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We present the first systematic study of the radiative decays of charmed mesons using 2 + 1-flavor
clover fermion gauge ensembles generated by the CLQCD Collaboration. One of the ensembles is at the
physical pion mass, and one has a fine lattice spacing a ~ 0.05 fm. We determine the coupling constants
to be gpipr, =—0.204(22) GeV~', gpopo, = 1.73(37) GeV™!, and gp-p:, = —0.120(14) GeV~!,
respectively. Compared with previous studies, our results demonstrate significant improvements in
precision. In particular, we carefully estimate the systematic uncertainty arising from matrix element
fits, momentum transfer extrapolations, and chiral and continuum limit extrapolations, which are included
in the reported total uncertainties. These couplings yield the following predictions of decay widths:
[p+_p+, = 0.253(55) keV, T'po_po, = 18.2(7.8) keV, and T'pe+_p+, = 0.094(22) keV. This work
establishes first-principles results of the charmed meson radiative transitions and provides inputs for
understanding the structure and properties of heavy-light mesons.

DOI: 10.1103/nb8y-wm3h

I. INTRODUCTION

The transition form factors and coupling constants of
radiative decays encode the internal electromagnetic struc-
ture of hadrons. However, current experimental studies of
the radiative decays of the D* and D} mesons primarily
focus on measuring the branching fractions, and only
the D*t has a precisely measured total decay width.
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Therefore, for the rest of the D* and Dj; mesons, the
coupling constants cannot be directly determined from
experimental data. For the branching fractions, the most
recent result of the D*T meson is B(D*' — Dty) =
(1.68 £+ 0.42 4+ 0.29)%, which was measured in 1998 by
the CLEO Collaboration [1]. As for the neutral counterpart
D0, BESIII obtained B(D** — D%) = (34.5+£0.8 &
0.5)% in 2014 [2]. However, there is no direct measurement
of the branching fraction for the D} meson yet; only a ratio
of branching fractions B(D;* — D{z°)/B(D:* — D}y) =
(6.16£0.43£0.18)% is available from BESII in
2022 [3].

Theoretically, the radiative decays of heavy-light mesons
have been studied using various approaches, such as QCD
sum rules (QCDSR), light cone sum rules (LCSR), and
various quark models [4-13]. In parallel, the lattice
QCD community has provided several first-principles
results. For the D* meson, gp-p+, =—0.2(3) GeV™!
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and gpop, = 2.0(6) GeV~! were reported based on cal-
culations with a chiral extrapolation but at a fixed lattice
spacing of = 5.40 [14]. For the D} meson, direct lattice
computations yielded effective form factors V g(0) =
—0.20(4) [15] and V(0) = —0.178(9) [16], which using
the corresponding coupling constant can be obtained by
gvp = 2V(0)/(my + mp). The former study [15] per-
formed both chiral and continuum extrapolations but did
not include an ensemble at the physical pion mass. The
latter one [16] carried out only the continuum extrapola-
tion. Additionally, an indirect lattice determination from
studying the Dy — [Tyy; process gives gp-p+, =
—0.118(13) GeV~! [17].

In this work, we calculate the form factors and the
couplings of the radiative decays D** — D*y, D' — D%,
and Dt — D7y. Our calculation utilizes six gauge ensem-
bles of clover fermions generated by the CLQCD
Collaboration [18], including one ensemble with a fine
lattice spacing of 0.052 fm and one ensemble at the
physical pion mass. We perform simultaneous chiral and
continuum extrapolations to obtain the final predictions.
The systematic uncertainties, involving the matrix element
fit, the momentum transfer extrapolation, and the combined
chiral and continuum limit extrapolation are all carefully
estimated.

We determine the radiative decay couplings as
gp+pry = —0.204(22) GeV~', popo, = 1.73(37) GeV~!,
and gpepr, = —0.120(14) GeV~'. Based on these cou-
plings, we calculate the corresponding radiative decay
widths. Using the experimentally measured total width
['(D**) from Ref. [19] as an input, we obtain
I['(D** - D*y) = 0.253(55) keV, corresponding to a
branching fraction B(D** — D*y) =0.30(7)%. This
result is significantly lower than the CLEO 1998 meas-
urement of (1.68 +0.42 +0.29)%. The reason can be
attributed to some unknown systematic uncertainties on
either side, which can be explored through further studies.
For the D** case, we get ['(D*® — D%) = 18.2(7.8) keV.
By combining this with the experimental branching frac-
tion, we predict the total width to be I'po = 52(22) keV.
Similarly, using the coupling gp-p+,, we derive
I['(Dit - Diy) = 0.094(22) keV. By taking the known
branching ratio into account, our result infers that the total
decay width is ['(Di") = 0.100(24) keV.

The rest of this article is organized as follows: In Sec. II,
we detail the theoretical framework, including the defini-
tions of relevant correlators, the formulas for extracting
effective form factors from matrix elements, and the
procedures for calculating the corresponding decay
widths. The numerical results are presented in Sec. III.
Specifically, Sec. III A discusses the hadron spectrum and
the dispersion relation. Section III B describes the joint fit
method for matrix element extraction and the estimation of
the corresponding systematic uncertainties. In Sec. III C,
we perform the momentum transfer extrapolations using

the z-expansion formula and also estimate the related
systematic uncertainty. Section III D discusses the com-
bined chiral and continuum extrapolations. Finally, we
summarize our results in Sec. IV and provide supplemen-
tary plots and data in the Appendix.

II. FORMALISM

The radiative transition matrix elements of processes
V — Py can be extracted from Euclidean correlation
functions. The two-point functions with momentum p
for vector mesons with Lorentz index i and for pseudo-
scalar mesons are

CYi(1) = Y e 0|0} (%00 (0)[0). (1)

X
and

Ch(1) = e X007 (X, N0 (0)0).  (2)

X

respectively, where OY = ly;c and OF = Iysc. The light
quark field / denotes u, d, or s, and ¢ represents the charm
quark field. By inserting a current operator, one constructs a
three-point correlation function:

= P TI0I0"R. 04,690

C’;l” t ‘L'

(0)]0).
3)

where 7 denotes the current insertion time, J,, is the current
operator, and its explicit form is presented in Sec. III B.
After inserting complete sets of eigenstates into the
correlation functions, we arrive at

1 1 + p}/z _v
CH0) = X g WP (o0 )t @)

CE) = Y gpp WhPet5 (5)

and

Cypi(t.7) = Z

This procedure decomposes the correlation functions
into a combination of matrix elements and kinematic
factors. Specifically, Ay, = (0|0}|V,,) is the matrix
element between the vacuum and the nth vector meson
state, and the matrix element Al = (0|OF|P,) is
defined analogously for the pseudoscalar meson states.

1+p)?
The factor m[V]IZ
n

APAV*<P |J |an> —(EY—-E)r—EP:

2EV2ET

(6)

originates from the polarization sum
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>oreilr.p)e;(r. p) = &, + 715 The quantity (P,,|/,|V,;)
represents the transition matrix element between the mth
pseudoscalar state and the nth vector state. In the present
study, we focus primarily on the ground-state matrix
element (P|J,|V;), where the ground-state indices
m =n =0 are omitted for notational simplicity. Taking
into account the constraints imposed by Lorentz covariance
and the Ward identity, the transition matrix elements can be
parametrized as

_ 2Veff(Q2)

PEW@IVilp) = =S cuppp. (7)

where ¢ = p — p/, 0®> = —¢°, and V 4(Q?) are the effec-
tive transition form factors that encode the dynamical
information of this process. Along with the corresponding
kinematic factors and phase space, the form factor can be
used to calculate the radiative decay width. The transition
amplitude for the radiative decay V — Py is given by

My = eey(p. Dey(q. )PP u(@)|Vi(p)).  (8)

where A" and A denote the polarization indices of the vector
meson and the photon, respectively.

After averaging over the initial vector meson’s polar-
izations and summing over the final photon’s polarizations,
one obtains

mv+mp

1 e? [ 2V.4(0) \2
3 Z (M = 3 (ff()> (my, —m3p)?, (9)
2 ¥

where the prefactor 1/3 accounts for the polarization
average of the initial vector meson. In the end, the coupling
constant gyp of the radiative process is given by
gvp = 2V(0)/(my + mp). The decay width is then
obtained by integrating the squared amplitude over the
two-body phase space. In the rest frame of the vector
meson, the width can be expressed as

TABLE L

m2 — m3 1
r=—Y_—*~ — 2 ]dQ, 10
6M@/@Zwm) (10)

A

and the final result reads

a(my + mp)(my —mp)>VZ(0)

=
6m3,

, (11)

after the integration is explicitly carried out, where
a = e*/(4r) is the fine-structure constant.

III. NUMERICAL DETAILS

This work utilizes 2 + 1-flavor clover fermion gauge
ensembles generated by the CLQCD Collaboration [18].
The charm quark mass parameters are the same as those
in Ref. [16], which were determined by recovering the
physical J/y mass. The lattice spacings, volumes, and the
vector-current renormalization constants Zy are detailed
in Table L.

We use the sink-sequential scheme to generate three-
point functions. We apply Gaussian smearing at both the
source and the sink when computing quark propagators,
which is necessary to suppress the excited-state contami-
nation and benefits the joint fit of the two-point and three-
point functions. The smearing parameters are also listed
in Table I. When using the sequential source technique,
three different source-sink separations (denoted as f) were
calculated on each ensemble. The three momenta of
the final-state include two types: p’ = (0,0,0)(2z/L)
and p' = (0,0,1)(2z/L), and the maximum momentum
transfer is set to ¢g*> = 3(2x/L)?. The two-point functions
incorporate momenta up to p? = 6(2z/L)>.

A. Masses and the dispersion relation

The effective energy at each time slice can be extracted
using

G, (1)

aE(t) = lnm

(12)

This table lists the parameters of the ensembles used in the calculation, including the lattice spacings a, number of

configurations n¢,, pion masses m,, volumes L?> x T, quark masses, and the vector-current renormalization constants Zy. The last two
columns provide the parameters for Gaussian smearing. The quark sources are created at the # = O time slice on each ensemble in the

practical computation.

Ensemble a (fm) m, (MeV) Nty am am, L’xT Zy Ngize Riter
F32P21 0.07746(18) 210.9(2.2) 456 —0.2050 0.2104 323 x 64 0.83579(09) 3 120
C32P23 0.10530(18) 228.0(1.2) 445 —0.2400 0.4500 323 x 64 0.79957(13) 2 120
H48P32 0.05187(26) 317.2(0.9) 905 —0.1700 0.0581 483 x 144 0.86855(04) 4 120
F32P30 0.07746(18) 303.2(1.3) 776 —0.2050 0.2079 323 x 64 0.83548(12) 3 120
C24P29 0.10530(18) 292.7(1.2) 948 —0.2400 0.4479 243 x 72 0.79810(13) 2 120
C48P14 0.10530(18) 135.5(1.4) 448 -0.2310 0.4502 483 x 96 0.79957(06) 2 120
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FIG. 1. The data points represent the effective energy extracted

from two-point function on the F32P21 ensemble using Eq. (12),
and the bands correspond to the fitted result using Eq. (13). The
n? in the legend labels the discrete momenta p?> = n?(2z/L)>.
The dashed vertical line indicates the starting point of the fits.

from the two-point functions. When a plateau emerges, it
indicates that the two-point functions are dominated by the
ground state. We, therefore, fit the correlators with different
momenta from the starting point of the plateau using a
single-exponential form:

Cz([) = Aoe_anl. (13)

Figure 1 shows the effective energies and the corresponding
fit results of the D meson on the F32P21 ensemble. We
start the fits at time slice #/a = 12, and the correlations
between time slices are taken into consideration. The fit
results are shown as bands, with uncertainties that are
comparable to those of the chosen starting data points. The
subsequent data points almost all lie within one ¢ of the
fitted bands.

Since the charm quark is involved, we employ the lattice
version of the dispersion relation [20],

. ﬁ
4sinh? (%) — 4sinh? <%> + 4¢? sin? (%) (14)

to fit our data. The dispersion relation results for the D
meson on the F32P21 ensemble are shown in Fig. 2 as an
example. The data points are obtained from the fits detailed
in Fig. 1. The slope, which corresponds to ¢, is consistent
with one within 2 ¢. Based on the discussion in previous
lattice studies, e.g., Ref. [21], it is also beneficial to use this
lattice form of momenta when determining the Q2 for
effective form factors:

0.85 W T T T T 3

(]

0.80 f 7 ;

tei

0.75

0.70

4sinh? (aE/2)

0.65 1

0.60 L f 1 1 1 1 ]
0.00 0.05 0.10 0.15 0.20
4sin? (ap/2)

FIG. 2. Dispersion relation results for the D meson on the
F32P21 ensemble. The data points are obtained under the fit
scheme as shown in Fig. 1. After converting the lattice momen-
tum ap to 2 sin(ap/2) and the lattice energy aF to 2 sinh(aE/2),
the slope in the plot, which corresponds to ¢?, is consistent with
one within 2 .

0= <2 sinh <aTEf> — 2sinh (“f"))z
- <2 sin(%ﬁf) - ZSin<aTﬁi>)2. (15)

The values of the fitted meson masses and the c¢?
determined using Eq. (14) for each ensemble are listed
in Table II for the reader’s reference. After performing joint
continuum and chiral extrapolations using

)+ Aa®> + B(m2 —m?_, ),

m(az, mlzr) = m(0, m; z.phy

.phy
(16)

the final results of the meson masses differ from the PDG
values by less than 2 o.

B. Joint fit

According to Egs. (4)—(6), the correlation functions
contain a sum of matrix elements and kinematic factors
of all hadron states satisfying the quantum numbers of the
interpolating operators. Ideally, as shown above for the
two-point function case, a clear ground-state plateau can be
obtained at sufficiently large time separations . However,
the signal decays exponentially as the sink time # increases,
which thereby limits the usable time ranges. When ¢ is not
large enough, e.g., in the case of three-point functions using
the sink-sequential trick, contributions from excited states
must be explicitly taken into account.

We select three different source-sink time separations in
each ensemble. After excluding a few data points at both
ends, the remaining segments of the three-point correlation
functions are assumed to be dominated by the ground state

114513-4
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TABLEII. This table summarizes the meson masses and the fitted ¢2 values for each ensemble. After combined chiral and continuum
extrapolations, the final spectrum results only differ from the Particle Data Group (PDG) values by less than 2 o.

Ensemble mp (GeV)  mp- (GeV)  mp (GeV)  mp: (GeV) 3 3. c, c%),(
F32P21 1.9037(59) 2.0288(51) 1.9838(40) 2.0962(38) 1.028(27) 1.040(32) 1.019(19) 1.031(22)
C32P23 1.9215(42) 2.0139(49) 1.9962(32) 2.0866(41) 1.053 38) 1.066(48) 1.051(28) 1.059(34)
H48P32 1.9066(47) 2.0354(81) 1.9951(48) 2.1306(70) 0.993(25) 1.028(35) 0.994(16) 1.030 (22)
F32P30 1.9166(40) 2.0362(51) 1.9878(30) 2.1022(38) 0.996(28) 0.955(32) 1.017(19) 0.981(22)
C24P29 1.9326(31) 2.0299(35) 1.9997(24) 2.0904(44) 1.041(31) 1.035(58) 0.989(23) 1.019(30)
C48P14 1.8995(81) 1.979(17) 2.0037(36) 2.0860(63) 0.90(12) 0.92(18) 0.961(55) 0.966(86)
Extrapolation 1.8691(86) 2.023591) 1.9794(61) 2.1124(78)

PDG 1.86484(5) 2.00685(5) 1.96835(7) 2.1066(34)

and the first excited state. Expanding Eqs. (4)—(6) up to the
first excited state yields

2N\ AVAV*
Cy(1) = <1 + p,z) —L L eEvt

my) 2Ey
2 VAV %
Pi \ACATT g,
! S5 ¢V 17
+< +m%,) 2B, ¢ (17)
APAP* AP/AP,*
Carll) ~E Bt (18)
’ 2Ep 2Ep
and
Cailt )—APAY “(P|J,|V,)e~Erte=(Ev=Er)
n AP’AIY* <P"Jﬂ|Vi>e_E;’te_(EV—E})T
2E2E),
+APAIV/* <P|JM‘V2>€_EPtg_(E’V—EP)T
2E2Ep
n AP’A}/’*<P/‘J”|V;>€—E;,te—(E’V_E;D)T »
2E2F) ,

where V denotes the ground vector states, V' indicates the
first excited states, and P and P’ are the same for the
pseudoscalar states. Since many parameters are shared in
both the two-point and three-point functions, we perform a
joint fit for them and account for the correlations among all
the data points of the two-point and three-point correlators
through a large covariance matrix. To address potential
sensitivities to small singular values arising from strong
correlations, we investigated the effect of singular value
decomposition (SVD) truncations. As demonstrated in
Table VI of the Appendix, using the fits from the
F32P21 ensemble as a representative case, the results
remain stable for cuts ranging from 10~'? to 107°. This
stability indicates the absence of anomalously small sin-
gular values that could distort our physical observables.
Empirically, we adopt the results obtained with a SVD cut
of 107'2 as our final values.

The matrix elements (P|J,|V;) obtained through the

joint fits can be used to calculate the effective form factor

V. mentioned in Eq. (7). For the cases studied in this
work, the explicit forms are given by

*+ )+ 1 *+ )+ 2 =+ )+
Var 7= =gV P Ve
D*ODO 2 D*ODO 2 D*ODU
Vetr 725‘/1 y+§vc .
w+ )+ 1 w+ )+ 2 s+ )+
preir - Lypioin 2ypein g

where V?HDW corresponds to the matrix element
(D" |ly,l|D; ), and the same naming logic applies to other
notations. The relative sign in Eq. (20) arises from the spin
flip involved in the radiative decay from vector to pseu-
doscalar [15].

In Fig. 3, we show the fitted results of the effective form
factors Vg on the F32P21 ensemble as an example. The
data points in different colors represent the values of V
converted from the original data points at different source-
sink time separations ¢. Specifically, they are obtained by
subtracting all the excited-state contributions [the last three
terms as formulated in Eq. (19)] and removing the extra
coefficients in the first term of Eq. (19), using the joint-fit
results. Thus, their values correspond to the desired matrix
elements. In the plots, clear plateaus are observed, dem-
onstrating that the contributions from the excited states
have been properly removed via our joint fits. The blue
bands show the fitted results of V. from the joint fits,
whose central values and uncertainties agree well with the
subtracted data points.

In the joint fits, we selected 48 different fit ranges for
each channel, the details of which are summarized in
Table II1. Most fits yield a y*/d.o.f. < 1.2; they are kept as
valid results. Fits with y?/d.o.f. > 1.2 are discarded.
Among the valid fits, the result with y?/d.o.f. closest to
1 is chosen as the main result, and the other valid fits are
used to estimate the corresponding systematic uncertainties
[22]. In explicit detail, for all the effective form factors

D*D*y DD DYDYy
Ver =~ Ve 'oand Vg 77 with different momenta and
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HOU, WANG, GUI, HUA, LIANG, SHI, and MENG

PHYS. REV. D 113, 114513 (2026)

0-00 T T T T T
Fitted value & t=14
005t & t=12 t=16 1
0.10 F ]
. 015} ]
nE T TFF -
020} ?$?$¢T£T ]
o e e ey !F -
0.25F ¢ L .
030 F ]
—4 -2 0 2 4
T—1/2
210¢ Fitted value ® t=14 ]
200k @& t=12 t=16 ]
1.90 F .
—; T ; TT =5 |
g 180F | 2 © 1
= T22279007
170 F o ]
1.60 | ]
1.50- 1 1 1 1 1 ]
—4 -2 0 2 4
T—1/2
0.00 T T T T T
Fitted value & t=14
20.05 ® t=12 t=16
0.10 f ]
§015- T = = =+ = .
h é:'__;%ﬁ:i:___i%f
0.20F M
-0.25 5 1 1 1 1 1 ]
—4 -2 0 2 4
T—1/2
FIG. 3. Results for fo;‘D‘y, V?f;[)D% at (Qa)* = 0.0670 and

VDD at (Qa)? = 0.0681 on the F32P21 ensemble. The blue
bands represent the matrix elements obtained from the fits, while
the data points depict the values after subtracting the excited-state
contributions from original three-point function data points.

polarizations, we calculate Dy, Which is the relative
difference between the chosen main result and the other
valid fit results. The upper panel of Fig. 4 shows an example
of the distribution of Dy, over the gauge configurations for

fo;OD " on the F32P21 ensemble. The distributions of Diynge

16.0%
=-==- Mean value
14.0%
12.0%
o 10.0%
g
5 8.0%
3
& 6.0%
4.0%
2.0%
0'0%—0.008 —0.006 —0.004 —0.002 0.000 0.002 0.004 0.006 0.008
Dinge
16
15 ---- Mean value
14
13
12
11
g10
§> 9
£ 8
% 7
L6
5
4
3
2
1
0

-0.03 -0.02 -0.01 0.00

r
D, method

FIG. 4. The upper panel illustrates the distribution of Dy, for
the D*T meson case, which accounts for the systematic un-
certainty for the choice of fit ranges, while the lower panel shows
the distribution of D!, ., which accounts for the systematic
uncertainty for the choice of fit methods. Both results are from the
ensemble F32P21. See the main text for detailed discussion.

are all approximately Gaussian, with the mean value close to
zero. We, therefore, take the standard deviation of these
distributions as the estimation of the systematic uncertainties
arising from the choice of fit ranges.

The other commonly used method to extract the matrix
elements is called the two-state fit, which handles the
three-point to two-point function ratios. Considering
the ground state and the first excited state, the ratios can
be expressed as

gy | 2ECE(@)  2EVC(1-x)
Rﬂl = C3m(t’ )\/Cé’( )Cg( )\/ ( )C ( )

(LY

p?
1+

We also perform two-state fits to our data and check the
difference between the two-state fit results and those from
the joint fits. The fit results of the two methods on the

_|_ Cle_éElT + C26—5E2(I—T) + C3€_6E3t.
(21)
F32P21 ensemble for fo;OD " are presented in Fig. 5,

serving as an example of comparison. Our tests show that
the central values are consistent within errors, while the
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TABLE III.

The columns of 2ptyecior and 2Ptygeydoscatar COllECt the fit ranges of two-point functions. The notation

“(t,,1,) 4+ range(0,4)” indicates that the initial fit range is (7,,7,), and we shift both the start and end points of the
range forward by 0, 1, 2, and 3 lattice spacings while keeping the total fit length constant. For two-point functions
with nonzero momenta, we empirically shift the fit ranges backward by approximately p>/2 lattice spacings. This
adjustment ensures that the majority of the fits yield y*/d.o.f. < 1.2. For the three-point functions, we have

fep = 10, 12, 14 for the C ensembles, 7., =
The notation “(¢,, fyep —
t. forward or backward by one lattice spacing.

12, 14, 16 for the F ensembles and 7., =
t.) + range(—1,2)” means for each ., the initial fit range is (¢, fyep —

16, 18, 20 for the H ensemble.
t.), and we change

Ensemble 2Ptyecior TANZE 2Ptyseudoscalar TANZE 3pt function range

F32P21 (3,19) + range(0,4) (3,19) + range(0,4) (3, tep — 3) + range(—1,2)
C32P23 (2, 18) + range(0, 4) (2, 18) + range(0, 4) (2, tp —2) + range(—1,2)
H48P32 (4,20) + range(0,4) (4,20) + range(0,4) (4, tep —4) + range(—1,2)
F32P30 (3,19) + range(0,4) (3,19) + range(0,4) (3. tsep — 3) + range(—1,2)
C24P29 (2, 18) + range(0, 4) (2, 18) + range(0, 4) (2, tep — 2) + range(—1,2)
C48P14 (2,18) + range(0,4) (2, 18) + range(0,4) (2, tep —2) + range(—1,2)

joint fits yield higher signal-to-noise ratios. Additionally,
the parameters of joint fits are more interpretable, as
Eq. (19) is explicit. In contrast, Eq. (21) assumes no
excited states in the two-point functions, which is less
reasonable. For the reasons above, the joint fit method is
chosen to obtain the main results reported in this work.
Following a similar procedure for estimating the sys-
tematic uncertainties from the choice of fit ranges, we also
calculate D! . ,, which is the relative difference between
the form factor results from the two fit methods. We gather

r +D+ 7 D*ODOY
Dmethod for all three channels V , Vg ', and

Veff ” with different momenta and polarizations together,
and the corresponding distribution of D 4 over the
gauge configurations on the F32P21 ensemble is plotted in
the lower panel of Fig. 4 as an example. Again, the standard
deviation of this distribution is taken as the systematic
uncertainty arising from the choice of fit methods. Detailed
fit results on each ensemble are listed in the Appendix.

300k @ joint ]
@® ratio

275 F 1

. 250 1
= 225F 3
2.00 | 1

175 F 3

000 002 004 006 0.08 0.10

(Qa)?
FIG. 5. Comparison of the two different fit methods on the

F32P21 ensemble for VeDf; P with different momentum transfers.
The blue band and data points represent the results from the two-
state fit method, while the green ones are from the joint fit method.

C. Momentum transfer extrapolation

The matrix elements at the same Q” but with different
momentum setups are all computed and averaged. We then
employ the model-independent z-expansion to fit the data
and extract the V¢ (0). The explicit form is as follows [23]:

V leut — Q2 Y feut — To (22)
V feut — Q2 + \% feut — o

= z”: a;z’, (23)
py

where t., = (m, + mp)?, and t, are free parameters. A

commonly used choice is 07 = 7. (1 -1+ 0%,/ tcm)

[23]. In the z-expansion fits, truncating the series at either
the second or third order leads to differences in the fitted
central values. An example of the F32P21 ensemble is
presented in Fig. 6, where the green point at (Qa)?> = 0
corresponds to the extrapolated result with truncation up to
z? terms, while the blue point is for the result with truncation
up to z> terms. The results for the other ensembles are listed
in the Appendix, and the corresponding extrapolation curves
are illustrated in Figs. 9 and 10. We find that the z* terms are
not statistically significant. Thus, we take the extrapolated
values of the z?> expansions to be the main results and
consider the difference between the z?> and z® truncated
results as the systematic uncertainties arising from the
momentum-transfer extrapolations. Additionally, the spe-
cific values of Vg at different Q® for each ensemble are
summarized in Table VII of the Appendix.

Z(tv Teuts tO) =

Ve (0?)

D. Continuum and chiral extrapolation

After obtaining the effective form factors Vg at Q> = 0
for each ensemble and incorporating the systematic uncer-
tainties from the choice of fit ranges, fit methods, and
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FIG. 6. The momentum transfer extrapolation of VQ:DW,
ng;oDoy, and Vfé*D\*y on the F32P21 ensemble are shown from

top to bottom. The blue band and the blue point at (Qa)? =0
correspond to the fit result with truncation at 73, while the green
ones are for the fit result with truncation at z>. The difference
between the values at (Qa)> = 0 are taken as the systematic
uncertainty.

truncations in the momentum transform extrapolations, we
convert the results of V(0) to the coupling constant via

gvp=—"1—. (24)

We then perform a combined continuum and chiral
extrapolation with respect to a> and m2 using the following
empirical form:

dvp (Cl21 mizz) =gvp (0, m%,phy) +Ad* +B (m,z, - mfznphy) ’
(25)

where A and B are free parameters. When performing the
extrapolation using Eq. (25), for gp-~p+, and gp:+p+,, we
find 2 /d.o.f. < 0.7, confirming that the extrapolation form
describes our data well. In contrast, the fit for gp-opo, gives
y2/d.of. =1.7. We also use a modified form with a
logarithmic term inspired by chiral perturbation theory,

gvp (az, m,z,) = gyp (0, m,zt’phy> +Aa* + B (m,z, - miyphy)

+C (m% log (m,zr) —m7 . log (mfr‘phy)) )
(26)

The feasibility of performing such an extrapolation for
9p+p+y, and gp=p+, stems from the inclusion of the
C48P14 ensemble, which imposes a stringent constraint
on the chiral logarithm term. As illustrated in Fig. 11 of the
Appendix, the addition of this physical-mass ensemble
leads to a substantial reduction in the uncertainties when
the chiral logarithm term is considered. Furthermore, by
comparing the results obtained with and without these
terms, we are able to perform a rigorous evaluation of the
systematic uncertainty associated with the chiral extrapo-
lation. However, for gpopo,, the y?/d.o.f. of this form is
still around 1.4, which remains relatively high for a fit with
only a few degrees of freedom.

We attribute this observation to discretization effects. In
fact, when calculating vector current matrix elements using
clover fermions, improvements to the current operator should
be considered; otherwise, O(a) discretization errors may be
significant [14,24-26]. An explicit form is as follows:

virw) = 2o () (14 by (3 ) (am,)
X [Vyu(x) + ey, T (x)]. (27)
where by and c¢y are the improvement coefficients.

Therefore, we try to use a form with additional a dependence
to fit our data,

gvp (flz, mzzz) = gvp (0, m,z,,phy) + Aa?
+ B (m,z, - m,zryphy) +Ca. (28)

This time, for g, the x*/d.o.f. = 0.2, and the coefficient
C has a signal-to-noise ratio larger than 3, showing clear
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FIG. 7. The first three rows display the combined continuum and chiral extrapolation for gy p+,, gp:+pt,» and gp=+p+y/gp:p 4»
respectively. The two left columns show the dependence on lattice spacing and pion mass based on fit with Eq. (25), while the two right
columns present the results obtained from Eq. (26). Both formulas yield 2 /d.o.f. below 0.3. The differences between the two formulas
are taken as the corresponding systematic uncertainties. The fourth row shows the results for g0 po,. Again, the left two plots correspond

to Eq. (25), which fails to produce an acceptable y>/d.o.f., whereas the right two plots show the results using Eq. (28), which describes

well the lattice data.

O(a) effects. Therefore, the results using Eq. (28) are
adopted for the gpopo, case. At the same time, for
9p~+p+y and gpp+,, the fits yield statistically zero results
for the C coefficients, and the central values are consistent
with the previous results within errors, which indicates that
there are no significant O(a) effects for the positively
charged cases at the current statistical precision. All these
extrapolations are shown in Fig. 7.

In addition, we carry out a check on different methods to
incorporate the vector renormalization constants. The con-
stants listed in Table I are the ones at the chiral limit. We
also use those directly obtained from each gauge ensemble.
After the combined chiral and continuum extrapolation
described above, especially with the O(a) term included for
the neutral case, both methods yield consistent results,
which are formally stated in Eq. (28).

One could also compute the ratio gp++p+,/gp:p,, On €ach
ensemble and then perform the extrapolation using
Egs. (25) and (26). In this way, we obtain

IDDr _ 1y 43(12).
9p:+Diy

This value is important for understanding the SU(3) flavor
symmetry and its breaking.

IV. CONCLUSION

This work presents the first systematic calculation of
the radiative decay coupling constants of charmed mesons.
We have one ensemble at the physical pion mass
m, = 135 MeV and one ensemble with lattice spacing
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a ~0.05 fm. Continuum and chiral extrapolations are
carefully performed, and systematic uncertainties are
meticulously estimated.

For the process D** — D%, our result for gp.p, is

1.73(16)(34) GeV~!, yielding a partial width of
[(D* = D%) = 18.2(3.4)(7.1) keV,

where the errors are the total uncertainties. Combining
this result with the experimental branching fraction
B(D** — D%) = (34.54+0.8 £ 0.5)%, we predict the
total width of the D** meson to be

(D) = 52(10)(20) keV,

which is well below the experimental upper limit of
2.1 MeV. For the process D** — D"y, we find gp-+p+, =
0.204(17)(14)(11) GeV~', which corresponds to a radia-
tive decay width of

I(D** — D*y) = 0.253(42)(35)(27) keV.

Similarly, using the total decay width T'(D*") = 83.3 &+
1.2 £ 1.4 keV from the BABAR Collaboration in 2013 [19],
we obtain the branching ratio

B(D* — D*y) = 0.304(51)(42)(33)%.

which is significantly lower than the experimental value
(1.68 £ 0.42 £ 0.29)% reported by CLEO in 1998. Future
experiments with improved precision should better eluci-
date this dependence.

For the process DiT — D[y, we determine 9pr+pty =
—0.120(9)(10)(1) GeV~! and predict the radiative decay
width

[(Dit - Diy) =0.094(14)(16)(2) keV.

Assuming that the decays of D+ are entirely accounted for
by strong and radiative decays, the total width of Di* can

TABLE IV. Results and systematic uncertainties on each ensemble. “Value without systematic” refers to results containing statistical
uncertainties only. “Momentum transfer extrapolation,” “Fit range,” and “Fit method” refer to the corresponding systematic
uncertainties. “Value with systematic” indicates results that incorporate all systematic uncertainties. The difference between
“Extrapolated value with Eq. (25)” and “Extrapolated value with Eq. (26)” lies in whether the logarithmic term is included in the
extrapolation. The “Final result” is obtained by accounting for the discrepancy between these two approaches: the central values are the
average of the two, and an additional systematic uncertainty is taken as half of their difference. For gp.0p0,, only the extrapolation using
Eq. (28) yields a reasonable y2/d.o.f. Therefore, the final result is taken directly from this fit.

Ensemble F32P21 C32P23 H48P32 F32P30 C24P29 C48P14
gD**D*y
Value without systematic (GeV~!) —0.2709(91) -0.373(11) —0.1710(68) —0.2470(75) —0.3459(84) —0.435(13)
Momentum transfer extrapolation (GeV~!) 0.008 0.0001 0.0003 0.002 0.002 0.000005
Fit range (GeV~') 0.0046 0.0053 0.0025 0.0047 0.0039 0.0064
Fit method (%) 1.11 4.00 1.50 1.01 1.84
Value with systematic (GeV™") —0.271(13)  —=0.373(13) —0.1710(99) -0.2470(98) —0.346(10) —0.435(17)
Extrapolated value with Eq. (25) —0.193(16)(15)
Extrapolated value with Eq. (26) —0.204(17)(14)
Final result —0.204(17)(14)(11)
9p;*Dly
Value without systematic (GeV~!) —0.2153(46) —0.2963(50) —0.1335(41) —0.2013(49) —0.2854(40) —0.3074(55)
Momentum transfer extrapolation (GeV~!) 0.005 0.00007 0.002 0.0009 0.0004 0.000004
Fit range (GeV™') 0.0037 0.0028 0.0026 0.0037 0.0030 0.0037
Fit method (%) 1.11 4.00 1.50 1.01 1.84

Value with systematic (GeV™") —0.2153(81) —0.2963(71) —0.1335(75) —0.2013(69) —0.2854(58) —0.3074(87)
Extrapolated value with Eq. (25) —0.120(8)(10)
Extrapolated value with Eq. (26) —0.119(8)(10)
Final result —0.120(9)(10)(1)

9Ip*opoy,
Value without systematic (GeV~") 1.349(20) 1.388(22) 1.321(16) 1.324(19) 1.320(17) 1.482(21)
Momentum transfer extrapolation (GeV~!) 0.002 0.00009 0.002 0.0005 0.0006 0.000003
Fit range (GeV~!) 0.0097 0.0083 0.0050 0.0097 0.0093 0.0126
Fit method (%) 1.11 4.00 1.50 1.01 1.84
Value with systematic (GeV™") 1.349(26) 1.388(29) 1.321(55) 1.324(28) 1.320(22) 1.482(35)

Extrapolated value with Eq. (28)
Final result

1.73(16)(34)
1.73(16)(34)
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TABLE V. For the results in this work, the first uncertainty is statistical, and the second one is the systematic
uncertainty from the matrix element extraction and momentum transfer extrapolation, and the last one is the

systematic uncertainty from chiral extrapolation. All the couplings are in unit GeV~!.

Reference Ip+pDty 9popoy 9p:D}y 9p=p+y/ 9p:Dfy
This work —0.204(17)(14)(11) 1.73(16)(34) —0.120(9)(10)(1) 1.43(8)(9)(3)
LQCD [14,15,16,17] -0.2(3) 2.0(6) —0.087(4)
—0.118(13)
—0.098(19)
LCSR [4,5] —0.15(11) 1.48(29) —0.079(86)
0.40(13) -2.11(35) 0.60(19)
HHyPT [6] —-0.27(5) 2.19(11) 0.041(56)
CCQM [7] —0.45(9) 1.72(34) —0.29(6)
HQET + COM [8] —0.38(5) 1.91(9)
Bag model [9] 0.5 1.1
RQM [10,11] —0.30 1.85
—0.44(6) 2.15(11) —0.19(3)
QCDSR [12,13] —0.19(3) 0.62(3) —0.20(3)
0.167(40) 0.5275(167) 0.0667(103)

be estimated as
I'(D;T) = 0.100(16)(17)(5) keV.

Besides, we calculate the ratio gp-p+,/gpip, =
1.43(8)(9)(3). This result serves as an input for related
phenomenological models. We list our results on each
ensemble, the error budget, and the final extrapolated
results with detailed systematic uncertainties in Table IV
for the reader’s reference. A comparison with other works
is summarized in Table V.

Studies that include disconnected contributions and
carefully treat finite-volume effects are planned for the
near future. The significant discrepancy between our lattice
prediction for B(D*" — D"y) and the 1998 CLEO result
calls for a renewed experimental investigation. In the near
future, we expect this situation to be clarified by several
high-intensity experiments. The BESIII Collaboration,
having recently accumulated a massive 20 fb~! data sample
at the DD threshold, is currently analyzing charmed meson
decays with unprecedented precision. Simultaneously,
Belle II is ramping up its luminosity, and its recent
discovery of the D¥,(2317)" — D}*y transition under-
scores its potential to measure rare radiative mode [27].
These upcoming results will provide a critical test of our
first-principles calculations and may resolve the long-
standing tension in the D* radiative sector.
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APPENDIX: ADDITIONAL FIGURES
AND TABLES

TABLE VL. The fit results for V- p+), Vp:p 4. and Vpeopo, on
the F32P21 ensemble with different SVD cuts.

SVD cut VDH Dty VD’\TDA}/ VD‘ODO;/
-10712 —0.1657(271) 1.8166(582) —0.1809(138)
-10-8 —0.1657(271) 1.8166(582) —0.1809(138)
—107° —0.1657(271) 1.8166(582) —0.1809(138)
-10~* —0.1650(277) 1.8149(567) —0.1757(119)
-1073 —0.1658(318) 1.7897(606) —0.1697(139)
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TABLE VII. The values of (Qa)? and the effective form factors fitted on each ensemble. (Qa);, denotes the
momentum transfers for the D** — D*y and D*° — D% processes, while (Qa) p, denotes the momentum transfer
for the D¥* — Dy process.

Ensemble (Qa)}, Var U7 v (Qa)}, v O
C48P14 0.0122 —0.7249(799) 2.5999(2000) 0.0121 —0.5718(274)
0.0140 ~0.7812(122) 2.8112(259) 0.0138 —0.5954(49)
0.0140 —0.7766(180) 2.8161(399) 0.0139 —0.5964(71)
0.0283 ~0.6526(372) 2.5162(592) 0.0282 ~0.5518(162)
0.0302 ~0.6657(69) 2.5675(144) 0.0301 ~0.5232(25)
0.0303 —0.6554(138) 2.5529(310) 0.0301 —0.5285(56)
0.0443 —0.5484(306) 2.3215(538) 0.0442 —0.4728(115)
0.0464 ~0.5679(74) 2.3751(154) 0.0463 —0.4623(27)
C32P23 0.0267 ~0.6269(820) 2.5330(1265) 0.0275 —0.5342(248)
0.0329 ~0.5899(79) 2.5027(163) 0.0332 ~0.5111(36)
0.0330 ~0.5863(136) 2.4990(249) 0.0333 ~0.5017(63)
0.0612 —0.4563(329) 2.1202(485) 0.0622 —0.3948(148)
0.0683 —0.4355(44) 2.1774(89) 0.0689 ~0.3949(22)
0.0686 ~0.4312(97) 2.1697(186) 0.0691 —0.3898(50)
0.0951 —0.2874(314) 1.6551(2054) 0.0965 ~0.2960(110)
0.1032 ~0.3206(51) 1.9166(96) 0.1040 —0.3004(25)
C24P29 0.0475 —0.5822(388) 2.3353(827) 0.0489 —0.4915(204)
0.0602 —0.4600(53) 2.2076(108) 0.0609 —0.4087(26)
0.0607 —0.4469(98) 2.1833(190) 0.0611 —0.4037(48)
0.1069 ~0.2982(199) 1.8751(278) 0.1089 ~0.2748(101)
0.1222 ~0.2648(32) 1.7880(62) 0.1234 ~0.2508(16)
0.1230 ~0.2515(80) 1.7625(139) 0.1238 —0.2477(40)
0.1649 —0.1389(355) 1.5482(1218) 0.1677 —0.1489(114)
0.1826 ~0.1331(38) 1.4935(86) 0.1845 —0.1419(21)
F32P21 0.0242 —0.4971(508) 2.6672(1113) 0.0257 ~0.3642(290)
0.0326 ~0.3199(56) 2.2509(130) 0.0333 —0.2782(30)
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(Table continued)
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TABLE VIL. (Continued)

Ensemble (Qa)} Var O Var " (Qa), Vai O
0.0329 —0.3333(106) 2.2502(213) 0.0336 —0.2751(53)
0.0570 —0.2282(396) 1.9664(855) 0.0589 —0.1416(253)
0.0670 —0.1523(34) 1.8848(75) 0.0681 —0.1444(18)
0.0675 —0.1555(81) 1.8639(169) 0.0685 —0.1400(43)
0.0890 —0.1081(250) 1.6595(1179) 0.0915 —0.0896(143)
0.1003 —0.0390(42) 1.6159(98) 0.1019 —0.0531(23)
F32P30 0.0259 —0.3565(371) 2.3183(1085) 0.0264 —0.3109(219)
0.0330 —0.2915(46) 2.2046(108) 0.0333 —0.2576(31)
0.0334 —0.2784(82) 2.1727(187) 0.0337 —0.2535(60)
0.0594 —0.1371(234) 1.9448(377) 0.0600 —0.1256(165)
0.0678 —0.1225(30) 1.8288(85) 0.0683 —0.1230(20)
0.0685 —0.1219(66) 1.7935(210) 0.0689 —0.1177(48)
0.0923 —0.0219(294) 1.6973(449) 0.0930 —0.0190(381)
0.1018 —0.0087(40) 1.5876(88) 0.1024 —0.0240(25)
H48P32 0.0145 —0.1699(41) 2.3643(114) 0.0127 —0.1511(31)
0.0146 —0.1743(86) 2.3256(136) 0.0129 —0.1422(46)
0.0252 —0.0540(158) 2.1630(290) 0.0228 —0.0428(106)
0.0297 —0.0375(24) 2.0843(63) 0.0277 —0.0332(18)
0.0299 —0.0320(53) 2.0417(107) 0.0279 —0.0330(37)
0.0395 0.0376(142) 1.9660(261) 0.0369 0.0245(89)
0.0446 0.0547(31) 1.8308(80) 0.0423 0.0442(23)
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FIG. 11.

The left and right columns correspond to extrapolations with Egs. (25) and (26) respectively.
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The upper panels present the results including the C48P14 ensemble, while the lower panels show the results excluding it.
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