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The method of simulation based inference is shown to lead to a more accurate resonance parameter

estimation than traditional > minimization in certain cases of model misspecification in a case-study of 7z
scattering and the p(770)-resonance. Models fit to certain datasets using x> minimization can make
inaccurate predictions for the pole position of the p(770). Simulation based inference (SBI) is shown to
make a more robust predictions for the pole positions. This is significant, both as a proof of concept that the
SBI method can be used in cases of model misspecification, and because models of zz scattering are a
crucial part to many physical systems of contemporary interest [a;(1260), »(782) etc.].
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I. INTRODUCTION

A traditional and widely used method for model param-
eter determination given data is to find the parameters that
minimize y? statistic. Simulation based inference (SBI) is
an alternative method, developed and used in Refs. [1-4]
and applied to a number of fields including particle physics
[5], astrophysics [6,7], the Mpemba effect [8], neuroscience
[9], climate science and evolutionary biology [10]. A
pedagogical introduction in this matter can be found in
Ref. [11]. In a nutshell, this method involves using a model
to generate synthetic data, also referred to as pseudodata,
and then using this pseudodata to construct a probability
distribution for the model parameters given the data. The
probability distribution is often modeled using deep neural
networks.
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Recent research has focused on understanding how SBI
performs in cases referred to as misspecification, in which
either the data or the model is flawed. Some works have
shown challenges with the SBI method [12], and some have
used SBI as a method to test for model misspecification
[13] while others develop versions of SBI that are more
robust to model misspecification [14,15]. The present paper
uses a version of SBI that is robust under model mis-
specification to predict parameters relevant to hadronic
physics, first for a toy model and then for the actual data. It
should be noted that in an ideal case in which (a) data are
normally distributed around a model that is considered and
(b) the minimization routine can find the global minimum,
the y*> method is guaranteed to give more probable fit
parameters than the SBI method. However, in certain
nonideal cases, the SBI method might be able to outper-
form the method of > minimization. Thus, the aim of this
paper is not to replace the standard practice of obtaining
parameters through > minimization, but rather to introduce
an alternative that can be useful in certain cases, specifi-
cally in the presence of model misspecification.

The specific focus of this work is universal parameters
of resonances, unstable particles that can be formed in
scattering or decay processes. These parameters are
encoded in the pole positions of the transition amplitudes.
They are typically obtained by providing a suitable model
for the latter respecting principles of S-matrix theory
(possibly accommodating further symmetries) and fitting
the model-parameters to the data. Then the amplitude
(an analytic function of the complex-valued energy) is
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analytically continued to the unphysical Riemann sheets
where poles are allowed and are associated with resonan-
ces. For a pedagogical review, see Ref. [16].

The vector, isovector p(770)-meson, has quantum num-
bers that can overlap with those of a zz system. Thus, its
parameters can be extracted from the scattering data of two
pions. Indeed, phase-shift data for this process are
available [17,18]. However, inconsistencies have been
reported in the pole positions extracted from these data
and the PDG values, obtained using data from a larger
number of experiments; see e.g., Refs. [19-23]. Thus, an
open question remains whether a method different from the
y*-minimization can be used to mitigate possible incon-
sistencies in the data extracting the pole positions of the
p(770). We note that the p(770)-resonance has also been
studied in lattice QCD [24-36]. While beyond the scope of
the current work, the connection of the SBI methodology to
input from lattice QCD is not unthinkable, see, e.g., recent
work [37] also building on alternative statistical tools.

The applications of this are not limited to the p(770)-
resonance. Experimental data on K~ p — K~ p and other
final states in the low-energy regime are suffering under large
ambiguities [38,39] while also building a large bulk of an
input required to access the universal parameters of the
famous A(1405) two-pole structure [40]. Similarly, ambi-
guities in the meson-electroproduction data can lead to
incorrect extraction of baryon resonance parameters [41].
Furthermore, models for zz scattering in the kinematic range
covering the p(770)-resonance are also of high relevance for
multihadron interaction. For example, understanding of the
three-pion interaction requires knowledge of the two-pion
subsystem. For pertinent application [a; (1260) and w(782)]
within the IVU approach [42] see Refs. [43—47] and for
further related works Refs. [42,48—-65].

This work is not the first to apply methods involving
neural networks to study resonance phenomena. Methods
similar to SBI are used in Ref. [66] to predict the type of
resonance; Ref. [67] to determine the pole position and
pertinent Riemann sheets of the Pc(4312)+; Ref. [68] to
predict the pole structure of PyN(4312)+; Ref. [69] to
study the A(1405) resonance; Ref. [68] to obtain the
scattering length and effective range of the X(3872) and
the T'..+; Ref. [70] to predict meson mass and width based
only on their quantum numbers; and Refs. [71,72] to
analyze hidden charm pentaquarks. References [73—-85]
provide additional general methods for applying neural
networks or other machine learning methods to the study of
pole positions or analytic continuation. What distinguishes
the present paper from previous work in applying deep
learning to the study of resonances is an explicit focus on
making predictions in the case of model misspecification.

This paper is structured as follows. Section ITA
describes the specific method of SBI that is applied in
this work. Section II B applies this method to a contrived
example, for which the correct answer is known, in order to
demonstrate the effectiveness of the method in comparison

to y*> minimization. The method is then applied to zx
scattering data. Section III A applies two separate models to
two separate datasets, isolating effects of each model and
dataset. Section III B uses an SBI method to determine
what model to use with the data and then to make a
prediction for both datasets. Section IV discusses reasons
why the SBI method might outperform the method of y?
minimization. The work is concluded in Sec. V.

I1. SIMULATION BASED INFERENCE APPLIED
TO MODEL MISSPECIFICATION

A. Methodology

This paper presents an alternative method for fitting a
function, which can be written as f(x; @) with x and d being
an independent variable and model parameter list, respec-
tively. The problem of fitting involves comparing this
function to data to determine the most probable free
parameters. This is often done by minimizing a loss
function such as the y? statistic, which (if correlations in
data are neglected) is given by

Naaa X d) —v)2
)(2:Z(f( 176)2 yl) , (1)

i i

where x; are independent measurements, and y; denote the
dependent measurement with uncertainties o;. This well-
known formula can be used to find the most probable
parameters a given the measured data y; under the
assumption that the data are normally distributed about
the function for some values of a, and the prior uniform
probability distribution of fit parameters.

In the case of model misspecification, meaning that no
values of a exist for which the data are normally distributed
about the function, the most accurate parameters (given the
data) may not be the parameters corresponding to the
minimum 2. SBI relies on different assumptions and
therefore, in certain situations, could give more accurate
probability distributions in these situations. Because there
are multiple ways that SBI can be implemented, we
describe the method employed in this work below, also
visualizing the data pipeline in Fig. 1.

(1) Sets of parameters d ; are randomly generated. The
range and probability distribution for this must be
carefully chosen to minimize introduced bias. If
most of the generated a ; lead to a certain feature, the
SBI method might predict this feature, whether or
not the data contain evidence for this feature. The
distribution used to generate these parameters can be
thought of as the Bayesian prior distribution for the
parameters.

(2) For each of these parameter sets, the function f is
used to generate a set of pseudodata, x”, y” and o?,
where x” = x; and 67 = o; for provided indepen-
dent variable and corresponding uncertainties.
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FIG. 1.
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A diagrammatic depiction of the data pipeline in the SBI method employed in this work. In each of the boxes on the left the
middle/bottom row refer to the studied case of actual zz scattering data and the toy example, respectively.

In other words, the independent variable and the
uncertainty are the same for the pseudodata as for the
actual data. The dependent variable is determined as
v =R(f(x;),0;), i.e., a normally distributed ran-
dom variable with a mean f(x;) and standard
deviation ;. When done this way, the method works
for a fixed set of data. If new data are added, new
values of x; must be used. In principle, this method
can also be extended to assess the uncertainty on the
independent variable, x;. This can be of large
relevance, e.g., for negative-strangeness meson-
baryon systems [38,86-93], where experimental
data not only have large error bars on the measured
cross sections but also on the energy variable. In
these circumstances, pseudodata for the independent
variable can be generated with x” = R(x;,0,;),
where o,; is the uncertainty on x;.

If necessary, only data points with the feature being
studied are retained. For instance, in our example of
p(770)-resonance, we only retain data points with
physical poles in a realistic range. Clearly, this step
can introduce bias similar to the bias described in
step 1. For instance, if a neural network that is only
trained on data corresponding to reasonable p poles
returns a p pole that is no more accurate than the
average of the training data, this is not evidence that
the neural network has learned the dataset. This will
be discussed in detail in Sec. III C. The number of
the remaining pseudodatasets is referred to in the
following as Np.

The pseudodata are used to train a neural network.
The values y? are used as the inputs of the neural
network and the randomly generated a used as
outputs. A variety of loss functions could be used
for this training; however, the most common is the
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mean squared error, which is also employed in
this work.
Once the neural network is trained, y; from the
actual data are given as inputs and the outputs,
predictions for @, are recorded.
Steps 4 and 5 are repeated N times. This is necessary
because there is some randomness in the selection of
batches of {y”, @} while training the neural network.
The output predictions for a are stored.
The average values of the model parameter list
obtained in step 6 give the best fit predictions a.
Assuming a symmetric normal distribution of the
values, the uncertainty of the average of the neural
networks is obtained through standard deviation as
a; +o(a;)/ V/N for each model parameter ;. This
term accounts only for the uncertainty of the average
of the neural network in the limit of a large number
of trials, not for the bias that might occur if this
average does not converge to the true value. To our
knowledge, there is no general method that accu-
rately estimates the value of this bias in all cases.
This can present a real challenge for the use of SBL
Due to this concern, confidence regions for the SBI
predictions should be treated with less certainty than
equivalent confidence regions obtained through a y?
minimization. However, in this paper, we have
focused on the case of model misspecification, for
which, > minimization also returns biased results
with no clear way to estimate the magnitude of the
bias. Thus, this challenge is not unique to SBI.

B. Toy examples

We begin with two toy examples to demonstrate the

SBI. In the first, model misspecification is created by
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FIG. 2. Left: Phase-shift data with two points that are intentionally modified to create a case of extreme model misspecification in
comparison to the function that gives the minimum y? and the SBI result including confidence region. The SBI curve lies much closer to
the unmodified data than the curve computed through y? minimization. Right: A similar comparison of the SBI method to the neural
network method. In this case the synthetic data are not modified but instead is generated with a non-Gaussian distribution. The SBI
neural network is trained on only Gaussian-generated pseudo data so that it does not have an advantage.

intentionally modifying several data points to prevent a
reasonable fit, and in the second, model misspecification is
created by generating synthetic data with non-Gaussian
uncertainty but not including information about this prob-
ability distribution in the y*> minimization or SBI fit. In both
examples we use a Breit-Wigner like parametrization of the
scattering amplitude,

Vk

(E* = M?) — iMT”’

T(E) = (2)

with a resonance mass M, width I" and energy E. Using
this parametrization, we generate unmodified synthetic
data, i.e., phase-shift §(E) = arctan(Im 7'(E) /ReT(E)) that
would be plausible for a specific value of M and I.

1. Example 1 (outliers)

The first toy example is intentionally chosen to provide
an extreme case to visualize the SBI method when dealing
with outliers. This example is performed selecting the
parameters M = 857 MeV and I' =119 MeV and then
intentionally changing the data (modified data) such that no
values of M and I" could plausibly have generated the data.
Specifically, 11 unmodified points are generated for values
of E ranging from 400 MeV to 1200 MeV in increments
of 80 MeV, adding a normally distributed random variable
with a standard deviation of 0.05 to §(E). After the unmodi-
fied data are calculated, the points are modified such that
S6(E =560 MeV) = 2.7 and §(E = 1040 MeV) = 0.5 as
depicted in Fig. 2. Note that this stark example is chosen as
a first test contrasting y*> vs SBI methodology, only. While
another case is discussed below, we note that dealing with
outliers is, indeed, an important aspect in many modern
hadron spectroscopy. Partially, this is due to outdated, old
datasets or simple typos in data basis, see, e.g., the

discussion in Refs. [41,48,94,95]. Methods mitigating this
issue range from manual checks to data pruning [80,96,97].
The probability that the modified data could have been
generated from any values of M and I' is vanishingly small.
The usual »?> minimization can, still, be applied to the
modified data. The best fit returns values of M and I
provided in the upper half of Table I while the correspond-
ing phase-shift is shown in the left side of Fig. 2.
Simulation based inference is also employed, with its
predictions shown the right column of Table I. There, we
randomly generate Np = 10° points of training data with
values of M /MeV uniformly distributed between 400 and
1200 and values of I'/MeV uniformly distributed between
0 and 500. The pseudodata are passed to a neural network.
Specifically, they include four hidden layers, with 40, 30,
20, and 10 nodes, respectively. Each node in each layer has
a relu activation function. The output layer has two nodes
with the leaky relu activation function. The mean squared
error loss function is used. The neural networks are run for
1000 epochs or until they have been run for 20 epochs
without improving the validation loss. In almost all cases,

TABLE I. A comparison of the free parameters obtained
through »? minimization and SBI. The upper half shows the
values using modified data and the lower half shows the values
for the non-Gaussian synthetic data. The parameters used to
generate the unmodified data are given in the second column.

Modified Generating e SBI
M [MeV] 857.0 889.2 £ 6.5 861.3 +£5.0
I' [MeV] 119.0 482.6 £17.2 293.5+ 6.5
Non-Gaussian Generating 7 SBI
M [MeV] 150.0 291.6 £ 62.0 148.7+ 1.2
I' [MeV] 150.0 56.7 £52.3 207.7£2.8
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the latter occurs, indicating that further epochs would not
improve the validation loss. The batch size chosen for the
training process is 2000. The neural network is trained with
the Adam optimizer. We note that the relu activation
function, the Adam optimizer, and the mean squared error
loss function are standard and have not been fine-tuned for
a specific problem at hand. The leaky relu for the output
layer was chosen because more common activation func-
tions cannot return negative values. The number of nodes
and layers was chosen somewhat arbitrarily. To assess this
possible source of bias, we have performed numerical tests
described in the Appendix A, showing that the size and
architecture of the neural network is reasonable. We
employ the same neural network architecture across
all cases.

Taking a closer look on the results in Table I, we note that
the SBI and »° method give an M that is similarly close to
the original M used to generate the unmodified data. At the
same time, the value of I" in the SBI method is closer by
more than an order of magnitude than the value from the y?
method to the true value. The confidence region of §(E)
predicted by SBI shown in the blue shaded area of Fig. 2.
While this region does not cover all of the data points, it is
much closer than the §(E) calculated with the parameters
obtained through the x> minimization. This toy model
demonstrates that, under model misspecification the SBI
can outperform y? minimization providing more accurate
predictions of the underlying parameters.

Note that, the neural network with a mean squared error
loss function is not minimizing the same quantity as the .
Even though both quantities are a sum of squares, the y?
statistic is the sum of the squared difference between the
predicted and measured values of the phaseshift, o, whereas
the mean squared error is the squared difference between
the predicted and actual values of the fit parameters, a.
Thus, the SBI prediction for the phase-shift should not be
expected to converge with the y? prediction.

In this toy example, the exact nature of the model
misspecification is known. Thus, a reasonable alternative
strategy could include, removing the visibly inaccurate data
points as outliers or using different loss function, rather
than the y? function to reduce reliance on a few points.
However, the strength of using SBI is that it did not have to
identify why the data or model was flawed. In many cases
of real application, the flaws that cause model misspeci-
fication are not identifiable. SBI might be used in some of
these situations to obtain more accurate results even with-
out identifying them.

2. Example 2 (non-Gaussian errors)

As a second toy example we consider a case where the
data used to obtain final results from the neural network are
not modified but are generated from a non-Gaussian
probability distribution. Specifically, random noise is

added to the phase-shift generated from an exponential
distribution given by e~("14] for x > 0, with 1 = 0.05.
This distribution has mean of 0 and a standard deviation of
0.05 just as in the previous toy model. However, due to the
asymmetry of this distribution, more data points lie above
the curve than below however, the points that do lie below
are more likely to be far below, which gives them a
disproportionate influence on the y2. Thus, this is a
situation of model misspecification even though the data
have not been modified.

In this case, we choose the “true” parameters used to
generate the data to be M = 150 and I" = 150. The data are
generated for the same values of E as the previous case. We
have chosen different generating parameters for this toy
model and the previous one because after trying several
non-Gaussian distributions for the generating pole param-
eters of the previous toy-model (chosen to provide a good
visualization of the SBI method) we were unable to create a
case of model misspecification. This does not, however,
mean that in general such distribution does not exists. We
note that this situation still has important physical rel-
evance, e. g., for subthreshold resonances, such as A(1405)
[40] or T}.(3875) mentioned above.

The pseudodata used to train the neural network is still
Gaussian, because otherwise the knowledge of target
distribution is needed. Of course, the SBI method would
obtain more accurate results if it were trained on data
generated with the same probability distribution as the one
used for the data in the prediction, but we choose to train
the neural network on the Gaussian data to make the
comparison more even. The y? statistic is constructed
without knowledge of the probability distribution of the
data generated. We work with an SBI method that has no
additional knowledge. The parameters for this method are
given in Table I, and the curves are shown in Fig. 2. As in
the case of the previous toy example, the SBI method
predicts parameters that are closer to the ones used to
generate the data than the ones predicted by the > method.

III. APPLICATION TO zz SCATTERING
AND THE p(770)

As discussed before, the properties of the p(770)-
resonance can be accessed through zz-scattering data.
As a representative example, we employ in this paper fits
to the zmz-scattering data using a K-matrix like approach
reading

1
K;'(E) - (E)

n—1 E2 i
K, \(E) = M%Zai (—2> .
i=0 Mz
(k)

o dkk* 1 [ E*\"
SE) = | () ———. (3
(E) [) (27)3 2E; <4E§> o —4E2 + e G)

T(E> = ﬁ(kcm) D(kcm)’
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TABLE II.

The pole positions of the p(770) from SBI and y?> methods for datasets from Ref. [17] (Protopopescu) and Ref. [18]

(Estabrooks). Two and three subtractions (n) are used in both methods. Several reference values from the PDG [98] are provided in the
lower table for comparison. All pole positions are visualized in Fig. 3.

SBI 7
Data n agx10° a; x 10° a, x 10° E* [MeV] ag x 10% a; x 10* ay x 10° x3 ¢ E* [MeV]
Estabrooks 2 —444  +142 766.3(1.8) —i79.0(0.7) —460  +15.6 12.8 750.3(0.6) — i69.8(0.5)
Protopopescu 2 —454  +14.9 763.7(1.0) —i75.5(0.3) —467  +15.7 3.7 755.6(0.8) —i70.4(0.6)
Estabrooks 3 —188  —-322 4041 769.6(2.9) —i71.8(0.3) -223 4093 +40.39 3.6 766.8(1.5)—i74.0(0.7)
Protopopescu 3 —-368 4890 4020 772.3(2.1)-i78.7(0.6) -319 +6.30 4025 04 762.8(1.2)—-i78.5(1.1)
All 3 —-187 3.7 4042 7724(2.3)-i754(04) -290 +4.10 +0.29 3.1 763.7(0.9) —i76.9(0.6)
Reference/PDG values

E*=M—-iT'/2 [MeV]

ete” 775.3(0.3) —i73.9(0.5)

Photoproduction 769.0(1.0) — i75.9(1.3)

Other reactions

769.0(0.9) — i75.5(0.9)

used, e.g., in Ref. [44]. Here, ko, = \/E%/4 + M2, d(k) =
\/16x/3k, E;, = \/k* + M2, while M, denotes the pion
mass. These models can use any number of subtractions (1)
which defines the number of free parameters of the model
(a;). When the free parameters of these models (e.g., n = 2
or n = 3 subtractions) are fit to the experimental data from
Refs. [17,18] using y*> minimization the predicted pole
positions differ significantly from the PDG values [98]
including larger datasets. This problem is not unique to
the K-matrix but was also discussed in a broader context
[19-23] indicating the presence of certain inconsistencies
in these data. This section covers the application of SBI to
zw scattering to make predictions for the pole position of
the p(770). This is done for each dataset and model
separately in Sec. III A and all together in Sec. III B.

A. Predictions for individual datasets and models

In this section, we apply two and three subtraction
models [cf. n in Eq. (3)] to data from Ref. [17] or [18]
to which we refer to as Protopopescu data and Estabrooks
data after the respective first author of each publication.
This defines four different cases, allowing us to assess the
effects that might be specific to one model/dataset.

The best fit parameters with y?> minimization are deter-
mined and shown including the extracted pole positions in
the right part of the Table II. Left part of the same table
collects the results of the corresponding SBI method. For
the y*> method, the uncertainties are calculated with boot-
strap resampling, while the pseudodata are generated
following the method described in Sec. II A with some
details relegated to Sec. IIIC. The bottom of Table II
gives the reference values taken from the PDG tables [98]
where larger range of datasets and factors were used.
We emphasize that our goal here is not to improve on

theoretical tools (see, e.g., Refs. [20,99—101]) but rather to
study possible alternatives to the usually employed y?
methodology. The positions for each case for both the y?
method and the SBI method, as well as the PDG pole
positions are visualized in Fig. 3.

In all four cases, the SBI pole position is closer to
the pole position from the most precisely determined
eTe” data.

Overall, it is reasonable to claim that in all four cases, the
SBI method leads to pole predictions that are as close
or closer to the reference values than the method of y?
minimization. Note, however, that because the different
models are partly related and because there are only two
models and two datasets, this result should not be consid-
ered to be as strong as if four completely independent cases
were employed.

B. Combined fit and classifier network

In this section, we discuss how to incorporate informa-
tion for all four cases. The two datasets can be combined
into a single dataset, but both different models cannot be
combined—one or another must be chosen. The method we
use to determine the best model to use to fit the data is
similar to the SBI method used in this work; see Sec. IT A.
A large number of pseudodatasets are generated from
models with various number of subtractions [cf., n in
Eq. (3)]. Only pseudodata points that have realistic pole
positions are retained as discussed in Sec. III C. A neural
network is then trained to predict the number of subtrac-
tions that generated the pseudodata. Finally, the experi-
mental data are given to the neural network returning an
estimate of the probability that this data was generated from
a given model assuming it was generated from such model
types. This classifier neural network uses the softmax
activation function for the final node. The network is

016002-6
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FIG. 3.

The pole position confidence regions of the p(770) for datasets from Ref. [17] (Protopopescu) and [18] (Estabrooks), using

two and three subtractions. The red rectangles (1 and 2 standard deviations) give the confidence region obtained through y?
minimization and the blue that of the SBI. The brown rectangles give the PDG values for various types of experiments which serve as a
benchmark. In these cases, the SBI method makes predictions for the p-pole that as close or closer to the reference values than the y?
method. It should, however, be noted that each case is related to two others so this result is not as strong as if all four cases were
completely independent. Furthermore, the confidence regions given for the SBI and y? do not account for bias in the prediction and thus
should not be treated with the same credence as predictions obtained in the absence of model misspecification.

trained using a cross-entropy loss function. The estimated
probabilities P(n) with uncertainties in the parenthesis read

P(1) = 0.00067(00003),
P(2) = 0.06482(00095),
P(3) = 0.86657(00122),
P(4) = 0.06791(01004),
P(5) = 0.00001(00000). (4)

These results indicate that, if the actual data were generated
from a K-matrix model, three subtractions is most likely to
have generated it, which we use in the following. Note that
these predictions are not for a specific set of a; but for any
values of «;.

The SBI predictions using both datasets are given in
bottom row of Table II together with the y* parameters,
while the predicted pole positions are also depicted in the
left panel of Fig. 4. Right panel of Fig. 4 shows the model
phase-shift predictions in comparison to the data. The
degree of model misspecification in this case is much lower
than in the toy example which was specifically chosen as
an extreme case. It may not be “visible by eye;” however,

the y3,, for this case is 3.1 (given in Table II). For this
situation, the y? corresponds to a p-value of 0.17 x 1073
indicating that model misspecification is clearly present.
The red y? curve lies closer to the data than the SBI method.
This fact is not surprising because the y? statistic is a
measure of how far the curve is from the data, and
therefore, the curve corresponding to the minimum y?
will be the one closest to the data. Nevertheless, the SBI
curve makes a prediction for the p pole position that is in
better agreement with PDG datasets (as shown in the left
of Fig. 4). This situation can be compared to the toy
example in which the y? curve was closer (as measured
by squared distance) to the modified data, but the SBI
method made a prediction for the pole position that is in
closer agreement with the model used to generate the
majority of the data points. This indicates that possible
ambiguities in the data are systematically better handled
in the SBI method.

C. Training data generation and tests for bias

We generate pseudodata as described in step 1 in
Sec. Il A. The parameters ay, a;, a, are generated randomly
with a uniform distribution within the following ranges:
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FIG. 4. Left: A comparison of the SBI method (blue) and the > method (red) for the pole positions. The SBI pole position is closer to
all PDG datasets than the y?> minimization. Right: A comparison of the phase-shifts for the SBI method and the > method with the
Protopopsecu [17] and Estabrooks [18] data. The best fit 3, value and further details can be found in Table II.

[-GeV?/M2,GeV?/M?2], [-1,1], [-M2/GeV? ,M2/GeV?],
respectively. These ranges are well beyond the values that
would generate reasonable p(770)-resonance poles.

Next, as described in step 3 of Sec. II A, we include only
parameters which lead to a pole position within the largest
possible square centered on the pole-position (obtained
from the > method) that is below the real axis. In other
words, if the y? determined pole from the actual data have a
position E* = a — ib, we retain pseudodata points if the
corresponding y? determined pole Ej = x —iy fulfills
a—b <x<a+band2b <y < 0. Such amethod centers
the range of allowed pole positions on the E* but does not
require addition choices of ranges. These pseudodata are
generated until Np = 10% points of training data are
obtained. This step is necessary because most randomly
generated parameters do not lead to any physical pole and
only approximately 2% lead to a pole in the range in which
we retain data. If this step were not performed, the neural
network with the lowest loss function would be one that
made the best predictions on the majority of the training
data, which did not have poles. We emphasize again that the
goal of this work is not to provide a universal neural
network trained to assess any scenario but rather to provide
an alternative method (SBI) to the usual y*> minimization
for extracting pole positions from data which includes
ambiguities. In principle, anchoring the training data to the
x> can effect the final predictions. However, this step
ensures that, if the SBI method makes a more accurate
prediction than the ? method, it is not because it is trained
on data that are closer to known position.

The training data are given to a neural network with
exactly the same details as the neural network used in the
toy example of Sec. II B. For each case, the neural networks

are run N = 100 times. The value of 100 is chosen
somewhat arbitrarily; however, we performed numerical
tests described in the Appendix B indicating that the sample
size is enough for convergence. Randomness in optimiza-
tion such as the batch selection leads to different final
results. These N = 100 different results are used to
calculate the uncertainty as described in step 7. in Sec. Il A.

A common concern to many applications of neural
networks and Al in general is that a possible bias or prior
in the pseudodata might lead to unnaturally accurate
results. For example, even though the range of values in
which the poles are retained is centered around the y? pole,
it is possible that the pole values for randomly generated
parameters that fall in this range tend to be clustered closer
to the reference PDG results. To address this, we calculate
the pole positions for each point of the training data (10°)
and take the average as provided in Table III. These
positions can also be compared to the pole positions
obtained previously for the two methods in Table II.
Quantitatively, this is encoded in the provided distances
in Table III between the poles from the two methods and the
average training data poles for each model and dataset. For
n = 3 and all data combinations, the average of the poles
from the training data are quite far from the predictions of
either method. The distance to either method is more than 3
times as large as the that between the methods themselves.
This demonstrates that the particular choice of the training
data cannot have been the reason for the better performance
of the SBI method. For the n = 2 cases, the average of the
training data pole positions is closer to SBI result. This
indicates that the data used to train the neural network
might slightly influence the accuracy of the SBI method.
However, the fact that the average training data pole is

016002-8



DEEP NEURAL NETWORK DRIVEN SIMULATION BASED ... PHYS. REV. D 114, 016002 (2026)

TABLE III.  The average of the pole position calculated from each point in the pseudodata used to train the neural network. The right

three columns give the distance in MeV between the pole positions in
x> minimization method in Table II.

this table and the pole positions predicted by the SBI method and

Data n Pseudodata E* [MeV] Distance y? to pseudodata  Distance pseudodata to SBI ~ Distance SBI to y?
Estabrooks 2 757.4(1.2) —i80.8(0.9) 13.2(1.6) 9.1(1.3) 18.5(1.1)
Protopopescu 2 757.3(1.2) — i81.0(0.8) 10.6(1.5) 8.3(1.3) 9.5(1.0)
Estabrooks 3 766.7(1.5) — i45.0(0.8) 29.0(2.3) 26.8(2.0) 3.2(1.7)
Protopopescu 3 764.8(1.2) —i44.4(1.0) 34.2(2.3) 35.1(2.3) 9.5(1.8)
All 3 766.1(1.8) —i44.1(0.9) 32.9(2.2) 32.3(2.0) 8.8(1.3)

roughly equidistant from the predictions from the two
methods in both cases indicates that this bias is not the
primary cause of the success of the SBI method.
Furthermore, we note that the distance from the SBI result
to the reference values is much smaller than that to the
training data, or between the y? result to the reference
values as well; see Fig. 3.

IV. DISCUSSION

In the previous sections we have demonstrated that
SBI can be more accurate than y> minimization in certain
cases of model misspecification. In this section, we dis-
cuss how the neural network’s predictions can be interpreted.
To some extent, we are limited to speculation, because, in
general neural networks are “black boxes” which behavior
cannot be easily inferred from the details of the net-
work [102].

We can however remark that this process can be under-
stood as doing something related to Bayesian inference. In
model fitting (whether or not misspecification is present)
the desired result is a probability distribution for the fit
parameters, a. This distribution is conditional on the
measured data y. In other words, the distribution to be
estimated is P(d|y). As mentioned in Sec. ITA, the
probability distribution used to generate the training
parameters d; can be interpreted as the prior probability
distribution. Each point of training data is generated in
proportion to the likelihood of values for a given 4, thus, if
the set is large enough, it contains an implicit probability
distribution for P(y|a). Thus, the neural network has access
to enough information to perform an approximate Bayesian
inference. Due to the complex nature of neural networks it
cannot be verified if this is exactly what is being done, but
the success of the neural network supports this claim.

V. CONCLUSION

We have presented a method of simulation based
inference and shown it to be a viable alternative method
to the y*> minimization in case of model misspecification
both for a toy example and for the case of the actual 7z
phase-shift data used to predict the p(770)-resonance
parameter. In the latter case, the SBI, indeed provides

resonance parameters closer to the reference values for two
different models and two different datasets indicating the
robustness of the method. Additionally, a classifier neural
network was employed to determine which model is most
likely to have generated both sets of data simultaneously.
SBI was then employed to determine the best parameters
for this model. These parameters can be applied, beyond
determination of the p(770) to study of three-body states
such as the a;(1260).

While it is difficult to exactly determine the reason why
the SBI method outperforms the y?> minimization method in
the described cases of model misspecification, we have
speculated that the effectiveness of the SBI is due to the
additional information the method has access to.

The SBI cannot outperform y> minimization in cases that
are close to ideal, and for this reason, we do not believe that it
will replace the latter method. However, the strength of the
method presented here gives strong reason to believe that
application to other situations where data (including possible
ambiguities) can lead to model misspecification would allow
for a more robust determination of pole parameters.
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APPENDIX A: ADDITIONAL NUMERICAL
TESTS: NETWORK ARCHITECTURE

The architecture of the neural network is in general
somewhat arbitrary. To provide some level of objectivity in
the context of the current application, we perform a
numerical test demonstrating that, while there is not one
ideal choice, the architecture is at least credible.

The neural network employed in this paper (except for
the ones used in this test) chooses four hidden layers with
40, 30, 20 and 10 nodes respectively. To test whether the
number of nodes is sufficient we perform the following
procedure. We vary the total number of nodes in the neural
network, starting by fixing the network at four layers with
the first layer having 4 times the number of nodes in the
final layer, the second having 3 times, and the third layer
having 2 times. We generate ten sets of M and I' with
uniformly distributed values between 400-1200 MeV and
0-500 MeV, respectively. With these values, we generate
corresponding sets of pseudodata using the Breit-Wigner-
like function described in the toy model. We then train the
neural network ten separate times. For each time, we
calculate the mean squared error (MSE), which is the
chosen loss function in this work, between the model’s
prediction and the parameters used for generation. The
average MSE for each neural network is given in the left
half of Table IV. We find that, for a very small network,
increasing the number of nodes significantly increases the
accuracy of prediction; however, beyond a certain size,

TABLE IV. A numerical test about the ideal architecture of the
neural network. The left two columns test the number of nodes
used. The MSE referenced is the average mean squared error for
ten different parameters. In all rows in these columns the nodes
are distributed in four layers, with nodes decreasing in integer
multiples of the number of nodes in the final layer. The left two
columns test the number of hidden layers used. 100 nodes is
distributed among the given number of layers. In both sides of the
figure, the neural network used in the main text of this paper with
100 nodes and four hidden layers is put in bold font.

No. of nodes MSE
20 9444.05
50 4737
80 59.84
100 535
150 53.77
500 532
No. of hidden layers MSE
1 61.05
2 61.42
3 56.83
4 535
5 62.35
9 28987

increasing the number of nodes has a vanishingly small
effect. The neural network we work with in the main part,
with 100 nodes, is close to the point at which increasing the
size has only a small effect on the accuracy. Since
increasing the size of the neural network comes with an
increased computational cost, we choose to work with a
neural network of 100 nodes.

The right side of Table IV holds the number of nodes
fixed at 100 and varies the number of layers. The nodes are
distributed among the layers as closely as possible to the
distribution in which each layer decreases by the number of
nodes contained in the final hidden layer. We find that a
neural network with only one layer is already reasonably
accurate, but increasing the number of layers provides a
modest improvement up to around four layers. Beyond this,
increasing the number of layers starts to provide a sharp
increase in the MSE.

APPENDIX B: ADDITIONAL NUMERICAL
TESTS: CONVERGENCE

Here, we perform a numerical test to determine whether
100 samples of the neural network are sufficient and
whether the result converges with the sample size. Our
method is as follows: we use the dataset employed in the
first toy example in which two points have been intention-
ally altered. We generate a list of 2000 neural network
predictions. This list is then randomly broken into samples
of a given size, N,. The average and standard deviation of
each sample is computed. From these a quantity known as
the standard error of the standard deviation (SESD) is
computed. This quantity consists of taking the standard
deviation of the list of the standard deviations for each set.
The mean of standard deviations (MSD) is also computed.
To obtain a more reliable value, these quantities are
averaged over 1000 random partitions of the list of data
into samples of size N,. The ratio of these two quantities
gives an estimate of what fractional or percentage varia-
tion that might occur between the standard deviation of a
single sample of size N, and the standard deviation of an
arbitrarily large sample. These values are shown for M and
I' in the left two columns of Table V. We find that the
standard deviation of a typical sample of size N; = 5 might
be off by 40% but that reduces to 8%—11% for a sample of
N, =100 as is employed in this work.

TABLE V. The average y3  ; and average SESD/MSD ratio for
M and T'.

Ny ot SESD/MSD for M SESD/MSD for I'
5 1.87 0.40 0.39
10 1.27 0.27 0.24
25 1.08 0.18 0.18
50 1.04 0.16 0.12
100 1.03 0.11 0.08

016002-10



DEEP NEURAL NETWORK DRIVEN SIMULATION BASED ...

PHYS. REV. D 114, 016002 (2026)

Additionally, we compute the 73 ; by partitioning the
list into samples of size N, as described in the preceding
paragraph. The y? statistic is calculated using the average
x! (xe{M,T}) and standard deviation &! of sample

i€{1,2000/N,} as well as the average from the whole
list excluding that sample X; as

Tor =Y (1 =%)2/(c}/ /N>

i

(B1)

Assuming that the list is large enough that differences
between its average quantities and the average quantities in
an infinite list are negligible, and assuming that error is

distributed normally and thus the uncertainty is of//Ny,
this statistic should follow the ¥? distribution. If this
distribution is divided by the number of degrees of free-
dom—in this case the number of samples in the list—it has
an expected value of 1. Table V contains this measure for
both M and I" averaged over many random repartitions of
the list. It shows that for a sample of N, = 5, the sample
size is not large enough to obtain a reasonable convergence
and uncertainty may not be sufficient. However, with a
sample of N; = 100, the size employed in this work, the
Z3ior approaches 1, indicating that this uncertainty can
sufficiently account for uncertainties due to fluctuations in
the neural network.
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