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We evaluate the coupling of quantum electrodynamics (QED) in the gradient-flow scheme in three and
four space-time dimensions. Our general result applies to any theory with a U(1) gauge field coupled to
arbitrary other fields via arbitrary interactions. As an example, we consider QED with nf flavors in three
and four space-time dimensions and evaluate the corresponding β functions. In four dimensions, we find
that the perturbative expansion of the β function behaves much better than the corresponding expression in
quantum chromodynamics. In three dimensions, we recover both the ultraviolet as well as the infrared fixed
points of the QED coupling in the large-nf limit.
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I. INTRODUCTION

As first-principle descriptions of some central aspects
of quantum chromodynamics (QCD) such as dynamical
chiral symmetry breaking or confinement are still missing,
simpler theories with similar properties may be helpful in
gaining insight into theoretical concepts that can induce
such phenomena. A very popular such theory is quantum
electrodynamics (QED) in three space-time dimension,
henceforth referred to as QED3 in this paper. Its coupling
has positive mass dimension, which makes the theory
superrenormalizable. On the other hand, the theory
becomes strongly interacting at low energies. This prohibits
a naive perturbative approach to QED3. However, the
infrared (IR) behavior is softened when considering a large
number of fermion flavors nf [1], in which case the theory
develops an IR fixed point [2]. Systematically resumming
powers of 1=nf thus allows one to resort to a perturbative
approach. A comprehensive review of large-nf quantum
field theory can be found in Ref. [3].
A particularly attractive feature of QED3 is the dynami-

cal generation of a fermion mass term via spontaneous
chiral symmetry breaking [4]. However, QED3 also
receives a lot of attention from condensed matter physics,
for example in the context of high-temperature super-
conductors (see, e.g., Ref. [5]).
The resemblance to QCD, in particular its nonperturba-

tive character, suggests a lattice approach to QED3 [6].
Traditionally, perturbative and lattice results are difficult to
reconcile due to their different ways of regularizing the

divergences of quantum field theory (QFT). However, since
the advent of the gradient-flow formalism (GFF), this
obstacle can be overcome, because it provides a regulari-
zation/renormalization scheme which is accessible both
perturbatively and on the lattice [7–11].
In QCD, the GFF is an established tool for practical

lattice calculations, allowing for an efficient determination
of the overall mass scale in a particular gauge configuration
[9]. It extends the four-dimensional gauge fields to an
auxiliary fifth dimension, the flow time t. The dependence
of the flowed fields on this parameter is determined by the
flow equation, which drives the fields from the unflowed
gauge configuration toward the classical solution of the
field equations.
One of the main features of the GFF is that composite

operators of (renormalized) flowed fields do not require
operator renormalization. Taken at finite flow time t, matrix
elements of such operators can therefore be extrapolated to
the continuum limit individually. The connection to the
physical limit at t ¼ 0 can be done with the help of suitable
matching coefficients which can be obtained by a pertur-
bative solution of the flow equations. Examples for
applications of this method are found in Refs. [12–18].
The GFF provides a renormalization condition for the

gauge coupling which can be implemented both perturba-
tively and on the lattice. In QCD, this allows one to derive
the strong coupling αsðMZÞ, one of the central input
parameters for perturbative calculations, from low-energy
hadronic observables [19–24]. It was found that, while the
conversion between the coupling from the MS to the GF
scheme is perturbatively well behaved, the corresponding β
function suggests a much smaller radius of convergence
compared to its MS equivalent [19,25,26].
In this paper, we study the analogous quantity in QED,

both in four and in three space-time dimensions. We show
that, due to the linearity of the QED flow equations,
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this coupling is given by the Laplace transform of the full
photon propagator in the unflowed theory. Given the latter,
the GF QED coupling can thus be obtained without any
approximation. As an example, we evaluate this quantity
in four-dimensional QED (QED4), using the perturbative
QED expression for the photon polarization function
through four-loop level. We compare the resulting β
function to the MS scheme and find that, as opposed to
QCD, their perturbative behavior is very similar.
We then proceed to QED3, where we adopt the large-nf

limit in order to derive the GF QED3 coupling and the
corresponding β function. Using suitable expansions of the
result at short and long flow times, we recover the Gaußian
fixed point in the ultraviolet (UV), as well as the nontrivial
IR fixed point.

II. FLOWED QED

We consider a theory in D Euclidean space-time dimen-
sions with a U(1) gauge factor and nf massless fermion
flavors. We write this theory as

L¼1

4
FμνFμνþ

Xnf
i¼1

ψ̄ i=Dψ iþ
1

2ξ
ð∂μAμÞ2þΔL; ð2:1Þ

where

Fμν ¼ ∂μAν − ∂νAμ ð2:2Þ

is the U(1) field-strength tensor, ψ i is the fermion field of
flavor i, and ξ is the U(1) gauge parameter. The dependence
of all fields on the Euclidean space-time variable x is
suppressed here and in the following, unless required for
clarity. The term ΔL contains arbitrary other sectors of the
theory to which the fields Aμ, ψ̄ i, and ψ i may or may not be
coupled. For example, some of the ψ i could be massless
quarks, and ΔL describes their weak and strong inter-
actions. In the following, the U(1) part of the theory will
be most relevant; we will refer to it as QED, even though
in the Standard Model (SM) it would correspond to the
hypercharge interactions.
The flowed QED gauge field BμðtÞ is defined via the

flow equation

∂tBμðtÞ ¼ □BμðtÞ þ ðκ − 1Þ∂μ∂νBνðtÞ; ð2:3Þ

and the boundary condition

Bμðt ¼ 0Þ ¼ Aμ; ð2:4Þ

where κ is a gauge parameter which drops out of physical
observables [27]; throughout this paper, we will set it
to κ ¼ 1.
As opposed to flowed QCD, the flow equation for the

QED vector boson is linear and can be solved exactly in

terms of the unflowed field. For our choice κ ¼ 1, the
Fourier transform of the flowed field is given by

B̃μðt; pÞ ¼ ÃμðpÞe−tp2

; ð2:5Þ

In principle one may also consider an electron flow
equation for a complete gradient flow treatment of QED,
but this is not required for the purpose of this paper. Due
to (2.5), one can trivially express the matrix elements of
purely photonic flowed QED operators in terms of regular
QED fields. This can be seen in particular by focusing on
the vacuum expectation value (VEV) of the flowed QED
action density, obtained by

EðtÞ ¼ e2B
4

Z
dDxhBμνðt; xÞBμνðt; xÞi

¼ e2B
4

Z
dDp
ð2πÞD e−2tp

2hFμνðpÞFμνð−pÞi

¼ e2

2
ðD − 1Þ

Z
dDp
ð2πÞD

e−2tp
2

1þ ΠRðpÞ
; ð2:6Þ

with the renormalized electric charge e and the renormal-
ized photon polarization function ΠR. In diagrammatical
form, Eq. (2.6) looks as follows1:

ð2:7Þ

where the shaded blob denotes the regular photon polari-
zation function. It is important to note that the relation
in Eq. (2.7) holds for the full Lagrangian in Eq. (2.1),
including the non-QED interactions of ΔL. The latter only
enter via the polarization function though.
In the language of the perturbative gradient flow in QCD,

Eq. (2.7) can be understood as follows: Since the QED
flow equation is linear, there are no outgoing photon flow
lines from any of the flowed vertices (cf. Ref. [30] for the
notation). Therefore, the flowed photons BμðtÞ occurring
in the flowed action density must be connected to the
polarization function at vanishing flow time, for which
one can therefore use the expression of the unflowed
theory.
Following the definition of the gradient-flow coupling in

QCD [31], we may define the QED GF coupling [32,33]

aGFe ðμÞ ¼ ð8πtÞD=2

2π2ðD − 1ÞEðtÞ
����
t¼ðctμ=μÞ2

; ð2:8Þ

1The Feynman diagram has been produced with FeynGame
[28,29].
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where ctμ is a fixed, but arbitrary constant, which is
required to fully define the scheme. It may be worth
pointing out that, according to Eq. (2.6) and up to a
global factor, the gradient-flow coupling in QED is thus
just the Laplace transform of pD−2=ð1þ ΠRðpÞÞ with
respect to p2.
Let us stress that Eq. (2.6)(2.7) are exact and hold for

arbitrary space-time dimension D and the general renor-
malized photon polarization ΠR. In the following, we will
consider EðtÞ for two specific cases: (i) The perturbative
approximation in four-dimensional QED through N3LO in
the QED coupling for general flow time t; (ii) The large-nf
limit for three-dimensional QED through next-to-leading
order (NLO) in 1=nf in the limit of short and long flow
times. The following integral will be helpful in this respect:

Iðt; βÞ ¼
Z

dDp
ð2πÞD p−βe−2tp

2 ¼ ð2tÞβ=2
ð8πtÞD=2

ΓððD − βÞ=2Þ
ΓðD=2Þ ;

ð2:9Þ

where ΓðzÞ is Euler’s Γ function, i.e., zΓðzÞ ¼ Γðzþ 1Þ and
Γð1Þ ¼ 1. In writing the right-hand side (rhs) of Eq. (2.9),
we assumed that the parameters D, β, and t are such that
the integral exists, which can always be assumed in
dimensional regularization.

III. FOUR-DIMENSIONAL QED

As an example for the application of Eq. (2.6), we
consider QED with nf massless fermions in four space-time
dimensions and write the perturbative expansion of the
MS-renormalized polarization function as

ΠRðpÞ ¼
X
n≥1

cnðlμpÞane ðμÞ ¼
X
n≥1

Xn
m¼0

cn;mlmμpane ðμÞ; ð3:1Þ

where

lμp ¼ ln
μ2

p2
and aeðμÞ ¼

e2ðμÞ
4π2

; ð3:2Þ

with the MS renormalized QED4 coupling eðμÞ depending
on the renormalization scale μ. The coefficients cn;m
have been obtained through four loops (i.e., n ¼ 4) in
Refs. [34–38]. If we insert this expression into Eq. (2.6) and
reexpand in ae, we arrive at integrals of the form

ImðtÞ ¼
Z

dDp
ð2πÞD e−2tp

2

lmμp ¼ ∂
m

∂βm
μ2βIðt; 2βÞ

����
β¼0

; ð3:3Þ

where one may insert the result of Eq. (2.9) in order to
arrive at an analytical expression.

Following Eq. (2.8), we obtain

aGFe ðμÞ ¼ aeðμÞ
X
n≥0

Xn
m¼0

en;mane ðμÞLm
μt; ð3:4Þ

where

Lμt ¼ ln 2c2tμ þ γE; ð3:5Þ
with γE ¼ −Γ0ð1Þ ¼ 0.577216…, and the constant ctμ
introduced in Eq. (2.8). The result for the nonlogarithmic
coefficients reads

e0;0¼ 1; e1;0¼−
2

9
nf ;

e2;0¼
�
ζð3Þ−43

48

�
nf þ

�
π2

54
−

5

81

�
n2f ;

e3;0¼ nf

�
67

144
þ37

24
ζð3Þ−5

2
ζð5Þ

�

þn2f

�
3113

2592
þ 5π2

144
−
7

6
ζð3Þ

�

þn3f

�
100

729
−
π2

81
−

2

27
ζð3Þ

�
;

e4;0¼ nf

�
−
107

768
−
13

32
ζð3Þ−245

32
ζð5Þþ35

4
ζð7Þ

�

þn2f

�
299

512
þ π2

96
−
11π4

8640
−
97

12
ζð3Þþ2ζ2ð3Þþ115

18
ζð5Þ

�

þn2f si

�
−
299

432
þ π4

360
þ31

48
ζð3Þþ2

3
ζ2ð3Þ−5

4
ζð5Þ

�

þn3f

�
−
26611

31104
−
347π2

2592
þ 47

216
ζð3Þþπ2

9
ζð3Þþ5

9
ζð5Þ

�

þn4f

�
−

875

6561
−
5π2

729
þ π4

540
þ 16

243
ζð3Þ

�
; ð3:6Þ

where ζðzÞ is Riemann’s ζ function with values ζð3Þ ¼
1.20206…, ζð5Þ ¼ 1.03693…. si ¼ 1 is a marker used to
separate singlet and nonsinglet contributions, analogous to
Ref. [38]. This conversion between the MS and the GF
scheme is illustrated in Fig. 1 for nf ¼ 1 and nf ¼ 5.
Instead of quoting the logarithmic coefficients explicitly,

we remark that they can be easily obtained from the renorm-
alization group (RG) invariance of the action density,

μ
d
dμ

EðtÞ ¼ 0; ð3:7Þ

leading to the recurrence relations

e0;k¼0; ken;k¼
Xn−1
l¼0

ðn− lÞen−l−1;k−1βe;l; k≥1; n≥1;

ð3:8Þ
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with the QED4 β function given by

βe ¼ −ae
X
k≥0

βe;kake ð3:9Þ

where [39–44]

βe;0 ¼ −
1

3
nf ; βe;0 ¼ −

1

4
nf ; βe;2 ¼

11

144
n2f þ

1

32
nf ;

βe;3 ¼
77

3888
n3f þ

�
13

36
ζð3Þ − 95

864

�
n2f þ

23

128
nf ;

βe;4 ¼ −
�

1

216
ζð3Þ þ 107

31104

�
n4f

þ
�
5

12
ζð5Þ − 125

216
ζð3Þ þ 13π4

8640
þ 10879

41472

�
n3f

−
�
85

32
ζð5Þ − 31

32
ζð3Þ − 3731

4608

�
n2f

−
�
4157

6144
þ 1

8
ζð3Þ

�
nf : ð3:10Þ

While the conversion from the MS to the GF scheme of the
coupling according to Eq. (3.4) depends on the choice of

the constant ctμ, the GF β function is independent of it

μ
d
dμ

aGFe ¼ aGFe βGFe ; βGFe ¼ −aGFe
X
k≥0

βGFe;kðaGFe Þk: ð3:11Þ

The first two coefficients are universal, i.e.,

βGFe;0 ¼ βe;0; βGFe;1 ¼ βe;1; ð3:12Þ

see Eq. (3.10), while the higher orders are easily obtained
from the results above

βGFe;2 ¼ βe;2 − βe;1e1 þ βe;0ðe2 − e21Þ;
βGFe;3 ¼ βe;3 − 2βe;2e1 þ βe;1e21 þ 2βe;0ðe3 − 3e2e1 þ 2e31Þ;
βGFe;4 ¼ βe;4 − 3βe;3e1 − βe;2ðe2 − 4e21Þ þ βe;1ðe3 − 2e1e2Þ

þ βe;0ð3e4 − 12e3e1 − 5e22 þ 28e2e21 − 14e41Þ;
ð3:13Þ

with

en ¼
Xn
m¼0

en;mLm
μt ð3:14Þ

FIG. 1. The conversion of the coupling from the MS scheme to the GF scheme (a), (c) and back (b), (d) for QED4. Here we used
ctμ ¼ e−γE=2=

ffiffiffi
2

p
and nf ¼ 1 (a), (b) or nf ¼ 5 (c), (d).
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and Lμt from Eq. (3.5). The coefficient βGFe;2 agrees with the
QCD result in the Abelian limit [19,25,26]; the other
coefficients are new.
The behavior of the different orders of the GF β function,

together with the MS β function for nf ¼ 1 and nf ¼ 5 for
comparison, is shown in Fig. 2. As opposed to the case
of the QCD β function, the perturbative behavior in the
GF scheme is rather similar, if not better than in the MS
scheme [19,25,26].
Let us stress that the results of this section should only be

considered as an example for the perturbative application of
Eq. (2.6). For example, one could include the effect of other
interactions in the photon polarization function. In this
case, the cn in Eq. (3.1) become functions of the coupling
constants of these additional interactions. In particular, one
may include QCD corrections in the massless-quark limit,
which are currently known through order α4s [45].
Neglecting higher orders in ae, the polarization function
would then take the form

ΠRðpÞ ¼ aeðμÞc1ðas; lμpÞ

¼ aeðμÞ
�
Πð1Þ þ

X
n≥1

Xn
m¼0

dn;mlmμpans ðμÞ
�
; ð3:15Þ

and therefore

aGFe ðμÞ ¼ aeðμÞð8πtÞ2
Z

d4p
ð2πÞ4 e

−2tp2 ½1 − ΠRðpÞ�
����
t¼ðctμ=μÞ2

þOða3eÞ: ð3:16Þ

Here Πð1Þ denotes the one-loop result, which is of course
identical to the OðaeÞ term in Eq. (3.1), i.e., Πð1Þ ¼
c1;0 þ c1;1lμp. Inserting the coefficients dn;m from the
literature [45] and using again Eq. (3.3), one arrives at
the corresponding perturbative expansion for aGFe given
in Appendix B.

IV. THREE-DIMENSIONAL QED

Now we turn to QED in three space-time dimensions. In
this case, the coupling constant ae has mass dimension one.
The theory is superrenormalizable and strongly coupled
in the IR.

A. Naive perturbation theory

Despite the nonperturbative IR behavior of QED3, let us
consider a naive perturbative approach for defining the
gradient-flow coupling. We will see that this indeed
works up to second order in the coupling, while it fails
beyond that.

FIG. 2. Comparison of the β function in the GF scheme (a), (c) to the MS scheme (b), (d) for nf ¼ 1 (a), (b) and nf ¼ 5 (c), (d).
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The renormalized polarization function is known for general number of space-time dimensions D through two loops,
with the result [46]

ΠRðqÞ ¼ aeΠð1ÞðqÞ þ a2eΠð2ÞðqÞ þ � � � ; ð4:1Þ

with

Πð1ÞðqÞ ¼ 1

1 −D

�
4π

q2

�4−D
2 D − 2

2
Gð1; 1Þ ð4:2Þ

and

Πð2ÞðqÞ ¼ 1

4ð1 −DÞ
�
4π

q2

�
4−D 4D − 8

8 − 2D

�
G2ð1; 1Þ

�
−4þ 7

4
D −

1

4
D2

�
ð4:3Þ

þGð1; 1ÞG
�
1;
4 −D
2

�
4

4 −D

�
6 − 5Dþ 7

4
D2 −

1

4
D3

�	
; ð4:4Þ

where

Gðn1; n2Þ ¼ ð4πÞD=2ðp2Þn1þn2−D=2

Z
k

1

ððpþ kÞ2Þn1ðk2Þn2 ð4:5Þ

¼ Γðn1 þ n2 −D=2ÞΓðD=2 − n1ÞΓðD=2 − n2Þ
Γðn1ÞΓðn2ÞΓðD − n1 − n2Þ

: ð4:6Þ

At D ¼ 3, this gives

Πð1ÞðqÞ ¼ nf
8q

and Πð2ÞðqÞ ¼ nf
16π2q2

ðπ2 − 10Þ: ð4:7Þ

Inserting this into Eq. (2.6) with D ¼ 3, one may be
tempted to define the QED3 coupling in the GF scheme as

aGFe ðμÞ ¼ aeðμÞð1þ aeðμÞ
ffiffi
t

p
e1 þ a2eðμÞte2 þ � � �Þt¼ðctμ=μÞ2 ;

ð4:8Þ

with

e1 ¼ −nfπ2
ffiffiffi
2

π

r
; e2 ¼ nfπ2ðnfπ2 − 4π2 þ 40Þ; ð4:9Þ

and ctμ again arbitrary, but fix. However, these first two
orders are exceptional in the sense that all higher orders
beyond that are IR divergent, as can be seen as follows. For
dimensional reasons, it is

ΠðnÞðqÞ ∼ 1=qn; ð4:10Þ

and thus Eq. (2.6) results in integrals of the form Eq. (2.9)
with β ¼ n∈N which do not exist for n ≥ D ¼ 3. This is a

consequence of the well-known property of QED3 that ae is
not a viable expansion parameter.

B. Large-nf limit

Instead, one may consider QED3 in the limit of large nf .
Resumming the dominant terms in 1=nf leads to the
following photon polarization function:

ΠRðqÞ ¼
ae
q
hf; ð4:11Þ

where [47–50]

hf¼
π2nf
2

�
1þ cð1Þ

π2nf
þOð1=n2f Þ

�
; with cð1Þ ¼184

9
−2π2:

ð4:12Þ

Let us define the dimensionless couplings as

âGFe ðμÞ≡ cαμ
aGFe
μ

; âeðμÞ≡ cαμ
ae
μ
; ð4:13Þ

with some constant cαμ. In the following, we choose

cαμ ¼ 2ctμhf

ffiffiffi
2

π

r
: ð4:14Þ
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SettingD ¼ 3 and using Eq. (4.11), the integral of Eq. (2.6)
evaluates to

âGFe ¼ âe

�
1 − âe þ

π

2
â2e −

π

4
â3eG

�
π

4
â2e

��
ð4:15Þ

with

GðxÞ≡ e−x
�
Γð0;−xÞ þ ffiffiffi

π
p

iΓ
�
1

2
;−x

��
; ð4:16Þ

where

Γðs; zÞ ¼
Z

∞

z
dt ts−1e−t ð4:17Þ

is the incomplete Γ function. Regulating this integral for
z ¼ −x < 0 by suitable subtractions, one can write

Γð0;−xÞ ¼ −iπ þ
Z

1

−x
dt
e−t − 1

t
− ln xþ Γð0; 1Þ;

iΓ
�
1

2
;−x

�
¼ i

ffiffiffi
π

p þ 2
ffiffiffi
x

p þ
Z

x

0

dt
et − 1ffiffi

t
p ; ð4:18Þ

which shows that GðxÞ in Eq. (4.16) is real-valued. Its large-
and small-x limits can be obtained from the usual expan-
sions of the incomplete Γ function.
In this way, we obtain the limits of short and long flow

time of Eq. (4.15)2

âGFe ¼ âe

�
1− âeþ

π

2
â2eþ

π

4
â3e

�
γEþ2lnâeþ ln

π

4

�
þOðâ4eÞ

�
;

âGFe ¼4

π

�
1−

3

2âe
þ 8

πâ2e
−

15

πâ3e
þOðâ−4e Þ

�
: ð4:19Þ

The behavior of âGFe in comparison with these limiting
cases is shown in Fig. 3. The short flow-time limit agrees
with the naive expansion of Eq. (4.8) at leading order
in 1=nf .
The dimensionless gradient-flow coupling âGFe then

clearly has an IR fixed point at

âGFe ðμ ¼ 0Þ ¼ 4

π
: ð4:20Þ

For the following, it is useful to define

âGFe;�ðμÞ≡ âGFe ðμÞ − 4

π
ð4:21Þ

with which the inverse relations of Eq. (4.19) become

âe ¼ âGFe

�
1þ âGFe þ ðâGFe Þ2

�
2 −

π

2

�

þ ðâGFe Þ3
�
5 −

5π

2
−
π

4

�
γE þ 2 ln âGFe þ ln

π

4

�

þOððâGFe Þ4Þ
�
;

1

âe
¼ −

π

6
âGFe;�

�
1 −

8

9
âGFe;� þ

256 − 45π2

162
ðâGFe;�Þ2 þ � � �

�
:

ð4:22Þ

Using Eq. (4.13)(4.15), we can obtain

βGFe ¼ μ
d
dμ

âGFe ¼ −âe
∂

∂âe
âGFe

¼ −âe
�
1 − 2âe þ

3π

2
â2e þ

π

2
â3e

�
1 − 2G

�
π

4
â2e

��

−
π2

4
â4e þ

π2

8
â5eG

�
π

4
â2e

�	
: ð4:23Þ

Of course, we are actually interested in βGFe as a function of
âGFe rather than âe. However, obtaining an analytic expres-
sion for this would require solving Eq. (4.15) for âeðâGFe Þ,
which is beyond analytic reach. Therefore, the β function
can only be determined numerically.
To gain insight into the behavior near the fixed points at

âGFe ¼ 0 and âGFe ¼ 4
π, we define an approximate β function

valid in the limits of short and long flow time. Expanding
Eq. (4.23) in the respective limits and inserting Eq. (4.22),
we obtain

μ
d
dμ

âGFe ¼ βGFe ; ð4:24Þ

FIG. 3. The conversion between the GF and MS scheme
together with the limiting cases for small/large âe.

2A derivation of these expressions using the strategy of regions
is outlined in Appendix A.
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with

βGFe ¼ −âGFe þ ðâGFe Þ2 þ ðâGFe Þ3ð2− πÞ

þ ðâGFe Þ4
�
5−

3π

2

�
3þ γE

2
þ ln âGFe þ 1

2
ln
π

4

��
þ � � �

ð4:25Þ

and

βGFe ¼ âGFe;�

�
1þ 8

9
âGFe;� −

128 − 45π

81
ðâGFe;�Þ2 þ � � �

�
: ð4:26Þ

These limits, together with the full β function of Eq. (4.23),
are shown in Fig. 4. Note that, for Eq. (4.25), neglecting
terms of order ðâGFe Þ3 and higher would imply a non-
Gaußian fixed point at âGFe ¼ 1. However, we are not
supposed to use this result in the IR limit, which corre-
sponds to

ffiffi
t

p
→ ∞, as is clearly visible in Fig. 4(a).

The critical slope, defined as the gradient of the
β-function with respect to the coupling evaluated at the
fixed point, is a scheme independent number. Previous
studies have found in the large nf expansion that, to leading
order, β0ða⋆Þ ¼ 1 [2,51]. By inspection, Eq. (4.26) agrees
with this result, as does the combination of the complete
analytic results given in Eq. (4.15) and Eq. (4.23). âGFe
approaches the fixed point value as âe → ∞, and the nf
dependence in these equations is absorbed into our defi-
nition of âe, therefore we do not expect higher-order
corrections to the gradient-flow estimate of this value, in
agreement with the regular perturbative expansion to
Oð1=nfÞ in Ref. [51], for example. The evaluation of other
critical exponents, such as the fermion-mass anomalous
dimension, would require the computation of flowed fer-
mionic operators, which is outside of the scope of this work.

V. CONCLUSIONS

We have evaluated the coupling of four- and three-
dimensional QED with nf massless fermions in the

gradient-flow scheme. Due to its linear form, the flow
equation can be solved exactly for QED, and the GF
coupling is fully determined as the Laplace transform of a
function that only depends on the photon polarization
function of the unflowed theory. In the latter, one can
include arbitrary additional interactions, so that the U(1)
gradient-flow coupling of a more general theory can be
obtained from a one-dimensional integral over purely
unflowed results within that theory.
As applications of this observation, we have considered

four-dimensional QED through four-loop level, as well as
three-dimensional QED in the large-nf limit through next-
to-next- to-leading order (NNLO). We have evaluated the
corresponding conversions from the regular to the GF
couplings, as well as the associated β functions. For QED3,
we recover the well-known UV and IR fixed points.
We hope that our results will be useful in further field

theoretical studies, in particular in the context of lattice
formulations of QED.
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APPENDIX A: LONG- AND SHORT-FLOW-TIME
LIMITS OF EðtÞ IN QED3

In QED3, the integral in Eq. (2.6) depends on the two
dimensionful scales aehf and t. Let us first evaluate it in the

FIG. 4. The comparison of the β function to the limiting cases: (a) small âGFe ; (b) large âGFe .

GEORG, HARLANDER, and MASON PHYS. REV. D 113, 076016 (2026)

076016-8



limit aehf ≪ 1=
ffiffi
t

p
. Following the strategy-of-regions [52], we identify two integration regions3:

(1) p ∼ 1=
ffiffi
t

p
: here we can expand the integrand in the limit of small aehf

Eð1ÞðtÞ ¼ e2ðD − 1Þ
2

Z
dDp
ð2πÞD e−2tp

2
X∞
n¼0

�
−
aehf
p

�
n

¼ e2ðD − 1Þ
2ð8πtÞD=2ΓðD=2Þ

X∞
n¼0

ð−aehf
ffiffiffiffi
2t

p
ÞnΓ

�
D − n
2

�
; ðA1Þ

where we have used Eq. (2.9). Note that, in the limit D≡ 3 − 2ϵ → 3, Eð1Þ has poles for odd n with n ≥ 3.
(2) p ≪ 1=

ffiffi
t

p
: here we can expand the exponential4

Eð2ÞðtÞ ¼ e2ðD − 1Þ
ð4πÞD=2ΓðD=2Þ

X∞
n¼0

1

n!

Z
∞

0

dppD−1 ð−2p2tÞn
1þ aehf=p

¼ e2ðD − 1Þ
ð4πÞD=2ΓðD=2Þ

X∞
n¼0

1

n!
ð−2tÞnðaehfÞDþ2nΓðD − 1þ 2nÞΓð2ð1 − nÞ −DÞ: ðA2Þ

Therefore, this region only contributes whenever region 1 develops poles, in which case they are exactly canceled in
the sum of both regions. Inserting this sum into Eq. (2.8) results in the first equation of Eq. (4.19).

In the opposite limit, aehf ≫ 1=
ffiffi
t

p
, the region p ≫ 1=

ffiffi
t

p
vanishes due to the exponential. Therefore, only the region

p ∼ 1=
ffiffi
t

p
contributes, leading to

EðtÞ ¼ −
e2ðD − 1Þ

2

Z
dDp
ð2πÞD e−2tp

2
X∞
n¼0

�
−

p
aehf

�
nþ1

¼ −
e2ðD − 1Þ

2ð8πtÞD=2ΓðD=2Þ
X∞
n¼0

�
−

1

aehf
ffiffiffiffi
2t

p
�

nþ1

Γ
�
Dþ nþ 1

2

�
: ðA3Þ

Inserting this into Eq. (2.8) results in the second equation of Eq. (4.19).

APPENDIX B: QED4 GRADIENT-FLOW COUPLING INCLUDING QCD CORRECTIONS

Here we provide the explicit result for the QCD corrections to the QED4 coupling in the GF scheme. As a consequence of
Eq. (3.16), we can write

aGFe ðμÞ ¼ aeðμÞ
�
1þ aeðμÞe1 þ aeðμÞ

�X
n≥1

eQCDn ans ðμÞ
�	

; ðB1Þ

where the coefficients eQCDn ¼ eQCDn ðLμtÞ can be extracted using dn;m from Ref. [45] and, up to n ¼ 2, take the form

eQCD1 ¼ −d1;0 þ d1;1ð1 − LμtÞ ¼
�
ζð3Þ − 43

48
−
1

4
Lμt

�
dRnfCF;

eQCD2 ¼ −d2;0 þ d2;1ð1 − LμtÞ þ d2;2

�
−
π2

6
þ 2Lμt − L2

μt

�

¼ dRnfCFCA

�
5

12
ζð5Þ þ 161

72
ζð3Þ − 11π2

576
−
30931

10368
þ Lμt

�
11

12
ζð3Þ − 101

96

�
−
11

96
L2
μt

�

þ dRnfC2
F

�
−
5

2
ζð5Þ þ 37

24
ζð3Þ þ 67

144
þ 1

32
Lμt

�

þ dRn2fCFTR

�
−
13

18
ζð3Þ þ π2

144
þ 2513

2592
− Lμt

�
1

3
ζð3Þ − 3

8

�
þ 1

24
L2
μt

�
: ðB2Þ

3For the application of the strategy-of-regions toGF integrals, see alsoRef. [26]; for an alternativeway to expandGF integrals, seeRef. [53].
4The integral was solved with Mathematica [54] and using the identity π= sinðsπÞ ¼ ΓðsÞΓð1 − sÞ [55].
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The coefficient e1 coincides with the one in QED4, cf. Eq. (3.14). The relevant SU(3) group factors required for QCD are

dR ¼ 3; CF ¼ 4

3
; CA ¼ 3; TR ¼ 1

2
: ðB3Þ

The derivation of higher-order terms in Eq. (B1) proceeds analogously.
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