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Torus knots in adjoint representation
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We derive a closed-form expression for the adjoint polynomials of torus knots and investigate their
special properties. The results are presented in the very explicit double sum form and provide a deeper
insight into the structure of adjoint invariants essential for the Vogel’s universality of Chern-Simons theory.
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I. INTRODUCTION

Evaluating the HOMFLY-PT invariant of various knots
and links is an important goal due to its numerous
applications. Specifically, in accordance with Ref. [1], this
invariant colored with a Young diagram R is nothing but the
Wilson loop average in representation R in the SU(N)
Chern-Simons theory. Hence, its analysis reveals pure
topological effects in Wilson averages of gauge theories
[2-4] as well as various Lie algebraic structures common
for gauge theories.' In particular, the study of adjoint
representation gives information about Wilson averages
in the pure gluodynamics.

The adjoint invariants are also applied to study of the
Vogel’s universality of Chern-Simons theory [5] (see also
Ref. [6] for a latest review), which gives a unified
description of various quantities in the adjoint sector of
representation theory for all simple Lie algebras in terms of
three parameters, a, f, y, which are homogeneous coor-
dinates of the Vogel’s projective plane. These quantities
vary from the Chern-Simons partition function [7] to the
Racah matrix [8] involving the adjoint representation and
its descendants [9]. Notably, in Refs. [10,11], one of us
constructed universal invariants for the torus knots
T[2,2n+ 1], T[3,3n £ 1], and T[4,2n + 1]. Extending
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' An example of a pure algebraic structure is given by the Vogel’s
universality, which can be conjecturally extended from Chern-
Simons theory to Wilson averages in various gauge theories.
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this construction to more general knots, however, has
not yet been possible.

Moreover, there is also a pure knot theory application:
the knowledge of the adjoint invariant allows one to
evaluate the fundamental HOMFLY-PT polynomial of
the reversed two-cable knot K, as follows™:

(K)

Hﬁz(K)(q,A) =5 (14 Dpgi(g:A)Hyg(g.4)), (1)

] [l](q’A)

and similarly for links [[12], Eq. (33)], where Hy denotes
the (reduced) HOMFLY-PT invariant colored with the
Young diagram R and normalized to unknot, and Dy
(Dpgj) is the quantum dimension of the fundamental
(adjoint) representation. In accordance with Ref. [[12],
Eq. (2)], this polynomial has a peculiar “panhandle” shape
for torus knots, the case we deal with in this paper.

The torus knots T[m, n| are given by a pair of coprime
numbers m and n (otherwise yielding a multicomponent
link), and are described as a contour put on a two-dimen-
sional torus without self-intersections winding n times
around one cycle of the torus, and m times around the
other one (hence, m <> n symmetry). Formula (1) for these
knots becomes®

HCT(T[m.n])(q,A) _

1 (1 4 A—Z(m—l)n

Dy (g.A)
x Dag (0. AVHY"" (q.4)). (2)

’An important point is that the invariants are here taken in the
vertical framework [12,13].

3The torus knot polynomial is here in the topological framing;
hence, an additional factor of transition to the vertical framing
A~2(m=1)n [12].
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and the panhandle shape of this polynomial means that, at
m < n, it iS a sum

H[Cﬁ(T[m'"])(q,A) =[1-2m;2m—1],

A2n _ A2m

+(m=1)(g-q)A—5—

~~
panhandle

of quite a nontrivial (n-dependent) polynomial of A and ¢
[1 —2m;2m — 1], of maximal degree 2m — 1 in A, and
minimal degree 1 — 2m, and of a simple panhandle poly-
nomial of the degree growing with n.

Thus, we focus here on torus knots as a sufficiently large
class of knots that admit a relatively simple evaluation of
their invariants, and on the adjoint representation, which is,
on the one hand, essential for various applications (the
Vogel’s universality, panhandle polynomials, etc.), and on
the other hand, rather nontrivial, since the decomposition of
its powers into irreducible representations contains non-
trivial multiplicities. The evaluation of the HOMFLY-PT
polynomial Hp(g,A) is based on the Rosso-Jones formula
[14,15], which, in turn, is based on the realization of
Hpg(gq,A) in terms of the R-matrix of the algebra U, (sly)
(lg| < 1) in the representation R [16]. Using the Rosso-
Jones formula [14,15] allows us to present the answer for
the adjoint HOMFLY-PT polynomial of arbitrary
torus knots.

In this paper, we adopt the following notation:

=t RN U
{x} = x’ [ ]q {q} .

II. ROSSO-JONES FORMULA

We start with the Rosso-Jones formula [14,15] for the
(normalized) invariant of the torus knot T'[m, n] (m and n
are coprime) colored by a finite-dimensional irreducible
representation R of the simple Lie group associated with
root system A (A, denotes the positive roots):

mnxg
q

P%ﬂ-"} (q,A) Z cg"Q) . q_%”Q -qDQ(q, A). (3)

 aDg(9) 55
Here,

is the eigenvalue of the second Casimir operator in the
representation Q, expressed in terms of its highest weight

*Note that the condition m < n is essential: restoring the
symmetry of the torus knot 7'(m,n) in m and n (topological
framing) requires vanishing certain leading coefficients in the
Laurent polynomial [1 — 2m;2m — 1], when m > n.

Ay, and

Ao+ p,a q
aDo(q.4) = ll (B0 +7.2)}, [Q(p’;)]q)]

is the quantum dimension, and the coefficients c%mQ) are

defined by the Adams operation: m-plethysm

Aduyr(pe) = xr(Pmk) = Z ng)fg@k), (4)
Qeren

where yz(p,.«) 18 the character of representation Q. In these
formulas, p =137, ¢ a, @ is the Weyl vector. Note that

expression (3) is symmetric in m and n (which is absolutely
nontrivial). The knot invariant (3) is in the topological
framing.

One of the most straightforward ways to evaluate the
Adams coefficients is to use the explicit formula

CgemQ) _ ZWRM)Z/AQ(mA)’ (5)

where w(A) is the character of the representation R of the
permutation group on the conjugacy class given by the
Young diagram A, and z, is the order of automorphism of
the Young diagram A: if A = [...,3"3,2™ 1], where some
r, may be equal to zero, then z, := [[, K"*r;!. The Young
diagram mA is understood as the Young diagram with all
lengths of lines multiplied by m.

In the following, we specialize the general formula (3) to
the Ay_; series and derive explicit expressions for the
adjoint HOMFLY-PT invariant of arbitrary torus knots.

III. Ay_; SERIES: A SIMPLE EXAMPLE

For the Ay_; series, all ingredients entering the Rosso-
Jones formula (3) admit a particularly explicit form. The
finite-dimensional irreducible representation is labeled by
the Young diagram R, and the corresponding character is
given by the Schur function Sp [17], which is realized
either as a graded polynomial of p, =:trg*, where g is the
group element of SL(N), or as a graded symmetric
polynomial of the eigenvalues of g.

Consider the simplest example of the trefoil knot, which
is the T2, 3] torus knot, and the fundamental representa-
tion, R = [J = [1]. In this case, the character is Sjj; = p; so
that Eq. (4) becomes

A

AdySi = p2 = Sp = Sps (6)

the second Casimir eigenvalues are
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1 4 4
K[]]:N—ﬁ, X[z]:2+2N—N, X[l’l]:_2+2N_N7
()
and the corresponding quantum dimensions are
{A} {qA} {A/q}
gDy ==, gqDp=qD ., qDpy=qD .
1 {4} 2] (1] {7} 2 1 (7%}
(8)
Substituting all these quantities into Eq. (3), one comes to
T[2.3] A? 242 _ 4
Hyy :—?(qA —q*—1). )

Note that this result can be equally well obtained with the
standard skein relation (see the notation in Ref. [18]), as
follows:

A7 Hpyy(Ly) — AHpy(L2) = (¢ — g7 ") Hpyy(Lo),  (10)

which can be interpreted as a relation for the R-matrix in
the fundamental representation. However, in the case of
higher representations R, the skein relations do not work
any longer [[19], Sec. 2], and one has to use instead the
Reshetikhin-Turaev R-matrix approach [16], which
|

(R,P)=[R,+ Py, ...

where /p denotes the number of lines in the Young diagram
P. This (R,P) is the first (“maximal”) representation
contributing to the product R ® P, where P denotes the
conjugate representation. It can be manifestly obtained
from the tensor products (i.e., as a projector from R ® P)
by formula [20], as follows:

(RP)= 3 (~)'NyNE ¥V @5 (13)
Y.Y..Y,

where the superscript “T” denotes transposition.

The adjoint representation is the simplest example of the
composite representation; it is given by the Young diagram
[21V=2], which depends on N. We introduce the variable
A = gV as a convenient notation for our discussion. This
variable A should not be confused with the second variable
A of the HOMFLY-PT polynomials. The HOMFLY-PT
polynomial is evaluated for one and the same Young
diagram for various A,_;, while the adjoint (or, more
generally, composite) representation depends on N itself.

ultimately reduces, in the case of torus knots, to the
Rosso-Jones formula [14].

IV. Ay_; SERIES: GENERIC CASE

In the generic case in the Ay_; series, the Casimir
eigenvalue is

B ok
xo =2 (j-i) N IV, (11)

The quantum dimension is

aDelg.4) = ] L2 (12)

i,jeR{qh(l"j)},

where A(i, j) is the hook length, and the product runs over
boxes of the Young diagram. It can be obtained by
evaluating the Schur polynomial at the point g = ¢* so

that trg* = %.

We will also make use of the notion of a composite
representation [20], which describes the most general
finite-dimensional irreducible highest-weight representa-
tion of SL(N). Such a representation is associated with a

Young diagram of the form

Ry, + Py, Py, ..., PP =P, P =P, ...P = P,
——

N—lg—Ip

|
Formally, we define H 4i(g,A) via the specialization

HAdj (47A) |A:qN = JELI(ICZ] (Q)’ (14)

for all sufficiently large N [21,22]. Here, J ;L(M (q) is the
SL(N) invariant. This polynomial is called the uniform
HOMFLY-PT polynomial in Ref. [10], and the same
construction applies to any composite representation.

Our goal now is to construct the uniform (adjoint)
HOMFLY-PT polynomial for the torus knots T[m,n];
ie., m and n are coprime. Note that, in this case,
constructing torus knot invariants is generally simpler than
links: for instance, Adj®* decomposes into 40 irreducible
representations (irreps), while the Adams operation gen-
erates only 17 irreps [11]. This is because the plethystic
expansion of the adjoint Schur function generating the
Adams coefficients is relatively simple. For instance, the
five-plethystic expansion is
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AdSSAdj =4+ S[251N—]0] - S[352N—913] + S[453N—822] - S[554N—73] + S[655N—6]

- S[3231N—9] + S[4332N—813] - S[5433N7722] + S[6534N—63] - S[7635N—5]

+ S[4223N—8] - S[5322N—713] + S[6423N—622] - S[7524N—53] + S[8625N74]

= Sis21v-7) + Sjezon-613] — Si7azn-522) + S[gsav—+3) — Spossv-3)

+ S[61N—6] - S[72N—5 13] + S[83N—422] - S[94N—33] + S[10,5N72]’ (15)

which has to be compared with just antisymmetric part of
Adj®’ in Ref. [23].

For the adjoint representation, the quantum dimension
and the Casimir exponential take particularly simple forms:

qDAdj<q,A>—quw-z](q,A)—“q{}q{if‘/q},

q;{Adj :A2'

(16)
!

AdeAd] = m— 1 + S[zmlN—Zln] - S[3m2N—2m+] lm—Z] + S[4m3N—2m+22m—3] + tt

V. UNIFORM POLYNOMIALS FOR TORUS KNOTS
T|m,n]

Because of simplicity of the plethystic expansion, it is
technically available to construct the knot invariant in the
adjoint representation for the torus knots T[m,n] with
arbitrary coprime m and n. The Adams operation generates
m? + 1 irreps in this case. The general answer is quite
transparent:

+ (—1)m+1S[m+]$nlN—m—l] - S[32m—21N—2m+]] + ces

mterms

+ (_l)mS[42m—31N—2m+2] + coe + cee + (_1)m+lS[m+1_1N—m—l] ‘I— (—l)mS[m_,'_Z.zN—mlm—Z] + e

m terms

+ S[ZmJnN’Z]? (17)

m terms

with totally m? + 1 terms in this formula.

With these formulas for the Adams operation, construct-
ing the adjoint knot invariants is immediate. To this end, we
rewrite these formulas in the composite representation
notation and notice that the Adams operation gives rise
to only hook Young diagrams:

AdeAd_] =m— 1 + Z (_1>a+bS([a’lm—a]’[h’lm—b]). (18)
a.b=1

In order to justify this formula, one can note that the
coefficients cg'g in the Adams operation can be obtained by
splitting the decomposition of R®™ into a sum of terms with
fixed symmetric patterns given by the Young diagrams P of

size m, as follows:

R®" = "7p(R®™). (19)

Ptm
Then, the Adams operation gives (see Refs. [14,15])

Ad,(R) = wp([m))zp(R®™), (20)
Pkm

where wp([m]) is the value of the character of the
permutation group S, in the representation P on the cycle
of the maximal length [i.e., on the cyclic permutation

m terms

[
(1,...,m), as follows:

(=1)¢ ifP=[m—d. 19

. (21)
0 otherwise.

(i) = {

Now we evaluate the second Casimir eigenvalues of the
representations entering Eq. (18). For the composite rep-
resentation (R, P) with |R| = |P| = m, it is generally given
by the formula (see, e.g., Ref. [12])5

K.p) = 2Nm + kg — Kpr.
Using
Kig 0] = ala—=1) = b(b + 1),
one obtains

q"qu,]m-ﬂ].[h,lm‘b]) = Azqu”’(“er_m_l) . (22)

°In the generic case, the formula has the form

(IR[ = |P])

2
K(r.p) = 2N(|R| +|P]) - N + KR — Kpr.
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Similarly, the quantum dimension of the composite representation is given by the formula [24], which can be rewritten in
the form

I IN+R, +P;+1-

dD(x p)(q.A) = aDg(q.Ag™"")qDp(q. Ag~'* HH -

’

i=1 j= N +1-i- ]q

so that

A a+b—1 Ag@m=11LA b—m—17 a—1 A i+tb—m—11 b—1 Agita—m=1

qD([a,l’”’“],[b,l”’*b])(q,A):{ 4 }{mqZ _}1{ q } { q i } { q : }
{g"}*{Aq7'} Wy 4

TP A HAP Y e {AG T H A T {Ad )

i=1 {dHAq "y b {dHAg} i {Ag Y
since

{Aq}H “{Aq™"}
{q}H {q}H “fq'}

Thus, we finally come to the main result of this paper, to the explicit formula for the (reduced or normalized) uniform
HOMFLY-PT polynomial of the torus knot 7'[m, n], as follows:

qD((g,1m-4)) (g, A) =

A2mn m
HT[V{L,"] q,A - <m -1+ -1 a+bA—2nq—2n(a+b—m—l) . qD Lqa b C],A >’ 24
adg (4, A) Drg (4) MZZI( ) (ja 1= .10y (4, A) (24)
with the quantum dimensions given by formulas (16) (a7 i)
and (23). Yim { -+ Hagi = aD(im).im)) (4: A)

Substituting the result (24) into Eq. (2), we immediately
obtain the fundamental normalized HOMFLY-PT polyno-
mial of the reverse two-cable T(m,n) knot [12]. The
following section is devoted to a detailed study of the
properties of the obtained formulas (24).

= quAdj(%A)v (27)

[m n

where H Adj denotes the unreduced uniform HOM-

FLY-PT polynomial. This immediately follows from
Eq. 24) at |¢| < 1, |A] < 1.

(v) One can also check that

VI. PROPERTIES OF UNIFORM POLYNOMIALS

Using the formulas (24), one can verify for a generic Hig?’"]
torus knot 7'(m, n) that the following properties hold:

(i) As is usual with the Rosso-Jones formula, it looks

nonsymmetric in n and m for the torus knot T'[n, m],

=1+ 0(1?), (28)

which just means that the framing is topological.
T[m.n]

but, in fact, it is symmetric. In particular, this means Particular specializations of the polynomial H, " are:
that one can choose the smaller of two numbers m (i) The Alexander polynomial
and 7 as an upper limit of summation in Eq. (24) to
have a simpler sum. Timan] _ . Tm.n] B
(ii) Since T[m, 1] is an unknot, Upg" = Hyg L 1. (29)
Tim1] _ .. . )
Hygi =1 (25) (ii) The special polynomial
S . Tim.
(iii) In the case of T[m, 0], which is the pure plethysm, UA[(;T ] (A) = HA[(;? ] .
q=
T[m0] qDAdj(qm’ Am) (26)
AG T qDrgi(g. A) which, for the series of torus knots 72, n = 2k + 1],
T[3,n=3k+ 1], T[4, n =2k + 1], ..., is equal to
(iv) One checks that the stable uniform HOMFLY-PT (the signs in front of 0[1[] g are, of course, not seen
homology of torus knots (in the spirit of Ref. [25]) is in the uniform special polynomial)
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m,n m,n|\2
oy (A) = (o),

= A (=D (n=2)A* =2(n = 1)(n+ 1)A> + (n+ 1)(n +2)),

n= 1
G[Tlgz, 2k+1] _ _EAn_1(<n —1DA2=(n+1)),
TBRn=3k+1] 1
n
Tan=2+1] _ 1
°n] Y

A ((n = 1)(n =2)(n = 3)A% = 3(n = 1)(n = 2)(n + 1)A*

+3n=1)(n+1)(n+2)A> = (n+1)(n+2)(n+3)),

(30)

This, indeed, coincides with the special polynomial of the torus knot 7'[m, n| with arbitrary coprime m and n in the

fundamental representation:

m

Timan ot Lo n—1 n+k—1 .
0[1[] ]:(_1) HaA( 1)( 1)'2(_1)k+1< )( o A2(m=k)_

k=1

(31)

m—k

The symmetry of this expression in m and n is absolutely nonevident, but it is symmetric.
(iii) The A = g* corresponds to the spin 1 representation of SL(2), and, hence the adjoint HOMFLY-PT polynomial

becomes the colored Jones polynomial: J2 ™" (g) =

HT[m.n] qZ(m—l)(n—l)

G
Adj Ag? 1_q6

which coincides with the colored Jones polynomial J, of
the torus knot 7'[m, n]. In this case, the symmetry between
m and n is manifest.

VII. CONCLUDING REMARKS

We have presented an explicit formula (24) for the
adjoint HOMFLY-PT polynomial for an arbitrary
torus knot T'[m, n]. It is quite surprising to find a closed-
form formula for the HOMFLY-PT polynomial in a mixed
representation: until now, this was only possible for
polynomials in (anti)symmetric (or, possibly, rectangular)
representations (i.e., those whose square decomposition
does not contain multiplicities). Importantly, such an
explicit form is necessary for constructing universal
Vogel’s formulas (see Ref. [11] for the last example).

A natural extension of the present analysis is to the case
of torus links, which is considerably more involved. The
complexity arises for two main reasons. First of all, the
number of representations Q that contribute to the rhs of the
Rosso-Jones formula in the case of knots is typically less
than half that in the case of links. This is because the
m-plethysm expansion of the adjoint representation gives
rise to composite representations (R, P) with |R|=|P|=m
only (and not all of the possible representations
emerge even with this restriction). In the case of
[-component links, the sum in the Rosso-Jones formula

_ AAm+2 q4n+2 4 q4(n+m) 4 q2(m+l)(n+l)—2(1 _ q2))’

T[m,n|
Hyg"

. In fact:
A=q*

(32)

runs over representations with |R| = |P| equal to mk/I
with k =1, ..., (see Ref. [12]). An additional complica-
tion arises from the nontrivial multiplicities of representa-
tions appearing in the sum. Due to these chains of
reasoning, calculating the adjoint HOMFLY-PT invariants
for arbitrary links remains a challenging problem. It
therefore represents an important topic for future
investigation.

Another essential problem that remains is to make a
similar calculation for arbitrary knots, but for other groups.
This would allow one to construct the universal invariant in
the Vogel’s sense. Finally, it would be interesting to
generalize the present construction to refined Chern-
Simons theory, in the spirit of Ref. [26].
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