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We compute the classical gravitational Compton amplitude at the fourth post-Minkowskian order,
OðG4Þ, within the Worldline Quantum Field Theory framework. We derive the associated N-matrix
element, which provides the gravitational-wave scattering phase shift at the same order. As a nontrivial
check, we show that our result agrees with black hole perturbation theory.
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I. INTRODUCTION

Precise detection of gravitational-wave signals requires a
deep understanding of the compact objects that generate
them. In particular, it is important to characterize the
response of compact objects to external perturbations.
This response includes conservative tidal deformations,
dissipative absorption effects, and more general frequency-
dependent effects. For neutron stars, these quantities
depend on the equation of state, whereas for black holes,
they are fixed predictions of general relativity.
The traditional framework for computing black hole

response is black hole perturbation theory (BHPT), which
plays a central role in the description of wave propagation in
the presence of black holes. For a Schwarzschild black hole,
linear gravitational perturbations are governed by the
Regge-Wheeler and Zerilli equations [1,2]. Perturbations
of rotating black holes are instead described by the
Teukolsky equation [3]. The asymptotic solutions of these
wave equations determine partial-wave scattering phase
shifts and absorption coefficients. In the low-frequency
regime, these quantities can be computed systematically
using analytic and numerical methods, including the Mano-
Suzuki-Takasugi formalism [4] and related approaches [5].

BHPT therefore provides the general-relativistic answer to
wave scattering off a black hole background.
In parallel, ideas and methods from quantum field theory

have led to a new approach to the relativistic two-body
problem in general relativity, combining effective field
theory (EFT) [6,7], scattering amplitudes, and worldline
methods. These techniques have been predominantly applied
across two separate perturbative schemes: The post-
Minkowskian (PM) expansion for weak-field relativistic
scattering between two compact objects and the post-
Newtonian (PN) expansion for weak-field low-velocity
bound systems. In the post-Newtonian approach, the combi-
nation of EFT ideas [6–8] and multiloop integration tech-
niques [9] has pushed the study of conservative binary
dynamics to 4PN [10,11] and 5PN orders [12–14], and has
recently led to partial results at 6PN [15] and 7PN [16]. In
the post-Minkowskian approach, the computation of the
2PM gravitational Hamiltonian from scattering amplitudes
[17,18] initiated a new precision program for conservative
binary dynamics. This program has since reached 3PM
[19–25], 4PM [26–32], and more recently, the 5PM order
[33–39]. These results have been obtained using several
complementary frameworks for constructing the classical

FIG. 1. Kinematics of the problem. The red wavy lines describe
the incoming k1 and outgoing k2 gravitational wave, while the
black line is the worldline of the compact object of mass m and
four-velocity v. The momentum transfer q ¼ k1 − k2.
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integrand, including scattering-amplitude methods, an
observable-based approach [40], worldline quantum field
theory (WQFT) [41,42], and worldline effective field theory
[43,44]. A complementary line of research has focused on
radiative observables, using amplitudes and worldline meth-
ods to compute gravitational waveforms at leading order
[42,45–51] and, more recently, at next-to-leading order
[52–60]. Most of these calculations treat compact objects
as pointlike sources and therefore do not include finite-size
effects.
To incorporate such effects, the compact object must be

described by an effective worldline action including non-
minimal couplings to the gravitational field. The Wilson
coefficients of these operators encode the response of the
compact object to external perturbations. Matching these
coefficients to BHPT data is therefore a key step toward a
systematic description of compact-object response within
the EFT framework.
The object that naturally implements this matching is the

gravitational Compton amplitude, also known as the
gravitational Raman amplitude, which describes the elastic
scattering of a gravitational wave off a compact object. In
the low-frequency regime, this amplitude admits a post-
Minkowskian expansion in powers of Gmω, where G is
Newton’s constant, m is the mass of the compact object,
and ω is the frequency of the incoming radiation. This
quantity has been evaluated at 2PM order [61], including
spin effects [62], and recently at 3PM order for a non-
spinning compact object [63–65].
In order to match these predictions with BHPT, one needs

to consider the exponential representation of the scattering
matrix [66,67], and extract the associated N-matrix, also
referred to as the Magnusian operator [68]. This relation has
been made explicit for gravitational-wave scattering in
Refs. [63–65], where the exponentiated form of the ampli-
tude was matched to the BHPT phase shift.
This perspective has recently played an important role in

the study of black hole Love numbers, dynamical response,
and finite-size effects in compact-object scattering [69–72].
Complementarily, the Born-series approach to gravita-

tional amplitudes provides a direct partial-wave framework
for matching effective theories to BHPT and for separating
long-distance gravitational iterations from short-distance
tidal response [72,73].
In this work, we compute for the first time the minimal

spinless gravitational Compton amplitude at fourth post-
Minkowskian order in WQFT. The compact object is
represented by a worldline coupled to the gravitational
field, and classical correlators are generated by Feynman
diagrams with retarded boundary conditions (þiε) [44,74].
For wave scattering, the central object is the graviton

two-point function in the presence of the spinless worldline
source. We construct the corresponding three-loop WQFT
integrand, reduce the resulting tensor structures to scalar

integrals, and map the amplitude to a three-loop integral
family.
The required integrals are then evaluated using standard

multiloop techniques. We use integration-by-parts iden-
tities [75–77] to reduce the amplitude to a basis of 15
master integrals. The master integrals are computed with
the method of differential equations [78–82] in the angular
variable, and the system is brought to canonical form
[83,84]. The canonical system contains an elliptic sector,
and the answer is naturally expressed in terms of elliptic
iterated integrals. We check the result by verifying the
expected infrared-divergence structure. Finally, we con-
struct the fourth-order N-matrix operator by subtracting the
lower-order Born iterations. We checked our result explic-
itly by matching it with BHPT.
Conventions. We work in mostly-minus metric, with

signature ðþ;−;−;−Þ. Multiloop integrals are defined in
dimensional regularization: D ¼ 4 − 2ϵ, with ϵ the analytic
regulator. For the loop integration measure, we use the
shorthand notation

Z
l1…lL

≡ μ2ϵL
eϵγEL

ð4πÞϵL
YL
r¼1

Z
dDlr

ð2πÞD : ð1:1Þ

Here, μ is an arbitrary mass scale coming from dimensional
regularization, and γE is the Euler-Mascheroni constant.
We denote spatial vectors in boldface, e.g., l, and we use

the notation

lμ ¼ ðl0;lÞ; ð1:2Þ
where l is the ðD − 1Þ-dimensional spatial part of the
vector lμ. With this, we also define the shorthand notation

Z
l1…lL

≡ μ2ϵL
eϵγEL

ð4πÞϵL
YL
r¼1

Z
dD−1lr

ð2πÞD−1 : ð1:3Þ

We absorb the factor of 2π that appears in the worldline δ
functions as

δ̂ðyÞ≡ 2πδðyÞ: ð1:4Þ

II. SETTING UP THE PROBLEM

We consider the elastic scattering of a gravitational wave
off a spinless compact object of mass m, as depicted in
Fig. 1. This process is described by the graviton two-point
function in the presence of a single massive worldline
source, and is commonly referred to as the gravitational
Compton, or gravitational Raman, amplitude.
The compact object is characterized by its gravitational

charge rs ¼ Gm, while the incoming radiation has wave-
length λrad ¼ ω−1, where ω is the frequency of the incoming
and outgoing radiation.Wework in the low-frequency regime
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Gmω ≪ 1; rs ≪ λrad: ð2:1Þ

Under these assumptions, the gravitational wave probes only
the long-distance field of the compact object. The latter can
therefore be described by an effective worldline coupled to
gravity. Equivalently, physical observables can be computed
in a post-Minkowskian expansion in powers of

ϵPM ¼ 2Gmω: ð2:2Þ

A. Kinematics

The incoming graviton has momentum kμ1 and helicity λ1,
while the outgoing graviton has momentum kμ2 and helicity
λ2. We define the momentum transfer as

qμ ¼ kμ1 − kμ2: ð2:3Þ

The compact object has momentum pμ ¼ mvμ, where vμ is
the classical four-velocity of the worldline, normalized as
v2 ¼ 1. The external gravitons are on shell:

k21 ¼ k22 ¼ 0: ð2:4Þ

Working in the rest frame of the compact object, we have
v ¼ ð1; 0Þ. As we will see, worldline Feynman rules
produce an overall factor δ̂ðv · qÞ, enforcing conservation
of the energy measured along the worldline. Therefore, the
process is elastic, as follows:

v · k1 ¼ v · k2 ≡ ω; v · q ¼ 0: ð2:5Þ

We are also free to parametrize the graviton momenta in
terms of the scattering angles in spherical coordinates
ðθ;ϕÞ as

k1 ¼ ωð1; 0; 0; 1Þ;
k2 ¼ ωð1; sin θ cosϕ; sin θ sinϕ; cos θÞ;

q2 ¼ −4ω2sin2
θ

2
≡ −4ω2x2; ð2:6Þ

where we have introduced the dimensionless variable

x ¼ sin
θ

2
; 0 ≤ x ≤ 1: ð2:7Þ

Finally, the polarization tensors are transverse and trace-
less, as follows:

kiμε
μν
i;λi

¼ 0; ημνε
μν
i;λi

¼ 0: ð2:8Þ

We opt to work in the transverse traceless (TT) gauge, in
which the external polarizations are transverse to the
worldline velocity

vμε
μν
i; λi

¼ 0: ð2:9Þ

The graviton polarization tensors can also be rewritten in a
double-copy form, as products of spin-1 polarization
vectors as

εμνi;λi ¼ εμi;λiε
ν
i;λi
: ð2:10Þ

We can parametrize the polarization vectors in the rest
frame as

ε1;λ1 ¼
1ffiffiffi
2

p ð0; 1; 0; 0Þ þ iλ1ffiffiffi
2

p ð0; 0; 1; 0Þ;

ε2;λ2 ¼
1ffiffiffi
2

p ð0; cos θ cosϕ; cos θ sinϕ;− sin θÞ

þ iλ2ffiffiffi
2

p ð0;− sinϕ; cosϕ; 0Þ: ð2:11Þ

B. Worldline QFT setup

The computation is formulated in the WQFT framework
[41]. The system is described by the action

S ¼ SEH þ SGF þ Spp: ð2:12Þ

The bulk dynamics are governed by the Einstein-Hilbert
action

SEH ¼ −
2

κ2

Z
dDx

ffiffiffiffiffiffi
−g

p
R; ð2:13Þ

and we use the de Donder gauge-fixing term

SGF ¼
1

κ2

Z
dDx

ffiffiffiffiffiffi
−g

p
gμνΓμΓν; ð2:14Þ

where Γμ ¼ gρσΓρσμ and Γρσμ are the Christoffel symbols,
and κ2 ¼ 32πG is the gravitational coupling constant.
The compact object is described by the gauge-fixed

Polyakov form of the massive point-particle action [41]

Spp ¼ −
m
2

Z
dτ gμνðxðτÞÞẋμðτÞẋνðτÞ: ð2:15Þ

Here, xμðτÞ is the worldline position and τ is the worldline
time parameter. Dots denote differentiation with respect to
τ. We can study this system perturbatively by expanding the
metric around flat spacetime,

gμν ¼ ημν þ κhμν; ð2:16Þ

and the worldline around the straight trajectory of the
compact object, as follows:
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xμðτÞ ¼ vμτ þ zμðτÞ: ð2:17Þ

Here, vμ is the constant asymptotic four-velocity and zμðτÞ
denotes the worldline fluctuation. Substituting these expan-
sions into the action generates the WQFT Feynman rules.
The point-particle action produces worldline vertices cou-
pling a single graviton to the compact object, as well as
vertices involving the fluctuation field zμ. The Einstein-
Hilbert action produces the usual bulk graviton self-
interactions. In momentum space, each integration over
the straight worldline gives a δ function enforcing the
conservation of energy measured along the worldline.
We adopt the causal, or in-in, prescription of WQFT,

based on the Schwinger-Keldysh formalism for real-time
dynamics [85,86]. The diagrammatic rules therefore
employ active propagators with retarded iε prescription,
which enforce causal propagation from the worldline
source to the radiation field [44,74], as follows:

ð2:18Þ

where Pμνρσ reads as

Pμνρσ ¼
1

2

�
ημρηνσ þ ημσηνρ −

2

D − 2
ημνηρσ

�
: ð2:19Þ

We define the transfer operator T̂ as the connected part of
the Ŝ-matrix

Ŝ ¼ 1þ iT̂: ð2:20Þ

The gravitational Compton (or Raman) amplitude is then
the matrix element of iT̂ between asymptotic one-graviton
states jki; λii, as follows:

hk2; λ2jiT̂jk1; λ1i ¼ δ̂ðv · qÞiMðλ1; λ2Þ: ð2:21Þ

The amplitude admits a perturbative expansion in the post-
Minkowskian parameter, as follows:

iMðλ1; λ2Þ ¼
X
n≥1

MðnÞðλ1; λ2Þ;

MðnÞðλ1; λ2Þ ¼ OðϵnPMÞ: ð2:22Þ

In this work, we evaluate the contribution to the fourth
post-Minkowskian order, Mð4Þðλ1; λ2Þ.

III. CALCULATION OF THE COMPTON
AMPLITUDE

In this section, we will describe the calculation of the
fourth post-Minkowskian contribution to the gravitational
Compton amplitude.

A. Recursive integrand generation

To construct the WQFT integrand for the gravitational
Compton amplitude introduced in Sec. II B, we consider
the connected graviton two-point function in the presence
of the spinless worldline source,

Gμνρσðx2; x1Þ ¼ hhμνðx2Þhρσðx1Þiconn: ð3:1Þ

In the WQFT path-integral representation, this reads as

Gμνρσ ¼
1

Z

Z
D½h; z�hμνðx2Þhρσðx1ÞeiS½h;z�: ð3:2Þ

After Fourier transforming to momentum space and ampu-
tating the two external graviton propagators, we obtain an
amputated momentum space kernel, G̃amp

μνρσðk2; k1; vÞ, which
is related to the amplitude as

δ̂ðv · qÞiMðλ1; λ2Þ ¼ ðεμν2;λ2Þ�G̃
amp
μνρσε

ρσ
1;λ1

: ð3:3Þ

The compact object is not a fixed background geometry; its
long-distance field is built perturbatively by worldline
insertions and bulk graviton self-interactions. In the
absence of the incoming wave, the spinless worldline
sources a static one-point function, as follows:

HμνðxÞ≡ hhμνðxÞiWQFT: ð3:4Þ

This is the WQFT representation of the Schwarzschild field
in the chosen gauge, and it admits a Gm–expansion

Hμν ¼
X
r≥1

HðrÞ
μν ; HðrÞ

μν ¼ OððGmÞrÞ: ð3:5Þ

Diagrammatically, Hμν is a one-point current: at leading
order, a single graviton is emitted from the straight world-
line, and higher orders attach further worldline sources
through bulk self-interactions. It is thus the long-distance
field generated by the compact object itself,

ð3:6Þ

The wave-scattering problem is the linear response of this
configuration: Gμνρσ describes an active graviton entering at
x1, propagating through the field Hμν, and leaving at x2.
It is generated by a Berends-Giele [87] recursion (see
Refs. [30,64,88] for WQFT implementations), which we
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write schematically as

G ¼ G0 þ G0KG; ð3:7Þ

where G0 is the active flat-space graviton propagator and K
is the interaction kernel seen by the active graviton. We split
the kernel into a background and a recoil part, as follows:

KðrÞ ¼ KðrÞ
bg þ δr1Krec: ð3:8Þ

The background kernel KðrÞ
bg is the direct scattering of the

active graviton off the order-ðGmÞr field of the compact
object, built from Einstein-Hilbert vertices with two active
legs and any number of additional legs sewn into the one-
point current Hμν, as follows:

ð3:9Þ

The recoil kernel is the single insertion carrying the
worldline-fluctuation propagator: the active graviton
excites a fluctuation zμ through the worldline vertices,
which propagates along the worldline with an active
propagator, and is reabsorbed as follows:

ð3:10Þ

The Kronecker δ in Eq. (3.8) reflects that recoil enters only
as this leading insertion; higher-order recoil diagrams arise
by iterating it together with the background kernels inside
the recursion, not from new kernels.
Expanding the kernel and the connected two-point

function perturbatively as

K ¼
X
r≥1

KðrÞ; G ¼
X
n≥0

GðnÞ; Gð0Þ ¼ G0; ð3:11Þ

the recursion (3.7) with the kernel split (3.8) becomes

ð3:12Þ

which generates all connected WQFT diagrams with one
incoming and one outgoing active graviton.
The diagrams generated by Eq. (3.12) have a simple

causal structure. Potential gravitons, which carry vanishing
energy in the rest frame of the compact object, build the

static field Hμν, while active gravitons carry the external
frequency ω and propagate the gravitational wave through
this field. With retarded boundary conditions, causality
flows from the incoming to the outgoing active graviton,
and only active lines can go on shell.
Each worldline insertion produces a δ function δ̂ðv ·QÞ,

with Qμ the total momentum entering the worldline seg-
ment, while bulk vertices impose ordinary D-dimensional
momentum conservation. These constraints fix the energy
flow along the worldline, so that the nPM contribution is an
(n − 1)-loop spatial integral.
The recursion generates 70 WQFT diagrams at 4PM

order, of which only 36 contribute after imposing the
external-polarization gauge of Eq. (2.9). The diagram
counts through 4PM order are collected in Table I. The
Wick contractions, index contractions, and tensor simpli-
fications needed to construct the momentum-space inte-
grands were carried out with an in-house FORM [89]
implementation, using the on-shell conditions, the trans-
versality and tracelessness of the external gravitons, the
elastic relation v · q ¼ 0, and the kinematic identities of
Sec. II. As checks, we verified the external Ward identities
and reproduced the lower-order WQFT results of
Refs. [63–65].

B. Integral reduction

The recursive construction gives a sum of diagrammatic
integrands with different momentum routings and world-
line δ functions. The integrand is characterized by tensor
integrals up to rank 4, where tensors contain polarization
vectors contracted with loop momenta εi · lj.

TABLE I. WQFT diagrams generated by the recursion (3.12) at
loop order L, corresponding to PM order n ¼ Lþ 1. The
numbers in parentheses denote the diagrams that survive after
imposing vμε

μν
i;λi

¼ 0.

Loop order L PM order Diagrams

0 1PM 2(1)
1 2PM 6(3)
2 3PM 20(10)
3 4PM 70(36)

FIG. 2. Three-loop integral topology appearing in the compu-
tation of the gravitational Compton amplitude at fourth PM order.
Dotted lines represent the compact-object worldline, black wavy
lines are potential gravitons, and the red wavy lines are the active
graviton propagators.
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The tensors are reduced to scalar integrals using an in-
house implementation of the Passarino-Veltman reduction
in FORM, as described in Ref. [90]. All tensor dependence
can be expressed in terms of three independent gauge-
invariant structures [61]:

T 1 ≡ ðv · F1 · F�
2 · vÞ2;

T 2 ≡ ðF1 · F�
2Þðv · F1 · F�

2 · vÞ;
T 3 ≡ ðF1 · F�

2Þ2; ð3:13Þ

where Fμν
i ¼ kμi ϵ

ν
i − kνi ϵ

μ
i is the linearized field strength of

the external graviton. In this basis, the integrand can be
written as a linear combination of the three tensor structures
T i. We map the resulting scalar integrals for all diagrams to
a single class of integrals by employing an in-house
topology-mapping algorithm in FORM that performs shifts
of loop momenta to identify graphs by exploiting the
structure of their associated Symanzik polynomials. The
resulting integral family is given by

Fn1…n12 ¼
Z
l1l2l3

Q
3
r¼1 δ̂ðv · lrÞQ

12
a¼1 D

na
a

; ð3:14Þ

where the propagators are

Da ¼ ðl0
a þ k01 þ iεÞ2 − ðla þ k1Þ2;

D3þa ¼ l2
a;

D6þa ¼ ðla þ qÞ2;
D9þa ¼ ðlaþ1 − laÞ2; l4 ¼ l1; ð3:15Þ

where a ¼ 1, 2, 3. These integrals depend on two kinematic
variables: the graviton frequency ω ¼ v · ki and the angular
variable x. There are seven highest-level sectors appearing
with seven denominators, of which only one is irreducible,
shown in Fig. 2; the reducible ones are shown in Fig. 3.
We perform integration-by-parts (IBP) reduction using

the code PRISM [91], based on syzygy-based methods
[92–95], improved seeding algorithms [93,94,96], and
finite-field reconstruction techniques as implemented in
FiniteFlow [97].
After IBP reduction, the amplitude can be expressed in

terms of a basis of 15 master integrals, spanning more than
ten subtopologies, depicted in Fig. 4, which are all
subsectors of the irreducible top sector in Fig. 2. The
number of master integrals for each subtopology is given
by the following set of integrals:

G1;…;6∶1; G7;8;9∶2; G10∶3: ð3:16Þ

Interestingly, we find that seven of the 36 diagrams are zero
after IBP reduction. These seven diagrams are the only ones
containing a worldline propagator. We observed the same

pattern at lower loops and therefore conjecture that this
holds at all orders in the TT gauge.

C. Integral evaluation

In order to evaluate the master integrals, we solve the
associated differential equations that the master integrals
obey and fix the boundary conditions in the forward-
scattering limit.
We first note that the iε prescription dictated by the

Feynman rules only has an effect on active propagators
D1;2;3, due to the worldline δ functions. This can be seen by
imposing the δ functions, after which the family takes the
form

FIG. 3. Reducible top sectors appearing in the three-loop
Compton amplitude.

FIG. 4. Ten master integral topologies fGig10i¼1 containing the
15 master integrals appearing in the three-loop integral reduction.
The red wavy lines represent the active graviton propagators (see
Sec. III C), while black wavy lines represent the potential
graviton propagators. Black dotted lines denote worldline δ
functions.
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Fðη1η2η3Þ
n1…n12 ¼

Z
l1l2l3

1Q
3
a¼1 D̃aðηaÞna

Q
12
a¼4 D̃

na
a
; ð3:17Þ

where

D̃a ¼ ðωþ iηaεÞ2 − ðla þ k1Þ2;
D̃3þa ¼ −l2

a;

D̃6þa ¼ −ðla þ qÞ2;
D̃9þa ¼ −ðlaþ1 − laÞ2; l4 ¼ l1: ð3:18Þ

In order to eventually calculate the phase shift associated to
the scattering amplitude, we will need the integrals evalu-
ated with advanced propagators (−iε) as well; this is why
we have included the prescriptions ηa ¼ �. The resulting
irreducible top sector after imposing the δ function is
depicted in Fig. 5.

1. Differential equations

We denote the set of master integrals by J, and these
satisfy a system of differential equations in the kinematic
variable x, as follows:1

∂xJðx; ϵÞ ¼ Aðx; ϵÞJðx; ϵÞ: ð3:19Þ

A convenient choice of J is the canonical basis [83], where
the dependence on the spacetime dimension parameter ϵ is
factorized from the kinematic dependence

∂xJðx; ϵÞ ¼ ϵÂðxÞJðx; ϵÞ: ð3:20Þ

To find the canonical basis, we used a combination of
methods involving leading singularities [98–101], Magnus
expansion [84], and the publicly available code Canonica
[102]. The explicit form of the canonical differential equation
is reported in the ancillary file de_canonical.m.
The system is characterized by a family of elliptic

integrals that appears in the sector G7 of Fig. 4, which is
the solution of the following second-order differential
operator:

�
∂
2
x −

3x2 − 1

xð1 − x2Þ ∂x −
1

1 − x2

�
w0 ¼ 0: ð3:21Þ

In the kinematic region 0 ≤ x ≤ 1, this is given by the first
elliptic period

w0ðxÞ ¼
2

π
Kðx2Þ: ð3:22Þ

Details on the canonical differential equation system are
given in Appendix A. The solution can be expressed in
terms of iterated integrals [103,104], which, in this case, are
given by elliptic polylogarithms [105,106]

J ¼
�
1þ ϵ

Z
x

0

dx0Âðx0Þ

þ ϵ2
Z

x

0

dx0Âðx0Þ
Z

x0

0

dx00Âðx00Þ þ…

�
Jb; ð3:23Þ

where Jb is a boundary vector at the kinematic point x ¼ 0.
The integration kernel consists of the logarithmic singu-
larities ðx; xþ 1; x − 1Þ and the elliptic periods w0; w0

0.

2. Boundary conditions

For the boundary conditions, we analyze the behavior of
the master integrals in the forward-scattering limit

x → 0: ð3:24Þ

In this limit, the differential equations develop a regular
singular point, and the asymptotic behavior of the master
integrals can be studied using the method of regions
[107–109]. At three loops, there are two relevant rescalings
of the loop momenta as

hard∶ li ∼ ω; soft∶ li ∼ ωx:

To minimize the number of integrals to compute, we study
the asymptotic regions at the level of the differential
equations [51,110–112]. Such a strategy has already been
studied in the two-loop case in Refs. [64,65]. The possible
regions contributing are dictated by the eigenvalues of the
residue matrix of the system at x ¼ 0, as follows:

ϵÂðx; ϵÞ ¼x→0
ϵ
Â0ðϵÞ
x

þOðx0Þ: ð3:25Þ

In particular, at three loops, we can perform a Jordan
decomposition of the residue matrix, finding three regions
as follows:

M · ϵÂ0 ·M−1 ¼ Diag½0×6; ð−6ϵÞ×6; ð2ϵÞ×3�: ð3:26Þ

Here, the eigenvalue 0 corresponds to the hard region,
where all the rescalings are hard, while ð−6ϵÞ corresponds

FIG. 5. Three-loop master integral topology after imposing the
worldline δ functions. The red double lines represent massive
propagators with mass ω, while black wavy lines represent
massless propagators.

1The dependence of the integrals on the graviton frequency ω
is trivially found by dimensional analysis.
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to the soft region, where all the rescalings are soft. The
eigenvalue ð2ϵÞ represents a spurious region, where all
integrals become scaleless, so we impose that the integrals
vanish in that region. Energy conservation imposes that
there are no regions with mixed rescalings, which give rise
to scaleless integrals. Hence, the generic boundary vector is
given by

Jb ¼ J0 þ x−6ϵJ−6ϵ; ð3:27Þ

where J0 and J−6ϵ are the boundary vectors for the hard and
soft regions, respectively. The new basis of master integrals
J0 ¼ M · J diagonalizes the asymptotic behavior of the
system at x ¼ 0. For the two regions, we perform an
expansion under the integral sign, leading to two distinct
families of integrals, depicted in Fig. 6.
a. Hard region. In the hard region, the integral family

becomes a three-loop, two-point function with three mas-
sive propagators:

Fh ðη1η2η3Þ
n1…n9 ¼

Z
l1l2l3

1Q
9
a¼1ðD̃h

aÞna
; ð3:28Þ

where

D̃h
aðηaÞ ¼ ðla þ k1Þ2 − ðωþ iηaεÞ2;
D̃h

3þa ¼ l2
a;

D̃h
6þa ¼ ðlaþ1 − laÞ2; l4 ¼ l1: ð3:29Þ

Using IBPs, we find six master integrals appearing as

Fh ðη1η2η3Þ
111000000; Fh ðη1η2η3Þ

100001110; Fh ðη1η2η3Þ
101000110;

Fh ðη1η2η3Þ
110001010; Fh ðη1η2η3Þ

010101110; Fh ðη1η2η3Þ
111101110: ð3:30Þ

Such master integrals have already appeared in the context
of g − 2 computations (see, e.g., Refs. [113,114]).
b. Soft region. In the soft region, the integral family is

that of a soft three-loop triangle with eikonal propagators

Fs ðη1η2η3Þ
n1…n12 ¼

Z
l1l2l3

1Q
12
a¼1ðD̃s

aÞna
; ð3:31Þ

where

D̃s
aðηaÞ ¼ la · k1 − iηaε;

D̃s
3þa ¼ l2

a;

D̃s
6þa ¼ ðla þ qÞ2;

D̃s
9þa ¼ ðlaþ1 − laÞ2; l4 ¼ l1: ð3:32Þ

Using IBPs, we find six master integrals appearing as

Fsðη1η2η3Þ
000100001110; Fsðη1η2η3Þ

001100001110; Fsðη1η2η3Þ
010100001110;

Fsðη1η2η3Þ
011100001110; Fsðη1η2η3Þ

101100001110; Fsðη1η2η3Þ
111100001110: ð3:33Þ

Integrals of this type typically appear in the context of
heavy-quark effective theory (see, e.g., Ref. [115]). Their
analytic expressions have already been computed in
Refs. [116,117].
Boundary integrals do not depend on any kinematic

scale; for this reason, it is very convenient to evaluate them
using numerical methods. For this task, we used AMFlow
[118] to compute all boundary integrals numerically up to
at least 200 digits of precision. The analytic expressions
were then reconstructed with a suitable choice of transcen-
dental functions using the Partial Sum of Least Squares
algorithm implemented within PolyLogTools [106].
We checked against known results in both regions. We

also computed many of the integrals via Mellin-Barnes and
direct integration techniques. Further details and analytic
results are reported in Appendix B. The ancillary file
retarded_boundary.m contains the boundary inte-
grals for the canonical basis up to Oðϵ0Þ in the fully
retarded case (ηi ¼ þ).

IV. RESULT

The amplitude at all orders takes the following form:

iMðλ1; λ2Þ ¼
X∞
n¼1

X∞
k¼1−n

ϵkiMðnÞ
k ðλ1; λ2Þ; ð4:1Þ

and contains infrared divergences as predicted by Weinberg
[119–121].
We note that tree level has no ϵ-dependence, and so

Mð1Þ
k>0 ¼ 0. IR divergences exponentiate, and we can define

the finite part of the amplitude as

iMfinðλ1; λ2Þ ¼ eiϵPM=ϵiMðλ1; λ2Þ; ð4:2Þ

where ϵPM is defined as in Eq. (2.2). This finite part relates
to the scattering cross section and can be used to match with
BHPT following the procedure outlined in Ref. [63]. The
divergent part at all orders has the following structure:

FIG. 6. Boundary integral topologies in the hard (left) and soft
(right) regions. In the hard region this is a three-loop two-point
function with three massive propagators (red double lines). In the
soft region, we have a three-loop three-point function with three
eikonal propagators (red single lines).
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MðnÞ
−k ¼ ð−1Þk

Xn−k
m¼1

ðiϵPMÞn−mðn−m−1
k−1 Þ

ðn −mÞ! MðmÞ
n−k−m ð4:3Þ

for k > 0, which we have verified for n ≤ 4. At fourth post-
Minkowskian order, we have the structure

iMð4Þ ¼ iMð4Þ
−3

ϵ3
þ iMð4Þ

−2
ϵ2

þ iMð4Þ
−1

ϵ
þ iMð4Þ

0

¼ −
ϵ3PMM

ð1Þ
0

6ϵ3
−
iϵ2PMM

ð2Þ
0

2ϵ2

þ 1

ϵ

�
iϵ2PM
2

Mð2Þ
1 þ ϵPMM

ð3Þ
0

�
þ iMð4Þ

0 : ð4:4Þ

The contributions iMð4Þ
k are provided in the ancillary file

iM_4 pm.m.

A. Extracting the phase shift

To connect the 4PM scattering amplitude of Eq. (4.4)
with BHPT, we need to consider the exponential repre-
sentation of the scattering matrix [66,68,122], as follows:

Ŝ ¼ eiN̂ : ð4:5Þ

As shown in Refs. [64,65], the matrix elements of N̂,

hk2; λ2jiN̂ðnÞjk1; λ1i ¼ δ̂ðv · qÞiN ðnÞ
λ1λ2

ðx;ϕÞ; ð4:6Þ

are the objects that map directly onto the partial-wave phase
shift. They are obtained from the transfer matrix by
expanding

iN̂ ¼ logð1þ iT̂Þ: ð4:7Þ

Both operators admit a PM expansion, as follows:

iT̂ ¼
X
n≥1

iT̂ðnÞ; iN̂ ¼
X
n≥1

iN̂ðnÞ: ð4:8Þ

Inserting these expansions into the operator formula, we get

iN̂ð4Þ ¼ iT̂ð4Þ −
1

2
ðiT̂ð1Þ · iT̂ð3Þ þ iT̂ð2Þ · iT̂ð2Þ þ iT̂ð3Þ · iT̂ð1ÞÞ

þ 1

3
ðiT̂ð1Þ · iT̂ð1Þ · iT̂ð2Þ þ iT̂ð1Þ · iT̂ð2Þ · iT̂ð1Þ

þ iT̂ð2Þ · iT̂ð1Þ · iT̂ð1ÞÞ

−
1

4
iT̂ð1Þ · iT̂ð1Þ · iT̂ð1Þ · iT̂ð1Þ: ð4:9Þ

Enforcing unitarity perturbatively as done in Ref. [65], as
follows:

T − T† ¼ iTT†; ð4:10Þ

we obtain at 4PM, the following:

iN̂ð4Þ ¼ Im ½iT̂ð4Þ� þ 1

4
iT̂ð1Þ · iT̂ð1Þ · iT̂ð1Þ · iT̂ð1Þ

−
1

6
ðiT̂ð2Þ · iT̂ð1Þ · iT̂ð1Þ þ iT̂ð1Þ · iT̂ð2Þ · iT̂ð1Þ

þ iT̂ð1Þ · iT̂ð1Þ · iT̂ð2ÞÞ; ð4:11Þ

where with · we denote the insertion of a complete set of
intermediate on-shell graviton states,

ðX1 · X2Þfi ¼
XZ

λ;l
δ̂þðl2ÞhfjX̂1jl; λihl; λjX̂2jii; ð4:12Þ

and for products with more factors, we have analogous
multiple phase-space integrals. The subtraction terms in
Eq. (4.11) correspond to unitarity cuts of scattering
amplitudes. Considering the propagator labeling of
Eq. (3.15), we have for the matrix element N ð4Þ the
following:

iN ð4Þ ¼ Im ½iMð4Þ� − 1

4
Cutð123Þ½iMð4Þ�

−
1

6
ðCutð12Þ½iMð4Þ� þ Cutð13Þ½iMð4Þ�

þ Cutð23Þ½iMð4Þ�Þ: ð4:13Þ

The various cuts of the three-loop scattering amplitudes
Cutð…Þ½iMð4Þ� are obtained by simply applying the asso-
ciated cut at the level of the master integrals and substitut-
ing the corresponding cut propagators with on-shell δ
functions normalized as ð2πiÞδðDÞ. Hence, the matrix
element iN ð4Þ can be obtained by considering cut-subtracted
master integrals

J̃i ¼ Re½Ji� −
1

4
Cutð123Þ½Ji�

−
1

6
ðCutð12Þ þ Cutð13Þ þ Cutð23ÞÞ½Ji�: ð4:14Þ

Furthermore, since the analytic dependence of the integrals
on x is invariant under cuts, it is sufficient to consider only
cut-subtracted boundary conditions. These have been com-
puted numerically using AMFlow, and via reverse-unitarity
[123,124], rewriting δ functions as a linear combination of
propagators with opposite �iε prescription:

ð2πiÞδðp2Þ ¼ 1

ðp2 − iεÞ −
1

ðp2 þ iεÞ : ð4:15Þ

The explicit result for the cut-subtracted boundary vectors in
the canonical basis that directly give the phase shift is
available in the ancillary file iterated_boundary.m.
The 4PM matrix elements for the helicity-conserving
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(λ1 ¼ λ2) and helicity-reversing ðλ1 ¼ −λ2Þ cases are surprisingly simple, and read as

N ð4Þ
þþðx;ϕÞ ¼

ϵ4PMπ
2e2iϕ

ωð1 − x2Þ
�
4ð7þ 11x2Þ logð1þ xÞ þ 2xp1ðxÞw0

0ðxÞ þ p2ðxÞw0ðxÞ
1536

�
π2

4
− G1ðxÞ þ

w1ðxÞ
w0ðxÞ

G0ðxÞ
�

−
1

1 − x2

�
4

3
π2p3ðxÞ þ

ð1 − xÞp4ðxÞ
23040

þ 16p3ðxÞLi2ð−xÞ þ
p1ðxÞ
768

G0ðxÞ
w0ðxÞ

��
;

N ð4Þ
þ−ðx;ϕÞ ¼ 0; ð4:16Þ

where

GiðxÞ ¼
Z

x

0

dx0wiðx0Þ; i ¼ 0; 1;

p1ðxÞ ¼ 17805x4 þ 113738x2 þ 44273;

p2ðxÞ ¼ 25485x4 þ 120355x2 þ 29976;

p3ðxÞ ¼ 2x4 þ 6x2 þ 1;

p4ðxÞ ¼ 1575x6 þ 47655x5 þ 827547x4 þ 366747x3;

þ 3142262x2 þ 166262xþ 722432; ð4:17Þ

and wiðxÞ are the elliptic periods

w0ðxÞ ¼
2

π
Kðx2Þ; w1ðxÞ ¼ Kð1 − x2Þ: ð4:18Þ

We notice that the result is finite and is expressed in terms
of a small set of functions:

flogð1þ xÞ;Li2ð−xÞ; wiðxÞ;GiðxÞg: ð4:19Þ

Equation (4.16) is also reported in the ancillary file
N_matrix_4 pm.m. We remark that no explicit compu-
tation of cuts of scattering amplitudes was needed.

B. Matching with BHPT

To match the matrix element of Eq. (4.16) with BHPT,
we followed the approach outlined in Ref. [64]. The BHPT
computation is naturally formulated in a basis of spin-
weighted spherical harmonics. For a Schwarzschild back-
ground, the two parity sectors are described by the Regge-
Wheeler and Zerilli radial equations. The large-radius
solution defines the partial-wave scattering matrix

−2SPl2 ¼ −2ηl2e
2i−2δPl2 ; P ¼ �1; ð4:20Þ

where P labels the even and odd parity channels. In the low-
frequency expansion, the absorption factor starts beyond the
order considered in this paper, −2ηl2 ¼ 1þOðε5PMÞ. Thus,
the conservative information through 4PM is fully contained
in the real phase shifts

−2δ
P
l2 ¼

X
n≥1

εnPM−2δ
P;ðnÞ
l2 : ð4:21Þ

From the matrix elementN ðnÞ
λ1λ2

ðx;ϕÞ, we define the helicity-
preserving and helicity-reversing partial-wave modes from

the matrix element N ðnÞ
λ1λ2

, as follows:

AðnÞ
l ≡ ω

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πð2lþ 1Þp

Z
Ω

2Yl;−2ðθ;ϕÞN̄ ðnÞ
þþðx;ϕÞ;

BðnÞ
l ≡ ω

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πð2lþ 1Þp

Z
Ω

2Yl;−2ðπ − θ;ϕÞN̄ ðnÞ
þ−ðx;ϕÞ:

ð4:22Þ
The overline denotes the standard partial-wave regularization
of the leading helicity-preserving Coulomb pole. At the
4PM order, no new forward singularity is expected in the
N -matrix element.
The matching statement is that these two WQFT

projections equal the two independent parity combinations
of the BHPT phase shift [64]

AðnÞ
l ¼

X
P¼�1

−2δ
P;ðnÞ
l2 ; BðnÞ

l ¼ ð−1Þl
X
P¼�1

P−2δ
P;ðnÞ
l2 : ð4:23Þ

At 4PM, we checked explicitly that Eq. (4.23) is numeri-
cally satisfied up to l ¼ 10, using publicly available codes
for the computation of BHPT coefficients [125,126].

V. OUTLOOK

We have computed the minimal spinless gravitational
Compton amplitude at fourth post-Minkowskian order
using WQFT. This provides, to our knowledge, the first
fully analytic three-loop determination of the classical
spinless Compton amplitude in this setup. The calculation
required the construction of the three-loop integrand, its
reduction to 15 master integrals, and their subsequent
evaluation. The master integrals were solved analytically
using the method of canonical differential equations,
revealing the presence of an elliptic sector. After sub-
tracting the lower-order Born iterations, we extracted the
corresponding fourth-order N-matrix element and found
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agreement with the spinless BHPT phase shift.
Our result opens several directions. First, the integral

basis, reduction strategy, and analytic methods developed
here provide the natural starting point for including spin
and spin-induced finite-size effects. Second, the same
framework can be used to determine nonminimal worldline
couplings, including tidal and absorptive response coef-
ficients, by matching to black hole perturbation theory at
higher post-Minkowskian orders. Finally, the emergence of
elliptic sectors already at three loops indicates that higher-
order gravitational-wave scattering probes increasingly rich
classes of special functions. The present computation
therefore provides both a concrete fourth-order result
and a template for extending amplitude-based methods
to more general compact-object dynamics.
The computations for this work were performed with

computing and storage resources provided by the
CloudVeneto initiative at the University of Padova
and INFN.
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APPENDIX A: CANONICAL FORM

The following set of integrals satisfies a system of canonical differential equations:

J1 ¼
1

ϵ3
F222000000000; J2 ¼

ð1 − 4ϵÞð1 − 6ϵÞ
15ϵ2

F100000001110;

J3 ¼
ð1 − 2ϵÞð1 − 6ϵÞ

5ϵ2
F101000000110 − 2J1 − 2J2; J4 ¼ −

ð1 − 6ϵÞ
5ϵ2

F210000001010 − J1 − J2 − J3;

J5 ¼
ð1 − 4ϵÞð1 − 6ϵÞ

15ϵ2x3
F00010000111−1; J6 ¼ −

ð1 − 6ϵÞ
5ϵ

F001100001110;

J7 ¼
1

w0ðxÞ
F010100001110; J8 ¼

w0ðxÞ2ðx3 − xÞ
ϵ

∂x

�
1

w0ðxÞ
F010100001110

�
þ ð2x2 − 3Þw0ðxÞ2J7;

J9 ¼ xF011100001110; J10 ¼
xðx2 − 1Þ

2ϵ
∂xF011100001110 þ

ð1þ xÞ½ð1þ 2ϵÞx − ð1þ 6ϵÞ�
2xϵ

J9;

J11 ¼ −
x
5
F101100001110; J12 ¼ −

ð1 − 6ϵÞ
5ϵ

F10110−1001110 þ
4ð1 − 2ϵÞx

ϵ
J11;

J13 ¼ x2F111100001110; J14 ¼ F11110−1001110;

J15 ¼ F1111−10001110: ðA1Þ

Here, w0ðxÞ denotes the first elliptic period. It satisfies the second-order differential equation

w00
0ðxÞ −

3x2 − 1

xð1 − x2Þw
0
0ðxÞ −

1

1 − x2
w0ðxÞ ¼ 0: ðA2Þ

This system is in canonical form:

∂xJ ¼ ϵAðxÞJ; AðxÞ ¼ A1

xþ 1
þ A−1

x − 1
þ A0

x
þ Aw0

ðxÞ; ðA3Þ

where
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A1¼

2
666666666666666666666666666666666666664

· · · · · · · · · · · · · · ·
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1 · · · · · · · · ·
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· · · · · · ·
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· · · · 1 · −5
2

· 3 1
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; A−1¼
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;

A0¼
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ðxÞ¼
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· · · · −45
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w0ðxÞ · −ð8x2−9Þw0ðxÞ2
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· · · · · · 4w0ðxÞ
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· · · · · · · · · · · · · · ·
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APPENDIX B: BOUNDARY VECTOR

In this Appendix, we provide the explicit results for the boundary master integrals studied in Sec. III C.
a. Hard region. The first five boundary master integrals in the hard region, Eq. (3.30), shown in Fig. 7
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Such expressions were derived using a combination of methods: integrals 1,2,4, and 5 were computed by recursively
applying formulas for massless bubble and tadpole integrals, while integral 3 was obtained via Mellin-Barnes techniques.
Integral 6 was obtained by reconstructing the numerical result obtained up to Oðϵ2Þ using AMFlow, for active propagators
and for the various cut configurations, giving
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FIG. 7. Six master integrals of the hard boundary region.
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b. Soft region. The boundary master integrals in the soft region, Eq. (3.33), shown in Fig. 8, read as
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where we used

pF̃qða⃗; b⃗; zÞ ¼
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Γðb1Þ � � �ΓðbqÞ
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The first three integrals are derived analytically using standard massless bubble and tadpole integrals together with the result
of [116,128]

Z
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where d ¼ D − 1, β1 > 0, β2 > 0, n · q̂ ¼ 0, and q̂2 ¼ 1. These derivations were generalized to arbitrary prescriptions. The
fourth and fifth integrals require a dedicated derivation based on a combination of Schwinger and Feynman para-
metrizations. The full derivation of these integrals can be found in Refs. [116,117], together with the computation of the
sixth top-sector integral. These results have been verified numerically using AMFlow.

FIG. 8. Six master integrals of the soft boundary region.
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