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We present a complete calculation of the one-loop self-energies for all fields in the linear sigma model
coupled to quarks at finite temperature and in the presence of a uniform magnetic field. The analysis
consistently incorporates thermal and magnetic effects for both neutral and charged degrees of freedom,
providing a unified framework valid for arbitrary values of the temperature and the field strength. The
computation is performed using the Matsubara formalism to account for finite-temperature effects and the
Schwinger proper-time representation for charged propagators in a magnetic background. Special attention
is given to loop contributions involving particles with different electric charges, for which the associated
Schwinger phases do not cancel. We show that these terms can be systematically evaluated in coordinate
space using the Ritus formalism, which provides the appropriate framework for treating external charged
states in the presence of a magnetic background, and consistently expressed in momentum space. The
resulting expressions exhibit a nontrivial interplay between thermal fluctuations and magnetic effects and
allow for a clear separation between vacuum and matter contributions, providing a well-defined structure
for the identification of ultraviolet divergences. Our results establish a consistent and systematic framework
for the computation of thermomagnetic one-loop corrections in effective models of QCD, capturing the full
interplay between thermal and magnetic effects for all dynamical degrees of freedom.
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I. INTRODUCTION

The strong magnetic fields generated in relativistic
heavy-ion collisions [1–3], observed in compact stars
[4–6], and conjectured to have existed in the early
Universe [7,8] have renewed interest in understanding
the properties of strongly interacting matter under extreme
conditions [9–11]. Numerous studies have explored the
impact of magnetic fields on the QCD phase transition
using lattice QCD simulations [12–18], effective models
[19–33], and other perturbative and nonperturbative
approaches to the strong interaction [34–41]. In addition,
several works have investigated the influence of magnetic

fields on hadronic matter [42–69], as well as their effects on
electromagnetic probes [70–76] and on the early stages of
relativistic heavy-ion collisions [77].
These developments highlight the relevance of studying

the dynamics of strongly interacting systems in the pres-
ence of magnetic fields. Nevertheless, despite the consid-
erable progress achieved over the past decades, several
theoretical quantities remain uncalculated, either because
of the analytical complexity involved or due to the
computational effort required for their numerical evalu-
ation. In this work, we contribute to this effort by analyzing
the dynamics of an effective description of QCD, namely,
the linear sigma model coupled to quarks (LSMq).
Since the physical systems mentioned above are charac-

terized by finite temperature, the study of magnetic effects in
the dynamics of strongly interacting matter must also incor-
porate thermodynamic effects. We compute the one-loop
corrections to the propagation of all the degrees of freedom in
the LSMq, namely, the neutral pion, the charged pions, the
sigma meson, and the two lightest quark flavors. The
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corresponding self-energies encode the effects of a constant
and uniform magnetic field together with the presence of a
thermal bath. The calculation is performed without imposing
restrictions on the magnetic-field strength and is valid for
arbitrary temperatures. It is carried out using the Schwinger
proper-time representation for propagators in a magnetic
background combined with the imaginary-time formalism of
finite-temperature field theory.
To the best of our knowledge, this is the first compre-

hensive computation of the complete one-loop self-energy
structure of the LSMq including both thermal and magnetic
effects. Our results, therefore, provide the most general
one-loop thermomagnetic corrections to the propagators of
the sigma meson, the neutral and charged pions, and the
two lightest quark flavors within this model. These results
are relevant for several applications. On the one hand, the
self-energies constitute a key ingredient for studying the
QCD phase transition beyond the mean-field approxima-
tion. On the other hand, they are essential for describing
properties of the hadronic medium beyond the quantum
ideal-gas approximation.
The paper is organized as follows. In Sec. II we introduce

the linear sigma model coupled to quarks and discuss the
features relevant for the present study. We present the
Lagrangian density, describe the degrees of freedom of
the model, and summarize the corresponding Feynman
rules. In Sec. III we compute the one-loop self-energies
for all the fields. We first present the Feynman diagrams
contributing to each self-energy and then evaluate the
corresponding contributions in the presence of a constant
magnetic field and finite temperature. To the best of our
knowledge, this is the first time that the self-energies of all
the particles within the LSMq are computed without
restrictions on the values of T and jeBj. For charged
particles, the effect of the magnetic field is incorporated
for external states, which are expressed in the Ritus basis
instead of planewaves. Finally, in Sec. IVwe summarize our
results and present our conclusions.
We also emphasize that this work has been written with

the aim of making the derivation of all expressions as
transparent and reproducible as possible. For this reason, we
present the intermediate steps in detail, even when this leads
to an extended exposition. We consider this level of detail to
be essential, as part of the value of this work lies not only in
reporting expressions that, to the best of our knowledge,
have not been previously obtained in the literature, but also
in providing a clear and systematic methodology to derive
them. This approach is intended to facilitate future appli-
cations and extensions of these results in the study of
strongly interacting matter under extreme conditions.

II. LINEARSIGMAMODELCOUPLEDTOQUARKS

The LSMq is one of the most widely used effective
models for describing the low-energy regime of QCD. A
key feature of this renormalizable model is its ability to

exhibit spontaneous chiral symmetry breaking. Its degrees
of freedom consist of scalar and pseudoscalar mesons
together with the two lightest quark flavors. The
Lagrangian density is given by

L ¼ 1

2
ð∂μσÞ2 þ

1

2
ð∂μπ0Þ2 þDμπ−Dμπþ

þ a2

2
ðσ2 þ π20 þ 2π−πþÞ −

λ

4
ðσ2 þ π20 þ 2π−πþÞ2

þ iψ̄∂ψ − gψ̄ðσ þ iγ5τ⃗ · π⃗Þψ ; ð1Þ

where ψ is an SUð2Þ isospin doublet of quarks (up and
down), σ is an isospin singlet scalar field, and fπþ; π−; π0g
is an isospin triplet corresponding to the three pions. In
Eq. (1), τi (with i ¼ þ;−; 3)1 denote the Pauli matrices
acting in isospin space. The parameters λ and g correspond
to the boson self-coupling and the Yukawa coupling
between fermions and mesons, respectively, and a2 is
the squared mass parameter. Throughout this work we
consider a2; λ; g > 0. The presence of an external magnetic
field is taken into account in Eq. (1) through a minimal
coupling for the charged fields via the replacement

∂μ → Dμ ¼ ∂μ þ iqAμ; ð2Þ

where Aμ is the vector potential corresponding to a constant
and uniform magnetic field oriented along the ẑ direction
and q is the electric charge of the corresponding field.
In order to allow for spontaneous symmetry breaking,

the σ field develops a vacuum expectation value v, namely,

σ → σ þ v: ð3Þ

After performing this shift, the Lagrangian can be written as

L ¼ 1

2
∂μσ∂

μσ þ 1

2
∂μπ0∂

μπ0 þDμπ−Dμπþ

−
1

2
m2

σσ
2 −

1

2
m2

ππ
2
0 −m2

ππ−πþ þ iψ̄∂ψ

−mfψ̄ψ þ a2

2
v2 −

λ

4
v4 þ Lint: ð4Þ

From Eq. (4) we identify the masses of the fields as

m2
σ ¼ 3λv2 − a2; m2

π ¼ λv2 − a2; mf ¼ gv: ð5Þ

These masses are dynamically generated and depend on the
vacuum expectation value v, which plays the role of the
order parameter associated with the spontaneous breaking
of chiral symmetry. The Lint contains the interaction terms
among the fields and is defined as

1The matrices τ� are defined as τ� ¼ 1ffiffi
2

p ðτ1 � τ2Þ.
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Lint ¼ −
λ

4
σ4 − λvσ3 − λv3σ − λσ2π−πþ − 2λvσπ−πþ

−
λ

2
σ2π20 − λvσπ20 − λπ2−π

2þ − λπ−πþπ20 −
λ

4
π40

þ a2vσ − gψ̄ψσ − igγ5ψ̄ðτþπþ þ τ−π− þ τ3π0Þψ :
ð6Þ

The interaction terms contained in Lint determine the
Feynman rules required for the perturbative expansion of
the theory. The Feynman diagrams corresponding to all
interaction vertices appearing in Eq. (6) are shown in
Figs. 1 and 2. In the following section we compute the
one-loop self-energy corrections to the propagators of all
the fields of the model in the presence of a magnetic
background and a thermal medium.

III. ONE-LOOP SELF-ENERGIES

In this section, we compute the one-loop self-energies
for all the fields of the LSMq. For each field, we first
identify the Feynman diagrams contributing to the corre-
sponding self-energy and write the associated analytical
expressions. We then evaluate the different contributions
and combine them to obtain the complete one-loop cor-
rection to the propagator. The same procedure is applied to
all the fields of the model.

A. Neutral pion one-loop self-energy

We begin by computing the one-loop self-energy of the
neutral pion. In Fig. 3, all the Feynman diagrams

contributing to this quantity are shown. We label each
contribution as A:j, with j ¼ 1; 2;…; 9. The full neutral
pion self-energy is then given by

−iΠπ0 ¼ −iΠðA:1Þ
π0 − iΠðA:2Þ

π0 − iΠðA:3Þ
π0 − iΠðA:4Þ

π0

− iΠðA:5Þ
π0 − iΠðA:6Þ

π0 − iΠðA:7Þ
π0 − iΠðA:8Þ

π0

− iΠðA:9Þ
π0 : ð7Þ

We evaluate each contribution separately. The first term
corresponds to the tadpole diagram with a neutral pion
circulating in the loop. In this case, only thermal effects
need to be considered. The corresponding expression is

FIG. 1. Feynman diagrams corresponding to the nine inter-
action vertices among the mesonic fields in the LSMq. Solid,
dashed, and double solid lines denote the sigma meson, the
neutral pion, and the charged pions, respectively.

FIG. 2. Feynman diagrams corresponding to the four meson-
quark interaction vertices in the LSMq. Solid, dashed, and double
solid lines, and solid lines with arrows denote the sigma meson,
the neutral pion, the charged pions, and the quarks, respectively.

FIG. 3. One-loop self-energy diagrams for the neutral pion
field. Solid lines represent the sigma meson, dashed lines
correspond to neutral pions, double solid lines denote charged
pions, and solid lines with arrows represent quark fields. Each
vertex includes the corresponding coupling coefficient, and the
factors multiplying the diagrams account for the associated
combinatorial factors.
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−iΠðA:1Þ
π0 ¼ 12

�
−
iλ
4

�Z
d4q
ð2πÞ4

i
q2 −m2

π þ iϵ
; ð8Þ

where 12 is the symmetry factor, ð−iλ=4Þ is the vertex
factor, and q is the internal momentum. The same con-
vention for constructing the initial expressions is used
throughout the remaining contributions and self-energies.
The symmetry and the vertex factors from the Feynman
rules are shown in Figs. 1 and 2, together with the
corresponding diagrams for each self-energy contribution.
Therefore, in what follows we do not explicitly describe
each element entering the initial expressions.
To evaluate this expression, we move to the imaginary-

time formalism, performing a Wick rotation and replacing
q0 → iωn, where ωn ¼ 2πnT are the bosonic Matsubara
frequencies. Then, it becomes

−iΠðA:1Þ
π0 ¼12

�
−
iλ
4

�
T

X∞
n¼−∞

Z
d3q
ð2πÞ3

1

ω2
nþ q⃗2þm2

π
: ð9Þ

After performing the sum over Matsubara frequencies, we
obtain

−iΠðA:1Þ
π0 ¼ −3iλ

Z
d3q
ð2πÞ3

1

2Eπ
ð1þ 2nBðEπÞÞ; ð10Þ

where Eπ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗ 2 þm2

π

p
and nBðXÞ is the Bose-Einstein

distribution function. Since no restrictions are imposed on
the temperature, the momentum integral cannot be evalu-
ated analytically. However, the structure of the result allows
us to identify its main contributions. The first term inside
the brackets corresponds to the vacuum contribution, which
can be regularized using dimensional regularization and
subsequently renormalized. The second term represents the
thermal contribution, which is ultraviolet finite and encodes
the medium effects. This term gives the finite medium
contribution to the neutral pion self-energy.
The next contribution corresponds to the tadpole dia-

gram with a sigma meson circulating in the loop. This case
is analogous to the previous one, with the appropriate
replacement of the symmetry and vertex factors, as well as
the pion mass by the sigma meson mass. The resulting
expression is

−iΠðA:2Þ
π0 ¼ −iλ

Z
d3q
ð2πÞ3

1

2Eσ
ð1þ 2nBðEσÞÞ; ð11Þ

where Eσ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗ 2 þm2

σ

p
. As before, the first term inside the

brackets corresponds to the vacuum contribution, which
can be regularized and renormalized, while the second term
represents the thermal contribution. The latter encodes
the finite-temperature contribution to the neutral pion
self-energy.

We next consider the first one-loop contribution involving
a charged particle in the loop, namely, the tadpole diagram
with a charged pion. The corresponding expression is

−iΠðA:3Þ
π0 ¼ 2ð−iλÞiT

X
n

Z
d3q
ð2πÞ3

Z
∞

0

ds
cos ðjeBjsÞ

× eisððiωnÞ2−q23−q2⊥ tan ðjeBjsÞ
jeBjs −m2

πÞ; ð12Þ
where q2⊥ ¼ q21 þ q22 are the momentum components
perpendicular to the magnetic field direction, jeBj is the
magnetic-field strength, and s is the Schwinger proper time.
We rewrite Eq. (12) by separating the momentum into
longitudinal and transverse components, q3 and q⊥, respec-
tively. This gives

−iΠðA:3Þ
π0 ¼ 2λT

X
n

Z
∞

0

ds
cos ðjeBjsÞ

Z
∞

−∞
dq3e

−isq2
3

×
Z

∞

−∞
d2q⊥e−isq

2⊥
tan ðjeBjsÞ

jeBjs e−isðω2
nþm2

πÞ: ð13Þ

Both momentum integrals are Gaussians and can be per-
formed straightforwardly. The result is

−iΠðA:3Þ
π0 ¼ −

iλjeBjT
4π3=2

X
n

Z
∞

0

ds
sin ðjeBjsÞ

1ffiffiffiffi
is

p e−isðω2
nþm2

πÞ:

ð14Þ

We now perform the analytic continuation s → −iτ,
obtaining

−iΠðA:3Þ
π0 ¼−

iλjeBjT
4π3=2

Z
∞

0

dτ
sinhðjeBjτÞ

e−τm
2
πffiffiffi

τ
p

X
n

e−τω
2
n : ð15Þ

To evaluate the sum over the Matsubara modes, we write
explicitly

X
n

e−τω
2
n ¼

X∞
n¼−∞

e−4τπ
2T2n2 ; ð16Þ

which can be expressed in terms of the Jacobi theta
function of the third kind and we also use its definition
and modular transformation

ϑ3ðzjxÞ ¼
X∞
n¼−∞

exp ðiπxn2 þ 2πinzÞ

¼
ffiffiffi
i
x

r
exp

�
πz2

ix

�
ϑ3

�
z
x
;−

1

x

�
: ð17Þ

For the Matsubara sum in Eq. (16), the corresponding
arguments of the Jacobi theta function are z ¼ 0 and
x ¼ 4iπT2τ. Using Eqs. (16) and (17) together with the
series definition of the Jacobi theta function in Eq. (15), we
obtain
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−iΠðA:3Þ
π0 ¼ −

iλjeBj
8π2

Z
∞

0

dτ
sinh ðjeBjτÞ

e−τm
2
π

τ

×

�
1þ 2

X∞
n¼1

e−
n2

4T2τ

�
: ð18Þ

From this expression, we identify the purely magnetic
contribution (first term inside the brackets) and the thermo-
magnetic contribution (second term). The purely magnetic
term contains ultraviolet divergences, as expected from the
vacuum contribution. In order to isolate this piece, we
consider the limit jeBj → 0, obtaining

−iΠðA:3Þ
π0;B¼0 ¼ −

iλ
8π2

Z
∞

0

dτ
τ2

e−τm
2
π ; ð19Þ

which corresponds to the vacuum contribution. Therefore,
in the full expression, we subtract the vacuum piece given
in Eq. (19) and add back the corresponding renormalized
vacuum term.
The next three contributions to the neutral pion self-

energy correspond to tadpole-type diagrams with an addi-
tional internal line connecting the neutral pion propagator
to the loop, as shown in Fig. 3 for diagrams A:4, A:5, and
A:6. In all three cases, the extra line is a zero-momentum
sigma meson propagator. Thus, they follow from diagrams
A:1, A:2, and A:3, respectively, after replacing the vertex
factors and including the zero-momentum sigma propaga-
tor. The resulting expressions are

−iΠðA:4Þ
π0 ¼ 6iλ2v2

m2
σ

T
X∞
n¼−∞

Z
d3q
ð2πÞ3

1

ω2
n þ q⃗ 2 þm2

π
; ð20Þ

−iΠðA:5Þ
π0 ¼ 6i λ2v2

m2
σ

T
X∞
n¼−∞

Z
d3q
ð2πÞ3

1

ω2
n þ q⃗ 2 þm2

σ
; ð21Þ

and

−iΠðA:6Þ
π0 ¼ −

1

2π3
λ2v2

m2
σ
T
X
n

Z
d3q

Z
∞

0

ds
cosðjeBjsÞ

× e−isðω
2
nþq2

3
þq2⊥

tanðjeBjsÞ
jeBjs þm2

πÞ: ð22Þ

After carrying out the momentum integrations and
Matsubara sums, these expressions become

−iΠðA:4Þ
π0 ¼ 6iλ2v2

m2
σ

Z
d3q
ð2πÞ3

1

2Eπ
ð1þ 2nBðEπÞÞ; ð23Þ

−iΠðA:5Þ
π0 ¼ 6iλ2v2

m2
σ

Z
d3q
ð2πÞ3

1

2Eσ
ð1þ 2nBðEσÞÞ; ð24Þ

and

−iΠðA:6Þ
π0 ¼ i

4π2
λ2v2

m2
σ
jeBj

Z
∞

0

dτ
sinhðjeBjτÞ

e−τm
2
π

τ

×

�
1þ 2

X∞
n¼1

e−
n2

4T2τ

�
: ð25Þ

The seventh contribution to the neutral pion self-energy
corresponds to the tadpole diagram labeled as A:7. Its initial
expression is

−iΠðA:7Þ
π0 ¼ −2ð−iλvÞð−igÞ

�
−

i
m2

σ

�
NciT

X
n

X
f

Z
d3q
ð2πÞ3

× Tr

�Z
∞

0

ds
cosðjqfBjsÞ

e
−isðω̃2

nþq2
3
þq2⊥

tanðjqfBjsÞ
jqfBjs þm2

fÞ

×

�
ðcosðjqfBjsÞ þ sgnðqfBÞγ1γ2 sinðjqfBjsÞÞ

× ðmf − γ0ω̃n − γ3q3Þ −
γ1q1 þ γ2q2
cosðjqfBjsÞ

��
; ð26Þ

whereNc is the number of colors,
P

f denotes the sum over
quark flavors, ω̃n ¼ ð2nþ 1ÞπT are the fermionic
Matsubara frequencies, qf is the quark electric charge,
and sgnðqfBÞ is the sign function. To evaluate this
contribution, we perform the trace over Dirac indices.
Since the trace of an odd number of gamma matrices
vanishes, only the term proportional to the identity in Dirac
space, namely, the one proportional to mf, contributes. The
expression then reduces to

−iΠðA:7Þ
π0 ¼ 2λvg

m2
σ
Nc

X
f

4mfT
X
n

Z
∞

0

ds

×
Z

d3q
ð2πÞ3 e

−isðω̃2
nþq2

3
þq2⊥

tanðjqfBjsÞ
jqfBjs þm2

fÞ: ð27Þ

The momentum integrals are Gaussian and can be
evaluated directly. The resulting expression is

−iΠðA:7Þ
π0 ¼ −

iλvg

π3=2m2
σ

jqfBjNc

X
f

mfT
X
n

×
Z

∞

0

ds
tanðjqfBjsÞ

1ffiffiffiffi
is

p e−isðω̃
2
nþm2

fÞ: ð28Þ

We now perform the analytic continuation s → −iτ,
obtaining

−iΠðA:7Þ
π0 ¼ −

iλvg

π3=2m2
σ

jqfBjNc

X
f

mfT
X
n

×
Z

∞

0

dτ
tanhðjqfBjτÞ

1ffiffiffi
τ

p e−τðω̃
2
nþm2

fÞ: ð29Þ

We now evaluate the sum over fermionic Matsubara
frequencies. To this end, we first note the relation
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X
n

e−τω̃
2
n ¼ e−τπ

2T2
X∞
n¼−∞

e−τð4n2π2T2þ4nπ2T2Þ; ð30Þ

which allows us to express the sum in terms of the Jacobi
theta function. For the present case, we have

ϑ3ð2iπT2τj4iπT2τÞ ¼
X∞
n¼−∞

e−τð4n2π2T2þ4nπ2T2Þ: ð31Þ

Using the modular property of the Jacobi theta function,
Eq. (31) can be rewritten as

ϑ3ð2iπT2τj4iπT2τÞ ¼ eπ
2T2τ

2T
ffiffiffiffiffi
πτ

p
�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2τ

�
:

ð32Þ
Hence, using Eqs. (30) and (32) in Eq. (29), the expression
for this contribution to the neutral pion self-energy becomes

−iΠðA:7Þ
π0 ¼ −

iλvg
2π2m2

σ
jqfBjNc

X
f

mf

Z
∞

0

dτ
tanhðjqfBjτÞ

×
e−τm

2
f

τ

�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2τ

�
: ð33Þ

In Eq. (33), the first term inside the brackets corresponds
to the purely magnetic contribution, whereas the second
term represents the thermomagnetic contribution. The
purely magnetic term contains ultraviolet divergences
associated with the vacuum contribution. Taking the limit
jqfBj → 0, we isolate the vacuum piece,

−iΠðA:7Þ
π0;B¼0 ¼ −

iλvg
2π2m2

σ
Nc

X
f

mf

Z
∞

0

dτ
e−τm

2
f

τ2
: ð34Þ

In the full expression, we subtract this vacuum contribution
and add back its renormalized counterpart, following the
same procedure used in the previous contributions involv-
ing charged particles in the loop.
The next contribution, labeled A:8, involves two neutral

fields in the loop, namely, a neutral pion and a sigma
meson. Therefore, this diagram contains only vacuum and
finite-temperature contributions

−iΠðA:8Þ
π0 ¼ 4ð−iλvÞ2iT

X
n

Z
d3q
ð2πÞ3

i
½ω2

n þ q⃗ 2 þm2
σ�

×
i

½ðω − ωnÞ2 þ ðk⃗ − q⃗Þ2 þm2
π�
; ð35Þ

where ω is the external Matsubara frequency of the neutral
pion. Simplifying Eq. (35), we obtain

−iΠðA:8Þ
π0 ¼4iλ2v2

Z
d3q
ð2πÞ3T

X
n

1

½ðω−ωnÞ2þE2
1�½ω2

nþE2
2�
;

ð36Þ

where E1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk⃗ − q⃗Þ2 þm2

π

q
and E2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗ 2 þm2

σ

p
. After

performing the sum over Matsubara frequencies, the
expression becomes

−iΠðA:8Þ
π0 ¼ iλ2v2

Z
d3q
ð2πÞ3

1

E1E2

�
ð1þ nBðE1Þ þ nBðE2ÞÞ

�
1

iωþ E1 þ E2

−
1

iω − E1 − E2

�

þ ðnBðE1Þ − nBðE2ÞÞ
�

1

iω − E1 þ E2

−
1

iωþ E1 − E2

��
: ð37Þ

From this expression, we identify two types of contributions. The first term inside the brackets contains a vacuum piece,
corresponding to the term independent of the Bose-Einstein distribution functions, namely, the constant term “1.” The
remaining terms represent the matter contributions and encode the thermal effects of the medium.
The last contribution to the neutral pion self-energy is the quark-antiquark loop. In this case, the magnetic-field

dependence is encoded in the Schwinger proper-time representation of the quark propagators, while thermal effects are
incorporated through the Matsubara formalism. The initial expression is

−iΠðA:9Þ
π0 ¼ −ig2Nc

X
f

T
X
n

Z
d3q
ð2πÞ3 Tr

��Z
∞

0

ds
cosðjqfBjsÞ

e
−isððω−ω̃nÞ2þðk3−q3Þ2þðk−qÞ2⊥

tanðjqfBjsÞ
jqfBjs þm2

fÞ

×

�
ðcosðjqfBjsÞ þ sgnðqfBÞγ1γ2 sinðjqfBjsÞÞðmf − γ0ðω − ω̃nÞ − γ3ðk3 − q3ÞÞ

× −
ðk − =qÞ⊥

cosðjqfBjsÞ
��

γ5
�Z

∞

0

ds0

cosðjqfBjs0Þ
e
−is0ðω̃2

nþq2
3
þq2⊥

tanðjqfBjs0Þ
jqfBjs0

þm2
fÞ

×

�
ðcosðjqfBjs0Þ þ sgnð−qfBÞγ1γ2 sinðjqfBjs0ÞÞðmf − γ0ω̃n − γ3q3Þ −

=q⊥
cosðjqfBjs0Þ

��
γ5
�
; ð38Þ
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where s and s0 are the Schwinger proper times. We begin by computing the trace over Dirac indices,

Tr

��
ðcosðjqfBjsÞ þ sgnðqfBÞγ1γ2 sinðjqfBjsÞÞðmf − γ0ðω − ω̃nÞ − γ3ðk3 − q3ÞÞ −

ðk − =qÞ⊥
cosðjqfBjsÞ

�
γ5

×

�
ðcosðjqfBjs0Þ þ sgnð−qfBÞγ1γ2 sinðjqfBjs0ÞÞðmf − γ0ω̃n − γ3q3Þ −

=q⊥
cosðjqfBjs0Þ

�
γ5
�

¼ 4

�
ðcosðjqfBjsÞ cosðjqfBjs0Þ þ sinðjqfBjsÞ sinðjqfBjs0ÞÞðm2

f þ ðω − ω̃nÞω̃n þ ðk3 − q3Þq3Þ

þ ðk1 − q1Þq1 þ ðk2 − q2Þq2
cosðjqfBjsÞ cosðjqfBjs0Þ

�
: ð39Þ

Substituting the result of the trace into Eq. (38) and performing the analytic continuations s → −iτ and s0 → −iτ0, we obtain

−iΠðA:9Þ
π0 ¼ 4ig2Nc

X
f

T
X
n

Z
d3q
ð2πÞ3

Z
∞

0

dτ
coshðjqfBjτÞ

e
−τ
	
ðω−ω̃nÞ2þðk3−q3Þ2þðk−qÞ2⊥

tanhðjqfBjτÞ
jqfBjτ þm2

f




×
Z

∞

0

dτ0

coshðjqfBjτ0Þ
e
−τ0
�
ω̃2
nþq2

3
þq2⊥

tanðjqfBjτ0Þ
jqfBjτ0

þm2
f

�

×

�
ðcoshðjqfBjτÞ coshðjqfBjτ0Þ − sinhðjqfBjτÞ sinhðjqfBjτ0ÞÞðm2

f þ ðω − ω̃nÞω̃n þ ðk3 − q3Þq3Þ

þ ðk1 − q1Þq1 þ ðk2 − q2Þq2
coshðjqfBjτÞ coshðjqfBjτ0Þ

�
: ð40Þ

The momentum integrals are Gaussian and can be evaluated analytically, and the expression becomes

−iΠðA:9Þ
π0 ¼ 4ig2

ð2πÞ3 π
3=2Nc

X
f

T
Z

∞

0

dτ
Z

∞

0

dτ0
jqfBj

sinhðjqfBjðτ þ τ0ÞÞðτ þ τ0Þ1=2 e
−
ττ0k2

3
τþτ0 e−m

2
fðτþτ0Þe−τω2

× e
−

k2⊥
jqfBj

sinhðjqfBjτÞ sinhðjqfBjτ0Þ
sinhðjqfBjðτþτ0ÞÞ

�
coshðjqfBjðτ − τ0ÞÞ

� X∞
n¼−∞

e−½ðτþτ0Þω̃2
n−2ωω̃nτ�

×

�
m2

f þ ðτ þ τ0Þ−2
�
ðτ þ τ0Þ

�
k23τ −

1

2

�
− k23τ

2

��
þ

X∞
n¼−∞

ðω − ω̃nÞω̃ne−½ðτþτ0Þω̃2
n−2ωω̃nτ�

�
ð41Þ

þ 1

sinh2ðjqfBjðτ þ τ0ÞÞ ½k
2⊥ sinhðjqfBjτÞ sinhðjqfBjτ0Þ − jqfBj sinhðjqfBjðτ þ τ0ÞÞ�

X∞
n¼−∞

e−½ðτþτ0Þω̃2
n−2ωω̃nτ�

�
: ð42Þ

In order to express the sums over Matsubara frequencies
in terms of Jacobi theta functions, we identify three
different structures,

S0 ¼
X∞
n¼−∞

e−½ðτþτ0Þω̃2
n−2ωω̃nτ�;

S1 ¼
X∞
n¼−∞

ω̃ne−½ðτþτ0Þω̃2
n−2ωω̃nτ�;

S2 ¼
X∞
n¼−∞

ω̃2
ne−½ðτþτ0Þω̃2

n−2ωω̃nτ�: ð43Þ

We analyze these sums one by one. For the first one, S0, we
write

S0 ¼
X∞
n¼−∞

e−4π
2T2ðτþτ0Þðnþ1

2
Þ2þ2τωπTð2nþ1Þ: ð44Þ

Using the Jacobi theta functions of the second and fourth kinds,

ϑ2ðzjxÞ ¼
X∞
n¼−∞

eiπðnþ1
2
Þ2xeið2nþ1Þz;

¼ ð−ixÞ−1=2e−iz2
πxϑ4

�
−
z
x
j − 1

x

�
; ð45Þ

where

ϑ4ðzjxÞ ¼ 1þ 2
X∞
n¼1

ð−1Þneiπxn2 cosð2nzÞ; ð46Þ
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with x ¼ 4iðτ þ τ0ÞπT2 and z ¼ −2iτωπT. Then, S0 can be
written as

S0 ¼
e
τ2ω2

τþτ0

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp

×

�
1þ 2

X∞
n¼1

ð−1Þne−
n2

4T2ðτþτ0Þ cos

�
nτω

ðτ þ τ0ÞT
��

: ð47Þ

For S1, we write

S1 ¼ πT
X∞
n¼−∞

ð2nþ 1Þe−4π2T2ðτþτ0Þðnþ1
2
Þ2þ2τωπTð2nþ1Þ; ð48Þ

and, in order to express it in terms of Jacobi theta functions, we
write

S1 ¼ −iπTð−ixÞ−1=2 ∂

∂z

�
e−

iz2
πxϑ4

�
−
z
x
j − 1

x

��
; ð49Þ

where z and x are defined as in the case of S0. After some
algebra, we arrive at

S1 ¼
e
τ2ω2

τþτ0

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp �

τω

τ þ τ0

þ 2
X∞
n¼1

ð−1Þne−
n2

4T2ðτþτ0Þ

�
τω

τ þ τ0
cos

�
nτω

ðτ þ τ0ÞT
�

−
n

2Tðτ þ τ0Þ sin
�

nτω
ðτ þ τ0ÞT

���
: ð50Þ

For S2, the explicit expression is

S2 ¼ π2T2
X∞
n¼−∞

ð2nþ 1Þ2e−4π2T2ðτþτ0Þðnþ1
2
Þ2þ2τωπTð2nþ1Þ;

ð51Þ

which can be written in terms of Jacobi theta functions as

S2 ¼ −π2T2ð−ixÞ−1=2 ∂
2

∂z2

�
e−

iz2
πxϑ4

�
−
z
x
j − 1

x

��
; ð52Þ

with z and x defined as before. After some algebra, we arrive at

S2 ¼
1

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp e

τ2ω2

τþτ0

�
1

2ðτ þ τ0Þ þ
τ2ω2

ðτ þ τ0Þ2 þ 2
X∞
n¼1

ð−1Þne−
n2

4T2ðτþτ0Þ

��
1

2ðτ þ τ0Þ þ
τ2ω2

ðτ þ τ0Þ2

−
n2

4T2ðτ þ τ0Þ2
�
cos

�
nτω

ðτ þ τ0ÞT
�
−

nτω
Tðτ þ τ0Þ2 sin

�
nτω

ðτ þ τ0ÞT
���

: ð53Þ

Once the final expressions for S0, S1, and S2 have been obtained, and after performing the change of variables τ ¼
uð1 − vÞ and τ0 ¼ uv, we substitute them into Eq. (42) to obtain

−iΠðA:9Þ
π0 ¼ ig2

ð2πÞ2Nc

X
f

Z
∞

0

du
Z

1

0

dv
jqfBj

sinhðjqfBjuÞ
e−uvð1−vÞk23e−m

2
fueðiωÞ2uvð1−vÞ

× e
−

k2⊥
jqfBj

sinhðjqfBjuð1−vÞÞ sinhðjqfBjuvÞ
sinhðjqfBjuÞ

�
coshðjqfBjuð1 − 2vÞÞ

��
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2u

× cosh

�ð1 − vÞðiωÞn
T

���
m2

f þ
1

u

�
uvð1 − vÞk23 −

1

2

��

− iω

�
ð1 − vÞðiωÞ þ 2

X∞
n¼1

ð−1Þne− n2

4T2u

�
ð1 − vÞðiωÞ cosh

�ð1 − vÞðiωÞn
T

�
−

n
2Tu

sinh

�ð1 − vÞðiωÞn
T

���

−
�
1

2u
− ð1 − vÞ2ðiωÞ2 þ 2

X∞
n¼1

ð−1Þne− n2

4T2u

��
1

2u
− ð1 − vÞ2ðiωÞ2 − n2

4T2u2

�
cosh

�ð1 − vÞðiωÞn
T

�

þ nð1 − vÞðiωÞ
Tu

sinh

�ð1 − vÞðiωÞn
T

����

þ 1

sinh2ðjqfBjuÞ
½k2⊥ sinhðjqfBjuð1 − vÞÞ sinhðjqfBjuvÞ − jqfBj sinhðjqfBjuÞ�

×

�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2u cosh

�ð1 − vÞðiωÞn
T

���
: ð54Þ
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In Eq. (54) we identify the purely magnetic terms as those that do not contain exponential factors depending on T,
whereas the remaining ones correspond to thermomagnetic contributions. As expected, the purely magnetic contribution
contains the vacuum piece, which is ultraviolet divergent. Taking the limit jqfBj → 0, we obtain

−iΠðA:9Þ
π0;B¼0 ¼

ig2

ð2πÞ2Nc

X
f

Z
∞

0

du
Z

1

0

dv e−ðk2⊥þk2
3
−ðiωÞ2Þuvð1−vÞe−m

2
fu
1

u

�
m2

f þ
1

u

�
uvð1 − vÞk23 −

1

2

�

− ðiωÞ2ð1 − vÞ − 1

2u
þ ð1 − vÞ2ðiωÞ2 þ 1

u
ðuvð1 − vÞk2⊥ − 1Þ

�
: ð55Þ

In the full expression, we subtract this vacuum contri-
bution and add back its renormalized counterpart, follow-
ing the same procedure used in all the previous
contributions involving charged particles in the loop.

B. Sigma meson one-loop self-energy

We now turn to the one-loop self-energy of the sigma
meson. The corresponding diagrams are shown in
Fig. 4. There are eleven contributions, labeled as B:j,
with j ¼ 1; 2;…; 11. The full sigma meson self-energy is
given by

−iΠσ ¼ −iΠðB:1Þ
σ − iΠðB:2Þ

σ − iΠðB:3Þ
σ

− iΠðB:4Þ
σ − iΠðB:5Þ

σ − iΠðB:6Þ
σ ð56Þ

− iΠðB:7Þ
σ − iΠðB:8Þ

σ − iΠðB:9Þ
σ

− iΠðB:10Þ
σ − iΠðB:11Þ

σ : ð57Þ

We evaluate them in turn. For this self-energy, however,
we make use of the results previously obtained for the
neutral pion self-energy. In fact, most of the terms labeled
B:j have a direct correspondence with those labeled A:j.
Therefore, the terms from B:1 to B:7 can be obtained
directly from A:1 to A:7, respectively, by replacing the
corresponding vertex and symmetry factors. The remaining
terms, which do not have a direct counterpart in the neutral
pion case, are computed separately.
We present the final expressions for B:1 to B:7. These

results are obtained within the Matsubara formalism—
when charged particles circulate in the loop, the corre-
sponding propagators are written in the Schwinger proper-
time representation. The first two contributions are given by

−iΠðB:1Þ
σ ¼ −iλ

Z
d3q
ð2πÞ3

1

2Eπ
ð1þ 2nBðEπÞÞ ð58Þ

and

−iΠðB:2Þ
σ ¼ −3iλ

Z
d3q
ð2πÞ3

1

2Eσ
ð1þ 2nBðEσÞÞ; ð59Þ

where Eπ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗ 2 þm2

π

p
and Eσ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗ 2 þm2

σ

p
. For the

loop with charged pions, one finds

−iΠðB:3Þ
σ ¼ −

iλ
8π2

jeBj
Z

∞

0

dτ
sinh ðjeBjτÞ

e−τm
2
π

τ

×

�
1þ 2

X∞
n¼1

e−
n2

4T2τ

�
; ð60Þ

whose vacuum contribution is given by

−iΠðB:3Þ
σ;B¼0 ¼ −

iλ
8π2

Z
∞

0

dτ
τ2

e−τm
2
π : ð61Þ

The following two terms are

−iΠðB:4Þ
σ ¼ 6i λ2v2

m2
σ

Z
d3q
ð2πÞ3

1

2Eπ
ð1þ 2nBðEπÞÞ ð62Þ

and

FIG. 4. One-loop self-energy diagrams for the sigma meson
field. Solid lines represent the sigma meson, dashed lines
correspond to neutral pions, double solid lines denote charged
pions, and solid lines with arrows represent quark fields. Each
vertex explicitly displays the corresponding coupling coefficient,
and the factors multiplying each diagram account for the
associated combinatorial factors.
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−iΠðB:5Þ
σ ¼ 18iλ2v2

m2
σ

Z
d3q
ð2πÞ3

1

2Eσ
ð1þ 2nBðEσÞÞ: ð63Þ

For the charged-pion tadpole with an additional zero-
momentum sigma propagator, we obtain

−iΠðB:6Þ
σ ¼ 3iλ2v2

4π2m2
σ
jeBj

Z
∞

0

dτ
sinh ðjeBjτÞ

e−τm
2
π

τ

×

�
1þ 2

X∞
n¼1

e−
n2

4T2τ

�
; ð64Þ

where τ denotes the Schwinger proper time. The fermionic
tadpole contribution is

−iΠðB:7Þ
σ ¼ −

3iλvg
2π2m2

σ
jqfBjNc

X
f

mf

Z
∞

0

dτ
tanhðjqfBjτÞ

×
e−τm

2
f

τ

�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2τ

�
: ð65Þ

The vacuum contributions associated with Eqs. (64) and
(65) are

−iΠðB:6Þ
σ;B¼0 ¼

3iλ2v2

4π2m2
σ

Z
∞

0

dτ
τ2

e−τm
2
π ð66Þ

and

−iΠðB:7Þ
σ;B¼0 ¼ −

3iλvg
2π2m2

σ
Nc

X
f

mf

Z
∞

0

dτ
e−τm

2
f

τ2
; ð67Þ

respectively.
The contributions B:8 and B:9 do not have a direct

counterpart among the A:j terms. Both diagrams share the
same structure as A:8. Therefore, their expressions can be
obtained by appropriately replacing the fields and the
corresponding vertex and symmetry factors. Thus, we
can write

−iΠðB:8Þ
σ ¼ iλ2v2

2

Z
d3q
ð2πÞ3

1

E3E4

�
ð1þ nBðE3Þ þ nBðE4ÞÞ

�
1

iωþ E3 þ E4

−
1

iω − E3 − E4

�

þ ðnBðE3Þ − nBðE4ÞÞ
�

1

iω − E3 þ E4

−
1

iωþ E3 − E4

��
; ð68Þ

where E3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk⃗ − q⃗Þ2 þm2

π

q
and E4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗ 2 þm2

π

p
, and

−iΠðB:9Þ
σ ¼ 9iλ2v2

2

Z
d3q
ð2πÞ3

1

E5E6

�
ð1þ nBðE5Þ þ nBðE6ÞÞ

�
1

iωþ E5 þ E6

−
1

iω − E5 − E6

�

þ ðnBðE5Þ − nBðE6ÞÞ
�

1

iω − E5 þ E6

−
1

iωþ E5 − E6

��
; ð69Þ

where E5 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk⃗ − q⃗Þ2 þm2

σ

q
and E6 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗ 2 þm2

σ

p
. From Eqs. (58), (59), (62), (63), (68), and (69), we identify two types

of contributions. The terms independent of the Bose-Einstein distribution functions correspond to the vacuum contribution,
while those containing the distribution functions encode the thermal (matter) effects of the medium.
We next consider the contribution involving a charged-pion pair, corresponding to diagram B:10. The initial expression is

−iΠðB:10Þ
σ ¼ 2ð−2iλvÞ2

Z
d4q
ð2πÞ4

Z
∞

0

ds
cosðjeBjsÞ e

isððk−qÞ2k−ðk−qÞ2⊥
tanðjeBjsÞ
jeBjs −m2

πþiϵÞ
Z

∞

0

ds0

cosðjeBjs0Þ e
is0ðq2k−q2⊥

tanðjeBjs0Þ
jeBjs0 −m2

πþiϵÞ; ð70Þ

where s and s0 are Schwinger proper times.
We next perform the momentum integrations. To this end, we first implement the analytic continuations s → −iτ and

s0 → −iτ0, and use the Gaussian integrals

Z
d2q⊥ e−ðk−qÞ2⊥αe−q2⊥α0 ¼

�
π

αþ α0

�
e−

αα0k2⊥
αþα0 ;

Z
dq3 e−τðk3−q3Þ

2

e−τ
0q2

3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
π

τ þ τ0

r
e−

ττ0k2
3

τþτ0 ; ð71Þ

with
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α ¼ tanhðjeBjτÞ
jeBj ; α0 ¼ tanhðjeBjτ0Þ

jeBj :

After these integrations, one obtains

−iΠðB:10Þ
σ ¼ iλ2v2

π3=2
T
Z

∞

0

dτ
Z

∞

0

dτ0
1ffiffiffiffiffiffiffiffiffiffiffiffi
τ þ τ0

p jeBj
sinhðjeBjðτ þ τ0ÞÞ e

−
ττ0k2

3
τþτ0 e−τω

2

e
−

k2⊥
jeBj

sinhðjeBjτÞ sinhðjeBjτ0Þ
sinhðjeBjðτþτ0ÞÞ e−m

2
πðτþτ0Þ

×
X
n

e−½ðτþτ0Þω2
n−2ωωnτ�: ð72Þ

We now evaluate the sum over bosonic Matsubara frequencies, which can be written as

e−ω
2τ
X
n

e−½ðτþτ0Þω2
n−2ωωnτ� ¼ e−

ω2ττ0
τþτ0

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp �

1þ2
X∞
n¼1

e
− n2

4ðτþτ0ÞT2×cos
�

nωτ
ðτ þ τ0ÞT

��
: ð73Þ

Substituting Eq. (73) into Eq. (72), and performing the change of variables τ ¼ uð1 − vÞ and τ0 ¼ uv, we obtain

−iΠðB:10Þ
σ ¼ iλ2v2

2π2

Z
∞

0

du
Z

1

0

dv
jeBj

sinhðjeBjuÞ e
−uvð1−vÞk2

3e−um
2
πeuvð1−vÞðiωÞ2e−

k2⊥
jeBj

sinhðjeBjuð1−vÞÞ sinhðjeBjuvÞ
sinhðjeBjuÞ

×

�
1þ 2

X∞
n¼1

e−
n2

4T2u cosh

�ð1 − vÞðiωÞn
T

��
: ð74Þ

The corresponding vacuum contribution is obtained in the limit jeBj → 0, yielding

−iΠðB:10Þ
σ;B¼0 ¼

iλ2v2

2π2

Z
∞

0

du
Z

1

0

dv
e−um

2
π

u
e−½k23þk2⊥−ðiωÞ2�uvð1−vÞ: ð75Þ

The final contribution to the sigma meson self-energy corresponds to diagram B:11, where the loop is formed by a quark-
antiquark pair. This contribution, therefore, incorporates both thermal and magnetic-field effects. The starting expression is

−iΠðB:11Þ
σ ¼ −ð−igÞ2Nc

X
f

Z
d4q
ð2πÞ4 Tr

�Z
∞

0

ds
cosðjqfBjsÞ

e
isððk−qÞ2k−ðk−qÞ2⊥

tanðjqfBjsÞ
jqfBjs −m2

fþiϵÞ

×

�
ðcosðjqfBjsÞ þ sgnðqfBÞγ1γ2 sinðjqfBjsÞÞðmf þ ðk − =qÞkÞ −

ðk − =qÞ⊥
cosðjqfBjsÞ

�

×
Z

∞

0

ds0

cosðjqfBjs0Þ
e
is0ðq2k−q2⊥

tanðjqfBjs0Þ
jqfBjs0

−m2
fþiϵÞ

×

�
ðcosðjqfBjs0Þ þ sgnð−qfBÞγ1γ2 sinðjqfBjs0ÞÞðmf þ =qkÞ −

=q⊥
cosðjqfBjs0Þ

��
: ð76Þ

We first compute the trace over Dirac indices, obtaining

Tr

��
ðcosðjqfBjsÞ þ sgnðqfBÞγ1γ2 sinðjqfBjsÞÞðmf þ ðk − =qÞkÞ −

ðk − =qÞ⊥
cosðjqfBjsÞ

�

×

�
ðcosðjqfBjs0Þ þ sgnð−qfBÞγ1γ2 sinðjqfBjs0ÞÞðmf þ =qkÞ −

=q⊥
cosðjqfBjs0Þ

��

¼ 4

�
ðcosðjqfBjsÞ cosðjqfBjs0Þ þ sinðjqfBjsÞ sinðjqfBjs0ÞÞðm2

f − ðω − ω̃nÞω̃n − ðk3 − q3Þq3Þ

−
ðk1 − q1Þq1 þ ðk2 − q2Þq2
cosðjqfBjsÞ cosðjqfBjs0Þ

�
: ð77Þ
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Substituting Eq. (77) into Eq. (76), we get

−iΠðB:11Þ
σ ¼ 4ig2Nc

X
f

T
X
n

Z
d3q
ð2πÞ3

Z
∞

0

ds
cosðjqfBjsÞ

e
−isððω−ω̃nÞ2þðk3−q3Þ2þðk−qÞ2⊥

tanðjqfBjsÞ
jqfBjs þm2

fÞ

×
Z

∞

0

ds0

cosðjqfBjs0Þ
e
−is0ðω̃2

nþq2
3
þq2⊥

tanðjqfBjs0Þ
jqfBjs0

þm2
fÞ
�
ðcosðjqfBjsÞ cosðjqfBjs0Þ þ sinðjqfBjsÞ sinðjqfBjs0ÞÞ

× ðm2
f − ðω − ω̃nÞω̃n − ðk3 − q3Þq3Þ −

ðk1 − q1Þq1 þ ðk2 − q2Þq2
cosðjqfBjsÞ cosðjqfBjs0Þ

�
: ð78Þ

After implementing the analytic continuations s → −iτ and s0 → −iτ0, we perform the momentum integrations. For brevity,
we omit the intermediate steps, as they closely follow those used in the evaluation of the fermionic contribution to the
neutral pion self-energy. The resulting expression, after the sum over the Matsubara modes and the change of variables
τ ¼ uð1 − vÞ and τ0 ¼ uv, is

−iΠðB:11Þ
σ ¼ −

ig2

ð2πÞ2Nc

X
f

Z
∞

0

du
Z

1

0

dv
jqfBj

sinhðjqfBjuÞ
e−uvð1−vÞk23e−um

2
f eðiωÞ2uvð1−vÞ

× e
−

k2⊥
jqfBj

sinhðjqfBjuð1−vÞÞ sinhðjqfBjuvÞ
sinhðjqfBjuÞ

�
coshðjqfBjuð1 − 2vÞÞ

��
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2u

× cosh

�ð1 − vÞnðiωÞ
T

���
m2

f −
1

u

�
uvð1 − vÞk23 −

1

2

��
þ ðiωÞ

�
ð1 − vÞðiωÞ

þ 2
X∞
n¼1

ð−1Þne− n2

4T2u

�
ð1 − vÞðiωÞ cosh

�ð1 − vÞnðiωÞ
T

�
−

n
2Tu

sinh

�ð1 − vÞnðiωÞ
T

���

þ 1

2u
− ð1 − vÞ2ðiωÞ2 þ 2

X∞
n¼1

ð−1Þne− n2

4T2u

��
1

2u
− ð1 − vÞ2ðiωÞ2 − n2

4T2u2

�
cosh

�ð1 − vÞnðiωÞ
T

�

þ ð1 − vÞnðiωÞ
Tu

sinh

�ð1 − vÞnðiωÞ
T

���
−
k2⊥ sinhðjqfBjuð1 − vÞÞ sinhðjqfBjuvÞ − jqfBj sinhðjqfBjuÞ

sinh2ðjqfBjuÞ

×
�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2u cosh
�ð1 − vÞnðiωÞ

T

���
: ð79Þ

The corresponding vacuum contribution, obtained in the limit where both the temperature and the magnetic field vanish, is
given by

−iΠðB:11Þ
σ;B¼0 ¼ −

ig2

ð2πÞ2Nc

X
f

Z
∞

0

du
Z

1

0

dve−ðk2⊥þk2
3
−ðiωÞ2Þuvð1−vÞe−m

2
fu
1

u

�
m2

f −
1

u

�
uvð1 − vÞk23 −

1

2

�

þ ðiωÞ2ð1 − vÞ þ 1

2u
− ð1 − vÞ2ðiωÞ2 − 1

u
ðuvð1 − vÞk2⊥ − 1Þ

�
: ð80Þ

This completes the one-loop calculation of the sigma meson self-energy.

C. Charged pion one-loop self-energy

We now turn to the one-loop self-energy of the charged pions. The corresponding Feynman diagrams are shown in Fig. 5
and are labeled as C:j, with j ¼ 1;…; 9. The full one-loop self-energy can be written as
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−iΠπ� ¼ −iΠðC:1Þ
π� − iΠðC:2Þ

π� − iΠðC:3Þ
π�

− iΠðC:4Þ
π� − iΠðC:5Þ

π� − iΠðC:6Þ
π�

− iΠðC:7Þ
π� − iΠðC:8Þ

π� − iΠðC:9Þ
π� : ð81Þ

We evaluate them in turn. As in the previous cases, we
note that the first seven contributions are closely related to
those of the neutral pion self-energy. Therefore, the
corresponding expressions can be obtained by appropri-
ately replacing the symmetry and coupling factors accord-
ing to the Feynman rules shown in Figs. 1 and 2. The
resulting expressions are

−iΠðC:1Þ
π� ¼ −2iλ

Z
d3q
ð2πÞ3

1

2Eπ
ð1þ 2nBðEπÞÞ; ð82Þ

−iΠðC:2Þ
π� ¼ −2iλ

Z
d3q
ð2πÞ3

1

2Eσ
ð1þ 2nBðEσÞÞ; ð83Þ

−iΠðC:3Þ
π� ¼ −

3iλ
4π2

jeBj
Z

∞

0

dτ
sinh ðjeBjτÞ

e−τm
2
π

τ

×

�
1þ 2

X∞
n¼1

e−
n2

4T2τ

�
; ð84Þ

where the corresponding vacuum contribution is

−iΠðC:3Þ
π�;B¼0 ¼ −

3iλ
4π2

Z
∞

0

dτ
τ2

e−τm
2
π ; ð85Þ

−iΠðC:4Þ
π� ¼ 4iλ2v2

m2
σ

Z
d3q
ð2πÞ3

1

2Eπ
ð1þ 2nBðEπÞÞ; ð86Þ

−iΠðC:5Þ
π� ¼ 12iλ2v2

m2
σ

Z
d3q
ð2πÞ3

1

2Eσ
ð1þ 2nBðEσÞÞ; ð87Þ

−iΠðC:6Þ
π� ¼ 3iλ2v2

2π2m2
σ
jeBj

Z
∞

0

dτ
sinh ðjeBjτÞ

e−τm
2
π

τ

×
�
1þ 2

X∞
n¼1

e−
n2

4T2τ

�
; ð88Þ

with the corresponding vacuum term

−iΠðC:6Þ
π�;B¼0 ¼

3iλ2v2

2π2m2
σ

Z
∞

0

dτ
τ2

e−τm
2
π ; ð89Þ

and

−iΠðC:7Þ
π� ¼ −

iλvg
π2m2

σ
jqfBjNc

X
f

mf

Z
∞

0

dτ
tanhðjqfBjτÞ

×
e−τm

2
f

τ

�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2τ

�
; ð90Þ

where the corresponding vacuum contribution is

−iΠðC:7Þ
π�;B¼0 ¼ −

iλvg
π2m2

σ
Nc

X
f

mf

Z
∞

0

dτ
e−τm

2
f

τ2
: ð91Þ

As before, we define Eπ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗ 2 þm2

π

p
and Eσ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q⃗ 2 þm2
σ

p
.

The remaining two contributions, labeled C:8 and C:9,
require a different treatment. These correspond, respec-
tively, to a loop involving a sigma meson and a charged
pion, and to a quark-antiquark loop with quarks of different
flavors and, consequently, different electric charges. In
these cases, the Schwinger phases associated with the
propagators do not cancel, preventing a straightforward
evaluation in momentum space. As a result, the computa-
tion must be carried out in coordinate space.
The evaluation of these contributions is technically more

involved and constitutes a central part of the present work.
To the best of our knowledge, such loops have not been
explicitly computed within the LSMq, either in the pres-
ence of a magnetic field alone or including both magnetic
and thermal effects. We, therefore, present the derivation in
detail, as it provides both new results and a systematic
procedure that may be useful for future studies of thermo-
magnetic effects in effective descriptions of QCD, as well
as in QCD itself.
We begin with the expression for the self-energy con-

tribution corresponding to a loop formed by a charged pion
and a sigma meson, which must be evaluated in spacetime
coordinates

FIG. 5. One-loop self-energy diagrams for the charged pion
fields. Solid lines represent the sigma meson, dashed lines
correspond to neutral pions, double solid lines denote charged
pions, and solid lines with arrows represent quark fields. Each
vertex explicitly displays the corresponding coupling coefficient.
The coefficients multiplying each diagram are the corresponding
combinatorial factors.
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−iΠðC:8Þ
π� ¼ 4ð−2iλvÞ2

Z
d4x

Z
d4yFðx; k1ÞDBðx − yÞDðy − xÞFðy; k2Þ; ð92Þ

where the propagators for the charged pion and the sigma meson in spacetime coordinates are

DBðx − yÞ ¼ eiϕðx;yÞ
Z

d4p1

ð2πÞ4
Z

∞

0

ds
cosðjeBjsÞ e

isðp2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵÞe−ip1·ðx−yÞ;

Dðy − xÞ ¼
Z

d4p2

ð2πÞ4
i

p2
2 −m2

σ þ iϵ
e−ip2·ðy−xÞ; ð93Þ

respectively. The Schwinger phase in DBðx − yÞ is

ϕðx; yÞ ¼ e
Z

y

x
dξμ

�
AμðξÞ þ 1

2
Fμνðξ − yÞν

�
: ð94Þ

The functions FðX;KÞ are the Ritus functions for scalar fields [78], defined as follows:

Fðx; k1Þ ¼
1ffiffiffiffiffiffi
2π

p e−iðk01x0−k31x3Þe−isgnðeBÞðk11−k21ÞθNk1
1
;k2

1
ξðk11−k21Þ=2e−

ξ
2L

k1
1
−k2

1

k2
1

ðξÞ ð95Þ

and

Fðy; k2Þ ¼
1ffiffiffiffiffiffi
2π

p eiðk02y0−k32y3ÞeisgnðeBÞðk12−k22Þθ0Nk1
2
;k2

2
ξ0ðk12−k22Þ=2e−

ξ0
2L

k1
2
−k2

2

k2
2

ðξ0Þ; ð96Þ

with

ξ ¼ jeBj
2

r2; Nk1
1
;k2

1
¼

�
jeBj k

2
1!

k11!

�
1=2

;

ξ0 ¼ jeBj
2

r02; Nk1
2
;k2

2
¼

�
jeBj k

2
2!

k12!

�
1=2

: ð97Þ

It is important to clarify the meaning of the labels k1j and k
2
j

appearing in the Ritus functions. In the symmetric gauge
adopted here, the transverse dynamics is naturally described
in terms of discrete quantum numbers rather than ordinary
Cartesian momentum components. Accordingly, k1j and k2j
are dimensionless integers labeling the transverse

eigenstates and should not be interpreted as the x- and
y-components of a physical momentum. Their appearance
follows from solving the charged-particle equation of
motion in cylindrical coordinates in the symmetric gauge,
where the transverse wave functions are expressed in terms
of associated Laguerre polynomials and are characterized by
two discrete quantum numbers, one associated with the
Landau-level structure and the other with its degeneracy.
This is different from themore commonly used Landau-type
gauges, in which translational invariance along one trans-
verse direction allows the corresponding state to be labeled
by a continuous, dimensionful momentum component.
Therefore, substituting Eqs. (93)–(96) into Eq. (92), we

can write

−iΠðC:8Þ
π� ¼ −

16λ2v2

2π

Z
d4x

Z
d4y e−iðk01x0−k31x3Þe−isgnðeBÞðk11−k21ÞθNk1

1
;k2

1
ξðk11−k21Þ=2e−

ξ
2L

k1
1
−k2

1

k2
1

ðξÞ

× eie
R

y

x
dξμ½AμðξÞþ1

2
Fμνðξ−yÞν�

Z
d4p1

ð2πÞ4
Z

∞

0

ds
cosðjeBjsÞ e

isðp2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵÞe−ip1·ðx−yÞ

×
Z

d4p2

ð2πÞ4
i

p2
2 −m2

σ þ iϵ
e−ip2·ðy−xÞeiðk02y0−k32y3ÞeisgnðeBÞðk12−k22Þθ0Nk1

2
;k2

2
ξ0ðk12−k22Þ=2e−

ξ0
2L

k1
2
−k2

2

k2
2

ξ0Þ: ð98Þ

We first evaluate the Schwinger phase. We choose the gauge AμðξÞ ¼ ð0;− B
2
ξ2; B

2
ξ1; 0Þ, in such a way that Fμν has only two

nonzero components F12 ¼ −F21 ¼ B. The path in the phase chosen is ξμðλÞ ¼ xμ þ λðyμ − xμÞ; 0 ≤ λ ≤ 1. This gives

eie
R

y

x
dξμ½AμðξÞþ1

2
Fμνðξ−yÞν� ¼ eie

R
1

0
dλΔμ½AμðξðλÞÞþ1

2
FμνðξðλÞ−yÞν�; ð99Þ
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with Δμ ¼ yμ − xμ. After integrating over λ, we get

eie
R

y

x
dξμ½AμðξÞþ1

2
Fμνðξ−yÞν� ¼ eie

B
2
ðy2x1−x2y1Þ: ð100Þ

The integrals over xk and yk can be performed straightforwardly, using the integral representation of the Dirac delta
functions. Then, we write

−iΠðC:8Þ
π� ¼ −

16λ2v2

2π
ð2πÞ4

Z
d2x⊥

Z
d2y⊥ e−isgnðeBÞðk11−k21ÞθNk1

1
;k2

1
ξðk11−k21Þ=2e−

ξ
2L

k1
1
−k2

1

k2
1

ðξÞ

× ei
eB
2
ðy2x1−x2y1Þ

Z
d4p1

ð2πÞ4
Z

∞

0

ds
cosðjeBjsÞ e

isðp2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵÞeiðp1
1
ðx1−y1Þþp2

1
ðx2−y2ÞÞ

×
Z

d4p2

ð2πÞ4
i

p2
2 −m2

σ þ iϵ
eiðp1

2
ðx1−y1Þþp2

2
ðx2−y2ÞÞeisgnðeBÞðk12−k22Þθ0Nk1

2
;k2

2
ξ0ðk12−k22Þ=2e−

ξ0
2L

k1
2
−k2

2

k2
2

ðξ0Þ

× δð2Þðk1k þ p1k − p2kÞδð2Þðp2k − k2k − p1kÞ: ð101Þ

The next step is to compute the integrals over the perpendicular coordinates x⊥ and y⊥. We identify that

ξ ¼ jeBj
2

r2 ¼ jeBj
2

x2⊥ ¼ jeBj
2

ðx21 þ x22Þ; ξ0 ¼ jeBj
2

r02 ¼ jeBj
2

y2⊥ ¼ jeBj
2

ðy21 þ y22Þ: ð102Þ

Hence, we choose polar coordinates with x1 ¼ r cos θ; x2 ¼ r sin θ; y1 ¼ r0 cos θ0, and y2 ¼ r0 sin θ0, and the integral over
the angles θ and θ0 can be performed, yielding

−iΠðC:8Þ
π� ¼ −

16λ2v2

2π
ð2πÞ4

Z
d4p1

ð2πÞ4
Z

∞

0

ds
cosðjeBjsÞ e

isðp2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵÞ

×
Z

d4p2

ð2πÞ4
i

p2
2 −m2

σ þ iϵ
Nk1

1
;k2

1
Nk1

2
;k2

2

�jeBj
2

�
Δk1=2

�jeBj
2

�
Δk2=2

×
X
n;m;q

im−1e−imφ0

m − nþ Δk2
ð−iÞqþ1e−iqφ0

qþ n − Δk1
ðei2πðm−nþΔk2Þ − 1Þðei2πðqþn−Δk1Þ − 1Þ

×
Z

∞

0

dr rΔk1þ1e−
jeBj
4
r2LΔk1

k2
1

�jeBj
2

r2
�
Jqðr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔp1Þ2 þ ðΔp2Þ2

q
Þ

×
Z

∞

0

dr0 r0Δk2þ1e−
jeBj
4
r02LΔk2

k2
2

�jeBj
2

r02
�
Jmðr0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔp1Þ2 þ ðΔp2Þ2

q
ÞJn

�jeBj
2

rr0
�
; ð103Þ

where JlðXÞ are the Bessel functions of first kind, ΔKj ¼ K1
j − K2

j is the generic expression for the difference between the
components 1 and 2 of a given momentum, and φ0 ¼ tan−1ðΔp2=Δp1Þ. The Bessel functions arise from the angular
integrations, where the Jacobi-Anger identity is used to expand plane waves in terms of cylindrical harmonics.
Equation (103) gives the complete expression, which involves several numerical integrations and a triple sum. To further
simplify the expression, we consider the inertial frame in which the external particle is at rest, namely, k1j ¼ k2j ¼ k3j ¼ 0

and k2j ¼ ðk0jÞ2, with j ¼ 1, 2. Thus, the expression we need to compute becomes

−iΠðC:8Þ
π� ¼ −

8λ2v2

π
jeBjð2πÞ4

Z
d2x⊥

Z
d2y⊥ e−

ξ
2ei

eB
2
ðy2x1−x2y1Þ

×
Z

d4p1

ð2πÞ4
Z

∞

0

ds
cosðjeBjsÞ e

isðp2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵÞeiðp1
1
ðx1−y1Þþp2

1
ðx2−y2ÞÞ

×
Z

d4p2

ð2πÞ4
i

p2
2 −m2

σ þ iϵ
eiðp1

2
ðx1−y1Þþp2

2
ðx2−y2ÞÞe−

ξ0
2

× δðk01 þ p0
1 − p0

2Þδð−k02 − p0
1 þ p0

2Þδð2Þðp3
2k − p3

1kÞ: ð104Þ
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We compute the integrals over x⊥ and y⊥ component by component, using

Z
dy2e



iðijeBj

4
ðy2Þ2þy2½ðp2

2
−p2

1
ÞþeB

2
x1�Þ

�
¼

ffiffiffiffiffiffiffiffiffi
4π

jeBj

s
exp

�
−
½ðp2

2 − p2
1Þ þ eB

2
x1�2

jeBj
�
;

Z
dy1e



ið−jeBj

4
ðy1Þ2þy1½ðp1

2
−p1

1
Þ−eB

2
x2�Þ

�
¼

ffiffiffiffiffiffiffiffiffi
4π

jeBj

s
exp

�
−
½ðp1

2 − p1
1Þ − eB

2
x2�2

jeBj
�
;

e−
ðp1

2
−p1

1
Þ2

jeBj

Z
dx2e



−jeBj

2
ðx2Þ2þx2½eBðp

1
2
−p1

1
Þ

jeBj þiðp2
1
−p2

2
Þ�
�
¼

ffiffiffiffiffiffiffiffiffi
2π

jeBj

s
e−

ðp1
2
−p1

1
Þ2

jeBj e



2
jeBj
	eBðp1

2
−p1

1
Þ

jeBj þiðp2
1
−p2

2
Þ


2
�
;

e−
ðp2

2
−p2

1
Þ2

jeBj

Z
dx1e



−jeBj

2
ðx1Þ2þx1

	
iðp1

1
−p1

2
Þ−eBðp2

2
−p2

1
Þ

jeBj

�

¼
ffiffiffiffiffiffiffiffiffi
2π

jeBj

s
e−

ðp2
2
−p2

1
Þ2

jeBj e



2
jeBj
	
iðp1

1
−p1

2
Þ−eBðp2

2
−p2

1
Þ

jeBj


2
�
: ð105Þ

We substitute the expressions in Eq. (105) into Eq. (104) and obtain

−iΠðC:8Þ
π� ¼ −

8iλ2v2

π
jeBjð2πÞ4 8π2

jeBj2
Z

d4p1

ð2πÞ4
Z

∞

0

ds
cosðjeBjsÞ e

isðp2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵÞ

×
Z

d4p2

ð2πÞ4
1

p2
2 −m2

σ þ iϵ
e−

ðp1
2
−p1

1
Þ2

jeBj e−
ðp2

2
−p2

1
Þ2

jeBj δðk01 þ p0
1 − p0

2Þδð−k02 − p0
1 þ p0

2Þδð2Þðp3
2 − p3

1Þ: ð106Þ

Using the Dirac delta functions, we can perform one of the momentum integrals and obtain the expression

−iΠðC:8Þ
π� ¼ −16iλ2v2Vk

Z
∞

0

ds
cosðjeBjsÞ

1

i tanðjeBjsÞ þ 1
eis½−m2

πþiϵ�

×
Z

d4p2

ð2πÞ4 e
is½ðp0

2
−k0

2
Þ2−ðp3

2
Þ2� 1

p2
2 −m2

σ þ iϵ
e−

ðp2⊥Þ2
jeBj e

ðp2⊥Þ2
jeBjði tanðjeBjsÞþ1Þ; ð107Þ

where Vk denotes the volume associated with the parallel coordinates. To compute the integral over p2, we first rewrite the
Feynman propagator as

i
p2
2 −m2

σ þ iϵ
¼

Z
∞

0

ds0eis0ðp2
2
−m2

σþiϵÞ: ð108Þ

Equation (107) is written as follows:

−iΠðC:8Þ
π� ¼ −16λ2v2Vk

Z
∞

0

ds
cosðjeBjsÞ

1

i tanðjeBjsÞ þ 1
eis½−m2

πþiϵ�

×
Z

∞

0

ds0
Z

d4p2

ð2πÞ4 e
is½ðp0

2
−k0

2
Þ2−ðp3

2
Þ2�eis0ððp0

2
Þ2−ðp1

2
Þ2−ðp2⊥Þ2þm2

σþiϵÞe−
ðp2⊥Þ2
jeBj e

ðp2⊥Þ2
jeBjði tanðjeBjsÞþ1Þ: ð109Þ

We now integrate over the three spatial components of p2, using first the integral over p3
2,Z

dp3
2

2π
e−iðp3

2
Þ2ðsþs0Þ ¼ 1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

iðsþ s0Þ
r

; ð110Þ

and then over p2⊥, Z
d2p2⊥
ð2πÞ2 e

−p2
2⊥
	

1
jeBjð1− 1

i tanðjeBjsÞþ1
Þþis0



¼ 1

4π

�
1

jeBj
�

i tanðjeBjsÞ
i tanðjeBjsÞ þ 1

�
þ is0

�
−1
: ð111Þ

Then, we have
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−iΠðC:8Þ
π� ¼ −

2λ2v2Vk
π2

Z
∞

0

ds
cosðjeBjsÞ

1

i tanðjeBjsÞ þ 1
eis½−m2

πþiϵ� ð112Þ

×
Z

∞

0

ds0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π

iðsþ s0Þ
r

eis½−m2
σþiϵ�

�
1

jeBj
�

i tanðjeBjsÞ
i tanðjeBjsÞ þ 1

�
þ is0

�
−1 Z dp0

2

2π
eisðp0

2
−k0

2
Þ2eis0ðp0

2
Þ2 : ð113Þ

We implement the analytic continuations s → −iτ and s0 → −iτ0, and the temperature dependence is incorporated through
the Matsubara formalism. This gives

−iΠðC:8Þ
π� ¼ 2iλ2v2Vk

π2

Z
∞

0

dτ
coshðjeBjτÞ

1

tanhðjeBjτÞ þ 1
e−τm

2
π

×
Z

∞

0

dτ0
ffiffiffiffiffiffiffiffiffiffiffiffi
π

τ þ τ0

r
e−τ

0m2
σ

�
1

jeBj
�

tanhðjeBjτÞ
tanhðjeBjτÞ þ 1

�
þ τ0

�
−1
T
X
n

eτðiωn−iωÞ2eτ0ðiωnÞ2 : ð114Þ

The sum over the Matsubara frequencies is similar to the expression in Eq. (73), where we now have

X∞
n¼−∞

e−τðωn−ωÞ2e−τ0ω2
n ¼ 1

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp e−

ττ0ω2
τþτ0

�
1þ 2

X∞
n¼1

e
− n2

4ðτþτ0ÞT2 cos

�
nωτ

ðτ þ τ0ÞT
��

: ð115Þ

Then, after the sum, we obtain

−iΠðC:8Þ
π� ¼ iλ2v2Vk

π2

Z
∞

0

dτ
coshðjeBjτÞ

1

tanhðjeBjτÞ þ 1
e−τm

2
π

Z
∞

0

dτ0
1

τ þ τ0
e−τ

0m2
σ

× e−
ττ0ω2
τþτ0

�
1þ 2

X∞
n¼1

e
− n2

4ðτþτ0ÞT2 cos

�
nωτ

ðτ þ τ0ÞT
���

1

jeBj
�

tanhðjeBjτÞ
tanhðjeBjτÞ þ 1

�
þ τ0

�
−1
: ð116Þ

Finally, performing the change of variables τ ¼ uð1 − vÞ and τ0 ¼ uv, we obtain the final expression in momentum space,

−iΠðC:8Þ
π� ¼ iλ2v2

π2

Z
∞

0

du
Z

1

0

dv
1

coshðjeBjuð1 − vÞÞ
1

tanhðjeBjuð1 − vÞÞ þ 1
e−uð1−vÞm2

πe−uvm
2
σ

× eðiωÞ2uvð1−vÞ
�
1þ 2

X∞
n¼1

e−
n2

4T2u cosh

�ð1 − vÞnðiωÞ
T

���
1

jeBj
�

tanhðjeBjuð1 − vÞÞ
tanhðjeBjuð1 − vÞÞ þ 1

�
þ uv

�
−1
; ð117Þ

where the vacuum piece is

−iΠðC:8Þ
π�;B¼0 ¼

iλ2v2

π2

Z
∞

0

du
u

Z
1

0

dve−uð1−vÞm2
π

× e−uvm
2
σeuvð1−vÞðiωÞ2 : ð118Þ

The resulting expression involves a set of coupled
integrals over proper times and momenta, which must be
evaluated numerically. This structure reflects the nontrivial
interplay between the magnetic background, the thermal
medium, and the nonvanishing Schwinger phase associated
with the charged pion.

The last contribution to the charged pion self-energy,
labeled as C:9, corresponds to a quark-antiquark loop
involving quarks of different flavors and, consequently,
different electric charges. This makes the calculation
particularly challenging, since the Schwinger phases asso-
ciated with the two fermion propagators do not cancel. As
in C:8, the calculation must, therefore, be carried out in
coordinate space. This is one of the most technically
involved one-loop terms considered in this work. For this
reason, and in order to make the derivation transparent and
reproducible, we present the main steps of the calculation in
detail. We begin with

−iΠðC:9Þ
π� ¼ −Nc

X
f

Z
d4x

Z
d4yFðx; k1ÞTr½SBðx − yÞð

ffiffiffi
2

p
gγ5ÞSBðy − xÞð

ffiffiffi
2

p
gγ5Þ�Fðy; k2Þ; ð119Þ
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where the fermion propagator is

SBðx − yÞ ¼ eiϕðx;yÞ
Z

d4p
ð2πÞ4 e

−ip·ðx−yÞ
Z

∞

0

ds
cosðjqfBjsÞ

e
isðp2

0
−p2

3
−p2⊥

tanðjqfBjsÞ
jqfBjs −m2

fÞ

×

�
ðcosðjqfBjsÞ þ sgnðqfBÞγ1γ2 sinðjqfBjsÞÞðmf þ γ0p0 − γ3p3Þ −

γ1p1 þ γ2p2

cosðjqfBjsÞ
�
; ð120Þ

the corresponding Schwinger phase is given by

ϕðx; yÞ ¼ qf

Z
y

x
dξμ

�
AμðξÞ þ 1

2
Fμνðξ − yÞν

�
; ð121Þ

and the Ritus functions are defined in Eqs. (95) and (96), with their respective notation defined there. Substituting these
expressions, the correction C:9 becomes

−iΠðC:9Þ
π� ¼ −2g2Nc

X
f

Z
d4x

Z
d4yFðx; k1Þeiqu

R
y

x
dξμ½AμðξÞþ1

2
Fμνðξ−yÞν�

Z
d4p1

ð2πÞ4
Z

d4p2

ð2πÞ4 e
−ip1·ðx−yÞ

×
Z

∞

0

ds
cosðjquBjsÞ

eisðp
2
1k−p

2
1⊥

tanðjquBjsÞ
jquBjs −m2

fþiϵÞ
Z

∞

0

ds0

cosðjqdBjs0Þ
e
is0ðp2

2k−p
2
2⊥

tanðjqdBjs0Þ
jqdBjs0

−m2
fþiϵÞ

× Tr

��
ðcosðjquBjsÞ þ sgnðquBÞγ1γ2 sinðjquBjsÞÞðmf þ =p1kÞ −

=p1⊥
cosðjquBjsÞ

�
γ5

×

�
ðcosðjqdBjs0Þ þ sgnðqdBÞγ1γ2 sinðjqdBjs0ÞÞðmf þ =p2kÞ −

=p2⊥
cosðjqdBjs0Þ

�
γ5
�

× Fðy; k2Þeiqd
R

x

y
dξ0μ½Aμðξ0Þþ1

2
Fμνðξ0−xÞν�e−ip2·ðy−xÞ; ð122Þ

where Nc is the number of colors, and the charges of quarks up and down are qu and qd, respectively. The two Schwinger
phases are treated in the same way as in the C:8 contribution. Hence, we have

eiqu
R

y

x
dξμ½AμðξÞþ1

2
Fμνðξ−yÞν� ¼ ei

quB
2
ðy2x1−x2y1Þ;

e
iqd

R
x

y
dξμ½Aμðξ0Þþ1

2
Fμνðξ0−xÞν� ¼ e−i

qdB
2
ðy2x1−x2y1Þ: ð123Þ

Clearly, Eq. (123) shows that the two Schwinger phases do not cancel. We then compute the trace over Dirac indices. The
trace has the same structure as the one obtained for contribution A:9, given in Eq. (39), with the appropriate replacement of
the electric charges. After inserting the explicit form of the Ritus functions, the contribution C:9 becomes

−iΠðC:9Þ
π� ¼ −

8

2π
g2Nk1

1
;k2

1
Nk1

2
;k2

2
Nc

X
f

Z
d4x

Z
d4y e−iðk01x0−k31x3Þe−isgnðquBÞðk11−k21Þθξðk11−k21Þ=2

× e−
ξ
2L

k1
1
−k2

1

k2
1

ðξÞeiquB2 ðy2x1−x2y1Þeiðk02y0−k32y3ÞeisgnðqdBÞðk12−k22Þθ0ξ0ðk12−k22Þ=2e−
ξ0
2L

k1
2
−k2

2

k2
2

ðξ0Þ

× e−i
qdB
2
ðy2x1−x2y1Þ

Z
d4p1

ð2πÞ4
Z

∞

0

ds
cosðjquBjsÞ

e−ip1·ðx−yÞeisðp
2
1k−p

2
1⊥

tanðjquBjsÞ
jquBjs −m2

fþiϵÞ

×
Z

d4p2

ð2πÞ4
Z

∞

0

ds0

cosðjqdBjs0Þ
e−ip2·ðy−xÞe

is0ðp2
2k−p

2
2⊥

tanðjqdBjs0Þ
jqdBjs0

−m2
fþiϵÞ

×

�
ðm2

f þ p1k · p2kÞðcosðjquBjsÞ cosðjqdBjs0Þ þ sinðjquBjsÞ sinðjqdBjs0ÞÞ þ
p1⊥ · p2⊥

cosðjquBjsÞ cosðjqdBjs0Þ
�
: ð124Þ

The integrals over xk and yk can be performed straightforwardly and give two Dirac delta functions, as in the C:8
contribution. We now write contribution C:9 as
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−iΠðC:9Þ
π� ¼ −

8

2π
g2ð2πÞ4Nk1

1
;k2

1
Nk1

2
;k2

2
Nc

X
f

Z
d2x⊥

Z
d2y⊥ e−isgnðquBÞðk11−k21Þθξðk11−k21Þ=2e−

ξ
2L

k1
1
−k2

1

k2
1

ðξÞ

× ei
quB
2
ðy2x1−x2y1ÞeisgnðqdBÞðk12−k22Þθ0ξ0ðk12−k22Þ=2e−

ξ0
2L

k1
2
−k2

2

k2
2

ðξ0Þe−iqdB2 ðy2x1−x2y1Þ

×
Z

d4p1

ð2πÞ4
Z

∞

0

ds
cosðjquBjsÞ

eiðp1⊥·ðx−yÞ⊥Þeisðp
2
1k−p

2
1⊥

tanðjquBjsÞ
jquBjs −m2

fþiϵÞ

×
Z

d4p2

ð2πÞ4
Z

∞

0

ds0

cosðjqdBjs0Þ
eiðp2⊥·ðy−xÞ⊥Þe

is0ðp2
2k−p

2
2⊥

tanðjqdBjs0Þ
jqdBjs0

−m2
fþiϵÞ

×

�
ðm2

f þ p1k · p2kÞðcosðjquBjsÞ cosðjqdBjs0Þ þ sinðjquBjsÞ sinðjqdBjs0ÞÞ

þ p1⊥ · p2⊥
cosðjquBjsÞ cosðjqdBjs0Þ

�
δð2Þðk1k þ p1k − p2kÞδð2Þðp2k − k2k − p1kÞ: ð125Þ

As we did in the previous contribution, the next step is to compute the integrals over the perpendicular components, x⊥ and
y⊥, which can be written in terms of polar coordinates, r and θ. Following the same procedure used for C:8, the result after
the angular integrations is

−iΠðC:9Þ
π� ¼ −

8

2π
g2ð2πÞ4Nc

X
f

Z
d4p1

ð2πÞ4
Z

∞

0

ds
cosðjquBjsÞ

eisðp
2
1k−p

2
1⊥

tanðjquBjsÞ
jquBjs −m2

fþiϵÞ

×
Z

d4p2

ð2πÞ4
Z

∞

0

ds0

cosðjqdBjs0Þ
eiðp2⊥·ðy−xÞ⊥Þe

is0ðp2
2k−p

2
2⊥

tanðjqdBjs0Þ
jqdBjs0

−m2
fþiϵÞ

Nk1
1
;k2

1
Nk1

2
;k2

2

×

�
ðm2

f þ p1k · p2kÞðcosðjquBjsÞ cosðjqdBjs0Þ þ sinðjquBjsÞ sinðjqdBjs0ÞÞ

þ p1⊥ · p2⊥
cosðjquBjsÞ cosðjqdBjs0Þ

��jquBj
2

�ðk1
1
−k2

1
Þ=2�jqdBj

2

�ðk1
2
−k2

2
Þ=2X

n;m;q

im−1e−imφ0

m − nþ ðk12 − k22Þ

× ðei2πðm−nþðk1
2
−k2

2
Þ − 1Þ ð−iÞqþ1e−iqφ0

qþ n − ðk11 − k21Þ
ðei2πðqþn−ðk1

1
−k2

1
ÞÞ − 1Þ

Z
∞

0

dr rðk11−k21Þþ1e−
jquBjr2

4

× L
k1
1
−k2

1

k2
1

�jquBjr
2

�
Jqðr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1

2 − p1
1Þ2 þ ðp2

2 − p2
1Þ2

q
Þ
Z

∞

0

dr0 r0ðk12−k22Þþ1e−
jquBjr02

4 L
k1
2
−k2

2

k2
2

�jquBjr0
2

�

× Jmðr0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1

2 − p1
1Þ2 þ ðp2

2 − p2
1Þ2

q
ÞJn

�ðqu − qdÞBrr0
2

�
× δð2Þðk1k þ p1k − p2kÞδð2Þðp2k − k2k − p1kÞ: ð126Þ

Since Eq. (126) does not seem to admit further analytical simplification, we consider the inertial frame in which the
external charged pion is at rest, namely, k1j ¼ k2j ¼ k3j ¼ 0 and k2j ¼ ðk0jÞ2, with j ¼ 1, 2. In this frame, the expression to be
evaluated becomes

−iΠðC:9Þ
π� ¼ −

8

2π
g2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jquBjjqdBj

p
ð2πÞ4Nc

X
f

Z
d2x⊥

Z
d2y⊥e−

ξ
2ei

B
2
ðy2x1−x2y1Þðqu−qdÞe−

ξ0
2

×
Z

d4p1

ð2πÞ4
Z

∞

0

ds
cosðjquBjsÞ

eiðp1⊥·ðx−yÞ⊥Þeisðp
2
1k−p

2
1⊥

tanðjquBjsÞ
jquBjs −m2

fþiϵÞ

×
Z

d4p2

ð2πÞ4
Z

∞

0

ds0

cosðjqdBjs0Þ
ei½p2⊥·ðy−xÞ⊥�e

is0½p2
2k−p

2
2⊥

tanðjqdBjs0Þ
jqdBjs0

−m2
fþiϵ�

×

�
ðm2

f þ p1k · p2kÞðcosðjquBjsÞ cosðjqdBjs0Þ þ sinðjquBjsÞ sinðjqdBjs0ÞÞ

þ p1⊥ · p2⊥
cosðjquBjsÞ cosðjqdBjs0Þ

�
δðk01 þ p0

1 − p0
2Þδðp0

2 − k02 − p0
1Þδðp3

1 − p3
2Þδðp3

2 − p3
1Þ: ð127Þ
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From Eq. (127), the integrals over x⊥ and y⊥ can be computed component by component. The required expressions are

Z
dy2ei

�
i
jqdBj
4

ðy2Þ2þy2½ðp2
2
−p2

1
Þþq0B

2
x1�
�
¼

ffiffiffiffiffiffiffiffiffiffiffi
4π

jqdBj
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Þ2
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jqdBj
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4
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jqdBj
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jqdBj

s
e−

ðp1
2
−p1

1
Þ2

jqdBj e−
q0B
jqdBj

	
ðp1

2
−p1

1
Þx2−q0B

4
ðx2Þ2
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Þ
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4π
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Þ
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1
Þ

jqdBj


2

; ð128Þ

with q0 ¼ qu − qd and M ¼ jquBj þ ðq0BÞ2
jqdBj . After straightforward algebra, we obtain

−iΠðC:9Þ
π� ¼ −

8

2π
g2ð2πÞ4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jquBjjqdBj

p
Nc

X
f

Z
d4p1

ð2πÞ4
Z

∞

0

ds
cosðjquBjsÞ

eisðp
2
1k−p

2
1⊥

tanðjquBjsÞ
jquBjs −m2

fþiϵÞ

×
Z

d4p2

ð2πÞ4
Z

∞

0

ds0

cosðjqdBjs0Þ
e
is0ðp2

2k−p
2
2⊥

tanðjqdBjs0Þ
jqdBjs0

−m2
fþiϵÞ 4π

jqdBj
4π

M

× e−
ðp1

2
−p1

1
Þ2

jqdBj e−
ðp2

2
−p2

1
Þ2

jqdBj e
− 1
M½ðp1

2
−p1

1
Þ2ð1−ðq0BÞ2

jqdBj2
Þþðp2

2
−p2

1
Þ2ð1−ðq0BÞ2

jqdBj2
Þ�

×

�
ðm2

f þ p1k · p2kÞðcosðjquBjsÞ cosðjqdBjs0Þ þ sinðjquBjsÞ sinðjqdBjs0ÞÞ

þ p1⊥p2⊥
cosðjquBjsÞ cosðjqdBjs0Þ

�
δðk01 þ p0

1 − p0
2Þδðp0

2 − k02 − p0
1Þδðp3

1 − p3
2Þδðp3

2 − p3
1Þ: ð129Þ

We next perform the integrations over the parallel components of one of the internal momenta. Choosing p1, these
integrations are direct because of the Dirac delta functions. We obtain

−iΠðC:9Þ
π� ¼ −16g2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jquBjjqdBj

p
VkNc

X
f

Z
d4p2

ð2πÞ4
Z

d2p1⊥
Z

∞

0

ds
cosðjquBjsÞ

eisððp0
2
−k0

2
Þ2−ðp3

2
Þ2Þ

× eis
�
−p2

1⊥
tanðjquBjsÞ
jquBjs −m2

fþiϵ
� Z ∞

0

ds0

cosðjqdBjs0Þ
e
is0
�
p2
2k−p

2
2⊥

tanðjqdBjs0Þ
jqdBjs0

−m2
fþiϵ

�
1

jqdBjM

× e−
ðp1

2
−p1

1
Þ2

jqdBj e−
ðp2

2
−p2

1
Þ2

jqdBj e
− 1
M

	
ðp1

2
−p1

1
Þ2
�
1−ðq0BÞ2

jqdBj2
�
þðp2

2
−p2

1
Þ2
�
1−ðq0BÞ2

jqdBj2
�


×

�
ðm2

f þ ðp0
2 − k02Þp0

2 − ðp3
2Þ2ÞðcosðjquBjsÞ cosðjqdBjs0Þ þ sinðjquBjsÞ sinðjqdBjs0ÞÞ

þ p1⊥ · p2⊥
cosðjquBjsÞ cosðjqdBjs0Þ

�
: ð130Þ

We compute the integral over p1⊥ using the two master integrals

Z
d2p1⊥e−iðp1⊥Þ2 tanðjquBjsÞjquBj e−ðp2⊥−p1⊥Þ2Q ¼ π

R
e−ðp2⊥Þ2Qe

ðp2⊥Þ2Q2

R ;

e−ðp2⊥Þ2Q
Z

d2p1⊥p1⊥ · p2⊥e−ðp1⊥Þ2Re2p1⊥·p2⊥Q ¼ πQ
R2

e−ðp2⊥Þ2Qe
ðp2⊥Þ2Q2

R ðp2⊥Þ2; ð131Þ

with R ¼ i tanðjquBjsÞ
jquBjs þQ, Q ¼ 1

jqdBj þ N
M, N ¼ 1 − ðq0BÞ2

jqdBj2, and M ¼ jquBj þ ðq0BÞ2
jqdBj . The contribution C:9 becomes
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−iΠðC:9Þ
π� ¼ −16g2VkNc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijquBjjqdBj
p

jqdBjM
X
f

Z
∞

0

ds
cosðjquBjsÞ

π

R
eisð−m

2
fþiϵÞ

×
Z

∞

0

ds0

cosðjqdBjs0Þ
Z

d4p2

ð2πÞ4 e
is0ððp0

2
Þ2−ðp3

2
Þ2−p2

2⊥
tanðjqdBjs0Þ
jqdBjs0

−m2
fþiϵÞ

e−ðp2⊥Þ2Qe
ðp2⊥Þ2Q2

R eisððp0
2
−k0

2
Þ2−ðp3

2
Þ2Þ

×

�
ðm2

f þ ðp0
2 − k02Þp0

2 − ðp3
2Þ2ÞðcosðjquBjsÞ cosðjqdBjs0Þ þ sinðjquBjsÞ sinðjqdBjs0ÞÞ

−
Q
R

ðp2⊥Þ2
cosðjquBjsÞ cosðjqdBjs0Þ

�
: ð132Þ

We proceed to compute the integral over the three-momentum p⃗2, where we use the following results:

Z
d2p2⊥e

−iðp2⊥Þ2 tanðjqdBjs
0Þ

jqdBj e−ðp2⊥Þ2Qe
ðp2⊥Þ2Q2

R ¼
Z

d2p1⊥e−ðp2⊥Þ2Z ¼ π

Z
;Z

d2p2⊥e−ðp2⊥Þ2Zðp2⊥Þ2 ¼
π

Z2
;Z

dp3
2e

−iðp3
2
Þ2ðsþs0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

iðsþ s0Þ
r

;

Z
dp3

2e
−iðp3

2
Þ2ðsþs0Þðp3

2Þ2 ¼
1

2

ffiffiffi
π

p
ðiðsþ s0ÞÞ3=2 ; ð133Þ

with Z ¼ Q − Q2

R þ i tanðjqdBjs
0Þ

jqdBj . Using Eq. (133) in Eq. (132), we obtain

−iΠðC:9Þ
π� ¼ −16g2VkNc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijquBjjqdBj
p

jqdBjM
1

ð2πÞ3
X
f

Z
∞

0

ds
cosðjquBjsÞ

π

R
eisð−m

2
fþiϵÞ

×
Z

∞

0

ds0

cosðjqdBjs0Þ
Z

dp0
2

2π
eis

0ð−m2
fþiϵÞeis0ðp0

2
Þ2eisðp0

2
−k0

2
Þ2 π
Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

iðsþ s0Þ
r

×

��
m2

f þ ðp0
2 − k02Þp0

2 −
1

2

1

ðiðsþ s0ÞÞ3=2
�
ðcosðjquBjsÞ cosðjqdBjs0Þ þ sinðjquBjsÞ sinðjqdBjs0ÞÞ

−
Q
ZR

1

cosðjquBjsÞ cosðjqdBjs0Þ
�
: ð134Þ

We now implement the analytic continuations s → −iτ and s0 → −iτ0, and through a Wick rotation in p0
2, we write this

contribution to the charged pion self-energy in the Matsubara formalism,

−iΠðC:9Þ
π� ¼ i

ffiffiffi
π

p
g2VkNc

π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijquBjjqdBj
p

jqdBjM
X
f

T
Z

∞

0

dτ
coshðjquBjτÞ

Z
∞

0

ds0

cosðjqdBjs0Þ

×
1

ZR
1ffiffiffiffiffiffiffiffiffiffiffiffi
τ þ τ0

p e−m
2
fðτþτ0Þe−τω2

�
ðcoshðjquBjτÞ coshðjqdBjτ0Þ − sinhðjquBjτÞ sinhðjqdBjτ0ÞÞ

×
��

m2
f −

1

2ðτ þ τ0Þ
�X

n

e−½ðτþτ0Þω̃2
n−2ωω̃nτ� þ

X
n

ðω̃n − ωÞω̃ne−½ðτþτ0Þω̃2
n−2ωω̃nτ�

�

−
Q
ZR

1

coshðjquBjτÞ coshðjqdBjτ0Þ
X
n

e−½ðτþτ0Þω̃2
n−2ωω̃nτ�

�
: ð135Þ

The required sums over Matsubara frequencies are
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e−τω
2
X∞
n¼−∞

e−½ðτþτ0Þω̃2
n−2ωω̃nτ� ¼ 1

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp e−

ττ0ω2
τþτ0

�
1þ 2

X∞
n¼1

ð−1Þne−
n2

4ðτþτ0ÞT2 cos

�
nωτ

ðτ þ τ0ÞT
��

;

e−τω
2
X∞
n¼−∞

ω̃ne−½ðτþτ0Þω̃2
n−2ωω̃nτ� ¼ 1

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp e−

ττ0ω2
τþτ0

�
τω

τ þ τ0
þ 2

X∞
n¼1

ð−1Þne−
n2

4ðτþτ0ÞT2

�
τω

τ þ τ0
cos

�
nωτ

ðτ þ τ0ÞT
�
−

n
2ðτ þ τ0ÞT sin

�
nωτ

ðτ þ τ0ÞT
���

;

e−τω
2
X∞
n¼−∞

ω̃2
ne−½ðτþτ0Þω̃2

n−2ωω̃nτ� ¼ 1

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp e−

ττ0ω2
τþτ0

�
1

2ðτ þ τ0Þ þ
τ2ω2

ðτ þ τ0Þ2 þ 2
X∞
n¼1

ð−1Þne−
n2

4ðτþτ0ÞT2

��
1

2ðτ þ τ0Þ þ
τ2ω2

ðτ þ τ0Þ2 −
n2

4ðτ þ τ0Þ2T2

�
cos

�
nωτ

ðτ þ τ0ÞT
�

−
nτω

ðτ þ τ0ÞT sin
�

nωτ
ðτ þ τ0ÞT

���
: ð136Þ

Substituting Eq. (136) into Eq. (135) and performing the change of variables τ ¼ uð1 − vÞ and τ0 ¼ uv, we obtain the final
expression in momentum space,

−iΠðC:9Þ
π� ¼ ig2

π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijquBjjqdBj
p

jqdBjM
Nc

X
f

Z
∞

0

du
Z

1

0

dv
1

coshðjquBjuð1 − vÞÞ

×
1

coshðjqdBjuvÞ
1

ZR
e−m

2
fueuvð1−vÞðiωÞ2

�
ðcoshðjquBjuð1 − vÞÞ coshðjqdBjuvÞ

− sinhðjquBjuð1 − vÞÞ sinhðjqdBjuvÞÞ
��

m2
f −

1

2u

��
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2u cosh

�ð1 − vÞnðiωÞ
T

��

− ðiωÞ
�
ð1 − vÞðiωÞ þ 2

X∞
n¼1

ð−1Þne− n2

4T2uðð1 − vÞðiωÞ cosh
�ð1 − vÞnðiωÞ

T

�

−
n

2Tu
sinh

�ð1 − vÞnðiωÞ
T

���
−
�
1

2u
− ð1 − vÞ2ðiωÞ2 þ 2

X∞
n¼1

ð−1Þne− n2

4T2u

×

��
1

2u
− ð1 − vÞ2ðiωÞ2 − n2

4u2T2

�
cosh

�ð1 − vÞnðiωÞ
T

�
þ ð1 − vÞnðiωÞ

uT
sinh

�ð1 − vÞnðiωÞ
T

����

−
Q
ZR

1

coshðjquBjuð1 − vÞÞ coshðjqdBjuvÞ
�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2u cosh

�ð1 − vÞnðiωÞ
T

���
; ð137Þ

with

ZR ¼ tanhðjqdBjuvÞ tanhðjquBjuð1 − vÞÞ
jqdBjjquBj

þ
�
tanhðjqdBjuvÞ

jqdBj
þ tanhðjquBjuð1 − vÞÞ

jquBj
�
Q;

Q ¼ 1

jqdBj
�
1þ jqdBj2 − ½ðqu − qdÞB�2

jquBjjqdBj þ ½ðqu − qdÞB�2
�
: ð138Þ

The temperature-independent terms contain the vacuum contribution and are ultraviolet divergent. In order to isolate this
piece, we take the limit qfB → 0, obtaining

−iΠðC:9Þ
π�;B¼0 ¼ −

ffiffiffi
2

p

3π2
ig2Nc

X
f

Z
∞

0

du
Z

1

0

dv e−m
2
fueuvð1−vÞðiωÞ2

1

u

�
m2

f − ðiωÞ2vð1 − vÞ − 2

u

�
: ð139Þ

This completes the one-loop calculation of the charged pion self-energy.
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D. Quark one-loop self-energy

We now turn to the one-loop self-energy of the quark
fields. The corresponding Feynman diagrams are shown in
Fig. 6 and labeled D:j, with j ¼ 1;…; 8. The full one-loop
self-energy can be written as

−iΠf ¼ −iΠðD:1Þ
f − iΠðD:2Þ

f − iΠðD:3Þ
f

− iΠðD:4Þ
f − iΠðD:5Þ

f − iΠðD:6Þ
f

− iΠðD:7Þ
f − iΠðD:8Þ

f : ð140Þ

The first five contributions correspond to tadpole-type
diagrams with an additional internal line evaluated at zero
momentum. These contributions need not be recomputed
explicitly, since they follow directly from the correspond-
ing results in previous subsections (see contributions
A:4–A:7, B:4–B:7, and C:4–C:7) upon the appropriate
replacement of symmetry factors, couplings, and internal
fields. We thus obtain the following contributions:

−iΠðD:1Þ
f ¼ 3iλvg

m2
σ

Z
d3q
ð2πÞ3

1

2Eσ
ð1þ 2nBðEσÞÞ; ð141Þ

−iΠðD:2Þ
f ¼ iλvg

m2
σ

Z
d3q
ð2πÞ3

1

2Eπ
ð1þ 2nBðEπÞÞ; ð142Þ

−iΠðD:3Þ
f ¼ igλv

8π2m2
σ
jeBj

Z
∞

0

dτ
sinh ðjeBjτÞ

e−τm
2
π

τ

×

�
1þ 2

X∞
n¼1

e−
n2

4T2τ

�
; ð143Þ

−iΠðD:4Þ
f ¼ −

ig2

4π2m2
σ
jqfBjNc

X
f

mf

Z
∞

0

dτ
tanhðjqfBjτÞ

×
e−τm

2
f

τ

�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2τ

�
; ð144Þ

and

−iΠðD:5Þ
f ¼ ig2

4π2m2
π
jqfBjNc

X
f

mf

Z
∞

0

dτ
tanhðjqfBjτÞ

×
e−τm

2
f

τ

�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2τ

�
: ð145Þ

In Eqs. (141) and (142) nBðXÞ is the Bose-Einstein
distribution function, with Eσ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

σ

p
and

Eπ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

π

p
. In Eqs. (143)–(145), the purely magnetic

terms contain ultraviolet-divergent vacuum contributions,
which can be identified by taking the limit eB → 0,

−iΠðD:3Þ
f;B¼0 ¼

igλv
8π2m2

σ

Z
∞

0

dτ
τ2

e−τm
2
π ; ð146Þ

−iΠðD:4Þ
f;B¼0 ¼ −

ig2

4π2m2
σ
Nc

X
f

mf

Z
∞

0

dτ
e−τm

2
f

τ2
; ð147Þ

and

−iΠðD:5Þ
f;B¼0 ¼

ig2

4π2m2
π
Nc

X
f

mf

Z
∞

0

dτ
e−τm

2
f

τ2
: ð148Þ

The last three contributions,D:6,D:7, andD:8, require a
different treatment. In these cases, the Schwinger phases
associated with the propagators do not cancel. Therefore,
the computation must be carried out in coordinate space
using the Ritus formalism. To the best of our knowledge,
this is the first time that these contributions have been
computed within the LSMq including thermomagnetic
effects without imposing any restriction on T or jeBj.
We, therefore, present the derivation in detail.
We begin with the expression for the self-energy con-

tribution corresponding to a loop formed by a neutral pion
and a quark, which must be evaluated in spacetime
coordinates,

−iΠðD:6Þ
f ¼ g2

Z
d4x

Z
d4yŪðx; k1Þγ5SBðx − yÞ

× γ5Dðy − xÞUðy; k2Þ; ð149Þ

where the Ritus functions for fermions are

Uðy;k2Þ¼Eðy;k2Þuðk2Þ; Ūðx;k1Þ¼U†ðx;k1Þγ0; ð150Þ

FIG. 6. One-loop self-energy diagrams for the quark fields (up
and down). Solid lines represent the sigma meson, dashed lines
correspond to neutral pions, double solid lines denote charged
pions, and solid lines with arrows represent quark fields. Each
vertex explicitly displays the corresponding coupling coefficient.
The coefficients multiplying each diagram are the corresponding
combinatorial factors.
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with

Eðx; k1Þ ¼
X
λ¼�

ΓλFðx; k1λÞ;

uðk1Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðEf þmfÞ
p ½ΠsðEf; k1Þ þmfI�

0
BBB@

1

0

−1
0

1
CCCA;

Πμ
s ¼

�
k01;

sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
;−

sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
; k31

�
;

Ef ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

f þ 2lqfBþ ðk31Þ2
q

; ð151Þ

and

k1λ ¼ ðk01; k11sfλ; k21; k31Þ: ð152Þ

The same convention applies to the fermionic Ritus states.
Thus, although k1λ is written in a four-component notation,
it should not be interpreted as an ordinary four-momentum:
k01 and k

3
1 are continuous dimensionful variables associated

with the translationally invariant temporal and longitudinal

directions, whereas k11 and k21 are discrete, dimensionless
quantum numbers characterizing the transverse motion in
the symmetric gauge. For fermions, the coupling between
the spin projection and the magnetic field shifts one of these
transverse quantum numbers according to k11sfλ. This is the

symmetric-gauge counterpart of the familiar Landau-gauge
structure in which the two spin projections involve neigh-
boring Landau indices. Consequently, combinations
involving k11, k21, and other discrete summation indices
are dimensionless, while the corresponding physical trans-
verse momentum scale is carried by factors proportional toffiffiffiffiffiffiffiffiffiffiffijqfBj
p

, as in the effective momentum Πμ
s introduced

in Eq. (151).
In this notation λ can have the values �1, therefore, the

component one of k1λ and the factor Γλ can be written as

k11sf� ¼ k11 −
ð1 ∓ sfÞ

2
;

Γλ ¼ 1

2
ð1� iγ1γ2Þ; ð153Þ

respectively, with sf ¼ sgnðqfBÞ. The scalar Ritus func-
tions in terms of these dependencies is

Fðx; k1λÞ ¼
1ffiffiffiffiffiffi
2π

p e−iðk01x0−k31x3Þe
−isfðk11sf�−k

2
1
Þθ
Nk1

1sf�;k
2
1
ξ
ðk1

1sf�−k
2
1
Þ=2

e−
ξ
2L

k1
1sf�−k

2
1

k2
1

ðξÞ; ð154Þ

where

ξ ¼ jqfBj
2

r2; Nk1
1sf�;k

2
1
¼

�
jqfBj

k21!
k11sf�!

�
1=2

: ð155Þ

The coordinate-space propagators for the neutral pion and the quark are

Dðy − xÞ ¼
Z

d4p1

ð2πÞ4 e
−ip1·ðy−xÞ i

p2
1 −m2

π þ iϵ
; ð156Þ

SBðx − yÞ ¼ eiqf
R

y

x
dξ0μ½Aμðξ0Þþ1

2
Fμνðξ0−yÞν�

Z
d4p2

ð2πÞ4 e
−ip2·ðx−yÞ

Z
∞

0

ds
cosðjqfBjsÞ

e
isðp2

2k−p
2
2⊥

tanðjqfBjsÞ
jqfBj −m2

fþiϵÞ

×

�
ðcosðjqfBjsÞ þ sfγ1γ2 sinðjqfBjsÞÞðmf þ =p2kÞ −

=p2⊥
cosðjqfBjsÞ

�
; ð157Þ

respectively. With all these elements specified, the explicit initial expression for the contribution D:6 can be written as

−iΠðD:6Þ
f ¼ g2

Z
d4x
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d4y
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1

2
ð1 − iγ1γ2Þ 1ffiffiffiffiffiffi

2π
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1
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1sfþ;k
2
1
ξ
ðk1

1sfþ−k
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1
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2L
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1
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1
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þ 1
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ð1þ iγ1γ2Þ 1ffiffiffiffiffiffi

2π
p eiðk

0
1
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1
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isfðk11sf−−k
2
1
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Nk1
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We now simplify this expression. First, we commute one of the γ5 matrices through the Dirac matrices appearing in the
quark propagator and then use ðγ5Þ2 ¼ I. Then, we compute the integral within the Schwinger phase in the same fashion we
did before, getting
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We compute the integrals over xk and yk,Z
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After performing these steps, the expression for D:6 can be written as

−iΠðD:6Þ
f ¼ g2

2π

Z
d2x⊥

Z
d2y⊥

�
1

2
ð1 − iγ1γ2Þeisfðk11sfþ−k21ÞθNk1

1sfþ;k
2
1
ξ
ðk1

1sfþ−k
2
1
Þ=2

e−
ξ
2L

k1
1sfþ−k

2
1

k2
1

ðξÞ

þ 1

2
ð1þ iγ1γ2Þeisfðk11sf−−k21ÞθNk1

1sf−
;k2

1
ξ
ðk1

1sf−
−k2

1
Þ=2

e−
ξ
2L

k1
1sf−

−k2
1

k2
1

ðξÞ
�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðEf þmfÞ
p ð1; 0; 1; 0Þ

�
γ0k01 þ

γ1sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
−
γ2sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
þ γ3k31 þmfI

�

× e
iqf
2
ðx1y2−x2y1Þ

Z
d4p2

ð2πÞ4 e
−ip2⊥·ðx−yÞ⊥

Z
∞

0

ds
cosðjqfBjsÞ

e
isðp2

2k−p
2
2⊥

tanðjqfBjsÞ
jqfBj −m2

fþiϵÞ

×

�
ðcosðjqfBjsÞ þ sfγ1γ2 sinðjqfBjsÞÞðmf − =p2kÞ þ

=p2⊥
cosðjqfBjsÞ

� Z
d4p1

ð2πÞ4
ie−ip1⊥·ðy−xÞ⊥

p2
1 −m2

π þ iϵ

×

�
1

2
ð1þ iγ1γ2Þe−isfðk12sþ−k22Þθ0Nk1

2sfþ;k
2
2
ξ0
ðk1

2sfþ−k
2
2
Þ=2

e−
ξ0
2L

k1
1sfþ−k

2
1

k2
1

ðξ0Þ

þ 1

2
ð1 − iγ1γ2Þe−isfðk12s−−k22Þθ0Nk1

2sf−
;k2

2
ξ0
ðk1

2sf−
−k2

2
Þ=2

e−
ξ0
2L

k1
2sf−

−k2
2

k2
2

ðξ0Þ
�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðEf þmfÞ
p �

γ0k02 −
γ1sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
þ γ2sf

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
− γ3k32 þmfI

�0BBB@
1

0

−1
0

1
CCCA

× ð2πÞ4δð2Þðp2k − k1k − p1kÞδð2Þðk2k þ p1k − p2kÞ: ð161Þ
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We now focus on the integrations over x⊥ and y⊥. For this purpose, we use

ξ ¼ jqfBj
2

r2 ¼ jqfBj
2

x2⊥ ¼ jqfBj
2

ððx1Þ2 þ ðx2Þ2Þ;

ξ0 ¼ jqfBj
2

r02 ¼ jqfBj
2

y2⊥ ¼ jqfBj
2
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Introducing polar coordinates, x1 ¼ r cos θ, x2 ¼ r sin θ, y1 ¼ r0 cos θ0, and y2 ¼ r0 sin θ0, the angular integrations can be
performed. The result for D:6 is
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Since, the expression in Eq. (163) does not seem to admit further analytical simplification, we consider the inertial frame
in which the external particle is at rest, namely, k1j ¼ k2j ¼ k3j ¼ 0 and k2j ¼ ðk0jÞ2, with j ¼ 1, 2. Hence, the expression we
need to compute becomes
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the expression for D:6 becomes
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The integrations over the parallel components of one of the internal momenta can now be performed. Choosing p2k and
using the Dirac delta functions, we obtain the following expression in momentum space:

−iΠðD:6Þ
f ¼ g2

8π2

jqfBj2
Z

d2p2⊥
ð2πÞ2

Z
∞

0

ds
cosðjqfBjsÞ

e
isððp0

1
−k0

1
Þ2−ðp3

1
Þ2−p2

2⊥
tanðjqfBjsÞ

jqfBj −m2
fþiϵÞ

Z
d4p1

ð2πÞ4
i

p2
1 −m2

π þ iϵ

× e
−
ðp1

1
−p1

2
Þ2

jqfBj e
−
ðp2

1
−p2

2
Þ2

jqfBj
�
ðcosðjqfBjsÞ þ sfγ1γ2 sinðjqfBjsÞÞðmf − γ0ðp0

1 þ k01Þ þ γ3p3
1Þ þ

=p2⊥
cosðjqfBjsÞ

�
: ð166Þ

For the integrals over p2⊥, we use the following results:
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and we obtain
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We now rewrite the neutral pion propagator in the Schwinger proper-time representation and get

−iΠðD:6Þ
f ¼ g2ð2πÞ

Z
∞

0

ds
cosðjqfBjsÞ

Z
d4p1

ð2πÞ4
Z

∞

0

ds0eis0ðp2
1
−m2

πþiϵÞe
ðp1⊥Þ2
jqfBj ð

1
i tanðjqfBjsÞþ1

−1Þ
eisððp

0
1
þk0

1
Þ2−ðp3

1
Þ2−m2

fþiϵÞ

×

�
1

i tanðjqfBjsÞ þ 1

��
ðcosðjqfBjsÞ þ sfγ1γ2 sinðjqfBjsÞÞðmf − γ0ðp0

1 þ k01Þ þ γ3p3
1Þ

þ 1

i tanðjqfBjsÞ þ 1

γ1p1
1 þ γ2p2

1

cosðjqfBjsÞ
�
: ð169Þ

We now compute the integrals over p1⊥ and p3
1. For this purpose, we use
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Z
dp3

1e
−iðp3

1
Þ2ðsþs0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

iðsþ s0Þ
r

;Z
dp1⊥e

−p2
1⊥½ 1

jqfBjð1−
1

i tanðjqfBjsÞþ1
Þþis0� ¼ π

1
jqfBj ð1 − 1

i tanðjqfBjsÞþ1
Þ þ is0

;

Z
dp1⊥p1⊥e

−p2
1⊥½ 1

jqfBjð1−
1

i tanðjqfBjsÞþ1
Þþis0� ¼

Z
dp3

1p
3
1e

−ðp3
1
Þ2ðsþs0Þ ¼ 0; ð170Þ

and the contribution D:6 becomes

−iΠðD:6Þ
f ¼ g2

4π

Z
∞

0

ds
cosðjqfBjsÞ

Z
∞

0

ds0
Z

dp0
1

2π

eis
0ðp0

1
Þ2eisðp

0
1
þk0

1
Þ2eis0ð−m2

πþiϵÞeisð−m
2
fþiϵÞ

i tanðjqfBjsÞð 1
jqfBj þ is0Þ þ is0

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π

iðsþ s0Þ
r

½ðcosðjqfBjsÞ þ sfγ1γ2 sinðjqfBjsÞÞðmf − γ0ðp0
1 þ k01ÞÞ�: ð171Þ

We perform the analytic continuations s → −iτ and s0 → −iτ0, and the temperature dependence is incorporated through the
Matsubara formalism. This gives

−iΠðD:6Þ
f ¼ −

g2

4π

Z
∞

0

dτ
coshðjqfBjτÞ

Z
∞

0

dτ0iT
X
n

eτ
0ðiω̃nÞ2eτ½iðω̃n−ωÞ�2e−τ0m2

πe−τm
2
f

tanhðjqfBjτÞð 1
jqfBj þ τ0Þ þ τ0

×

ffiffiffiffiffiffiffiffiffiffiffiffi
π

τ þ τ0

r
½ðcoshðjqfBjτÞ − isfγ1γ2 sinhðjqfBjτÞÞðmf þ γ0ðω̃n þ ωÞÞ�: ð172Þ

In order to perform the sum over the Matsubara modes, we use the following two expressions:

e−τω
2
X∞
n¼−∞

e−ðτþτ0Þω̃2
n−2ω̃nωτ ¼ 1

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp e−

ττ0ω2
τþτ0

�
1þ 2

X∞
n¼1

ð−1Þne−
n2

4T2ðτþτ0Þ cos

�
nτω

Tðτ þ τ0Þ
��

;

e−τω
2
X∞
n¼−∞

ω̃ne−ðτþτ0Þω̃2
n−2ω̃nωτ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp e−

ττ0ω2
τþτ0

�
−

τω

τ þ τ0
þ 2

X∞
n¼1

ð−1Þne−
n2

4T2ðτþτ0Þ ð173Þ

×

�
−

τω

τ þ τ0
cos

�
nτω

Tðτ þ τ0Þ
�
þ n
2ðτ þ τ0ÞT sin

�
nτω

Tðτ þ τ0Þ
���

: ð174Þ

Substituting Eq. (174) into Eq. (172), we obtain

−iΠðD:6Þ
f ¼ −

ig2

8π

Z
∞

0

dτ
coshðjqfBjτÞ

Z
∞

0

dτ0

τ þ τ0
e−τ

0m2
πe−τm

2
f e−

ττ0ω2
τþτ0

tanhðjqfBjτÞð 1
jqfBj þ τ0Þ þ τ0

ðcoshðjqfBjτÞ − isfγ1γ2 sinhðjqfBjτÞÞ

×

�
ðmf þ γ0ωÞ

�
1þ 2

X∞
n¼1

ð−1Þne−
n2

4T2ðτþτ0Þ cos

�
nτω

Tðτ þ τ0Þ
��

þ γ0
�
−

τω

τ þ τ0
þ 2

X∞
n¼1

ð−1Þne−
n2

4T2ðτþτ0Þ

×

�
−

τω

τ þ τ0
cos

�
nτω

Tðτ þ τ0Þ
�
þ n
2ðτ þ τ0ÞT sin

�
nτω

Tðτ þ τ0Þ
����

: ð175Þ

We perform the change of variables τ ¼ uð1 − vÞ and τ0 ¼ uv, and obtain the final expression
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−iΠðD:6Þ
f ¼ −

ig2

8π

Z
∞

0

du
Z

1

0

dv
e−uvm

2
πe−uð1−vÞm

2
f e−uvð1−vÞðiωÞ2

coshðjqfBjuð1 − vÞÞðtanhðjqfBjuð1 − vÞÞð 1
jqfBj þ uvÞ þ uvÞ

× ðcoshðjqfBjuð1 − vÞÞ − isfγ1γ2 sinhðjqfBjuð1 − vÞÞÞ
�
ðmf − iγ0ðiωÞÞ

×

�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2u cosh

�
nðiωÞð1 − vÞ

T

��
− iγ0

�
ð1 − vÞðiωÞ þ 2

X∞
n¼1

ð−1Þne− n2

4T2u

×

�
ð1 − vÞðiωÞ cosh

�
nðiωÞð1 − vÞ

T

�
þ n
2uT

sinh

�
nðiωÞð1 − vÞ

T

����
: ð176Þ

In Eq. (176), the temperature-independent terms contain ultraviolet divergences, since they include the vacuum
contribution. The corresponding vacuum piece is obtained by taking the limit jqfBj → 0, yielding

−iΠðD:6Þ
f;B¼0 ¼ −

ig2

16π2

Z
∞

0

du
Z

1

0

dve−uvm
2
πe−uð1−vÞm

2
fe−uvð1−vÞðiωÞ2 ½mf − iγ0ð2 − vÞðiωÞ�: ð177Þ

The next contribution corresponds to the loop formed by a sigma meson and a quark. This term is analogous to the
previous case, with the neutral pion propagator replaced by the sigma meson propagator and with the corresponding change
in the vertices. In contrast toD:6, no γ5 matrices appear in this contribution and, therefore, no anticommutation through the
Dirac matrices of the quark propagator is required. Hence, the initial expression can be written as

−iΠðD:7Þ
f ¼ −g2

Z
d4x

Z
d4y

�
1

2
ð1 − iγ1γ2Þ 1ffiffiffiffiffiffi

2π
p eiðk01x0−k31x3Þe

isfðk11sfþ−k
2
1
Þθ
Nk1

1sfþ;k
2
1
ξ
ðk1

1sfþ−k
2
1
Þ=2

e−
ξ
2L

k1
1sfþ−k

2
1

k2
1

ðξÞ

þ 1

2
ð1þ iγ1γ2Þ 1ffiffiffiffiffiffi

2π
p eiðk01x0−k31x3Þe

isfðk11sf−−k
2
1
Þθ
Nk1

1sf−
;k2

1
ξ
ðk1

1sf−
−k2

1
Þ=2

e−
ξ
2L

k1
1sf−

−k2
1

k2
1

ðξÞ
�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðEf þmfÞ
p ð1; 0; 1; 0Þ

�
γ0k01 þ

γ1sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
−
γ2sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
þ γ3k31 þmfI

�

× eiqf
R

y

x
dξ0μ½Aμðξ0Þþ1

2
Fμνðξ0−yÞν�

Z
d4p2

ð2πÞ4 e
−ip2·ðx−yÞ

Z
∞

0

ds
cosðjqfBjsÞ

e
isðp2

2k−p
2
2⊥

tanðjqfBjsÞ
jqfBj −m2

fþiϵÞ

×

�
ðcosðjqfBjsÞ þ sfγ1γ2 sinðjqfBjsÞÞðmf þ =p2kÞ −

=p2⊥
cosðjqfBjsÞ

� Z
d4p1

ð2πÞ4
ie−ip1·ðy−xÞ

p2
1 −m2

σ þ iϵ

×

�
1

2
ð1þ iγ1γ2Þ 1ffiffiffiffiffiffi

2π
p e−iðk02y0−k32y3Þe

−isfðk12sfþ−k
2
2
Þθ0
Nk1

2sfþ;k
2
2
ξ0
ðk1

2sfþ−k
2
2
Þ=2

e−
ξ0
2L

k1
1sfþ−k

2
1

k2
1

ðξ0Þ

þ 1

2
ð1 − iγ1γ2Þ 1ffiffiffiffiffiffi

2π
p e−iðk02y0−k32y3Þe

−isfðk12sf−−k
2
2
Þθ0
Nk1

2sf−
;k2

2
ξ0
ðk1

2sf−
−k2

2
Þ=2

e−
ξ0
2L

k1
2sf−

−k2
2

k2
2

ðξ0Þ
�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðEf þmfÞ
p �

γ0k02 −
γ1sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
þ γ2sf

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
− γ3k32 þmfI

�0BBB@
1

0

−1
0

1
CCCA: ð178Þ

The notation in Eq. (178) is the same as that used for contribution D:6. Since the only structural difference with respect to
the previous contribution is the absence of the γ5 matrices, the subsequent steps follow in complete analogy. We can,
therefore, write the corresponding general expression as
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−iΠðD:7Þ
f ¼ g2

2π

Z
d2x⊥

Z
d2y⊥

�
1

2
ð1 − iγ1γ2ÞNk1

1sfþ;k
2
1
þ 1

2
Nk1

1sf−
;k2

1

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðEf þmfÞ
p ð1; 0; 1; 0Þ

�
γ0k01 þ

γ1sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
−
γ2sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
þ γ3k31 þmfI

�

×
X
n

X
m

X
q

Jqðr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1

2 − p1
1Þ2 þ ðp2

2 − p2
1Þ2

q
ÞJmðr0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1

2 − p1
1Þ2 þ ðp2

2 − p2
1Þ2

q
ÞJn

�jqfBj
2

rr0
�

×

��jqfBj
2

�ðk1
1sfþ−k

2
1
Þ=2�jqfBj

2

�ðk1
2sfþ−k

2
2
Þ=2 im−1e−imφ0

m − nþ ðk12sfþ − k22Þ
ðei2πðm−nþðk1

2sfþ−k
2
2
ÞÞ − 1Þ

×
ð−iÞqþ1e−iqφ0

qþ n − ðk11sfþ − k21Þ
ðei2πðqþn−ðk1

1sfþ−k
2
1
ÞÞ − 1Þ

Z
∞

0

dr r
k1
1sfþ−k

2
1
þ1
e−

jqfBjr2
4 L

k1
1sfþ−k

2
1

k1
1

�jqfBjr2
2

�

×
Z

∞

0

dr0 r0
k1
2sfþ−k

2
1
þ1
e−

jqfBjr02
4 L

k1
2sfþ−k

2
2

k1
2

�jqfBjr02
2

�
þ
�jqfBj

2

�ðk1
1sfþ−k

2
1
Þ=2�jqfBj

2

�ðk1
2sf−

−k2
2
Þ=2

×
im−1e−imφ0

m − nþ ðk12sf− − k22Þ
ðei2πðm−nþðk1

2sf−
−k2

2
ÞÞ − 1Þ ð−iÞqþ1e−iqφ0

qþ n − ðk11sfþ − k21Þ
ðei2πðqþn−ðk1

1sfþ−k
2
1
ÞÞ − 1Þ

×
Z

∞

0

dr r
k1
1sfþ−k

2
1
þ1
e−

jqfBjr2
4 L

k1
1sfþ−k

2
1

k1
1

�jqfBjr2
2

�Z
∞

0

dr0r0
k1
2sf−

−k2
1
þ1
e−

jqfBjr02
4 L

k1
2sf−

−k2
2

k1
2

�jqfBjr02
2

�

þ
�jqfBj

2

�ðk1
1sf−

−k2
1
Þ=2�jqfBj

2

�ðk1
2sfþ−k

2
2
Þ=2 im−1e−imφ0

m − nþ ðk12sfþ − k22Þ
ðei2πðm−nþðk1

2sfþ−k
2
2
ÞÞ − 1Þ

×
ð−iÞqþ1e−iqφ0

qþ n − ðk11sf− − k21Þ
ðei2πðq−n−ðk11sf−−k21ÞÞ − 1Þ

Z
∞

0

drr
k1
1sf−

−k2
1
þ1
e−

jqfBjr2
4 L

k1
1sf−

−k2
1

k1
1

�jqfBjr2
2

�

×
Z

∞

0

dr0 r0
k1
2sfþ−k

2
1
þ1
e−

jqfBjr02
4 L

k1
2sfþ−k

2
2

k1
2

�jqfBjr02
2

�
þ
�jqfBj

2

�ðk1
1sf−

−k2
1
Þ=2�jqfBj

2

�ðk1
2sf−

−k2
2
Þ=2

×
im−1e−imφ0

m − nþ ðk12sf− − k22Þ
ðei2πðm−nþðk1

2sf−
−k2

2
ÞÞ − 1Þ ð−iÞqþ1e−iqφ0

qþ n − ðk11sf− − k21Þ
ðei2πðqþn−ðk1

1sf−
−k2

1
ÞÞ − 1Þ

×
Z

∞

0

dr r
k1
1sf−

−k2
1
þ1
e−

jqfBjr2
4 L

k1
1sf−

−k2
1

k1
1

�jqfBjr2
2

�Z
∞

0

dr0r0
k1
2sf−

−k2
1
þ1
e−

jqfBjr02
4 L

k1
2sf−

−k2
2

k1
2

�jqfBjr02
2

��

×
Z

d4p2

ð2πÞ4
Z

∞

0

ds
cosðjqfBjsÞ

e
isðp2

2k−p
2
2⊥

tanðjqfBjsÞ
jqfBj −m2

fþiϵÞ
Z

d4p1

ð2πÞ4
i

p2
1 −m2

σ þ iϵ

×

�
ðcosðjqfBjsÞ þ sfγ1γ2 sinðjqfBjsÞÞðmf þ =p2kÞ −

=p2⊥
cosðjqfBjsÞ

�

×

�
1

2
ð1þ iγ1γ2ÞNk1

2sfþ;k
2
2
þ 1

2
ð1 − iγ1γ2ÞNk1

2sf−
;k2

2

�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðEf þmfÞ
p �

γ0k02 −
γ1sf
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
þ γ2sf

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lqfB

q
− γ3k32 þmfI

�0BBB@
1

0

−1
0

1
CCCA

× ð2πÞ4δð2Þðp2k − k1k − p1kÞδð2Þðk2k þ p1k − p2kÞ; ð179Þ

and in the inertial frame in which the external particle is at rest, namely, k1j ¼ k2j ¼ k3j ¼ 0 and k2j ¼ ðk0jÞ2, with j ¼ 1, 2, the
final expression is
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−iΠðD:7Þ
f ¼ ig2

8π

Z
∞

0

du
Z

1

0

dv
e−uvm

2
σe−uð1−vÞm

2
f e−uvð1−vÞðiωÞ2

coshðjqfBjuð1 − vÞÞðtanhðjqfBjuð1 − vÞÞð 1
jqfBj þ uvÞ þ uvÞ

× ðcoshðjqfBjuð1 − vÞÞ − isfγ1γ2 sinhðjqfBjuð1 − vÞÞÞ
�
ðmf þ iγ0ðiωÞÞ

×

�
1þ 2

X∞
n¼1

ð−1Þne− n2

4T2u cosh

�
nðiωÞð1 − vÞ

T

��
þ iγ0

�
ð1 − vÞðiωÞ þ 2

X∞
n¼1

ð−1Þne− n2

4T2u

×

�
ð1 − vÞðiωÞ cosh

�
nðiωÞð1 − vÞ

T

�
þ n
2uT

sinh

�
nðiωÞð1 − vÞ

T

����
; ð180Þ

whose vacuum piece is

−iΠðD:7Þ
f;B¼0 ¼

ig2

16π2

Z
∞

0

du
Z

1

0

dve−uvm
2
σe−uð1−vÞm

2
fe−uvð1−vÞðiωÞ2ðmf þ iγ0ð2 − vÞðiωÞÞ: ð181Þ

The last contribution corresponds to the loop formed by a charged pion and a quark. Since both particles are charged, both
propagators must be written in the Schwinger proper-time representation. As a result, two Schwinger phases appear, each
associated with a different electric charge, and they do not cancel. This is the main difference with respect to contribution
D:6, where only one charged propagator is present. The masses are the same as in that case, while the vertices must be
replaced according to the Feynman rules shown in Fig. 2. We nevertheless present the relevant steps explicitly in order to
make the derivation of the final result transparent. The initial expression is

−iΠðD:8Þ
f ¼ ð

ffiffiffi
2

p
gÞ2

Z
d4x

Z
d4y Ūðx; k1Þγ5SBðx − yÞγ5DBðy − xÞUðy; k2Þ; ð182Þ

where the propagators are

SBðx − yÞ ¼ eiqf
R

y

x
dξμ½AμðξÞþ1

2
Fμνðξ−yÞν�

Z
d4p2

ð2πÞ4 e
−ip2·ðx−yÞ

Z
∞

0

ds0

cosðjqfBjs0Þ
e
is0ðp2

2k−p
2
2⊥

tanðjqfBjs0Þ
jqfBjs0

−m2
fþiϵÞ

×

�
ðcosðjqfBjs0Þ þ sfγ1γ2 sinðjqfBjs0ÞÞðmf þ =p2kÞ −

=p2⊥
cosðjqfBjs0Þ

�
; ð183Þ

DBðy − xÞ ¼ e
ie
R

x

y
dξ0μ½Aμðξ0Þþ1

2
Fμνðξ0−xÞν�

Z
d4p1

ð2πÞ4 e
−ip1·ðy−xÞ

Z
∞

0

ds
cosðjeBjsÞ e

isðp2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵÞ; ð184Þ

and the Ritus spinor functions are

Ūðx; k1Þ ¼
�
1

2
ð1 − iγ1γ2Þ 1ffiffiffiffiffiffi

2π
p eiðk01x0−k31x3Þe

isf0 ðk11sf0 þ−k
2
1
Þθ
Nk1
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;k2

1
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−k2

1
Þ=2

e−
ξ
2L

k1
1sf0 þ

−k2
1

k2
1
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þ 1

2
ð1þ iγ1γ2Þ 1ffiffiffiffiffiffi

2π
p eiðk01x0−k31x3Þe

isf0 ðk11sf0−−k
2
1
Þθ
Nk1

1sf0−
;k2

1
ξ
ðk1

1sf0−
−k2

1
Þ=2

e−
ξ
2L

k1
1sf0−

−k2
1

k2
1

ðξÞ
�

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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We now clarify the notation used in this contribution. The external quark that appears in the Ritus function has charge
qf0 ¼ qfd;ug, the internal quark that appears in the propagator has charge qf ¼ qfu;dg, and the corresponding charged pion
has charge e ¼ ef−;þg, respectively. Thus, if the external quark is an up quark, the internal quark is a down quark and the
pion carries positive charge. Conversely, if the external quark is a down quark, the internal quark is an up quark and the pion
carries negative charge. This assignment satisfies charge conservation at each vertex.
Substituting Eqs. (183)–(186) into Eq. (182), the contribution D:8 becomes
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We now simplify this expression. First, we commute one of the γ5 matrices through the Dirac matrices appearing in the
quark propagator and then use ðγ5Þ2 ¼ I. The Schwinger phases are then computed as

e
ie
R

x

y
dξ0μ½Aμðξ0Þþ1

2
Fμνðξ0−xÞν� ¼ e−i

eB
2
ðx1y2−x2y1Þ;

eiqf
R

y

x
dξμ½AμðξÞþ1

2
Fμνðξ−yÞν� ¼ ei

qfB

2
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After performing these steps, the expression for D:8 can be written as
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The integrations over the parallel coordinates, xk and yk, are performed as in contribution D:6, yielding
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For the perpendicular coordinates, we introduce polar variables, following the same strategy used in the previous
contributions. The angular integrations can then be performed, giving
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where JlðXÞ are the Bessel functions of first kind. These functions arise from the angular integrations, where the Jacobi-
Anger identity is used to expand plane waves in terms of cylindrical harmonics. Since the expression in Eq. (191) does not
seem to admit further analytical simplification, we consider the inertial frame in which the external particle is at rest,
namely, k1j ¼ k2j ¼ k3j ¼ 0 and k2j ¼ ðk0jÞ2, with j ¼ 1, 2. Thus, the expression we need to compute becomes
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2ffiffiffiffiffiffiffiffiffiffi

4mf0
p ð1; 0; 1; 0Þðγ0k01 þmf0 IÞei

qfB

2
ðx1y2−x2y1Þ

×
Z

d4p2

ð2πÞ4 e
−ip2⊥·ðx−yÞ⊥

Z
∞

0

ds0

cosðjqfBjs0Þ
e
is0ðp2

2k−p
2
2⊥

tanðjqfBjs0Þ
jqfBjs0

−m2
fþiϵÞ

×

�
ðcosðjqfBjs0Þ þ sfγ1γ2 sinðjqfBjs0ÞÞðmf − =p2kÞ þ

=p2⊥
cosðjqfBjs0Þ

�
e−i

eB
2
ðx1y2−x2y1Þ

×
Z

d4p1

ð2πÞ4 e
−ip1⊥·ðy−xÞ⊥

Z
∞

0

ds
cosðjeBjsÞ e

isðp2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵÞ

×

ffiffiffiffiffiffiffiffiffiffiffiffijqf0Bj
p

e−
ξ0
2ffiffiffiffiffiffiffiffiffiffi

4mf0
p ðγ0k02 þmf0IÞ

0
BBB@

1

0

−1
0

1
CCCAð2πÞ4δðp0

2 − k01 − p0
1Þδðp3

2 − p3
1Þδðk02 þ p0

1 − p0
2Þδðp3

1 − p3
2Þ: ð192Þ

We proceed to integrate over the perpendicular spatial components, using the following results:

Z
dy2eiði

jqf0Bj
4

ðy2Þ2þy2½ðp2
1
−p2

2
Þþe0B

2
x1�Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
4π

jqf0Bj

s
exp

�
−
½ðp2

1 − p2
2Þ þ e0B

2
x1�2

jqf0Bj
�
;

Z
dy1eiði

jqf0Bj
4

ðy1Þ2þy1½ðp1
2
−p1

1
Þ−e0B

2
x2�Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
4π

jqf0Bj

s
exp

�
−
½ðp1

1 − p1
2Þ − e0B

2
x2�2

jqf0Bj
�
;

e
−
ðp1

1
−p1

2
Þ2

jqf0Bj
Z

dx2e
−ðx2Þ2

4
ðjqf0Bjþðe0BÞ2

jqf0Bj
Þ
e
x2½ e0B

jqf0Bj
ðp1

1
−p1

2
Þþiðp2

2
−p2

1
Þ� ¼

ffiffiffiffiffiffi
4π

M

r
e
−
ðp1

1
−p1

2
Þ2

jqf0Bj e
1
M½ e0B

jqf0Bj
ðp1

1
−p1

2
Þþiðp2

2
−p2

1
Þ�2
;

e
−
ðp2

1
−p2

2
Þ2

jqf0Bj
Z

dx1e
−ðx1Þ2

4
ðjqf0Bjþðe0BÞ2

jqf0Bj
Þ
e
x2½iðp1

2
−p1

1
Þ− e0B

jqf0Bj
ðp2

1
−p2

2
Þ� ¼

ffiffiffiffiffiffi
4π

M

r
e
−
ðp2

1
−p2

2
Þ2

jqf0Bj e
1
M½iðp1

2
−p1

1
Þ− e0B

jqf0Bj
ðp2

1
−p2

2
Þ�2
; ð193Þ

with e0 ¼ qfu;dg þ ef−;þg, qf0 ¼ qfd;ug, and M ¼ jqf0Bj þ ðe0BÞ2
jqf0Bj. Therefore, after a straightforward algebra, the expression

for D:8 becomes

−iΠðD:8Þ
f ¼ 2g2

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijqf0Bjjqf0Bj
p

4mf0

ð4πÞð4πÞ
jqf0BjM

ð1; 0; 1; 0Þðγ0k01 þmf0IÞ

×
Z

d4p2

ð2πÞ4
Z

∞

0

ds0

cosðjqfBjs0Þ
e
isðp2

2k−p
2
2⊥

tanðjqfBjs0Þ
jqfBjs0

−m2
fþiϵÞ

×

�
ðcosðjqfBjs0Þ þ sfγ1γ2 sinðjqfBjs0ÞÞðmf − =p2kÞ þ

=p2⊥
cosðjqfBjs0Þ

�

×
Z

d4p1

ð2πÞ4
Z

∞

0

ds
cosðjeBjsÞ e

isðp2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵÞe
−
ðp1

1
−p1

2
Þ2

jqf0Bj e
−
ðp2

1
−p2

2
Þ2

jqf0Bj
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× exp

�
−

1

M

�
ðp1

2 − p1
1Þ2

�
1þ ðe0BÞ2

jqf0Bj2
�
þ ðp2

2 − p2
1Þ2

�
1þ ðe0BÞ2

jqf0Bj2
���

ðγ0k02 þmf0 IÞ

0
BBB@

1

0

−1
0

1
CCCA

× ð2πÞ4δðp0
2 − k01 − p0

1Þδðp3
2 − p3

1Þδðk02 þ p0
1 − p0

2Þδðp3
1 − p3

2Þ: ð194Þ

We now integrate over one of the internal momenta. Choosing p2, we first perform the integrations over its parallel
components, obtaining the following momentum-space expression:

−iΠðD:8Þ
f ¼ 2g2

ð4πÞð4πÞ
jqf0BjM

Z
d2p2⊥
ð2πÞ2

Z
d4p1

ð2πÞ4
Z

∞

0

ds0

cosðjqfBjs0Þ
e
is0
�
ðp0

1
þk0

1
Þ2−ðp3

1
Þ2−p2

2⊥
tanðjqfBjs0Þ
jqfBjs0

−m2
fþiϵ

�

×

�
ðcosðjqfBjs0Þ þ sfγ1γ2 sinðjqfBjs0ÞÞðmf − γ0ðp0

1 þ k01Þ þ γ3p3
1Þ þ

=p2⊥
cosðjqfBjs0Þ

�

×
Z

∞

0

ds
cosðjeBjsÞ e

is
�
p2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵ
�
e
−
ðp1

1
−p1

2
Þ2

jqf0Bj e
−
ðp2

1
−p2

2
Þ2

jqf0Bj e−

�
1þ ðe0BÞ2

jqf0Bj
2

�
M ½ðp1

2
−p1

1
Þ2þðp2

2
−p2

1
Þ2�: ð195Þ

We then integrate over the perpendicular components, using

Z
d2p2⊥e

−ip2
2⊥

tanðjqfBjsÞ
jqfBj e−Qðp2⊥−p1⊥Þ2 ¼ πjqfBjjqf0Bj

2jqfBj þ ijqf0Bj tanðjqfBjs0Þ
e
−

2ip2
1⊥ tanðjqfBjs0Þ

2jqfBjþijqf0Bj tanðjqfBjs
0Þ;

Z
d2p2⊥=p2⊥e−ðRp

2
2⊥−2Qp1⊥·p2⊥Þ ¼ πjqfBjjqf0Bj

2jqfBj þ ijqf0Bj tanðjqfBjs0Þ
e
−

2ip2
1⊥ tanðjqfBjs0Þ

2jqfBjþijqf0Bj tanðjqfBjs
0Þ

×
2jqfBj

2jqfBj þ ijqf0Bj tanðjqfBjs0Þ
ðγ1p1

1 þ γ2p2
1Þ; ð196Þ

with

Q ¼ 2

jqf0Bj
; R ¼ 2jqfBj þ ijqf0Bj tanðjqfBjs0Þ

jqfBjjqf0Bj
: ð197Þ

Substituting Eq. (196) into Eq. (195), we get

−iΠðD:8Þ
f ¼ 8g2

jqfBjM
Z

d4p1

ð2πÞ4
Z

∞

0

ds0

cosðjqfBjs0Þ
eis

0ððp0
1
þk0

1
Þ2−ðp3

1
Þ2−m2

fþiϵÞ
Z

∞

0

ds
cosðjeBjsÞ e

is
�
p2
1k−p

2
1⊥

tanðjeBjsÞ
jeBjs −m2

πþiϵ
�

×
πjqfBjjqf0Bj

2jqfBj þ ijqf0Bj tanðjqfBjs0Þ
e
−

2ip2
1⊥ tanðjqfBjs0Þ

2jqfBjþijqf0Bj tanðjqfBjs
0Þ
�
ðcosðjqfBjs0Þ þ sfγ1γ2 sinðjqfBjs0ÞÞ

× ðmf − γ0ðp0
1 þ k01Þ þ γ3p3

1Þ þ
2jqfBj

2jqfBj þ ijqf0Bj tanðjqfBjs0Þ
ðγ1p1

1 þ γ2p2
1Þ
γ1p1

1 þ γ2p2
1

cosðjqfBjs0Þ
�
: ð198Þ
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We proceed to compute the integrals over p1⊥ and p3
1, for which we use

Z
d2p1⊥e

−p2
2⊥½

2i tanðjqfBjs0Þ
2jqfBjþijqf0Bj tanðjqfBjs

0ÞþitanðjeBjs
0Þ

jeBj � ¼ π

Z
;Z

dp3
1e

−iðp3
1
Þ2ðsþs0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

iðsþ s0Þ
r

;

Z
d2p1⊥=p1⊥e−p

2
1⊥½Q−Q2

R þitanðjeBjs
0Þ

jeBj � ¼ 0;Z
dp3

1p
3
1e

−iðp3
1
Þ2ðsþs0Þ ¼ 0; ð199Þ

where

Z ¼ 2ijeBj tanðjqfBjs0Þ þ 2ijqfBj tanðjeBjsÞ − jqf0Bj tanðjeBjsÞ tanðjqfBjs0Þ
jeBjð2jqfBj þ ijqf0Bj tanðjqfBjs0ÞÞ

; ð200Þ

and the expression for D:8 becomes

−iΠðD:8Þ
f ¼ g2

π3M

Z
dp0

1

2π

Z
∞

0

ds0

cosðjqfBjs0Þ
eis

0ðp0
1
þk0

1
Þ2eis

0ð−m2
fþiϵÞ

Z
∞

0

ds
cosðjeBjsÞ e

isðp0
1
Þ2eisð−m2

πþiϵÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π

iðsþ s0Þ
r

×
πjqfBjjqf0Bj

2jqfBj þ ijqf0Bj tanðjqfBjs0Þ
ðcosðjqfBjs0Þ þ sfγ1γ2 sinðjqfBjs0ÞÞðmf − γ0ðp0

1 þ k01ÞÞ

×
πjeBjð2jqfBj þ ijqf0Bj tanðjqfBjs0ÞÞ

2ijeBj tanðjqfBjs0Þ þ 2ijqfBj tanðjeBjsÞ − jqf0Bj tanðjeBjsÞ tanðjqfBjs0Þ
: ð201Þ

The next step is to implement the change of variables s → −iτ and s0 → −iτ0 and then to perform a Wick rotation and
rewrite Eq. (201) within the Matsubara formalism as follows:

−iΠðD:8Þ
f ¼ −

ig2

πM
T
X
n

Z
∞

0

dτ0

coshðjqfBjτ0Þ
eτ

0½iðωnþωÞ�2e−τ
0m2

f

Z
∞

0

dτ
coshðjeBjτÞ e

τðiωnÞ2e−τm2
π

ffiffiffiffiffiffiffiffiffiffiffiffi
π

τ þ τ0

r

×
jeBjjqfBjjqf0Bj

2jeBj tanhðjqfBjτ0Þ þ 2jqfBj tanhðjeBjτÞ þ jqf0Bj tanhðjeBjτÞ tanhðjqfBjτ0Þ
× ðcoshðjqfBjτ0Þ − isfγ1γ2 sinhðjqfBjτ0ÞÞðmf þ γ0ðωn þ ωÞÞ: ð202Þ

We perform the sums

e−τ
0ω2

X∞
n¼−∞

e−ðτþτ0Þω2
n−2ωnωτ

0 ¼ 1

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp e−

ττ0ω2
τþτ0

�
1þ 2

X∞
n¼1

e
− n2

4ðτþτ0ÞT2 cos

�
nωτ0

ðτ þ τ0ÞT
��

;

e−τ
0ω2

X∞
n¼−∞

ωne−ðτþτ0Þω2
n−2ωnωτ

0 ¼ 1

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðτ þ τ0Þp e−

ττ0ω2
τþτ0

�
−

τω

τ þ τ0
þ 2

X∞
n¼1

e
− n2

4T2ðτþτ0Þ ð203Þ

×

�
−

τ0ω
τ þ τ0

cos

�
nτ0ω

Tðτ þ τ0Þ
�
þ n
2ðτ þ τ0ÞT sin

�
nτ0ω

Tðτ þ τ0Þ
���

; ð204Þ

and the change of variables τ ¼ uð1 − vÞ and τ0 ¼ uv, and obtain the final expression

ADOLFO FLORES-AGUILAR et al. PHYS. REV. D 114, 056029 (2026)

056029-38



−iΠðD:8Þ
f ¼ −

ig2

4π2
1

M

Z
∞

0

du
Z

1

0

dv
1

coshðjqfBjuvÞ
1

coshðjeBjuð1 − vÞÞ e
−uð1−vÞm2

πe−uvm
2
f e−uvð1−vÞðiωÞ2

×
jeBjjqfBjjqf0Bj

2jeBj tanhðjqfBjuvÞ þ 2jqfBj tanhðjeBjuð1 − vÞÞ þ jqf0Bj tanhðjeBjuð1 − vÞÞ tanhðjqfBjuvÞ
× ðcoshðjqfBjuvÞ − isfγ1γ2 sinhðjqfBjuvÞÞ

×

�
ðmf − iγ0ðiωÞÞ

�
1þ 2

X∞
n¼1

e−
n2

4uT2 cosh

�
vðiωÞn

T

��
þ γ0

�
ivðiωÞ

þ 2
X∞
n¼1

ð−1Þne− n2

4uT2

�
ivðiωÞ cosh

�
vðiωÞn

T

�
−

in
2uT

sinh

�
vðiωÞn

T

����
: ð205Þ

The purely magnetic terms in Eq. (205) contain the ultraviolet-divergent vacuum contribution, which can be identified by
taking the limit when the magnetic field goes to zero,

−iΠðD:8Þ
f;B¼0 ¼ −

ig2

8π2

Z
∞

0

du
Z

1

0

dv e−uð1−vÞm2
πe−uvm

2
f e−uvð1−vÞðiωÞ2

1

u
ðmf − iγ0ð1 − vÞðiωÞÞ: ð206Þ

This completes the one-loop calculation of the quark
self-energy.
Before concluding this subsection, it is useful to discuss

the general Dirac structure of the quark self-energy in
Euclidean space. In the most general case, the one-loop
quark self-energy can be written as

−iΠfðiω; k⃗Þ ¼ Aðiω; k⃗Þiγ0 − Bðiω; k⃗Þγ⃗ · k⃗þ Cðiω; k⃗Þ;
ð207Þ

where the scalar functions A, B, and C encode the thermal
and magnetic corrections to the fermion propagator.
In the present work, all contributions have been evalu-

ated in the inertial frame where the external particle is at
rest, namely, k⃗ ¼ 0. Therefore, the term proportional to γ⃗ ·
k⃗ vanishes identically, implying

Bðiω; k⃗ ¼ 0Þ ¼ 0: ð208Þ

Consequently, the complete one-loop self-energy is fully
determined by the coefficients multiplying the structures
iγ0 and the identity matrix. From the explicit results
obtained in contributions D:1–D:8, the coefficient A is
identified from all terms proportional to iγ0, whereas the
coefficient C is obtained from the remaining scalar con-
tributions proportional to the identity matrix in Dirac space.
Hence, the quark self-energy in the rest frame can be
written in the simplified form

−iΠfðiω; k⃗ ¼ 0Þ ¼ AðiωÞiγ0 þ CðiωÞ: ð209Þ

The explicit expressions for AðiωÞ and CðiωÞ follow
directly from the decomposition of the final expressions

for the contributions D:1–D:8 into their corresponding
Dirac structures.

IV. CONCLUSIONS

We have presented a complete calculation of the one-loop
self-energies for all fields in the linear sigma model coupled
to quarks at finite temperature and in the presence of a
uniform magnetic field. The analysis consistently incorpo-
rates thermal and magnetic effects for neutral and charged
degrees of freedom, providing a unified treatment valid for
arbitrary values of the temperature and the field strength.
The calculation is carried out using the Matsubara

formalism to account for thermal effects and the
Schwinger proper-time representation for charged propa-
gators in a magnetic background. Particular attention has
been devoted to contributions involving particles with
different electric charges in the loop. In these cases, the
associated Schwinger phases do not cancel, preventing a
direct evaluation in momentum space. We have shown that
a proper treatment of such contributions requires describing
charged external states in the Ritus basis, rather than as
plane waves, so that the calculation can be systematically
performed in coordinate space and consistently mapped
into momentum space. To the best of our knowledge, this
constitutes the first explicit derivation of these terms within
the linear sigma model including both thermal and mag-
netic effects.
The structure of the resulting self-energies reflects the

nontrivial interplay between thermal fluctuations and the
magnetic background. In particular, the separation between
vacuum and matter contributions allows for a clear iden-
tification of ultraviolet divergences and their origin, pro-
viding a solid basis for subsequent renormalization
procedures.
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The results obtained in this work provide the necessary
building blocks for a fully self-consistent and nonpertur-
bative treatment of thermodynamic properties in effective
models of QCD under extreme conditions.
Finally, this work establishes a consistent and systematic

framework for the computation of thermomagnetic one-
loop corrections in effective models of QCD, capturing the
full interplay between thermal and magnetic effects for all
dynamical degrees of freedom.
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