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In the heavy quarkonium decay process V → ggg (V ¼ J=ψ ;ϒ), making a definite prediction including
relativistic corrections has so far remained a significant challenge. In this work, we study this decay process
by taking into account the relativistic corrections in the Bethe-Salpeter formalism, where the relativistic
bound-state wave function of quarkonium is obtained by solving the Bethe-Salpeter equation under the
covariant instantaneous ansatz. Through analytical calculation, we find that some polarized decay widths
vanish due to the helicity selection rule, which suppresses the corresponding helicity amplitudes. Owing to
helicity flip symmetry and phase space symmetry, the nonvanishing polarized decay widths are not all
independent; they are related through a set of symmetry relations. Then we obtain the unpolarized decay

width formula ΓðV → gggÞ ¼ 80ðπ2−9Þα3sN2
Vβ

3
V

81π9=2M
ð1 − κ

β2V
M2Þ, where the factor κ β2V

M2 arises from the relativistic

corrections with κ ≡ 3ð112þ25π2Þ
16ðπ2−9Þ . Furthermore, including both relativistic and QCD radiative corrections

within the factorization assumption, our predictions of BðV → gggÞ and BðV → eþe−Þ agree well with

their experimental data. As a crossing check, with the experimental value of the ratio RV ¼ ΓðV→gggÞ
ΓðV→eþe−Þ and

our result for RV, we extract αsðMJ=ψ=2Þ ¼ 0.31 and αsðMϒ=2Þ ¼ 0.20, respectively.

DOI: 10.1103/n9g6-1dfj

I. INTRODUCTION

Since the discovery of the charmonium J=ψ [1,2],
remarkable experimental progress in heavy quarkonium
physics has been achieved at facilities including LHCb,
Belle, BABAR, CDF, BESIII, and CLEO-c [3–7]. This field
has also attracted significant theoretical attention because
heavy quarkonium systems provide an ideal testing ground
for understanding the interplay between perturbative and
nonperturbative regimes of quantum chromodynamics
(QCD) [8–15]. For the heavy quarkonium J=ψ (ϒ) with
the quantum numbers JPC ¼ 1−− [16], its various decay
channels have been the essential subject of many exper-
imental and theoretical studies. Among these channels, the
three-gluon decay of the vector quarkonium J=ψ is
particularly significant, since it provides us with invaluable
information on the strong interactions between quarks and

gluons in intermediate energy region, where the interplay
between perturbative and nonperturbative effects of QCD
becomes important.
The heavy quarkonium V (V ¼ J=ψ ;ϒ) cannot decay

directly into a single gluon due to the color confinement.
Furthermore, its decay into two gluons is forbidden by
C-parity conservation. Therefore, the gluonic decay of V is
the three-gluon decay V → ggg. Theoretically, this decay
provides a clean environment to probe the intrinsic struc-
ture of heavy quarkonium, since it does not involve the
hadronization of the final-state gluons. To lowest order in
QCD [17,18], the decay width, which is proportional to the
modulus squared of the radial wave function at origin
jRVð0Þj2, can be obtained by supplementing the three-
photon decay width of ortho-positronium [19] with the
appropriate color factor. The ratio of the gluonic to leptonic

widths of V is predicted to be [17,18] RV ¼ ΓðV→gggÞ
ΓðV→eþe−Þ ¼

10ðπ2−9Þα3s
81πe2Qα

2 with eQ the charge of the Q (Q ¼ c, b) quark,

which is independent of the modulus squared jRVð0Þj2.
Since this ratio exhibits strong sensitivity only to the QCD
running coupling constant αs, it provides a powerful
method for estimating αs. By using the experimental value
of this ratio, one obtains αsðmcÞ ¼ 0.195 and αsðmbÞ ¼
0.181, which are substantially lower than the values
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obtained from other decays [20]. This may imply that the
higher-order effects play an important role in the decay
process V → ggg.
The first calculation of the QCD radiative corrections to

the decay ϒ → ggg was performed numerically by
Mackenzie and Lepage [21]. Including the first-order
QCD radiative corrections, the ratio RV is predicted to

be RV ¼ 10ðπ2−9Þα3s
81πe2Qα

2 ð1þ C αs
π Þ with C ¼ 1.63 for J=ψ, 0.43

for ϒ [22]. With the improved prediction and the exper-
imental value of the ratio, one extracts αsðmcÞ ¼ 0.189 and
αsðmbÞ ¼ 0.180, which are even slightly lower than the
leading-order estimates. Recently, calculations of the decay
width ΓðV → gggÞ based on a potential model [23,24] and
a nonrelativistic quark model [25,26] have been updated to
include first-order QCD radiative corrections. However,
these updates have not yielded a substantial improvement.
This suggests that the relativistic corrections play a key role
in these decay processes.
The first-order relativistic corrections to the decay

V → ggg were first calculated by Keung and Muzinich
[27]. In their work, only the kinematic relativistic correc-
tions were included. Later, Chao et al. [28] arrived at a result
compatible with experiment by including both kinematic
and dynamical relativistic corrections, albeit with an ad hoc
approximation employed for the hard-scattering kernel

(
R
d3qfðqÞð1−2.70 q2

m2Þ≈
R
d3qfðqÞð1þ2.70 q2

m2Þ−1). Subse-
quently, the Oðv4Þ corrections were calculated within
nonrelativistic QCD (NRQCD) [29,30]. However, the
predictive power of this approach is limited by the pro-
liferation of poorly constrained nonperturbative matrix
elements, especially for the higher-order corrections.
Recently, Sang et al. [31] computed theOðαsv2Þ corrections
within NRQCD. They found that these corrections failed to
counterbalance the large negative corrections from the
Oðv2Þ terms and thus still yielded an unphysical negative
decay width for J=ψ channel. Apparently, although rela-
tivistic corrections play a crucial role [32], current methods
for handling them remain somewhat unsatisfactory.
Therefore, it is worth reexamining these corrections in
detail and clarifying the full dynamical mechanisms under-
lying the decay process V → ggg.
In addition to the aforementioned methods, the decay

process J=ψðϒÞ → ggg has also been investigated using
phenomenological models which introduce an effective
gluon mass [33–35]. Generally, these studies could obtain
αsðmcÞ ∼ 0.3 and αsðmbÞ ∼ 0.2 with a large effective gluon
mass (Mg ¼ 0.6–1.2 GeV). However, this assumption may
require further physical justification.
In this paper, to clarify the dynamical picture of the decay

J=ψðϒÞ → ggg, we employ the Bethe-Salpeter (B-S) frame-
work [36–43] to analytically calculate the wave functions of
the heavy quarkonia J=ψ and ϒ, as well as their decay
amplitudes. A key aspect of our approach, which enables a
detailed reexamination of the relativistic corrections, is that

the internal momentum of the quarkonium is retained in both
the soft bound-state wave function and the hard-scattering
amplitude. This treatment allows the framework to naturally
handle the relativistic corrections, which include the dynami-
cal corrections from the bound-state wave function and the
kinematical corrections from the hard-scattering amplitude.
With a QCD-motivated B-S equation under the covariant
instantaneous ansatz (CIA) [38–42], we obtain the analytic
forms of wave functions by employing the full B-S kernel,
which includes both the long-range confinement and the
short-range one-gluon-exchange (Coulomb) interactions.
These wave functions are then used to calculate the decay
width ΓðJ=ψðϒÞ → gggÞ. Owing to helicity flip and phase
space symmetries, we find that the polarized decay widths
(Γggg

½λV ;λ1;λ2;λ3�) can be divided into four groups. Furthermore,

based on the factorization assumption, we take into account
both relativistic and QCD radiative corrections to next-to-
leading order. And our theoretical predictions for the
branching ratios BðV → gggÞ and BðV → eþe−Þ are con-
sistent with experimental data. In addition, the QCD running
coupling constant αs is extracted from our calculations and
experimental measurements of the gluonic and leptonic
decay widths.
The paper is organized as follows. The theoretical

framework and the analytical calculation for the decay
process J=ψðϒÞ → ggg is presented in detail in Sec. II. In
Sec. III we show our results and phenomenological dis-
cussions. The last section is our summary.

II. THEORETICAL FRAMEWORK

A. Bethe-Salpeter equation

It is generally known that the B-S equation [36,37] is an
effective relativistic equation with a solid basis in quantum
field theory, making it a conventional approach for treating
various bound-state problems. In this subsection, we briefly
review the formulation of the B-S framework. For heavy
quarkonium V (J=ψ or ϒ), the B-S equation has the form
[41–47]

S−1F ðfÞΨðK;qÞS−1F ð−f̄Þ¼
Z

d4q0

ð2πÞ4 ½−iKðK;q;q0ÞΨðK;q0Þ�;

ð1Þ
where KðK; q; q0Þ represents the interaction kernel
between the internal quark and antiquark, and SFðpÞ ¼
i=ð=p − m̂þ iϵÞ represents the propagator with the effec-
tive mass of c (b) quark m̂. The momenta of the quark and
antiquark can be written as

f ¼ K
2
þ q; f̄ ¼ K

2
− q; ð2Þ

where q and K represent the internal momentum and the
total momentum of the heavy quarkonium, respectively.
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For convenience, the internal momentum q is decomposed
into a transverse component q̂ (with q̂ · K ¼ 0) and a lon-
gitudinal component qk (parallel to the total momentum K)

qμ ¼ qμk þ q̂μ; qμk ¼
qK
M

Kμ: ð3Þ

Here both qK ¼ q · K=M and q̂2 ¼ q2 − q2K are Lorentz
invariant variables and M is the mass of the heavy
quarkonium.
The CIA [38–42] posits that the interaction is instanta-

neous. Consequently, the interaction kernel KðK; q; q0Þ is
independent on the timelike component of the internal
momentum

KðK; q; q0Þ ¼ Vðq̂; q̂0Þ: ð4Þ

In this framework, the interaction kernel Vðq̂; q̂0Þ typically
includes both long-range confinement and one-gluon
exchange interactions [41,42].
Then the B-S wave function can be expressed as

ΨðK; qÞ ¼ −SFðfÞΓðq̂ÞSFð−f̄Þ; ð5Þ

where the hadron-quark vertex function reads

Γðq̂Þ ¼ i
Z

d4q0

ð2πÞ4 Vðq̂; q̂
0ÞΨðK;q0Þ ¼

Z gd3q0Vðq̂; q̂0Þψðq̂0Þ
ð6Þ

with the Salpeter wave function ψðq̂Þ ¼ i
2π

R
dqKΨðK; qÞ

and gd3q0 ¼ d3q0=ð2πÞ3. We now introduce the projection
operator [41,42,45,46]

Λ�
i ðq̂Þ ¼

1

2ω

�
=K
M

ω� ð−1Þðiþ1Þðm̂þ =̂qÞ
�
; ð7Þ

which allows us to decompose the propagators as follows:

1

=f − m̂þ iϵ
¼ Λþ

1 ðq̂Þ
qK þ M

2
− ωþ iϵ

þ Λ−
1 ðq̂Þ

qK þ M
2
þ ω − iϵ

;

1

=̄f þ m̂ − iϵ
¼ Λþ

2 ðq̂Þ
−qK þ M

2
− ωþ iϵ

þ Λ−
2 ðq̂Þ

−qK þ M
2
þ ω − iϵ

ð8Þ

with ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m̂2 − q̂2

p
. Performing the qK-integration of

Eq. (5), one can obtain [41,42,45,46]

ðM − 2ωÞψþþðq̂Þ ¼ −Λþ
1 ðq̂ÞΓðq̂ÞΛþ

2 ðq̂Þ;
ðM þ 2ωÞψ−−ðq̂Þ ¼ Λ−

1 ðq̂ÞΓðq̂ÞΛ−
2 ðq̂Þ;

ψþ−ðq̂Þ ¼ 0;

ψ−þðq̂Þ ¼ 0 ð9Þ

with ψ��ðq̂Þ ¼ Λ�
1 ðq̂Þ =KM ψðq̂Þ =KM Λ�

2 ðq̂Þ and ψðq̂Þ ¼
ψþþðq̂Þ þ ψþ−ðq̂Þ þ ψ−þðq̂Þ þ ψ−−ðq̂Þ.
For the quarkonium V with quantum numbers

JPC ¼ 1−−, the general form of Dirac structures of the
wave function up to subleading order can be expressed as
[40,46,48,49]

ψðq̂Þ ¼ M=εf1ðq̂Þ þ =ε=Kf2ðq̂Þ þ ½=ε=̂q − q̂ · ε�f3ðq̂Þ

þ ½=K=ε=̂q − ðq̂ · εÞ=K� f4ðq̂Þ
M

þ ðq̂ · εÞf5ðq̂Þ

þ ðq̂ · εÞ=K f6ðq̂Þ
M

; ð10Þ

where scalar function fiðq̂Þ (i ¼ 1; 2;…; 6) depends on q̂2,
and ε is the polarization vector of V. Since the contributions
associated with the q̂2-order Dirac structures are suppressed
[40], we are interested in calculations up to the q̂-order
terms in this work. The two homogeneous equations in (9),
namely ψþ−ðq̂Þ ¼ 0 and ψ−þðq̂Þ ¼ 0, act as two indepen-
dent constraint conditions. Substituting the general form of
ψðq̂Þ into these constraints and requiring the coefficients of
the independent Dirac structures to vanish, we obtain the
following relations among the scalar functions

f3ðq̂Þ ¼ f6ðq̂Þ ¼ 0; f4ðq̂Þ ¼ −
M
m̂

f2ðq̂Þ;

f5ðq̂Þ ¼
M
m̂
f1ðq̂Þ: ð11Þ

As a result, the Salpeter wave function simplifies to

ψðq̂Þ ¼
�
M=εþM

m̂
ðq̂ · εÞ

�
f1ðq̂Þ

þ
�
=ε=K þ =Kðq̂ · εÞ

m̂
−
=K=ε=̂q
m̂

�
f2ðq̂Þ: ð12Þ

Next, employing the local approximation

Vðq̂; q̂0Þ ¼ ð2πÞ3δ3ðq̂ − q̂0ÞV̄ðq̂0Þγμ ⊗ γμ ð13Þ

and the approximate relation

γμψðq̂Þγμ ≈ Θψðq̂Þ ð14Þ

with Θ ¼ −2 for vector meson [46], and applying the first
two Salpeter equations in (9), we obtain two identical
decoupled equations

�
M2

4
− m̂2 þ q̂2

�
f1ðq̂Þ ¼ m̂ΘV̄ðq̂Þf1ðq̂Þ;�

M2

4
− m̂2 þ q̂2

�
f2ðq̂Þ ¼ m̂ΘV̄ðq̂Þf2ðq̂Þ: ð15Þ
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Since f1ðq̂Þ and f2ðq̂Þ satisfy the same differential equa-
tion, they are proportional to each other. The constant
of proportionality can be determined by the structure of
the wave function in the nonrelativistic limit, i.e.,
ðM=ε − =ε=KÞfðq̂Þ. Then we further obtain

f1ðq̂Þ ¼ −f2ðq̂Þ ¼ fðq̂Þ; ð16Þ
and the Salpeter wave function

ψðq̂Þ ¼
�
M=ε − =ε=K þM

m̂
ðq̂ · εÞ − =K

m̂
ðq̂ · εÞ þ =K=ε=̂q

m̂

�
fðq̂Þ:

ð17Þ
In the rest frame of the heavy quarkonium V, the momenta
K and q̂ are given by

Kμ ¼ ðM; 0Þ; q̂μ ¼ ð0; q̂Þ ¼ ð0;qÞ: ð18Þ
Adopting the approximation m̂ ≈M=2 and a potential V̄ðq̂Þ
that includes both confinement and one-gluon exchange
interactions [41,42], the wave function can be reduced to

ψðq̂Þ ¼
�
M=ε − =ε=K þ 2ðq̂ · εÞ − 2=Kðq̂ · εÞ

M
þ 2=K=ε=̂q

M

�
fðq̂Þ

ð19Þ
with the scalar function

fðq̂Þ ¼ NV
1

π3=4
1

β3=2V

e
− q̂2

2β2
V ; ð20Þ

where NV is a constant and βV is the harmonic oscillator
parameter. Following the procedure established in
Refs. [41,42], we take NJ=ψ ¼ 0.57 MeV−1=2, βJ=ψ ¼
310 MeV for the J=ψ ; Nϒ ¼ 0.30 MeV−1=2, βϒ ¼
600 MeV for the ϒ. For convenience, we employ the
shorthand

ψðq̂Þ ¼ fðq̂ÞPðq̂Þ; ð21Þ
where Pðq̂Þ denotes the Dirac structure

Pðq̂Þ ¼ M=ε − =ε=K þ 2ðq̂ · εÞ − 2=Kðq̂ · εÞ
M

þ 2=K=ε=̂q
M

: ð22Þ

B. The decay V → ggg in perturbative QCD

It is well known that the decay amplitude of V → ggg
can be factorized into a short-distance part, which can be
calculated using perturbative methods, and a long-distance
part, which describes the nonperturbative dynamics of the

bound state. In the rest frame of the heavy quarkonium V,
the decay amplitude of V → ggg can be written as

A ¼
ffiffiffiffiffiffi
Nc

p Z
d4q
ð2πÞ4 Tr½ΨðK; qÞOðf; f̄Þ�; ð23Þ

where the factor
ffiffiffiffiffiffi
Nc

p
accounts for the color properties of

the quark-antiquark content, Oðf; f̄Þ is the hard-scattering
amplitude, and the momenta of the quark and antiquark are
given by

fμ ¼ Kμ

2
þ qμ ¼

�
M
2
þ q0;q

�
;

f̄μ ¼ Kμ

2
− qμ ¼

�
M
2
− q0;−q

�
: ð24Þ

Under the CIA, a more relevant treatment is to take
q0 ≪ M, so one can obtain the momenta

fμ ≈
�
M
2
;q

�
¼ Kμ

2
þ q̂μ;

f̄μ ≈
�
M
2
;−q

�
¼ Kμ

2
− q̂μ; ð25Þ

and a simplified hard-scattering amplitude

Oðf; f̄Þ ≈Oðq̂Þ: ð26Þ

From another point of view [28], this treatment can be
connected with the on-shell condition, which maintains the
gauge invariance of the hard-scattering amplitude.
Then the decay amplitude of V → ggg can be rewritten

as

A ¼ −i
ffiffiffiffiffiffi
Nc

p Z
d3q̂
ð2πÞ3 fðq̂ÞTr½Pðq̂ÞOðq̂Þ�: ð27Þ

Here the hard-scattering amplitude Oðq̂Þ reads

Oðq̂Þ ¼ −ig3s
4Nc

ðTr½Ta1Ta2Ta3 �Iðk1; k2; k3; ϵ1; ϵ2; ϵ3Þ

þ Tr½Ta2Ta1Ta3 �Iðk2; k1; k3; ϵ2; ϵ1; ϵ3Þ
þ Tr½Ta2Ta3Ta1 �Iðk2; k3; k1; ϵ2; ϵ3; ϵ1Þ
þ Tr½Ta3Ta2Ta1 �Iðk3; k2; k1; ϵ3; ϵ2; ϵ1Þ
þ Tr½Ta3Ta1Ta2 �Iðk3; k1; k2; ϵ3; ϵ1; ϵ2Þ
þ Tr½Ta1Ta3Ta2 �Iðk1; k3; k2; ϵ1; ϵ3; ϵ2ÞÞ ð28Þ

with

Iðk1; k2; k3; ϵ1; ϵ2; ϵ3Þ ¼
=ϵ�1 · ð=k1 − =k2 − =k3 þ 2̂=qþMÞ · =ϵ�2 · ð=k1 þ =k2 − =k3 þ 2̂=qþMÞ · =ϵ�3

½−k1 · k2 − k1 · k3 þ 2ðk1 · q̂Þ þ q̂2 þ iε�½−k1 · k3 − k2 · k3 − 2ðk3 · q̂Þ þ q̂2 þ iε� ; ð29Þ
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where k1, k2, k3 and ϵ1, ϵ2, ϵ3 denote the momenta and
polarization vectors of the gluons. The trace of the color
generators satisfies Tr½Ta1Ta2Ta3 � ¼ ðda1a2a3 þ ifa1a2a3Þ=4.
Consequently, the decay amplitude consists of two parts:
one proportional to the symmetric constant da1a2a3 and the
other proportional to the antisymmetric constant fa1a2a3 .
We show that the antisymmetric part vanishes exactly upon
integration over the internal momentum q̂. This is con-
sistent with the numerical results in Ref. [50], which found
the residual antisymmetric contribution to be negligible
compared to the dominant symmetric one. So the hard-
scattering amplitude Oðq̂Þ reads

Oðq̂Þ ¼ −ig3sda1a2a3
16Nc

ðIðk1; k2; k3; ϵ1; ϵ2; ϵ3Þ

þ 5 permutations of 1; 2 and 3:Þ: ð30Þ

The decay width is given by

Γggg ¼ 1

2M

Z
1

3

1

3!

X
color;pol:

jAj2dΦ3; ð31Þ

where
R
dΦ3 denotes the integration over the three-body

phase space, the factor 1=3 averages over the spins of the
initial quarkonium, the factor 1=3! accounts for the identity
of the final-state gluons, and

P
color;pol. denotes summing

over the colors and polarizations of all external particles.
For the decay V → ggg, the kinematics allows one of the

final-state gluons to have zero energy. Consequently, the
calculation of the decay width potentially encounters an
infrared (IR) divergence. The integral over q̂ will diverge if
the full q̂-dependence in the hard-scattering amplitude is
retained. Specifically, we find that an IR divergence first
appears at order q̂4 (see Ref. [29] for more details). In
essence, this occurs because the soft gluon changes the
incoming S-wave color-singlet state into a P-wave color-
octet state. Fortunately, according to the NRQCD factori-
zation formalism, this IR divergence can be absorbed into
the matrix elements of the P-wave color-octet operators
[29]. However, these higher-order color-octet matrix ele-
ments are poorly known. By a crude estimate, Ref. [29]
pointed out that the Oðv4Þ corrections are much smaller

than the Oðv2Þ corrections. Based on our numerical
analysis in the following section, the absolute contribution
of the Oðv4Þ term to the total decay width is expected to be
roughly 35% for the J=ψ and 5% for the ϒ. From a
pragmatic perspective, and in order to present a more robust
prediction, this work will focus on analytically calculating
the first-order relativistic corrections.
To the first-order relativistic corrections, we get the

modulus squared of the decay amplitude

jAj2¼
���� ffiffiffiffiffiffi

Nc

p Z
d3q̂
ð2πÞ3fðq̂ÞM

0ð0Þ
����2

þ2Re

�
Nc

Z
d3q̂
ð2πÞ3

d3q̂0

ð2πÞ3fðq̂Þf
�ðq̂0ÞM0�ð0ÞM1ð0Þ

�
ð32Þ

with

M0ð0Þ ¼ Tr½Pð0ÞOð0Þ� ð33Þ

and

M1ð0Þ ¼ q̂αq̂β

2!

�
∂Tr½Pðq̂ÞOðq̂Þ�

∂q̂α∂q̂β

����
q̂¼0

�
: ð34Þ

Here we expand the modulus squared jAj2 to quadratic
order in the internal momentum q̂, and make the following
substitution to project out the S-wave state:

q̂αq̂β →
q̂2

3

�
−gαβ þ KαKβ

M2

�
: ð35Þ

Consequently, the term M1ð0Þ can be rewritten as

M1ð0Þ ¼ 1

2!

q̂2

3

��
−gαβ þ KαKβ

M2

�
∂Tr½Pðq̂ÞOðq̂Þ�

∂q̂α∂q̂β

����
q̂¼0

�
:

ð36Þ

To proceed, we perform the integral over the internal
momentum q̂ in Eq. (32), and obtain the decay width

Γggg ¼ 160α3sN2
Vβ

3
V

81π9=2M3

Z
1

0

dx1

Z
1

1−x1
dx2

1

x31x
3
2ðx1 þ x2 − 2Þ3 ½M

2x1x2ðx1 þ x2 − 2Þ

× ðx41 þ 2x31x2 − 4x31 þ 3x21x
2
2 − 9x21x2 þ 7x21 þ 2x1x32 − 9x1x22 þ 13x1x2

−6x1 þ x42 − 4x32 þ 7x22 − 6x2 þ 2Þþ4β2Vðx61 þ 3x51x2 − 6x51 þ 9x41x
2
2

−27x41x2 þ 25x41 þ 13x31x
3
2 − 60x31x

2
2 þ 98x31x2 − 60x31 þ 9x21x

4
2 − 60x21x

3
2

þ153x21x
2
2 − 177x21x2 þ 79x21 þ 3x1x52 − 27x1x42 þ 98x1x32 − 177x1x22

þ157x1x2 − 54x1 þ x62 − 6x52 þ 25x42 − 60x32 þ 79x22 − 54x2 þ 15Þ�; ð37Þ
where xi ≡ 2Ei=M (with Ei ¼ jkij, i ¼ 1, 2) represents the dimensionless energy fraction of the ith gluon.
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To discuss the symmetry in the decay process V → ggg, the corresponding polarized decay widths are given by

Γggg
½λV ;λ1;λ2;λ3� ¼

1

2M

Z
1

3!

X
color

jAj2dΦ3: ð38Þ

Here, λV denotes the helicity of the heavy quarkonium, while λi (i ¼ 1, 2, 3) represents the gluon helicity. The following
conventions are used

K ¼ Mð1; 0; 0; 0Þ; εð�1Þ ¼ 1ffiffiffi
2

p ð0;∓ 1;−i; 0Þ; εð0Þ ¼ ð0; 0; 0; 1Þ

k1 ¼
Mx1
2

ð1; 0; 0; 1Þ; ϵ1ð�1Þ ¼ 1ffiffiffi
2

p ð0;∓ 1;−i; 0Þ;

k2 ¼
Mx2
2

ð1; sin θ12; 0; cos θ12Þ; ϵ2ð�1Þ ¼ 1ffiffiffi
2

p ð0;∓ cos θ12;−i;� sin θ12Þ;

k3 ¼
Mx3
2

ð1;− sin θ13; 0; cos θ13Þ; ϵ3ð�1Þ ¼ 1ffiffiffi
2

p ð0;∓ cos θ13;−i;∓ sin θ13Þ; ð39Þ

where θij is the angle between gluons i and j.

III. RESULTS AND DISCUSSIONS

A. Polarized decay widths

We show a brief analysis of the symmetries in the
polarized decay widths. Owing to helicity flip symmetry
and phase space symmetry, the following relations hold:

Γggg
½λV ; λ1;λ2;λ3� ¼ Γggg

½−λV ;−λ1;−λ2;−λ3�; Γggg
½λV ;λ1;λ2;λ3� ¼ Γggg

½λV ;λ1;λ3;λ2�:

ð40Þ
The first relation is a consequence of helicity flip
symmetry in QCD, which mandates that the decay

width remains invariant under the simultaneous flip
of all helicities. The second relation originates from
the indistinguishability of the final-state gluons. It is
worth noting that we fix the momentum of gluon 1
along the z-axis, so the phase space integration is sym-
metric under the exchange of gluon 2 and gluon 3. This
symmetry directly leads to the second equality. In
addition, the special role assigned to gluon 1 breaks
the full permutation symmetry among the three gluons,
which is why a relation symmetric in all three gluons is
not manifest.
Furthermore, when summing over the polarizations of

the initial quarkonium V, we can obtain

X
λV¼−1;0;1

Γggg
½λV;1;1;−1� ¼

X
λV¼−1;0;1

Γggg
½λV;1;−1;1� ¼

X
λV¼−1;0;1

Γggg
½λV;−1;1;1�

¼
X

λV¼−1;0;1
Γggg
½λV;−1;1;−1� ¼

X
λV¼−1;0;1

Γggg
½λV;1;−1;−1� ¼

X
λV¼−1;0;1

Γggg
½λV;−1;−1;1�;X

λV¼−1;0;1
Γggg
½λV;1;1;1� ¼

X
λV¼−1;0;1

Γggg
½λV;−1;−1;−1�; ð41Þ

due to the indistinguishability of the final-state gluons and the helicity flip symmetry. The summation over the initial
polarization λV averages out any residual dependence on the special choice of the momentum of gluon 1, thereby restoring
the complete symmetry among all three gluons that is inherent in the physical process itself. It is noteworthy that these
relations are model-independent, deriving directly from the fundamental symmetries of QCD and the indistinguishable
nature of gluons. They not only provide a crucial self-consistency check for theoretical calculations, but also reveal
universal features of the underlying dynamics in the decay process.
Performing analytical integration over the internal momentum of the heavy quarkonium and the three-body phase space,

we obtain the polarized decay widths including the first-order relativistic corrections. As required by helicity selection rules,
the following widths vanish

Γggg
½1;1;1;1� ¼ Γggg

½−1;−1;−1;−1� ¼ 0; Γggg
½1;−1;−1;−1� ¼ Γggg

½−1;1;1;1� ¼ 0; Γggg
½0;1;1;1� ¼ Γggg

½0;−1;−1;−1� ¼ 0;

Γggg
½1;−1;1;1� ¼ Γggg

½−1;1;−1;−1� ¼ 0; Γggg
½0;1;−1;−1� ¼ Γggg

½0;−1;1;1� ¼ 0: ð42Þ
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The nonvanishing polarized decay widths are given by

Γggg
½1;1;1;−1� ¼ Γggg

½−1;−1;−1;1� ¼ Γggg
½−1;−1;1;−1� ¼ Γggg

½1;1;−1;1�

¼ 5α3sN2
Vβ

3
Vð3π2 − 16Þ

324Mπ9=2

�
1−

3ð304þ 39π2Þ
2ð3π2 − 16Þ

β2V
M2

�
;

ð43Þ

Γggg
½1;−1;1;−1� ¼ Γggg

½−1;1;−1;1� ¼ Γggg
½−1;1;1;−1� ¼ Γggg

½1;−1;−1;1�

¼ 5α3sN2
Vβ

3
Vð29π2 − 280Þ

324Mπ9=2

×

�
1 −

528þ 51π2

2ð29π2 − 280Þ
β2V
M2

�
; ð44Þ

Γggg
½0;1;1;−1� ¼ Γggg

½0;−1;−1;1� ¼ Γggg
½0;−1;1;−1� ¼ Γggg

½0;1;−1;1�

¼ 10α3sN2
Vβ

3
V

81Mπ9=2

�
1 −

3ð11π2 − 8Þ
4

β2V
M2

�
; ð45Þ

Γggg
½1;1;−1;−1� ¼ Γggg

½−1;−1;1;1�

¼ 40α3sN2
Vβ

3
Vðπ2 − 9Þ

81Mπ9=2

�
1 −

336þ 75π2

16ðπ2 − 9Þ
β2V
M2

�
:

ð46Þ

Our analytical results are in full agreement with the
symmetry analysis presented above. These results provide
the first complete analysis of polarized decay widths for
V → ggg including first-order relativistic corrections. Our
calculations demonstrate how the fundamental symmetries
of QCD manifest in the polarized decay patterns of the
heavy quarkonium, and offer a guidance for experimentally
measuring correlations among the gluon helicities. Since
the three-gluon final state subsequently fragments into
hadrons, these correlations can be tested indirectly through
decays like J=ψ → BB̄ (B denotes a baryon, e.g., pp̄, ΛΛ̄,
Σ0Σ̄0, Ξ0Ξ̄0, and Σð1385Þ0Σ̄ð1385Þ0). From Eqs. (43)–(46),
one can find that the decay width from the transversely
polarized V (λV ¼ �1) is much larger than that from the
longitudinally polarized V (λV ¼ 0). The larger decay
widths for transversely polarized V would enhance trans-
verse spin polarizations and correlations in the final-state
baryons, which can be tested via multi-dimensional angular
distribution fits and moment analyses [51,52]. Furthermore,
in decay processes J=ψ → BB̄, the gluon helicity correla-
tions could manifest in measurable quantities like the
parameter [53,54]

αψ ¼ jGMj2 − ð4M2
B=M

2
ψ ÞjGEj2

jGMj2 þ ð4M2
B=M

2
ψÞjGEj2

: ð47Þ

Here GE and GM represent the electric and the magnetic
form factor of the final baryons respectively. And GM
dominates the contribution from nonhelicity-flip transitions,

which primarily govern the S-wave amplitudes in the baryon
pair. While GE involves the contribution from helicity-flip
transitions, which induce the D-wave amplitudes in the
baryon pair [55]. The primary contributions to different
baryon pairs arise from distinct gluon helicity configurations
of the intermediate three-gluon state. These configurations
couple differently to the S-wave and D-wave amplitudes in
the baryon pair, thereby leading to significantly varying
values of the parameter αψ. A rigorous calculation of these
quantities is beyond the scope of this work, and related work
is under way.

B. Unpolarized decay widths

The analytical result for the unpolarized decay width
ΓðV → gggÞ including relativistic corrections is

ΓðV → gggÞ ¼ 80ðπ2 − 9Þα3sN2
Vβ

3
V

81π9=2M

�
1 − κ

β2V
M2

�
ð48Þ

with κ ≡ 3ð112þ25π2Þ
16ðπ2−9Þ . This result clearly shows that the

relativistic correction (κ β2V
M2 ≈ 0.77) in the J=ψ channel is

more significant than that (κ β2V
M2 ≈ 0.31) in the ϒ channel,

due to the lighter mass of charm quark. It is noteworthy that
the relativistic correction in our result is smaller for a
reasonable range of nonperturbative parameters than that
reported in Ref. [31], which yields an unphysical negative
decay width for the J=ψ .
Since relativistic corrections from the internal motion of

the bound quarks and QCD radiative corrections from
additional gluon emissions during the hard process arise
from distinct physical mechanisms, one can assume that the
radiative and relativistic corrections are factorizable.
Including these two corrections, we obtain the decay width

ΓðV → gggÞ

¼ 80ðπ2 − 9Þα3sN2
Vβ

3
V

81π9=2M

�
1 − κ

β2V
M2

��
1 − CV

αs
π

�
ð49Þ

with CV ¼ 3.7ð4.9Þ for J=ψðϒÞ [22].
In addition, we also compute the decay width for

V → eþe−

ΓðV → eþe−Þ ¼ 8e2Qα
2N2

Vβ
3
V

π7=2M

�
1 −

16αs
3π

�
; ð50Þ

where eQ is the charge of the heavy quark. In order to cut
down the theoretical uncertainty to a large extent, we form
the ratio of the gluonic to leptonic widths

RV ¼ ΓðV → gggÞ
ΓðV → eþe−Þ

¼ 10ðπ2 − 9Þα3s
81πe2Qα

2

�
1 − κ

β2V
M2

��
1þ C

αs
π

�
ð51Þ

HEAVY QUARKONIUM DECAY V → ggg WITH BOTH … PHYS. REV. D 112, 114014 (2025)

114014-7



with C ¼ 1.63 for J=ψ, 0.43 for ϒ. The common non-
perturbative factor N2

Vβ
3
V cancels exactly in RV , thereby

yielding a more reliable prediction.
In the following numerical calculations, the values of the

involved meson masses and full widths are taken from the
PDG [16]. The QCD running coupling constants are
adopted αsðMJ=ψ=2Þ ¼ 0.30 and αsðMϒ=2Þ ¼ 0.21, which
are calculated through the one-loop renormalization group
equation. Using these parameters, we present the predic-
tions for the branching ratios BðV → gggÞ and BðV →
eþe−Þ as well as their ratio RV in Table I. Here, we do not
present the theoretical uncertainties, which arise mainly
from the QCD running coupling constant αs and higher-
order effects, and are expected to be smaller than 50%. The
second column gives the results at the lowest-order, without
relativistic or QCD radiative corrections; the third column
gives the total results including both relativistic and QCD
radiative corrections; the fourth column gives the corre-
sponding experimental data from the PDG [16,56,57]. The
total decay widths used to compute the branching ratios are
taken from the PDG [16]. A significant deviation exists
between the lowest-order predictions and the experimental
data, and the lowest-order calculation even yields unphys-
ical branching ratios for BðV → gggÞ. However, after
including both relativistic and QCD radiative corrections,
our predictions show good agreement with the experimen-
tal data. Our results imply that Oðq̂4Þ-order contributions
are likely to be small in the decay processes
J=ψðϒÞ → ggg, which is consistent with the discussion
in Refs. [28,29].
For a cross-check, we extract the QCD running coupling

constant αs within the B-S formalism. Using our theoretical
prediction for the ratio RV and the corresponding exper-
imental data, we obtain the following values:

αsðMJ=ψ=2Þ ¼ 0.31; αsðMϒ=2Þ ¼ 0.20; ð52Þ

which are consistent with the values obtained from other
decay channels [20,58]. Generally, the prediction for
αsðMϒ=2Þ is more reliable than that for αsðMJ=ψ=2Þ,
because the smaller value of hv2iϒ results in smaller
higher-order relativistic corrections.

IV. SUMMARY

In this paper, we investigate the decays of heavy
quarkonia, J=ψ and ϒ, into three gluons within the B-S
formalism. The internal momentum of the quarkonium is
explicitly retained in both the soft wave function and the
hard-scattering amplitude. The B-S wave function is
obtained by solving the B-S equation analytically, incor-
porating both the confinement and the one-gluon-exchange
interactions. By the symmetries of the system, we first
derive model-independent identities that relate different
polarized decay widths, and find that all nonvanishing
polarized decay widths can be categorized into four groups.
For each group, we present a compact analytical expres-
sion. These results provide valuable insights for the gluon
polarization.
Based on the factorization assumption, we compute the

decay widths ΓðJ=ψ → gggÞ and Γðϒ → gggÞ, including
both relativistic and QCD radiative corrections. In addition,
we also calculate the leptonic decay widths ΓðJ=ψ →
eþe−Þ and Γðϒ → eþe−Þ, and present the ratios RJ=ψ

and Rϒ. Our predictions for the branching ratios
BðJ=ψðϒÞ → gggÞ and BðJ=ψðϒÞ → eþe−Þ, as well as
the ratios RJ=ψ and Rϒ, are in good agreement with the
experimental data. As a cross-check, we use our theoretical
predictions of the ratios RJ=ψ and Rϒ to extract the QCD
running coupling constants αsðMJ=ψ=2Þ and αsðMϒ=2Þ,
which are consistent with other determinations [20].
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TABLE I. Theoretical and experimental results for the branch-
ing ratios BðV → gggðeþe−ÞÞ and their ratio RV . Columns 2 and
3 present our predictions from the Bethe-Salpeter formalism at
the lowest order and including both relativistic and QCD radiative
corrections, respectively. Column 4 lists the corresponding
experimental values from the PDG [16,56,57]. All branching
ratios are computed using the total decay widths from PDG [16].

Lowest Total Exp. [16,56,57]

BðJ=ψ → gggÞ 453.3% 66.0% ð64.1� 1.0Þ%
BðJ=ψ → eþe−Þ 11.6% 5.7% ð5.971� 0.032Þ%
RJ=ψ 39.1 11.6 10.7� 0.2

Bðϒ → gggÞ 175.3% 81.2% ð81.7� 0.7Þ%
Bðϒ → eþe−Þ 3.3% 2.1% ð2.39� 0.08Þ%
Rϒ 53.5 38.5 34.2� 1.2
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