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Motivated by the recent BESIII Collaboration measurements of the decay Dþ → πþηη, we investigate
this process by considering the contribution from the resonance a0ð980Þ, which is generated by S-wave
pseudoscalar meson-pseudoscalar meson interaction, and the contribution from the intermediate scalar
meson f0ð1370Þ. Our results could give a good description of the πþη and ηη invariant mass distributions,
which implies that the contribution from the intermediate f0ð1370Þ, neglected in BESIII analysis, could
play a role in this process. Furthermore, the predicted Dalitz plots are also consistent with the BESIII
measurements. The more precise measurements about this process in the future could shed light on the
mechanism of this process and the properties of f0ð1370Þ and a0ð980Þ.
DOI: 10.1103/nfbc-yns2

I. INTRODUCTION

In the traditional quark model, hardrons are categorized
into mesons, which are composed of a quark-antiquark pair,
and baryons, which are composed of three quarks [1,2].
Although most of the mesons could be well described
within the traditional quark models, some mesons have
exotic properties that are difficult to explain. In 2003, the
Belle Collaboration reported an exotic state Xð3872Þ [3],
and since that, many candidates of the exotic states were
reported by experiments, and garnered much attention
[4–10]. In the scalar meson sector, there are also many
candidates for exotic states, for instance, a0ð980Þ, f0ð980Þ,
f0ð500Þ, f0ð1370Þ, and f0ð1710Þ. As we know, the
identification of the light scalar mesons is very difficult,
resulting from their large decay widths, and there are many
different interpretations for the structures of the scalar
mesons, such as traditional qq̄ states, multiquark states,
hadronic molecules, glueballs, or the mixing of different
components, etc. [11–21].
Several years ago, the BESIII Collaboration observed

the process Dþ → πþηη using an integrated luminosity
of 2.93 fb−1 collected at the center-of-mass energy
of 3.773 GeV and reported the branching fraction

B ¼ ð2.96� 0.24� 0.10Þ × 10−3 [22]. Later, the authors
of Ref. [23] studied the processDþ → πþηη by considering
the a0ð980Þ dynamically generated from the pseudoscalar
meson-pseudoscalar meson interaction, and predicted the
signal of a0ð980Þ in the πþη invariant mass distribution.
Recently, the BESIII Collaboration has updated the mea-
surements of the process Dþ → πþηη using 20.3 fb−1 of
eþe− collision data at the center-of-mass energy
3.773 GeV, and found a clear cusp structure in the πþη
invariant mass distribution, which should be associated
with the scalar a0ð980Þ [24], as predicted in the theoretical
work [23]. The BESIII amplitude analysis of this process
suggests that the a0ð980Þ line shape cannot be well
described by a three-channel coupled Flatté formula for
the a0ð980Þ, and could arise from the triangle loop
rescattering of Dþ → K̄�

0ð1430ÞKþ → a0ð980Þþη and
Dþ → K�

0ð1430ÞþK̄0 → a0ð980Þþη with a significance
of 5.8σ [24]. However, with Eq. (18) of Ref. [25], one can
see that the triangle singularity of Dþ → K̄�

0ð1430ÞKþ →
a0ð980Þþη appears at Mπþη ¼ 1073 MeV, about 80 MeV
away from the nominal a0ð980Þmass, which implies that the
triangle diagram proposed by BESIII [24] is far from
developinga triangle singularity. Indeed, thea0ð980Þ couldbe
dynamically generated from the S-wave interaction of the
coupled channels KK̄ and πη within the chiral unitary
approach [16,26], which has been widely used in many
theoretical studies [27–41]. Therefore, we need to further
investigate the mechanism of the process Dþ → πþηη
by considering the a0ð980Þ, dynamically generated
from the S-wave pseudoscalar meson-pseudoscalar meson
interaction.
In this work, we will investigate the processDþ → πþηη

by considering the contribution from the resonance
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a0ð980Þ, which is generated by S-wave pseudoscalar
meson-pseudoscalar meson interaction. In addition, we
will take into account the contribution of the light scalar
f0ð1370Þ. Then, we will calculate the πþη and ηη invariant
mass distributions in the process Dþ → πþηη, respectively,
and contrast the results with experiment with or without
f0ð1370Þ. The work done here should be an incentive for a
more accurate experimental analysis to be performed.
This paper is organized as follows. In Sec. II, we present

the theoretical formalism of the process Dþ → πþηη.
Numerical results and discussions are shown in Sec. III.
Finally, we give a short summary in the last section.

II. FORMALISM

In this section, we will present the theoretical formalism.
We first consider the process from the perspective that the
a0ð980Þ is dynamically generated by the S-wave pseudo-
scalar meson-pseudoscalar meson in Sec. II A, and the
mechanism of the intermediate state f0ð1370Þ is given in
Sec. II B. Finally, we give the formalism for the invariant
mass distributions for the process Dþ → πþηη in Sec. II C.

A. Contribution from a0ð980Þ
Taking into account that a0ð980Þ could be generated

via πþη and KþK̄0 final state interaction, as done in
Refs. [36–38], we first show the quark level diagram for
the Dþ → πþηη process via the Wþ external emission in
Fig. 1. The c quark from the initial Dþ meson weakly
decays into a Wþ boson and a d quark, then the Wþ boson
decays into ud̄ quark pair. The ud̄ quark pair from the Wþ

boson will hadronize into πþ, while the d quark and the d̄
quark of the initial Dþ meson, together with the antiquark-
quark pair d̄d, which is created from the vacuum with the
quantum numbers JPC ¼ 0þþ, will hadronize into η and η
mesons, as follows,

Dþ ¼ cd̄

⇒ Wþdd̄

⇒ ud̄dðd̄dÞd̄
⇒ πþdðd̄dÞd̄

⇒
1

3
πþηη; ð1Þ

where we use the meson flavor wave functions Dþ ¼ cd̄,
πþ ¼ ud̄, and η ¼ 1ffiffi

3
p ðūuþ d̄d − s̄sÞ as Refs. [42,43].

Similar, one has another quark level diagram for the
Dþ → KþK̄0η process via the Wþ external emission in
Fig. 2. The c quark from the initial Dþ meson weakly
decays into aWþ boson and an s quark, then theWþ boson
decays into a us̄ quark pair. The us̄ quark pair from theWþ
boson will hadronize into Kþ, while the s quark and
the d̄ quark of the initial Dþ meson, together with the

antiquark-quark pair d̄d created from the vacuum, will
hadronize into K̄0 and η mesons, as follows,

Dþ ¼ cd̄

⇒ Wþsd̄

⇒ us̄sðd̄dÞd̄
⇒ Kþsðd̄dÞd̄

⇒
1ffiffiffi
3

p KþK̄0η; ð2Þ

where we also use the meson flavor wave functions
Dþ ¼ cd̄, Kþ ¼ us̄, K̄0 ¼ sd̄, and η ¼ 1ffiffi

3
p ðuūþ dd̄ − ss̄Þ

as in Refs. [42,43].
Next, we could write all final meson-meson components

after the hadronization,

Dþ ⇒
1ffiffiffi
3

p η

�
1ffiffiffi
3

p πþηþ KþK̄0

�
: ð3Þ

Then, the decay Dþ → πþηη could happen through the
tree level and S-wave pseudoscalar meson-pseudoscalar
meson interaction, which will dynamically generate the
a0ð980Þ state, as show in Figs. 3(a) and 3(b), respectively.
Since there are two η mesons in the final states, one can
write the decay amplitudes as follows,

FIG. 1. Quark level diagram for the processDþ → πþηη via the
Wþ external emission.

FIG. 2. Quark level diagram for the process Dþ → KþK̄0η via
the Wþ external emission.
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T Tree ¼ Vphπþη; ð4Þ

T a0 ¼ Vp

�X
i

hiGiðπþη1Þti→πþηðπþη1Þ

þ
X
i

hiGiðπþη2Þti→πþηðπþη2Þ
�
; ð5Þ

where Vp is a global normalization constant,1 and i ¼ 1, 2
correspond to the πþη and KþK̄0 channels, respectively.
The coefficients hi could be obtained from Eq. (3),

hπþη ¼
1

3
; hKþK̄0 ¼

ffiffiffi
1

3

r
: ð6Þ

The Gi in Eq. (5) is the loop function of the meson-
meson system [37],

Gi ¼ i
Z

d4q
ð2πÞ4

1

ðP − qÞ2 −m2
1i þ iϵ

1

q2 −m2
2i þ iϵ

; ð7Þ

where m1i and m2i are the masses of two mesons in i-th
coupled channel, respectively, P is the four-momentum of
the meson-meson system, and q is the four-momentum of

meson in the center-of-mass frame. For the meson-meson
loop function, we take the cutoff method [47], and the loop
function could be written as,

GðsÞ ¼ 1

16π2s

�
σ

�
arctan

sþ Δ
σλ1

þ arctan
s − Δ
σλ2

�

−
�
ðsþ ΔÞ ln qmaxð1þ λ1Þ

m1

þðs − ΔÞ ln qmaxð1þ λ2Þ
m2

��
; ð8Þ

where

σ ¼ ½−ðs − ðm1 þm2Þ2Þðs − ðm1 −m2Þ2Þ�1=2; ð9Þ

Δ ¼ m2
1 −m2

2; ð10Þ

λ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m2

1

q2max

s
; λ2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m2

2

q2max

s
; ð11Þ

with s ¼ P2 ¼ M2
πþη. In order to dynamically generate the

a0ð980Þ state, we adopt the cutoff parameter qmax ¼
600 MeV as used in Refs. [36–38].
The ti→πþη in Eq. (5) are the transition amplitudes of the

coupled channels, and ti→πþη could be obtained through the
Bethe-Salpeter equation,

T ¼ ½1 − VG�−1V: ð12Þ

In our calculation, we take into account two coupled
channels πþη and KþK̄0. The transition potential Vij is
obtained from Refs. [36,37],

Vπþη→πþη ¼ −
2m2

π

3f2
;

VKþK̄0→KþK̄0 ¼ −
s

4f2
;

VKþK̄0→πþη ¼ −
3s − 2m2

K −m2
η

3
ffiffiffi
3

p
f2

; ð13Þ

where the decay constant f ¼ fπ ¼ 93 MeV. mπ and mK
represent the averaged masses of the pion and kaon.

B. Contribution from f 0ð1370Þ
According to BESIII measurements of the process

Dþ → πþηη, one can find that the ηη invariant mass
distribution is significantly different from the phase space
distribution in the region 1300–1500 MeV [24].
Considering that the scalar meson f0ð1370Þ could decay
into the ηη [48], there could be the contribution from the
f0ð1370Þ state. Therefore, we can also consider the con-
tribution from f0ð1370Þ, and the mechanism of the process

FIG. 3. Mechanisms of the process Dþ → πþηη. (a) tree
level, (b) the S-wave pseudoscalar meson-pseudoscalar meson
interaction.

1Here the parameter Vp contains all dynamical factors of the
weak production vertex of Figs. 3(a) and 3(b). Since in this work
we mainly focused on the final state interactions of this process,
we assume Vp to be constant, as done in Refs. [44–46].
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Dþ → πþf0ð1370Þ → πþηη is depicted in Fig. 4. We can
write the amplitude for the intermediate f0ð1370Þ state,

T f0ð1370Þ ¼Vp
αMf0ð1370ÞΓf0ð1370Þ

M2
ηη−M2

f0ð1370Þ þ iMf0ð1370ÞΓf0ð1370Þ
; ð14Þ

where the α is the relative strength of the contribution from
the intermediate f0ð1370Þ with respect to the one of
a0ð980Þ. Here the Mf0ð1370Þ and Γf0ð1370Þ are the mass
and width of the f0ð1370Þ. Since the f0ð1370Þ is a broad
state, and its mass and width have not yet been
established [48], there are also many studies about the
nature of the f0ð1370Þ [49–52].

C. Invariant mass distribution

We can write the total amplitude of the Dþ → πþηη
reaction as,

T Total ¼ T Tree þ T a0 þ T f0ð1370Þeiϕ; ð15Þ

where the phase angle ϕ is free parameter. Applying the
standard formula of the three-body decay width from
review of particle physics (RPP) [48], we have

d2Γ
dMπþη1dMη1η2

¼ 1

ð2πÞ3
Mπþη1Mη1η2

8M3
Dþ

jT Totalj2: ð16Þ

Given a specific value of the invariant mass M12, the
corresponding range for the invariant mass M23 is deter-
mined according to the RPP [48],

ðm2
23Þmin ¼ ðE�

2 þ E�
3Þ2 −

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
2 −m2

2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
3 −m2

3

q 
2
;

ðm2
23Þmax ¼ ðE�

2 þ E�
3Þ2 −

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
2 −m2

2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
3 −m2

3

q 
2
;

ð17Þ

where E�
2 and E

�
3 are the energies of particles 2 and 3 in the

M12 rest frame, respectively,

E�
2 ¼

M2
12 −m2

1 þm2
2

2M12

;

E�
3 ¼

M2
Dþ −M2

12 −m2
3

2M12

; ð18Þ

where m1, m2, and m3 denote the masses of particles 1, 2,
and 3, respectively. The masses and widths of the particles
are taken from the RPP [48]. Permutation of the indices
allows us to evaluate all three mass distributions, using
M12, M23 as independent variables, and the property
M2

12 þM2
13 þM2

23 ¼ M2
Dþ þm2

πþ þm2
η þM2

η to get M13

from them.
It is notable that there are two ηmesons in this process so

that they have πþη1 and πþη2 invariant mass distributions.
In order to better compare with the experimental data, we
take,

dΓ
dMπþη

¼ dΓ
dMπþη1

þ dΓ
dMπþη2

: ð19Þ

III. RESULTS AND DISCUSSIONS

As we discussed above, we can get dΓ=dM12 by
integrating d2Γ=ðdM12dM23Þ over M23 with the limits of
Eq. (17). Firstly, we have only considered the contribu-
tion from a0ð980Þ state for comparing with the BESIII
measurements [24]. It is worth mentioning that, in this
case, there is only one free parameter, i.e., the global
normalization constant Vp. The parameter of the fit
is given in Table I, and we have χ2=d:o:f: ¼
137.93=ð126 − 1Þ ¼ 1.10. We show our results of the
πþη invariant mass distributions in Fig. 5(a). The blue
dotted curve shows the contributions from a0ð980Þ, which
includes the contributions by exchanging two η. The blue
dashed curve shows the contribution from tree level. The
black solid curve shows the total contribution. One can find
a significant cusp structure around 980 MeV in the πþη
invariant mass distribution, which could be associated
with the a0ð980Þ state. However, one can see that, in the
1000–1200 MeV region, our results are lower than the
BESIII measurements [24], which implies that there could
be some contributions from other intermediate states. On
the other hand, we show the ηη invariant mass distribution
in Fig. 5(b). The blue dotted curve shows the contribution

FIG. 4. Mechanism of the intermediate f0ð1370Þ.

TABLE I. Fitted parameters of this work. The mass of f0ð1370Þ is in units of MeV.

Parameters VP α Mf0ð1370Þ ϕ χ2=d:o:f:

without f0ð1370Þ 1026.9� 8.5 1.10
with f0ð1370Þ 1024.2� 29.7 0.07� 0.01 1331.5� 95.1 ð1.22� 0.26Þπ 0.96
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from a0ð980Þ1 (πþη1) and the green solid curve shows the
contribution from a0ð980Þ2 (πþη2). The blue dashed curve
shows the contribution from tree level. The black solid
curve shows the total contribution. One can also find that,
in the whole energy region, our results are in fair agreement
with the BESIII measurements [24].
Furthermore, we have considered the contribution from

the intermediate f0ð1370Þ state, which can decay into ηη in
S-wave. In this case, we have considered the f0ð1370Þ state
and the effect of interference between f0ð1370Þ and other
terms. Since the BESIII measurements have larger uncer-
tainties, we fix the f0ð1370Þwidth Γf0ð1370Þ ¼ 350 MeV in
order to reduce the number of the free parameters. In our
calculation, there are four free parameters, (1) the strength
Vp for the contribution from the tree diagram and the
a0ð980Þ; (2) the relative strength α for the contribution
from f0ð1370Þ; (3) the f0ð1370Þ mass Mf0ð1370Þ; (4) the
interference phase angle ϕ. The parameters of the fit are
given in Table I. One can find that the fitted χ2=d:o:f: ¼
117.34=ð126 − 4Þ ¼ 0.96 is smaller than the results (1.10)
without the contribution from the intermediate f0ð1370Þ.
We present our results of the πþη invariant mass

distributions in Fig. 6(a). The blue dotted curve shows

the contributions from a0ð980Þ. The blue dashed curve
shows the contribution from tree level. The black solid
curve shows the total contribution. One can see that, in the
1000–1200 MeV region, the results considering the con-
tribution from f0ð1370Þ are in good agreement with the
BESIII measurements [24]. Meanwhile, we show the ηη
invariant mass distribution in Fig. 6(b). The blue dotted
curve shows the contributions from a0ð980Þ1 (πþη1). The
green solid curve shows the contributions from a0ð980Þ2
(πþη2). The blue dashed curve shows the contribution from
tree level. The black solid curve shows the total contribu-
tion. One can find that, although the contribution from the
f0ð1370Þ is small, the ηη invariant mass distribution with
the interference effect of f0ð1370Þ is significantly different
from the previous results shown in Fig. 5(b). Indeed, the
BESIII measured πþη and ηη still have a large fluctuation;
the more precise measurements in the future could be used
to constrain the contribution from the f0ð1370Þ, and
determine the mass and width of f0ð1370Þ.
Finally, we show the Dalitz plots of “M2

πþη” vs “M2
πþη”

and “M2
πþη” vs “M

2
ηη” with the contribution from f0ð1370Þ

state in Figs. 7 and 8, respectively. One can find the clear
signal of the a0ð980Þ around M2

πþη ¼ 0.96 GeV2.

FIG. 5. πþη (a) and ηη (b) invariant mass distributions of the
Dþ → πþηη reaction without the contribution of f0ð1370Þ.

FIG. 6. πþη (a) and ηη (b) invariant mass distributions of the
Dþ → πþηη reaction with the contribution of f0ð1370Þ.
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IV. CONCLUSIONS

Recently, the BESIII Collaboration has measured the
processDþ → πþηη using 20.3 fb−1 of eþe− collision data
at the center-of-mass energy 3.773 GeV, and found a clear
cusp structure in the πþη invariant mass distribution, which
should be associated with the scalar a0ð980Þ [24]. The
BESIII amplitude analysis of this process suggests that
the a0ð980Þ line shape cannot be well described by the

three-channel coupled Flatté formula for the a0ð980Þ,
and could arise from the triangle loop rescattering of
Dþ → K̄�

0ð1430ÞKþ → a0ð980Þþη with a significance of
5.8σ [24]. However, the triangle singularity of Dþ →
K̄�

0ð1430ÞKþ → a0ð980Þþη appears at Mπþη¼1073MeV,
about 80 MeVaway from the nominal a0ð980Þmass, which
implies that the triangle diagram proposed by BESIII [24]
is far away from developing a triangle singularity.
According to BESIII measurements of the process

Dþ → πþηη, one can find that the ηη invariant mass
distribution is significantly different from the phase
space distribution in the region 1300–1500 MeV [24].
Considering that the scalar meson f0ð1370Þ could decay
into ηη [48], there could be a contribution from the
f0ð1370Þ state.
Therefore, in this work, we have investigated this process

by considering the contribution from the resonance
a0ð980Þ, which is generated by S-wave pseudoscalar
meson-pseudoscalar meson interaction within the chiral
unitary approach, and the contribution from the intermedi-
ate scalar meson f0ð1370Þ.
One can find that our results including the contribution

from the intermediate f0ð1370Þ, neglected in BESIII
analysis, give a good description of the πþη and ηη
invariant mass distributions, which supports the molecular
nature of the a0ð980Þ, and implies that the f0ð1370Þ plays a
sizeable role. Since the properties of the scalar f0ð1370Þ
have not been well established and the BESIII data have
large fluctuation, the more precise measurements about this
process by Belle II and the proposed STCF could shed
light on the mechanism of this process and the nature
of f0ð1370Þ.
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FIG. 8. Dalitz plot of “M2
πþη” vs “M2

ηη” for the double differ-
ential decay width d2Γ=dMπþηdMηη of the process Dþ → πþηη.

FIG. 7. Dalitz plot of “M2
πþη” vs “M2

πþη” for the double
differential decay width d2Γ=dMπþηdMπþη of the process
Dþ → πþηη.
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