theory individually. This method
also provides a broad phenomenological view of modified
gravity signals in the data, reducing the chance of missing
key signatures and mistaking deviations from GR as
tensions in our data.
For the scalar-perturbed Friedmann-Lemaitre-Robertson-

Walker metric,

ds2 ¼ −ð1þ 2ΨÞdt2 þ a2ð1 − 2ΦÞdx2;

and in the linear and quasistatic limits of the perturbation
equations, these functions are defined as

k2Ψ ¼ −4πGμða; kÞa2ρδ
Ψ ¼ γða; kÞΦ

k2
ðΦþΨÞ

2
¼ −4πGΣða; kÞa2ρδ ð5Þ

where k is the Fourier wave number and δ is the comoving
matter density contrast (δ≡ Δρ=ρ). The quasistatic approxi-
mation (QSA) is defined by k ≪ H=a and all temporal
derivatives beingmuch smaller than their spatial derivatives.
μ, γ, and Σ are phenomenological functions equal to unity in
ΛCDM, and any twoof themare sufficient to fully character-
ize lensing and structure growth in a given theory. In this
work, we choose to employ μ and Σ. This formalism is
valid for most gravity theories of interest under the QSA and
in the linear limit [17]. The functions Σ ¼ Glight=G and μ ¼
Gmatter=G are directly linked to weak lensing and galaxy
clustering respectively and have been widely used in cos-
mological tests of GR.
With the modified potentials in Eq. (5), the growth of

linear density perturbations is given by [52]

δ̈ðaÞ þ 2Hδ̇ðaÞ − 4πGρμðaÞδðaÞ ¼ 0; ð6Þ

where G denotes Newton’s constant, H is the Hubble
parameter, ρ the background density of matter and the dot
denotes a derivative with respect to coordinate time t.
When constraining these parametrizations with realistic

cosmological survey data, some choices have to be made
about the functional forms of μ and Σ with respect to a and
k. As a first simplification, it has been shown that the scale
dependence of these functions is subdominant at scales
probed by linear theory in large-scale structure surveys for
most MG theories of interest (see [17,53]). Choosing the
dependence with respect to scale factor (or equivalently
redshift) is less straightforward. In this first proof-of-
concept investigation of the PCA-based data reduction
method we implement a simple parametrization used very
commonly throughout the literature (see for example
[26,43,44,52])
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μðzÞ ¼ 1þ μ0
ΩΛðzÞ
ΩΛ0

ΣðzÞ ¼ 1þ Σ0

ΩΛðzÞ
ΩΛ0

: ð7Þ

We will call this the “dark energy (DE)-like” or “Λ-”
parametrization throughout this work.
These linear phenomenological parametrizations can

serve as indicators of deviations from GR, but any such
deviations must ultimately be sourced by a specific
modified gravity theory. Our simulated analysis reflects
this, by using modified gravity theories to inform the
nonlinear data reduction process. In the following sub-
section, we discuss the specific modified gravity theories
relevant to this work.

B. Modified gravity theories

We now introduce the alternative theories of gravity that
we use in this work, either as data reduction models or as
validation when assessing our method’s efficacy.
For our data reduction models, we consider Hu-Sawicki

fðRÞ and nDGP gravity, the standard workhorses for
modified gravity in the nonlinear regime. Even though
they are not competitive alternatives to GR—their parameters
have been largely constrained to be unlikely to be cosmo-
logically relevant (e.g., see [54,55])—they remain valuable
due to the extensive availability of N-body simulations and
emulators, notably nDGPemu [56], MGLenS [57], MGemu
[58], FREmu [59], Sesame [60], and e-MANTIS [61]. Hu-
Sawicki fðRÞ and nDGP gravity have the additional advan-
tage of displaying two different screening mechanisms,
respectively chameleon and Vainshtein screening.
Figure 6 shows the ratio of the modified gravity power

spectrum to the GR power spectrum for the gravity models
considered in this paper both during the nonlinear data
reduction process and in simulated scenarios. This diverse
phenomenology underscores the importance of properly
accounting for modified gravity nonlinear effects at the
scales relevant to WL and LSS analyses.

1. nDGP gravity and the Vainshtein screening
mechanism

Dvali-Gabadadze-Porrati (DGP) gravity is the simplest
model of the braneworld class of modified gravity theories,
which assumes we are living on a 4D brane in a higher
dimensional spacetime. The DGP action is [62]

S ¼ 1

16πGð5Þ

Z
d5x

ffiffiffiffiffiffiffiffiffiffi
−gð5Þ

p
Rð5Þ

þ
Z

d4x
ffiffiffiffiffiffi
−g

p �
R

16πG
þ Lm

�
ð8Þ

where the subscript (5) indicates the 5D generalization of

the 4D quantity. The cross-over radius, defined as rc ¼ Gð5Þ
2G ,

is a transition scale between domination of the 5D (rc ≥ 1)
and 4D (rc ≤ 1) part of the action.
The DGP Hubble parameter is given by [63]

HðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm0a−3 þΩrc

q
�

ffiffiffiffiffiffiffi
Ωrc

p
ð9Þ

whereΩrc ≡ 1
4H2

0
r2c
. The (−) solution of the expression above

is called the normal branch of DGP (nDGP). It is typical to
add a dark energy component to explain the late-time
acceleration and to achieve a background consistent with
ΛCDM

ΩDEðaÞ ¼ ΩΛ0 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩrcðΩm0a−3 þ ΩΛ0Þ

q
: ð10Þ

This is the version of the theory of interest for our work,
and the version to which we refer whenever we talk about
nDGP gravity from this point onward. The modified
perturbation equations at the linear level and in the
quasistatic regime can be described by [64]

μðaÞ ¼ 1þ 1

3½1þ H
Ωrc

ð1þ a
3H ðdHdaÞÞ�

ð11Þ

and Σ ¼ 1 [65,66]. Under the continued assumption that
we are in the linear and quasistatic regime, we can find the
3D linear matter power spectrum in nDGP gravity via

PnDGP
δ;lin ðaÞ ¼

�
DnDGPðaÞ
DnDGPðāÞ

×
DGRðāÞ
DGRðaÞ

�
2

PGR
δ;linðaÞ ð12Þ

where ā is a value of the scale factor during matter
domination and we can find DðaÞ ∝ δðaÞ by solving the

FIG. 6. Linear and nonlinear power spectrum boosts for Hu-
Sawicki fðRÞ, nDGP and ESS gravity for the simulated data used
in Sec. V and Appendix A (left-hand side of the legend) and for
the data reduction models (right-hand side of the legend). The
boost is defined as the ratio of the modified gravity power
spectrum to the GR power spectrum.
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second order ODE from Eq. (6) (in both GR and nDGP)
with initial conditions DðaÞ ¼ a and D0ðaÞ ¼ 1 during
matter domination.
nDGP gravity is part of a class of models where the

nonlinear derivative interactions screen the fifth force.
Specifically, Vainshtein screening operates when the sec-
ond derivative of the potential is higher than some critical
value and suppresses the fifth force (see [11] for a review on
the subject). In this work, we use the nDGPemu3 emulator
to compute the nonlinear 3D matter power spectrum for
nDGP gravity with a ΛCDM background. This is accurate
at 3% for k ¼ 5 h=Mpc and 0 ≤ z ≤ 2 compared to MG-
AREPO full simulations [56].

2. Hu-Sawicki f(R) gravity and the chameleon
screening mechanism

In the fðRÞ class of gravity theories, the Einstein-Hilbert
action is augmented with a general function of the scalar
curvature

SG ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
Rþ fðRÞ
16πG

�
ð13Þ

This is equivalent to a scalar-tensor theory, with addi-
tional degree of freedom fR ¼ df=dR.
We consider more specifically the Hu-Sawicki model

[67], with characteristic function

fðRÞ ¼ −2Λ
Rn

Rn þ μ̃2n
ð14Þ

with three free parameters n, Λ and μ̃. This model does not
contain a cosmological constant, but for R ≫ μ̃2, fðRÞ can
be approximated as

fðRÞ ¼ −2Λ −
fR0
n

R̄nþ1
0

Rn ð15Þ

with fR0 ¼ fRðR̄0Þ ¼ −2Λμ̃2=R̄2
0 and R̄0 ¼ R̄ðz ¼ 0Þ,

where the overbar denotes the quantity for the background
spacetime.
As for nDGP gravity, at the background level we

artificially constrain fðRÞ to look like ΛCDM by intro-
ducing an additional dark energy component. This version
of the theory (with n ¼ 1) is the version to which we refer
whenever we talk about fðRÞ gravity from this point
onward in the paper.
At the level of the linear perturbation equations under the

QSA, we can find [32]

μðk; aÞ ¼ 1þ ðk=aÞ2
3
�
ðk=aÞ2 þ H2

0
ðΩm0a−3þ4ð1−Ωm0ÞÞ3
2fR0ð4−3Ωm0Þ2

� ð16Þ

and Σ ¼ 1 [68], which allows us to find the 3D linear
matter power spectrum in fðRÞ gravity valid in the
quasistatic regime by using the same method outlined in
Sec. III B 1 for nDGP.
fðRÞ gravity can be thought of as a subclass of scalar-

tensor theory with a single additional scalar field [69]. It
displays a chameleon-type screening mechanism, where in
dense environments the mass of the scalar field is large,
causing the scalar field not to propagate and the additional
force mediated by the scalar field to be suppressed. In this
work, we use the e-MANTIS4 emulator to compute the
nonlinear 3D matter power spectrum for fðRÞ gravity with
a ΛCDM background. This is accurate at 3% for k ≈
7 h=Mpc and 0 ≤ z ≤ 2 compared to full N-body simu-
lations [61].

3. Extended shift-symmetric (ESS) gravity

Extended shift-symmetric (ESS) gravity [70] is a luminal
subclass of Horndeski theories characterized by the
action [34]

S½gμν;ϕ�¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

p

2
ðR−2ΛÞþKðXÞ−G3ðXÞ□ϕ

�

with

KðXÞ ∝ H2
0k1X þ k2X2; G3ðXÞ ∝ H2

0g31X þ g32X2:

Here, ϕ represents a new scalar field, X ≡ 1
2
∇μϕ∇μϕ, and

k1, k2, g31, and g32 are free parameters of the theory.
ESS belongs to shift-symmetric Horndeski theories,

often termed “weakly broken Galileons” in the literature.
In this work, we employ ESS not as a data reduction model
for SVD decomposition (Sec. II), but rather as a test case to
assess whether our method is flexible enough to constrain a
true theory of gravity that is not within the data reduc-
tion set.
Recent work in [34] has developed a codebase, HiCOLA,5

for calculating the nonlinear matter power spectrum using
approximate N-body simulations for Horndeski theories,
with ESS serving as an example. Although not a full N-
body code, HiCOLA is one of the few available tools that
provide a fast and versatile method to generate power
spectra for a broad range of modified gravity theories with
screening. The baryonic scale cuts necessarily imposed on
our data (see Sec. IV B 2 below) mean that our analysis
aims to capture Vainshtein-like modified gravity behavior
on mildly nonlinear scales, making this code suitable for
our needs.
To compute the theoretical ESS 3D matter power

spectrum, we average over the individual spectra from a
total of 20 HiCOLA simulations. These come from a set of 10

3https://github.com/LSSTDESC/mgemu

4https://pypi.org/project/emantis/
5https://github.com/Hi-COLACode/Hi-COLA
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initial condition (IC) seeds (with GR initial conditions at
z ¼ 49, see [34] for a characterization of the error due to
GR initial conditions) and their phase pairs (i.e. pairs of
simulations using phase-shifted initial conditions with
matching amplitudes [71]). Next, we compute the matter
power spectra for 20 equivalent GR HiCOLA simulations.
We then calculate the boost (Bi) for each sampled IC
(i ¼ 1;…; 20) using the MG and GR power spectra

Biðk; z;pÞ ¼
PMG
δ;i ðk; z;pÞ

PGR
δ;i ðk; z;pÞ

ð17Þ

and then average over all boosts

Bðk; z;pÞ ¼ 1

20

X20
i¼1

Biðk; z;pÞ: ð18Þ

Finally, we apply a Savitzky-Golay (Savgol) filter the
boost, to obtain a smoothed power spectrum ratio (for an
example of Savgol-filtered boosts in the context of power
spectra modeling for LSST, see [58]). Once multiplied by a
GR 3D matter power spectrum, this will give us a
theoretical prediction of the ESS 3D matter power spec-
trum. The result is displayed in Fig. 7 for the modified
gravity parameters in Table I and the fiducial cosmological
parameters in Table II.
We note that although [34] validates the HiCOLA cubic

Galileon power spectrum against N-body simulations, the
ESS model has not undergone similar empirical validation.
Cubic Galileon is a subset of ESS gravity (recovered for k2,
g32 ¼ 0) which has been widely explored [72–75] and
strongly constrained observationally [76,77], with full N-
body simulations available in the literature [72,78,79].
Nevertheless, we use a set of (relatively unexplored)
ESS parameters that deviate from the cubic Galileon case
to test our novel data reduction method. This choice is
motivated by the need to ensure minimal deviations from
ΛCDM evolution in HðaÞ (see Fig. 8). In this paper we
hereafter approximate HESSðaÞ ≈HΛCDMðaÞ.
Finally, in this work, we artificially set the lensing modi-

fication in ESS gravity toΣðaÞ ¼ 1, rather than its theoretical

FIG. 7. Ratios of real-space nonlinear matter power spectra at
z ¼ 0 for the ESS and ΛCDM models (the boost) from Table I
described in Sec. III B 3. We define the residual as the ratio of a
given quantity to the Savgol-filtered average boost.

TABLE I. pfid
ESS, ESS modified gravity parameters for the model

we use to build our simulated data.

k1 g31 k2 g32

−0.45 −30 −9.085 16.589

TABLE II. Priors and fiducial parameters (pfid) for the cosmological, modified gravity, and nuisance parameters in
our simulated analysis. We quote the lower and upper limits of flat priors and the mean and standard deviation of
Gaussian priors. The priors for the standard scale cuts (baseline prior distributions) match those in [25].

Parameter Fiducial value Baseline prior distributions Additional prior distributions (from emulators)

pco Ωm 0.31966 Uð0.1; 0.9Þ Uð0.28; 0.36Þ
h 0.6688 Uð0.55; 0.91Þ Uð0.61; 0.73Þ
As 2.092 × 10−9 Uð0.5 × 10−9; 5 × 10−9Þ Uð1.7 × 10−9; 2.5 × 10−9Þ
ωb 0.022383 N ð½0.022383

0.9626 �; ½2.0381×10
−5

3.6116×10−7
3.6116×10−7
2.5265×10−8�Þ Uð0.04h2; 0.06h2Þ

ns 0.9626 Uð0.92; 1.0Þ
pnu b1 1.562362 Uð0.8; 3.0Þ

b2 1.732963 Uð0.8; 3.0Þ
b3 1.913252 Uð0.8; 3.0Þ
b4 2.100644 Uð0.8; 3.0Þ
b5 2.293210 Uð0.8; 3.0Þ
μ0 � � � Uð−1.5; 1.5Þ
Σ0 � � � Uð−1.5; 1.5Þ
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value ΣðaÞ ¼ μðaÞ [77,80,81]. This allows us to perform
simulated constraints on a theory that has more similar
properties to those used to create our data reduction matrix,
given that Σ ¼ 1 in both fðRÞ and nDGP.While this deviates
fromthe trueESSprediction, thismodifiedESSmodelenables
a controlled test of our proof-of-concept data reduction
approach, given the limited availability of full N-body
simulations for modified gravity theories of this nature.

IV. ANALYSIS SETUP AND METHODOLOGY

Now that we have outlined our data reduction method
(Sec. II) and introduced the modified gravity theories and
parametrizations which we will make use of in this work
(Sec. III), we are in a position to deploy our method on
simulated WL and LSS data.
We will do so by constraining parametrized deviations

from GR in an LSST Y1-like 3 × 2 pt simulated analysis,
where 3 × 2 pt refers to a combined tomographic analysis
of the cross-correlation of galaxy positions δg and galaxy
lensing shear κ (known as galaxy-galaxy lensing), as well
as their respective autocorrelations (galaxy clustering and
cosmic shear). In order to effectively constrain μ0 and Σ0

with a 3 × 2 pt analysis, it is typical to also include auxiliary
data to break parameter degeneracies. We therefore addi-
tionally include cosmic microwave background (CMB)
information through Planck-informed priors [27] and, where
specified, employ simulated measurements of redshift-space
distortions (RSD) from spectrosopic galaxy surveys.
In Sec. IVA, we discuss the Planck-informed priors and

fiducial cosmological parameters used in our analysis.
Sections IV B–IV D describe the simulated data, the
covariance, and the likelihood formalism for parameter
inference, respectively. Finally, Sec. IV E details our data
reduction method within the context of a realistic parameter
inference analysis.

A. Priors and parameter space

Table II provides a summary of the priors and fiducial
parameters for the cosmology (pco ¼ fΩc; As; h; ns;Ωbg),

modified gravity (μ0 and Σ0) and nuisance (pnu ¼
fb1; b2; b3; b4; b5g) parameters to be constrained in our
simulated analysis. The fiducial cosmological parameters
pfid
co are selected to be the best-fit values from [27]

(TTþ lowE case), and will be used to generate simulated
data in our analyses unless specified otherwise.
Fiducial values for bi, the constant galaxy bias for each

lens redshift bin, are taken from the Y1 forecasts from the
LSST Dark Energy Science Collaboration science require-
ments document [SRD, [82]]. We refer to these as our set of
nuisance parameters pfid

nu . This is not comprehensive of that
required for a realistic LSST Y1 analysis (which would also
be expected to include photo-z, intrinsic alignment, and
shear calibration parameters at minimum), however, we do
expect galaxy bias to be the most important nuisance
parameter to include given its known degeneracy with
μ0 (see, e.g., [45]). A more complex investigation of the
power of our method in the context of a full systematics
model is left for future work.
Weuse flat prior distributions corresponding to those used

in [25] for our cosmological, nuisance and modified gravity
parameters. We call these “baseline” priors—they represent
the prior ranges we would ideally hope to sample over if we
had no limitations fromemulator tools. Additional flat priors
have to be imposedon somecosmological parameters during
the PCA-based inference process because of unavoidable
hard cutoffs from the emulator codes.
The only informative prior in our analysis is the joint

Gaussian prior on ωb and ns. This comes from the
marginalized and shifted posterior distributions for the
Planck TT;TE;EEþ lowEþ lensing data from an analysis
using the late-time DE-like model parametrization outlined
in Eq. (7) (see Fig. 31 and Sec. 7.4.2 in [27]).

B. Simulated data

1. 3 × 2 pt data vector

In our proof-of-concept analysis we use 3 × 2 pt
angular power spectra, with data vector D ¼ fCii

δgδg
ðlÞ;

Cij
κδg
ðlÞ; Cij

κκðlÞg, where
(i) Cii

δgδg
ðlÞ is the angular power spectrum of density

contrast from galaxies in ngbins lens redshift bins,
with i∈ f1;…; ngbinsg. We only include the auto-
correlation in redshift bins.

(ii) Cij
κκðlÞ is the angular power spectrum for galaxy

shear in nκbins source redshift bins,
with i; j∈ f1;…; nκbinsg.

(iii) Cij
κδg
ðlÞ is the angular power spectrum from the

cross-correlation of galaxy shear in the ith source
galaxy bin with the galaxy density contrast of the jth
foreground lens galaxy bin, with i∈ f1;…; ngbinsg
and j∈ f1;…; nκbinsg.

To get the angular power spectrum from a 3D matter power
spectrum we use the following equation:

FIG. 8. Evolution with redshift of the dimensionless Hubble
parameter EðaÞ ¼ HðaÞ

H0
and modified growth parameter βðaÞ ¼

μðaÞ − 1 for the ESS gravity model from Table I described in
Sec. III B 3.
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Cij
ABðlÞ ¼

Z
dχ

qiAðχÞqjBðχÞ
χ2

P

�
lþ 1

2

χ
; zðχÞ

�
ð19Þ

where the tracers AB are either for cosmic shear (κκ),
galaxy-galaxy lensing (δgκ) or galaxy-galaxy clustering
(δgδg), and we have assumed the Limber approximation
[83]. Here χ is the comoving radial distance, i and j denote
redshift bin indices, and qiκ and qiδ are line-of-sight kernels
given by

qiκðχÞ ¼
3H2

0ΩmΣðzðχÞÞ
2aðχÞ=χ

Z
χh

χ
dχ0

�
χ0 − χ

χ

�
nisðzðχ0ÞÞ

dz
dχ0

;

qiδðχÞ ¼ binilðzðχÞÞ
dz
dχ

; ð20Þ

where a is the scale factor and relevant quantities are
defined in Sec. IVA. We note here that the constant galaxy
bias bi for each lens redshift bin can in theory be scale- as
well as redshift- dependent. The function ΣðzÞ is defined in
Eq. (5) and is included here to allow for the possibility of
deviations from GR in the lensing potential. Additionally,
nis;lðzÞ denote the redshift distributions of the different
source/lens redshift bins, normalized to unity (see Fig. 9).
Following [82], we assume a parametric redshift dis-

tribution for our overall underlying true source and lens
distributions

dN
dz

∝ z2 exp½−ðz=z0Þα�: ð21Þ

The source sample is separated in 5 bins with equal number
counts, and with fz0; αg ¼ f0.13; 0.78g and photo-z scatter
σz ¼ 0.05ð1þ zÞ. The lens sample is separated in 5 bins
separated by 0.2 in photo-z in the redshift interval
0.2 ≤ z ≤ 1.2, with fz0; αg ¼ f0.26; 0.94g and with
photo-z scatter σz ¼ 0.03ð1þ zÞ.
Given this model for our total true source and lens

distributions, we require a model for the distribution of
source and lens galaxies which in practice end up in each
tomographic source and lens bin, being aware that this

assignment will be done on the basis of photo-z informa-
tion. Our model for this follows [82] in approximating the
effect of photo-z uncertainty without directly emulating the
practical process of photo-z distribution estimation.
Starting with the reference redshift distribution for the
entire sample of lenses (l) or sources (s) as appropriate
ðdNl;s

dz Þ, we apply a top-hat selection function ΘiðzÞ for each
redshift bin i. We then convolve this with a Gaussian to
produce the convolved redshift distribution for each bin,
nis;lðzÞ

nis;lðz̃Þ ¼
R
dz dNs;l

dz Θi
s;lðzÞpiðz; z̃ÞR

dz̃
R
dz dNs;l

dz Θi
s;lðzÞpiðz; z̃Þ

; ð22Þ

where the denominator serves as a normalization factor.
The Gaussian piðz; z̃Þ is defined by

piðz; z̃Þ ∝ exp

�
−
1

2

�
z − z̃

σzð1þ zÞ
�

2
�
: ð23Þ

This construction is not a realistic model of the sample
redshift inference, for which more detailed treatments are
available (e.g., [84–87]). Nevertheless, for our purpose, it
enables us to construct a sufficient model which accounts
appropriately for photo-z uncertainty at the level required
for this proof-of-concept analysis.
Wewilluse theCoreCosmologyLibrary6 (CCL) tocompute

all the above quantities [88]. For galaxy clustering, we only
consider the autocorrelations Cii

δgδg
ðlÞ for each tomographic

bin since these carry a significant portion of the tracer’s
information. In the case of galaxy-galaxy lensing, we only
consider combinations of lens and source bins where the
source bins are at high enough redshift relative to the lens
bins for a significant detection of galaxy-galaxy lensing:
ðnil;njsÞ¼fð2;0Þ;ð3;0Þ;ð4;0Þ;ð3;1Þ;ð4;1Þ;ð4;2Þ;ð4;3Þg [82].
Our 3 × 2 pt data vector thus has dimension

nuncut ¼ nl bins ×

�
ng bins þ noverlap þ

nκ binsðnκ bins þ 1Þ
2

�

before scale cuts are applied, for some number of bins nl bins
logarithmically distributed between lmin and lmax, where
lmax corresponds to a scale substantially smaller than any
scale we are expecting to model. Our analysis choices here
are the same as in [82], namely 20 logarithmically spaced l
bins, covering 20 ≤ l ≤ 15000. Once we apply cuts to our
data, such as those explained in Sec. IV B 2 below, our data
will have dimension n ≤ nuncut. For our standard linear
scale cuts analysis, we choose to apply our Δχ2 < 1
criterion to the full data vector rather than to the data
vector after baryonic cuts—we expect this choice will have
a negligible effect on the posteriors.

FIG. 9. The normalized galaxy number density for the source
(left) and lens (right) distributions for the 5 tomographic redshift
bins from low-z (darkest) to high-z (lightest). 6https://github.com/LSSTDESC/CCL
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2. Baryonic scale cuts

Even before enforcing data reduction because of the
limits of our dark-matter-only theoretical modeling, we will
need to implement some scale cuts in l because of the
effect of baryonic physics. While modeling baryonic
physics is a major limiting factor in ΛCDM analyses, with
extensive efforts dedicated to mitigating its effects, MG
analyses face an even greater limitation in the modeling of
nonlinear DMO behavior. As a result, we focus on
addressing these challenges incrementally, prioritizing
nonlinear DMO modeling as a foundational step before
tackling the additional complexities of baryonic effects.
There will be a maximum wavevector beyond which

DMO modeling—that is, ignoring baryonic effects—is not
a good model, which we call kDMO

max (see, e.g., [89–91]). We
follow [82] in fixing the scale for these baryonic cuts to be
at kDMO

max ¼ 0.3 h=Mpc and find lDMO
max using

lDMO
max ¼ kDMO

max χðhziÞ − 0.5 ð24Þ

where hzi is the mean redshift of the relevant lens bin.
We use this method to implement scale cuts for Cij

δgδg
ðlÞ

and Cij
δgκ
ðlÞ, but not for Cij

κκðlÞ. This is because Eq. (24) is
only valid for narrow kernels—given that in Eq. (19), when
the kernel spans a small range of redshifts we can
approximate the range of l values affected by a real scale
k with a single value centered that the kernel mean redshift
—and the lensing kernel is broad. For the latter, we will
instead use a method based on [92]. We compare two
synthetic, noiseless data vectors computed at the fiducial
cosmology, one for a DMO ΛCDM universe and one where
the power spectrum includes some baryonic effects by the
rescaling of the matter power spectrum

Pbaryonicðpfid; k; zÞ ¼ Psim
OWLSðk; zÞ
Psim
DMOðk; zÞ

× PDMOðpfid; k; zÞ:

Here, Psim
DMOðk; zÞ is the power spectrum measured in the

DMO OWLS simulations [93], and Psim
OWLSðk; zÞ is the

power spectrum measured in OWLS simulations with AGN
feedback only.7 Using the data covariance matrixCwe then
compute

Δχ2 ¼ ðDΛCDM
baryonic −DΛCDM

DMO ÞTC−1ðDΛCDM
baryonic − DΛCDM

DMO Þ

at some fiducial cosmology for the 3 × 2 pt data vectors
using Eq. (19). We then identify the point that contributes
the most to Δχ2, remove it and repeat the process until
Δχ2 < 1. Applying this procedure to an LSST Y1-like
3 × 2 pt data vector results in retaining the blue data points

in Fig. 1. We notice that the data vector with baryonic cuts
applied retains many more data points than the typical
linear-only modeling cuts upon which our novel PCA
method seeks to improve. Still, we emphasize that this
method for baryonic mitigation is conservative and leads to
a significant degradation in constraining power. We adopt it
here to enable a consistent comparison with the stringent
linear-only scale cuts. Alternatively, less conservative
data reduction methods—such as the BNT transform
[94]—could be applied to both sets of scale cuts.
Importantly, we note here that a major advantage of our
method is its compatibility with other PCA-based data
reduction techniques targeting modeling uncertainties at
different scales (specifically, the method outlined in [41]).
One could create a larger set of data reduction difference
vectors (Bi −Mi in Sec. IV E below) for both baryonic
mitigation and nonlinear mitigation, in order to retain as
much constraining power as possible. This is possible
because most analyses treat baryonic and MG effects as
separable, based on the assumption that screening mech-
anisms suppress MG effects on the small scales at which
drivers of baryonic physics play a role.

3. fσ8
As mentioned previously, 3 × 2 pt data must typically be

combined with auxiliary data to break degeneracies
between MG parameters, cosmological parameters, and
galaxy bias, with a common choice for this being fσ8
measurements. In order to include simulated fσ8 measure-
ments in our proof-of-concept analysis, we use noiseless
simulated RSD data constructed to align with existing and
upcoming surveys. We include simulated fσ8 measure-
ments corresponding to 5 different datasets (4 of which
match the analysis in [95])—we have 3fσ8 data points
corresponding to data from the BOSS Data Release (DR)
12 [96], one from the BOSS DR16 quasar sample [97],
three from the WiggleZ Dark Energy Survey [98], one from
peculiar velocities of the Democratic Samples of
Supernovae [99], and one which is a forecast for the
DESI Luminous Red Galaxy (LRG) sample [100].
Our simulated data consists of values for fσ8ðzÞ at a

small set of redshifts zdat, where σ8 is a measure of matter
density fluctuations on a scale of 8 Mpc=h and f is the
linear growth rate of structure. Recall that we will need to
produce these simulated fσ8 measurements under both GR
and alternative theories of gravity. We can find the value of
σ8 at a given cosmology for a given modified gravity theory
using the expression [101]

σMG
8 ðzÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
k2PMGðk;zÞ

2π2

�
3j1ðk×8Mpc=hÞ

k×8Mpc=h

�
2

dk

s
ð25Þ

where j1 is the spherical Bessel function of the first kind.
We can find the linear growth rate f ≡ dlnD=dlna (where

7The matter power spectrum data can be found under the
OWLS_AGN entry and its DMO counterpart from https://powerlib
.strw.leidenuniv.nl/#data.
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D is proportional to the growing mode of the linear matter
density perturbation) by solving Eq. (6) with D ∝ δ and
with initial condition DðaÞ ¼ a during matter domination.
We stress here that we introduce fσ8 as an auxiliary

probe to 3 × 2 pt, and that the PCA-based data reduction
process is not applied to this dataset. When we mention a
data reduction method, be it linear scale cuts or PCA-
based reduction (e.g., Sec. IV E), this is in reference to
3 × 2 pt only.

C. Covariances

We make use of the full non-Gaussian Y1 3 × 2 pt
covariance8 described in [82] (created following the numeri-
cal prescription from [102]) as the 3 × 2 pt covariance in our
simulated analysis. While this covariance is precomputed at
slightly different fiducial cosmological parameter values
pfid; SRD ¼ fΩm ¼ 0.3156; σ8 ¼ 0.831; ns ¼ 0.9645;Ωb ¼
0.0492; h ¼ 0.6727g to our analysis, this should not have a
significant effect on our final results (see [103]).
In computing the covariance of the simulated fσ8

measurements, we assume that all surveys are mutually
independent but allow for correlations between multiple
fσ8 measurements at different redshifts from the same
survey. Covariances of the fσ8 data points which corre-
spond to existing measurements (i.e., all but the DESI LRG
datapoint) are given by their existing estimated covariances
as relayed in [95]. The error for the simulated fσ8 data from
the DESI LRG dataset is computed following the formal-
ism in [104], evaluated at our fiducial cosmological
parameters.
All of the quantities related to our fσ8 simulated data that

are necessary for the likelihood analysis, including the
covariance values, are displayed in Table III. An example of

what the simulated data looks like for our fiducial cosmol-
ogy in a GR universe is displayed in Fig. 10.
We assume that there is no covariance between the fσ8

data and the 3 × 2 pt data because the former probes modes
along the line-of-sight while our angular power spectra
probe modes perpendicular to this. We can therefore write
the full covariance of our data either as C ¼ C3×2 pt when
using 3 × 2 pt data only, or as

C ¼
�
C3×2 pt 0

0 Cfσ8

�

when additionally using fσ8 simulated data.

TABLE III. An example of simulated GR fσ8 data used in our analysis for pco ¼ pfid
co (see Table II) as well as the real fσ8 data and its

covariance.

BOSS DR12 BOSS DR16 WiggleZ DSS DESI LRGs

zdat 0.38 0.51 0.61 1.48 0.44 0.6 0.73 0.0 0.72
fσ8ðzÞ (real) 0.497 0.458 0.436 0.462 0.413 0.39 0.437 0.39 � � �
fσ8ðz;pfid

co Þ (theory) 0.484 0.482 0.476 0.381 0.484 0.477 0.466 0.437 0.467
Covariance Cij

fσ8
2.03 0.816 0.261 0 0 0 0 0 0
0.816 1.44 0.659 0 0 0 0 0 0
0.261 0.659 1.16 0 0 0 0 0 0
0 0 0 2.03 0 0 0 0 0
0 0 0 0 6.40 2.57 0 0 0
0 0 0 0 2.57 3.97 2.54 0 0
0 0 0 0 0 2.54 5.18 0 0
0 0 0 0 0 0 0 0.484 0
0 0 0 0 0 0 0 0 0.0577

FIG. 10. Example of the simulated noiseless fσ8 data for a GR
universe with p ¼ pfid. The blue cross markers are for the
simulated data, the orange circle markers for the original real
data and the black point highlights the simulated DESI data point.
The errors for the real and simulated data are the same.8https://github.com/CosmoLike/DESC_SRD
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D. Likelihood formalism

With all the necessary components in place, we now
outline the general method for computing the likelihood in
our simulated analysis. We first compute the relevant
statistics as a function of model parameters p. When
completing analysis 1,2,5 and 6 in Table IV (as described
in Sec. V below), we create a mock data vector from Eq. (19)
and, using a 3D matter power spectrum computed for some
cosmological parameters (labeled “fid,” see the Table II) and
some modified gravity theory-specific parameters pMG

D ¼ fCii;NL
δgδg

ðljpfid
co ;pfid

nu ;pMGÞ;
Cij;NL
κδg

ðljpfid
co ;pfid

nu ;pMGÞ; Cij;NL
κκ ðljpfid

co ;pfid
nu ;pMGÞg:

We leave pMG general, but for our validation of this
proof-of-concept analysis we are either referring to
fk1; g31; k2; g32g for ESS, or modeling a GR universe.
When instead completing analysis 3,4,7 and 8 in Table IV,
we also similarly compute the simulated fσ8 data vector,
fσ8ðzdat;pfidÞ using the method described in Sec. IV B 3

D ¼ fCii;NL
δgδg

ðljpfid
co ;pfid

nu ;pMGÞ; Cij;NL
κδg

ðljpfid
co ;pfid

nu ;pMGÞ;
Cij;NL
κκ ðljpfid

co ;pfid
nu ;pMGÞ; fσ8ðzdat;pfid

co ;pMGÞg:

Likewise, our model vector (under ΛCDMþ μ0 þ Σ0) is
either

MðpÞ ¼ fCii;lin
δgδg

ðl;pÞ; Cij;lin
κδg

ðl;pÞ; Cij;lin
κκ ðl;pÞg;

a 3 × 2 pt data vector only, when completing analysis 1,2,5,
and 6, or

MðpÞ¼fCii;lin
δgδg

ðl;pÞ;Cij;lin
κδg

ðl;pÞ;Cij;lin
κκ ðl;pÞ;fσ8ðzdat;pÞg:

a combination of a 3 × 2 pt data vector and a 9-element fσ8
data vector, when completing analysis 3, 4, 7, and 8.

We then model the likelihood as Gaussian in the data
vector and as a function of the parameters p

lnLðDjpÞ ∝ −
1

2
½ðD −MðpÞÞTC−1ðD −MðpÞÞ�: ð26Þ

It will be useful to reformulate the likelihood by applying
a Cholesky decomposition as described in Sec. II

lnLðDjpÞ∝−
1

2
½ðD−MðpÞÞTL−1ðLTÞ−1ðD−MðpÞÞ�

∝−
1

2
½ðDch−MchðpÞÞTðDch−MchðpÞÞ� ð27Þ

where C ¼ LLT [see Eq. (3)]. This is the form of the
likelihood we will use when considering the PCA-based
data reduction method.
We do parameter inference using Markov chain

Monte Carlo (MCMC) sampling through the package
EMCEE

9 [105] using likelihoods and priors described in
Sec. IV. To ensure convergence, we run the sampler so that
the number of iterations for each chain is at least 100 times
its autocorrelation time (as defined in [106]).

E. Finding the data reduction matrix during
parameter inference

In this subsection, we describe the steps for computing
the 3 × 2 pt likelihood using the PCA-based data reduction
method. We stress here that this procedure applies only to
3 × 2 pt data and does not affect the fσ8 component, which
is computed using the standard approach. The fσ8 data
serves solely as an auxiliary probe.
The following steps occur at each point when sampling

the parameter space p described in Sec. IVA, which does
not include any theory-specific MG parameters (only μ0
and Σ0). First, we find m linear and m nonlinear MG 3D
matter power spectra corresponding to the m different data
reduction models

TABLE IV. Gravity model choices for the simulated analyses discussed in Sec. V. This table lists the modified
gravity parameters, while the cosmological and nuisance parameters follow the fiducial values given in Table II. We
display the posteriors for our key results in Figs. 11 and 13; all remaining posteriors are used for further validation of
the PCA method.

Index True theory Data reduction Data MG parameters

1 ΛCDM Linear scale cuts 3 × 2 pt � � �
2 ΛCDM PCA method 3 × 2 pt � � �
3 ΛCDM Linear scale cuts 3 × 2 ptþ fσ8 � � �
4 ΛCDM PCA method 3 × 2 ptþ fσ8 � � �
5 Modified ESS Linear scale cuts 3 × 2 pt

8>><
>>:

k1 ¼ −0.45
g31 ¼ −30

k2 ¼ −12.456
g32 ¼ 17.151

9>>=
>>;

6 Modified ESS PCA method 3 × 2 pt
7 Modified ESS Linear scale cuts 3 × 2 ptþ fσ8
8 Modified ESS PCA method 3 × 2 ptþ fσ8

9https://github.com/dfm/emcee
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PMGm

δ;NL ðk; zjpco;pMGmÞ; PMGm

δ;lin ðk; zjpco;pMGmÞ

for all z and k. We compute these using emulators and
growth factor ODEs [see Eq. (6)] described in Sec. III. We
note here that the modified gravity theory-specific param-
eters pMGm , which will be different in each data reduction
theory, do not vary during our sampling process.
In practice, in this proof-of-concept analysis, we have

three nonlinear and three linear power spectra: one each for
GR, fðRÞ and nDGP. We select the theory-specific param-
eter values of fR0 ¼ 10−4 [for fðRÞ] and H0rc ¼ 0.2 (for
nDGP) for the construction of the reduction matrix. We
choose these parameters because they are the largest
deviations from GR for which we can find accurate power
spectra with the emulator tools at our disposal. We stress
here that all steps of the parameter inference process will
have the same theory-specific modified gravity parameters
—this means that throughout our analysis, fR0 ¼ 10−4 and
H0rc ¼ 0.2 always for building the reduction matrix. A
more complete analysis would vary the modified gravity
parameters along with the cosmological parameters, but in
this proof-of-concept work there is no self-consistent way
to do this, given there is no direct relationship between the
MG parametrized parameters μ0 and Σ0 and the theory-
specific parameters fR0 and H0rc. We refer the reader to
Sec. VI for discussion of future approaches to this setback.
Next, we find the 3D matter power spectrum for the MG

linear μ − Σ parametrization [see Eqs. (6) and (7)]

PMG
δ;linðk; zjpco; μ0Þ:

We then compute the model angular power spectrum as
well as the individual linear and nonlinear angular power
spectra for the m different data reduction theories using
their respective 3D matter power spectra in Eq. (19)
(following here and throughout this subsection the nota-
tional style of [41])

MðpÞ ¼ Cij
linðljpco;pnu; μ0;Σ0Þ

Mm ¼ Cij
lin;mðljpco;pnu;pMGmÞ

Bm ¼ Cij
NL;mðljpco;pnu;pMGmÞ

each with dimension n.
We use Mm and Bm to build our PCA reduction matrix.

We first find our difference matrix

Δðpco;pnu;pMGmÞ ¼
2
4 j j
B1 −M1 … Bm −Mm

j j

3
5

ðm × nÞ

and then our Cholesky-weighted difference matrix

Δch ¼ L−1Δ;

where L is the Cholesky decomposition of the covariance
C as defined in Eq. (3).
As described in Sec. II above, using SVD, we build a

unitary rotation matrix Uchðpco;pnu;pMGmÞ with shape
ðn × nÞ

Uch ¼

2
64

j j silent

PC1 … PCm orthogonal

j j vectors

3
75

The first m columns of this matrix represent the principal
components (PCs) of our data space (of dimension n). The
remaining rows are silent orthogonal vectors that make the
matrix unitary. We can then find the reduction matrixUch;cut

with shape ðn −m × nÞ

Uch;cut ¼
2
4 silent

orthogonal

vectors

3
5:

We then use this matrix to compute the reduced data
vectors

Dch ¼ L−1D

Mch ¼ L−1M

Dch;cut ¼ UT
ch;cutDch ð28Þ

Mch;cut ¼ UT
ch;cutMch ð29Þ

from which we evaluate our likelihood

lnLðDjpÞ∝

−
1

2
½Dch;cut−Mch;cutðpÞ�T ½Dch;cut−Mch;cutðpÞ�:

by using the fact that Cch ¼ 1 ⇒ Cch;cut ¼ UT
ch;cut×

CchUch;cut ¼ 1. Combining this with the fσ8 likelihoods
in Eq. (IV D), we can compute the total likelihood at each
point in the parameter inference process. Therefore, by
applying the reduction matrix we are cutting our data in a
way that minimizes the impact of the small-scale nonlinear
effects from our training MG theories. We update our PCA
basis at each point in parameter space.10

10This is equivalent to introducing a parameter-dependent
covariance matrix C−1ðpÞ ¼ ðUch;cutðpÞL−1ÞTðUch;cutðpÞL−1Þ.
In theory, the covariance matrix should be fixed in parameter
space when using Gaussian likelihoods, to guarantee posterior
estimates are unbiased and observables are assigned a sufficiently
conservative information content [107]. In practice, this effect is
small in the large-l limit, which is what we expect from the
majority of the information content of stage-IV surveys [103].
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We expect the PCA method will operate effectively if
certain underlying assumptions are true. The most impor-
tant assumption is that the reduction matrix built assuming
theory-specific, fixed modifications to gravity (measured at
fixed parameters pMGm) adequately captures a broad class
of nonlinear behavior. The results in the next section
indicate that, for a 3 × 2 pt LSST Y1-like analysis, the
PCA-based data reduction method appears to be robust to
that assumption for the cases considered. We refer the
reader to Appendix C for an investigation into the com-
pleteness of our minimal PCA basis for theories displaying
the Vainshtein screening mechanism.
We are also assuming that the modified gravity DE-like

parametrization (μ0 and Σ0) is good at capturing the linear-
regime modified gravity signatures of the theories under

consideration, and will therefore not introduce model
misspecification biases in our cosmological parameter
estimation. As we will see, this assumption is not strictly
valid for all tested theories, as discussed in Sec. V C. The
latter is a standard assumption and is independent of our
PCA method, also existing within the standard scale-cut
case, but we state it here for completeness.

V. RESULTS AND PERFORMANCE

We now present results of our simulated analyses based
on the methodology described above. We consider a total of
8 simulated data vectors, with analysis choices in Table IV.
To compare how good a fit our model is to the data under

the different data reduction methods, we will be quoting the
change in the χ2, Δχ2

FIG. 11. Posteriors 1 and 2—ΛCDM contours of the posteriors for our cosmological parameter inference over p ¼ fpco;pnu; μ0;Σ0g,
marginalized over ωb, ns and nuisance parameters pnu. We are using noiseless 3 × 2 pt GR simulated data. The orange contours show
constraints when using scale cuts from Sec. II A, and blue contours when using the data reduction method from Sec. II B. We see a
substantial improvement in the constraining power for 3 × 2 pt data using our PCA method as opposed to standard linear-only methods.
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Δχ2 ¼ ½D −MðpÞ�TC−1½D −MðpÞ�: ð30Þ

A shift of Δχ2 ≤ 1 in the case of a Gaussian likelihood
implies that the resulting parameter bias, for a linear
parameter, is at most ∼1σ, indicating that the model
remains a statistically acceptable fit to the data [82].
However, the mapping between parameters and observ-
ables is often nonlinear, and biases may predominantly
affect nuisance parameters, and so have limited impact on
the inferred cosmological parameters of interest. Therefore,
large deviations in Δχ2 are not necessarily indicative of
significant biases to cosmological parameters in the final
analysis, as we will see in Sec. V B.
In Secs. VA and V B, we show that the PCA-based data

reduction method provides a significant improvement in the
constraining power of 3 × 2 ptðþfσ8Þ data when compared
to linear scale cuts, and reduces the misestimation in
cosmological parameters due to linear-only modeling, for
the case of a true underlying model of both GR and ESS
gravity. In Appendix A, we provide additional validation for
further examples of the true underlying theory of gravity
[nDGP and fðRÞ] for a 3 × 2 ptþ fσ8 data vector. We
display the full posterior distributions in Appendix E.

A. Improved constraints and degeneracy breaking for
GR gravity with the PCA method

We present the results of a simulated analysis con-
straining a ΛCDMþ μ0 þ Σ0 model using a general
relativistic 3 × 2 pt data vector, comparing data reduction
techniques by applying either linear scale cuts or our PCA-
based method. In Fig. 11, we show marginalized posterior
distributions for the parameter subset of interest. Figure 20
in the Appendixes displays the equivalent unmarginalized
posterior distributions. We see immediately that the PCA
method maintains unbiased cosmological parameter con-
straints while notably breaking the degeneracy between
modified gravity parameters μ0 and Σ0 for 3 × 2 pt-only
data. This degeneracy has been previously recorded in the
literature as a serious limitation of this probe (see for
example in [28]); the PCA method solves this issue self-
consistently in a 3 × 2 pt analysis without needing to
introduce additional datasets, by retaining more informa-
tion during data reduction. Additionally, the PCA-based
data reduction decreases the Δχ2 [defined by (30)] to 0.71
from 1.2 when using linear scale cuts, showing that the
model under these new cuts provides a better fit to the data
when compared to standard linear scale cuts.
While these results are alreadyvery promising,wenote that

a more realistic analysis would include additional data from
auxiliary cosmological probes. This would increase the
significance of a modified gravity detection, but also require
a higher accuracy threshold from our data reduction and
modeling techniques.We alsowant to measure quantitatively
the relative constraining power of the two methods for data
reduction, and in order to do so in a fair way, we should

compare constraints from posteriors with less pronounced
degeneracy directions and more Gaussian likelihoods. In
Fig. 12 we therefore show marginalized posteriors for a GR
3 × 2 ptþ fσ8 dataset (with full posteriors displayed in
Fig. 21). This shows that the significance of the detection
of themodifiedgravityparameterμ0,measuredasa ratioof the
width of one standard deviation in themarginalized posterior,
is 1.65 times larger in the analyses which implemented PCA-
based cuts than those implementing linear scale cuts for GR
gravity. The Δχ2 [defined by (30)] is 0.40, compared to 1.5
when using linear scale cuts, showing that the model under
thesenewcuts provides a significantlybetter fit to thedata. For
the interested reader, Appendix A shows the equivalent
contours fornDGPandfðRÞ simulateddata, furthervalidating
the PCA method on theories used to inform data reduction.
Overall, these results show that the PCA method is more

effective at maintaining the data’s constraining power when
compared to linear scale cuts. We now want to test whether
the PCA method is able to provide precise and unbiased
constraints when applied to datasets from theories outside
its training set.

B. Unbiased constraints in ESS gravity

While we have shown that the PCA method provides
improved and unbiased constraints in a simulated Universe

FIG. 12. Posteriors 3 and 4—ΛCDM contours of the posteriors
for our cosmological parameter inference over ωb, ns, and
p ¼ fpco;pnu; μ0;Σ0g, marginalized over nuisance parameters
pnu. We are using noiseless 3 × 2 ptþ fσ8 GR simulated data.
The orange contours show constraints when using scale cuts from
Sec. II A, and blue contours when using the data reduction
method from Sec. II B.
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based on one of the data reduction models from which it
was developed, it may still lack the flexibility to provide
unbiased constraints when applied to a MG theory not
included in the data reduction process. To be of general use,
a novel data reduction method should be versatile enough
to constrain a broader class of theories beyond those used to
compute the principal components in the reduction
matrix. We address this concern by demonstrating that
the PCA method accurately identifies modified gravity
behavior without introducing unacceptable levels of
cosmological parameter bias, even when testing a strong
MG signature that is not explicitly modeled in the data
reduction process.
Specifically, we consider the case where the true

Universe is described by the modified ESS gravity model

introduced in Sec. III B 3, with a ΛCDM background,
scale-independent structure growth modifications to GR,
Vainshtein screening, and additionally modified to have a
GR-like Weyl potential (Σ ¼ 1). We show the posterior
distributions of the parameter subset of interest in Fig. 13
for a noiseless simulated data vector (with full posteriors
displayed in Fig. 22). Most notably, this shows a remark-
able improvement in the power of the MG detection when
using the PCA-based data reduction method, compared to
using linear scale cuts. For a 3 × 2 pt LSST Y1-like
analysis, the PCA method can effectively pick up the
signature of modified ESS gravity without significant bias
in the estimated cosmological parameters (when compared
to linear scale cuts). We see that a non-GR value of μ0 is
preferred at the 1.6σ level when using the PCA-based data

FIG. 13. Posteriors 5 and 6—ESS demonstration of the fundamental improvement in MG signature detection for 3 × 2 pt data.
Contours of the posteriors for our cosmological parameter inference over ωb, ns and p ¼ fpco;pnu; μ0;Σ0g, marginalized over nuisance
parameters pnu. We are using noiseless 3 × 2 pt modified ESS simulated data. The orange contours show constraints when using scale
cuts from Sec. II A, and blue contours when using the data reduction method from Sec. II B.
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reduction method, compared to a negligible preference with
linear scale cuts. We note here that because there is no
direct relation between μ0 and the ESS modified gravity
parameters, we have no way of comparing whether this is
the expected value from an unbiased analysis. Still, this is a
powerful proof of the versatility and potential of this data
reduction method.
Taking a more detailed look at Fig. 13, we observe a 1.2σ

deviation from the true value in the parameter As. We note
there is a bias in As for posteriors in both data reduction
methods (1.3σ for linear scale cuts). The Δχ2 is 1.8 for
PCA-based data reduction, and 1.7 when using linear scale
cuts, further suggesting that our best-fit model is not a
particularly good fit to the data under either form of data
reduction. Upon further analysis, we found that these biases
are in part due to the specific choice of redshift-dependent
ansatz in the μ − Σ parametrization—i.e., Eq. (7) does not
accurately model ESS gravity (for details, we refer the
reader to Appendix B). We have tested that these biases
remain≲1σ when the effects of the redshift parametrization
choice are accounted for. We emphasize that the bias
introduced by the redshift parametrization choice is not
the same as that introduced by our data reduction tech-
niques. It cannot be solved by choosing between the
different nonlinear mitigation schemes we are investigating
in this paper. A more detailed discussion of this topic is
provided in Sec. V C.
Following Sec. VA, we now consider the scenario of a

(moreconstraining)3 × 2 ptþ fσ8 datavector. InFig.14,we
show marginalized posterior distributions for this case (with
full posteriors displayed in Fig. 23). In order to remove any
modelmisspecificationbiases, the linearMGparametrization
used to create the model vector will be a theory-specific
parametrization [defined in Eq. (31) below] rather than the
DE-like parametrization from Eq. (7) (see Sec. V C for an
explanation of this). This new parametrization has an addi-
tional advantage of having a direct correspondence between
our ESSmodified gravity parameters and μ0, meaning that in
this case we get an input truth value for our modified gravity
parameters (μ0 ¼ 1, Σ0 ¼ 0) as well as our cosmological
parameters. We stress here that this is not representative of a
real analysis, but a fine-tuned parametrization used purely for
the purposes of validation in order to isolate the causes of
misestimation of cosmological parameters.
The Δχ2 [defined by (30)] for the PCA-based data

reduction is 1.75, compared to 1.74 when using linear
scale cuts. This is an improvement in the goodness of fit
compared to using the DE-like parametrization, and now
the PCA-based data reduction results in as good a fit to the
data as to the standard scale cuts method. Still, the para-
metrization choice is not the only factor affecting the
goodness-of-fit mismatch between the model and simulated
data. We are considering an extreme deviation from the
standard model, so the biases introduced by the lack of
nonlinear modeling remain significant even after PCA

reduction. We note here that our simulated data vector
represents a worse-case scenario far beyond the modifica-
tions expected in a realistic analysis.
Additionally, as we have outlined in the previous section,

large deviations in Δχ2 are not necessarily indicative of
significant systematic error in the final analysis. The
posteriors display a ≤ 1σ deviation from the truth value
for the parameters Ωc and As, and a negligible deviation for
all other parameters.
Additionally, the modified gravity parameter μ0 is

detected to be nonzero at the 11.5σ level in the posteriors
which implemented PCA-based cuts when compared to a
6.2σ detection for posteriors implementing linear scale
cuts, a 1.85× improvement in the significance of the
detection. The results from Fig. 14 therefore indicate that,
for an fσ8 þ 3 × 2 pt LSST Y1-like analysis, the PCA
method can effectively constrain ESS gravity without
significant bias in the estimated cosmological parameters
of interest, while considerably improving parameter con-
straints when compared to linear scale cuts.

C. Model misspecification: A note on the choice of
redshift parametrization for μ and Σ

We find that the DE-like redshift parametrization of μðzÞ
and ΣðzÞ as given in Eq. (7) biases some of our results,
especially when also introducing fσ8 data. This reflects an

FIG. 14. Posteriors 7 and 8—ESS contours of the posteriors for
our cosmological parameter inference over p ¼ fpco;pnu; μ0;Σ0g,
marginalized over ωb, ns and nuisance parameters pnu. We are
using noiseless 3 × 2 ptþ fσ8 modified ESS simulated data. The
orange contours show constraints when using scale cuts from
Sec. II A, and blue contours when using the data reduction method
from Sec. II B.
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existing body of literature which highlights the inadequacy
of the DE-like parametrization at detecting cosmological
MG signatures, e.g., [108–112]. While this effect is
minimal for most realistic modifications from GR, which
are small because of existing gravity constraints in the
literature (see, e.g., [111]), it becomes more pronounced for
MG models with stronger modifications to structure
growth, namely our modified ESS gravity model (with
∼18% more structure than GR at large scales and low
redshifts). This can already be ruled out with high signifi-
cance using existing fσ8 data alone, and we see significant
bias when this data is analysed with the DE-like
parametrization.
When performing the equivalent analysis shown in

Fig. 14 using the DE-like parametrization from Eq. (7),
we observed substantial biases in most cosmological
parameters relative to their simulated true values (≥ 1σ).
Appendix B quantifies the residual cosmological parameter
biases explicitly. Additionally, Fig. 17 provides the PCA-
reduced contours from Fig. 14 alongside the equivalent
contours under the assumption of a DE-like parametriza-
tion. Notably, this bias persisted regardless of the data
reduction method used, but becomes ≲1σ when adopting a
more suitable parametrization. This suggest that part of the
biases we see in cosmological parameters are indeed caused
by an inadequate redshift parametrization choice for μðzÞ.
To address the poor performance of the DE-like para-

metrization in describing fσ8 signatures for ESS gravity,
we introduce a parametrization explicitly designed to
model deviations from our input ESS model

μðaÞ ¼ μ0ðμESSða;pfid
co ;pfid

ESSÞ − 1Þ þ 1 ð31Þ

ΣðaÞ ¼ 1þ Σ0

ΩΛðaÞ
ΩΛ0

ð32Þ

where μESS represents the ESS-specific modification to
structure growth, as defined in Eq. (5), for our specific
choice of true input cosmological parameters and ESS
modified gravity parameters. In principle, this function can
be derived by solving for β in Eq. (3.13) of [34]. This
parametrization is inherently unbiased around the input
parameters, as μESSðaÞ exactly matches the form of μðaÞ in
Eq. (5) for our specific test model (given our choice of
modified gravity and cosmological parameters only). We
compute μESSðaÞ (shown in Fig. 8) by interpolating the
output from the HiCOLA background computation module.
We emphasize that this would never be a viable option in a
real analysis; we use this theory-specific parametrization
only due to the lack of more suitable immediate alternatives
in our proof-of-concept analysis.
For completeness, we note that Fig. 15 in the Appendices

also displays this behavior—for nDGP gravity, the cos-
mological parameter As is offset from its true value by 1 −
2σ when using PCA-based data reduction. Repeating the

above analysis with nDGP gravity—using Eq. (11) as the
parametrization—confirms that these small cosmological
parameter biases vanish when adopting a more appropriate
redshift parametrization.

VI. DISCUSSION AND CONCLUSIONS

In this paper, we have introduced a new method for data
reduction when constraining linear modified gravity para-
metrizations with 3 × 2 pt data, which decreases the
information loss when compared to the standard data
reduction method used in the literature, while still avoiding
cosmological parameter bias. In this proof-of-concept
analysis, we have demonstrated that this method provides
strong, unbiased constraints for the case of a Universe
described by GR, as well as for a beyond-ΛCDM model
with fine-tuned yet significant deviations from GR, which
was not included in our data reduction model set. By
employing a principal component analysis (PCA)-based
approach, we identify and remove data components
that are maximally biased from the effect of differences
in linear and nonlinear modeling, offering an alternative to
traditional linear scale cuts that often discard significant
amounts of viable data. Crucially, this approach maintains a
substantial amount of the constraining power from inter-
mediate and small scales without increasing model com-
plexity or introducing additional theoretical assumptions to
those already present in the linear regime. In doing so, it
removes degeneracies between modified gravity parameter
posteriors which are otherwise common and problematic in
3 × 2 pt-only data constraints (see, e.g., [25]).
Through LSST Y1-like simulated analyses, we have

demonstrated that this PCA-based method outperforms
traditional linear scale cuts in a simplified simulated
analysis across a variety of MG theories, both those used
to construct the reduction matrix (GR, as well as nDGP and
Hu-Sawicki fðRÞ in Appendix A) and an additional
Horndeski theory that shares key characteristics with these
data reduction models (ESS gravity).
Our analysis assumes all modified gravity theories of

interest have a ΛCDM background, so any conclusions are
only valid if the dark energy behavior is accurately
determined. Additionally, our validation in this work has
been limited to models with scale-independent modifica-
tion to growth and no additional modification to lensing,
which is a restricted but important subclass of modified
gravity theories. While this study represents a minimal
proof of concept, it highlights the potential of PCA-based
data reduction to increase the constraining power in linear
modified gravity parametrization analyses without com-
promising accuracy.
We note several limitations of our final analysis. The

number of training theories (i.e., the data reduction models
used in building our reduction matrix) is limited to three.
These include the null case (GR) and two theories which
cover the two most well-known screening mechanisms in
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the literature. While this selection is sufficient to demon-
strate the potential improvement of our data reduction
method over the standard linear scale cuts approach, a
broader range of models on which to base our reduction
matrix would offer more complete protection against biased
results across a more comprehensive range of modified
gravity behavior. In a similar vein, an important step for
future work will be to validate our method over a more
extended sample of simulated data vectors from the MG
theory space (not just the training theories and one addi-
tional theory, ESS gravity). Additionally, to get this method
ready for application to real data in stage-IV surveys, we
need to account for nuisance cosmological parameters more
comprehensively (crucially, photo-z uncertainty and intrin-
sic alignment have been neglected here), and include data
from auxiliary probes in a more realistic way (including
redshift-space galaxy clustering and CMB probes, which in
this analysis are either modeled under simplifying assump-
tions or included through the means of a prior only).
Despite these limitations, our findings highlight the

potential of this data reduction method for improved
parameter inference in WL and LSS analyses of modified
gravity. While further validation and method refinement are
necessary to address the outlined challenges, the demon-
strated improvements in parameter constraints and the
minimal parameter bias—albeit for specific MG scenarios
only—are promising.
Beyond our approach, alternative methods exist that aim

to improve upon traditional linear scale cuts. For instance,
the BNT transform has been proposed for use in Euclid (see
[113,114]) by introducing a natural basis for cosmic shear
kernels for mitigating the effects of baryonic physics and
nonlinear structure growth. Incorporating such approaches
couldenhanceboth standard linear scale cuts andPCA-based
data reduction, potentially increasing the constraining power
of both. Future work should explore integrating these
methods with our data reduction approach.
Alternative approaches for extracting information from

the nonlinear regime when testing modified gravity para-
metrizations are actively being developed (e.g., [36,39,50]).
These primarily focus on building novel theoretical frame-
works to model nonlinear MG effects. Our approach here
offers a parallel solution: rather than constructing nonlinear
MG parametrizations that model a wide range of MG
theories, we develop a data reduction method capable of
accommodating any MG theory, provided the necessary
modeling tools are incorporated into the analysis. The key
relative advantage of our method is that it only requires MG
parametrizations to be modeled for the linear theory,
enabling us to leverage well-validated assumptions, includ-
ing scale-independence and specific functional forms. This
can strike a balance between maintaining constraining
power by having a small parameter space and ensuring
we are still able to constrain a theoretically motivated and
broad class of MG theories.

Furthermore, our approach can be interpreted as an
implicit marginalization over a subset of nonlinear param-
eters, which should asymptotically be model-independent
as the sample of training MG theories grows. This means
that the results coming from our method and from
methods explicitly modeling these gravity-agnostic non-
linear MG effects should give the same results if a large
enough theory and parametrization space are respectively
sampled. A direct comparison with nonlinear mitigation
schemes of this kind in future work would be highly
informative, shedding light on the interplay between
theoretical modeling and simulation-driven data reduction
in MG analyses. Bridging the gap between parametriza-
tions and models is essential—if we trust that our para-
metrizations serve as meaningful proxies for our models,
we should be confident in integrating tools from both
approaches to enhance our understanding and constraints
of modified gravity.
Further extensions of this work could implement a

more comprehensive treatment of the μ − Σ functions as
a function of redshift in order to deal with the model
misspecification issues brought up in Sec. V C. The most
rigorous testing of theoretically motivated deviations from
GR would involve modeling these functions nonparametri-
cally—e.g., treating μ, Σ and possibly an additional dark
energy component (such as ΩX from [115]) as Gaussian
processes or cubic splines with a Horndeski prior, while
still keeping them functions of a only [95].
Implementing such approaches presents several chal-

lenges, including the limited availability of emulators that
simultaneously vary MG parameters and ω0 − ωa (as an
exception, see the Sesame emulator [60]11). Tools like
ReACT

12 or HiCOLA could be valuable for future work by
providing fast, semiaccurate nonlinear MG power spectra
to be used in the reduction matrix, either directly (if
computationally feasible) or by aiding in the construction
of emulators for specific theories. Applying this novel
method to nonparametric constraints on μðaÞ, ΣðaÞ, and
ΩXðaÞ using linear-only probes and 3 × 2 pt data would be
a worthwhile endeavor.
As a further generalization, one could substitute our

training theories for more general nonlinear parametrized
models with different screening mechanisms [116]. This
would ensure there exists a direct relation between the
parameters μðaÞ and ΣðaÞ and a subset of the modified
gravity parameters in the nonlinear training theories.
With further validation and development, the PCA-based

data reduction method proposed here will provide a
valuable addition to the standard toolkit for upcoming
WL and LSS surveys, enhancing our ability to probe
gravitational physics on small scales and to detect exten-
sions to the ΛCDM model.

11https://github.com/renmau/Sesame_pipeline
12https://github.com/nebblu/ReACT
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APPENDIX A: ADDITIONAL
TESTS—CONSTRAINTS ON
DATA REDUCTION MODELS

nDGP AND f ðRÞ
As further validation, we provide in Figs. 15 and 16 the

equivalent constraints as those described in Fig. 12, but
instead modeling a universe described by the two remain-
ing data reduction models, respectively nDGP and Hu-
Sawicki fðRÞ. For this, we choose to simulate MG
universes with large MG signatures, namely H0rc ¼ 1.0
(∼14% deviation from GR on linear scales) and fR0 ¼ 10−5

(see Table V). We do this because looking at more extreme

(even if unrealistic) cases ensures a more rigorous vali-
dation. We display the full posterior distributions in
Appendix E.
The posteriors from the PCA analysis for the fðRÞ

simulated data vector display a ∼ 1σ deviation from the
truth value in the Σ0 parameter, and < 1σ in all cosmo-
logical parameters. The equivalent posteriors for nDGP
have a 1 − 2σ deviation from the true input in the parameter
As. Similarly to in the ESS case, we find that these small
biases arise from the choice of redshift parametrization of μ
and Σ from Eq. (7) rather than the application of the PCA
data reduction (see Sec. V C for details). Taking this into
account, the PCA data reduction method provides unbiased
constraints on nDGP and fðRÞ gravity.
Additionally, the significance of the detection of the

modified gravity parameter μ0, measured as a ratio of the
width of one standard deviation in the marginalized
posterior, is ∼1.7 (∼3.7) times larger in the analyses which
implemented PCA-based cuts than those implementing
linear scale cuts for fðRÞ (nDGP) gravity.
We note that fσ8 exhibits scale dependence in Hu-

Sawicki fðRÞ gravity. We assume this scale dependence is
negligible in our analysis at the values of fR0 under
consideration and at the relevant scales. Equation (16)
indicates that this will be the case only at sufficiently large
scales (where modified gravity effects are anyways

FIG. 15. Posteriors 9 and 10—nDGP cosmological parameter
inference over p ¼ fpco;pnu; μ0;Σ0g, marginalized over ωb, ns
and pnu. We are using noiseless 3 × 2 pt nDGP simulated data,
with H0rc ¼ 1.0. The orange contours show constraints when
using scale cuts from Sec. II A, and blue contours when using the
data reduction method from Sec. II B.

FIG. 16. Posteriors 11 and 12—fðRÞ contour plots for our
cosmological parameter inference over p ¼ fpco;pnu; μ0;Σ0g,
marginalized over ωb, ns and pnu. We are using noiseless 3 × 2 pt
fðRÞ simulated data, with fR0 ¼ 10−5. The orange contours show
constraints when using scale cuts from Sec. II A, and blue
contours when using the data reduction method from Sec. II B.
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negligible). While this needs to be validated and might not
be a realistic approximation for a general fðRÞ universe, in
our simulated analysis, the data reduction method itself
does not extend to the fσ8 data, which is rather included for
the purpose of increasing the overall constraining power of
our dataset. Given that we are primarily concerned with the
relative improvement in constraining power between data
reduction methods, we defer proper modeling of scale-
dependent fσ8 to future work.
We also note briefly that, while the DE-like parametri-

zation assumes that the linear growth factor and growth rate
are scale-independent, this is not the case for the fðRÞ
model. Fortunately, the scale-dependent features in fðRÞ
become more prominent on small scales, and effectively
start to matter only for k > 0.1 Mpc−1 at fR0 ≤ 10−6—this
justifies our assumption of approximate scale-independ-
ence for the large-scale application of this parametrization
in this analysis (see [118]). We additionally show that this
assumption does not bias our results for our analysis setup
for fR0 ¼ 10−5 (see Fig. 16).
These results are further evidence that the PCAmethod is

effective at increasing the constraining power without
introducing any significant bias for the theories it was
trained on.

APPENDIX B: MODIFIED GRAVITY LINEAR
PARAMETRIZATIONS—MODEL

MISSPECIFICATION

We show here an example of the biases introduced by
the DE-like parametrization when testing a modified
gravity theory with a large deviation from GR. We present
in Fig. 17 the marginalized posteriors when testing ESS
gravity 3 × 2 ptþ fσ8 data, while constraining the DE-
like parametrization from Eq. (7) compared to the ESS-
specific parametrization from Eq. (31) with the PCA-
based data reduction method. All cosmological parame-
ters are biased at > 1σ level when using the DE-like
parametrization (Ωc by 1.95σ, As by 2.05σ, and h by
1.25σ) and at ≲1σ when using the ESS-specific para-
metrization (Ωc by 1.04σ, As by 0.97σ, and h by 0.25σ).
Additionally, the Δχ2 as defined in (30) improves from
4.5 to 1.75.
We also compare in Fig. 18 how well the output of

these parameter inference chains fares at recovering the

TABLE V. Gravity model choices for the simulated parameter inference models discussed in Appendix A. This
table lists the modified gravity parameters, while the cosmological and nuisance parameters follow the fiducial
values given in Table II.

Index True theory Data reduction Data MG parameter Value

9 nDGP Linear scale cuts 3 × 2 ptþ fσ8 H0rc 1.0
10 nDGP PCA method 3 × 2 ptþ fσ8 H0rc 1.0
11 fðRÞ Linear scale cuts 3 × 2 ptþ fσ8 fR0 10−5

12 fðRÞ PCA method 3 × 2 ptþ fσ8 fR0 10−5

FIG. 17. Model misspecification—ESS gravity marginalized
posteriors for our cosmological parameter inference fromanoiseless
3 × 2 pt modified ESS simulated data vector. The blue contours
represent the PCA-reduced posterior from Fig. 14, while the teal
contourscorrespond to thesameanalysisbutuseEq. (7) forour linear
modified gravity parametrization instead of Eq. (31).

FIG. 18. Comparison of the function μðzÞ between that used to
create the input data vector and those estimated through param-
eter inference for various parametrization choices, in ESS and
nDGP gravity.
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input functional form of μðzÞ. As well as the modified
ESS example from Fig. 17, we repeat the equivalent
analysis for nDGP gravity. We compare the best
fit functional forms from chains that use the DE-like
parametrization to those from chains using the theory-
specific parametrization for both gravity theories. We can
see that the DE-like parametrization is very bad at
recovering the correct functional form because it is
quite limited in range. These biases in estimated μðzÞ
are what introduce biases in our estimated cosmological
parameters.

APPENDIX C: SENSITIVITY TO
NUMBER OF DATA REDUCTION

MODELS IN PCA BASIS

The goal of this appendix is to quantify the completeness
of our minimal PCA basis, which spans two screening
mechanisms: chameleon and Vainshtein. We extend the
analysis from Sec. VA—which results in Fig. 12—by
including an additional data reduction model in our PCA-
based framework, as shown in Fig. 19. We test whether the
posterior results are significantly affected when this addi-
tional data reduction model is included.
We note that in this work, we consider simulated data

produced using only theories which exhibit at most one of

Vainshtein or chameleon screening. We do not consider
broader screening mechanisms (e.g., k-mouflage), as we
expect that incorporating data reduction models with
qualitatively new screening behavior could significantly
enlarge the posteriors—since the PCA basis would then be
manifestly incomplete. We acknowledge that this is a
significant limitation of the current work and one that will
need to be addressed before this method can be reliably
deployed on real data.
Given the current limitations of available emulators

for MG theories, incorporating an entirely new, physically
motivated MG model into the PCA basis is technically
challenging. As a compromise, we introduce a nonlinear
parametrization model based on the time-independent
growth index parametrization with screening using
ReACT-emus,13 following the methodology outlined in
[35]. While this model is not tied to a complete underlying
MG theory, it displays a Vainshtein-type screening
mechanism in the nonlinear regime via the parameter
q1, and thus acts as an additional simple Vainshtein-like
model. The linear power spectrum can then be found
under QSA using the same procedure outlined in
Sec. III B 1—by solving for DðaÞ with Eq. (6)—using
Eq. (2.13) in [35].
We adopt the fiducial choices of [35], fixing γfid ¼ 0.4

and qfid1 ¼ 0.76, and apply the same extrapolation
strategy for modes outside the emulator’s k range, with
kmin ¼ 0.016 h=Mpc.
We then reconstruct a new PCA basis from four models

(adding this parametrized model to the original three in our
difference matrix Δ) and repeat the likelihood analysis of
Sec. VA. The resulting posterior contours show negligible
deviation from those obtained using three models. A
representative comparison is shown in Fig. 19.
This result indicates that the parameter constraints are

already close to convergence with three models: adding an
additional mode to the PCA basis does not appreciably
alter the posterior distribution, provided the true under-
lying screening behavior is represented within the data-
reduction model set. All marginalized posterior distribu-
tions remain broadly unchanged, with the exception of the
Ωc posterior, which has a mildly broader standard
deviation (a factor of ×1.35). We interpret this as an
indication that the variation in nonlinear modeling due to
the Vainshtein screening mechanism is already well-
captured by the original basis. We do not claim full
generality from this result—however, it supports the
working assumption that the set of three models used
in the main analysis spans the relevant space of deviations
in a way sufficient for the goals of this study.

FIG. 19. Posterior contours for our cosmological parameter
inference over p ¼ fpco;pnu; μ0;Σ0g using PCA marginalization
with three (blue) and four (pink) data reduction models. We are
using noiseless 3 × 2 pt GR simulated data—the blue contour is
the same as the blue contour in Fig. 12. The additional model
corresponds to a nonlinear parametrization with Vainshtein-type
screening as described in Appendix C.

13https://github.com/nebblu/MGEmus/tree/maingithub.com/
nebblu/MGEmus, https://github.com/nebblu/ReACT-emus/tree/
maingithub.com/nebblu/ReACT-emus
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FIG. 20. Models 1 and 2—ΛCDM full contour plots for our cosmological parameter inference over p ¼ fpco;pnu; μ0;Σ0g. The orange contours show
constraints when using scale cuts described in Sec. II A. The light blue contours show constraints using the data reduction method described in Sec. II B. The
marginalized plots can be found in Fig. 11.

FIG. 21. Models 3 and 4—ΛCDM full contour plots for our cosmological parameter inference over p ¼ fpco;pnu; μ0;Σ0g. The orange contours show
constraints when using scale cuts described in Sec. II A. The light blue contours show constraints using the data reduction method described in Sec. II B. The
marginalized plots can be found in Fig. 12.
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FIG. 22. Models 5 and 6—ESS full contour plots for our cosmological parameter inference over p ¼ fpco;pnu; μ0;Σ0g. The orange contours show constraints
when using scale cuts described in Sec. II A. The light blue contours show constraints using the data reduction method described in Sec. II B. The marginalized
plots can be found in Fig. 13.

FIG. 23. Models 7 and 8—ESS full contour plots for our cosmological parameter inference over p ¼ fpco;pnu; μ0;Σ0g. The orange contours show constraints
when using scale cuts described in Sec. II A. The light blue contours show constraints using the data reduction method described in Sec. II B. The marginalized
plots can be found in Fig. 14.
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APPENDIX D: A NOTE ON As AND σ8

Usually, sampling the cosmological parameter space inAs
rather than σ8 makes no difference, given there is a direct
relation between the two (all other cosmological parameters
being equal). In our case, it makes a difference because it
results in different power spectra contributing to our reduc-
tion matrix. For example, if we sample with respect to As,
because our theory-specific MG parameters pMGm do not
vary at each step of the chain, the value of σMGm

8 ðpco;pMGmÞ

σMGm

8 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

k2PMGmðk;pMGmÞ
2π2

�
3j1ðk × 8 Mpc=hÞ

k × 8 Mpc=h

�
2

dk

s

will be different from the value of σμ−Σ8 ðpco; μ0Þ

σμ−Σ8 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

k2Pðk; μ0Þ
2π2

�
3j1ðk × 8 Mpc=hÞ

k × 8 Mpc=h

�
2

dk

s

for most functional forms of μðaÞ and values of μ0 in our
analysis. In general, the matter power spectrum of our

modified gravity linear parametrization will be different to
the linear power spectrum for the specific modified gravity
theory [this becomes more obvious if one compares, e.g.,
Eqs. (7) and (11)].Wehavedecided tovaryoverAs directly in
our parameter exploration. We verify that this does not
introduce any biases in our parameter inference, as shown in
Sec. V and Appendix A.

APPENDIX E: UNMARGINALIZED
CONTOUR PLOTS

We display the full (unmarginalized) contour plots for
the GR, nDGP, fðRÞ and ESS gravity models analyzed in
Sec. V and Appendix A.
The Python libraries SciPy [119], NumPy [120], PyCCL

14

[88], CORNER.PY [122] TJPCov
15 [121], e-MANTIS16 [61]

and nDGPemu [56] were significant in enabling this work
to be done.
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