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The chiral bag model offers a dual description of hadron physics in terms of quarks and hadrons in the
sense of Cheshire Cat principle. In this work, we find that, within the chiral bag, confinement is likely
caused by monopole condensation. The chiral bag surface can be interpreted as an η0 domain wall, where a
dynamical Chern-Simons theory emerges. Under level-rank duality, the Chern-Simons theory serves as the
counterterm introduced to block the so-called color charge leakage. To ensure the correct net baryon
number of the full chiral bag, an additional Chern-Simons theory involving the vector meson field arises on
the bag surface and extends outside the bag. This leads to a Chern-Simons-Higgs theory localized on the η0

domain wall, as previously conjectured. We also propose that the skyrmion description of baryons could be
understood as a system of monopoles enveloped by a meson cloud.
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I. INTRODUCTION

In the low-energy regime, quantum chromo-
dynamics (QCD) predicts color confinement, that is,
quarks and gluons are combined to form mesons and
baryons. The dynamics of the lightest pseudoscalar
mesons, which arise from the chiral symmetry breaking
SUðNfÞL × SUðNfÞR → SUðNfÞV , dominate strong inter-
action processes at low energies. This leads to a nonlinear
sigma model as the leading order low-energy effective
theory of QCD describing pions [1,2]. Beyond the leading
order, additional pion terms can be incorporated into the
Lagrangian using a low-momentum expansion, resulting in
chiral perturbation theory [3,4]. Baryons can also be
included by adding interaction terms consistent with chiral
symmetry [5,6]. Although chiral perturbation theory has
achieved great success in describing strong interaction
processes at low energies, it is insufficient for probing the
internal structure of baryons,which has led to the proposal of
various baryon models.

Before the establishment of QCD, Skyrme discovered
topological soliton solutions consisting of nonlinearly
interacting pion fields, known as skyrmions, and conjec-
tured them as baryons [7–12]. The rationality of this
conjecture was later argued in the large Nc limit, where
QCD simplifies and is dominated by planar diagrams [13].
In this limit, baryons can be viewed as solitons composed
of interacting mesons since their properties exhibit similar
Nc scalings [14–16]. However, the skyrmion description
emphasizes the global properties of baryons rather than
their quark composition. The MIT bag model, proposed in
the 1970s [17,18], fills this gap. Inside the MIT bag, the
colored objects, like quarks and gluons, are free or weakly
interacting objects, confined by a boundary condition
representing the strong attractive force. In the literature,
the MIT bag model has been applied to compute baryon
masses, magnetic moments, decay rates, and hadron-quark
transitions [18–22].
The chiral bag model, an extension of the MIT bag

model [23–30], overcomes the shortcomings of the MIT
bag model by incorporating spontaneous chiral symmetry
breaking. In this model, the MIT bag is surrounded by a
cloud of chiral mesons, such as pions. Quark-meson field
interactions occur on the bag surface [31], where the MIT
bag description merges with the Skyrme model of baryons.
The surface physics is crucial, acting as a bridge between
the two descriptions. Moreover, the physics of the chiral
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bag is expected to be independent of the bag’s size or
position, a principle known as the Cheshire Cat principle
[32–35], which is supported by the numerical check of the
flavor-singlet charge of proton [36] and reveals the possible
hadron–quark continuity at high density [37].
So far, most research has focused on the dynamics of

chiral mesons, particularly pions, within the chiral bag
model. Less attention has been given to the pseudoscalar
isosinglet meson η0, which gains mass from the Uð1ÞA
anomaly [38,39]. In the large Nc limit, Uð1ÞA symmetry is
restored, and the η0 becomes a massless Nambu-Goldstone
boson. Consequently, the η0 should not be neglected,
especially given recent developments in the physics of η0
domain walls and the topology of low energy QCD at high
density [40]. This prompts a re-examination of the η0’s role
in the chiral bag model.
The Uð1ÞA problem and the associated η0 physics have

been thoroughly investigated over the last century [41–43].
Recently, ’t Hooft anomaly matching has been extended to
discrete symmetries and higher-form symmetries [44–46],
offering new insights into the η0 domain wall. It was found
that the η0 domain wall supports a topological SUðNcÞ−Nf

Chern-Simons theory [44,47,48], conjectured to be equiv-
alent to the UðNfÞNc

Chern-Simons theory under level-
rank duality [49]. In the single-flavor case, baryons can be
constructed on the η0 domain wall similarly to quantum
Hall droplets. These Hall droplets have spin Nc=2 and
chiral modes, carrying the correct baryon number [50].
Baryons as quantum Hall droplets can also be interpreted

as chiral bags in a (2þ 1)-dimensional strip, using the
Cheshire Cat principle [51]. For small bag radii, the bag
reduces to a vortex line—the “smile” of the cat—where
gapless quarks flow, all spinning in the same direction. The
disk enclosed by the smile is described by an emergent
topological field theory due to the Callan-Harvey anomaly
inflow [52]. For a more concrete description, it has been
shown that a Chern-Simons-Higgs theory exists on the η0
domain wall [53]. This theory has vortex solutions, with
vortices carrying unit topological charge and naturally
spinningNc=2. These vortices exhibitNc-scaling consistent
with baryon properties, suggesting an identification of the
two. Through particle-vortex duality, the Zhang-Hansson-
Kivelson theory suggests that quarks carry topological
charge 1=Nc and obey fractional statistics. Furthermore,
two-dimensional baryon models have also been realized in
nuclear matter through various approaches [54–59].
It is worth emphasizing that studies on the chiral bag

model with an η0 boundary condition have revealed color
leakage from the bag. This breaks confinement, and a
counterterm on the bag surface has been proposed to restore
gauge invariance [27]. This counterterm corresponds to an
SUðNcÞNf

Chern-Simons theory, but an SUðNcÞ−Nf
Chern-

Simons theory arises on the η0 domain wall [50,51,53]. This
motivates us to reconsider what happens inside the bag and
how it affects surface physics when the chiral bag model

includes an η0 boundary condition, which is the focus of
this article.
In this work, we concentrate the Chern-Simons theories

existing on the chiral bag surface. Within the chiral bag,
confinement arises from monopole condensation, and the
bag surface can be interpreted as an η0 domain wall, where
an SUðNcÞNf

Chern-Simons theory emerges to remain 1-
form gauge invariance. The same Chern-Simons theory,
previously introduced as a counterterm, also prevents color
charge leakage [27], and should be identified. To guarantee
the correct net baryon number for the chiral bag, aUðNfÞNc

Chern-Simons theory for vector meson fields is introduced
on the bag surface and extended to the exterior, which has
been used for constructing baryons on the η0 domain wall
[50,51,53].
The paper is organized as follows: In Sec. II, we review

the color anomaly in the chiral bag model. Sections III and
IV discuss the hypothesis that confinement is caused by
monopoles confined inside the bag, and shows the Chern-
Simons theories exist on the bag surface. The importance of
vector meson fields on the bag surface is emphasized, as
they ensure the correct baryon number for the chiral bag
and give the effective theory whose vortices as baryons on
the η0 domain wall [50,51,53]. Finally, we conclude our
understanding of baryon construction and discuss why
soliton solutions of chiral mesons can be regarded as
baryons in Sec. V.

II. COLOR ANOMALY IN A CHIRAL BAGMODEL

As stated in the introduction, the chiral bagmodel provides
a powerful framework for investigating baryon properties.
The chiral bag is defined as a finite spatial region enclosed by
a closed surface,withinwhichmassless quarks andgluons are
confined. Outside this region, a meson cloud composed of
various meson fields exists. To consistently connect the
interior and exterior of the bag, chiral boundary conditions
are imposed on thebag surface [31]. If the boundary condition
involves only the pseudoscalar isospin triplet meson fields
(the pion fields), the vacuum develops a nonzero baryon
number [27,60].However, the chiral boundary condition does
not confine the baryon current at the quantum level. Time-
dependent pion fields allow the baryon number to leak out in
the form of a topological current. This topological current
aligns with the Skyrme picture, in which the baryon is viewed
as a soliton of the pion fields.
When the coupling to the pseudoscalar isosinglet field η0

is included at the bag boundary, color charges leak. To
enforce total confinement of color charge, an additional
boundary term was suggested [38]. For completeness, we
now review the color anomaly in the chiral bag model
relevant to this work.
To confine color charge within the bag, the gluons are

subject to the following boundary conditions on the bag
surface [17]
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n · Ea
G ¼ 0; n × Ba

G ¼ 0; ð1Þ

where n is the outward normal to the bag surface
Σ, Ea

G ¼ Ga;i0 is the color electric field tangent to the
surface, and Ba

G ¼ − 1
2
ϵijkGa

jk is the color magnetic field
orthogonal to the surface. The indices a, b, c denote color.
Under these conditions, quarks can only move along the
surface and cannot escape from the bag at the classical
level. However, at the quantum level, the situation changes.
One can couple the pseudoscalar isosinglet meson field

η0 to quarks at the bag boundary as follows

½iγ · nþ eiγ5η
0
Σ=fη0 �ψΣ ¼ 0; ð2Þ

where fη0 is the decay constant of η0 and the subscript Σ
specifies that field defined at the bag boundary. For
convenience, we later redefine the η0 field by η0 → η0fη0
to absorb the decay constant, so that η0 becomes a
dimensionless field. Inside the bag region Ω with boundary
∂Ω ¼ Σ, the physical states jphysi inside the bag must
satisfy Gauss’ law

ð∇ · Ea − ja0ÞΘΩjphysi ¼ 0; ð3Þ

where ΘΩ is the step function with support on the bag
cavity Ω, and ja0 is the color charge density. The color
charge Qa

G is given by

Qa
G ¼

Z
Ω
d3xja0 ¼

Z
Ω
d3x

�
gψ† 1

2
λaψ þ gfabcGb

i E
ci
G

�

≃
I
Σ
dSEa

G · n; ð4Þ

whereGb
i is the spatial component of gluon field with color

“b” and the last relation follows from Gauss’ law on
physical states. dS is the area element of the bag surface Σ.
λa is the Gell-Mann matrix, and fabc are the structure
constants of the SUð3Þ color algebra. Although the QCD
action is invariant under local gauge transformations inside
the bag, color charge Qa is not conserved at the quantum
level. Quantitative calculations, based on the multiple
reflection expansion of the fermion propagator in cavity
quantum chromodynamics [61], show that interactions
between quarks and gluons inside the bag cannot be
ignored [38]. For one-flavor species in the quasi-Abelian
case, color charge leaks out when there is time variation in
the η0 field

dQa
G

dη0Σ
¼ g2

8π2

I
Σ
dSBa

G · n: ð5Þ

Combining this equation with Eq. (4), we obtain

dQa
G

dη0Σ
¼ g2

8π2

I
Σ
dSBa

G · n ≃
d
dη0Σ

I
Σ
dSEa

G · n: ð6Þ

This equation is also argued to hold for non-Abelian color
magnetic fields. This effect essentially constitutes a color
anomaly. Assuming a nonzero color magnetic field Ba (in
some fixed gauge) in the vicinity of the bag wall pointing
perpendicularly to the wall, massless quarks can occupy
Landau levels aligned perpendicular to the wall. If the η0
field is time dependent, quarks in the lowest Landau level
are not merely reflected at the wall—they also gain energy
and momentum. This “phase kick” pushes the reflected
quarks into or out of the Dirac sea. Since these quarks carry
color, this leads to a gain or loss of color charge, resulting in
the color anomaly.
The leakage of color charge is problematic as it violates

confinement and breaks gauge invariance. To prevent this, a
gauge-dependent counterterm has been proposed [38]

SCT ¼ g2Nf

16π2

I
Σ
dSη0ΣnμK

μ
5;

Kμ
5 ¼ ϵμναβ

�
Ga

νGa
αβ −

2

3
fabcgGa

νGb
αGc

β

�
: ð7Þ

However, there is an implicit assumption in going from
Eq. (6) to Eq. (7), namely that η0 is chosen to be zero inside
the bag. This allows for the integration of Eq. (6) from the
interior of the bag to the surface, yielding the correct
counterterm (7). At next-to-leading order in the large Nc
expansion, the effective Lagrangian for η0 is given
by [41,42]

Leff
η0 ¼ Nff2π

8
dη0 ∧ ⋆dη0 þ f2π

8Nf
m2

η0min
n∈Z

ðNfη
0 þ θ − 2πnÞ2;

ð8Þ

where we observe that Nfη
0 transforms together, giving rise

to infinite vacuum branches labeled by n. Aside from
η0 ¼ 0, other physical vacua exist. In general, the vacuum
value η0in inside the bag can be chosen arbitrarily without
affecting the local dynamics of quarks and gluons.
Regardless of the choice of vacuum, a thin layer near
the bag surface must exist where η0in changes sharply to η0Σ.
Upon integrating Eq. (6) and recomputing the counter-

term, a new term emerges

η0Σ − η0in
2π

×
Z
Σ

Nf

4π

�
GdG − i

2

3
G3

�
; ð9Þ

where differential form notation is used, and the coupling is
absorbed into the gauge field. If we simply choose
η0Σ − η0in ¼ 2π, an SUðNcÞNf

Chern-Simons theory clearly
arises on the bag surface. This result bears a striking
resemblance to recent studies on η0 domain walls, where an
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SUðNcÞ−Nf
Chern-Simon field theory is predicted [47,48],

and which has been used to construct one-flavor baryons in
2þ 1 dimensions [50,51,53].
In fact, if we consider that η0 may differ from its vacuum

inside the bag, the bag surface effectively becomes a
domain wall. This motivates an exploration of the relation-
ship between the SUðNcÞNf

Chern-Simons theory on the
chiral bag surface and the SUðNcÞ−Nf

Chern-Simons
theory on the η0 domain wall. In the following sections,
we further investigate the chiral bag model by focusing on
η0 physics within the framework of topological field theory.

III. CONFINED MONOPOLES INSIDE THE BAG

As reviewed above, the core idea of the chiral bag model
is to impose boundary conditions that not only confine
quarks and gluons within the bag but also couple con-
sistently to mesonic dynamics outside. One can solve the
equations of motion with these boundary conditions to
calculate various physical quantities. However, for the
baryon number, the situation is more subtle due to its
topological nature. Although quarks are confined within the
bag, the baryon number of the bag is entirely determined by
the boundary conditions on the mesons, or, in other words,
by the physics on the bag surface [62]. For the chiral bag
with Nf ≥ 2, the baryon number is related to the Gaussian
curvature of pion fields in flavor space [63], which is
consistent with the skyrmion picture. In such a case, the
role of the η0 meson is often neglected as it is considered
irrelevant or integrated out since it is much heavier than
pions. However, if we consider Nf ¼ 1, how can we obtain
a non-trivial baryon number consistent with the baryon
spectrum? In this case, only the pseudoscalar isosinglet
meson η0 exists, and the confined quarks inside the bag are
essential for a complete description.
To describe a color singlet constituted by quarks inside

the bag, a mechanism that causes confinement is necessary.
It is worth noting that in Eq. (6), color charge is induced
when a nonzero color magnetic field crosses the surface
with a constant η0. Nonzero color magnetic fields may stem
from vacuum fluctuations, but these are tiny in a stable
system. We can also conjecture the existence of monopoles
inside the bag, which would generate a significant color
magnetic field on the bag surface. Since gluons belong to
the SUðNcÞ Yang-Mills theory, we can assume quarks
behave like monopoles inside the bag, and the condensa-
tion of Nc monopoles leads to confinement. It is suggested
that the classification of monopole charges follows the
discrete group ZNc

, the center of the gauge group SUðNcÞ.
The topological properties of SUðNcÞ gauge theory can
then be described within the framework of topological field
theory [64–66]. Using a magnetic Abelian-Higgs model,
the discrete gauge group ZNc

can be embedded in a Uð1Þ
theory.

To describe the monopoles confined within the bag, we
follow the method proposed in [64]. Consider a complex
scalar field Φ that carries Nc magnetic charges, with Ã
representing the magnetic dual field of the usual gauge field
A in Uð1Þ theory. The covariant derivative is written as,

DΦ ¼ ðd − iNcÃÞΦ: ð10Þ

The complex scalar field Φ represents the density of
monopoles, which should have a Higgs-type potential
resulting in a nonzero vacuum expectation value
hjΦji≡ υ > 0. In the low-energy region, Φ ¼ υeiφ, so the
action is dominated by pure gauge configurations satisfying

DΦ ¼ iðdφ − NcÃÞυ ⇒ dφ − NcÃ ¼ 0; ð11Þ

which precisely describes the discrete ZNc
gauge theory. By

dualizing the magnetic field Ã to return to the electric
descriptionvia the usual gauge fieldA, one obtains the action
of the so-called BF-theory [67]

S ¼ i
2π

Z
dÃ ∧ ðdA − NcBÞ: ð12Þ

This action possesses a 1-form gauge symmetry parame-
trized by a 1-form λ, which fulfills the quantization condition
over a closed two-surface—the bag surface Σ—as

1

2π

I
dλ∈Z; A → Aþ Ncλ; B → Bþ dλ: ð13Þ

This indicates that the added magnetic charge Δm into the
bag must be a multiple of the condensed monopole
charge Nc

m¼ 1

2π

I
dA→mþ 1

2π

I
Ncdλ¼mþjNc; j∈Z: ð14Þ

Now, let us consider what happens when the η0 field
crosses the bag surface. This situation arises from the
transformation similarity between the η0 field and θ, leading
to vacuum jumps between different branches. As shown in
Eq. (8), η0 and θ together share multiple vacua labeled by n,
resulting in the existence of domain walls. In the SUðNcÞ
Yang-Mills theory with a θ term, ’t Hooft anomaly
matching requires that each vacuum label n is accompanied
by a topological term in the action [68]

S ¼ i
2π

Z
dÃ ∧ ðdA − NcBÞ þ

Ncθ

4π
B ∧ B −

Ncn
2

B ∧ B:

ð15Þ

To derive the interaction between η0 and the gauge fields A
and B, we perform the shift θ → θ þ Nfη

0 and then set
θ ¼ 0. The action becomes

FAN LIN and YONG-LIANG MA PHYS. REV. D 112, 014009 (2025)

014009-4



S ¼ i
2π

Z
dÃ ∧ ðdA − NcBÞ

þ NcNfη
0

4π
B ∧ B −

Ncn
2

B ∧ B: ð16Þ

If we naively set η0in ¼ 0 inside the bag and η0Σ ¼ 2π
outside, the bag boundary effectively behaves as an η0
domain wall, where Nfη

0 undergoes a 2πNf shift. Since a
shift of Δη0 ¼ 2π corresponds to a topological shift of
Δn ¼ Nf, we can set η0 ¼ 0 and interpret the bag surface as
a domain wall with vacuum branches jumping by
Δn ¼ Nf. Consequently, the bag surface separates two
different vacuums, and the effective action is not invariant
under 1-form transformation

ΔS ¼ −
i
2π

Z
d

�
nλ ∧ dAþ nNc

2
λ ∧ dλ

�

þ iNc

4π

Z
dn ∧ ð2λ ∧ Bþ λ ∧ dλÞ: ð17Þ

The first term is a total derivative and does not contribute
here since our bag surface is a closed surface. However, the
second term develops a contribution on the bag surface

ΔSsurface ¼ −
iNc

4π

Z
Σ
ð2λ ∧ Bþ λ ∧ dλÞ: ð18Þ

To maintain gauge invariance, the dynamics on the bag
surface must be nontrivial. According to arguments from
N ¼ 1 supersymmetric Yang-Mills theory [47], it is
suggested that on the bag surface, there exists an
SUðNcÞNf

Chern-Simons theory. Due to level-rank duality,
an SUðNcÞNf

Chern-Simons theory is identified with a
UðNfÞ−Nc

Chern-Simons theory, leading to the effective
action proposed in [68]

SΣ ¼ −
i
4π

Z
Σ

�
Nctr

�
AdA − i

2

3
A3

�
þ 2trðAÞdA

�
; ð19Þ

where A is a 1-form UðNfÞ gauge field that transforms as

A → A − λ1Nf×Nf
: ð20Þ

It is straightforward to verify that, under the 1-form gauge
transformation, the contribution from the bag surface SΣ
exactly offsets ΔSsurface.
It is seen that the gauge field in the bulk A interacts with

the dynamical field A on the bag surface, so A behaves like
a background field for the dynamical bag surface. The flux
ofA is induced by A. Explicitly applying Gauss’s law for A
on the bag surface yields

dA − iA2 ¼ −
dA
Nc

1Nf×Nf
: ð21Þ

Thus, the vector field A acquires magnetic flux

1

2πNf

Z
Σ
trðdAÞ ¼ −

1

2πNc

Z
Σ
dA; ð22Þ

indicating that only the Uð1Þ part of A acquires flux. This
flux has the same magnitude as A but with opposite sign,
which underlies the dynamical mechanism of charge
leakage and blocking.

IV. DYNAMICS OF TOPOLOGICAL ACTION

We have established that if confinement is assumed to be
caused by monopoles, these monopoles can be placed
inside the bag. The topological properties can be described
by a ZNc

gauge field A, whose flux measures the confined
monopoles. On the bag surface, a Chern-Simons theory
UðNfÞ−Nc

is induced with respect to the new dynamical
field A, which also carries nonzero flux. However, as
shown in Eq. (22), the corresponding flux has an opposite
sign, suggesting that the bag surface must contain anti-
monopoles. This arrangement effectively seals off the color
leak for the chiral bag model, as shown in Eq. (9).
Now, let us focus on the number of monopoles inside the

bag and on the bag surface. In the previous section, we set
η0in ¼ 0 inside the bag and η0Σ ¼ 2π outside. For a more
general bag model boundary condition, we will consider
both η0Σ and η0in to be arbitrary. The effective theory on the
bag surface, as shown in Eq. (19), should be modified as
follows

SΣ ¼ −
�
ηΣ

0 − η0in
2π

�

×
i
4π

�
Nctr

�
AdA − i

2

3
A3

�
þ 2trðAÞdA

�
; ð23Þ

where the flux relation from Gauss’s law, Eq. (22), remains
unchanged, but the shift in η0 introduces the Witten effect
[69]. The monopoles inside the bag carry the magnetic field
BA ¼ dA=Nc, and when this passes through the bag sur-
face, BA interacts with η0, generating the electric charge QA

dQA

dη0Σ
¼ d

dη0Σ

I
Σ
dSEA · n ¼ 1

8π2

I
Σ
dSBA · n; ð24Þ

where we have implicitly fixed η0in.
Meanwhile, the dynamical field A on the bag surface

also possesses nonzero flux due to Gauss’s law, leading to
the corresponding electric charge QA

dQA

dη0Σ
¼ d

dη0Σ

I
Σ
dSEA · n ¼ 1

8π2

I
Σ
dSBA · n; ð25Þ

where BA ¼ trðdAÞ=Nf. According to the flux relation in
Eq. (22), we find
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dQA

dη0Σ
þ dQA

dη0Σ
¼ 0: ð26Þ

We observe that BA corresponds to the Uð1Þ part in
flavor space associated with baryon number conservation,
meaning that both the electric charges QA and QA corre-
spond to quark number or baryon number. Therefore, we
have a nonzero dQA baryon number flowing out from the
bag whenever η0Σ is time dependent, similar to the color
charge leakage discussed in Sec. II. Fortunately, the
topological field theory on the bag surface contributes
the same quantity but with the opposite sign for the baryon
charge, dQA, effectively blocking the leak!
In fact, the dynamical field A on the bag surface was

originally proposed to preserve gauge invariance, which
certainly implies charge conservation. On the other hand,
multiples ofNc monopoles condensing lead to confinement
and must carry color charge. Here, our monopoles behave
like quarks, though we do not identify them as such. The
nature of baryon number carriers remains unclear; both
quarks and gluons are possible candidates, and all baryon
numbers we consider are induced. The leak of baryon
number is accompanied by a leak of the color charge, and
we can simply replace the baryon number charge with color
charge in Eq. (27)

dQa
G

dη0Σ
¼ d

dη0Σ

I
Σ
dSEa

G · n ¼ 1

8π2

I
Σ
dSBa

G · n; ð27Þ

which is precisely the color charge leak found in Eq. (6)
after the coupling constant g is absorbed. Similarly, the
Chern-Simons field theory UðNfÞ−Nc

on the bag surface,
dual to SUðNcÞNf

, contributes the same quantity but with
the opposite sign for the color charge, −dQa

G, and effec-
tively offsets the color charge leak shown in the above
equation. Thus, the Chern-Simons theory in Eq. (23),
initially introduced to maintain gauge invariance, also
serves the role of a counterterm as seen in Eq. (9).
Under level-rank duality, there are two forms of the
topological theory on the surface, providing us with two
different descriptions of the same physical phenomenon.
We have seen that, on one hand, the Chern-Simons

theory SUðNcÞNf
on the bag surface effectively blocks

color charge leakage, thereby restoring gauge invariance
and ensuring confinement. On the other hand, the dual
Chern-Simons theory UðNfÞ−Nc

also introduces quark
number, with the same quantity but opposite sign relative
to the quarks inside the bag. Adding these two contribu-
tions together yields a chiral bag model for baryons, albeit
with zero baryon number. Thus, an additional mechanism
must exist to generate baryon number for the chiral bag.
If we set η0in ¼ 0 inside the bag and η0Σ ¼ 2πNf outside,

the theory on the bag surface becomes independent of the
choice of interior, as shown in [68]. One can consider
introducing additional fields on the bag surface to ensure

the correct baryon number. We have focused on the interior
of the chiral bag, where the quarks can be described by
monopoles. The exterior of the chiral bag is also interest-
ing, as it contains many meson fields acting as background
fields.
On the bag surface, a dynamical UðNfÞ−Nc

Chern-
Simons vector field A exists, indicating that the vector
meson fields in flavor space behave similarly. The vector
meson field V can couple with the dynamical A on the bag
surface [68]

SΣ¼−
�
ηΣ

0−η0in
2π

�
i
4π

Z
Σ

�
Nctr

�
AdA− i

2

3
A3

�

−Nctr

�
VdV− i

2

3
V3

�
þ2ðtrðVÞþ trðAÞÞdA

�
: ð28Þ

Therefore, the vector meson fields reside on the bag surface
as a UðNfÞNc

Chern-Simons theory and transform as

V → V − λ1Nf×Nf
: ð29Þ

Thus, the action is invariant under both 1-form and zero-
form gauge transformations.
Applying Gauss’s law to V, we obtain a flux relation

similar to Eq. (22)

1

2π

Z
Σ
trðdVÞ ¼ Nf

2πNc

Z
Σ
dA: ð30Þ

Focusing on the Uð1ÞB component of the vector meson
field, VB ¼ trðVÞ=Nf, we find that the Witten effect [69] on
V actually yields the baryon number Qin

Qin ¼
�
ηΣ

0 − η0in
2π

�
×

1

2π

Z
Σ
trðdVÞ

¼ Nf

�
ηΣ

0 − η0in
2π

�
×

1

2πNc

Z
Σ
dA: ð31Þ

For simplicity, consider Nf ¼ 1; η0in ¼ 0; η0Σ ¼ 2π and
1
2π

R
Σ dA ¼ Nc. This represents a chiral bag model for a

one-flavor baryon. In the exterior of the bag, the flux of the
vector meson field V, induced on the surface, continues to
extend to infinity or terminates on another chiral bag as an
antibaryon.
To connect the theory on the bag surface to the outside, η0

must couple to the vector meson. The effective interaction
term concerning the meson field is given by

i
Nc

8π2

Z
η0trðdVdVÞ: ð32Þ

This term arises from the hidden Wess-Zumino term, with
related physics discussed in [70–72]. The baryon number
outside the bag, Nout, is also proposed as
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Qout ¼
Z
Ξ

�
dη0

2π

�
×

1

2π
dtrðVÞ; ð33Þ

where the integral is taken over the space outside the bag
labeled Ξ shown in Fig. 1. Therefore, the total baryon
number of the bag is Q ¼ Qin þQout.
As is shown in Eq. (30), the vector meson field gets flux

by interacting with A and A describes the monopole density
inside the bag in a topological manner. We can restrict the
complex scalar field Φ on the bag surface: ϕ ¼ ΦjΩ. The
field ϕ inherits a Higgs-type potential Vðϕ�ϕÞ from Φ and
minimally couples with V. For the one-flavor case, we can
write down an effective theory at leading order on the bag
surface

Z
Ω
jdϕ − iVϕj2 þ Nc

4π
VdV − Vðϕ�ϕÞ: ð34Þ

This is precisely the Chern-Simons-Higgs theory, which
has been conjectured to exist on the η0 domain wall [53],
with vortex solutions proposed to describe baryons or

multibaryon configurations in 2þ 1 dimensions. For the
multiflavor case, the theory generalizes to a non-Abelian
form

Z
Ω
jdϕ − iVϕj2 þ Nc

4π
tr

�
VdV − i

2

3
V3

�
− Vðϕ†ϕÞ; ð35Þ

where ϕ ¼ ðϕ1;ϕ2;…;ϕNfÞT is a complex field with Nf

components. Thus, there exists a duality in the theory on
the η0 domain wall, as conjectured in [47,48]

SUðNcÞ−Nf
þNf fermions↔UðNfÞNc

þNf scalars: ð36Þ

Under level-rank duality, the dual SUðNcÞ−Nf
Chern-

Simons theory emerges on the bag surface, which should
be identified as gluon field, so the level-rank duality
becomes a duality between vector meson and gluon.
Therefore, we conclude that there are actually two

Chern-Simons theories present on the bag surface. One
is a dynamical UðNfÞ−Nc

Chern-Simons theory associated
with the gauge field A, which serves as a counterterm to
prevent charge leakage [27]. The other is aUðNfÞNc

Chern-
Simons theory associated with the vector meson field V,
which ensures that the bag carries the correct baryon
number and is used to construct a one-flavor baryon
[50,51,53,70–72].

V. CONCLUSION AND DISCUSSION

Now, we can present the complete picture of the chiral
bag. Inside the bag, there exists an η0 vacuum where
monopoles are confined and described by the topological
field. To maintain 1-form gauge invariance, a dynamical
Chern-Simons field theory emerges on the bag surface,
where η0 experiences a sharp shift. On the bag surface, the
dynamical Chern-Simons field interacts explicitly with η0,
resulting in the Witten effect [69], which endows the bag
surface with baryon number charge. This induced baryon
number charge is equal in magnitude but opposite in sign to
that of the monopoles confined within the bag, effectively
canceling the total charge. The leakage of baryon number is
accompanied by a corresponding leak of color charge.
Under level-rank duality, the Chern-Simons theory also
serves to block this color charge leak. Consequently, the
Chern-Simons theory can be identified as the counterterm
on the bag surface, initially introduced last century to
maintain 0-form gauge invariance [38]. This suggests a
potentially profound connection between conventional
0-form and higher-form gauge invariance.
Since the baryon number flowing out of the bag is offset

on the bag surface, the total baryon number of the bag
becomes 0. To introduce a nonzero baryon number, we
must consider the vector meson field outside the bag. This
vector meson field occupies a position nearly identical to
that of the dynamical Chern-Simons field, acquiring the

FIG. 1. Schematic structure of the chiral bag: The chiral bag
surface Σ acts as an η0 domain wall, separating space into an
interior region Ω with ηin and an exterior region Ξ with ηout.
Inside the bag, color confinement arises from monopole con-
densation. However, when the color-magnetic flux (shown as
cyan arrows) attempts to cross Σ, it interacts with the η0 field and
would naively lead to color charge leakage. This leakage is
precisely cancelled by the effective surface action SΣ [see
Eq. (28)], which encodes a SUðNcÞNf

Chern-Simons theory
on the domain wall. This action restores confinement through
anomaly inflow. In addition, SΣ also contains interaction
SUðNcÞ−Nf

Chern-Simons theory involving the vector meson
field, which propagates into the exterior region. The associated
magnetic flux (depicted as magenta arrows) ensures the correct
realization of the baryon number outside the bag.
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same flux on the bag surface. Consequently, the vector
meson field also gains baryon number due to the Witten
effect [69]. The flux of the vector meson extends from the
bag surface to infinity or terminates on another chiral bag,
corresponding to an antibaryon number. This aligns with
the hidden Witten-Zumino interaction term that has been
thoroughly investigated. Monopoles inside the bag are
characterized by the flux of the Chern-Simons field, and
the vector meson field on the bag surface acquires an
identical flux by the effective interaction. Restricting the
effective interaction to the bag surface leads to a Chern-
Simons-Higgs theory, which is conjectured to exist on the
η0 domain wall, where its vortex solutions are proposed to
correspond to baryon or multibaryon structures in 2þ 1
dimensions [53]. Our investigation of the chiral bag model
clarifies how the physics of η0 flows from 3þ 1 dimensions
to 2þ 1 dimensions.
We observe that, on the bag surface, there exist two

vector fields, A and V, both carrying flux but with opposite
signs. This results in baryon numbers of equal magnitude
but opposite sign canceling each other out. It suggests the
possible existence of a meson cloud assembled on the bag
surface, consisting of a quark and an antiquark, resembling
a dipole structure excited by the monopoles inside the bag.

Thus, a baryon can be understood as a monopole sur-
rounded by a meson cloud. If the singularity of the
monopoles can be eliminated through certain methods,
the meson cloud could be identified as a baryon. In fact, the
soliton structure formed from the pion field, famously
known as a skyrmion, can be viewed as a baryon. Our
description of the chiral bag model provides an explanation
for why skyrmions can be interpreted as baryons. Of
course, if we wish to include the pion field, the chiral
bag boundary condition must change [17,27,63,73], which
will inevitably introduce challenges that we leave for future
research.
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