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We present a complete calculation of the one-loop self-energies for all fields in the linear sigma model
coupled to quarks at finite temperature and in the presence of a uniform magnetic field. The analysis
consistently incorporates thermal and magnetic effects for both neutral and charged degrees of freedom,
providing a unified framework valid for arbitrary values of the temperature and the field strength. The
computation is performed using the Matsubara formalism to account for finite-temperature effects and the
Schwinger proper-time representation for charged propagators in a magnetic background. Special attention
is given to loop contributions involving particles with different electric charges, for which the associated
Schwinger phases do not cancel. We show that these terms can be systematically evaluated in coordinate
space using the Ritus formalism, which provides the appropriate framework for treating external charged
states in the presence of a magnetic background, and consistently expressed in momentum space. The
resulting expressions exhibit a nontrivial interplay between thermal fluctuations and magnetic effects and
allow for a clear separation between vacuum and matter contributions, providing a well-defined structure
for the identification of ultraviolet divergences. Our results establish a consistent and systematic framework
for the computation of thermomagnetic one-loop corrections in effective models of QCD, capturing the full

interplay between thermal and magnetic effects for all dynamical degrees of freedom.

DOI: 10.1103/m97s-wqft

I. INTRODUCTION

The strong magnetic fields generated in relativistic
heavy-ion collisions [1-3], observed in compact stars
[4-6], and conjectured to have existed in the early
Universe [7,8] have renewed interest in understanding
the properties of strongly interacting matter under extreme
conditions [9-11]. Numerous studies have explored the
impact of magnetic fields on the QCD phase transition
using lattice QCD simulations [12-18], effective models
[19-33], and other perturbative and nonperturbative
approaches to the strong interaction [34—41]. In addition,
several works have investigated the influence of magnetic
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fields on hadronic matter [42—69], as well as their effects on
electromagnetic probes [70-76] and on the early stages of
relativistic heavy-ion collisions [77].

These developments highlight the relevance of studying
the dynamics of strongly interacting systems in the pres-
ence of magnetic fields. Nevertheless, despite the consid-
erable progress achieved over the past decades, several
theoretical quantities remain uncalculated, either because
of the analytical complexity involved or due to the
computational effort required for their numerical evalu-
ation. In this work, we contribute to this effort by analyzing
the dynamics of an effective description of QCD, namely,
the linear sigma model coupled to quarks (LSMq).

Since the physical systems mentioned above are charac-
terized by finite temperature, the study of magnetic effects in
the dynamics of strongly interacting matter must also incor-
porate thermodynamic effects. We compute the one-loop
corrections to the propagation of all the degrees of freedom in
the LSMq, namely, the neutral pion, the charged pions, the
sigma meson, and the two lightest quark flavors. The
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corresponding self-energies encode the effects of a constant
and uniform magnetic field together with the presence of a
thermal bath. The calculation is performed without imposing
restrictions on the magnetic-field strength and is valid for
arbitrary temperatures. It is carried out using the Schwinger
proper-time representation for propagators in a magnetic
background combined with the imaginary-time formalism of
finite-temperature field theory.

To the best of our knowledge, this is the first compre-
hensive computation of the complete one-loop self-energy
structure of the LSMq including both thermal and magnetic
effects. Our results, therefore, provide the most general
one-loop thermomagnetic corrections to the propagators of
the sigma meson, the neutral and charged pions, and the
two lightest quark flavors within this model. These results
are relevant for several applications. On the one hand, the
self-energies constitute a key ingredient for studying the
QCD phase transition beyond the mean-field approxima-
tion. On the other hand, they are essential for describing
properties of the hadronic medium beyond the quantum
ideal-gas approximation.

The paper is organized as follows. In Sec. II we introduce
the linear sigma model coupled to quarks and discuss the
features relevant for the present study. We present the
Lagrangian density, describe the degrees of freedom of
the model, and summarize the corresponding Feynman
rules. In Sec. III we compute the one-loop self-energies
for all the fields. We first present the Feynman diagrams
contributing to each self-energy and then evaluate the
corresponding contributions in the presence of a constant
magnetic field and finite temperature. To the best of our
knowledge, this is the first time that the self-energies of all
the particles within the LSMq are computed without
restrictions on the values of T and |eB|. For charged
particles, the effect of the magnetic field is incorporated
for external states, which are expressed in the Ritus basis
instead of plane waves. Finally, in Sec. [V we summarize our
results and present our conclusions.

We also emphasize that this work has been written with
the aim of making the derivation of all expressions as
transparent and reproducible as possible. For this reason, we
present the intermediate steps in detail, even when this leads
to an extended exposition. We consider this level of detail to
be essential, as part of the value of this work lies not only in
reporting expressions that, to the best of our knowledge,
have not been previously obtained in the literature, but also
in providing a clear and systematic methodology to derive
them. This approach is intended to facilitate future appli-
cations and extensions of these results in the study of
strongly interacting matter under extreme conditions.

I1. LINEAR SIGMA MODEL COUPLED TO QUARKS

The LSMq is one of the most widely used effective
models for describing the low-energy regime of QCD. A
key feature of this renormalizable model is its ability to

exhibit spontaneous chiral symmetry breaking. Its degrees
of freedom consist of scalar and pseudoscalar mesons
together with the two lightest quark flavors. The
Lagrangian density is given by

1 1
L= ) (9,0)* + 5 (0,70)* + D,m_DFrm,,

2

a A
+ > (6> +m}+2n_m,) — 1 (6 + 7+ 2n_m,)?

+ gy — gy (o + iy’T - Dy, (1)

where y is an SU(2) isospin doublet of quarks (up and
down), ¢ is an isospin singlet scalar field, and {7, 7_, 7}
is an isospin triplet corresponding to the three pions. In
Eq. (1), 7; (with i =+, —,3)1 denote the Pauli matrices
acting in isospin space. The parameters 1 and g correspond
to the boson self-coupling and the Yukawa coupling
between fermions and mesons, respectively, and a? is
the squared mass parameter. Throughout this work we
consider a2, A, g > 0. The presence of an external magnetic
field is taken into account in Eq. (1) through a minimal
coupling for the charged fields via the replacement

0, = D, =0, +iqA,, (2)
where A, is the vector potential corresponding to a constant
and uniform magnetic field oriented along the Z direction
and ¢ is the electric charge of the corresponding field.

In order to allow for spontaneous symmetry breaking,
the o field develops a vacuum expectation value v, namely,

c— o+ (3)

After performing this shift, the Lagrangian can be written as

1 1
L= zdﬂaa“a + iaﬂﬂod”ﬂo + D n_D'm,

1 1
- Emgaz - Em,z,ﬂ% —min_m, + iyoy
_ a? A
—mgpy + 5 v? - 2 v+ Ligee 4)

From Eq. (4) we identify the masses of the fields as

m2 = 3° — a?,

m: = —a?, m;=gv. (5)
These masses are dynamically generated and depend on the
vacuum expectation value v, which plays the role of the
order parameter associated with the spontaneous breaking
of chiral symmetry. The £;,; contains the interaction terms
among the fields and is defined as

'"The matrices 7, are defined as 7, = % (11 £ 7).
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FIG. 1. Feynman diagrams corresponding to the nine inter-

action vertices among the mesonic fields in the LSMq. Solid,
dashed, and double solid lines denote the sigma meson, the
neutral pion, and the charged pions, respectively.

A
Lt = — 1 o* — o — e — Ae’n_n, — 2von_n,
—%027[2 — lverl — An>n’ — An_m . mh —%7[4
2 0 0 =%+ —*+%0 4 0

+ a*ve — gpyo — igr W (T, +T_m_ + 13wy
(6)

The interaction terms contained in L;,, determine the
Feynman rules required for the perturbative expansion of
the theory. The Feynman diagrams corresponding to all
interaction vertices appearing in Eq. (6) are shown in
Figs. 1 and 2. In the following section we compute the
one-loop self-energy corrections to the propagators of all
the fields of the model in the presence of a magnetic
background and a thermal medium.

III. ONE-LOOP SELF-ENERGIES

In this section, we compute the one-loop self-energies
for all the fields of the LSMq. For each field, we first
identify the Feynman diagrams contributing to the corre-
sponding self-energy and write the associated analytical
expressions. We then evaluate the different contributions
and combine them to obtain the complete one-loop cor-
rection to the propagator. The same procedure is applied to
all the fields of the model.

A. Neutral pion one-loop self-energy

We begin by computing the one-loop self-energy of the
neutral pion. In Fig. 3, all the Feynman diagrams

U d
V2gy°
T+
d 7
w,d w,d
97" —ig
TO e e e e == = a
a,d a,d

FIG. 2. Feynman diagrams corresponding to the four meson-
quark interaction vertices in the LSMq. Solid, dashed, and double
solid lines, and solid lines with arrows denote the sigma meson,
the neutral pion, the charged pions, and the quarks, respectively.

contributing to this quantity are shown. We label each
contribution as A.j, with j =1,2,...,9. The full neutral
pion self-energy is then given by

—iM,, = —im ! — e — Y -

— i —mAe — i -y

o o o o

— i, (7)

We evaluate each contribution separately. The first term
corresponds to the tadpole diagram with a neutral pion
circulating in the loop. In this case, only thermal effects
need to be considered. The corresponding expression is

FIG. 3. One-loop self-energy diagrams for the neutral pion
field. Solid lines represent the sigma meson, dashed lines
correspond to neutral pions, double solid lines denote charged
pions, and solid lines with arrows represent quark fields. Each
vertex includes the corresponding coupling coefficient, and the
factors multiplying the diagrams account for the associated
combinatorial factors.
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4 .
(A) d 1
—i " =12 . (8
5 ( 4)/(2;:) Fomrie O

where 12 is the symmetry factor, (—il/4) is the vertex
factor, and ¢ is the internal momentum. The same con-
vention for constructing the initial expressions is used
throughout the remaining contributions and self-energies.
The symmetry and the vertex factors from the Feynman
rules are shown in Figs. 1 and 2, together with the
corresponding diagrams for each self-energy contribution.
Therefore, in what follows we do not explicitly describe
each element entering the initial expressions.

To evaluate this expression, we move to the imaginary-
time formalism, performing a Wick rotation and replacing
q" — iw,, where w, = 2znT are the bosonic Matsubara
frequencies. Then, it becomes

(A1)
—iIl; =12 9
) -n(5)r Y [ )

After performing the sum over Matsubara frequencies, we

obtain
_mA) — 3 ,1/ S 1+ 2m(E). (10)
where E, = \/q> + m% and ng(X) is the Bose-Einstein

distribution function. Since no restrictions are imposed on
the temperature, the momentum integral cannot be evalu-
ated analytically. However, the structure of the result allows
us to identify its main contributions. The first term inside
the brackets corresponds to the vacuum contribution, which
can be regularized using dimensional regularization and
subsequently renormalized. The second term represents the
thermal contribution, which is ultraviolet finite and encodes
the medium effects. This term gives the finite medium
contribution to the neutral pion self-energy.

The next contribution corresponds to the tadpole dia-
gram with a sigma meson circulating in the loop. This case
is analogous to the previous one, with the appropriate
replacement of the symmetry and vertex factors, as well as
the pion mass by the sigma meson mass. The resulting
expression is

(A2 . d*q
—ill;, " = —il (1 +2ng(E,)), (11)
(27)*2
where E;, = \/q > + m2. As before, the first term inside the

brackets corresponds to the vacuum contribution, which
can be regularized and renormalized, while the second term
represents the thermal contribution. The latter encodes
the finite-temperature contribution to the neutral pion
self-energy.

We next consider the first one-loop contribution involving
a charged particle in the loop, namely, the tadpole diagram
with a charged pion. The corresponding expression is

ds
/ cos (|eB|s)

(i \2—a2 n (leBls) 2
X e”((””n) _Q3_qL [eBls _ml(>’ (12)

—11'15,0 =

where ¢3 = ¢ + g5 are the momentum components
perpendicular to the magnetic field direction, is the
magnetic-field strength, and s is the Schwinger proper time.
We rewrite Eq. (12) by separating the momentum into
longitudinal and transverse components, g3 and ¢ | , respec-
tively. This gives

_lH”() = ZATZ/ cos |eB| / dQ3e ls‘]%

2 —isq’ ol —is(w2+m2)
X dqe L7TeBTs g is\@n ) (13)
—00

Both momentum integrals are Gaussians and can be per-
formed straightforwardly. The result is

7(A-3) lﬂ|€B‘T /oo ds 1 —is(w2+m2)
— Hﬂ _—_ _— n 7)),
H 43 ; o sin(|eBls) Jis <
(14)

We now perform the analytic continuation s — —iz,
obtaining

(A43) iﬂ|eB|T/ dr e~ r?
—ill; " = n. (15)
0 4732 Jo sinh(|eB|7) /T Z (

To evaluate the sum over the Matsubara modes, we write
explicitly

0

Ze—fw% _ Z e—4m2T2n2’ (16)

n n=—00

which can be expressed in terms of the Jacobi theta
function of the third kind and we also use its definition
and modular transformation

Z exp (imxn® + 2zinz)

. \ (}—ZC —%) (17)

For the Matsubara sum in Eq. (16), the corresponding
arguments of the Jacobi theta function are 7z =0 and
x = 4ixT?r. Using Eqgs. (16) and (17) together with the
series definition of the Jacobi theta function in Eq. (15), we
obtain

83(z|x)

I
=

(@]

P

5
N
N.‘ 5
A,
N————

>

(%)
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2

iAleB| [ dr e s
sinh (|eB|z) t

1(A3)
—ime ==
Him 871'2 0

(s nz
X (1+2Ze‘m>. (18)
n=1

From this expression, we identify the purely magnetic
contribution (first term inside the brackets) and the thermo-
magnetic contribution (second term). The purely magnetic
term contains ultraviolet divergences, as expected from the
vacuum contribution. In order to isolate this piece, we
consider the limit |eB| — 0, obtaining

(A3) i ~dt —tm2
_lHIL'O,B:O = —g o ?e N (19)

which corresponds to the vacuum contribution. Therefore,
in the full expression, we subtract the vacuum piece given
in Eq. (19) and add back the corresponding renormalized
vacuum term.

The next three contributions to the neutral pion self-
energy correspond to tadpole-type diagrams with an addi-
tional internal line connecting the neutral pion propagator
to the loop, as shown in Fig. 3 for diagrams A.4, A.5, and
A.6. In all three cases, the extra line is a zero-momentum
sigma meson propagator. Thus, they follow from diagrams
A.1, A.2, and A.3, respectively, after replacing the vertex
factors and including the zero-momentum sigma propaga-
tor. The resulting expressions are

iH(AA) _ 61.)“21]2 < d3q 1 (20)
o mk o ) CrP el gt mE
92,2 3
(as) 047w / d’q 1
i) = T _ . (21
" == T2 | epararrm @
and

82 o
o 2% m2 cos |eB\

—1s(w,,+q3+q2 tan(|eB}s)

X e e ), (22)

After carrying out the momentum integrations and
Matsubara sums, these expressions become

6i20? a3 1
~in ) = | i 1+ 2(E), (29

m; 27)3 2E,
A5 6”.21}2 d3q 1
-in = S [ S (1 2m(E). (24)

and

i A*? © dt e~
47> mg o sinh(|eBlr) =
x (1 +2Ze‘ﬁ). (25)
n=1
The seventh contribution to the neutral pion self-energy

corresponds to the tadpole diagram labeled as A.7. Its initial
expression is

=il = =2 (=idv)(~ig (——)N ITZZ/

5 tdn(\qflﬂs 5

xTr{/ ®_ds i@t n)
0 COS(“IfBls)

x [<cos<|qf3|s> + sen(q;B)y'y sin(|g;Bls))

1 2
a3 N YA tra 2%
r'as) cos<|qu|s>]}’ 26)

—io)

x (my— 7@,

where N is the number of colors, ) _ ; denotes the sum over
quark flavors, @, = (2n+ 1)zT are the fermionic
Matsubara frequencies, g, is the quark electric charge,
and sgn(qsB) is the sign function. To evaluate this
contribution, we perform the trace over Dirac indices.
Since the trace of an odd number of gamma matrices
vanishes, only the term proportional to the identity in Dirac
space, namely, the one proportional to m, contributes. The
expression then reduces to

2Avg &
= 2 NCZ:A‘meZA ds
tan( \qu\

3
x/ (;l 1 I G T ) (o7
T

—ir 7

The momentum integrals are Gaussian and can be
evaluated directly. The resulting expression is

Z
g BN TS

—in?
© ds l io(i2 m2
—is(@p+m?)
X ——c¢ . 28
A tan(|q;Bls) v/is 2

We now perform the analytic continuation s — —iz,
obtaining

2
g BN Ty

—in$7? =
Cd dT 1 —r(d)z+m2)
X —_— e T, 29
L o @)
We now evaluate the sum over fermionic Matsubara
frequencies. To this end, we first note the relation
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(5]
E e—r{b% — e—szz E e—r(4n27rzT2+4nﬂ2T2)’

n n=—oo

(30)

which allows us to express the sum in terms of the Jacobi
theta function. For the present case, we have

E e 7(4n’ 7> T>+4na’T?)

n=-—oo

95 (2inT*t|4inT?r) (31)

Using the modular property of the Jacobi theta function,
Eq. (31) can be rewritten as

JZZTZT S 2
2T /7 ( 22(_1):16 472’)-

(32)

95(2inT?t|4inT?*7) =

Hence, using Egs. (30) and (32) in Eq. (29), the expression
for this contribution to the neutral pion self-energy becomes

(AT t/lvg /oo dr
—iI1 = BIN . -
M = =52 4Bl me tanh(|q,Bl7)

0

—Tm

—‘I.'m2

ilvg
:222N§}W/zhﬁ

(A7)

_ZHJT(),B=0 (34)

In the full expression, we subtract this vacuum contribution
and add back its renormalized counterpart, following the
same procedure used in the previous contributions involv-
ing charged particles in the loop.

The next contribution, labeled A.8, involves two neutral
fields in the loop, namely, a neutral pion and a sigma
meson. Therefore, this diagram contains only vacuum and
finite-temperature contributions

—lH,TO —4( iAv) lTZ/

X s 35
[(w_wn) +(k_Q) +m7t] ( )

where  is the external Matsubara frequency of the neutral
pion. Simplifying Eq. (35), we obtain

+2 " 412 ) (33) _.H(A.8) :4'/121)2/ d 4q T 1
< Z S T (2r)} Z (w—w,) 2+ E3[w2 +E3]’
In Eq. (33), the first term inside the brackets corresponds (36)
to the purely magnetic contribution, whereas the second
term represents the thermomagnetic contribution. The R, ) .
purely magnetic term contains ultraviolet divergences where Ey = 1/ (k—§)* +mz and E, = \/q* + m;. After
associated with the vacuum contribution. Taking the limit ~ performing the sum over Matsubara frequencies, the
|g;B| — 0, we isolate the vacuum piece, expression becomes
dqg 1 1 1
—imY = ij202 1 E E =
T P EE, | T E) )\ G T T E,
1 1
+ E\)—ng(E - . 37
(B = mED (o 5w )| 37)

From this expression, we identify two types of contributions. The first term inside the brackets contains a vacuum piece,
corresponding to the term independent of the Bose-Einstein distribution functions, namely, the constant term “1.” The
remaining terms represent the matter contributions and encode the thermal effects of the medium.

The last contribution to the neutral pion self-energy is the quark-antiquark loop. In this case, the magnetic-field
dependence is encoded in the Schwinger proper-time representation of the quark propagators, while thermal effects are
incorporated through the Matsubara formalism The initial expression is

—11'[,,0 = —ig

S

[a,Bls) ¢

 tan(lg Bls)

ds +k=0)t = s

(=, ks P )

x [(COS(quBIS) +sgn(qyB)r'y* sin(lq Bls))(ms = (@ = &,) = 7* (ks = q3))

(k=)

et L wtem

X [(cos(|q/B|s ) + sgn(—q

B)r'y*sin(|q;Bls')) (my — ¥,

an(lg Bls)
lasBls"

—is (w,,+q3+qi +m )

-7q3) —W”f}ﬁ (38)
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where s and s” are the Schwinger proper times. We begin by computing the trace over Dirac indices,

. . k—
e (ol Bls) + senla 8177 sl Bls) g =°(ar= ) =0y = ) = o
| (coslaBls) + sent=a By sinlayB1)omg = 3, =) = oo

=4 [(COS(quBIS) cos(|qB|s") + sin(|g,B|s) sin(|q;B|s")) (m} + (& = @,)@, + (ks = 43)45)

(ky —q1)qy + (ky — f]z)‘lz]
cos(|qu|s)cos(|qu|s’)

(39)

Substituting the result of the trace into Eq. (38) and performing the analytic continuations s - —iz and s’ — —i7’, we obtain

* de e[ (@0 (kg3 P+ (k=g 2
il = 4i?N T n) TS L TagBR
o v Z Z/ /0 cosh(|gB|r) ¢
/ 0 di‘r' (w,,+q3+qim‘qui‘f) ,)
0 cosh(|qu|1')

x [(Cosh(quBlf) cosh(|q;B|7') — sinh(|g,B|7) sinh(|qB|7')) (m} + (0 — @,)@, + (ks — q3)q3)

(ki —q1)q1 + (k= q2)q> (40)
cosh(|q;B|z) cosh(|g,B|7")]’
The momentum integrals are Gaussian and can be evaluated analytically, and the expression becomes
~H(A<9) 4ig ’ 32N ZT d / |QfB| —ﬁ —m%.(f-&—r’) —16?
—1i = T e e e
" (27)? s1nh (lg¢B|(z + 7)) (z + )/
K% sinh(q £ BJo) sinh(lq ¢ Bl )
X e layBT sinh(lqBI(e+7) {COSh(c]fBl - T |:Z e (z+7) @2 —2wa,T]
n=—00
1 - - _
X <mf +(z+7) |:(T +7) <k§r - 5) - k%rz] > + Z (0 — @,),e T+ )“’%'2“"""’]} (41)
1
+ = k? sinh(|qB|z) sinh(|q,B B|sinh(|g/B|(7 + e |(TH7) @ —200,1] 42
81nh2(\qu|(r+T’))[ 1 (|Qf |T) (|Qf |T) |qf | (|Qf | T T nz_:oo ( )
In order to express the sums over Matsubara frequencies Sy = io: 47T (v+7) (n+4)? +270aT (2n+1) (44)
in terms of Jacobi theta functions, we identify three =

different structures, . . . .
Using the Jacobi theta functions of the second and fourth kinds,

S, = e—[(erf’)&)ﬁ—Zw(an], ©
=2 Balahy) = H etrtridelnly,
S1 — Z &') e—[(‘f-&-‘r’)(b%—de)”T]’ { 2 Zz 1
- = (=ix)VPe =9y =2 =~ ). 45
= (—ix)~!%e 4< x| x> (45)
S, = Z @ e~ T+7)0-200,1] (43)  where
We analyze these sums one by one. For the first one, S;, we 9u(zlx) =142 Z(—l)"ei’”‘"2 cos(2nz),  (46)

write
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with x = 4i(z + 7)xT? and z = —2irwxT. Then, S, can be
written as

1'2 mz

e+t
2T\/=(z +17')

s ()] o

For S, we write

S():

S, =aT Z (2)’1 + 1)e—4lr2T2(H»r’)(n+%)2+2uoirT(2n+l)7 (48)

n=—00

and, in order to express it in terms of Jacobi theta functions, we
write

0| & 1
Sl = —iﬂT(—ix)_l/2;Z |:€_”_:194 <—i| - x>:| B (49)

where z and x are defined as in the case of S,,. After some
algebra, we arrive at
|

7

1 T2(12 1
S2 = e {
2T\/#(t+7) 2+ )

ntw

1 T°0
2 ” 4T2 (v+7)
o 2 (e e

2ao?

+ T
S pu—
l 2T/#n(t+7) {T-i‘T/
T ntw
2 4T2 (z+7)
- Z e [ +T’COS<(T+T’)T>

AT Si“(@ Tﬁ)r)} } (50)

For S,, the explicit expression is

S, = 272 i (2n + 1)2€—4ﬂ2T2(T-‘r‘r/)(n+%)2+27(1)7rT(2n+1)7
n=—00

(51)

which can be written in terms of Jacobi theta functions as
* 2 z 1
2720 i \—1/2 i
Sz——ﬂ' T (—lX) / a_Z2|:e ’”"94(_)_(|_;>:|’ (52)
with z and x defined as before. After some algebra, we arrive at

2.2

4T* (7 + 7')? (t+)T) T(z+7)?

Si“<<r o))} G3)

Once the final expressions for Sy, S, and S, have been obtained, and after performing the change of variables 7 =
u(l — o) and 7 = uw, we substitute them into Eq. (42) to obtain

—ini? =

kz smh(\quhAl v)) sinh(| q/B\m

smh(\qu\ )

X e “IfB‘

(5]

—iw{(l —v)(iw) +2) (-

n=1

_ (2114 (1-)? nzoo: neTiT K% ~ (1 =v)*(i0)?

L —Tf;)(iw) <(1 —v)(io)n )D]

1
* sinh?(|q,B|u)

X [1 +2§(—

(k3 sinh(|g¢Blu(1 — v)) sinh(|q;Bluv) —

(=200

K2 —miue(l’w)zuv(l—n)

192 |qu| —uv(l-v)
NZ/ / dvsmh (lg/Blu )e ¢
{cosh(|qu| (1 -2v)) [( +ZZ 1)1e i

x cosh (w» <m]% +% (uv(l —0)k3

)

l)ne'#iu <(1 - v)(iw) cosh (W) - T;btsmh (W’) ﬂ

_ 4;;2) cosh (%)

|q¢B|sinh(|q,Bu)]

(54)
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In Eq. (54) we identify the purely magnetic terms as those that do not contain exponential factors depending on 7,
whereas the remaining ones correspond to thermomagnetic contributions. As expected, the purely magnetic contribution
contains the vacuum piece, which is ultraviolet divergent. Taking the limit |¢,B| — 0, we obtain

i ] 1 1
—iH,(T':,‘?:O 92 5N Z/ du/ dv e~ (KAl )ur(1-0) o (mf +— (uv(l—v)k%—i)

— (iw)*(1 —v) —$+ (1 =2)?(iw)? —|—%(uv(1 -v)k} - 1)> (55)

In the full expression, we subtract this vacuum contri-
bution and add back its renormalized counterpart, follow-
ing the same procedure used in all the previous
contributions involving charged particles in the loop.

B. Sigma meson one-loop self-energy

We now turn to the one-loop self-energy of the sigma
meson. The corresponding diagrams are shown in
Fig. 4. There are eleven contributions, labeled as B.j,

with j = 1,2,...,11. The full sigma meson self-energy is
given by
—ill, = =i — P2 — i)
— Y — Y — PO (56)

_ i ngB.8) i)
_ iH‘(fB.lO) _ l.H((’B.ll)‘ (57)

_iA _iA —iA
2 4
@ @) @
h —7/\1 —i\v —2i\v
+6
ﬂk( —i\v —i\v
@ @
i { )
—i\v /' —i\v —i\v U —i\v
—i\v
@

—2i)\v < >7>1)\1 —ig i : —ig

FIG. 4. One-loop self-energy diagrams for the sigma meson
field. Solid lines represent the sigma meson, dashed lines
correspond to neutral pions, double solid lines denote charged
pions, and solid lines with arrows represent quark fields. Each
vertex explicitly displays the corresponding coupling coefficient,
and the factors multiplying each diagram account for the
associated combinatorial factors.

|

We evaluate them in turn. For this self-energy, however,
we make use of the results previously obtained for the
neutral pion self-energy. In fact, most of the terms labeled
B.j have a direct correspondence with those labeled A.;.
Therefore, the terms from B.1 to B.7 can be obtained
directly from A.l to A.7, respectively, by replacing the
corresponding vertex and symmetry factors. The remaining
terms, which do not have a direct counterpart in the neutral
pion case, are computed separately.

We present the final expressions for B.1 to B.7. These
results are obtained within the Matsubara formalism—
when charged particles circulate in the loop, the corre-
sponding propagators are written in the Schwinger proper-
time representation. The first two contributions are given by

—in$

:%/ép£<+m@» (58)

and

(5. L [ dq 1
_le(;B 2) — —3lﬂ\/(27>3ﬁ(1 + 2nB(EU)), (59)

For the

where E, = \/g>+m2 and E, =

loop with charged pions, one finds

q+m

2

. (B.3) iA /°° dr e M
=illy; 7 = ———leB .
: 87° leB] o sinh(|eBlr) t

() n2
X (1 +2Ze‘m>, (60)
n=1

whose vacuum contribution is given by

r(B3) i © dt —rm?,
_lHo'.B:O = _8_7[2 A 72 . (61)

The following two terms are

l22 3
“2/dq1uumm>mm

(B4) _
ills
mg (2r)3 2E,

and
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s —

18i/%0? dq 1
——— (1 +2ng(E,)).
| S (1 2m (). ()

For the charged-pion tadpole with an additional zero-
momentum sigma propagator, we obtain

2

|/ sinh ( |eB| T
X (1 + ZZe_ﬁ), (64)
n=1

where 7 denotes the Schwinger proper time. The fermionic
tadpole contribution is

3i)2p?

(B
—imse = 4 2|

~B7) _ 3ilvg dr
T = e 14BN me/ tanh(

0 lq/B|7)
< + 22

ne ) (65)

i _ 1%2/ dqg 1
2 (277:)3E3E4

[(1 +ng(E3) + ”B(E4>)<

The vacuum contributions associated with Eqgs. (64) and
(65) are

(B.6)
_leB:O

3iA%0? [wdr >
= A ) e M (66)

2.2
4z m; T
and

—Tﬂ’lz

_infézo =

(67)

31/1vgNme/ dr

respectively.

The contributions B.8 and B.9 do not have a direct
counterpart among the A.j terms. Both diagrams share the
same structure as A.8. Therefore, their expressions can be
obtained by appropriately replacing the fields and the
corresponding vertex and symmetry factors. Thus, we
can write

1 1
iw+E3+E4_iw—E3—E4>

1 1
+ (ng(E3) — ng(Es)) (ia) Sy ot E, = E4>]7 (68)
where Ey = \/(k — §)> +m? and E;, = \/§2 + m2, and
o) 9i/12112/ Pq 1 I 1
—illy 7 = 1 E E —
2 | (2x) EsE, (Ut ns(Es) +nu B\ o E T, i —Es— E

1

T (n(Es) - ny(Es)) (

where Es = 1/ (k — §)> + m? and Eg =

lw_E5+E6

_iw+];5 —E6>]’ (69)

/G2 + m2. From Egs. (58), (59), (62), (63), (68), and (69), we identify two types

of contributions. The terms independent of the Bose-Einstein distribution functions correspond to the vacuum contribution,
while those containing the distribution functions encode the thermal (matter) effects of the medium.
We next consider the contribution involving a charged-pion pair, corresponding to diagram B.10. The initial expression is

a* o d
) § = 2(=2ilv)? / q4/ L
(27)* Jo cos(|eB|s)

where s and s” are Schwinger proper times.

! . a
is((k=q)t=(k=0)} egtomiie) [ dS i3
o cos(|eB|s")

5 tan(|eB|s’)

—m3,+i€)’ (70)

We next perform the momentum integrations. To this end, we first implement the analytic continuations s — —ir and

s’ = —i7/, and use the Gaussian integrals

with

e ata

ad k2
dZQLe (k— q)L e qza/_ n ——%’
a+ad

o k%

das e~ "h=a3) o=745 — i =, 71
[ daserriomarei— [T ()
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_ tanh(|eB|r)
e8]

tanh(|eB|7)
|eB]

J—
s =

After these integrations, one obtains

2 2 k2 sinh(|eB|7) sinh(|eBle’)
j— H(B ]0 — ll dT dT |eB| e_We_Twze \I’Jlﬂ sinh(|eB|(z+7')) e_mn(‘[""‘[)
3/2 \/7+T/Slnh(|€B|(T+T))
X Ze— +7 )0z —200, ] (72)
n
We now evaluate the sum over bosonic Matsubara frequencies, which can be written as
wzn/ 0
- T nZ
e‘“’ZTZe‘[(fﬂ/)wﬁ‘z“’wﬂ] - [1 +2 Z e &I cos <—an, )] . (73)
P 2T\/=(z + 7)) pr (t+7)T

Substituting Eq. (73) into Eq. (72), and performing the change of variables 7 = u(1 — ») and 7 = uv, we obtain

. Sinn 1-0)) sinh
B 10) M‘ v / / |€B| e—uv(l—v)k2 —um,,euv(l—v)(ia))ze_\e_é\ = (‘88‘:i(nh(’\2i;\;n) e
smh(|eB| )

[1 +2 Z ¢ cosh <w>] . (74)

n=1

The corresponding vacuum contribution is obtained in the limit |eB| — 0, yielding

0122 o0 —um?
%0 = 4 / du [ dp s IR~ 1) (75)
' 0 0 u

The final contribution to the sigma meson self-energy corresponds to diagram B.11, where the loop is formed by a quark-
antiquark pair. This contribution, therefore, incorporates both thermal and magnetic-field effects. The starting expression is

_ H(B “) lg {/ ds eiS((k—q)ﬁ—(k—q)ilajgjgﬁ‘s)—m?-ﬁ-ie)
cos(|qsBls)
x [(cos(quB|s) T sgn(q;B)7'y sin(lq,Bls))(my + (k — g),) - }
‘ cos(|q/Bls)

g !
® ds’' is’(qﬁ—qimn(WB_‘,s )—m%-ﬁ-ie)
x _e la7Bls |
o cos(|gyBls')

X l:(COS(|qu|s/) + Sgﬂ(—qu)yly2 sin<|qu|s/))(mf + dH) - ﬁ;m} } (76)

We first compute the trace over Dirac indices, obtaining

oo [ coslagalo) + sntay ) sinlag o + 6 ) - 2]

X [ cos |q,»B|s + sgn(— qu)yly2 Sin(|qu|s/))(mf + ﬂH) - ﬁjms,)} }

4[ cos(|qBls) cos(|q,Bls’) + sin(|g,B|s) sin(|g,B|s")) (m} — (0 — @,)@, — (k3 — ¢3)q5)
(ky —q1)qy + (kry = q2)q>

~ “cos(lq,Bls) cos(l,Bls) | (77)
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Substituting Eq. (77) into Eq. (76), we get

3 5 tan(lqBJs)
(B.11) 2 ds —IS((w—wn)2+(k3—qz) +(k=q)} At m?)
H = 4i*N . T layBls !
B Y Z Z/ / cos(lasBls)
oo ds’ —is' (@3 +q3+q ZLMJr 17) , . . ,
/0 We 4y Bl [(cos(|qu|s) cos(|g,Bls") + sin(|g;B|s) sin(|q/B|s"))

(ki —q1)q + (ks — q2) >
cos(|qu|s)cos(|qu|s’)

x (m} = (o = @,) 0, — (ks = 43)43) = (78)

After implementing the analytic continuations s — —iz and s’ - —i7’, we perform the momentum integrations. For brevity,
we omit the intermediate steps, as they closely follow those used in the evaluation of the fermionic contribution to the
neutral pion self-energy. The resulting expression, after the sum over the Matsubara modes and the change of variables
=u(l —v) and 7 = uv, is

(B.11) |qf | _m;(1—u)k§e—um}e(iw)zuv(l—u)

1,
o smh (lg¢Blu)

du

AZ sinh(|q  Blu(1-v)) sinh(|q - Bluv)

N \qfs\ sinh([q ¢ BJu) {COSh(|C]fB| (1 _21) [( _|_22 ne 412,4

x cosh (%)) <m§ —% (uv(l —v)k3 — %)) + (iw) [(1 — ) (iw)

+2 i:l(—me—#iu <(1 _ v)(iw) cosh (%) Ssinh (“L;”(“")»}
b= (1= o) +2 i(-l)ne—ﬁiu [(i (1= 0)(iw)? - #jﬁ) cosh (7(1 - ”;”““”)

+

(1=v)n(iow) ., ((1 =v)n(iw) k% sinh(|qBlu(1 — v)) sinh(|q;B|uv) — |qB| sinh(|q;B|u)
Tu smh< T )” - : sinh2(|q;B|u) ' :

N [EE e (L) )

The corresponding vacuum contribution, obtained in the limit where both the temperature and the magnetic field vanish, is
given by

1
—lH((’ :1 = du dve (KL= (ie0))uv (1) =mju (m ——(uv(l—v)kz——>
u
. N2 1 YIRCEN 2
+ (iw) (1—1})+Z—(1—v) (iw) —;(uv(l—v)kL—l) . (80)

This completes the one-loop calculation of the sigma meson self-energy.
C. Charged pion one-loop self-energy

We now turn to the one-loop self-energy of the charged pions. The corresponding Feynman diagrams are shown in Fig. 5
and are labeled as C.j, with j =1,...,9. The full one-loop self-energy can be written as
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m, =2 S +2

@@

+12
—i\ —iX
@)
;‘ —i\v —i\v —2i\v
+2 +6 +6
—2i\v —2i\v —2i\v
@

. /‘\
—2i\v Vg \P-/ V297°

—2i\v

FIG. 5. One-loop self-energy diagrams for the charged pion
fields. Solid lines represent the sigma meson, dashed lines
correspond to neutral pions, double solid lines denote charged
pions, and solid lines with arrows represent quark fields. Each
vertex explicitly displays the corresponding coupling coefficient.
The coefficients multiplying each diagram are the corresponding
combinatorial factors.

—iMl,, = —mSY — S — )

) s (S ) |l (SR

)y (SRER ) () (S (81)

We evaluate them in turn. As in the previous cases, we
note that the first seven contributions are closely related to
those of the neutral pion self-energy. Therefore, the
corresponding expressions can be obtained by appropri-
ately replacing the symmetry and coupling factors accord-
ing to the Feynman rules shown in Figs. 1 and 2. The
resulting expressions are

dq 1
—iH,(zi'l) — _2"’1/(253%(1 +2np(E,)), (82)

(. L[ dPq 1
SN = i [ (1 ma(E). (8)

2

—Tm;

31/1
iy —
e | |/ sinh ( |eB|r T
X (1 + ZZe_ﬁ) (84)
n=1

where the corresponding vacuum contribution is

—(C3 3id [edt _
_IHEri,B):OZ_A'_—ﬂ_z A T—ze ", (85)

c4 4i/121]2 d3q 1
—iY == /WE(UF%B(EH)), (86)

me

€3 _ 12iA%v 2/ dq 1
—ill; ——=—(1+2ng(E,)). (87
2
—(C 31/1 v? e~y
e
Iy 2| |/ sinh ( |eB| 7

x <1 +2Ze‘4?2f>, (88)
n=1

with the corresponding vacuum term

3iA20? [ dr
TG @)

(C.6)
~iMl s = 2722m2 T

and

(.7 lxlvg / dt
—illy, " = — g¢BIN.> m —
|f | Z 7 Jo tanh(|g,Blz)

il ( +2Z

where the corresponding vacuum contribution is

n2
e_m) , (90)

—rm2
rmf

(C. ) Mvg /
—ill =- N d 91
i1, me e = (91)

As before, Vg>+m: and E,=
VG?*+m2.

The remaining two contributions, labeled C.8 and C.9,
require a different treatment. These correspond, respec-
tively, to a loop involving a sigma meson and a charged
pion, and to a quark-antiquark loop with quarks of different
flavors and, consequently, different electric charges. In
these cases, the Schwinger phases associated with the
propagators do not cancel, preventing a straightforward
evaluation in momentum space. As a result, the computa-
tion must be carried out in coordinate space.

The evaluation of these contributions is technically more
involved and constitutes a central part of the present work.
To the best of our knowledge, such loops have not been
explicitly computed within the LSMgq, either in the pres-
ence of a magnetic field alone or including both magnetic
and thermal effects. We, therefore, present the derivation in
detail, as it provides both new results and a systematic
procedure that may be useful for future studies of thermo-
magnetic effects in effective descriptions of QCD, as well
as in QCD itself.

We begin with the expression for the self-energy con-
tribution corresponding to a loop formed by a charged pion
and a sigma meson, which must be evaluated in spacetime
coordinates

we define E, =
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Y = 4(=2ip)? / d*x / d*y F(x,k,)DB(x —y)D(y = x)F(y, k), (92)

where the propagators for the charged pion and the sigma meson in spacetime coordinates are

4 (o] . tan(|eB|s .
DP(x—y) = e?lx) / o / i~ )‘mﬁ+’€)e"'1’1'("‘~v),
(2z)* Jo cos(|eB|s)

d4p2 i .
D(v —x) = =ipy(y=x) 93
&= /(2ﬂ)4p%—m?,+iee ®3)

respectively. The Schwinger phase in D?(x —y) is
y 1

dx) = e [ dg a6 4 3P0 (94)

The functions F(X, K) are the Ritus functions for scalar fields [78], defined as follows:

1 0.0 13,3\ i 1_g2 1_32 &k —k?
F(x, kl) = —zﬂe i(kyx—kyx )e isgn(eB)(k; kl)HNk},k%é:(k] kl)/2€ ZLk% ](é) (95)
and
1 F00_1303) e 1_12\g 1_2 ¢k —k2
— i(k5y’—k3y?) ,isgn(eB)(ky—k3)0 £ (ky=k3)/2 =57 252 (gt
F(y9k2) - \/Ee 2 e 2 Nk;.kig e Lk% (5)’ (96)
|
with eigenstates and should not be interpreted as the x- and
y-components of a physical momentum. Their appearance
_leB| , N B B K21\ 1/2 follows from solving the charged-particle equation of
&= 2 i kg = le |k_}' ’ motion in cylindrical coordinates in the symmetric gauge,
B 21\ 12 where the transverse wave functions are expressed in terms
g = M P2, Ny = <|e B| _%> . (97) of associated Laguerre polynomials and are characterized by
2 e ky! two discrete quantum numbers, one associated with the

It is important to clarify the meaning of the labels k} and ka
appearing in the Ritus functions. In the symmetric gauge
adopted here, the transverse dynamics is naturally described
in terms of discrete quantum numbers rather than ordinary
Cartesian momentum components. Accordingly, k}- and ka-

are dimensionless integers labeling the transverse
|
164202
~ieY = -
2r

Landau-level structure and the other with its degeneracy.
This is different from the more commonly used Landau-type
gauges, in which translational invariance along one trans-
verse direction allows the corresponding state to be labeled
by a continuous, dimensionful momentum component.

Therefore, substituting Eqs. (93)—(96) into Eq. (92), we
can write

/ d4x/ d4y e—i(k?xo—k?)ﬁ)e—isgn(eB)(k{—kf)ONk}.kﬁé(k{—k%)/Ze—ng_k% (5)

_ 2 tan(|eBs)

X eief: dE,[A (&) (E-y),] / d4p1 /oo ds
o cos(

(2m)*

% / d4p2 l
(27)* p3 — m2 + ie

Cy ) 2 i .
g“(pll\ PYL el m,,Jrle)e_,pl.(X_y)

|eBls)

. . . A
P00l ) el BRIV Ny o MR 2e-S 0 (98)

We first evaluate the Schwinger phase. We choose the gauge A*(£) = (0, —2£2,8¢',0), in such a way that F* has only two
nonzero components F'2 = —F?! = B. The path in the phase chosen is &(1) = x* + A(y* — x*),0 < A < 1. This gives

oie J) a6 @+ (),

= oo Jy @A) )] (99)

056029-14



COMPLETE ONE-LOOP SELF-ENERGIES OF THE LINEAR ... PHYS. REV. D 114, 056029 (2026)

with A, =y, —x,. After integrating over 4, we get

ie [* de, [A"(&)HF" (6-y),]

e = ele3(7x=2y") (100)

The integrals over x; and y can be performed straightforwardly, using the integral representation of the Dirac delta
functions. Then, we write

2.2 .
10207yt / Px, / Py, BRI, )2 MR
T 1K 1

4 o 5 o wn(eBls) o .
% ei%(yle—xzyl)/ d pl/ (dS e"y(pl\\_plLW_"l”JrlE)ei(ﬂi<xl—yl)+l7%(x2—yz))
Cos

—iHS,SS) —_

(27)* leB|s)
d4 o . 2 . , 5 :/ 1 2
X / (2:;1 pz _ niz e e’(Pé(xl—yl)+P§(x2_y‘))etsgn(eB)(ké—kﬁ)G Nk;,kgf'(ké_kﬂ/ze‘?Lg K (5,)
2 o
x 8@ (kyy + pu = p21)8? (P2~ kay = puy)- (101)

The next step is to compute the integrals over the perpendicular coordinates x, and y,. We identify that

- |eB] 2 |eB|x2 leB| o= |eB] o leB| , _ leB|

) Ty LT ( 2) ) ) Y1 = 3 ( 2) (102)

Hence, we choose polar coordinates with x; = rcos 8, x, = rsinf,y, = r cos@, and y, = ' sin &, and the integral over
the angles @ and @' can be performed, yielding

16420° d*p, [~ ds is(p2—p2 nleBls) o
_.H(C.S) _ o) 4/ 1 / zs(pl” PiiTems ma+ie)
Him ) 2x)* Jo cos(|eBls)

d4p2 i |€B| Aky/2 |€B| Ak, /2
X (2”)4 > 2+i€Nk1k2Nk1k2 ) 3

i 1 —lm(/lo _\q+1 ,—iqeg
DI o
e m m—n+ Ak, g +n— Ak,

o0 eB B
X/O dr it =5 2L“‘]('ez| 2>Jq(r\/(Ap1)2+(Ap2)2)

oo e8| 12 B B
X / dr’ Pkt g7 LAk2 <|e | /2> \/(AP P, <|e—2| rr’), (103)
0

where J;(X) are the Bessel functions of first kind, AK; = K; b - KJZ is the generic expression for the difference between the
components 1 and 2 of a given momentum, and ¢, = tan '(Ap?/Ap"). The Bessel functions arise from the angular
integrations, where the Jacobi-Anger identity is used to expand plane waves in terms of cylindrical harmonics.
Equation (103) gives the complete expression, which involves several numerical integrations and a triple sum. To further
simplify the expression, we consider the inertial frame in which the external particle is at rest, namely, kjl- = k? = k]3 =0

ei2ﬂ(m—n+Ak2) _ 1)(ei2ﬂ(q+n—Ak1) _ 1)

and k7 = (k9)*, with j = 1, 2. Thus, the expression we need to compute becomes

(C8) _ 8’12 : 2 2
_lHﬂi = |eB|(27r) de_ dzyle 2et 7(‘ x)’)

X/(d4p>l4/ (|ds | )e[s(p%H_p%llurl‘g|§ﬁ\5)—mi+i€>ei(p}(xl_yl)_’_p%(XZ_yZ))
2 cos(|eB|s
4 . /

) / épﬁ T el P )
/3 —mg + 1€

x 8(k) + pY = p9)8(=k3 = pY + p)5 (p3, = pi))- (104)
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We compute the integrals over x; and y, component by component, using

/dy 2 PO P+ 3D 4D} 4_”exp{_[(p%—p?)+33x1]2}

leB| |eB]
I _ 1\ _eB 272
/dyle{ 12+ [(p) )—%2])} _ 4 exp 4 — [(py = p1) =5 7]
leB| leB] '
(]71)2 (]71) . (171)2 (Iil) )
o / A L e |217;|e S e I
e
(P2—p2)2 g 2_,2)2 . B(p2-p2)
e_%/dxle Bl [i(pl-pl)— ng‘l' ]} B B] %e{ﬁ[wl)}—p%)— — ]2} (105)
e

We substitute the expressions in Eq. (105) into Eq. (104) and obtain

~iY = - Sty 2| B|(27)* . / o / T__A5 st} S vie
: leB|> ] (2z)* Jo cos(|eBls)

1_,1y2 2
1

d4p2 1 _(py=ry) _(p -r?)
X/(zﬂ)4p%_mz+i€€ e 5k + pl = p)s(=k = pY + p)sP (p3 - pi).  (106)

Using the Dirac delta functions, we can perform one of the momentum integrals and obtain the expression

o0 ds 1 P
_~H(C~8) = —16i)2 2V / is[—mi+ie]
e UM )y cos(JeBls) itan([eBls) + 1°
4 2
x / é_p;‘gis{(pg-k‘z’)z-(p%ﬂ%g “’ﬁ#w) AT, (107)
Vs p5; —mg + l€

where V| denotes the volume associated with the parallel coordinates. To compute the integral over p,, we first rewrite the
Feynman propagator as

i 0 22
_ ds’ eis' (p3—ms+ie) 108
p% - m?, + ie A (108)

Equation (107) is written as follows:

© d 1 4 ,
_ingri.S) _ —16/121}2]/“ / K . e”[—mﬁﬂe]
o cos(|eBls)itan(|eBls) + 1
*© d4p2 T _KOV2_ (321 il ((n0V2—( )2 2oy i (i)
x/ ds’/<2 )4 e8L(PI=KS)>=(p3)] is' ((P3)*~(P})*~(p21) +m,;+le)e S LB (109)
0 T

We now integrate over the three spatial components of p,, using first the integral over p3,

dp% 3N o 1 T
2 -i(py)ss) — [ 7 110
/ w e 22\i(s +5) (110)
and then over p, |,
Epa1 3 [ -mrtiv] _ L[ 1 (itan(leBls) i (111)
(2r)? 4z ||eB| \itan(|eB|s) + 1

Then, we have
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_ies _ 2V / ds !
i n’ cos(|eB|s) i tan(|eB|s) +

/ ds’' s’

is[—m2+ie]

m +ie] | ztan(|eB\ ) +iS/ -l /d—pgei“'(pg_k(z)ye
|eB| itan(|eBls) + 1 2r

(112)

is'(p9)?

(113)

We implement the analytic continuations s — —iz and ' - —i7’, and the temperature dependence is incorporated through

the Matsubara formalism. This gives

—rm,z,

e wzvzw / de
0

/dr

T+T

[|eB| (tanh(|eB|r)

cosh(|eB|7) tanh(|eB|z) +

The sum over the Matsubara frequencies is similar to the expression in Eq. (73), where we now have

0

Z e_T(wn_w)z e_‘[/w% — 1
it 2T /7[(7 + 1’

Then, after the sum, we obtain

(cs) _ vV / dr
—i€
7> Jo cosh(|eB|r)tanh(|eB|z) +

_11’(1}2 ad _L
xe w7 142 E e 4+ cos (

n=1

tanh(|eB
an (|€ | > T/:| Tze iw,—io)? lwn>2‘ (114)
nwt
r+r’ 1 2 AHT (L NT : 115
[ + ;e COS((1+1)T>} ( )
5 6] l 2
—Tm2 d / —T mg
1€ [) T
nwt 1 tanh(|eB|r) 1!
_ not L ftanh{jebj7) . 116
r—f—r’)T)] [|eB| <tanh(|eB|r) +1 e e

Finally, performing the change of variables 7 = u(1 — v) and 7 = uv, we obtain the final expression in momentum space,

1

2.2
(cg) 4 1
—iI1; = d d
Wl ﬂZA ”A ¥ cosh([eBlu(1 — v)) tanh(|eBlu(1 — v)) + 1°

—u(l—v)m},e—uvm,z,

tanh(|eB|u(1 — v))

. S a2 1 —v)n(iw) 1 -l
(i) uv(1=0) | 1 4 2 z, h (7 — 117
xe [ +2) ecos T o8 \anh(eBlui—opy +1) T4 - (117

n=1

where the vacuum piece is

2202 d
—Hﬂizo : / u/ dve=(1=v)m

X e—u@mgeuyl v)(iw)?

(118)

The resulting expression involves a set of coupled
integrals over proper times and momenta, which must be
evaluated numerically. This structure reflects the nontrivial
interplay between the magnetic background, the thermal
medium, and the nonvanishing Schwinger phase associated
with the charged pion.

—nE” = =N Y [t [ty FO kTS (- 3) (Vi) 0 = 0 (V2 Pl ),

!

The last contribution to the charged pion self-energy,
labeled as C.9, corresponds to a quark-antiquark loop
involving quarks of different flavors and, consequently,
different electric charges. This makes the calculation
particularly challenging, since the Schwinger phases asso-
ciated with the two fermion propagators do not cancel. As
in C.8, the calculation must, therefore, be carried out in
coordinate space. This is one of the most technically
involved one-loop terms considered in this work. For this
reason, and in order to make the derivation transparent and
reproducible, we present the main steps of the calculation in
detail. We begin with

(119)
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where the fermion propagator is

4 . tan(|q ¢ Bls)
SB(X _ y> _ ei(/)(x,y)/ d p e—i[r(x—y) /oo ds elS(pﬁ—Pg—pi \q;]{ﬂx —m})
o cos(

(2m)* lasBls)
1 2
. +7° P2
B B)y'y? B Opy —y3py) — LT P2) 120
< | cos(ayBls) +sentayB)y'r sinla,BIs) g + 70 =) g 020
the corresponding Schwinger phase is given by
¥ 1

#x3) = ay [ dgy [ + 5P (121)

and the Ritus functions are defined in Egs. (95) and (96), with their respective notation defined there. Substituting these
expressions, the correction C.9 becomes

4 4
TC — o2 4 4 g, [ dgfan@ -y, [ AP [ APy o
—illy,” = —2g chf:/d x/d yF(x,ky)e /! 2 /(2”)4/We pi-(x=y)

I . Bl; . 0 / ca(2 o tan(ggBls) o .
X / Le”("fu"’ﬁm—n\gf%\s‘Y)"".zfm) / dise”/“’zu")u g )
7
o cos(|q,Bls) o cos(|gsB|s")

1o | cos(auls) + senla,B)y'rsina,519) oy + o) = oo P2 ]

| (cos(agBly) + senlauB)y ' sinaBls) o + o) = o 2

X F(y, kz)eiq‘l f dalan @0 e =) e~irr(y=x) (122)

where N, is the number of colors, and the charges of quarks up and down are ¢, and ¢, respectively. The two Schwinger
phases are treated in the same way as in the C.8 contribution. Hence, we have
it [ dEA ()P (Ey),)

quBri2. 1 201
— X7y
_elz(yx .)’

eiqd f‘x dE, [AF(&)+5Fm (£ —x) ) _ e—i#(yzx'—xzyl)‘ (123)

Clearly, Eq. (123) shows that the two Schwinger phases do not cancel. We then compute the trace over Dirac indices. The
trace has the same structure as the one obtained for contribution A.9, given in Eq. (39), with the appropriate replacement of
the electric charges. After inserting the explicit form of the Ritus functions, the contribution C.9 becomes

8 . .
_ingri-g) _ %gsz},kak;,ngC; / d4x/ d*y e—z(k?xo—k?ﬁ)e—zsgn(tu)(k}—k%)ﬂg(k}—k%)/z

—&q ki—ky
X e ELk; !
1

4 o Fo(2 2 tan(lgyBls) 2 -
X e—i#@le_nyl) /(d p)14 (|ds | )e—il’l‘(x—J’)e”(le_plL Iqui‘;\s —mf+t€)
27)* Jo cos(|q,B|s
u

4 o0 ! a2 o tan(lggBls) o
x 4"p, ds o= ipr (=) o Py =P )
(2m)* Jo cos(|g.Bls’)

; . . g pl_g2
(é)ez%(yle —xzy')el(kgyo—k%y%) elsgn(qu)(ké—k%)6’5/(ké—k§)/26—%l‘ig ks (5/)
2

P11 P2l
cos(|g,Bls) cos(|gqB|s’)

x [<m,% + iy p2y)(€05(1q,Bls) cos([g,BIs") + sin(|q, Bls) sin(|g,BIs')) + - (124)

The integrals over x| and y can be performed straightforwardly and give two Dirac delta functions, as in the C.8
contribution. We now write contribution C.9 as
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(€9 8 i _ _2Va & K=k
—lngri )= —EQZ(Z”)4Nk}.k§Nk;,k§NcZ/dzﬂ/dzhe (@, B) k0= 2 sz% '(€)

‘1 u

x ei's B2y v) isgn(q,B)(k}—k3) Hlé:, (ky—k3)/2 ——Lk —k3 (5/) l%B(yle—ﬁy])

4 tan .
X / d P1 / ds ei(PlL'(x_Y)L)elS(le pﬁ \E)sz‘ —miﬂe)
(27)* Jo cos(|q,Bls)

4 / L2 tan(|g4Bls") .
X d P2 ® ds ei(Pu'(}’—X)J_)eul(p;\\_p%i \qZZ\S’ _m;Jrlé)
(2m)* Jo cos(|gaBls")

x [<m,% + 1y - Py (€os(1q,Bls) cos(lgaBls") + sin(|g,Bls) sin(|¢,B]s"))

PiL - P21
52 (k — pa)8 P (pa — ko = pyy))- 125
T c0s(|¢,B]s) COS(|qu|S/)] (ktj + p1j = p21)8 (P2 — ko = pyy)) (125)
As we did in the previous contribution, the next step is to compute the integrals over the perpendicular components, x| and

v, which can be written in terms of polar coordinates, » and 6. Following the same procedure used for C.8, the result after
the angular integrations is

d P1 ds 2 _ 2 tan(gyBls) o
—.HSL’CQ) - 2 4N / / (FIH Py guBTs me”é)
s ™) Z (2z)* Jo cos |tu|s)
4 ! tn(lqgBs') .
- / o /oo = eilPor(=91) " et \‘IZZ’I’\B _m2f+l€>Nkl e N g2
(27)* Jo cos(|gyB|s) kK

x [<m,% + puy - pap)(cos([,Bls) cos(|qaBls") + sin(|g,Bls) sin(|g,Bls))

n PiL " D2l lg.B)\ \i=k)/2 (1q,B| (ké—ki)ﬂz =1 g=imgq
c03([4.Bls) cos(aaB15")) \ 2 2 m—n+ k=13

n,m,q

(_,‘)qﬂe—iqwo

q+n—(k{ —ki)

% (eizn(m—n+(k;—k§) _ 1) (ei2n(q+n—(ki—k%)) _ 1) /°° dr r(k}—kf)+le—w
0

K- (1q,B|r 00 g2 —louBl” 2k -i2 |‘1uB|
x Ly ‘(—2 T,/ (k= P2 + (P2 = ) At A B
G~ 42)Brr
(0= P12+ (03 = ppya, (9= 4005
8 (ky + p1j = p2y)3® (pay — ko = puy)- (126)

Since Eq. (126) does not seem to admit further analytical simplification, we consider the inertial frame in which the
external charged pion is at rest, namely, k]l- = k? = k;’- = 0and ka = (k?)z, with j = 1, 2. In this frame, the expression to be
evaluated becomes

Y = VI BIaBEn N [ [y et

4 0 tan(|q, .
« / d’p / A5 itpri ey, s (P =P i i)
(27)* Jo cos(|q.Bls)

14 0 tan: .
“ / d’p / 5" il (vma),) 15 Py P i
(27)* Jo cos(lgBls")

x [(m?f + puy - pay)(cos(|,Bls) cos(|qgBls') + sin(|g,Bls) sin(|¢,B]s"))

T PiL P21
cos(|q,B|s) cos(|g,Bls")

}6(1«? = PP — kY — PSPt — DS —pD).  (12)
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From Eq. (127), the integrals over x; and y; can be computed component by component. The required expressions are

/ dy?e! (P02 P2 (31 + T [ D3]
|
/ dy'e' i(H2 2y [(p)-p )+ 7)) / 1k o (”z‘”ﬁxz‘#("zy],

’)

1
2 'B(py-r}) ] x2 | qBﬁz i ]2
/dXZE [earritoi=rh] =5 (la.B1+ ) AT [ i)

’

M
. 'B(p2-p?) . /4 'B(p2-p?)]2
/dxlex' [I(P}—Pé)_q \:;B\pl ] o (|qu3|+‘;:3‘) _ Meﬁ[ ([11 Pz) q ‘:dg\pl ] ’ (128)
with ¢’ = g, — g, and M = |q,B| —|— . After straightforward algebra, we obtain
~(C9) d* P1 ds is(p?, —p? M—m2+i5)
—ill = 2 B B N, e 1 Pl fquBls !
Ty ( ”) |QM ||qd Z/ / COS(|tu|S)
§ / d'ps /oo ds'  itlpp S i sie) 4 dn
(27)* Jo  cos(|gaBls") l94B| M
Ploplz  (2—p2? 12 /)2
o o S (- LI+ (R =r P

X {(mf« + Py - p2))(c0s(lq,Bls) cos(|gyBls') + sin(|q,Bls) sin(|gyB|s"))

Pi1P2L 0 0 0 0_ 10 0 3 3 3 3
+ S(kY + p? — pN)s(pd — k3 — pV)é(p3 — p3)é(p3 — p3). 129
cos(|tu|s)cos(qu|s')} (ki + pi = p3)d(py — k3 — pi)d(pi — p3)d(p> — pi) (129)

We next perform the integrations over the parallel components of one of the internal momenta. Choosing p;, these
integrations are direct because of the Dirac delta functions. We obtain

P is((p0—k0)2—
—i” = ~164*\/[q,Bll4aB]V|N. Z/ 2/ u/ - |q cosla B¢ (PS=KP=(p2))

x st [* L o (o ie) 1
o cos(|guB|s)) lq4B|M

(ry=rD)* 3= [ i (/B2 2 ava(_d'B)?
_ Ll (pi=p1y? (1=922) 4 (p2—p2)2 (1-
NP7 il pi=ri ( \448\2) (3=ri( \448\2)]

X {(mf« + (P = K9)P3 = (p3)*)(cos(|q,Bls) cos(lqBls") + sin(|q,Bls) sin(|q.B]s"))

P11l P21
. 130
+cos<|tu|s>cos<qu|s'>] (130)

We compute the integral over p;, using the two master integrals

/d2pl Fu zlm\,llt,ll“);l\m)e (Pu—Pu)zQ — %e—(Pu)zQe%’
2
e~ (P21)’Q / d*pi pyL - pZLe—(Pu.)zRezl’u_'PuQ = 7;—%6 =(p21)’Q %(pZL)Z’ (131)
with R = 'tar‘lq"{g‘“m +0,0= |q;B| +8 N=1- ‘( B>‘2, and M = |q,B| + " The contribution C.9 becomes
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(C9) 2 V I9uP119421 |tuHCIdB 15(—m2+i6)
—illy;”) = =16¢°V|N. Z — |tu| 7

quBIM

! 4 . tan(|gyB|s) . 202
) s 102 (3\2_ 2 dBls)_ 2 .
d Apa i (PP~ S ie) (s, 0 24P (440 (p3)?)
o cos(

|94Bls") J (27)*
x [("@ +(p3 = k3)p) — (p3)*)(cos(|q,Bls) cos(|q4B]s') + sin(|q,B|s) sin(|g4Bls"))
Q0 (P21)? (132)
R cos(|q,Bls) cos(|qqBls") |
We proceed to compute the integral over the three-momentum p,, where we use the following results:
5 _l-(pu)zmn(\qdli\s') (a1 20 (r21)%0* —(po1)*Z T
d p2le \qu\ e P21 e R — fplle P21 :Z’
7
/szzle_(p“)zz<l72ﬂ2 =
dple=ip o) — [T
| an i(s + )
(3 ! 1 ﬁ
d 3e—l(p*2)2(s+s) 32 S So— 133
/ P> (pZ) 2 (Z(S 4 S/))3/2 ( )
with Z =0 -2 4 el Using Eq. (133) in Eq. (132), we obtain
8 e guBIM (27) cos(|g,Bls) R
0 ! 0 . 5.
" / ds APy is'(-mirie) ,is (W) pis(p-k2 X [T
o cos(|gB|s") ) 2=« Z\i(s+5")
1 1 . .
| (2 + 8- 192 - 5W> (cos(14uBIs) cos((gBIs") + sin(|g,Bls) sin(lgBls")
1
_Q _|. (134)
ZR cos(|q,Bls) cos(|qqB|s')

We now implement the analytic continuations s — —iz and s’ — —i7/, and through a Wick rotation in pg, we write this
contribution to the charged pion self-energy in the Matsubara formalism,

lH(c9) \/_92V||N \/|6]uB||CIdB Z / / ds'
COSh(|tu|T cos(

o s \q.BIM lg4Bls")

1 1 2 /
X — e~ () gmre? { (cosh(|q,B|7) cosh(|g,B|t') — sinh(|g,B|z) sinh(|g,B|7))

ZR
1 - - g .
2 _ E ~[(z+7) @2 2w, T E -~ ~ —(e+7)ar 200,

n

0 1 ~[(e+7 ) ~20i,7]
Y 7 )@, —2wd,7] 135
" ZR cosh(|q,BJ7) cosh(|q,B|7) En:e 139)

The required sums over Matsubara frequencies are
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= - - 1
e—rwz e—[(r—}—r’)wfl—Zw(unr] —
n;m 2T/ =(t 4+ 7')

- - _ 1 w2 [ Tw - o
e_Twz g d)ne_[(7+7 )w,2,—2ww,,r] = o +2 g (-1)"6 4(r+d)T2
p— 2T\/n(t +7')
n=-o00

1 o ? 1 T2C() a _L
P ~2 ~[(r4+2") @t 20,1 _ e or 4 +2 —1)te )1
n_z_:oo 2T\/n(z +7) {2(14—1’) (z+7)? ;( )
1 N ?w? n? cos T
200 +7)  (¢+7)? 4(z+7)T? (z+7)T
ntw not
- i . 136
(o)) 130

Substituting Eq. (136) into Eq. (135) and performing the change of variables 7 = u(1 — ») and 7 = uw, we obtain the final
expression in momentum space,

. j B||q4B|
_H(C.9):lg 9. V19uP19al] / d /
S T gBIM Z o " cosh( |tu| (1—v)

SN
cosh(|g,Bluv) ZR

— sinh(|g,B|u(1 — v)) sinh(|g,B|uv)) Km)% - 2—1u> {1 - 2’2(—1)%‘% cosh<%)]
- ){(l—v i +ZZ ne 472 1—v)(ia))cosh<(]L%”(iw)>

- %Sinh (“L;”(’w)))] - (i — (1 - v)%(iw)? + 2i(—1)"e‘4¥§~

e_m?'”e“”“‘”)("’”)z{(cosh(|tu|u(1 —v)) cosh(|g,B|uv)

n=1
1 n? 1 —v)n(io 1 —v)n(io) . 1 —v)n(io
X [<Z_ (1-2)*(iw)? _—4u2T2> cosh(( ; ( )> +( u)T( )smh<—( T) ( ))]ﬂ
0 ! e (1= (o)
o BT = o ooy | +2) =D con( M=) | 137
with
_ tanh(|g,B|uv) tanh(|q,Blu(1 — v)) tanh(|g,Bluv) tanh(|q,B|u(l —v))
2= 4aBl14.B] N < Bl 4B )Q’
1 laaB|* = [(9u — 94)B)?
0= 101 (1 T+ B 139

The temperature-independent terms contain the vacuum contribution and are ultraviolet divergent. In order to isolate this
piece, we take the limit gB — 0, obtaining

2 0 1 . 1 2
il = —3—\{;1'9%2 /0 du /0 dv ™" eur(1=0) (i) - <m]% — (iw)*v(1 = v) = ;>. (139)

This completes the one-loop calculation of the charged pion self-energy.
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D. Quark one-loop self-energy

We now turn to the one-loop self-energy of the quark
fields. The corresponding Feynman diagrams are shown in
Fig. 6 and labeled D.j, with j = 1, ..., 8. The full one-loop
self-energy can be written as

—iTl; = —ill (P2 i
(D4)  .(DS)  i(D.6)
— le - le - le
D.7 (D.8
— 7 — il (140)

The first five contributions correspond to tadpole-type
diagrams with an additional internal line evaluated at zero
momentum. These contributions need not be recomputed
explicitly, since they follow directly from the correspond-
ing results in previous subsections (see contributions
A4-Al, BA-B.7, and C.4-C.7) upon the appropriate
replacement of symmetry factors, couplings, and internal
fields. We thus obtain the following contributions:

o) didvg [ dPq 1
—inP = (14 2nk(E 141
P =2 [ (1 mE), (141)
(D2)  1Avg dq 1
_in® = 19 142 142
mp? =25 [ (2B, (142)
(D3 iglv e~
—H D.3)
: T8 2| |/ sinh ( |€B|T T
« (1 +zze‘4?_21>, (143)
n=1

—i\v 71)\1 EZU\I

—ig

@) O

-9 97"

—ig

FIG. 6. One-loop self-energy diagrams for the quark fields (up
and down). Solid lines represent the sigma meson, dashed lines
correspond to neutral pions, double solid lines denote charged
pions, and solid lines with arrows represent quark fields. Each
vertex explicitly displays the corresponding coupling coefficient.
The coefficients multiplying each diagram are the corresponding
combinatorial factors.

dr

;2
.(D.4) g *©
i — 9, BIN § 4T
w 4’ m? lasBINe2_my A tanh(|q,B|7)

( +2Z ne 4r-> (144)
and
: 2
.+(D.5) g oo dr
—ill;” = —2—|q/B|N, —
tly 4ﬂ_2m12[|CIf | LszA tanh(|qu|r)
( +2Z e i ) (145)

In Egs. (141) and (142) ng(X) is the Bose-Einstein
distribution  function, with E, =+/¢> +m2 and

= \/q* + m2. In Egs. (143)—(145), the purely magnetic
terms contain ultraviolet-divergent vacuum contributions,
which can be identified by taking the limit eB — 0,

i, = Sj—*m [TSem )
ot
M = g me/ s, (147)
and
—Tmz
~iY = pr el me/ — - (148)

The last three contributions, D.6, D.7, and D.8, require a
different treatment. In these cases, the Schwinger phases
associated with the propagators do not cancel. Therefore,
the computation must be carried out in coordinate space
using the Ritus formalism. To the best of our knowledge,
this is the first time that these contributions have been
computed within the LSMq including thermomagnetic
effects without imposing any restriction on 7 or |eB].
We, therefore, present the derivation in detail.

We begin with the expression for the self-energy con-
tribution corresponding to a loop formed by a neutral pion
and a quark, which must be evaluated in spacetime
coordinates,

gz/d“x/d“yff(x, ky)r’S?(x =)

x’D(y = x)U(y, k), (149)
where the Ritus functions for fermions are
U(y.ko) =E(y.ko)u(ks),  U(x.k;)=U"(x.ky)y°, (150)
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with
x k1 E F F x kll
(k) L mg k) +m|
u I e s ) m )

0

(ko fq/qufB ,/2qu3, k?>,

Ep = \/m} +2¢qB + ()2,

(151)
and

ki = (k(f’k%g,w

K2 k3). (152)
The same convention applies to the fermionic Ritus states.
Thus, although k, is written in a four-component notation,
it should not be interpreted as an ordinary four-momentum:
k? and k3 are continuous dimensionful variables associated
with the translationally invariant temporal and longitudinal
|

directions, whereas k! and k7 are discrete, dimensionless
quantum numbers characterizing the transverse motion in
the symmetric gauge. For fermions, the coupling between
the spin projection and the magnetic field shifts one of these
transverse quantum numbers according to kls ;- This is the

symmetric-gauge counterpart of the familiar Landau-gauge
structure in which the two spin projections involve neigh-
boring Landau indices. Consequently, combinations
involving k!, k3, and other discrete summation indices
are dimensionless, while the corresponding physical trans-
verse momentum scale is carried by factors proportional to
Vg ¢B|, as in the effective momentum [T introduced
in Eq. (151).

In this notation A can have the values +1, therefore, the
component one of k;;, and the factor I'* can be written as

(1 Fsy)
2 9’

(1 +iy'y?),

1 gl
klsfi =k

r (153)

l\.)l'—‘

respectively, with s, = sgn(g,B). The scalar Ritus func-
tions in terms of these dependencies is

1 2
12)0 (k! kf)/ze_é ki o=k

1 —i(0x0—3 3y s (ki - Ispd 2 !
F(.x,ku) :\/—2_ﬂe (kl k] )e f f Nk{,fi sz f ZLk% (5), (154)
where
|9/B| k2' 12
e==0-r Ny e =laBlr ) (155)
4 1sf
The coordinate-space propagators for the neutral pion and the quark are
d4p1 . I
D(v—x) = U ) B S 156
(y=x) / (2r)* ¢ p—mk+ie (156)
: 4 0 4 wn(lqBls) '
SB(x —y) = el j:i‘ dg,[Ar (&) (& =), ] / d p24 e—ip2~(x—y)/ _ds e""(Fgu‘l’Z\’/f—f’*\_mﬁ“)
(27) cos(|q/B|s)
 {(cos(lgBls) + 8,77 sin(la Blo))my + o) = — L2 ] (157)
’ cos(\qu|s)

respectively. With all these elements specified, the explicit initial expression for the contribution D.6 can be written as

1 14 1 12
tHD6 =g /d4 /d4 { (1—iy'y?) — = P (R—k) 57Ky K, )Nk1 k2§<k"f* w2,

+o(1+
2( 17/1/)\/2—”
1
x———(1,0,1,0) <°k°
2(Ef +my)

l S
(€

l>f+

iR~k x%) isf(k}sr—k%)HNkl k2§(k}5f7—kf)/ __L 15/_—/(% (6):|

ltf—' 1

,/25 q;B ——1 [20q:B + 7Ky + me>
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’ . tan(|q ¢ B|s) .
% yﬁeifIfj:df;/x[A”(f/)+%F’”(§/ ¥)ul / d* P2 —zpz-(x—y) /oo Lels(péu_ﬁj_—‘;f; —mzf—He)
(2m)* cos(|qu|s)

Pl s d*p, je—iri-(y=x)
cos(q;Bls))" ] @a) pT—m3 +ic

X [(cos(|qu|s) + s,y sin(|q,Bls)) (my + Bay) =

1 1 . g2 okl -k
X |:§ (1 + i]/l}/z) —2][ e_’(kgyo_k;ys)e_’sf( 254 JHN ésf+ sz (kZSfJr kz)/ze—%[,k;er l(f/)
1 1 . 3 1 2 o~ k2
+ 5 (1 — i}/ly2) —2” e—’(kg)’o—ki)”) —isp(ky, — )eNkégj, kz.f/(kzsf’ k3)/2 _7L 2f 2(51):|
1
X (Oko rs f./2f fB—i——,/qufB v’ —|—mf]I> 0 . (158)
0

We now simplify this expression. First, we commute one of the > matrices through the Dirac matrices appearing in the
quark propagator and then use (y°)? = I. Then, we compute the integral within the Schwinger phase in the same fashion we
did before, getting

s [ G @) P E )] _ i 2y (159)

We compute the integrals over x| and yy,

/d4 /d“ye kO 0 kx e~ipr (x— y) —ips-(y—x) —z(k,} —k* )

= /dzﬂ/dz)’le_i”“'(y_x)ie_ipu‘(x_m(2”)45(2) (2 = Ky = P8P (kayy + p1j = pay)- (160)

After performing these steps, the expression for D.6 can be written as

i 1 2 klb —k?
—lH _ _/d2xl/d2yL|: 1_ l}’ y ) s (K Ispt K)o Nk} +k2§(klsf+ kl)/ze_ng;H 1(5)
sy 1
_ 1 g2 A
z (1 4 l}’ y ) lsf(klsf— ) Nk{b/_ k2§<klsf— kl)/ze_ng;f 1(5):|

1,0,1,0) 0k0+—,/2f B——,/zf B+ ki +m ]I>
2(Ef+mf)( < qr qr 14 f

4 5 tan(lgpBls)
x e”( ¥ =x?y )/d P2 e~ip2L(=y)L /wLe s(Py =P \qus\ mtie)
(2r)* cos(|qu|s)

ol /d4P1 je~iPi(y=x)
B B -
COS |Qf |S) + Sf7 Y Sln("]f | ))(mf 152H> + COS(|LIfB|S) (27[)4 p% _ m}2z +ie

, 1 2 o
1+ iy'y?) omisr (KL, —I3)0 Ny 1(Kys,—K3)/2 “L iy (5/)

l\-)|’—‘
5
<
T
=
S

1 , 1 _12 / kls _—k%
E (1 _ 17 v ) —isp(ky, —k3)0 Nkésf,,kgé:/(kzsf_ kz)/2e_%Lk2f (Zj/)j|

1
1 0
x7< 0 — ,/2f fB+—,/2fq B-73 +me>

0
x (21)*83) (pyy — ki = p1y)8? (ko + p1j = Pay)- (161)
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We now focus on the integrations over x; and y,. For this purpose, we use

5;@,,2 — sz _M((xl)z + (xz)z)’

2 )
lq,B]| lq /B |q,B]|
¢ ==L = =S (01 + 0. (162)

Introducing polar coordinates, x! = rcos®, x> = rsinf, y' = ¥ cos@, and y> = ' sin @, the angular integrations can be
performed. The result for D.6 is

2
+(D.6 g 1 . 1
_ZH} ) — %/ d4xJ_ / d4yj_ [§<1 — zylyZ)Nk{Sﬁ’k% + ENkISf’k{|

! 00  V'SF s 313
f !

X qu(r\/(pé —pi1)?*+(p3 - p%)z)lm(r’\/(pé —p1)*+ (p3 = 1)), <|q2 | r’>

n,m,q

o |L]fB| (k}sf+—k%)/2 |qu| (késﬁr_k%)/z il eimao zZﬂ(m nJr(k;S L—K3) _ 1)
2 2 m—n+ (ky, , —k3)

. 1 —i 00 ¢ B|r - 2
o (—i)atteian i2m(g+n— (klw ) 1)/ drr k}v+ k%le‘wlfiw k3 |6]fB|r
q+n-— <khf+ k%) 0 ¢ 2

2 —
[ o ™ (|qf§|r')+(|q23|) k%>/2(|q,;3|><sz L
0

im=1 p=imeq 3 1) (—i)qul —iq9y i2n(g+n—(k}, , —k%)) _ 1)

e lsf+
m—n—+ (késf— k%) q+n-— (k{sf+ k2>

— 2 n _ 2 /2
o 41 lagsl? ki =k (g B|r o K, e+l _lagn? k. =k (|qgBlr
y drr 1</+ 4 Lklsf f dr P e Lkls il
) i 2 0 2

N |qu| '*/* -k2)/2 |qu| (késﬁ—k%)/z im—1e=imapy ( i27(m—n+(kb, -, -i3)) _ 1)
2 2 m—n-+ (k%S i —k3)
i27(q+n—(k!

(_i)fI'H —iqey . L g2 ) 2l e k| -k |qu|r2
Sf— — 1 d Iij— 1 ——L f ==
myeiC V), drr ¢t Ry 2

q+n— (k]
2 1 52 1 2
8 oodr’r'kzsf*_k%ﬂe \qfiw szf’” |qu|r' N |qu| (ky,-—k1)/2 |qu| (kyy,-—k3)/2
0 ky 2 2 2
im—le—im(/)(, ( 27(m— rH»(kl k%))

Isy—

—i)qt1 e=iqp ; | >
1 i bepe _1) (=i) 1 0 2 Q2= k) _ 1
m—n+ (ky,_— k) q+n—(ki;,_ = ki)

2 lgpBi? ki — B|r? _i2 lapBIP2 kS B|r?
y /oo drr {;[_ k1+le "ff Lk: - <|qf2 |r ) /°° dr/r/kzsf_ kl+le ‘ifB kaf <|qf2| ):|
0 0

X/d4p2 /°° ds e <p2H P;L‘dn‘(z’;ﬁ‘ m?.-#—ie)/ d4p1 i
(2z)* Jo cos(|g;Bls) (27)* p? —m? + ie

P }
cos(|q/B|s)

i2z(m— n+(k;bf_ K3))

X {(cos(|qu|s) + 5,7y sin(|q,Bls))(my — pay) +
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25f—’ 2

1
UV 43 (=i

1
x;<okO L J2¢q B+—,/2qu K +m ]1) 0
2(E; + my) T VP / ) -1

0
x (27)*6@ (pay — ki = p1))8@ (ko + p1j = Pay)- (163)

Since, the expression in Eq. (163) does not seem to admit further analytical simplification, we consider the inertial frame

in which the external particle is at rest, namely, k1 = k2 = k3 =0 and k2 (ko) with j = 1, 2. Hence, the expression we
need to compute becomes

1 i 1
—nPo =2 [ p /dz [ 1- ~(1+ ] 1 ———(1,0,1,0)(°k} + m,I
P =2 [, [ @ [ya-ia 3042 ol sy (101 O+ D)

xeiqTnyZ—xy (d“p 2 p=ipai / | 5 (”zu ”ﬂnn\z‘zqff;\;‘ mj+ie)
2m)* cos qu s
[ ) )20 :|/d4pl je~iPi(y—x),
x | (cos(|q(B|s) + sry'¥?sin(|g,Bls))(m, — + :
1
-1 1 g 1 0
X (1 +iy'y?) +5 (1 —iy! 2} Ble™7 — e (Y%K + my1
_2( 7))+ 5 (L=ir'y®) |\/lasB| Z(Ef+mf)(r 2 +md)
0
x (22)*6® (p§ — kY = p)s(p3 — p})8(KS + pf = p9)8(pT — p3)-
After some straightforward algebra, and using the following integrals:
e ’
/ dy2e (B0 A=)+ 4]) _ | s |€¥
a5
olpl) 4B 2]’
/ dyt (4700 [(pi=ph)-450]) _ | g |€¥
qf
( 1 ]) ( l_}l)
o / de T PR [l =p i) _ |2,, 3 i Ul i)}
qarB
p2_p2)2 . p2—p2)2 P
A / gt e (1A= )] _ |2,, |e—%e{w[(pa—pn—;j—.iwﬁ—p%ﬂz}, (164
CIfB

the expression for D.6 becomes
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? |qsB| (2x)(4 d'py [ d is(p2, ~ph, 2 i
—ZH;D6> _ gf |qf | ( ﬂ)( ;[) (1’ 0’ 1’ 0) (}’Ok(l) + mf]I)/ p24/ s e (/’2\\ Py layB| f+ )
2z dm;  |q,B| (27) cos(|q/Bls)
d*p i P
X B 1,2 ¢4 B _ . p2L
/ (2”)4 p% _ m]z[ +ie (Cos(|qf ‘S) + Sf}/ Y Sln(|qf |S))(mf pZH) + COS(|C]fB|S)

1,12 2202
_pympy)m ympy)”

0
x e e (kS 4 myl) : (27)*6@ (p§ — k) = p})8(p3 — p})8(kS + pY = p3)8(pi = p3). (165)

0

The integrations over the parallel components of one of the internal momenta can now be performed. Choosing p,; and
using the Dirac delta functions, we obtain the following expression in momentum space:

e g S0 [y [0 B s S [dn
' lasBI*J (27) cos(|q,B|s) (27)* pi —mz + ie
_l=r* (]-r)? bl
e T (cosllagBls) + 7' sinllagBls))ny =+ K) + D) + oL a6
qr
For the integrals over p,,, we use the following results:
2 pr | D p2
/ Py, o rtinla e 2 lapBlr gy
itan(|q/Bls) + 1
_{ra, ELYRATN ‘B i
Zrlitan(lq Bls)+1] 2L PiLlasBlx L
d e Bl lagBl  — el \J’ 167
/ P21P21 (itan(|qu|s) T 1)2 ( )
and we obtain
4 .
—iH}D 6 _ 2 / ds /d P1 5 ’2 e\Z}tKW D) is((PYHk)?=(p})?=m} +ie)
9Bl Jo cos(|qsBls) ) (2z)* pt—m; + i€
lasBlz .
« B 1,2 B —0(p0 1 0 3.3
(o) (oot 43777 sinll Bl o, = 08 + 4 + 77
1 114 .22
itan(|q/B|s) + 1 cos(|q/B|s)
We now rewrite the neutral pion propagator in the Schwinger proper-time representation and get
o0 4 p 2
_iH(D~6) _ 92(2][)/ ds /d Pi / ds'e's (pl—m,2,+ie)e%(m_l)eis((l’?"‘k?)z—(l’?)z—mzf‘HS)
f cos(|q;Bls).] ()’
1
X [ ———————]|(cos(|g/B s;y'y?sin(|q,B =P+ K + 3 p3
() [coslarl 5717 sinla i) omy =08+ )+
1 1yl 4 2,2
L vty Pl]_ (169)
itan(|g,B|s) + 1 cos(|q/B|s)

We now compute the integrals over p;, and p%. For this purpose, we use
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dp3e—iP)(s+s) — 4 ,
/ pie i(s+s)

/dpue"’mq}lf<"“ww'“)+l)+”/] T _—”1 Y+ s
lg/B| itan(|q,Bls)+1 LS
/dpllplle_pﬁ[qf#ﬂ(l_itan(II;B“)H)JHSI] — /dp?ple_(lf?)z(‘”ﬂ\'/) — O’ (170)

and the contribution D.6 becomes

_imPe / / /dpl 18 (D)) pis(P)+K))? pis! (—mi2tie) pis(—mi+ie)
/ 4r cos |qu| i tan( |q,»B|s)(‘q g +is’) s’

i(s+s>[(cos(|qu| ) +s;7'v? sin(|g;Bls)) (mg —y°(pf + &7))]. (171)

X

We perform the analytic continuations s — —ir and s’ — —i7/, and the temperature dependence is incorporated through the
Matsubara formalism. This gives

—ill A
w 4r Jo cosh(|gsBlz) Jo

2 [S] dT T (lwn> T[l(wn_w)] e_T mne_Tmzf
(Do) 9
= d TE
tanh(|qu\T)(‘q Ft+7)+7

X \/#Kcosh(quBlf) — is;r'y? sinh(|gBJ2)) (my + (@, + ))]. (172)

In order to perform the sum over the Matsubara modes, we use the following two expressions:

n2
_Tw e T+T w” 20,1 = e r+r |:1 —|— 2 e 472 ') ) COS (ﬂ)] ,
nZ_:oo 2T\/ (z+17) Z T(z+17)

. - 1 o w? (10} - o
-0 ~ —(t+) i 2d,01 _ el R —1 )t 412+
e @, e = e +2 1)"e 4@+ 173
TWw ntw n ntw
— i . 174
e () e ()} e

Substituting Eq. (174) into Eq. (172), we obtain

2

m _w

(D6) _ 19/ dr /°° d7 M T g T Y o,
—iI1 = cosh(|g/Blt) — is sinh Bt
f 87 cosh(|qu\r) 0o T+7 tanh(|qu| )(q 7 +17) —I—r’( <|qf %) Y (|qf 7))
112
X |:(mf+}/ ) < +ZZ ne 472 =+7) cOS <%)) +7/0{_ (_1)”8_4T2(1+1/)
T ntw n ntw

_ i . 175

| r+r/"°s(r<f+r/>> +z<r+r'>Ts‘“<T<r+r/>>m (173)

We perform the change of variables 7 = u(1 — v) and 7 = uwv, and obtain the final expression
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HD6 / J / —umn,,e—u(l v) 56—141/(1 v)(iw)?
—i u
cosh (lgsBlu(1 = v))(tanh(|g,B|u(1 — v))(‘q;—B‘ + uv) + uv)
< (cosh(Blult = 1)) = i7" sinh(lq Blu(1 = ) | (m = (i)
- 2 iw)(1 - - 2
X <1 + 22(—1)"6 % cosh <MTU))) — iyo{(l —v)(iw) + 22(—1)"@ ar%u
n=1

[l e (M=) (1= )] 70

In Eq. (176), the temperature-independent terms contain ultraviolet divergences, since they include the vacuum
contribution. The corresponding vacuum piece is obtained by taking the limit |g,B| — 0, yielding

—ll'I( du

e 0 = 1671 dve uvni o=u(1=0)m5 o —ur(1-0) (iw)? [my— iy’ (2 —v)(iw)]. (177)

The next contribution corresponds to the loop formed by a sigma meson and a quark. This term is analogous to the
previous case, with the neutral pion propagator replaced by the sigma meson propagator and with the corresponding change
in the vertices. In contrast to D.6, no y°> matrices appear in this contribution and, therefore, no anticommutation through the
Dirac matrices of the quark propagator is required. Hence, the initial expression can be written as

3.3y dsp(k! ! 2 s+ k%

15f+

1 i 2 .k
*(1 +ir'r) 7= /2,; el e Sf(khf e Ny sz(klsf* kl)/ze_ng;f 1(5)}

laf—

1
E T )(1 0,1,0<°k0+—1/2f ——,/2fq B+y3k3+mf>
o my
% el‘][f d-f/ A/‘(f’)+1Fuv(§ )]/d P2 e_lpz( )/ ds . <p2H pu% 2+l€)
(21)° cos([q,Bls)

d*p, e PO~
B 12 & B ) _ 162J_ / 1
. {(cosuqf )+ s sinllg Bl oy + ) = o2t ] [ R

[\)

-K2)/2

H(10,0_13,3 se(k) 4
e—z(kzy -k3y ) —isy( 25p+7 k3)0' Nk] e_%L

kl ](ls —k2
S(L+iy'p?) g ¢ @)

Hﬁ’
Nl =
B}

“'”W

(1 _ l]/ v ) e—i(kgyo—k§y3)e lbf(kzsf— 0 Nk' kzg/“‘;sf—_k%) ——L 2‘/’ (5/):|

Zaf—

Q\

1
1 0
L ( 0 2L J2q,B +—, [2¢4,B - 713 + mfﬂ) : (178)

0

The notation in Eq. (178) is the same as that used for contribution D.6. Since the only structural difference with respect to
the previous contribution is the absence of the y> matrices, the subsequent steps follow in complete analogy. We can,
therefore, write the corresponding general expression as
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>
(D7) 9 1 . 1
—ln} ) Zﬂ/dle/dzh [5(1 - 17172)Nk}sf+,k% +§Nk}sf,k%]
1 ]/ISf ]/ZSf
X ————(1,0,1,0)( y°k% +—L,/2¢qB - —L,/2¢q,B 3k3 I
2(Eermf)( )(7 152y 5\ A TR my
lqsB]
x Z ; ;Jmm; -p)’+(pi- p?)z)fm(r’\/(p% = p1)’ + (p3 = P (T rr’
y [<|qf3|)(kisﬁ‘k%)ﬂ<|qu|>(késf+‘k§>/2 im=1 g=imao ( i27r(m—n+(k;‘f+—k%)) _ 1)

2 2 m—nt (K~ k)

Ng+1 ,—i . — 2
5 (—i)a+teiavo 2n(gtn=(k}, . ~K)) _ 1)/00 dr e k%+le_\4j'f\'2Lkisf+ K (|gsB|r
q+n— (ki — k) 0 k 2

2 2 1 2
o [ ar rlkéb‘/Jr—k%-ﬁ-le_“?fi\'J Lk% K (lqsB|r’ N |qu| ki =kD/2 (g, B\ ko, -=k2)/2
o 4 2 2 2

im=te=ime N (—i)atte=iano i2n(g+n—(k!,  —k))

e Ispt 71 1)
m—n+ (késf— kz) q—+n-— (klstr k%)

2 noopl g2 2
) £l k2+1 lagBl? ki =k |CI B|r ) K kg el K —K |C] B|r
X drrtrt 7 Lklf LNl dr'y e LY LA
0 2 0 2 2

N |qu| ]Qf_ —12)/2 |QfB| 2Sf+ -K2)/2 jm=1p=imapg ,2ﬂ(m ;1+(/ch+ B) 1)
2 2 m—n-+ (késﬂ» k%)

Y N o 2 K B|r?
8 (i) | o : 2=k, k) _ 1)/ PRSP Lk:gf, <|qf |r>
q+n— (ki — k) 0 2

2 1 2
X /°° dr r’kzsﬁ_kﬂle ‘qfi‘ ZLZ%H M + M (k“f' /2 |qu| 25f- —k2)/2
0 2 2 2

sm—1 ,—ime, —_7\aq+1 ,—iqp ;
1 e 0 ( i2(m— n+(kéqf7—k§)) _ 1) ( ) e 0 i27(g+n— (k}g _—k3)) _ 1)

m-—n-+ (kigf —k3) q+n- (khf — k)

2 2okl 2 12
00 [ - as | \qu\ 2 kl -~ % |q B|r K i1 _lagBl? ko —k; |q B|I‘
x [ drrte e LY e A S L, (o
0 2 0 2 2

. / & p, /oo ds  islod =3, S i / d'p, i
(2m)* Jo cos(|g;Bls) (27)* p? — m2 + ie

Py ]
cos(|q/B|s)

( i2(m— n+(k%b[_ 3))

X [(cos(|qu|s) +s;7'y? sin(|q;Bls)) (my + pay) =

1 , 1 .
X [5(1 + lYIYZ)Nk;w,kg T3 (1- lVIVZ)Nk;sf_ k2:|

2

1
1 0
Vet 7OKY — ,/2f fB+—,/2fq B~k +m,l

0
x (27)*6@ (pay — ki = p1))8@ (kay + 1y = P2y)- (179)

and in the inertial frame in which the external particle is at rest, namely, k} = ka- = kj3- =0and kf = (k?)z, with j = 1,2, the
final expression is
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D7 / J / —ubmue—u(l v) ie—ul/(l v)(iw)?
u
cosh (lg¢Blu(1 = v))(tanh(|g;Blu(1 — U))(\%l—m+ uv) + uv)
< (cosh(Blut = 1)) iy sinh[qBlu(1 = v) |t + i)

< (14 22(—])%‘#%%11(%;‘”)) i (= oio) +2 Y (-1ye

o= con(H0 1) 1 (10 0

whose vacuum piece is

(D.7)

o) 1 2 .
—illy g2y = du | dve—tvms e (1=0)ms p—uv(1-v)(io)* (my +iy°(2 — v)(iw)). (181)

The last contribution corresponds to the loop formed by a charged pion and a quark. Since both particles are charged, both
propagators must be written in the Schwinger proper-time representation. As a result, two Schwinger phases appear, each
associated with a different electric charge, and they do not cancel. This is the main difference with respect to contribution
D.6, where only one charged propagator is present. The masses are the same as in that case, while the vertices must be
replaced according to the Feynman rules shown in Fig. 2. We nevertheless present the relevant steps explicitly in order to
make the derivation of the final result transparent. The initial expression is

St = (Va9 [ dtx [y D) S =) D = )V ko) (182)

where the propagators are

tan(|q B|s”)

y 4 C / is’ —ps5  ——L———m~+ie
SB<)C - )’) = eiqff{ dé;l[A”(§)+%F"”(§—y)b] /—d P2 e_il’z'(X—}')/ —ds e” (piu P%l laBls' %Jr €)

(2r)* cos(| ¢, Bl
Bl 4 srlr2 sin(l Bl b | 183
S (COS(qu |S ) + Sgy Y Sln('Qf |S ))(mf + 152”) COS(|qlfB|S/) ( )
N VI ANES - d4p X oo ds (2 o2 tan(leBls) o .
DB _ _ IEJ; dé}l[A (¢ )+%F (¢ x)p] / 1 —ipy-(y—x) / ls(P]H P11 eBls m,,+l€)’ 184
b=x)=e (2n)*° o cos(leBls) (184)
and the Ritus spinor functions are
Ulx. ki) = 1 1 21,2 1 (kK00 x 3) iyt (klsfw_k%)gN (k{sfﬂr_k%)/z _ngisf”_k%
(X, 1) - 5( -y )\/ﬂ k}sf,wk%g € 12 (5)
1 1.2 (00— B8 kg kDO (k)2 g ik
+§(1 +iy'y?) p ¥R ) e / Nk{sf,-’k% f e 2Lkz ()

1
X ———-"(1,0,1,0)(y°4} + ,/21/” /B——1/2f B+ 33+ mpl), 185
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1 1 (K —i2)e K-k e Mk
U(y’ kz) _ |:2(1 + l}/ly ) 2” (k 0 kg}g)e lg/ ( zgf,+ 2) Nkés . k2§( Zsf,+ 2)/ e_%Lk% I 1(5/)
1 1 00_gaay —isp (kY —i)0 K _—)2 g kR
5(1 _ lJ/ Y ) 277: l(kz} kz) ) 4 2/ 2 Nkég = kzg/ 2f : e szgf (él)
1
1 ]/]S ot }/ZS ot O
NG — ) (N K Y R A Sy, VI ; BC) S | . 186
2(E; +myp) (7 ) s 2 arP-riaTmE )l (186)
0

We now clarify the notation used in this contribution. The external quark that appears in the Ritus function has charge
4y = q{au). the internal quark that appears in the propagator has charge g = gy, 4y, and the corresponding charged pion
has charge e = e;_ |y, respectively. Thus, if the external quark is an up quark, the internal quark is a down quark and the
pion carries positive charge. Conversely, if the external quark is a down quark, the internal quark is an up quark and the pion
carries negative charge. This assignment satisfies charge conservation at each vertex.

Substituting Eqs. (183)—(186) into Eq. (182), the contribution D.8 becomes

2
I+ ki

B isp (k. —k2)0 Koy e Ko,

l /k k kl —kz 2 4 le/*_kz
(1 + l]/ }’ ) 2” (k?x“—k?x-*) le( 1sf, ) NkLIJ kgf( 15f,_ 1)/ e_ELk;f 1(5):|

—(1,0,1,0) 0k°+—,/2f ,B——,/zf B+ 3k3—|—m/]1>

5 tan \qf B|s'

X}/ equf dE, [A*(E)+5Fm (E—y ]/d P2 e—ipr(a— v)/ ds’ e <p2H Py \qu\s fﬂé)
(2r)* cos(|qB|s")

152J_ 75
cos(|q/Bls’)

. X ! ! v (gl 4 . tan(|eB|s .
« ele j; dE,[AM (&) 43P (E=x),] / d P1 eipi (=) /°° ds ezs(pfu—ph \(y‘sﬁ-‘ )—mf,Jrze)
(2m)* o cos(|eBls)

NI>—‘

X {(cos(|qu|s’) + s;y'y?sin(|gBls")) (ms + pay) —

Koo -k
0033y —isp (k) K2)¢’ (k! k2)/2 A PR
—i(k3y'—k3y )e ;s T2 Nkl sz/ R VN 2Lk2f (5/)

2s /+

1
x {5(1+i7f‘y) e

Hﬁ!
Nb—‘
e

(K —i2)e R Y R
- (1 _ l]/ v ) —i(Ky0—K z) —isp( 25— )0 Ny sz/ 20 3)/ e_%L 2, 2(§/>:|

2
2s /— k2

[\)
ﬁ\
]

L <},ok0 e /264, B +@, [204:B -y I3 +m JI) 0 (187)
2(E, + mp) 2 ) ! 2 ! 2 ! 1|

0

We now simplify this expression. First, we commute one of the > matrices through the Dirac matrices appearing in the
quark propagator and then use (y°)? = I. The Schwinger phases are then computed as

eie f; dg, |4 (&) 3P (€ =), ) _ P )

b}

zqff dg [ (@) +F (E-y)) _ Loy -y (188)

After performing these steps, the expression for D.8 can be written as
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K- e hk

! 3y isp(k, l: 1 ¢
—lH = 29 /d4 /d4 |: 1 - 17/ 14 ) /—27[ (k?xO_kfx)e?f( lspt ™ k)0 Nk{s " sz e_ELk?/ (5)

1 g2

1 isp (k. _—k2)0 Y kig,
7(1 + l]/ ]/ )\/z— (kO 0_k3 3) Sf( 1qf,_ ) Nkl k2§ 1q 1)/ e_%Lk;f 1(5):|

ls /—

1010 Oko—|—— 2¢q /B—— 20q+B + 3k%—l-m/I[>
2(Ef,+mf)( ( V“rds Vet Ty f

an(lg Bls')
d'p, e—ipa (= y)/oodisg (73y=ps \qj{sfx myie)
(2m)* cos(|gB|s’)

[\)

B
X ezqf (xly?=x2y!

jZ 1 }
cos(|qu|s’)

4 (s8] . tan(|eB|s) .
X e—i%(xlyz—xz)’]) M e~ P “(y=x) L e”(pfu_l’ﬁ an\e;\;‘ —mj+ie)
(2r)* o cos(|eBls)

X {(cos(|qu|s’) + g7y sin(|grBls') (my = pay) +

! 1 —i(0y0—13y3) TS '/(kL +- >HI (kés +_k%)/2 g k}s /+_k%
X |5 (1+iy'y?) —=e iy ' —kpy) g 2y Nu sz °f e 2L,/ (&)
2 V 271' 2s ,+ kl
1 1 —i(k9yO—k3y3 —is /(kl* o= kz)g (kls /—_k2>/2 _Q/ kés /7_k%
E(l—l]/]/ )Tﬂe i(k3y kzy)e 2 2 Nkéb/_sz/ 2, DIz, szgf (f/)
1
oL 1 <0k0__\/ﬂ+_ 26y B — 73k3+m,]l> 0
0

The integrations over the parallel coordinates, x| and y, are performed as in contribution D.6, yielding

, 120 Kook e kK
—lH D3) /dzxj_/dzyl[ (1—iy'y?)e o (i K0 Nk}5,+ kzg( tyre R/ e—ng%’+ ](f)
is (Kl _—k2)0 (,, ~k)/2 s ki, =kt

+2<1+zy e Nkhf,,kzs 1 eSL ()

—(1,0,1,0) < Oko—l——,/Zf ——,/quf/B+y3k3 —|—mf/]I)

Z(Efl +mf/)
tan(| E\x)

X el z(xy x}’)/dpz —ipay(x=y)L /ood—se (pZH P3 \qjg\ ZHE)

(2m)* cos(|qu|s’)

ﬁ2J_ :|
cos(lq,B5)

4 ) 55 un(eBls) o
X e—"%(xlyz—xzyl)/d P1 e—ipu‘(y—X)L/ (dise’s(l’l‘l’u e aHie)
o COS

X {(cos(|qu|s’) +s7'y?sin(|gsBs") (my = pay) +

(22)* |eBls)
1 .12 zsp(kh it —i2)6' N 25 Ry k}sfm_k% /
x E(1+17/7) 4 Nk;wké L, &)
1 —is (k! —k2o K. 22 , kl5 ,__kz
+ E (1 _ i7172) sy 25 3) Nk;sfﬁ k2§/ 5 3)/ €_%Lk;f 2(5/):|
1
L 0
2(Ef, +mp) < B - WJF 20qpB -7 k3 + mf,]l> »

0
x (2)*6@) (pyy — kyy = p1))8P (ko + p1j — Pay)-
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For the perpendicular coordinates, we introduce polar variables, following the same strategy used in the previous
contributions. The angular integrations can then be performed, giving

2
H(D8) _ 29 2 oo |1 12 1 1,2
—ill;"" = 27[/61 xl/d yi [2(1 —iyly )Nk}sf/+’k% +§(1 +iy'y )N"Lj,;k%
1 ylsp risp
Xx———(1,0,1,0)( Y2k + Z2L  J2£q B —"2L [26q4B + K3 + mp1
2E, + mf/)( )<y 1T A A
las Bl
x ST,/ (95 = P + (93 = Pl (93 = PV + (93 - p?)z)Jn< L=rr
n,m.,q
lq; Bl (k}sf,;kf)/z lq B (kisf,rk%)/Z il e=imeo l27r(m ni(k —2)) 0
X [ — [ — —
2 2 w0, -8
—j)a+1 g=igeo 5 o2 © K k)= lagBi? kg/ 'Blr
y ( l) N - ( i27(g+n—( Ist 1) _ 1)/ drr( Is ) e_fTLk; + 1<|qf2| >
q +n- ( 1s 1+ ) 0
0 (K k)1 lapBl” kés e |qf/B|r'2 |qf/B| (ki , . =KD)/2 |qf/B| (K, ,=k3)/2
d / ) lif/+ 2 —L . J f . f
5 l-m—le—im(ﬂo zZn(m nJr(k;q /7—k§)) _ 1) (_i)(ﬁ‘l —iq®o ei2ﬂ(q+” (kis /+_k%)) _ 1)
m—n+ (k- =13) q+n—ki,, —k
s Y N | ,s\r’ k‘w , 2 o 2y lq 8172 k) - K2 , n
8 drr(k‘sf’* ) 1e Ik L; K (|qpB|r o r,(k]sf/_ 12) 1e s Lz \qBlr
0 ki 2 0 ki 2
|61f/B| ]M_— k3)/2 |(]f/B| (késf’*_ké)/z i1 g=imapg (e i27(m— n+(k;§, —k3)) 1
2 2 m—n+ (ky, —k3)

—j)a+] p=iapo 2a(grn—(k!. k2 © Koo —k)—1 lapBi? ks,—‘ /B|r?
L i (- 1>>_1)/ ARG S (qu | )
q+n_(k1§/ _kl> 0

k’

2
) 1‘ __k2)_1 \qf/B\ "2 k;s ,—_ % |q}c/B|l"/2 |qu/B| (k{s .,7_1‘%)/2 |CIf/B| (kés ,7_k%)/2

o A e ) f L)

A r e 4 kz ) + 3 )
y im=1eimeo J2rmon ) N (zi)? e nalgen-(k,_-K) N

m—n+ (k,_ =) q+n—(kiy,- — k)

2 r ! 2 ) Bl ! N 2

[ o T S T8 (W BITY [ m  B7 lap BIE

0 ky 2 o i )

d*p, ds’' (p3—p M—mzﬂ'e) )
X/(2”)4A COS(|qu|s/)e AT agBl ! (COS(|‘1fB|S/)+Sf7’l}’2 Sln(|qu|s’))

152J_ / d4p1 /oo ds is(p% —p? mn(“))'r”"y)—mz+ie)
- | =PI eBls ™
x (g = Poy) + cos(|qu|s’) 2x)* Jy cos(|eBls)

1
<GPV g+ (=i ]

7/,

1
( OkO_ L /28 f,B—|——,/2LﬂL] B — y3k3+mf111> 0
2(Ef' V2(E; +mp) N

0
x (22)*82 (py = kyj = p1))8 (ko + p1j = Pay) (191)
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where J;(X) are the Bessel functions of first kind. These functions arise from the angular integrations, where the Jacobi-
Anger identity is used to expand plane waves in terms of cylindrical harmonics. Since the expression in Eq. (191) does not
seem to admit further analytical simplification, we consider the inertial frame in which the external particle is at rest,
namely, kj = kj = k} = 0 and k7 = (k9)?, with j = 1, 2. Thus, the expression we need to compute becomes

_¢
Y = /dﬁx /d2 ! |qf ‘ 2(1 0, 1,0) (K + m pl) 5ty =2"

4 © / oo tnllagBl)
X/d P2 e—iﬂu‘(X—)')J_/ dise“ Py =P2 g )
4 /
(27) o cos(|g/Bls’)

cos(|qu|s’)

4 . eBls .
X / d'p e—ipi(y=x) L /oo 7(18 e"v(”%|\_p%ilal1\i‘gﬁ‘ L m2-+ic)
(2r)* o cos(|eBls)

1

x [(cos(|qf3|s’) +spr'y?sin(|gB|s") (my = pay) +

Vg Ble™s 0
x 17\/7 (R +meD) [ [ (2x)'6(py = K = p)3(p3 = p)8(K: + P = PR)é(pY = ). (192)
f, _

0

We proceed to integrate over the perpendicular spatial components, using the following results:

2_ .2 'B 172
/ Ay 0P (- |7 exp{_[(l’l —p3) + 5 }
|CIf’B| |‘1f/B|
B 212
/dylei(iq’lg(y‘)2+y‘[(p£—pi>—“'73x2]) = hii exp{—[(p ~p2) =5 ¥ }
|y B| |y B|
(r}-p})? g / 4 (rj=ry)?
T / e gy B+ i+l _ /%re—’;f,”g (PP +i(rA=rhP ’
(P2-p2)? L1y2 JB2. o J (2-p3)?

N = /dxle—%(qf,g+%)ex-[z<p;—p}>—q/,';<p%—p§>1 _ /%,e_’lq;; PP B(P%—P%)]z, (193
with €’ = g, ay + €—+}» 45 = q{au}> and M = |q; B + Therefore after a straightforward algebra, the expression
for D.8 becomes

29> \/|q7BllqpB| (4r)(4r)
—iH}D'S) g |Qf ||qf ” ﬂ (1 0,1 0)( 0k0+mf/]1>
2r 4mf/ |Qf/B‘M
8 / d*p, / © ds efs<p§H—ngf“‘jjg"j‘;"”—m;+ie>
@n)' Jo cos(la Bls)
21

B / 1,2 o3 B ! _
< |(conlagBle) 5,77 sinll Bl = ) + o P

1_,1y2 2_ 22
(p=p,) (Py=p3)

4 an(le Il e LA
o [LPr [*_ds  is(ph-ph SR i) o,
(27)* Jo cos(|eBls)
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><exp{—l[(p2 )(Hfﬁ);)+(p%—p%)2<1+%)]}(yok3+mf’ﬂ) _01

0
x (27)*8(pd = k9 — p))s(p3 — p})s(k3 + p§ — pY)s(p} — p3). (194)

We now integrate over one of the internal momenta. Choosing p,, we first perform the integrations over its parallel
components, obtaining the following momentum-space expression:

_in P = g2 (47) (47) / dpyy / d'p, / "X eis/((p ?+k?)2‘(1"7>2-Pﬂla‘]\i:gﬁ‘/X/)'mi*i“)
f lgpsBIM | (22)? ) (2n)* Jo cos(|gB|s')
[62J_

X [(COS(|QfB|S/) +s,7'y?sin(|q,Bls')) (my — Y (p) + &) + 7 p}) + W

(¢'B)?

wl-p))*  (2-p3)? (” 2)
) ds . 2 o an(eBls) o - it N SOl Wy S g 1 B

% 76”(%” PiLTTeBl mﬂ+’€)e apBl o T8l pm———(P3-p})*+ (P3P} (195)
o cos(|eB|s)

We then integrate over the perpendicular components, using

in2 ta ’
ZII}]LMH(M[B‘: )

/afzp2 v 'Pﬂmn‘(“:f—f;”e O(pri-p1)® — ”|‘IfB||CIf’B| o 24rBlrilay Blan(i BY)

2ip? mn(\q/B\:’)
/ Ly, foy e~ FPL202) — #la;Bllq, B] o T i o
S 2|q;B| + ilq, Bl tan(|q;B|s")

2[q,B]
2|q;B| + i|q; B| tan(|qB|s’

) (r'pi +7p}). (196)

with

lgpBl|’ lq¢BllgsB|
Substituting Eq. (196) into Eq. (195), we get
—imP®) /d4p1 / " e (PR +l€)/wie”(l’f_p%imniéBxX)‘m%*"S)
1 |qu|M cos(|q¢B|s’) o cos(|eBls)
2ip? lun(\q/B\S/)
7|q¢BllqpB| —MJL—W[ .
. e Mty Pt (cos(|g Bls) + syy'y? sin(|gBls'))
2|q,B| + ilqp B tan(|q;B|s") f / f
2|q,B| r'pi+ 7 pi
x (my = (P} + k) + 7’ pi) + . o+ e |- (198)

! : 2|qB| + ilqp Bl tan(|g,Bs') ! cos(lg,Bls')
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We proceed to compute the integrals over p;; and p3, for which we use

2itan(|g ¢ B|s ) | stan(|eB|s");

=3, T ep T
d2 Z\quHl\qf/B\mn la7Bls") | -z
/ pbiLe Z
d 3 ,—i(p3)*(s+s') _ 7 ’
/ pie ™ i(s+s)
2 lan ep|s
/le’uﬁue G i

where

_ 2ileB|tan(|q;B|s") + 2i|q,B| tan(|eB|s) — |q, B| tan(|eBl|s) tan(|g B|s’)

. , (200)
|eB|(2|q,B| + ilqp B tan(|g,B|s"))
and the expression for D.8 becomes
—lH /dpl/ ds' I S &) "(PY+K9)? ls(—merze)/ ds eis(p?)zeis(—m,z,+is) z
M cos |qu|s) o cos(|eBls) i(s+s)
7|qBllq, Bl ,

2|gsB| + i|6flf/B| {an(|QfB|s/) (cosllagBls’) +s7r'y* sinlla; Bls")) (my =7°(p + k)
eB|(2|q/B| + ilgyB|tan(|q;B|s’
rleB|(2la,B + ilay Bl an(laBls) o)

21|eB\tan(|qu|s)+21|qu|tan(|eB| s) — |lgB|tan(|eBl|s) tan(|q¢B|s")

The next step is to implement the change of variables s — —it and s’ = —i7’ and then to perform a Wick rotation and
rewrite Eq. (201) within the Matsubara formalism as follows:

_ © dT . 2 2 T
j— H l wl1+w)]2 Tm% / —— T(lwn) —Tmz
e 7rM Z/ cosh(|qu|r) ¢ o cosh(|eB|7) ¢ ¢ T+17
|EB||‘]fB||‘1f’B|
2|eB| tanh(|q/B|7’) + 2|q/B| tanh(|eB|z) + |qB| tanh(|eB|z) tanh(|q /B|7’)
x (cosh(|g,B|7') — zsfy y smh(|qu|r ) (my + (0, + w)). (202)

We perform the sums

o0

o /
o7 Z e~ T+ )op—2w,07 _ Tfﬁ [ Z 4=+12 cos (LT,>],
n=—co \/ﬂ(f +17) o +7)T
e 7 ? Z w,e” (t+7) 0% —2w,07" _ r:j(i + Z e 472 (c+7) (203)
T, /ﬂ'(T +7) T+ 7

{ tr 7 ( (Tﬁﬂ) e 4,-1 A (T(Ziwﬂ)] } (204)

and the change of variables 7 = u(1 — ») and 7 = uwv, and obtain the final expression
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(D.8) _ igz 1 1 1 —u(1—v)m2 —uvm? —uv(1-v)(iw)?
—le =——5— du dv e Te e
4z M ) o  cosh(|g;Bluv)cosh(|eBlu(l - v))
leB|lq;B|lqs B|

2|eB\ tanh(|q/Bluv) + 2|q/B| tanh(|eB|u(1 — v)) + |qpB| tanh(|eB|u(1 — v)) tanh(|q,B|uv)

x (cosh(|q,Bluv) — isyy'y? sinh(|g Bluv))

00 2
X {(mf — iy’ (iw)) {1 +2 Z e wr? cosh(
n=1

[Se]

123 (-1yreim [iv(iw) cosh <@>

n=1

W)] + yo{iv(iw)
()]

(205)

The purely magnetic terms in Eq. (205) contain the ultraviolet-divergent vacuum contribution, which can be identified by

taking the limit when the magnetic field goes to zero,

_leB 0=

This completes the one-loop calculation of the quark
self-energy.

Before concluding this subsection, it is useful to discuss
the general Dirac structure of the quark self-energy in
Euclidean space. In the most general case, the one-loop
quark self-energy can be written as

N

Tl (iw, k) = Alio B(iw. k)7 - k + Ciw, k),

(207)

k)iy® —

where the scalar functions A, B, and C encode the thermal
and magnetic corrections to the fermion propagator.

In the present work, all contributions have been evalu-
ated in the inertial frame where the external particle is at
rest, namely, k = 0. Therefore, the term proportional to -

k vanishes identically, implying
(208)

Consequently, the complete one-loop self-energy is fully
determined by the coefficients multiplying the structures
iy® and the identity matrix. From the explicit results
obtained in contributions D.1-D.8, the coefficient A is
identified from all terms proportional to iy’, whereas the
coefficient C is obtained from the remaining scalar con-
tributions proportional to the identity matrix in Dirac space.
Hence, the quark self-energy in the rest frame can be
written in the simplified form

-

—ill;(iw, k = 0) = A(iw)iy® + C(iw). ~ (209)

The explicit expressions for A(iw) and C(iw) follow
directly from the decomposition of the final expressions

1
/ du/ dve " u(l-v) —u@m e—m/(l v)(iw)? u( f—iyo(l—v)(ia))).

(206)

|
for the contributions D.1-D.8 into their corresponding
Dirac structures.

IV. CONCLUSIONS

We have presented a complete calculation of the one-loop
self-energies for all fields in the linear sigma model coupled
to quarks at finite temperature and in the presence of a
uniform magnetic field. The analysis consistently incorpo-
rates thermal and magnetic effects for neutral and charged
degrees of freedom, providing a unified treatment valid for
arbitrary values of the temperature and the field strength.

The calculation is carried out using the Matsubara
formalism to account for thermal effects and the
Schwinger proper-time representation for charged propa-
gators in a magnetic background. Particular attention has
been devoted to contributions involving particles with
different electric charges in the loop. In these cases, the
associated Schwinger phases do not cancel, preventing a
direct evaluation in momentum space. We have shown that
a proper treatment of such contributions requires describing
charged external states in the Ritus basis, rather than as
plane waves, so that the calculation can be systematically
performed in coordinate space and consistently mapped
into momentum space. To the best of our knowledge, this
constitutes the first explicit derivation of these terms within
the linear sigma model including both thermal and mag-
netic effects.

The structure of the resulting self-energies reflects the
nontrivial interplay between thermal fluctuations and the
magnetic background. In particular, the separation between
vacuum and matter contributions allows for a clear iden-
tification of ultraviolet divergences and their origin, pro-
viding a solid basis for subsequent renormalization
procedures.
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The results obtained in this work provide the necessary
building blocks for a fully self-consistent and nonpertur-
bative treatment of thermodynamic properties in effective
models of QCD under extreme conditions.

Finally, this work establishes a consistent and systematic
framework for the computation of thermomagnetic one-
loop corrections in effective models of QCD, capturing the
full interplay between thermal and magnetic effects for all
dynamical degrees of freedom.
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