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Soft photon approximation in a laser field: Applications
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We apply the soft photon approximation to QED processes in a strong plane-wave laser field. New
compact expressions for the emission factors are presented, which simplify the generalization to multiple soft
photon emission. The method is applied to nonlinear single, double, and N-photon Compton scattering. For
single Compton scattering, we show that the soft photon approximation reproduces the exact spectrum with
accuracy O(w/ ), significantly outperforming the classical radiation theory. For double Compton scattering,
we derive analytical expressions for the differential probability in two kinematic regimes: when both photons
are soft, and when one photon is soft while the other has arbitrary energy. We present a compact analytical
expression for the amplitude of N-photon emission within the soft photon approximation. A numerical
implementation in Wolfram Mathematica for single and double Compton scattering is provided.
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I. INTRODUCTION

The development of high-intensity laser facilities has
opened new frontiers in strong-field quantum electrody-
namics (QED). Modern and planned experiments such as
LUXE at DESY [1], E-320 at SLAC FACET-II [2], and
ELI-NP in Romania [3] aim to probe the nonperturbative
regime of QED, where the dimensionless intensity param-
eter £ = |e|Ey/(mamy) approaches or exceeds unity. In this
regime, the interaction of an electron with a laser field cannot
be treated perturbatively. Accurate theoretical descriptions of
QED processes in the presence of a strong plane-wave
background are of importance for both interpretation of
experimental data and planning of future measurements.

The theoretical description of basic strong-field QED
processes like nonlinear Compton scattering and nonlinear
Breit-Wheeler pair production has been studied in detail
by approximating the laser field as a plane wave; see
reviews [4-9]. The structure of the results in a plane wave
field is much more complex than in the vacuum case, even
for 1 — 2 processes. The processes 1 — 3 and 2 — 2,
such as double nonlinear Compton scattering, electron
trident production, electron-positron annihilation into two
photons, have a much more complex structure compared
to the 1 — 2 processes.
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The complexity of the results increases exponentially
with the number of particles in the initial and final states.
Thus, developing approximate methods is critical. A
powerful tool for simplifying such calculations is the soft
photon approximation. In standard QED, this approxima-
tion allows one to express the amplitude for a process with
an additional soft photon in terms of the amplitude of the
corresponding process without this photon, with correc-
tions of order w/¢e, where w is the photon energy and ¢ is
the characteristic energy scale of the hard process [10]. This
approximation is widely used in high-energy physics to
account for radiative corrections and to regulate infrared
divergences.

In the presence of a strong laser field, the application of
the soft photon approximation is complicated by the fact
that the electron wave functions are no longer plane waves
but Volkov states, which depend nontrivially on the field
phase. In our previous paper [11], we developed a system-
atic soft photon approximation for QED processes in a
plane-wave background. The key improvement over the
standard classical radiation theory [5,6,12] is the exact
treatment of the phase factor: while classical approaches
neglect the quantum recoil of the electron in the phase, our
approximation retains the recoil effects exactly in the phase,
approximating only the preexponential factors. This leads to
a significantly better agreement with exact QED results, in
regimes where classical radiation theory fails.

The main strength of the soft photon approximation lies
in its ability to provide compact analytical expressions for
processes with additional soft photon emission in terms of
the matrix element of the corresponding process without
this photon. This approach significantly simplifies the
calculation of such processes and produces new important
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results for them. This approximation is particularly power-
ful for processes with multiple soft photon emission, where
exact calculations are difficult to perform. By expressing
the amplitude for N-photon emission through the amplitude
for (N — 1)-photon emission, the soft photon approxima-
tion provides a systematic and tractable framework for
studying cascade processes in strong-field QED.

The main goal of the present work is to demonstrate the
power and applicability of the soft photon approximation
for the simplest QED processes in a strong laser field. We
give a detailed review of the soft photon approximation and
present new compact expressions for the emission factors
that significantly simplify the generalization to N-photon
emission. We also consider nonlinear single Compton
scattering, nonlinear double Compton scattering, and non-
linear N-photon Compton scattering. For single Compton
scattering, we perform a detailed comparison between the
exact QED result, the soft photon approximation, and the
classical radiation theory, establishing the domain of appli-
cability of each method. For double Compton scattering, we
derive simple analytical expressions for the differential
probability in two kinematic regimes: when both photons
are soft, and when one photon is soft while the other has
arbitrary energy. We also present new compact analytical
expressions for the amplitude and differential probability of
N-photon emission within the soft photon approximation.
This provides a systematic analytical description including
interference effects between amplitudes with different
emission orderings, going beyond the incoherent cascade
treatment of Ref. [13]. Throughout the paper, we compare
our analytical results with exact QED calculations where
available, demonstrating that the soft photon approximation
provides accurate results with corrections O(w/¢), signifi-
cantly outperforming the classical approximation.

To provide a fast and adaptable numerical implementation
of the developed formalism, we attach Mathematica code
that allows the reader to reproduce all numerical results
presented in the paper and to apply the method to other
kinematic regimes and laser pulse shapes. We focus on the
most experimentally relevant regime: an ultrarelativistic
electron colliding head-on with a linearly polarized laser
pulse. In this setup, the emitted photons are collimated within
small angles around the electron momentum, which allows
us to present compact formulas in the small-angle approxi-
mation. Nevertheless, the general expressions derived in the
paper are valid for arbitrary collision geometries and can be
easily implemented using the provided code.

The paper is organized as follows. In Sec. II, we review
the soft photon approximation developed in [11] and
present new compact expressions for the emission factors.
In Sec. III C, we apply the method to nonlinear Compton
scattering, comparing the soft photon approximation with
the classical and exact results. In Sec. III B, we consider
nonlinear double Compton scattering and derive the prob-
ability for both kinematic regimes. In Sec. IV, we describe
the numerical implementation and discuss its computa-
tional performance. Finally, in Sec. V, we summarize our
results and discuss possible extensions. Additional techni-
cal details are provided in the Appendix.

II. SOFT PHOTON APPROXIMATION

Consider a generic QED process in the presence of a
laser field with initial state i, final state f, and matrix
element Sy;. We also study the matrix element S for the
i — fy process, which differs from the first one by an
additional photon y in the final state. If the frequency of this
photon is small in comparison with €., the matrix
element S can be simply obtained from S, by the soft
photon approximation. The main contribution to the matrix
element S comes from the region where the soft photon
is emitted from the initial or final state electron/positron.
If p and k are the momenta of an external electron line and
soft photon, the Green’s function G(p + k) is near the pole
for small @ = k°. That is, when a photon is emitted from an
initial or final electron, the emission process has a large
formation length [5,14]. However, for photon emission
from an internal electron line, the formation length is
restricted by the hard subprocesses.

As an example, we consider the matrix element S, for a
process with one electron in the initial and final states:

So = / d*xU ,(x)O(P, X)U ,(x). (1)

where O is an operator that depends on the type of process,
P and X are operators, and U ,(x) is the electron wave
function in the presence of a laser field (Volkov’s solution)
with an asymptotic four-momentum p, see Eq. (Al). See
also the Appendix for definitions and useful formulas. The
matrix element S can be represented as a sum S = S| + S»,
where S; and S, correspond to photon emission from the
initial and final states, respectively. We neglect the con-
tribution of diagrams related to radiation from intermediate
states. The matrix elements §;, have the following form:

[[1(®) + m]e*¥e*U ,(x),

o 1
Si=e | d*xU, (x)O(P,X)=
: / p ()0 )H(¢))2—m2+i0

S,=e / d*xU , (x)e™ e T1(®) + m] O(P.X)U ,(x), (2)

(@)% — m? + i0
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where operator O is the same as in Eq. (1), e is the electron charge, e# and k* are photon polarization and momentum
vectors, and [T#(®) = P¥ — eA#(®) with P* = io".

In our previous work [11], we obtained expressions enabling us to rewrite the matrix elements S, in terms of S, as
follows:

1 ¢dgo

4 dr/' )
[)

mé*eikxl]p( x) = —l/ P (ﬂp(qo)e*)eikap(x),

S e A ff S (e 0 ),

e m ot o =i [T R e ),

T s = [ e T )40, ®)

These expressions significantly simplify the calculations, but they have some disadvantages. If we try to consider the
emission of two soft photons, we cannot use these factors directly, because the phase ¢ is included not only in the wave
function U(x) but also in the phase factor. Additionally, the extra factor ¢’** must be taken into account. These
disadvantages greatly complicate the use of this approximation. It is easy to show that we can rewrite these expressions in

the following manner:

1

"Xy ——1/
[1(®) — m + i0 p)

p-
7 ikX g 1

Up(x)e™e o= —i

(D) —m + i0 P p_

] . +00d (4 dx/;
————— "™V, (x) = —z/ 4 i Jimn
II(®) — m + i0 ¢ P—

_ . 1
V (x)e*Xegr ————  — —1/
p) [1(®) — m + i0

p_

where

Pi(p, k) = (p £ k) F n* (5)

(ptk)_

Note that the function P satisfies the following identities:

P(P(p,Lki), £hy) = P(P(p, £k,), Tk )

= P(p. £k £ k). (6)
since the momentum of an electron emitting two photons is
independent of the emission order.

The new expressions do not have the disadvantages
discussed above. Moreover, they have a clear physical
interpretation. The momentum P*(p, £k) has the follow-
ing properties:

P_(p.xk)=(p£k)_,  Pi(p.tk)=(p=£k),,
_ (pk)
Po(p.tk)=(p k). F TR

Pu(p. £k)P*(p. £k) = m?. (7)

(p 14 d‘/’ T *\ 17
f Ppm(m-n (¢ )k>(7r_p(§0)€ Wrpi(x) =G

§0 7, (q * -
& W= (1 () ") Uiy () = B (@)Ut ().

+°°d 7[ q *
4@ i [yt R (2, ()e") Uy (x) = F” () Uppay ().

(")) (m_p(@)e* ) Vip(_p_p)(x) = Gﬁ;ﬂ (D)Vp(—p—1) (%),

4)

=7
/-:/
S
S—
<<I
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=
=
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=
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The first expression of (4) has a clear physical interpretation.
In the real photon emission process in the presence of a plane
wave background, with an initial electron momentum p and
a photon momentum k, the final electron momentum is
PH(p,—k). Although here the photon emission is only a
subprocess of a larger process, the appearance of P*(p, —k)
is quite natural. Since this subprocess is embedded in a more
complex reaction, it is accompanied by an additional phase
factor. Note that the other expressions in (4) have a similar
interpretation. They differ from the first one by replacing the
electron with a positron, and by the fact that photon emission
occurs not only in the initial state but also in the final state.

The soft photon approximation allows us to rewrite the
amplitude S in terms of S, as follows:

= [ P50, (0P X))

S = [ aF D ()T (00(P. X)U, (),
+eo -)

s_&+sy_[ d(3, p0p) DFS (@)

+ S .0 (D) F L (8)).
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where S,/ ,(¢) is defined as:

So /d4xl_/,,/(x)0(P, X)U,(x)

- / a3, (). (9)

[Se]

The main feature of the soft photon approximation is that
it retains the exact phase in the matrix element, while only
the prefactor is approximated. Precise treatment of & in the
phase is very important even in the case of @ < € due to the
integration over the phase along the laser pulse length.
The difference in phase on the order of unity significantly
changes the probability. The exact accounting for the phase
factor enables us to obtain the result with an accuracy
of (’)(ga}’)

It is worth noting that this result (8) satisfies QED gauge
invariance. If we replace the photon polarization vector e¢*
with the photon momentum k, the integrand of F(*)
becomes a total derivative. This can be easily seen using
Eq. (3). Thus, the part from F(*) has the opposite sign in
comparison with F(-), and they cancel each other.

It is interesting to compare this result with that of
classical radiation. The theory of classical radiation by a
free electron in a plane wave laser field is well established
[5,6,12]. However, in our case, we consider the emission of
a soft photon in the presence of a hard subprocess. This
requires a modification of the standard approach, which we
develop below. Suppose we have an amplitude S, (9) for a
hard subprocess with initial and final electron momenta p
and p’. This amplitude has the following meaning. The
quantity S ».p(¢) is an amplitude for the process occurring
at a specific phase ¢. The total amplitude S, is the integral
of this quantity over all possible ¢. Let us assume that the
hard process occurs instantaneously at some phase ¢ = ¢.

In the classical limit, we assume that the formation
length of the photon emission is much larger than the
formation length of the hard subprocess. In such a case,
we can assume that the emission of a photon occurs before
or after the hard subprocess, i.e., before or after ¢p,. When
describing the radiation, we should assume that the
electron change momentum instantaneously at phase ¢.
The radiation that arises from an instantaneous change in
the momentum of a charged particle is precisely classical
radiation. The electron momentum as function of phase ¢
has the following form:

PH(p) = mp(@)H (o — &) + 7, ($)H (P = o), (10)

where 7/,(¢) is the classical electron momentum in the
presence of a laser field with asymptotic momentum p,
and H(x) is a Heaviside step function. The Fourier
component of the classical current for the charged particle
with momentum p*(¢) is [12]

'/’ d P Ilfilﬂ /
k) = =i [ SRR

. +°°d(/7 i q!d(_;/n_/ ,k
—i [T SRE N ). ()
bo pP-

In the classical current approximation, the matrix element
of the process i — fy is

Sa= / a3, ) ae).  (12)

[Se]

This classical current approximation is mathematically
equivalent to the eikonal approximation for soft emission
derived using a diagrammatic approach in [15].

It is well known that classical radiation does not account
for the quantum recoil effect. For this reason, in (12)
S ».p(¢) depends on the initial and final electron momenta
p and p’, without the intermediate momentum shift seen in
the soft photon approximation. The phase of the classical
current j% (k) is linear in k, while the soft photon result has
k_ in the phase denominator. These two differences
between the soft photon approximation and the classical
current approximation lead to a significant discrepancies in
numerical results. We will demonstrate this in the next
section for several examples.

It is interesting to compare the obtained results with the
classical photon emission [10]. If we neglect k_ in
comparison with p_ in the phase, the result in (4) will
coincide with the classical one [10], obtained by discon-
tinuously changing current density four-vector. Note that in
the approximation under consideration, we neglect terms
proportional to k, only in the preexponential factors. We
calculate the phase multiplier exactly. This distinction is
physically vital: because the phase is integrated over the
macroscopic laser pulse length, even a small k can produce
a phase difference on the order of unity, which fundamen-
tally reshapes the interference pattern and the final
probability.

The comparison between the classical and the soft
photon approximations leads to the understanding of
new important features of soft photon approximation.
The soft photon factors F; and G5 do not depend on
the spin of the charged particle. As is well known, the
phase of the wave function in a plane wave background
does not depend on the spin of the particle, as it is a
quasiclassical phase given by the classical action, which is

p p1 /P(pvikl)

P(p, —k1 — k2)

®2 Py

FIG. 1. Space-time picture of double soft photon emission from
an initial electron line.
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spin-independent. Furthermore, the preexponential factors in the soft photon approximation coincide with the prefactor of
the classical result, which is also spin-independent. Thus, the soft photon approximation factors F5 and G5 are spin

independent.

For completeness, we consider the emission of two soft photons with momenta & , and with the polarization vectors e ,

from an initial electron

1 1

A—é‘ *eikzx,\—é\*eiklxl] X
(@) —m+i0 °  T(®)—m+i0 ' p(¥)
: e /¢ Ay i [0t k)
= ————-¢€ *el 2 —i — e P_(p—kp) TP\ PR T e* U ~ ¥
H((I))—m+10 2 ( ) —eo P— ( p((pl) 1) P(p, k,)( )
bdgs i
= (—i)/ %e 0 ’P-(p,—f]—kz)( P(n.—kl)(%)kz)(ﬂ,p((pz)eé)
N [dey [ ok .
X (—l)/ p—le fo P-(/?,Jq)( /(‘Pl) 1)<ﬂp(¢l)el)U’])(p,_k]_k2>(_x), (13)

For a detailed understanding of this identity, see the
derivation of the soft photon approximation [11]. The result
has a clear physical picture, depicted in Fig. 1. The initial
electron with momentum p first emits a photon with
momentum k; at the point ¢;. Thereafter, this electron
propagates with the momentum P(p, —k;). It then emits
the second photon at the point ¢,, while changing the
momentum to P(p, —k; — k,). These two integrals in (13)
in some sense correspond to propagators, i.e., in the
absence of a plane-wave laser field, these integrals exactly
correspond to the denominator like (pk;). The numerator
of the phase contains the momentum before the soft photon
emission, while the denominator of the phase contains the
electron momentum after the soft photon emission. Also
note that the action of the second operator on the first soft
photon factor results in a shift of the upper limit of
integration. It is clear from this picture that phases satisfy
the following inequality ¢; < @, < ¢, which corresponds
to the integration region in (13). Keeping this simple
physical picture in mind, it is easy to generalize this to
n soft photon emission amplitudes, as well as to other in/out
or electron/positron configurations.

III. Ny NONLINEAR COMPTON SCATTERING
A. Single Compton scattering

We start with the simplest example: nonlinear Compton
scattering. Although this process was discussed in the
framework of the soft-photon approximation in [11], we
revisit it here for the following reasons. Nonlinear Compton
scattering is the simplest example of a QED process in a
plane-wave background field. It has been extensively
studied; see, e.g., Refs. [5,13,16-24]. By comparing the
exact and the soft photon results, we can understand the
region of applicability and the main features of the soft
photon approximation.

The Feynman diagram for nonlinear Compton scattering
is shown in Fig. 2, and the corresponding matrix element is:

S = /d“xUp/(x)eikxé*Up(x),

where p, p’, and k are momenta of the initial electron, final
electron, and emitted photon, respectively. ¢/ is the photon
polarization vector. As mentioned above, p, p’, and k
satisfy the following relations:

P(p,—k) =p', P(p' k) = p. (14)

At first glance, it seems that the soft photon approxi-
mation is not applicable to this process. Nevertheless, we
can apply this approximation using the following trick. We
can write the identity operator in the form

1 = [[I(®) — m] !

O+ 10 [MI(®) +m]. (15)

Note that all operators should act on the right side;
otherwise, we would obtain an incorrect result. This is
crucial because the operator [[1(®) — m], when acting on
the Volkov state U, (x) from the left, gives zero, which is a
direct consequence of the Dirac equation.

4>—ii
p p’

FIG. 2. Feynman diagram for single nonlinear Compton
scattering.
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s— / 40y (@) ] s

o]

/
= / d*xU, (x)Pyi(i) / P9 i
/

p_

=2(2n)*8(p. —p' —k1)3(p- — p_ — k) /—

Note that for consistency and completeness of the theory,
this expression should be obtained when the operators act
on both sides. In order to obtain the result when the
operator acts on the left side, we should write the identity
operator as

1 = [[I(®) + m] = :

1(®)2 — m? + 0 (@) =] (17)

The final result will be the same, as expected, if we take
into account the following phase identity:

P_(p,—k) p-
The electron-emission energy spectrum % is given by
dE
—+o0 eA flﬁdt/) ” (/) )
;= d ’ 19
7 / ) ¢( - ) (19)
where & = |e|Ey/mw,, with E, and w, being the laser

electric field amplitude and angular frequency. The energy
spectrum for nonlinear Compton scattering (19) coincides
with the classical result [5] if we replace p’. — p_ in the
phase of f;. On the other hand, the result (19) coincides
with the exact energy spectrum for nonlinear Compton
scattering [23], to leading order in the parameter w/ ¢ in the
preexponential factor and exactly in the phase factor.

To evaluate the accuracy of this approximation, we now
compare the soft photon result with both the classical and
exact quantum calculations for specific kinematic configu-
rations. The problem has a large parameter space—one
could vary the laser pulse shape, duration, intensity, and
collision angle or electron energy. However, we focus on a
single configuration that is most relevant experimentally:
an ultrarelativistic electron moving along the z-direction
colliding with a counterpropagating laser pulse. This
geometry yields the maximal effective intensity parameter
£ and is the standard setup in modern strong-field QED

—m?+i0
& xT, (x)[[1(®) = m] (i) / A9 i frrt

(@) + mle™*e*U ,(x)

Mz (@)e") Uy (x)

(”p (¢)e*) Up’ (X)

i ¢$7z p %
d*x e [, (4 )k )(np((ﬁ)e)

" dp(ay ()e)e JTE (16)

[58)

experiments [1-3]. For such kinematics, the characteristic
angle between the emitted photon and the initial electron
is small, &~ 1/y. Thus, we can use a small-angle

expansion and a two-dimensional vector @, where 6

pko ql —

‘% - % for arbitrary vectors ¢, I. Under these conditions,

the spectrum is

dE am? 0, |2
Pr W & - —pfo ,
+oo CA(D)\' i 7w+ (68, —eA(p)]
Pl d pk— ,
ri= [ ¢< o )
Jf1=fie. (20)

Here we use the following identities:

w
kﬂl’ ¢ (m + (Sapk - eA) )
mpe = —(e0,, — eA) - e,

/ e de' o¢4$1—ww>[’”2+(50pk—€z4<w))2]

22

—fo<1

The spectrum of the classical radiation can be simply
obtained from Eq. (20) by neglecting @ in comparison
with € in the denominator of the phase of f;.

For completeness, we also present here the exact
spectrum dE,/d*k of nonlinear Compton scattering, which
can be obtained from the general result of Ref. [23] in the
high-energy limit

) f fl"'fzfz:o-

dE, 2
&k 2(471)2?25 - w)? [a)2|f012 +(&+(e-w)?)
2
x‘fﬁ—%gfo ] (21)

In order to show the importance of the exact phase result,
we plot the energy spectrum in Fig. 3. For numerical
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0.00
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w/e

0.00 0.05

FIG. 3. The energy spectrum for nonlinear Compton scattering dg% as a function of w/e, the photon angles are 6, , = 52, 0, =2

0.10 0.15 0.20

w/e

Py

The details of numerical computation are discussed in the text. The black line corresponds to the exact result, the dashed line
corresponds to the soft photon approximation result, and the dotted line corresponds to the classical result. Inset: the relative difference &
between the exact and the soft photon energy spectra for nonlinear Compton scattering as a function of w/e.

evaluations, we consider electrons with initial energy
£ = 10*m in head-on collisions with a linearly polarized
laser pulse. Calculations have been performed for £ = 1 and

a pulse shape A(¢) = % cos|myp)g(¢)e,, with the envelope

function g(¢p) = cos?(rmwop/27) for —7 < wyp <7 and
zero otherwise, with dimensionless pulse length 7 = 20
and oy, = 1.55 eV. We also assume that the electron charge
is negative, i.e., e = —|e|. We set m = 1, thus all numerical
quantities are presented in these units.

We see from Fig. 3 that the classical result coincides with
the exact one only in a narrow region w/e < 0.01, while the
soft photon approximation well fits the exact result in a
wider range. The reason for the significant discrepancy
between the classical and the exact quantum results can be
simply explained as follows. Although the integrand in the
phase differs slightly in the classical and quantum results,
the integral over a wide range for a long laser pulse leads to
a difference in the phases on the order of unity. The
difference in the phases on the order of unity leads to a
significant difference in the spectrum. The phase in the soft
photon approximation is exactly the same as in the exact

result, resulting in significantly better accuracy compared
to the classical result.

Note that Fig. 3 has a logarithmic scale, so the difference
between the exact and the soft photon results seems small.
As can be seen from Fig. 3, the relative difference between
the exact and the soft photon results reaches 25% at
¢ =0.2. The presence of peaks in Fig. 3 is due to the
fact that the functions f; have different resonant frequen-
cies .

We see from Fig. 4 that the difference between the exact
and the soft photon results is huge at 0, , = 6, , = 0. This
point is special, because at this point the soft photon
spectrum (20) depends on f| and does not depend on f),
while the exact spectrum (21) depends on both f, and f;. In
the parametric region where wf, > f1, there is a significant
difference between the exact and the soft photon results.
Note that such a huge difference between these two spectra
occurs only in a very narrow region of the parameter 6, i.e.,
£0,k ~% < 1. Thus, in the integrated spectrum %, the
difference between the exact and soft photon results is O(%).

To illustrate this statement, we show the spectrum integrated

105
1000

10

dE
dwd)

0.100

0.001

0.00 0.05

FIG. 4. The energy spectrum for nonlinear Compton scattering ﬁ as a function of @/ e, the photon angles are 0, , = 6

0.10 0.15 0.20

w/e

pky — 0. The

details of numerical computation are discussed in the text. The black line corresponds to the exact result, the dashed line corresponds to

the soft photon approximation result.
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FIG. 5. The energy spectrum for nonlinear Compton scattering % as a function of w/e. The details of numerical computation are
discussed in the text. The black line corresponds to the exact result, the dashed line corresponds to the soft photon approximation result,
and the dotted line corresponds to the classical result. Inset: the relative difference 6, between the exact and the soft photon energy

spectra as a function of w/e.

over the photon angles % as a function of w/e. We see from
Fig. 5 that the integrated spectrum g—g has the same accuracy
dE_ in the soft photon approximation. Note that the

as 455
dwdQ

classical result significantly differs from the exact result

at w/e > 0.07.

B. Double Compton scattering

The nonlinear double Compton scattering is a more
complicated process in comparison with single Compton
scattering. There is an electron in an intermediate state in
this process, which results in new phenomena. The electron
in the intermediate state can be on the mass shell; this leads
to a cascade, where the process divides into two indepen-
dent parts. In such a case, the probability of double
Compton scattering increases quadratically with respect
to the length of the laser pulse for the long pulse case. From
the mathematical point of view, double Compton scattering
is also more complicated than single Compton scattering,
because the matrix element of double Compton scattering
includes an electron propagator, which is more complicated
than the wave function. Moreover, the matrix element of
double Compton scattering has a two-dimensional integral
over highly oscillating functions, which is hard to compute.
In spite of the fact that this process is widely discussed in
[13,25-27], a large number of parameters in this process
require further investigation. The soft photon approxima-
tion can help with this problem because it significantly
simplifies the matrix element calculation.

In the previous section, we have performed a detailed com-
parison between the soft photon approximation, the classical
current approximation, and the exact quantum result for
single nonlinear Compton scattering. This comparison has

established the domain of applicability of the method: the
soft photon approximation reproduces the exact spectrum
with an accuracy of O(w/¢), while the classical result is
valid only in a narrow region. The improved accuracy stems
from the exact treatment of the phase, which correctly
captures the formation length physics over the extended
laser pulse. Having verified the method on this benchmark
process, we now turn to double Compton scattering, which is
significantly more computationally demanding. In the
present work, we do not perform the exact calculation of
nonlinear double Compton scattering, due to its complexity.
Instead, the goal of this paper is to demonstrate the power of
the soft photon approximation as a practical tool: we show
that it allows one to obtain the complete analytical result for a
process of this complexity in a straightforward and computa-
tionally efficient manner. Accordingly, in what follows we
present double Compton scattering probability within the
soft photon approximation and analyze its main physical
features.

Double Compton scattering has two Feynman diagrams,
which are depicted in Fig. 6.

We will discuss the process where the initial and the final
electrons have momenta p and p’, respectively. The two
emitted photons have momenta and polarization vectors
ki, and e », as shown in Fig. 6. Note that, according to the
definition (7), momenta p, p’, and k , satisfy the following
identities:

p = 7’(17, —k; — kz)’
P(IZ —k1.2) = 77(1)/, k2.1)'

p=P(p' .k + k).
(22)

The matrix element for double Compton scattering is
S=35,+S,, where
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I ko ko k1

p P(p, —k1) P P P(p, —k2) »

(@) 51 (b) S2

FIG. 6. Feynman diagrams for nonlinear double Compton scattering. (a) S; and (b) S,.

_ . 1
S, = [ d*xU,(x)e*Xé," —
! / y) > TI(®)2 — m? +i0

_ . 1
S, = | d*xU, (x)eiXe* <
’ / p() " T(®@)2 - m? + 00

(@) + m]e™¥é,"U, (x),

=

(@) + mleXé U, (x). (23)

Let the photon with momentum k, be soft. We can apply Eq. (4) to the photon with momentum k,:

/d4 /*“’d(p i Jr et (ﬂp( Ve Up(y i) (X)X U, (x),

. — i A % ¢ d(P i [Pz (o)k %
Sy =i / d'xTy (x)e™¥e, / e =) (1, () e3) Ui (). (24)

Thus, both matrix elements can be expressed through the matrix element of nonlinear Compton scattering, but with different
initial and final momenta. This result can be used in the case where one photon is soft, while the second photon is hard. We
will not discuss this kinematics here.

If we assume that the photon with momentum k; is also soft, we can apply the soft photon approximation a second time.
We can use the result from the previous section, Eq. (16). The matrix elements are

: 3 / teo d‘/’
Sy =—i2(27)°6(pL —p'. —kiL —ky 1 )(p- — pL —ki_ — k) y
x e f P——m(”m k1 k) (#)k2) (7, (¢ )62><ﬂp(¢)el) (,mﬁp(w )k

b de
Sy = —i2(27)’6(pL — =P ki —ky )s(p-—pL—ki_— ko / / -

o P—
- (o dy' /
x e fo o) 7 (@)k2) (np(¢)e§)(ﬂp(¢)e’f)e’ fo _'P_(/_a.fklf_k2)<”7’(17-—’<2)((p ki) (25)

The matrix element S; with substitutions k; <> k, and e; <> e, coincides with S,. This can be seen by using Eq. (18).
Note also that if we neglect k , in the phase in comparison with p, i.e., replace P(p, —k; ,) with p, we obtain the classical
result. In such a case, the amplitude in the classical approximation S, = S; . + S, . is factorized:

2
S, = —lp— (2z)38(pL —p' —kiL — ko) )S(p- — pL —k1- — ko)

X (/_er d¢<”p(¢)eT)eiﬂﬂ%(”1)<(p/>kl)) (/_Jroo d¢(;;p((/))€§)elf(;/‘i¢( (@ )k2)>, (26)

(e8] (e8]

The soft photon approximation takes into account the change of the electron momentum after the soft photon emission in
the phase, which corresponds to replacing p with P(p, —k; ). This replacement breaks the factorization, as the intermediate
electron momenta in the two emission amplitude are different. This is a key difference between the soft photon and classical
approximations: the former captures the quantum recoil effect, while the latter does not.

The result (25) for the matrix element of nonlinear double Compton scattering can be used for arbitrary kinematics and
field configurations. We focus our attention on one configuration: an ultrarelativistic electron in head-on collision with a
laser pulse. We will use the same kinematics and field configuration as in Sec. Il A. In this case, the matrix elements S ,
can be expressed in terms of integrals:
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Sij —/ d¢/ < > ( (p> 0)+i02 (@),
9i.j :/ d¢/ ( ) ( ) i) +iP1a(¢),
ool = [ iy | e

2 2
(I)i ((P) _ /(p d(p/ (”P(P»—kj) (¢/)ki) — w, /(/} d /(m + ((8 - wj)apki i wjapk/ - eA) ) ‘
7 0 7)—<p7 _ki - kj)

The functions f;; correspond to the matrix element S;, while the functions g;; correspond to the matrix element S,.
The probability of two photon emission is

m

4(e - w;)(e —w; — ;) (27)

aw a?m?*
Plyd’k,  (4re)w 0,

A= /+oo deopd, /¢1 do, /¢2 d¢2ei¢1(¢1)+id’2| (¢1)—i®@; (2)—iD2; (1)

x <:10ka - EA((m)) - (niapkl —5A(¢2>) (;am —5A(¢1)> - <;0ka —§A<¢2)),

A22 - [All] pk 0, kz,(l)]—><l)2,d>2|—><l>]27

A = /+ dedep, /¢1 do, /¢2 dqozeid)l((ﬂl)+id)2l(‘ﬁl)‘iq)Z((/'z)_iq)lz(‘/)Z)

x <,f10,,kl - 5A(<o1>> - (;apkl —5A(¢2>) (;opkz - 5A(¢1>> - (;opkz - fA(rpz)), (28)

The terms A, A5y, and A, correspond to |S;|?, |S,|?, and S, S5, respectively. Here we also assume that the laser field has
linear polarization, directed along e,. The summation over the photon polarizations is performed using

(A + Ay +20A ),

mye; = —(€6 . — eA) ,,Zez/lel1 = 5Y, (29)

where 5K is a Kronecker delta in the xy-plane. The soft photon approximation for double Compton scattering is valid when
both photon energies satisfy @, , < €, similar to the single Compton case.

The strength of this approach is that it also yields a compact expression for the case € ~ w; and w, < e. Starting from the
matrix element (24), and using the formula for nonlinear Compton scattering (21), we can obtain the probability of two-

o 0
photon emission -2V

1 . .
% in this case:
Bk,

dw® a?m?*
Llyd’k,  (4re)w 0,

A= /+oo deopdep, /¢1 de, /¢2 dq)zeid)l(w1)+id)2|((/11)—@1((172)—@21(4)2>

<ot o (S0 =00 - (S0m - (0 )| (S0 - 2400 ) - (L0, - a0

Ay = /+oo dedep, /(f)1 do, /¢2 dq)zeid)z((/]l)‘Hd)lZ((/)l)_iq)z(wz)_id>12(d)2>

<ot oo (S0, —aa@) - (S0, -4 ) | (£0m, - cato) ) - (S0, - (02)).

(A + Ay +2%A,,),
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Ap = /+oo depdg, /¢1 do, /¢2 d(pzei‘bl((f’l)+i‘1>2|(‘/’l)—iq’z(fliz)—i@n((/lz)

ot oS0 = a0« (50w - a0)| (20 - 200 ) - (500, - 400

w? e+ (e—w)?

7 :2(5—0)1)2’ ” 2(e —w)?

This expression is more general than the double soft photon
result and reduces to it in the limit w; < €. Note that, while
the probability of double Compton scattering Eqs. (28)
and (30) is written in terms of four-dimensional integrals, it
can be expressed as a sum of products of the two-dimen-
sional integrals f;; and g;;, which significantly simplifies
the numerical evaluation. This form was chosen for the
sake of brevity and transparency of the derivation, while the
representation in terms of f;; and g;; is more convenient for
actual computations.

Note that the integrands of the functions f;; and g;;
factorize with respect to the integration variables ¢ and ¢. It
enables us to perform the numerical computation of these
functions with O(Ngiq) complexity, as explained in
Sec. IV B.

It is worth noting that in the present kinematics the
integrals over the photon angles are Gaussian and can be
evaluated analytically. However, in this case the integration
variables ¢, ¢, ¢}, ¢, become coupled, and the integral no
longer factorizes into a product of one-dimensional inte-
grals. Consequently, to compute the angle-integrated spec-
trum, one would need to evaluate the full four-dimensional
integral directly with a sufficiently fine grid. This approach
is likely to be more computationally demanding than
computing the one-dimensional integrals for the functions

fij and g;; followed by Monte Carlo integration over
the photon angles. The situation is further exacerbated
for larger N, for example, for N = 3, where the direct
integration would require a six-dimensional integral.

To illustrate our analytical results, we perform numerical
computations of the double nonlinear Compton scattering
probability. The calculations use the same kinematic
configuration as in Sec. III A. In Fig. 7 we present the

probabilities of double nonlinear Compton scattering

aw aw®
oo dinydr, g, And

do dand©dQ;
relative difference 5, between dW(!) and dW is approx-
imately linear, with several additional peaks superimposed.
The origin of these peaks is related to the fact that the
functions f;; and g;; have different resonant frequency
conditions. This result demonstrates that the accuracy of
the soft photon approximation is O(“) the same as in
single nonlinear Compton scattering. We note that, unlike
the single Compton case, the soft photon approximation for
double Compton scattering remains valid at zero emission
angles, as the differential probability depends on multiple
functions f;; and g;; rather than a single integral.

In Fig. 8 a contour plot of the logarithm of the differential

probability logm in the w,/e—w,/e plane for

as a function of w;/e. The

some specific angles is presented. It shows the nontrivial

1000

AW
dwldedS‘lldg‘lg

—

0.0 0.1 0.2

0.3 0.4 0.5

b./‘l/f

FIG. 7. The probability of double nonlinear Compton scattering dwdd% as a function of w;/e, the photon angles
14 A3 d3ey . . . .
are Op o =1, Opryy = 55 Opir = 55 0 " and w, = €/100. The details of numerical computation are discussed in the text.

pkay = ze

The black line corresponds to dW(!) and the dashed line corresponds to dW. Inset: the relative difference 8, between dW!) and dW as a

function of w,/e.
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dw

1 - -
8 dordursdSh A2,

w1 /e

-11.0

-15.4

-19.8

0.00 I 1
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

OJQ/E

FIG. 8. The logarithm of the probability of double nonlinear
Compton scattering logm as a function of w,/e
and ®,/e. The photon angles are @, =75 Oy =55
Oty =35 Opi,y = 2 The details of numerical computation
are discussed in the text.

and highly varying dependence of this probability. This
probability has been studied in detail in Refs. [25,26].

The probabilities integrated over the photon angles ajfl‘;'{wz
dw

dor, o, AT€ presented in Fig. 9. It is seen from Fig. 9 that
the accuracy of the soft photon approximation is O(w/¢).

and

. . )
The relative difference reaches 30% between d‘(f)vlvdwz and

W at ©0 = 0.2 and “2 = 0.01, as shown in Fig. 9. In
1407 € £

Fig. 10 a contour plot of the angle-integrated probability

dafl]‘ng in the w|/e—w, /¢ plane is presented. It shows the

nontrivial dependence of this probability but it is smoother
in comparison with Fig. 8.

In order to simulate the interaction of electrons with a
laser pulse, PIC codes are widely used. These codes

1x1079 ¢

5x10710 ¢
=2
=3
=

[J 10710 L

5x 1071 ¢

0.00 0.05 0.10 0.15 0.20
0.11/6

FIG.9. The probability of double nonlinear Compton scattering
integrated over the photon angles as a function of /e,
w, = ¢/100. The details of numerical computation are discussed
in the text. The black line corresponds to dW(!) (exact in @, soft
photon approximation in @,) and the dashed line corresponds to
dW (soft photon approximation for both photons).

dw
0.20F dhorder
—9.48x10.71°
0.15¢
—7.90x10.71°
W | | -10
© 00 6.32x 10.
3
4.74x10.71°
0.05¢
3.16x10.71°
0.00% y 1.58x10.710
0.00 0.05 0.10 0.15 0.20

wa /e

FIG. 10. The angle-integrated probability of double nonlinear
Compton scattering % as a function of w, /e and w,/¢. The
details of numerical computation are discussed in the text.

primarily rely on the probabilities of single nonlinear
Compton scattering and Breit-Wheeler pair production to
simulate a QED cascade in various field configurations. In
such codes, the emission of two photons is typically
modeled as two independent single nonlinear Compton
scattering events. Thus, it is interesting to discuss inter-
ference effects in nonlinear double Compton scattering and
compare our results with the cascade contribution, where
the two photons are emitted independently. The interfer-
ence term cannot be simply dropped from the differential
probability (28), as doing so would violate gauge invari-
ance. In order to construct the cascade contribution to the

probability integrated over the photon angles, we use the
dw,

dwdw,
to the angle-integrated probability of double nonlinear

Compton scattering is given by

result of [13]. Specifically, the cascade contribution

da)lda)z o 2

aw,. 1 <dW(p) dW(P(p.—ki) | 2), (31)

dCUl da)2

where ‘W;—g’) is the probability of single nonlinear Compton

scattering of an electron with initial momentum ¢ in the soft

aw, aw
dwdw, dwdw,

as a function of w; /¢ at w, /e = 0.04 is shown in Fig. 11. In
the region w; < 0.08¢ these two quantities have a small
relative difference §; < 1%, while in the intermediate region
0.08¢ < w; < 0.2¢ the difference becomes significant and
grows with increasing photon energy. At w; = 0.2¢ the
relative difference reaches §; = 44%.

Note that the result of [13] for the cascade contribu-
tion (31) is valid only for the probability integrated over
photon angles. For the differential probability there is no
analogous result. This is related to the fact that the cascade

and

photon approximation. The comparison of

056028-12



SOFT PHOTON APPROXIMATION IN A LASER FIELD: ...

PHYS. REV. D 114, 056028 (2026)

1x 1079

5x 10710+

dW
dwyidwsy

1x10710F

5x 1071t

0.00 0.05

FIG. 11.

0.10 0.15 0.20

wy /e

The probability of double nonlinear Compton scattering integrated over the photon angles as a function of @, /¢, @, = €/25.

The details of numerical computation are discussed in the text. The black line corresponds to dW (soft photon result) and the dashed line
corresponds to dW . (the cascade contribution (31) in the soft-photon approximation). Inset: the relative difference d; between dW

and dW, as a function of w,/e.

contribution comes from the region where the intermediate
electron is on the mass shell. For arbitrary angles of the
emitted photons the intermediate electron is off the mass
shell. Thus, the fully differential probability of nonlinear
double Compton scattering cannot be factorized into a
product of single-Compton probabilities and requires the
coherent treatment developed in this work.

C. N Compton scattering

In the present subsection we discuss the amplitude of
N-photon emission in the soft photon approximation.
Multiphoton emission was studied in [13], where the
dominant cascade contribution for long laser pulses was
discussed. In that approach, the probability of multiple
photon emission is obtained as an incoherent product of
single-photon emission probabilities, where the photons are
emitted independently. However, a systematic analytical
expression for the full N-photon differential probability that
accounts for interference between different amplitudes was
not provided. This is in contrast to the coherent N-photon
emission considered in the present work, where all N photons
are emitted in a single quantum process with interference
between different emission orderings. Note that the cascade
contribution is automatically captured within our approach.

It is well known that in the classical theory of radiation
the photons are emitted independently. This fact corre-
sponds to the factorization of the amplitude for multiple
photon emission, as was shown in [11,15]. The soft photon
approximation takes into account the change of the electron
momentum after the soft photon emission in the phase,
which corresponds to replacing p with P(p, —k;). This
replacement breaks the factorization, as the intermediate
electron momenta in different amplitudes are different.

This is a key difference between the soft photon and
classical approximations: the former captures the quantum
recoil effect, while the latter does not.

In the present subsection we discuss the following
process. The electron with initial momentum p emits
N photons with momenta k;, i €{1,2,...,N}. In order to
enumerate all diagrams, we use the permutation group Sy.
For a given permutation o, the electron emits photons in the
following order: k,(1), ko(2)- - -, ks(n)- The Feynman diagram
for this amplitude S, is shown in Fig. 12.

Following Eq. (13), the amplitude S, is

S = (=020 CaPo(p. -1, - 3 )

i<N
x 5<p- -pl - Zki-)
i<N
Pit1 d(pi i, (p;
« i i, 40:)(7; (gyi)e;i )], (32)
11;‘[\,[/—00 3 p (i)

. (ﬂp — o (401'/)7%(:‘))
(Do—,i((pi) _ /(p d / P Z/q 6(1)) ) (33)

@i
P—(P’ _ngikﬂ(j))

The integration limits ¢; < ¢, reflect the time ordering
of photon emissions: in the amplitude S,, the photons
are emitted in the order Kku(),kp02), .- koy), With
Q1 <@y <...<@y <@y = +oo. The total amplitude
is a sum of S, for all permutations:

S=Y5,. (34)

cESy
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FIG. 12. The Feynman diagram for N-photon nonlinear Compton scattering which corresponds to the emission order k1, Ky (2) - -
for permutation . Here, we also depict the phase of each interaction point and the momenta of the intermediate electron.

. ko(N)

As shown in our previous work [11], the sum over all permutations ¢ €Sy of the integrals over the simplices
@1 < @y < ... < @y, neglecting k; in comparison with p in the phase, yields the product of independent integrals from —oo
to +o0, which leads to the factorization of the amplitude in the classical limit.

Note that for an ultrarelativistic electron in a head-on collision with a laser pulse, the photons are emitted at small angles.

/
(7[7’0)»‘ j<iko(/))((pi>k"(i)) ~ @g(i) [m* + ((e - Zj<ia)(r(j))0pk,,(,-) + Zj<iwr7(j)0pk,,(,~> —eA)’]
73—(1% _ngika(j)) 4(e - Zj<iwa(j))(€ - sttwo(j)) '

where w; is the frequency of the photon with momentum k;, 8, is a two-dimensional angle between the electron

(35)

momentum and the momentum k;: 6, = ‘:—i -
P

% Using Eq. (29), it is easy to obtain the probability of N-photon emission
in analogy with Eq. (28)

a N A ki [oin . - _; ,
dWy = <m> Z H /_ d(piezd)m(l/?i)‘/_ k d(p;(e D, 4 (})

. w;
0,6/ €Sy ,kSN 71 e e

x (Sapkau) — eA(p;))" (gepka(k) —eA(py))"w, (36)

where the phases are determined by Eq. (35). Here the indices n,(;) and n, ;) indicate which photon corresponds to each
vector. The summation over photon polarizations, given by Eq. (29), contracts the vectors that correspond to the same
photon, i.e., when o(i) = ¢’(k). For example, for N = 2 and permutations ¢ = (1,2) and ¢’ = (2, 1), the contraction
structure is

(€01, — eA(@1)) - (€0, — eA(¢)) X (€01, — eA(92)) - (€0, — eA(})), (37)

where the first vector from S, (corresponding to photon 1) is contracted with the second vector from S, (also corresponding
to photon 1), and vice versa.

This result for N = 2 coincides with Eq. (28). Note that for a more general case (arbitrary electron energy and arbitrary
angles between electron momenta and laser bunch direction) we can also obtain the analogous result using the matrix

element Eq. (32) and the photon polarization summation rule:

H v o uv
Eelel— g,
A

A

We will not write it here due to the straightforward
modification of Eq. (36). The soft photon approximation
for N-photon emission is valid when all photon energies
satisfy w; < . However, for large N, the total emitted
energy should also be much smaller than &: > V| 0; < e.

N
The accuracy of Eq. (36) is O(Q)

The power of the soft photon approximation is that it
provides a compact analytical expression for the N-photon
emission probability, which would be extremely difficult to
obtain by direct calculation. The result Eq. (36) can be

Sy (on)es)ap2)es) = = (2 = 5 (A) = A(02)) ). (38)

evaluated numerically for any N using standard Monte Carlo
integration methods. The case N > 2 is particularly relevant
for the description of cascade processes in strong-field QED,
where an electron emits multiple photons in a sequence of
hard and soft emissions. The soft photon approximation
provides a tractable framework for studying such processes.
Note that the numerical evaluation of the differential
probability for N-photon emission, Eq. (36), can be per-
formed with O(N,,q) complexity using the same approach
as for double Compton scattering, since the integrands
factorize with respect to the integration variables.
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IV. NUMERICAL COMPUTATIONS

In this section we discuss the methods used to obtain
numerical results. The computation of the matrix element
for a QED process in a plane wave background requires
the evaluation of highly oscillatory integrals. One of the
promising methods for such computations is the Levin-type
method [28] and its modifications [29,30]. These methods
work well for the one-dimensional case. However, the
extension of Levin-type methods to multidimensional
integrals remains an open problem.

In the present paper we adopt a different approach. We
use the simplest trapezoidal method for numerical compu-
tation. The advantage of the trapezoidal method is that it
converges quickly for oscillating functions, since the error
over the period is eliminated. Furthermore, the multidi-
mensional integrals for double and N-photon Compton
scattering can be reduced to one-dimensional form with
O(N) complexity, making sophisticated multidimensional
methods unnecessary and favoring the simple, fast trap-
ezoidal rule. The trapezoidal rule is particularly well suited
for smooth oscillatory integrands. For periodic functions,
the trapezoidal rule exhibits exponential convergence, a
property known from the Euler-Maclaurin formula [31].
For highly oscillatory integrals, the error contributions from
successive oscillation periods tend to cancel, leading to
rapid convergence even when the integrand oscillates many
times over the integration domain. This makes the trap-
ezoidal rule more efficient than higher-order methods such
as Simpson’s rule for oscillatory integrands.

The specific properties of the laser pulse are given in
Sec. IIT A after Eq. (21), but we repeat them here for
completeness. We consider electrons with initial energy
e = 10*m in head-on collisions with a linearly polarized
laser pulse. Calculations are performed for { =1 and a

pulse shape A(¢) = |e cos[a)ogb] (¢)e,, with the envelope

function g(¢) = cos*(zwyp/27) for —7 < wyp <7 and
zero otherwise, with a dimensionless pulse length 7 = 20
and oy, = 1.55eV. The electron charge is negative
e = —|e|. We set m = 1, thus all numerical quantities are
presented in these units.

A. Numerical evaluation of single nonlinear
Compton scattering

For the nonlinear single Compton scattering, we com-
pute the phase difference during the laser pulse duration
AD = ®(7/wg) — ®(—7/w,), where ®(¢) is the phase in
Eq. (20). The number of points for the one-dimensional
grid is Npojn, = 18 max (M’ 10). It means that for one

period we have at least ™ 10 points. For practical computa-
tions we use Ny = 1000. We compute the functions f ,
from Eq. (20) directly by the trapezoidal method, since they
are nonzero only in a finite segment —z/wy < ¢ < 7/wy.
The function f involves integration over infinite limits,

which requires careful treatment. Following the standard
prescription in quantum field theory, we understand the
infinite limits in the sense of adiabatic switching of the
interaction: the interaction is switched on exponentially in
the distant past and switched off in the distant future. This
is implemented by introducing regularization parameters
(1 +£i0) in the phase, which ensure exponential conver-
gence of the integrals at infinity.
Explicitly, we decompose f as

'w[mz +f-29§ J(1+0)

fO = /+T/ 0 d¢el(b —+ elq)(f/w()) /+°° d¢€l 4e(e—w)
— 0

/W
r)[m2+é292 1p(1-i0)
+ei<l>(—r/(ﬂg)/ dee' Tu), (39)
—0o0
where ®(¢) = [ 4:(05—(/)@ [m? + (€8, — eA(p))?] is the

phase. The integrals over the semi-infinite regions can
be evaluated analytically, yielding

+T/u)0 . 88(8 — a)) X
fo= / dpe'®?) — ——" 7 sin (®(z/wy)),
—t/oy [m? + 829§,k]w
(40)
where we have used the symmetry ®(—¢) = —®(¢) of the

phase for the symmetric laser pulse.

For fast evaluation we use the procedure Compile
in  Wolfram Mathematica. Comparison with the built-in
NIntegrate function shows that our implementation
is approximately 10° times faster for the required accuracy.

To verify the convergence of the numerical integration,
we compute the functions f; with an increasing number of
integration points and monitor the stability of the result. We
find that for Ny = 1000 (corresponding to 100 points per
oscillation period), the relative change in f; when increas-
ing the number of points by a factor of 10 is of the order
of 1073 or less, which is sufficient for our purposes. For the
functions f ,, the relative change is significantly smaller,
of the order of 107!, This is related to the fact that the
integrands for f, vanish at the boundaries, while that for
fo is finite. Note that increasing the photon energy results
in a decrease in the relative errors. In such cases, we
increase the parameter N to achieve relative errors of the
order of 1073, We also use the identity

/ % gl S By eA ()

[Se]

202 0
_f0<1 i 5") — 28
m

P fi+Ef=0.
m

for error estimation.

On a standard personal computer, the computational time
is 5 x 10 s. Such a small computational time enables one
to use Monte Carlo methods for numerical integration over
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the photon angles. We use the standard NIntegrate
with the methods AdaptiveMonteCarlo or
QuasiMonteCarlo for this purpose. The convergence
of the Monte Carlo integration is verified by increasing the
number of sampling points and monitoring the stability of
the result. We find that 10° points are sufficient to achieve a
relative accuracy of 1072 for the angular integration.

We attach the Wolfram Mathematica notebook Single
Compton.nb as Supplemental Material [32]. It contains
the numerical computation of the functions f; and the
differential spectra for the exact, soft photon, and classical
results, given in Egs. (20) and (21).

B. Numerical evaluation of nonlinear double
Compton scattering

In this subsection we consider the numerical evaluation
of the functions f;; and g;; from Eq. (27) arising in the
double Compton scattering probability. The functions f;
are defined as two-dimensional integrals

® ¢ A I/eA i .

(41)

where ®@,(p) and @,,(¢) are the phases defined in
Egs. (27). The functions g;; are obtained by the substitution
O, - @, and O, - Dy,.

The key property that simplifies the numerical evaluation
is the factorization of the integrand with respect to the
integration variables ¢ and ¢. The phases ®,(¢) and
®,,(¢) depend on different variables, therefore the inte-
grand can be written as a product

fij = / " dphi() / Ldoge). (@)

[Se] —0o0

where h;(¢) = (e“m—@)iei%(aﬁ) and g;(p) = (ef:n(gﬂ))jeidn((p)'

Introducing the primitive function G(¢)) = [?_ dog;(p),
we can rewrite the double integral as a single integral

nf=[wwwmwGw» (43)

The function G(¢) is updated incrementally using
the trapezoidal rule: G(¢,. 1) = G(¢,) +2[g,(¢,) +
9;i(¢,+1)], where h is the grid spacing. This reduces the
computational complexity from O(Nérid) for a direct two-
dimensional integration to O(N;q) for a single pass over
the grid.

The laser pulse is finite: A(¢) =0 for |p| > 7/wy.
However, the phases ®;(¢) and ®,;(¢) continue to grow
linearly outside the pulse region, since the electron prop-
agates freely when the field is absent:

D (¢p) = @ (£7/00) + v1 (P F 7/ ), $= Lt 1/wy,
(44)

Dy (p) = ©yy(£1/@) + 121 (¢ F 7/000),  PZ £ 1/,
(45)

where the asymptotic phase velocities are

. wy (m* + 202, )
= de(e —wy)

- ws[m* + ((& = @1)0 i, + @10 1, )]
21 = .

Mo —an)(e - w1 — ) (46)

For i # 0 or j # 0, the factors A(¢)" or A(@)’ vanish
outside the pulse, and the integration is restricted to the
finite region [—7/wy, t/wy]. However, for i =0 or j = 0,
the corresponding factors equal unity, and the integrand
continues to oscillate outside the pulse. These “tail”
contributions must be evaluated analytically, following
the same regularization prescription as for the function
fo in single Compton scattering (see Sec. IV A): the infinite
integration limits are understood in the sense of adiabatic
switching of the interaction, implemented by introducing
regularization parameters (1 & i0) in the phase.

We decompose the integration domain into three regions

o ¢ —7/wy ¢ /@, ¢
/dqb/ dq):/ d¢/ d(p—i—/ dd)/ do
-0 -0 -0 -0 —7/wy -0
oo ¢
+/ d¢/ de. (47)
7/wg —o0

The first region (¢ < —t/wy, @ < ¢) contributes only
when i = j =0:

1= /—r/wo d¢ei[¢‘2|(—T/ﬂ’o)+1221(f/)+7/mo)]

X/Wd¢ﬂmvﬁ%HmWHmm_ (48)
The inner integral yields e““(zzﬁwc’), and the outer in-

tegral gives

_ei[CDI(—r/a}0)+(l>2|(—r/w0)]
1= } (49)
vi(v21 + vp)

The second region (—7/wy < ¢ < 7/wy) is evaluated
numerically. The initial value of G(¢) at ¢ = —7/w,
includes the contribution from ¢ < —7/wy:
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G(~t/wy) = j,o/

—0o0

—T/

ei®1(=7/a)

" g — € (50)

10

The third region (¢ > 7/w,) contains two contributions. The first arises from ¢ < 7/w, and is nonzero when i = 0:

m, = /oo d¢ei[‘1’21(7/0’0)+@‘21(¢—T/wo)] -G(t/wy) = Le@z](f/wo)G(T/wO)_ (51)

/@y

U1

The second contribution arises from ¢ > 7/w, and is nonzero only when i = j = 0:

i@ @
a1, = /oo do ’ dq)ei[d)l(‘f/wo)Jr”l((ﬂ—f/f00>]+i[¢zl(T/wo)+”21(¢—7/w0)] = —elefm) /o) (52)
7/wq /Wy Va1 (1}2] + U])
The total result is the sum of the numerical integral over the pulse region and the analytical tail contributions:
7/wg
fij= / ) dph; ()G (@) + 61080 - 1+ 89 - T, + 5,055 - ITT,,. (53)
-7/ W

The functions g;; are computed analogously by replacing ®; —» ®,, ®,; —» ®,, and correspondingly v,; — vs,
j p gously Dy rep g P gly
v, — vy, where the new phase velocities are obtained from the expressions above by the substitution w; <> @,

and 0, < 0, .

In order to check the obtained numerical result we use a different identity, which can be obtained by the integration

/+oo d|:eid>21((/)) /¢ d§0 <&jn<§€0)>jei®l ((ﬂ):| =0,
/+oo ) (M)ie@zl(@ /(/) dei® (@) — /+oo deg (M)iei‘bl(@‘*'@z](@_ (54)
—0 mf —0 —0 mf

The left-hand sides of these identities can be expressed in terms of the functions f;.

by parts

We use the same numerical method as in the previous
Sec. IV A. In particular, we use an analogous procedure for
determining the number of points in the grid with a small
modification. We use the maximum phase difference
between ®,; and ®;. We also use Compile in Wolfram
Mathematica. On a standard personal computer, the computa-
tional time for f;; is 107 s for Ny = 10°. For @ ~ ¢/100
the accuracy is about 10~ — 1073, Increasing the photon
energy leads to a larger phase variation A®, which requires
a larger number of grid points to maintain the same
accuracy. For w ~ ¢, the value Ny = 10> may be insuffi-
cient, and N, must be increased to achieve the desired
accuracy. The computational time for the differential
probability dW (28) or dW") (30) for a single kinematic
point is 102 s. Thus we can also use Monte Carlo methods
for numerical integration over the photon angles. The
analysis of different Monte Carlo methods implemented
in Wolfram Mathematica shows that the best method for
evaluating such peaked four-dimensional integrals over
the photon angles is QuasiMonteCarlo. It allows one to
obtain results with an accuracy of about 1% using 10°
points.

We attach the Wolfram Mathematica notebook Double
Compton.nb as Supplemental Material [32]. It contains
the numerical implementation of the functions f;; and g;; as
well as the differential probability dW for the exact and soft
photon results, Eqs. (28) and (30).

V. CONCLUSION

In this paper, we have applied the soft photon approxi-
mation to QED processes in a strong laser field. Building
upon the formalism developed in our previous work [11], we
have considered nonlinear single Compton scattering, non-
linear double Compton scattering, and general N-photon
emission, providing analytical expressions that simplify
calculations in strong-field QED.

For single nonlinear Compton scattering, we have
performed a detailed comparison between the soft photon
approximation, the exact result, and the classical result. Our
analysis shows that the soft photon approximation repro-
duces the exact spectrum with an accuracy of O(w/e),
while the classical approximation is valid only in a narrow
region w/e <0.01 for the discussed kinematics. The
difference between our approach and classical radiation
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theory is the exact treatment of the phase factor: while
classical approaches neglect the quantum recoil effect, our
approximation retains the recoil effects exactly in the phase,
approximating only the preexponential factors. This dis-
tinction is physically important because the phase is inte-
grated over the macroscopic laser pulse length, and even a
small difference in the phase can change the final probability.
The relative difference between the exact and soft photon
spectra reaches approximately 25% at w/e = 0.2, showing
that the method provides accurate results beyond the regime
where classical theory fails. We note that the approximation
is not valid at exactly zero emission angles, but this occurs
only in a narrow angular region and does not affect the
integrated spectrum.

For double nonlinear Compton scattering, we have

derived analytical expressions for the differential probability
in two kinematic regimes: when both photons are soft, and
when one photon is soft while the other has arbitrary energy.
Our formulas are expressed in terms of two-dimensional
integrals. We have verified the accuracy of our results by
comparing the two kinematic regimes, showing that the soft
photon approximation maintains O(w/¢) accuracy even in
the presence of interference effects. The two-dimensional
integral is computed in a single pass over the grid by
updating a primitive function incrementally, reducing the
computational complexity from O(N gﬁd) t0 O(N gyiq), Where
Ngrig is the number of grid points.
We have also presented an analytical expression for the
amplitude of N-photon emission within the soft photon
approximation. Previous studies of multiphoton emission
in a plane-wave background focused on the incoherent
cascade contribution [13], where the probability factorizes
into a product of independent single-photon emission
probabilities. In contrast, the amplitude presented here
accounts for the interference between different emission
orderings. The amplitude is expressed as a sum over all
permutations of emission orders, with each term given by
an integral over a simplex. The simplex structure of the
integrals and the factorization of the integrand allow one to
compute the differential probability with O(Ng) com-
plexity, similar to the double Compton case. This result
provides a framework for studying cascade processes in
strong-field QED, where an electron emits multiple pho-
tons. In the classical limit, the sum over permutations
factorizes, reproducing the well-known independent emis-
sion of photons. The soft photon approximation breaks this
factorization by capturing the quantum recoil effect through
the modification of the electron momentum after each
emission, which is reflected in the phase.

We have provided a numerical implementation in Wolfram
Mathematica for single and double nonlinear Compton scat-
tering as Supplemental Material [32]. The code implements
the general formulas derived in the paper and can be used
for arbitrary collision geometries, laser pulse shapes, and
electron energies with small modifications. The numerical

complexity is reduced to O(N,;4) using the factorization
properties of the integrands, enabling efficient computa-
tion of differential probabilities. The code reproduces all
numerical results presented in the paper and can be adapted
to study other regimes of interest.

The method developed in this work is not restricted to the
head-on ultrarelativistic regime. The general expressions
derived in this paper are valid for arbitrary kinematics and
can be applied to study nonlinear Compton scattering at
large angles, different collision geometries, and arbitrary
plane-wave pulse shapes. The soft photon approximation
can be applied for various QED processes involving addi-
tional soft photon emission. In particular, this approach is
more suitable for calculation of the soft part of the virtual
and real radiative corrections for the QED processes in the
plane wave background.

DATA AVAILABILITY

The Wolfram Mathematica notebooks used to generate the
numerical results and plots presented in this paper are
available as Supplemental Material [32] accompanying this
article.

APPENDIX

This appendix provides additional details on the for-
mulas and notation used in the paper.

Let vector n define the propagation direction of the plane
wave. Vector potential A#(¢) dependsonlyon¢ =t —n - x.
We introduce four four-dimensional quantities: n* = (1,n),
" = (1,-n)/2, and a’; = (0,a;), where j =1, 2. The
four-dimensional quantities »*, 7*, and a’; fulfill the
completeness relation

" = nfi¥ + atnt — dia¥ — abas.
Note that (nit)=1, (na;) = (fia;) =n*=n*=0,
a;a; = —6; ;. In what follows, we refer to the longitudinal
(n) direction as the direction along n and to the transverse
(L) plane as the plane spanned by the two perpendicular
unit vectors a;. Coordinates

p=(nx)=t-x,,  T=(x)=(r+x,)/2,

x| = —(a;ix),
where x,, = n - x. For an arbitrary four-vector p, we intro-
duce p_=(np)=p°=p, p.=(ip)=(p"+p.)/2
and p; = (pr1,p12) =—((pa1).(pay)) = (p-a,.p-ay).
Thus,
px = pyx, = (xn)(pii) + (pn)(xft) =x, -p,
=pT+pp—x,-p,.
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The momenta operators on this basis have the form

Py = —id, = —(#P) = —(id, — id, ) /2Py = —idy = —(nP) = —(id, + id, ),
)

P, =(P,,,P,,)=—i(a;-V,a, V).

They satisfy the following commutation relation:

[¢.Py) = [T, Pr] =1,

(X1 P o] =ibj.

which are equivalent to the commutation relations [X¥, P*] = —in**, with P# = io".

The Volkov states U ,(x) and V ,(x) can be written as

AA i T /
Up(x) = [1 _|_L(‘M] upe—zﬁ)(n‘p(x )+-eAH (x ))dxu’

’

AA i | ¥ )4-eA* (X' !

where u, and v, are the free spinors. Here we have intro-
duced the notation | = y#1, for a generic four-vector /¢, with
y# being the Dirac matrices.

We note that the choice of the lower integration limit O in
Eq. (A1) differs from the standard convention where the
integral is taken from —oo (see, e.g., Ref. [10]). This choice
introduces an additional constant phase factor in each
Volkov state, which depends on the initial conditions at
x = 0. However, this constant phase cancels in all physical
observables, since it appears as an overall phase factor in
the matrix element and disappears upon taking the absolute
square |S|>.

’

TU,(x) =1, {1 - L;(@} o [y e ))as,
pP-

en A(Qb)} eiﬁ(n{],(xr)+eAu(x/))dx;

i .

The classical kinetic four-momentum of an electron in
the plane wave A*(¢) has the form

e(PA) ;AP
p- 2p_

my() = p* —eAX () + . (A2)

with limy_ . 75(¢) = p*. Note that r,(¢)> = p* and
7,-(¢) = p_. Note that the quantity z_,(¢) that occurs
in spinors V can be represented as —z,(p) with the
substitution ¢ — —e, where e is an electron charge.
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