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Topological charges and confined-deconfined phase
transition in holography

Nelson R.F. Braga® and William S. Cunha®'
Instituto de Fisica, Universidade Federal do Rio de Janeiro, Caixa Postal 68528, RJ 21941-972, Brazil

® (Received 6 May 2026; accepted 26 June 2026; published 5 August 2026)

In recent years, many interesting works providing a topological description for black hole (BH) properties
have appeared in the literature. In particular, in this framework BHs correspond to topological defects in an
enlarged (off shell) parameter space, with an associated total topological charge. In gauge/gravity duality the
transition from the confined to the deconfined phase is mapped into the dominance of a BH phase on the
gravity side. Here we show, using a holographic anti—de Sitter (AdS)/QCD model, that the introduction of an
energy scale in AdS space results in a change in the topological class. Such a modification corresponds to the
existence of confined and deconfined phases, separated by a Hawking-Page transition at a finite critical

temperature.
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I. INTRODUCTION

Holographic models inspired by the AdS/CFT corre-
spondence are a very useful framework for studying strong
interactions in nonperturbative regimes. These models
break conformal invariance through the introduction of
energy scales related to hadronic phenomenology. They not
only provide spectra of masses and decay constants in the
vacuum, but also describe the hadronic behavior in a
thermal medium and other properties. Some examples
are found in Refs. [1-7].

As discussed in Ref. [8], at finite temperature the
gravitational sector of the AdS/CFT duality contains two
competing geometries. One is an anti—de Sitter (AdS) black
hole (BH) space that corresponds to a deconfined phase of
the dual gauge theory and dominates for temperatures above
some critical value. The other is a thermal AdS space, which
dominates for lower temperatures and represents the con-
fined phase. The Hawking-Page (HP) transition [9] between
these geometries represents a transition of the phases of the
boundary gauge theory. In the AdS/CFT case, the transition
occurs at a nonvanishing temperature only when the
boundary of the space is compact [8]. It is possible to
describe a plasma with a finite critical temperature in a
noncompact space by incorporating an energy scale into the
gravitational action. This way, one builds holographic
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models that make it possible to study the thermodynamics
of the transition between the confined (hadronic) phase and
the quark-gluon plasma (QGP) [10,11]. This transition has
been widely explored across various scenarios, including
finite chemical potential, the presence of magnetic fields,
and rotation. For recent examples, see Refs. [12-14].

On the other hand, by employing Duan’s ¢-mapping
theory [15,16], it is possible to study the black hole properties
from a topological perspective (see, for instance, [17-23]).
With this purpose, a conserved topological current can be
introduced as

. 1
Jjt = Ze"””eabdbnaﬁpnb, (1)

where n? is the unit vector associated with a two-component
time-independent field ¢: n® = ¢/|¢|. Note that the Latin
indices run over the two field components (a, b = 1, 2),
while Greek indices run over auxiliary space-time compo-
nents (u, v, p = 0, 1, 2). The fields do not depend on the time
(u = 0) coordinate.

By using the Jacobian tensor e’J*(x,¢) =
e’“’/’ayfﬁ“a,,qﬁb and the two-dimensional Laplacian Green’s
function

0

0,0,1n¢p = 228*(). e

with 9, =

(2)
where ¢ = |<Z| the topological current (1) can be rewritten as

=8 () (x, ). (3)

Recalling the properties of the ¢ function, the density of
the topological current can be expressed as
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jo = Zwlﬁz(x - Zi)s (4)

where the z; denote the zeros of the field (13 and w; = Bin;
is the winding number. Here, f; is the Hopf index, which
counts the number of loops around the zero z; in the
vector space, while n; = sign(J%(x,¢))|, is the Brouwer
degree [16,18].

The topological charge is obtained by integrating the
topological current density over the entire two-dimensional
space X. Hence, using Eq. (4), one obtains

W= /Zjodzx = zi:w,- (5)

such that the topological charge (or total topological
number) is the sum of all winding numbers in the space.

Moreover, using the definition (1), the total topological
number (5) can be rewritten as

) 1
W= /JOdSO = 277:/ dSoGOpqeabapnaaqnh
) z

1
:%/ﬁel’qeabapnaaqnbdzx

1
= ﬂéz €,pN 0qnbdx‘1, (6)

where Stokes’s theorem has been applied to transition from
the second to the third line. Since n is a unity vector, its
components can be expressed as
n' =cosQ and n?=sinQ. (7)
By substituting this back into Eq. (6), the total topo-
logical number becomes

1 1

W=—¢ dQ=_—AQ, 8
271'%;): 2 ( )

meaning that the topological number counts the total
variation of the field direction along the boundary; this
discussion is detailed in [23].

In some cases we are interested in computing the winding
number w; of a single defect located at x = z;. In such cases,
the integration is restricted to a neighborhood of the zero z;,
and w; measures the variation of the field direction along a
contour C that encloses this defect.

For this purpose, we parametrize the contour by an
angle 9€(0,27) using the following coordinate trans-
formation [18]:

x! =2 cos9+A and x*=Asind+B, (9
where A and B are constants that denote the position of the
defect, while 4, and A, represent the radii of the contour.

Note that these two are arbitrary, as the choice of the
contour C does not affect the winding number as long as
the defect remains enclosed and there is no other defect
included.

Finally, by substituting the coordinates (9) into Eq. (6),
the winding number for a single defect can be computed as

1 2r
w; eabn“ﬁgnhd& (10)

! 277.'0

Using this framework, Ref. [18] studied the small-large
black hole phase transition by employing a field derived
from the Hawking temperature. Following a similar pro-
cedure, it was shown in [24] that the HP transition is a
topological defect. Furthermore, in [19] it was proposed
that the black hole solutions themselves appear as topo-
logical defects in the parameter space of a field derived
from the off shell free energy. Consequently, each black
hole can be assigned a topological classification according
to its total topological charge (W) [20]. Some recent studies
using this approach can be found in [22,23,25,26].

In this work, we apply the topological framework to the
soft-wall AdS/QCD model in order to gain insights into the
confinement/deconfinement transition from a topological
perspective. We begin in Sec. II by classifying the black
hole solutions (Schwarzschild and Reissner-Nordstrom
(RH)) in AdS, with a noncompact boundary. In Sec. III,
we examine how the addition of the holographic model
parameters affects the classification of AdSs black holes
and how the HP transition manifests within the parameter
space dynamics. In Sec. IV, we employ the field derived
from an effective temperature to study the global transi-
tions, showing that the confinement/deconfinement appears
as a defect with a positive topological charge, as expected.
Finally, in Sec. V, our conclusions are presented.

II. TOPOLOGICAL CLASSES OF BH-AdS;, SPACE
WITH RP-2 x S! BOUNDARY

As stated in the Introduction, it was shown in [19] that
the black hole solutions appear as topological defects in the
thermodynamic parameter space, where they can be clas-
sified according to their topological charges.

The BH-AdS spaces commonly used in holography
applications possess a geometry in the form

2
ds* = 1;_2 (=f(2)de* + f(z)71dz* +dx3). - (11)

where L is the AdS radius, n = D — 2 is the number of
boundary spatial dimensions, and f(z) is the horizon
function. Let us investigate the topological classification
of these spaces in arbitrary dimensions.
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We define the field ¢ in the parameter space (z;,,®) as

— 12
dz, sin® (12)

$(2,0) (a}" _c0t®>’

where O € (0, ) is an auxiliary parameter, z,, is the horizon
position, and F the off shell free energy, defined as

F = (E)-TS, (13)

where T is an independent temperature variable. The
connection to g, is established through the minimization
of this free energy, thereby recovering the Hawking
temperature.

A. AdS Schwarzschild

The first case of interest is the Schwarzschild geometry,
where the horizon function in the metric (11) takes the form

Zn+1

fl)y=1-27. (14)

Zp

The thermal AdS space is recovered setting f(z) = 1, or
equivalently, by taking the limit z;, - co. The Hawking
temperature obtained from this horizon function is

C(n+1)1
T_TZ. (15)

The Einstein-Hilbert action for this space is given by

1
I ——z/d””x 9l(R = A), (16)
2k

where k> =87G,,, with the (n+ 2)-dimensional
Newton’s constant. Here, R and A denote the Ricci scalar
and the cosmological constant, respectively, which for AdS
spaces can be written in terms of n as

(n+ D)(n +2)
L2

n(n+1)

R=- and A=-— 2 (17)

Inserting these relations into action (16) and using the

metric (11), the action for the BH-AdS geometry takes the
form

L 1 1
Z(BH) _ ShV, (F_z?> (18)

where V,, denotes the n-dimensional spatial volume and
S is the inverse of temperature arising from the imaginary
time integration. Note that a regularization parameter ¢, the
lower limit of the integration in the z coordinate, has been
included.

The action for the thermal AdS geometry is given by

L" 1

T =5 BV, (19)

where f is related to f by requiring that both geometries
have the same temporal period on the boundary, yielding

Bo =/ f(€)B. (20)

In order to remove the divergences as € — 0, one can
define the renormalized action as the difference:

AZ = lim(Z(BW — 7(AdS)), (21)

e—0

Substituting the horizon function (14) into relation (20)
and performing an expansion for small &, one finds the
following expression for the renormalized action:

L" 1
Al =—-——pV,—.
2K2ﬁ "Zz+l

(22)

Thermodynamic properties are derived from the partition
function, Z, which in the semiclassical approximation is
related to the on shell Euclidean action through [9]

L" 1

From this relation, the internal energy is obtained as

01nZ_ L" n

Ey=—""—=—SV,— 24
(B) = =5 = 5 Vg (24)
and the entropy as
L" 2
S=BE) +lnZ="3V,—. (25)
K Zh

Thus, the off shell free energy (13) takes the form

L" n Az -
F=—V, |—-—T). 26
22" (zz+1 b4 ) (26)

Consequently, the z, component of the topological
field (12) is given by

oF L" n (n+1) _

h— = - 4T |. 27

¢ oz, 2> "t ( Zn M ) @7)
By definition, the roots of this field component corre-

spond to extreme points of the off shell free energy. In this

case, there is only one root for finite values of z;,, located at

046007-3



NELSON R.F. BRAGA and WILLIAM S. CUNHA

PHYS. REV. D 114, 046007 (2026)

0.2

— Tyyp=0
— Typ=0
=== Ty p#0
== Typ#0
0.1
0.0
18
—0.1
—-0.2
—03 2 1 6 5

FIG. 1.

LN RN N I A N N A A
............. AT O AR O A
- A RN
e ———— AR
- NAVS A AL SIS
- P AAAAAAASAAS SIS
- A A A mrmmm A d XSS
- A A wmr A A ARSI SS
3T - P Pl A A A A A A
s = A
L} DSSSSBBBBDBDIBBSSRY ittt
=) Z
@ 32| =
B e P NGO R NNV
T -
s R EDEREREREREREREREDE S T RNy
e D I RN O
- AR AR RARANNNNNNNN Y
- NN NN NN
- BARRRRRRRR RN
- IR RRRRREEEEEEEE
= - LR IR TR N TR IR R TR TR IR N U R R AR AR
= TELSCOS AR R
0 TECSS bbb

0.0 0.2 0.4 0.6 0.8 1.0 1.2

(a) Off shell free energy for n = 3. The solid lines represent two different temperatures (T, > T,) at vanishing chemical

potential, while the dashed line corresponds to the same temperatures at finite chemical potential. (b) Normalized field ¢(z;, ®).
Contour C; encloses a topological defect, in contrast to C,, which does not. In these plots, the constant L3V5 /x> was set to unity. The
values of the parameters for all the plots of the topological fields are provided in Appendix B.

(n+1)
AnT

Zhd = (28)

It is easy to verify that this point corresponds to a minimum
of the off shell free energy [as shown in Fig. 1(a)]. It is also
straightforward to see that at this point the Hawking
temperature (15) is recovered. Thus, the vanishing point
of the z, component and consequently the topological
defect of the field ¢(z;,,®) at ©® = /2 [see Fig. 1(b)]
correspond exactly to the black hole solution.

In Fig. 1(b), the contour C;, which encloses the defect, is
parametrized by the angle 9, utilizing the coordinates’
transformation (9) with the identification x! = z;,, x> = ©
and setting B = /2 and A = z,,4 as given by Eq. (28). For
the contour C,, we simply shift the value of A to exclude the
defect.

Performing the integration in Eq. (10) along contour C,,
one finds that the winding number vanishes, as expected
since no defect is enclosed. In contrast, the contour C; gives
w = +1, meaning that the field performs a counterclock-
wise loop [Fig. 2(a)]. This result is typically associated with
thermodynamically stable solutions [19], which is consis-
tent with the fact that this point corresponds to the global
minimum of the free energy (26).

Since there are no other defects in the bulk of the
parameter space, the total topological charge is W = +1.
This is consistent with the analysis presented in [20], where
this number is obtained by examining the field behavior at
the boundary of the parameter space, a procedure shown to
be equivalent via Eq. (8).

Let us extend this analysis to the present case. By
definition, the ® component diverges in the horizontal
edges,

#°O©®=0) > -0 and ¢°O =1x) > +o0, (29)
meaning that for finite values of the z;,, component, the vector
field ¢ points downward at the bottom edge and upward at
the top edge. Consequently, the total topological charge, and
thus the topological classification, depend solely on the
behavior of the z;, component at vertical edges.

From Eq. (27), it is easy to see that the sign, and
consequently the direction, of this component depend on
the Hawking temperature term inside the parentheses. In
the limit z, - 0 (high temperature limit), this term

becomes dominant, leading ¢** — —oo. Since this diver-

—(n+2) . . .
gence scales as z,, (n+ ), it dominates over the divergence of

the ¢® and forces the vector field ¢ to point leftward along
the entire left edge of the parameter space.

In the zero temperature limit (z, — o), the term propor-
tional to 7 dominates, and thus ¢ points rightward.
However, it should be noted that the ¢* decays rapidly to
zero; consequently, the orientation of the vector field ¢ is
determinate by the ¢® component. As previously dis-
cussed, the vector points downward at the bottom corner
and upward at the top corner. Therefore, following the path
along the boundary, the field performs an anticlockwise
loop as expected. It is interesting to note that the edge at
7, — oo, contributes with +1/2 to the total winding
number.
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FIG. 2.

(a) Mapping the contours C in the vector space, the gray lines enclose the defect at the origin. Both Schwarzschild (solid line)

and Reissner-Nordstrom (dash-dotted line) perform the loop in a counterclockwise direction, implying that the defect has w = +1. The
red line does not enclose the origin, indicating zero winding number. The red contour for the Reissner-Nordstrom was omitted for
brevity. (b) Normalized field obtained from ¢(z;,,®) for the AdSs Reissner-Nordstrom (n = 3). Again, contour C; encloses the
topological defect, but contour C, does not. In these plots L3V5/k* was set to unity.

Within the four topological classes presented in [20], this
black hole belongs to the W'+ class. Note, however, that in
contrast to geometries with compact boundaries, there is
only one solution here, which remains stable at both low
and high temperatures.

B. AdS Reissner-Nordstrom

Under the gauge/gravity duality, a medium with a finite
chemical potential on the gauge theory side is represented
by the charged black hole, the Reissner-Nordstrom geom-
etry [4,13,14,27,28]. In this case, the horizon function in
the metric (11) is given by

ZrH—l
fl@)=1-=(+¢qz") ot q*z™", (30)
h

where ¢ is a parameter proportional to the black hole
charge.

By solving the Einstein-Maxwell equations, one finds
that this charge generates an electric field derived from a
gauge potential in the form

L (31)

Here, a is a constant related to g by

2
2’ K

2
q =5 54,
(n—1)ng>,,L?

with g,., being the gauge coupling constant. The boundary
value of the gauge field (z — 0) corresponds to the chemical
potential x. By requiring the gauge potential to vanish at the
horizon, A,(z;,) = 0[29], we establish a relation between the
chemical potential and the parameter g as

—_ _ 1 2
g=t win p= U (33
Zh n n+2L

The Hawking temperature, derived from the horizon
function (30), is given by

T+ D= D (9

Alternatively, applying relation (33), the temperature can be
expressed in terms of the chemical potential as

T 0 D=0 (39)

The action for this space now includes the Maxwell term
and can be expressed as

IT=Igy+ZIy
1
=22 d"?x\/|g|(R = A)
1
dant? F, F°, 36
T KL (36)
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where Fyny = dyAy — OyAy, 1s the strength tensor. From
the vector potential in Eq. (31), it is straightforward to
show that the only nonvanishing components are F,, =
—F., = az"%. Consequently, the Maxwell part of the
action reduces to

v,L" e
Iy= _Tﬁnqzzh L (37)

For the gravitational part of the action, it is necessary to
account for the correction to the Ricci scalar due to the
presence of the electric field. To do so, let us consider
Einstein’s equations,

1 1
R/w - Eg;wR + Eg/u/A = KzTﬂw (38)

where 7, is the energy-momentum tensor for a Maxwell
field reads as

1 1
’Tm, = g— (FMpFD” - ZgﬂDF"”FGp) (39)
n+2

Taking the trace of Eq. (38) yields

(n+2) Rl (40)

with the trace of the energy-momentum tensor given by

(n-2)
——FF,, (41)

7= gﬂyT’w - 4gn+2

By using the strength tensor F,. = az"~% and substituting

these expressions into the gravitational part of the action (36)
combined with the cosmological constant from (17), one
obtains

v,L" (1 1 V,L" .

(42)

where the relation (32) has been applied. Consequently, the
total action for the RN-AdS geometry is

V,L" 1 1 .
Z(BH) — e ﬁ(em—zzﬂ—qzzh 1). (43)

The background AdS geometry (in the limit z;, — co and
g — 0) is still given by Eq. (19). Thus, after inserting the
horizon function (30) into relation (20), performing an
expansion for small &, and employing the subtraction
scheme (21), the regularized action is obtained as

V,L" 1 ~
AT = — p ﬂ(ZnH + ¢*z! '). (44)

Note that the presence of the charge lowers the value of
the action, making the charged geometry always thermo-
dynamically favored over the neutral [see Fig. 1(a)]. By
establishing the connection with thermodynamics in the
grand-canonical ensemble through the semiclassical
approximation in Eq. (23), the internal energy

L" 1 /_42
Ey=n—V,| —+—71, 45
A e =
the entropy
L 2
S==v, 2 (46)
K h

and the total charge

n 7 n

i
Q:nﬁvnzn—_]znﬁvnq’ (47)

h

can be readily obtained.
By constructing the off shell free energy as

F =(E)-TS-pQ

V,L" n /_12 T
=53 <n+l—n n_l—477.'—n), (48)
K Zh Zh Zh

consequently, the z;, component of the topological field for
this case is expressed as

L n (n+1) S -
P = 2 v, 7 (— o + (n— D)%z, + 4xT |.

(49)
It is evident that this component vanishes when the

Hawking temperature is recovered. For positive finite
values of z;, this occurs at point

—4zT + \/(4zT)* +4(n* — 1)i?
2(n—1)p? ’

Zhd = (50)

This location also corresponds to the stable minimum of the
off shell free energy; see Fig. 1(a).

Since the ® component remains unchanged, the defect is
located at ® = x/2 and z,,; as given by Eq. (50), as shown
in Fig. 2(b). As in the previous case, we enclose the defect
with a contour C; parametrized by the coordinates (9).
By performing the integral (10), a winding number w = +1
is found, meaning that the field rotated in an anticlock-
wise direction along the contour C;. This matches the
Schwarzschild case, as shown in Fig. 2(a); notably, the
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primary difference between the two cases lies in the vector
intensity.

There is only one defect in the bulk, resulting in a total
topological charge of W = +1. This is confirmed by the
behavior of the vector field at the boundary, which, as
easily verified from (49), remains identical to that of the
neutral case. Consequently, the RN-AdS geometry with
noncompact boundary belongs to the same topological
class as the Schwarzschild solution, W'*, with the presence
of charge serving only to shift the defect position.

III. TOPOLOGICAL CLASS OF THE
PHENOMENOLOGICAL AdS/QCD MODEL

As previously mentioned, the Hawking-Page transition
in the gravity dual corresponds to the confinement/decon-
finement transition in the gauge theory. In the AdS/QCD
context, this represents a phase transition from a hadronic
confined phase to a plasma of quarks and gluons (decon-
fined phase).

However, both actions (22) and (44) vanish only in the
limit z2 — oo, which corresponds to the zero-temperature
limit. This implies that the stable minimum of the off shell
free energies, given in Eqgs. (26) and (48), is always the
black hole solution, for any nonvanishing temperature.

This is a consequence of the fact that the geometry is
conformal, not possessing any energy scale. As a conse-
quence, the plasma phase exists at all temperatures, which
is in disagreement with the known properties of QCD. In
order to obtain a holographic representation that reproduces
a thermal transition like in the QGP, it is necessary to
introduce an energy scale through some AdS/QCD model.

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

Critical curve in softwall model

T/Ty

01 02 03 04 05

1/ o

(a)

06 07 08 09 1.0

FIG. 3.

Since they are defined in five dimensions, we will focus on
the case n = 3 in the following analysis.

A. Overview of the HP transitions in a
phenomenological model

Here, we analyze a model in which an energy scale is
introduced through a modification of the gravitational
action, without considering backreactions. Specifically,
we consider the soft-wall (SW) model [30], defined by
introducing a dilaton field of the form ®(z) = ¢?z? into the
action (36), where ¢ is the parameter that represents an
energy scale. The action is now expressed by

1 >
IT=-— | dx lgle=<F (R — A)
2Kk
1 —c2p2 o
+@/ d°x\/|gle™ = F,,F. (51)

Following the same procedure as in the previous section,
the regularized action for the SW model is found to be

VL? 1 1 .
AT = 7,6—4 <e“'zzi 14 c%z3] + 3 + c*zZ}Ei(—c%z})
Zp
—c272
o e 1 1
———>5+=| ), 52
T { c’z2 * 2]) (52)

where the exponential integral is defined as Ei(x) =
— fffce%dt. Note that in the limit ¢ — O the Reissner-
Nordstrom action (44) is recovered. The determination of

15
— 08T,(0)
— 107,(0)
1.0 — 12L(0)
0.5
0.0
Ll\
05
~1.0
15
—20 1 2 3 i
Zh
(b)

(a) Phase diagram for the deconfinement transition for the SW model. (b) Off shell free energy for the SW model at increasing

temperatures with z = 0 in units of 7'.(0). The red line corresponds to the HP transition, where the minima, z;,; and z;, = oo, coincide at

F = 0. For these plots, L3V5/k> was set to unity.
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the critical temperature where the action vanishes is
performed numerically. The phase diagram obtained, which
exhibits the dependence on the chemical potential, is shown
in Fig. 3(a).

Performing a numerical analysis for the case # = 0 the
standard result 7.(0) = 0.4917¢ from Ref. [10] is recov-
ered. In the high chemical potential limit, we find that the
critical chemical potential depends on ¢ as ji, = 1.42832c¢.
This result differs from the one obtained in Ref. [13], as
those authors consider a charged AdS space.

Phenomenologically, the parameter ¢ can be determined
by the best fit for the experimental data for the masses of p
meson states. This value is usually set as ¢ = 388 MeV [10].
This choice leads to a critical chemical potential
u. = 358.12 MeV, where the constant in the relation (33)
for AdSs is 1/5/12 (see [14] for details). Expressing this in
terms of the baryon chemical potential, our prediction
becomes yu;,. = 3u, = 1074.361 MeV. This is a reasonable
result, as lattice QCD predictions for this critical point lie
around 1200 MeV [13,27,31].

B. Off shell free energy behavior

Let us examine how the introduction of an energy scale
affects the topological classification established in Sec. II
for pure AdS geometries. First, we consider the case where
i = 0, which corresponds to the Schwarzschild limit. From
the action in Eq. (52), the internal energy is obtained as

LV 1 22 3 .
(8) =2 S (064 @) - S+ eimi-en))
h

(53)

and the entropy is given by
L3V T _p2,2

S = 7Z—3(4€ G — 2) (54)

h

Note that in the limit ¢ — 0, one recovers the Schwarzschild

internal energy and entropy from Egs. (24) and (25).
Using the off shell free energy definition from Eq. (13),

the following expression is obtained for the SW model:

L3V 1 3
F=raza [e_czzi B+ ?zj) =5 + g Ei(=c*))
— Jrth(4e_czzi - 2)] . (55)

Consequently, the z;, component of the vector field
reads as

LV 2 -
P = _2—5e—022ﬁ(—] + 2Tz;,)(6 +4c223 — 366221).
K-z

(56)

By definition, the roots of ¢* are the extrema of the free
energy, representing stable or unstable states of the system.
Note that due to the presence of z, in the denominator,
there is a root in the asymptotic limit z;, — oo, similar to the
case when ¢ = 0. From the two factors inside the paren-
theses in Eq. (56) we find two finite, real, and positive
solutions. The first is

1
=—, 57
Zhd 2T ( )

which represents the black hole solution, the point where
the Hawking temperature is recovered. The second root is
given by

3
(=3 —=2k) with k=W_, <—Ze_3/2>,

N =

0 = E
(58)

where W, (z) is the Lambert ¥V function (or product
logarithm). This root represents a state related to the
confinement energy scale, as evidenced by the 1/c¢ factor.
Also note that in the limit ¢ — 0, this point coincides with
the root at z, — oo.

The dynamics of the system is described from the free
energy as follows: the minima correspond to stable states,
while the maxima represent unstable states. The global
minimum determines the state of the system. At any
temperature where the free energy values of the two minima
coincide, which in this case occurs at F = 0, the system
undergoes a first-order phase transition, as illustrated in
Fig. 3(b) for the HP transition discussed at the beginning of
this section.

Note that, in contrast to the pure AdS geometry case,
taking 7 = 0 in Eq. (56) reveals that z, still exists, as it is
independent of temperature. Inserting this root back into
Eq. (55) yields a negative free energy for this minimum, as
shown in Fig. 4(a). Consequently, apparently this represents
a global minimum. However, as the temperature increases,
the free energy of the z, minimum increases, and eventually
F = 0 at a temperature 7* in an apparent global transition,
which we will analyze in detail in the next section. The fact
that F increases with temperature at this minimum implies
that the state possesses a negative entropy, rendering it
unphysical. Thus, the only true physical minimum of the
system for temperatures below 7'.(0) is the boundary limit
z, — oo, the thermal AdS, or in the dual theory, the
confined hadronic state.

C. Topological classification and dynamics
As previously established, ¢ possesses two roots,
resulting in two topological defects located at (z;4,5)
and (z9,%). Before analyzing the individual topological
charges of these defects, let us determine the total charge W
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(b)

(a) Free energy at low temperatures. As the temperature increases, the minimum shifts, and a transition occurs when the

minimum reaches zero, indicating the end of the confined phase. (b) Temperature dependence of the ¢* roots. To the left of the gray
dashed line, z; is the stable root, while to the right, z,, becomes stable; the black dot marks the transition point.

of the vector field by examining the behavior at the
boundaries of the parameter space (z,,, ©).

The ¢® component exhibits the same behavior presented
in Eq. (29), pointing downward at the bottom (® = 0) and
upward at the top (® = x). Thus, to establish the total
topological charge, we must determine the z;, components
in the left (z, — 0) and right (z, — o) edge.

Expanding the field in the limit z, — O at the lowest
nontrivial order, one finds

LV 6 T
(I 67— 10) =3
= (cgrong) o)

L3V 3 4 _
S (L2 T ) 0. (59
2K212< Zh+ r >+ (z°) (59)

This is the same as was found in Eq. (27), indicating that in
this limit of high temperatures, the energy scale of the SW
is negligible compared to the thermal energy. So, the latter
completely dominates the behavior of ¢. Consequently, the
field exhibits the same behavior, becoming static and
pointing leftward along the entire left edge. Furthermore,
the Hawking temperature root is directly obtained in this
limit, evidencing the fact that in this limit, the black hole
dominates near the boundary.

Taking the expansion in the opposite limit, z;, — oo,
we find

L3V [ 6T 8c2aT
P == <—Z—4 e_czzi< 2t 0(223)>
h h
+ 0<z,;5)>. (60)

As expected, ¢ vanishes at infinity. However, owing to
the negative exponential in the second term, it is exponen-
tially suppressed. Consequently, in contrast to what was
presented in Sec. II, the field approaches zero with negative
values. So, the vector points inward at z;, - oo. Thus, the
contribution of this edge to the topological charge is —1/2.
Since the contributions from the remaining edges remain
unchanged, the total charge is W = 0, which is conserved
at any temperature 7" # 0. The change in the total topo-
logical charge serves as a signature showing that, in this
regime, confinement dominates the behavior of the field in
the large z;, limit.

Let us analyze the behavior of the defects in the bulk.
Note that F possesses two extrema points given by
Egs. (57) and (58), in addition to a static minimum at
75, — 0. Since two local minima, considered to correspond
to different values of F must be separated by a local
maximum, the extrema located at the lowest value of
coordinate z: (z; or z,,) have to be a minimum.

In Fig. 4(b), we show the behavior of the finite minima of
the free energy as a function of temperature. For low
temperatures, the z,,, is large; hence, 7z is a minimum. At
the temperature T, given by

Ty=—, (61)
74

the two points coincide, and the free energy exhibits an
inflection point. Above T, the z,,, is a local minimum. It is
important to note that this local minimum only becomes the
global minimum at the Hawking-Page critical temper-
ature 7.
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FIG.5.

negative charge (w = —1). As established in our previous
analysis, these positive and negative charges correspond to
counterclockwise and clockwise loops in the vector space,

Thus, for temperatures below T, Fig. 5(a), the first
defect corresponds to z and carries a positive topological

charge (w = +1), while the second at z;,; possesses a
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respectively [Fig. 5(b)]. This charge configuration indicates
that, in this temperature range, the black hole solution is
unstable.

For temperatures higher than T, Fig. 5(e), the defect at
7,4 €xhibits a positive topological charge (w = +1), while
the defect at z; acquires a negative charge (w = —1). As
shown in Fig. 5(f), the winding direction around each
defect is reversed compared to the low temperature regime.
This indicates that at these temperatures, the black hole
solution exists as a stable minimum, while the SW
configuration becomes unstable.

Figure 5(c) shows the vector configuration at 7 = Ty. At
this temperature, the two defects coincide (zy = z;,4), form-
ing a degenerate point. This degeneracy indicates that

2
merged defect vanishes (w = 0). As can be seen in Fig. 5(d),
the corresponding contour in the vector space does not
enclose the origin.

Clearly, this point marks the exchange of topological
charges and, consequently, the exchange of thermodynamic
stability. Thus, it signals the temperature for the black hole
formation, which corresponds to the creation of the plasma
in the dual gauge theory. Let us examine this transition and
the evolution of the topological charges in detail.

By introducing the variables z = T — Ty and x = z;, — 2,
into the free energy (55), and performing an expansion
around the origin in terms of these variables (the details of
this procedure, along with the explicit coefficients, are
provided in Appendix A), one obtain the approximated free
energy and the field component ¢ as

= 0, and consequently, the topological charge for this

0.8
0.4
O 0.0
—0.4
—08
0.2 0.4 0.6 0.8 1.0 1.2
T/Ty

(a)

FIG. 6.

1 1
Fx, 1)~ ay— Eazrxz - 6a3x3 with  ag, ay,a; >0
(62)
oF 1
¢ (x,7) = o (—azr ~3 a3x> . (63)

The roots of the field are directly identified as x; = 0 and
Xy = =2 Z—jr. The sign of the topological charge is obtained

by the second derivative of the free energy

2
% = —a,T — azx (64)
evaluated at each stationary point. Consequently, the signs
of the charges are given by
n = sign(—a,7) and 1, =sign(a,zr).  (65)
Observe that the sum of the topological charges is always
zero, ensuring charge conservation. As a, is a positive
constant, the local stability and topological charge sign are
totally determined by z. For 7 < 0, the first root, which
corresponds to zy, acts as a stable minimum and carries the
positive charge. As 7 — 0, the second derivative of the free
energy vanishes, making the topological charge undeter-
mined at 7 = 0, before it emerges with a negative charge for
7 > 0. The exact opposite occurs for the second root, which
corresponds to the z,, defect. Furthermore, because x,
changes the sign at the critical point, this second root only

4.5

c=0.6GeV
c=08GeV
401 — c=10Gev
c=12GeV

20(pt)

/e

(b)

(a) The on shell heat capacity for the soft-wall model as a function of temperature. The black dot marks the point where it

becomes positive, indicating the black hole becomes locally stable. (b) Behavior of z, as a function of the chemical potential y for
various values of ¢. The horizontal axis is normalized by the critical chemical potential at ¢ = 1.2 GeV.
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represents a stable minimum when x, < 0. This confirms
that the black hole phase is thermodynamically stable only
when its horizon satisfies z;,; < z(, locating it closer to the
boundary.

It is worth emphasizing that the sign of the heat capacity
for the black hole, obtained as

PF

C = —T— =
oT?

@
4Ta—%1', (66)

depends on the sign of z. Consequently, C varies from
negative (z < 0) to positive (z > 0) values by passing
continuously through zero as shown in Fig. 6(a) for the
on shell heat capacity. This continuous behavior at
|

LV 1

1
F==F e (E % (4nTz), + 3222 —

K Zh

. 32 —16aTz
+ 222 4 c*zle B (—c222) + ﬂzzzih

+2

vanishing heat capacity contrasts with that of standard
black hole systems.

The black hole defect carries a charge of w = —1 at low
temperatures. Following the classification scheme of
Ref. [20], this places the black hole into the W topo-
logical class, in contrast to the W'* class found in the pure
AdS case. The shift in topological class is driven by the
change in the background geometry, due to the confinement
energy scale introduced by the dilaton.

D. The finite chemical potential case

At finite chemical potential, the off shell free energy
takes the form

3)— p2(eS% — 1) (8aTz, + 5u*z} — 6)
Wz, +2)

+4nTz, + 2u223 — 13> . (67)

Correspondingly, the z, component of the topological vector field becomes

¢ = —5—e~i(=2 + 22T + %) <4c2zh2 <

N 4% (e’ — 1) (52,2 + 6)

4
=2 2 -1
Aoz +2

(2,2 + 2)?

Setting the first factor in parentheses to zero directly yields
the root z,,,, which corresponds to the horizon position (50),
as expected. As in the previous case, the root z, arises from
the last factor; however, in this case, z, becomes strongly
dependent on ji and can only be determined numerically. The
profile of the zq(u) as a function of fz is depicted in Fig. 6(b).

Expanding ¢* from Eq. (68) in the limit z;, - 0 one
finds

LV 3

4 8
b~ PR <—Zh+ 4nT + 21z, +302zh> +0(z}).

(69)

Once again, the thermal effects govern this regime, dictat-
ing that the topological vector points strictly leftward along
the left boundary of the parameter space.

Taking the expansion near the right boundary of the
parameter space (i.e., z;, — o00) yields

L3V 67TT 3ﬁ2 2 2( 8C27TT ))
e | ——— — ——F e | — +0Z_3
¢ K2 < oAt z (=)

+0(z;°). (70)

, 24— 14ﬁ4zh4> (68)

=3¢
(#°z)” +2)

|
This demonstrates that the field approaches zero from the
negative side, meaning the vector points inward in this limit.

Since the topological vector field has the same asymp-
totic behavior as in the ji = 0 case, the total topological
charge remains W = 0. This outcome is expected, since the
field still contains two topological defects. This demon-
strates that the total charge and the topological class are
primarily determined by the dilaton or, in physical terms,
by the confinement scale.

It is worth noting that the local dynamics of the stability
change is similar to those detailed in the previous section.
The difference is that the phenomena occur at lower temper-
atures as the chemical potential increases. Since the black
hole solution possesses a local topological charge of w = —1
at low temperatures, it belongs to the W%~ topological class,
as anticipated in the previous paragraph.

IV. TOPOLOGICAL HAWKING-PAGE
TRANSITIONS

While the topological vector field constructed from the
off shell free energy characterizes the local thermodynamic
stability of the black hole branch, the effective temperature
shifts the focus to the global phase structure. Explicitly
studying the zero-free-energy condition (F = 0), following
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the approach of [24], enables a topological classification of the global transitions between competing states.
Considering the y = 0 case, we can obtain an effective temperature for the soft-wall model as

(E) 1

> 3
Top = L = — (4% —2)7! <e‘czzi(3 +c%z2) - >t c4z;‘lEi(—c2z%)>. (71)

S Ty

Redefining our topological vector field as

¢ N <0Teff _ cot @) ’ (72)

dzh ’

sin ®

the roots of ¢p*» correspond to extrema of the effective temperature (71). Consequently, these topological defects indicate the
critical points associated with the Hawking-Page phase transitions.

Explicitly the z;, component is given by

(=6 + 3¢5 —4c272) (=2 + 2¢222 + (1 + 2¢*23)Ei(—c222))

¢Zh [— 73
42+ e7a)22 (73)
|
Setting the first factor in the numerator to zero one gets defect is located at
L/ (=3 - 2k) (74) 1
0=\ T Tk = . 75
cV2 “HP = 0.4917xc Q

which corresponds to the low-temperature transition iden-
tified in the previous section. The second factor does not
possess an analytical root due to the presence of the ex-
ponential integral function (Ei), but it represents the
confinement/deconfinement phase transition point. We
know from the numerical analysis that the critical temper-
ature is 7.(0) = 0.4917¢; consequently, the associated

™
37
4
3
s
4
0
00 04 08 12 G
zn
(a)

FIG. 7.

Figure 7(a) shows the vector field in parameter space,
featuring the two defects located at (zyp,3) and (z.%).
Similar to the previous analysis, the sign of the topological
charge for each defect is determined by the sign of the
second derivative of T evaluated at the respective defect.
Thus, taking this second derivative at zyp yields

—— Contour in z,,
0.3 Contour in 2,

0.2 i

0.1

0.0

¢(—)

—0.1

—0.2 /

—0.3

¢Zh
(b)

(a) The normalized vector field obtained from effective temperature. The contour C; encircles confinement/deconfinement

topological defect (zyp), Whereas C, encloses the defect located at z;. (b) The mapping of the vector field’s winding direction along the

respective contours.
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T

=K
dZ/% l(c)

Zp=2HP

with K; >0,  (76)

indicating that the charge for this defect is w; = +1. This

result is confirmed by the counterclockwise winding of the

vector field along the contour enclosing it in Fig. 7(b).
Considering the second defect at z; we find

d°T
—— = —K,(c) with K,>0, (77)
th =20
leading to a topological charge of w, = —1. This result is

confirmed by the clockwise loop along the contour in
Fig. 7(b). Clearly, these charges indicate that the defects
are located at a minimum and a maximum of the effective
temperature. Let us now extract the physical significance
of this topological information.

For simplicity, let us introduce the shifted variable
x =z, —z;, where z; € {zyp, 2o} denotes the location of
a topological defect. Starting with the Hawking-Page
transition defect at zyp (i.e., x = 7, — zyp), performing
an expansion of T around x = 0 leads to

0T of¢(x)

Tesi(x) = Tege(x = 0) + o

x=0
l 02 Teff (x )

5 a2 x? 4+ 0(x?)

x=0

1
~T.(0)+ Elez + 0(x?), (78)

where the linear term vanishes because x = 0 is a minimum
of Teff'

Expanding the entropy (54) around the same point,
we obtain

ds
S(x)~S(x=0) +t -

NSO — Slx, (79)

x+ O(x?)

where Sy, S; > 0. Substituting this relation into Eq. (78),
we find

Tor(S) % T,(0) + % (S = So)2. (80)

This equation defines an upward-facing parabola in the
T-S plane, with its absolute minimum located precisely in
T.(0). Physically, this demonstrates that no black hole state
within this stable manifold can achieve a zero-free-energy
equilibrium with the thermal vacuum at a temperature
lower than T.(0). This finding rigorously confirms that
T.(0) is a stable global minimum of the effective temper-
ature Ty, aligning with the standard expectations for a
genuine Hawking-Page phase transition [24].

Turning to the transition defect at z, (where x = z;, — z9),
the effective temperature expansion takes the form

1
Teff(x) ~T* — 51(2)(2 + 0(x3), (81)

where To(x =0) =T* Tt is straightforward to verify
from (54) that z; is a minimum of the entropy. Thus,
expanding the entropy to second order around this point
yields

1
S=-50+ §s2x2 + 0(x%). (82)

Substituting this expression back into Eq. (81), we obtain
the effective temperature as a linear function of entropy

K
Tor(S) ~ T* — = 2(S + s0). (83)
2

The emergence of a linear expansion with a negative
slope is a direct consequence of the vanishing first
derivative of the entropy at this critical point. This indicates
that T (S) lacks a minimum and decreases monotonically
with the entropy, characterizing a nonphysical transition.
This conclusion is in perfect agreement with our earlier
thermodynamic analysis, where we established that the
free-energy minimum at z, possesses negative entropy and
constitutes a pathological state.

This analysis demonstrates that while a positive topologi-
cal charge (w = +1) corresponds to a genuine thermody-
namic transition, a negative charge w = —1 unambiguously
identifies a thermodynamically unstable and nonphysical
crossing.

V. CONCLUSION

In this work, we have applied Duan’s ¢-mapping
formalism to a phenomenological holographic model, with
the intention of studying the confined/deconfined phase
transition under the topological point of view.

Following the approach proposed in [19], where the
black hole solutions emerge as defects of a vector field
derived from off shell thermodynamic free energy, we first
classified the AdSp black hole solutions with planar
boundary (RP~2 x S'). We showed that these geometries
belong to the W!* topological class. This classification
arises because they possess only one stable state at any
given temperature, which appears as a single positive defect
in the topological field for both the Schwarzschild and
Reissner-Nordstrom cases.

This scenario implies that the plasma in the dual theory is
always the dominant state, which is inconsistent with QCD
predictions; therefore, it is necessary to employ a model
that introduces a confinement energy scale to break the
conformal symmetry. The model analyzed in this work is
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the soft-wall model, which introduces an energy scale by
inserting a dilaton field into the gravitational action
(neglecting the backreaction), modifying the infrared limit
of the dual gauge theory.

Here, our main result emerges: this modification effec-
tively redefines the thermal AdS state and, consequently,
alters the boundary conditions of the thermodynamic
parameter space {z;,,®} at (z, — o). Because the boun-
dary is fundamentally changed, the system is forced into a
new topological class W', shifting from a trivial con-
formal background to a dynamically rich confining one.
Thus, we have shown that the topological charge acts as a
robust, macroscopic invariant that mathematically captures
the emergence of the confinement scale in bottom-up
holographic models.

Remarkably, an analysis of the local stability dynamics
reveals a degenerate point at the temperature 7'y. Here, the
topological charges vanish, and the defects swap signs,
effectively establishing the black hole, and by extension,
the plasma formation as a locally stable minimum. It is
important to emphasize that for any nonzero temperature,
the total topological charge remains W =0, as it is a
conserved quantity. A detailed discussion of these dynam-
ics is presented in Sec. III.

To study the global transitions, we construct a topological
vector field using an effective temperature that satisfies the
condition F = 0. In this scenario, the confinement/decon-
finement transition is characterized by a positive topologi-
cal charge. This result is expected for a first-order transition
and agrees with the study of Hawking-Page transitions in
Ref. [24]. Furthermore, we demonstrated that this positive
charge is associated with a genuine physical transition,
whereas the negative charge marks a virtual, nonphysical
transition, as discussed in Sec. IV.

Therefore, we have shown that the introduction of the
confinement scale places this deformed AdS geometry into
the W%~ topological class, even at a finite chemical potential.
It is known that other geometries used to holographically
describe the confinement/deconfinement transition, such as
the Schwarzschild AdS with compact boundary, also belong
to this class. Thus, further studies investigating other holo-
graphic frameworks, such as Einstein-Dilaton models
like [32-34] or full top-down approaches like [35], would
be interesting in order to understand whether this W% class
serves as a topological signature of the confinement.
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APPENDIX A: THE OFF SHELL FREE ENERGY
EXPANSION

Considering the off shell free energy written in terms of
the variables x =z, —zyp and 7 =T — T,, we perform a
Taylor expansion near x = 0:

d
f(x,r)zf(x:0,7)+af(x,r)

X
x=0
1 0 10°
—|—§ﬁ}-(x, T) x:OXZ +6$F(X, T) XZOXS
1 1
~lo(7) + Elz(f)xz + 613(T)X3 +0(x%), (A1)

where the first derivative vanishes because x = 0 is an
extremum of the free energy. Now, let us expand in 7z each
coefficient around 7 = 0 in lowest order; the zeroth-order
coefficient becomes

Io(7) % [)(z = 0) ~ c* <Ei @ + k) + ﬁ) = ay,

(A2)

where k = W_,(-3e7%/?).

For the second-order coefficient, the constant term /,(0)
vanishes because (x =0,7=0) is an inflection point.
Thus, expanding /,(z) to linear order

d
L(r)mL(r=0)+—h(r) =
dr 7=0
vV—6—4k(1 +k
~ =247 ( -21- ) T=—at.  (A3)
k(3 + 24)

Finally, for the third-order coefficient, it suffices to retain
only the zeroth-order term in z, yielding

(01 —0ge7 VI3 2O 4K
I5(7) ~ 15(0) ~ —=96¢” G

(A4)

Therefore, substituting Eqgs. (A2), (A3), and (A4) into
the free energy expansion (Al), we obtain

1 1
F(x,7)~ay— Eaﬂxz - 6a3x3 +0(x*). (A5)
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APPENDIX B: NUMERICAL VALUES USED IN THE PLOTS

In this section, we summarize the numerical values used to generate the illustrative plots of the topological vector fields.
All plots for the soft-wall model were generated by setting ¢ = 1.0 GeV, which yields Ty = 0.276 GeV. Table I lists the
vector field parameters in the coordinate space, while Table II details the parameters used in the plots in vector space

representations.

TABLE I. Summary of the temperature 7, the chemical potential ji and the parameters 4; and 1, for the two
contours C; and C, used to build vector field plots. Note that in Fig. 5(c) there is only one contour and Fig. 7(a) is a
plot of the effective temperature field.

Gy G
Flg T ﬂ j'l /12 )p] /12
1(b) 0.5 0.0 0.15 0.23 0.3 0.23
2(b) 0.5 1.0 0.08 0.35 0.1 0.23
5(a) 0.193437 0.0 0.12 0.35 0.2 03
5(c) 0.276338 0.0 0.12 0.3 e e
5(e) 0.414507 0.0 0.12 0.35 0.15 0.3
7(a) e 0.0 0.1 0.3 0.1 0.3
TABLE II. Summary of the temperature 7" and the parameters 4, and 4, for both the gray and red contours in the

vector space plots. Note that in Fig. 2(a) in the dashed dotted contour (z = 1.0 MeV), 1, and 4, change to 0.04 and

0.3, respectively.

Gray contour

Red contour

Flg T /11 12 j’l /12
2(a) 0.5 0.08 0.23 0.1 0.15
5(b) 0.193437 0.12 0.3 0.02 0.23
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