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Hadrons with explicit gluonic degrees of freedom, such as charmonium hybrids, are key to understanding

nonperturbative behavior of strong interaction, yet they remain experimentally elusive. Within a constituent
gluon model treating the hybrid as a ccg three-body system with a transverse electric gluon, we predict the
masses of the lightest hybrid multiplet (J*¢ = 17=,0~, 1=+,27") to lie in the range 4.19-4.32 GeV. By
analyzing their decay patterns, we provide specific, experimentally testable signatures to guide the search for

these exotic states at current and future facilities.
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I. INTRODUCTION

Understanding the role of gluonic degrees of freedom in
hadron structure is a central challenge in nonperturbative
QCD. Hybrid mesons, which contain an explicit gluon
excitation in addition to a quark-antiquark pair, offer a
unique window into this dynamics, distinct from conven-
tional mesons and baryons.

In the light-flavor sector, the search for hybrids with
exotic quantum numbers J”¢ = 1~F has yielded several
candidates, including the 7, (1400/1600) [1-12], z;(2015)
[13,14], and the more recent #,(1855) [15,16]. Lattice
QCD and phenomenological models predict masses for
light hybrids that are broadly consistent with these obser-
vations. However, recent detailed analyses of their decay
patterns suggest that the z;(1600) and #,(1855) cannot
both be explained as hybrid states [17,18], challenging a
simple interpretation and leaving the identification of light-
flavor hybrids as an open question.

Heavy-flavor hybrids, while comparatively less ex-
plored [19-25], offer significant theoretical advantages.
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The large charm quark mass provides a higher energy scale,
making perturbative treatments of the gluon more reliable.
This facilitates both spectral calculations—where the gluon
can be modeled as a constituent particle in a ccg system—
and decay analyses, where the quark-gluon coupling is
more tractable. Furthermore, in addition to the usual
selection rules for hybrid decays [26], heavy-quark spin
symmetry imposes further constraints on decay patterns.
These features make the experimental identification of
charmonium hybrids particularly promising.

In this work, we perform a systematic study of charmo-
nium hybrid mesons within a constituent gluon model. The
hybrid is treated as a ccg three-body system with a trans-
verse electric (TE) mode gluon, from which we calculate the
spectrum. We then evaluate their decay dynamics using
the QCD coupling between quarks and gluons, identifying the
dominant open-charm channels. Based on these results, we
provide specific predictions to guide experimental searches
for these elusive states at facilities such as BESIII, Belle II,
and the forthcoming Super Tau-Charm Facility.

II. THE CHARMONIUM HYBRID
MASS SPECTRUM

A. Gluonic degrees of freedom in hybrids

Unlike conventional mesons, hybrid mesons contain
explicit gluonic excitations. Modeling this gluonic degree
of freedom is a key theoretical challenge. Several comple-
mentary approaches exist, including the flux tube model
[19,27,28], the QCD string model [29], and the constituent

Published by the American Physical Society
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gluon model [30,31]. In the flux tube picture, the gluonic
field in the strong-coupling limit condenses into a collec-
tive, stringlike configuration between the quarks, approxi-
mated by a chain of massive “beads.” The constituent gluon
model, by contrast, treats the gluon as a dynamical
quasiparticle analogous to a constituent quark.

These pictures are connected in a specific limit. When
the flux tube is approximated by a single bead, the hybrid
simplifies to a three-body system of quark, antiquark, and
bead. This description aligns with both the QCD string
model [29] and the constituent gluon model [31]. This
single-bead approximation has been shown to accurately
reproduce the conventional quarkonium spectrum [19].
Building on this, a three-body hybrid model was recently
developed in Ref. [32], where the massive bead is inter-
preted as a constituent gluon.

Central to this description are the quantum numbers of the
gluon. While a free gluon carries j2¢ = 177, the confined
environment alters its effective quantum numbers. The bag
model predicts that the lowest gluonic excitation inside a
confining cavity is a TE mode with jJ¢ = 17~ [33,34]. This
is consistent with lattice QCD, which finds that the lightest
hybrid multiplet corresponds to a hybrid containing a j, = 1
TE gluon [35,36].

The angular momentum state of such a gluon can be
decomposed into transverse and longitudinal components
(see Appendix. A), with the physical gluon being trans-
verse. Following Ref. [25], the TE and transverse magnetic
(TM) gluon states are written compactly as

rfgxa¢w=2;\ﬁ4;;—D%w¢xxmAﬁdAn»<n
My

where 7 is the unit vector in the (6, ¢) direction. The index
& = —1 denotes a TE gluon and £ = +1 a TM gluon. The

coefficients )(/(1611 are given by
(<) _ _ 4 + _ 1
Xp = —55/1,;“ Xop = 755/1,”- (2)

Using the Wigner rotation property D{,‘{g,u (p+nn—-0,0)=
(—=1)/sDyi —u(¢.,6.0), the parity of the TE/TM gluon is

P, = &(~1)h. 3)

When this gluon couples with a quark-antiquark pair to
form a hybrid meson, the total parity and charge con-
jugation are

P=g(-1ptlet, O (<1t ()
where /.; and S.; are the orbital angular momentum and
total spin of the cc pair, respectively. For the lowest hybrid
multiplet, the cc pair is in an [ =0 state. In Table I,

TABLE I. The quantum number of lowest charmonium hybrid
multiplet with TE- and TM-mode constituent gluons with j, = 1.

JPC (TE gluon) 1- (U 1-* 2=+
JPC (TM gluon) 17 (O 1t 2++
(lees See) (0,0) 0,1 0,1 O,1)

we present the corresponding quantum numbers of the
lowest hybrid multiplet with a j, =1 TE- or TM-mode
gluon. For the TE gluon, the 17~ hybrid state has cc¢ spin
S = 0, while the 0—*, 171, and 2~ states also arise from
the S = 1 configuration. Among these, the 1~ state carries
exotic quantum numbers not accessible to conventional c¢
mesons. For the TM gluon, the four states have quantum
numbers 177, 07", 17+, and 2**, none of which are exotic.

In general, we expect that a hybrid with a TM gluon will
have a higher mass than the corresponding TE gluon
hybrid. In the naive bag model, the TM-mode gluon has
an energy approximately 0.5 GeV above the TE mode [33].
According to lattice QCD results [37], the TM gluon may
correspond to the higher excited gluon field, such as
the X/ and II, fields. The hybrid spectrum obtained by
the lattice QCD [35,36] indicates that the lowest hybrid
multiplets have quantum numbers consistent with hybrid
states containing a j, = 1 TE gluon, while the next excited
hybrid multiplet consistent with an /. = 1 state coupled to
a j, = 1 TE gluon. Therefore, hybrid mesons containing
the TM gluon may be difficult to produce in experiments.
In this work, we therefore restrict our attention to ccg states
containing the TE gluon.

B. Mass spectrum

We now calculate the mass spectrum of charmonium
hybrids using the constituent gluon model, treating the
hybrid as a ccg three-body system. The constituent gluon
carries quantum numbers JP€ = 1%, corresponding to a
TE mode with j, = 1. Following our previous work [32],
the nonrelativistic Hamiltonian for the system is

2
Di
H= } <mi +—2mi) + ; _VFT(ri_g)
i=c.,C,g i=c,c
+ E Voce(rij) + cu. (5)
i#j

where V7 is the confining flux tube potential between the
quark/antiquark and the gluon, and Vg is the one-gluon
exchange potential between the ¢ and ¢. Following the flux
tube model [19,27], the confining potential is linear,

3

VFT(rig) = _Zcigbrigv (6)

with color factor C., = Cz, = —3/2. The one-gluon
exchange potential is
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TABLE II. Parameters used in the spectrum calculation.

m, my a; b cy o

1.52 GeV 1.05 GeV 0.28 0.132 GeV? —0.58 GeV 1.30 GeV

Voae(rij) = Cij <— -

where C.; = 1/6 and 8(r) = (6/\/7)%¢™"" smears the
contact interaction. The spin-dependent part is treated
perturbatively.

In Jacobi coordinates, the spin-independent Schrodinger
equation becomes

2 2

p, p; 3a, 9 1a
I /5 4 T pr s
{2mp+2mﬁz< 2rig+8 rig | T, + e

X wu(p,4)
=Epyy(p.A), (8)

where p is the relative coordinate between ¢ and ¢, 4 is
the coordinate between the gluon and the c¢¢ center of
mass, and the reduced masses are m, =m./2 and
my, = 2m.m,/(2m, + m).

P
. Lmyl,m, . .

The wave function yy = wy, 0 """ (p, A) is an eigenstate
of orbital angular momenta [, and [;. To preserve the
constituent gluon’s 17~ quantum number assignment, we
restrict to the ground state in the 2-mode (/; = 0) and solve
variationally using a simple harmonic oscillator (SHO) trial
wave function,

3/2 p0 p3/2 pp

00;00 PRy i
p,A) = e L —eT. 9
W0,0 ) 71'3/4 7[3/4 ( )

The spin-dependent potentials yield mass shifts for the
four [ = O states,

4.35¢
------------------------------------------ DD5(2460)
4.30F
------------------------------------------ DD, (2420)
R R T T L L EE T PP DD, (2430)
>
S
= 425
3 R
=
------------------------------------------ DD(2300)
4.20F
415t L
FIG. 1. The lowest ccg hybrid multiplet spectrum and charmed

meson pair mass thresholds.

3 1
Aml—— = Zg, Am0—+ = —26 —Zé’, (10)
¢
Am1—+:—€—z, Am2—+ :6‘—1, (11)
where
40:; 03 —62r2 >
€= \Vu|—7= e ulwy ), (12)
< \/Emcmg
4as 0'3 2
c=(vilggemge ) )

The mass splitting between the 17~ and the 0=, 1,27+
states arises from c¢ spin-dependent interactions, while the
splittings among the 0~", 17", and 2~ states originate
from spin-dependent quark-gluon interactions.

Using the variational wave function, these matrix ele-
ments evaluate to

. _4a, o 86355 a9
v memy (4675 + 4345 + fro7)*?
4q. 3 3
(=g o (15)

am (4 o)

The parameters used in the calculation are listed in Table II.
They are standard values in the literature for heavy-quark
systems, chosen to reproduce the known charmonium spec-
trum [19]. The resulting masses for the lowest hybrid
multiplet are

mo-+ = 4.189 GeV,
my— = 4.276 GeV,

m-+ = 4.231 GeV,
my-+ = 4.316 GeV.

The spectrum is shown in Fig. 1 alongside relevant open-
charmed meson pair thresholds.

C. Comparison with other approaches

In Table III, we compare our mass predictions for the
lowest charmonium hybrid multiplet with results from
other theoretical approaches, including the bag model, flux
tube model, QCD string model, Born-Oppenheimer effec-
tive field theory (BOEFT), QCD sum rule, constituent
gluon model, and lattice QCD (LQCD).

In the bag model [33,34], the lowest energy mode of the
gluon is the TE mode, which can give as high as 1 GeV
additional energy, leading to a mass of ccg around 4 GeV.
The O(a,) mass splitting yields the mass ordering as our
calculation,
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TABLE III. Comparison of charmonium hybrid mass predic-

tions (in GeV) from different theoretical approaches.

Approach 0+ 1= 2-+ 1

Bag model [33,34] ~4

Flux tube model [19] 4.1-4.2

QCD string model [23] 4296 4358 4484 4430

BOEFT [24] 4.011

Constituent model [25] ~4.4

QCD sum rule [22] 3.61 3.70 4.04 3.36

LQCD (m, =400 MeV) [35] 4.127 4.217 4.334 4.285

LQCD (m, =240 MeV) [36] 4.279 4310 4456 4.411

This work 4.189 4231 4316 4.276
mo-+ < mp—+ < my— < My-+. (16)

In the flux tube model [19,27], the gluon excitation is
modeled as phonon of transverse flux tube vibration excited
in the lowest mode, which may have left- or right-hand
polarization. Consequently, the lowest hybrid multiplet
contains eight states with quantum number J©€ = 1++,
0*F,1%F,2*F. In contrast, the constituent gluon model
adopted in this work yields only four states with the quantum
numbers listed in Table. I. The flux tube model predicts the
lowest hybrid multiplet to lie around 4.1-4.2 GeV and the
spin splitting was estimated to be small [38].

In Refs. [21,23], the QCD string model was employed to
calculate the masses and splittings of the lowest charmo-
nium hybrid states with a TE gluon. The predicted masses,
ranging from 4.3 to 4.5 GeV, are higher than our results.
The mass splitting pattern is the same as our results and
bag model.

The hybrid spectrum was also calculated in the BOEFT
framework [24,39-43], which makes use of the Born-
Oppenheimer potentials obtained from lattice QCD. Here,
we refer to the results of Ref. [24] for a comparison, where
the lowest hybrid multiplet is predicted to lie around
4.0 GeV, lower than our results and lattice QCD.

Lattice QCD predictions for hybrid masses vary with the
pion mass. For m, ~ 400 MeV [35], the results align well
with our predictions, whereas for m, ~ 240 MeV [36], the
masses are higher by approximately 100 MeV. In both
cases, the mass splitting pattern is consistent with our
results.

Although the constituent gluon model was proposed
long ago [30,44], it remains under development [31,45,46],
and predictions for the ccg spectrum remain scarce. We
compare our results with the recent work of Ref. [25],
which is guided by the QCD Hamiltonian in coulomb
gauge. The predicted spin-averaged mass of the lowest
hybrid multiplet is approximately 4.4 GeV, very close to the
lattice QCD results with m, =~ 240 MeV.

There also exist many QCD sum rule calculations for
charmonium hybrids [22,47-53]. Here, we refer to Ref. [22]
for comparison, where prediction for the complete lowest

hybrid multiplet is given. The predicted masses are signifi-
cantly lower than our results and lattice QCD.

III. OPEN-CHARM DECAY
OF CHARMONIUM HYBRID

A. Decay mechanism

The decay of hybrid mesons is governed by the QCD
coupling between quarks and gluons. To leading order in
perturbation theory, the interaction Hamiltonian in the
interaction picture is

Hi=g [ o Syage. ()

where g is the strong-coupling constant, 4, are the Gell-
Mann matrices, and y and Aj; represent the quark and gluon
fields, respectively.

Expanding the field operators in terms of creation and
annihilation operators yields the nonrelativistic reduction

&Epd’p' &k
Q2r)*'sW(p +p' = k)
573 (
= l 2wy (21)°?
b Sd, Qi q€" (A, k
\/T\/T pyu 2 P, s Ak a )€ ( )
(18)
where the single particle states are normalized as
(p.s|p',s") = 8% (p —p')8,y. In the nonrelativistic limit,

the Dirac spinor matrix element simplifies to

1
v (A, k) ~

J3E, J2E, """

where y, is the quark Pauli spinor and yy = —ioyy}
represents the antiquark spinor.

A hybrid meson state with definite angular momentum is
constructed by coupling the gluon angular wave function
from Eq. (1) with the quark-antiquark spatial and spin wave
functions. The resulting state is

—yiez, - e(A,k), (19)

[TMILSLj4€])

1
Z T?j/d3p1d3p2d3pga<3>(pl +p>+py)

i.jApl
I1ll }11(] m mn
My Mg

Y NS B I
X‘P]Jlm,(q’k) Z‘-ﬂ' vaiqﬂ(k))(;(f/)1<§m,§m|SMS>

my|LM)(SMg; LM, |JM)

<lml,

x b/

i
pl,i.mdpz,j,ﬁzapy.A,/1|0> ’ (20)

where % T?j is the color wave function. The Jacobi momen-
tum are
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q:mépl_mCPZ’ k—
m, + mg

(mc + mZ)pq - mg(pl +p2)
m. +mz +m, '

(21)

Note that the wave function ¥; ,, (¢, k) depends only on
the magnitude of the gluon momentum k since its angular
part Y, o, (k) is already encoded in the Wigner D-function

[see Egs. (Al) and (A4)]. The normalization condition
|

(IM[LS1j,€]|IMILSLj,&]) = 6®)(0) requires

/d%qdkkzpnglm](q, k)|2 =1. (22)

A conventional meson state with total momentum P and
total angular momentum Jg, with z-component M, , is
constructed analogously,

11
) = d*pid®pr6° (p; +pr — P)pr,m, (p)(5m;5m'[SgMs,)
f )
X (SBMSB SLpMy,[T5My,)by o dy o 10), (23)

where p is the relative momentum between the quarks, and the spatial wave function is normalized as [ @*p|@(p)|* = 1.
The matrix element for the decay H — B + C is defined by

(B(P)C(=P)|H,|H)
where the reduced amplitude takes the form

MMMigMsc (P = 29

1 1
X <§ m;zﬁ1|SMS><lml;jgmg|LML><SMS;LML|JM>

X ¢ZBMLB (q —

X$1om, . <‘1 +

The summation over repeated indices is implied. The
prefactor 2/3 arises from the color wave function overlap,
and g/(2x)%? follows from our normalization conventions
(see Appendix B).

The spin matrix element can be expressed in terms of a
Wigner D-function (see Appendix C),

riezy - e( k) ==v2"IDl (k). (26)

For a j, =1 TE gluon ({ = —1), combining this with the
gluon angular wave function yields

2j,+1
Z\/ v D”Ju Wxtez - e(.k)

= —/25t5 (-

>s+s <lm 1-— (S + S/)‘lml_,,>Y1,m1y (I}),

(27)

7-,,) gm

2j,+1
3 W/ Phd 42,1, (4. K) \/TD% u(k)

2%2

= (27)6W (Py — Py — Po) MM MisMic (P), (24)
Lo €(4,k)
—TA—XsO)y * )
Ve
1 !
»ES |SBMSB><SBMSB;LBMLB|JBMJB>
1 1
P (5855m[ScMs ) (ScMs s LeMp |JcM,,). (25)

I
where Y| m, (k) represents the angular distribution of the
constituent gluon

The integral over the direction kin Eq. (25) involves the
factor ¢y (k, P)gbc(k,P)Yl,mlq (k). If the two final-state
mesons B and C have identical spatial wave functions,
the product ¢};¢¢ is even under k — —k, while Y ,, , (k) is
odd. The angular integral therefore vanishes. This leads to
a key selection rule: a j, = 1 TE hybrid cannot decay into
two mesons with identical spatial wave functions [25].
This selection rule, also found in other hybrid decay
analyses [26], has important phenomenological con-
sequences for charmonium hybrid decays. The decay
width is obtained directly from the amplitude in Eq. (25)
as (see Appendix D)

EzEc P

I'(H - BC) = 8z° —
(H = BC) =8z = =

> M,

MM, M,

(28)
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where P = |P| denotes the magnitude of the final-state
momentum in the rest frame of the hybrid.

B. Numerical results

The selection rule derived in the previous subsection has
profound implications for the decay patterns of charmo-
nium hybrids with a j, =1 TE gluon. As established,
decays to two mesons with identical spatial wave functions
are forbidden. Consequently, the DD and D*D* channels
are strictly prohibited. Furthermore, since the D and D*
mesons are both S-wave cg states with very similar spatial
wave functions, the decay to DD* is strongly suppressed,
though not absolutely forbidden. Therefore, the dominant
decay modes for these hybrids, when kinematically
allowed, are expected to be into an S-wave plus a P-wave
meson pair (e.g., DD}, DDy, DD3). If the hybrid mass lies
below all S + P thresholds, the state should be narrow.

For the numerical calculation of decay widths, we
require explicit forms for the hybrid and meson wave
functions ¥ jydmy- 10 the calculation of hybrid spectrum,
we obtain the hybrid ground-state wave function in Eq. (9)
in position space with S-wave A-mode and S-wave p-mode,
though the angular wave function Ylm[q of the gluon is
implicit by the TE-mode gluon with quantum number
jP¢=1%". In the calculation of decays, we restore the
gluon orbital angular momentum by replacing the A-mode
SHO wave function with a P-wave one, while keeping the
p-mode in the ground state. Thus, the hybrid spatial wave
function for the lowest multiplet is of the form

S

lPjg.lm, (q’ k) Yl MMy, (k)

/8/3k

=y, R PEPE,
ﬂ3/4ﬂ/3)/2ﬂ1/4ﬁi/2 iy

where 3, and f3; are the oscillator parameters obtained from
the spectrum calculation.

The conventional meson wave functions are approxi-
mated by SHO wave functions,

wo v (=DM(=iE [ anl (N
RE,LO(p) = B2 I'n+L+ %) (ﬁ)

2
- L+}
x e~ 12k 2<%>’

where n and L are the radial and orbital angular momentum

quantum numbers, respectively, and LT% denotes an
associated Laguerre polynomial.

The oscillator parameters for the charmed mesons and
the hybrid are summarized in Table IV. The values for j3,
and f3; are taken directly from the mass spectrum calcu-
lation, while the meson f parameters are determined by
solving the Salpeter equation [32].

TABLE IV. Oscillator parameters used in the decay width
calculation.

Parameter Pp Po

Value (GeV) 0.574 0.496

Boar) B, B
0.385 0.432 0.625

With the wave functions fixed, the only remaining free
parameter is the strong-coupling constant g, related to the
running coupling by ag = ¢?/(4x). Given that the con-
stituent gluon mass is approximately 1 GeV, we adopt
ag = 0.5 as a typical value of the running coupling at this
energy scale.

The two-body open-charm decay widths of the 17~ and
2~ hybrid states are shown in Figs. 2 and 3, respectively.
The corresponding widths for the 0~ and 1=+ states are
very small (less than 1 MeV) and are therefore not
displayed.

It should be noted that there exist other decay channels
besides the two-body open-charm decay, such as hidden-
charm decays H — (cc)(gg) — c¢ + light hadrons and
annihilation decays H — ng — light hadrons  [54].
Though not estimated explicitly, these decay channels
are expected to be suppressed relative to the two-body
open-charm decay, provided the latter is not suppressed by
the selection rule. In what follows, we summarize the main
decay properties of the lowest hybrid multiplet based on
their two-body open-charm decays, with reference to the
spectrum presented in Fig. 1.

(i) 0~ hybrid (4.189 GeV): This state lies below all

S + P charmed meson thresholds. With no open
decay channels satisfying the selection rules, its total
width is expected to be very small. This makes the
0" hybrid an excellent candidate for a narrow

resonance.
o
----- DD
6of | i
........... D(IPYD
— Total
>
(5]
=)
P ...
I
=
—
20f-
49.20 4.25 4.30 4.35 4.40
My(177) [GeV]

FIG. 2. Decay width of the 17~ hybrid as a function of its mass.
The shaded band on the mass axis indicates 25 MeV around
our nominal value for the 17~ hybrid mass. The inclusion of
charge-conjugate channels is implicit.
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-7
R pp— DD+DyD+D,D
P - DD
30__7 Total
>
Q
=
- 0k ]
Nt
= |
— L
T
ol ; 0 i . ; ;
426 428 430 432 434 436 438 440
Mp(27") [GeV]
FIG. 3. Decay width of the 2= hybrid as a function of its mass.

The shaded band on the mass axis indicates +25 MeV around
our nominal value for the 2=" hybrid mass. The inclusion of
charge-conjugate channels is implicit.

(ii) 17" hybrid (4.231 GeV): Despite lying above the
DD}(2300) threshold, this decay channel is for-
bidden by the exotic quantum numbers. The DD*
channel is strongly suppressed by the spatial wave
function overlap argument. Consequently, the
1" charmonium hybrid is also predicted to be a
narrow state, providing a clear experimental signa-
ture due to its exotic JFC.

(iii) 17~ hybrid (4.276 GeV): Decay to DD}(2300) is
forbidden by quantum numbers, and DD* is sup-
pressed. The predicted mass lies very close to the
DD, threshold, making the width extremely sensi-
tive to the exact mass value. If My > Mp + Mp ,
the DD, channel opens and becomes the dominant
decay mode. Figure 2 shows the decay width as a
function of mass, with the shaded band indicating
425 MeV theoretical uncertainty around our nomi-
nal value. The width varies from near zero below
threshold to several tens of MeV above threshold.

(iv) 27" hybrid (4.316 GeV): Decays to DD}, and DD,
proceed via D-waves, which strongly suppress these
partial widths. The predicted mass is slightly below
the DD; threshold, so the mass dependence is again
crucial. Figure 3 shows the decay width to DD} as a
function of mass. Once above threshold, this channel
dominates, with contributions from DD} and DD,
being negligible in comparison.

These open-charm decay patterns describe the main
features of the lowest charmonium hybrid multiplet. The
0~* and 1~ hybrids should appear as narrow resonances.
The 17~ and 27" states exhibit strong threshold effects,
making them promising targets for scanning experiments at
facilities such as BESIII, Belle II, and the Super Tau-Charm
Facility. Precise measurement of their masses relative to the

DD, and DD; thresholds would provide tests of the hybrid
interpretation. In the next section, we will give more sug-
gestions on how to search for these states experimentally.
There are not many calculations concerning hybrid decay
in the literature. Explicit calculations of the open-charm
decay widths of charmonium hybrids have been performed
within the flux tube model [55] and the constituent gluon
model [25]. The general decay pattern is consistent with our
results: S + S-wave charmed meson pair channels are
strongly suppressed due to the selection rule. The allowed
S + P-wave charmed meson pair channels dominate when
they are kinematically accessible. Within the flux tube
model, the partial widths for the H(17") - D;D and
H(2™") — D3D channels are predicted to be 17.3 and
9 MeV, respectively, for a hybrid mass of 4.4 GeV [55].
These values are slightly smaller than our results. In the
constituent gluon model calculation of Ref. [25], the
corresponding widths for H(177) - DD and H(2™") —
D;D are approximately 41 and 20 MeV at a hybrid mass of
about 4.4 GeV, which is consistent with our findings.

IV. MORE SUGGESTIONS FOR SEARCHING
FOR THE DISCUSSED STATES

A. The 1~ - hybrid state

The 17~ quantum numbers coincide with those of the
photon, making e*e~ annihilation an ideal production
mechanism for this hybrid state. However, its coupling
to the virtual photon is expected to be significantly smaller
than that of conventional S-wave charmonium states
because the hybrid’s c¢ pair is in a spin-singlet configu-
ration (S.; = 0), whereas the virtual photon couples pref-
erentially to spin-triplet configurations. This coupling may
nevertheless be larger than that of D-wave charmonium
states. Given this suppressed direct production, distinguish-
ing the hybrid from conventional charmonium relies
critically on their distinct decay patterns.

Our calculation places the 17~ hybrid mass at approx-
imately 4.27 GeV, with a strong sensitivity of its decay
width to the precise mass value. The state couples strongly
to the DD, channel, with a width reaching ~40 MeV near
4.3 GeV. If the mass lies below the DD, threshold, two
classes of decay mechanisms remain available: (i) hidden-
charm decays H(177) — (c¢¢)(gg) — cc + light hadrons,
and (ii) annihilation decays H(17~) — 3g — light hadrons
[54]. However, given the proximity of the predicted mass
to the DD, threshold and the strong coupling to this
channel, the decay may proceed via an off-shell DD,
intermediate state

H(17") - DD, - DD*z,

which could become the dominant mode even when the
DD, threshold is not fully open. In this scenario, the state
is expected to be relatively narrow.
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The observed Y (4230) resonance has long been consid-
ered a candidate for this 17~ hybrid state [56,57], and its
properties are broadly compatible with our predictions.
Evidence supporting this interpretation includes: (i) its mass
near 4.23 GeV is close to our calculated value, and (ii) its
observed width of approximately 20 MeV and its detection
in the DD*z channel align with hybrid expectations.

However, recent precise experimental data present
doubts to the pure hybrid assignment for ¥ (4230). First,
the 17~ hybrid has S,z = 0, so heavy-quark spin symmetry
suppresses hidden-charm decays into final states involving
charmonia with S.; = 1. Yet experimental measurements
yield [58]

~ BR(Y(4230) = J/yzn) _
"~ BR(Y(4230) — h.nr) N2 (29)

which clearly contradicts this symmetry expectation.
Second, BESIII has recently observed Y(4230) in the
ete™ — DD channel [59,60], contradicting the predicted
vanishing width for a TE hybrid decaying into DD. The
appearance of Y (4230) in the DD channel is particularly
enlightening, as it directly challenges the selection rule that
forbids a j, = 1 TE hybrid from decaying into two mesons
with identical spatial wave functions. This observation
suggests that if ¥ (4230) has a significant hybrid compo-
nent, it may not be a pure TE hybrid. Instead, it could be a
mixture of different hybrid configurations (e.g., TE and TM
gluon states) or a mixture of hybrid and conventional
charmonium states. Such mixing could relax the selection
rules and allow for the observed decay patterns. The hybrid
with TM gluon can decay into DD, while the J7¢ = 17
hybrid with TM gluon has /. =1 and its energy is
expected to be relatively far from the TE hybrid. How
large the mixing between these two hybrid configurations is
an interesting question. The mixing between the hybrid and
conventional charmonium states with nearby masses is also
possible, which can further complicate the decay patterns.
A detailed analysis of such mixing effects would be
necessary to fully understand the nature of Y(4230) and
its compatibility with the hybrid interpretation.

B. The (0,1,2)~* hybrid states

In the light-flavor sector, several candidates for hybrid
mesons with exotic quantum numbers J”¢ = 1=+ have been
proposed, including 7, (1400), x; (1600), x;(2015), and the
more recent 77, (1855). The 7, states have been observed in
diffractive zN scattering processes [1-10,13,14] and in NN
annihilation [4,12,61]. Such production mechanisms are
not directly applicable to charmonium hybrids. Notably,
the #,(1855) was discovered in the radiative annihilation
process J/y — yn;(1855) [15,16]. This is significant
because quarkonium annihilation provides a gluon-rich
environment, making it an ideal laboratory for producing
hybrid states.

b b

MX

j ccg

(a) (b)

=l
=l

FIG. 4. Production of a charmonium hybrid through annihila-
tion decay of T states: (a) yH.; and (b) XH .z, where X denotes
possible single or multiple hadrons.

For a 17~ bottomonium state such as Y'(nS), one of the
dominant annihilation processes proceeds via ygg inter-
mediate states (see Fig. 4). The subsequent hadronization of
this gluonic system can produce charmonium hybrids.
Crucially, the production of conventional charmonium in
such processes requires the simultaneous creation of two
cc pairs, since the c¢ pair produced directly from gluons
is in a color-octet configuration and must neutralize its
color. This additional suppression makes hybrid production
comparatively more favorable in quarkonium annihilation.
Annihilation decays of Y (nS) states,

Y(nS) » yH.: and 7Y(nS) - XH_,
where X denotes one or more light hadrons, therefore offer
a promising pathway to produce hybrid states with quan-
tum numbers J©¢ = (0, 1,2)~". The presence of a photon
in the final state selects C = +1 hybrids, precisely the
(0,1,2)~" multiplet.

The decays of (0,1,2)"" charmonium hybrids may
proceed via two mechanisms: hidden-charm decays
H(J™") = (c¢)(gg) — ct + light hadrons, and annihila-
tion decays H(J~") — 2g — light hadrons. These modes
may have sizable branching fractions, particularly for the
0~* and 1~ states whose decays to S + P charmed meson
pairs are forbidden either by quantum numbers or by
phase space.

For hidden-charm decays, the final-state charmonium
must have the same C-parity as the hybrid because the gg
system has even C-parity. Heavy-quark spin symmetry
further favors S,z = 1 in the transition. These constraints
select hidden-charm decays involving y,.; states,

H(J™) = yonn,y KK, .... (30)

For annihilation decays into light hadrons, many final states
are possible, and the decay pattern may resemble that of
the 7., as both proceed via gg annihilation.

The 2" charmonium hybrid is particularly interesting.
Our calculated mass lies very close to the DD}(2460)
threshold. Consequently, the DD3(2460) and its sub-
sequent decay DDz channels are a promising discovery
mode if the mass lies above the corresponding thresholds.

034017-8



REVISITING CHARMONIUM HYBRID SPECTROSCOPY

PHYS. REV. D 114, 034017 (2026)

Moreover, the proximity to this threshold implies that
rescattering effects into hidden-charm final states could
be significant. Heavy-quark spin symmetry restricts the
cc pair to S,z = 1, making processes such as

H(27%) = DD3(2460) - J/yw, J/wop

promising channels for experimental searches. Therefore,
T - yJ/yw(p) and T — XJ/ww(¢p) decays provide par-
ticularly clean signatures. Future high-luminosity B-factories,
such as Belle II, are well positioned to explore these decay
channels and potentially discover the 2~% charmonium
hybrid.

V. SUMMARY

Charmonium hybrids offer a unique window into the
gluonic degrees of freedom in QCD. In this work, we have
systematically investigated the spectrum and decay proper-
ties of charmonium hybrid mesons within a constituent
gluon model, treating the hybrid as a ccg three-body system
with a TE-mode gluon. Our calculations yield masses for
the lowest hybrid multiplet: 4.189 (0~1), 4.231 (171),
4.276 (177), and 4.316 (2=") GeV. These states lie in the
4.2-4.3 GeV region, in close proximity to several important
charmed meson pair thresholds.

The two-body open-charm decays of these hybrids were
calculated using the QCD quark-gluon coupling mechanism.
The dominant decay modes are to S-wave plus P-wave
charmed meson pairs, a consequence of the selection rule
that forbids decays into two mesons with identical spatial
wave functions. The 17~ hybrid decays predominantly to
DD1 when kinematically allowed, with a width that exhibits
strong mass dependence near threshold. The 2~ hybrid
favors DD’ decay when phase space permits. The 0~ and
1= hybrids are expected to be narrow states due to phase
space limitations and quantum number constraints.

The mass and decay properties of the ¥ (4230) resonance
show reasonable agreement with our predicted 1™~ hybrid.
However, recent experimental data on its hidden-charm
decays and DD production challenge a pure hybrid
interpretation. This tension suggests that more complex
scenarios, such as mixing between hybrid and conventional
charmonium states, may be necessary to fully reconcile
theory with observation.

The (0,1,2)"" hybrids present promising discovery
opportunities in Y annihilation decays, specifically through
YT —>yH,; and T — XH_: channels. Their distinctive
decay patterns, combined with heavy-quark spin symmetry
constraints, provide powerful tools for distinguishing
hybrids from conventional charmonium states. The 0~
and 17" hybrids may be observable as narrow resonances
in hidden-charm channels such as y.;zz and y.;KK. The
2~" hybrid may be accessible through its direct decay to

DD and DDz or via rescattering of the DD’ channel
into hidden-charm final states like J/ww and J/w¢.

In conclusion, charmonium hybrids constitute a unique
laboratory for exploring gluonic excitations in QCD. The
theoretical predictions presented here, combined with
ongoing and future experimental efforts at BESIII, Belle
II, and next-generation facilities, offer promising prospects
for the discovery and characterization of these exotic
hadrons. A combined analysis of multiple decay channels
and production mechanisms will be essential to establish
the hybrid nature of any observed candidate.
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APPENDIX A: THE TE AND TM GLUONS

The gluon spin couples to its orbital angular momentum /,
to yield the total gluon angular momentum j,. The gluon
wave function is an eigenstate of J J 9> L2 and S2 and can

be expressed in terms of the Vector spherlcal harmomcs

Y] 0.0)= > (lymi i 10ljm) Y, ., (0.0)€(0), (A1)

m .o

where €(o) is the gluon polarization function. The trans-
verse and longitudinal components can be separated as
follows [62]:

(TE) __ vy
Jgmg T T Jgmy?

Y(TM) _ Jg + 1 Jg ]J+1
Jg Mg 2Jg mJ 2 _|_1 ] my?
long Jf/ ]q_l _ -](I + 1 Yj,fl+1
/t/ 9 2] +1 ]q my qu +1 Jgsmy®

where the TE and TM spherical harmonics satisfy 7

y (TE/T™)

iy | = 0 and the longitudinal spherical harmonics
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satisfy i1 x Y;lq(j:;f’;) = 0, with 7 the unit vector in the (6, ¢)
direction. These 'spherical harmonics are mutually orthogo-
nal. Expressing the gluon polarization in the helicity basis
via €(0) =3, DL5(¢4.0,0)e(A, /1) and reducing two
Wigner-D matrices to 1 gives

2j,+ 1
Y% (0.0) = \[ L (Dl (4.0.0)e(~1.)

=D}’ ($.0.0)e(1.7)), (A2)
Yo (0.9) = \/ (D 1 (¢.0.0)e(~1.4)

+ D ($.0.0)e(1.4)). (A3)
The above expression can be rewritten as

2j( +1 o ~

Y, (0.4) = Z VT Dl 0.0), e (),

H.

(A4)

where &= —1 corresponds to a TE gluon and £{=1

©

corresponds to a TM gluon. The explicit form of Xy 18

(=) A +) _ |1

Xy = —E@,w Yoy = 7554

(AS)

e

APPENDIX B: THE FIELD THEORY
CONVENTION AND DECAY AMPLITUDE

In deriving the decay amplitude, we have adopted the
following field theory convention. The spinor field has

the form
/ 27[ 3/2

/ 27) 3/2 (dps”p _lm+bT iy e'r),

(B1)

(b up —lpx+dgsv\ sz)’

where the spinors are given in the Dirac representation by

u(p,s) = \/E+—m< gjfs >

ErmXs
&)?
v(p,s):\/E+m<E+:" “>. (B2)
Xs
where the y, is the quark spinor and 7y = —ioyy} is the

antiquark spinor. The creation and annihilation operators

obey the anticommutation rules

{bp,s’ b;s’} { .S’ dq,s’} = 5(” (P - q>5s,s’ ’

with all other anticommutators equal to zero. Then the
equal time anticommutation relation for the y and y' are

{wa(x).w; ()} = 6% (x = )3,
{wa(®). v, ()} = {wi(x). ()} =

The normalization condition for the single-particle state
created by the creation operators is then

(B3)

(B4)

(p.5lg.s') = (01{b, 5. b} ,}10) =67 (p —q)3,y.  (BS)
Similarly, the gluon field has the form
&’k .
Z/ 27) 32 2o, (ak,/l,aeﬂ(k, ﬂ)e_lkx
+ ak’ﬁ’ae”* (k, ﬂ)e‘k"). (B6)

The gluon state created by the creation operator is nor-
malized in the same way as the quark state.

In these conventions, the decay amplitude is related to
the matrix element of the interaction Hamiltonian H; as

(BC|H,|H) = (21)6") (P + Pc = Py)M(P).  (BT)

Using the interaction Hamiltonian in Eq. (17), the hybrid
and meson states, the decay amplitude can be derived as
follows:

(22)84) (P + P = Py) M(P)

N [/ dpg, d®pp,d®pc,d*pc,8%) (g, +pp, — P)

X 5(3)(176'1 +pC2 —Pc):|

d3pd3pld3k1 .

i el e (4) I
« [g/ o 208+ p k)...]
X |:/ d3p1d3p2d3k5(3)(p1 +p2 +k):|
X (ps,Ps,; Pe,pe,|bydy ap pipak)

27)*
— g [ @pdpaak P sop

g/ pPi1a ps (27[)9/2 (Pg
Xé(s)(pl +p,+k)...

g
= (27)8Y(Py + Pc = Py) POEE / P qd’k...

—p1+Pc—py—k)

where the ellipses represent the wave functions and spinor
structures in the integrand. The final expression of the
decay amplitude is given in Eq. (25).
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APPENDIX C: THE DERIVATION
OF yloj, - €(A.k)

Here, the detailed derivation of Eq. (26) is given. First,
we note that

X5Sxy - €(Ad) = Zxa Suta D), (k)
1 1 -
= —sign(~o') 5 Lz “Ip!_, k), (C1)
where S = 6/2. Meanwhile, we have
Ty = —loyy’ = sign(s')y_y. (C2)
Combining the above two equations, we get
riezy - e( k) ==v2"IDl (k). (C3)

APPENDIX D: THE CONVENTION OF S-MATRIX
AND DECAY WIDTH

The explicit formula of decay width depends on the
convention of the S-matrix and normalization of states.
Here we summarize the nonrelativistic convention used in
this work. The S-matrix is defined as

Pepc|S"RIpa)

= (pspclpa) — 2718 (pa

—PB— pC)MA—>BO (Dl)

where the normalization of the single-particle state is

plp) =P -p. (D2)
Note that, in the standard relativistic convention [63], the

normalization of the single-particle state and S-matrix is

# Pl R = (27)* (2E,)6% (p ~p'),
rPsPCS*IPA)R = RPEPCIPA)R
+ ’(2”)45 )(PA — P — Pc)Taspe-
(D3)
The two-body decay width is given by
p
1—1A—>BC 87rm2 2-],4 +1 Z| A—>BC| (D4)

spin

where P is the momentum of the final-state particles in the
rest frame of particle A. The S-matrix in the two con-
ventions differs by a factor that can be determined by their
different normalization conditions of particle states. The
relation between the nonrelativistic amplitude M ,4_, g~ and
the relativistic amplitude T 4_ pc is

@r)*Tacpe ==x) T[] [@0)V*V2E| Macpe.
i=A.B,C

(D5)

Then we obtain the decay width in terms of the non-
relativistic amplitude,

81’ P
EBEC 2,11 Z|MA—>BC|

spin

(D6)
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