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We study the nonperturbative and higher-order perturbative corrections on the electromagnetic (Fγ
1p;2p)

and electromagnetic-weak interference (FγZ
1p;2p;3p) structure functions and their impact on the parity-

violating electron asymmetry in the deep inelastic scattering of longitudinally polarized electron off an
unpolarized proton target. The numerical results for them are presented by including the perturbative
corrections beyond the leading order up to the next-next-to-leading-order and nonperturbative QCD
corrections due to the target-mass corrections and the higher-twist (HT: twist-4) effects. We also present the

numerical results for the electron beam spin asymmetry AðeÞ
PVðx;Q2Þ corresponding to the JLab energies of

6 GeV, 12 GeV, and 22 GeVand discuss the feasibility of determining the d=u quark distribution ratio. The
results obtained in this work may be useful for the analysis of future measurements at the Electron Ion
Collider (EIC) in the USA, and the Electron ion collider in China (EicC) aimed at studying parity-violating
effects in the deep inelastic scattering of polarized electrons from unpolarized proton targets.
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I. INTRODUCTION

The study of the parity-violating (PV) electron asym-
metry in the deep inelastic scattering (DIS) of polarized
electrons from unpolarized and polarized proton targets has
played an important role in understanding the structure of
the nucleon and its interactions in the electroweak sector.
The first observation of the parity-violating asymmetry

AðeÞ
PVðx;Q2Þ in DIS of polarized electrons from unpolarized

proton and deuteron targets was made at SLAC [1,2]. The

PV asymmetry AðeÞ
PVðx;Q2Þ is defined as

AðeÞ
PVðx;Q2Þ ¼ σRðx;Q2Þ − σLðx;Q2Þ

σRðx;Q2Þ þ σLðx;Q2Þ ; ð1Þ

where x is the Bjorken variable, Q2 is the four momentum
transfer square, and σR;Lðx;Q2Þ are the cross sections for
the right(left)-handed polarized high-energy electrons scat-
tering from unpolarized protons. The experimental obser-

vations of AðeÞ
PVðx;Q2Þ confirmed the existence of the

neutral currents (NC) in the weak sector of the electron-
nucleon interactions and also determined the value of the

weak mixing angle θW which was consistent with the
predictions of the unified theory of weak and electromag-
netic interactions proposed by Glashow, Salam, and
Weinberg (GSW) [3–5]. Since then several efforts have
been undertaken to measure the parity-violating asymmetry
in DIS of polarized electrons. These experiments played a
major role in establishing the GSW model as the Standard
Model (SM) of particle physics unifying the weak and
electromagnetic interactions and provided great impetus to
perform further experiments on the measurements of the
parity-violating asymmetry in scattering of polarized elec-
trons and muons from nucleons and nuclear targets
corresponding to the kinematic region of quasielastic
and inelastic scattering in addition to the DIS [6–21].
Their theoretical analyses using the methods of perturbative
QCD and lattice gauge theory simulations of QCD [22–35]
have led to important information about understanding the
nucleon structure in QCD.
In the specific case of the deep inelastic scattering

of polarized electrons from unpolarized protons and
nuclei, the various experiments measure the spin depen-
dent cross sections σRðx;Q2Þ and σLðx;Q2Þ corresponding
to the scattering of right-handed (R) and left-handed (L)
polarized electrons from protons which determine the

parity-violating electron asymmetry AðeÞ
PVðx;Q2Þ and

depend on the proton structure functions Fγ;γZ;Z
1p;2p;3pðx;Q2Þ

and the weak neutral current electron couplings geV and geA
in the vector (V) and axial vector ðAVÞ interactions. Here
FγðZÞ
1p;2p;3pðx;Q2Þ [Fγ

3pðx;Q2Þ ¼ 0] are the proton structure
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functions due to γ, and Z interactions shown in Fig. 1 while
FγZ
1p;2p;3pðx;Q2Þ are the proton structure functions arising

due to the interference of γðZ) interactions. In all the terms
appearing in the cross section the contribution of the γZ (Z)
structure functions are suppressed by a factor ηγZððηγZÞ2Þ,
where ηγZ is given by

ηγZ ¼ GFM2
ZQ

2

2
ffiffiffi
2

p
παðQ2 þM2

ZÞ
; ð2Þ

with GF ¼ 1.16 × 10−5 GeV−2 is the Fermi coupling
constant, α is the fine structure constant and MZ ¼
91.1876� 0.0021 GeV is the mass of Z-boson. In general,
the value of ηγZ for Q2 ≪ M2

Z is quite small, i.e., of the
order of 10−3 for Q2 ≃ 10 GeV2. Therefore, the contribu-
tions of the γZ and Z structure functions FγZ;Z

1p;2p;3pðx;Q2Þ to
the cross sections σRðx;Q2Þ and σLðx;Q2Þ are small and
negligible as compared to the contributions of the γ
structure functions Fγ

1;2ðx;Q2Þ. However, the parity-violat-
ing electron asymmetry AðeÞ

PVðx;Q2Þ which is defined in
terms of the difference of the helicity dependent cross
sections σRðx;Q2Þ and σLðx;Q2Þ, depends on the γZ
structure functions FγZ

1p;2p;3pðx;Q2Þ and on the weak neutral
current couplings of the electron. The γZ structure func-
tions FγZ

1p;2p;3pðx;Q2Þ depend also upon the neutral current
couplings of the quarks involving the weak mixing angle
θW and the parton distribution functions (PDFs) in the
nucleon. Therefore, a precise measurement of the parity-
violating electron asymmetry can be used to extract the
weak mixing angle θW and to study the quark PDFs in
nucleons. Knowledge of the quark PDFs is required to
extract the value of the weak mixing angle θW . However,
the uncertainties associated with the determination of the
quark PDFs, as discussed by Fu et al. [36], Bodek
et al. [37], Lin [38], Gao et al. [39], Chiefa et al. [40],
Risse et al. [41] and many others in the past [42–47], affect
the extraction of the mixing angle θW . In an analysis of
the uncertainties made by Amoroso et al. [47], it was
found that the uncertainties among different PDFs like
NNPDF4.0 [48], ATLASpdf21 [49], MSHT20 [50],

CT18 [51], ABMP16 [52], etc., are possibly a consequence
of both adopted methodology and differences in data
included. However, there is an overall agreement among
the different PDFs sets in the kinematic regions of x and
Q2, where experimental data are abundant or over con-
strained, such as in the intermediate region of x specially in
the case of light flavor quarks leading to a consensus on the
extraction of the weak mixing angle θW . Nonetheless,
discrepancies are observed in areas with scarce data or
complex nuclear effects, such as for the region of small x or
large x or for the heavy-flavor PDFs. Moreover, a sim-
plification arises in the case of isoscalar targets, like the

deuterium in which the PVelectron asymmetry AðeÞ
PVðx;Q2Þ

calculated in the quark-parton model using the leading
order (LO) of perturbative QCD valid in the kinematics of
Bjorken scaling becomes independent of the structure
functions in the limit of isospin symmetry and depends
only on the weak mixing angle θW [29]. This has been used
to extract the weak mixing angle θW from the measure-
ments of PV electron asymmetry in early experiments on
the DIS of polarized electrons from deuteron targets
assuming isospin symmetry [2,53,54]. However, the
nuclear effects due to the use of deuteron target and
possible effects due to the violation of isospin sym-
metry in deuteron, though small should be estimated.
Alternatively, it has been suggested in literature to study
the effects of the violation of isospin symmetry in the quark
PDFs using the parity-violating electron asymmetry mea-
surements from the DIS of polarized electrons from
deuteron targets [2,53–55].
The importance of the PV electron asymmetry

AðeÞ
PVðx;Q2Þ in extracting the weak mixing angle and its

anticipated role in studying the isospin symmetry violation
of quark PDFs has initiated many experimental proposals to

make precise measurements of AðeÞ
PVðx;Q2Þ with high

energy and high intensity polarized electrons beams at
various electron accelerators. For example, the SoLID
experiment and its upgrade at JLab [56–59] in USA, at
HIAF [60] in China, and at BNL [61–63] in USA are at
various stages of development to make these measure-
ments. These experiments will measure the helicity depen-
dent cross sections σRðx;Q2Þ and σLðx;Q2Þ and determine
the various electroweak nucleon structure functions
Fγ
1N;2Nðx;Q2Þ and FγZ

1N;2N;3Nðx;Q2Þ and PV electron asym-
metry with improved precision in the DIS of polarized
electrons from protons and deuterons.
In view of these experimental proposals various theo-

retical calculations have been recently made for the neutral
current nucleon structure functions and the PV electron
asymmetry AðeÞ

PVðx;Q2Þ. Notwithstanding the importance of

the AðeÞ
PVðx;Q2Þ in extracting the weak mixing angle which

is straightforward in the region of the kinematics of Bjorken
scaling Q2 → ∞; ν → ∞ using the quark parton model,
most of the experiments are done at high but finite Q2 and

FIG. 1. Diagrammatic representation of parity-violating con-
tribution to the DIS which results from the interaction of purely
electromagnetic (γ� exchange) and purely weak (Z exchange)
amplitudes.
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ν, where various corrections due to the violation of Bjorken
scaling may play a role. At finite Q2, the corrections due to
higher-order perturbative QCD and the nonperturbative
corrections due to the target-mass correction (TMC) and
higher twist (HT) are important in a wide region of x. In
addition, the electroweak structure functions get contribu-
tion from the sea quarks and gluons in the region of lower x
which has been studied in some detail [33,64–66]. In the
region of higher x, the electroweak structure functions get
contribution from the resonance excitations and pion
production processes which can be minimized by choosing
proper limits onQ2 andW, the center of mass (CM) energy
in order to apply the phenomenology of DIS. Generally, a
kinematic limit ofW ≥ 2 GeV andQ2 ≥ 1 GeV2 is chosen
to ensure that a pure DIS formulation is applied to extract
the nucleon structure functions and the electron asymmetry

AðeÞ
PVðx;Q2Þ. In this kinematic region of W ≥ 2 GeV and

Q2 ≥ 1 GeV2, it is important to study the corrections due to
higher-order perturbative QCD and nonperturbative effects.
In past there have been some calculations of the higher-
order perturbative QCD and HT effects at next-to-leading
order (NLO) [26,30–32,67], but the question of TMC has
been addressed only recently in the calculations of the
electroweak structure functions and the parity-violating
electron asymmetry [31].
The present work focuses on the study of both the

perturbative [up to next-to-next-to leading order (NNLO)]
and the nonperturbative (target mass and higher-twist
corrections) QCD effects on the proton structure functions
in the electromagnetic ½Fγ

1p;2pðx;Q2Þ� as well as the weak-
electromagnetic ½FγZ

1p;2p;3pðx;Q2Þ� interference (γZ) sectors
over a wide kinematic range of x and Q2 relevant to the
current and upcoming experiments. We have discussed
the dependence of these proton structure functions and the

parity-violating electron asymmetry AðeÞ
PVðx;Q2Þ on the

choice of PDFs parametrizations available in the literature.
These results are important as the uncertainty associated
with the proton structure functions and the electron
asymmetry due to the PDFs dependence translate directly in
the extraction of the weak mixing angle θW . Furthermore,
we have also discussed the model dependence of the
nonperturbative target mass corrections as well as the
higher-twist corrections which play an important role in
the evaluation of the proton structure functions in the
kinematic region of low Q2 and high x. In the case of the
target mass corrections which lead to the modification of
the kinematic variable x, there are various approaches
available in the literature, for example, the operator
product expansion discussed by Scheinbein et al. [68],
the collinear factorization discussed by Ellis, Furmanski,
and Petronzio [69], and the ξ-scaling discussed by Brady
et al. [31]. The various prescriptions of the target mass
corrections on the electroweak nucleon structure functions
have been discussed in Ref. [31,32,68,69]. On the other

hand, the higher-twist corrections have been discussed
recently by various phenomenological groups such as
AKP [70,71], NNPDF [72] JAM [73], CJ [74–78],
MRST [79], MSTW [80], MSHT [81], ABMP [52,82],
etc. In the present work, we have explicitly discussed the
interplay between TMC and HT corrections along with
their model dependence in the region of low to moderate
Q2. The study has been extended to examine the validity of
the Callan-Gross relation in the region of low to moderate
Q2, where the longitudinal structure function Fγ=γZ

Lp ðx;Q2Þ
is nonzero even at the leading order of pQCD [83]. In
particular, we present a detailed analysis of the violation of
the Callan-Gross relation, demonstrating that the non-
perturbative TMC and HT effects lead to quantitatively
different behavior in the proton structure functions asso-
ciated with the γ− and γZ− exchange channels. The impact
of these corrections on the differential cross sections, the

parity-violating asymmetry and the extraction of the dðxÞ
uðxÞ

ratio at high x are also discussed.
In Sec. II, we describe in brief the formalism for the DIS

of polarized electrons from protons and derive an expres-
sion for the electron asymmetry AðeÞ

PVðx;Q2Þ in terms of the
electromagnetic proton structure functions Fγ

1p;2pðx;Q2Þ,
and FγZ

1p;2p;3pðx;Q2Þ the proton structure functions in the
weak-electromagnetic interference sector. We follow the
works of Schienbein et al. [68] to incorporate the TMC
effect, and the works of Dasgupta et al. [84] and Stein
et al. [85] to include the higher-twist effect up to twist-4.
For the evolution of PDFs at NLO and NNLO, we follow
the works of Vermaseren et al. [86] and Moch et al. [83,87]
and use the parametrization of the nucleon PDFs given by
Martin, Motylinski, Harland-Lang, Thorne (MMHT14)
[88] in the MS-bar scheme. In Sec. III, we present
quantitatively the results for the effect of various correc-
tions described above on these structure functions and
discuss the validity of the Callan-Gross relation [89] in the
presence of these corrections in the γ and γZ sectors. For

this purpose, we define the ratios rγ=γZp ðx;Q2Þ ¼ Fγ=γZ
2p ðx;Q2Þ

2xFγ=γZ
1p ðx;Q2Þ

and Rγ=γZ
p ðx;Q2Þ ¼ Fγ=γZ

Lp ðx;Q2Þ
2xFγ=γZ

1p ðx;Q2Þ and discuss their numerical

results. We also present results for the structure function

Fγ
2pðx;Q2Þ, and electron asymmetry AðeÞ

PVðx;Q2Þ to explic-
itly assess their dependence on different parametrizations
of TMC and HT effects available in the literature.
Furthermore, we present and discuss the quantitative
results for the single differential cross sections dσep

dx , elec-

tron asymmetry AðeÞ
PVðx;Q2Þ as well as the results for

a1pðx;Q2Þ ¼ −geA
FγZ
1pðx;Q2Þ

Fγ
1pðx;Q2Þ (which may provide information

about d=u ratio) in presence of these corrections in the
kinematic region of x and Q2 relevant for future experi-
ments planned at JLab [56–58,90], EIC [61–63] and
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EicC [60] to study the parity violation in the DIS of
polarized electrons from nucleons. In Sec. IV, we summa-
rize our findings and conclude the present work.

II. FORMALISM

A. Differential scattering cross section

The basic reaction for the DIS of polarized electron
scattering off an unpolarized nucleon target is given by

e⃗−ðk; s1Þ þ pðp; spÞ → e−ðk0; s2Þ þ Xðp0; sXÞ; ð3Þ

where quantities within the parenthesis represent the four
momenta and spin of the corresponding particles. The
general expression for the differential cross section in terms
of the purely electromagnetic contribution via photon (γ)
exchange and the neutral current induced weak contribu-
tion via Z-exchange to the scattering amplitudes (as
depicted in Fig. 1) is written as

d2σ
dxdy

¼ 2πyα2

q4
ðjMγ þMZj2Þ; ð4Þ

where q2 ¼ ðk − k0Þ2 is the four momentum transfer
square, y ¼ p·q

p·k ¼ ν
E is the inelasticity, E is the incoming

electron beam energy, ν ¼ E − E0 is the energy transfer and
E0 is the energy of the scattered electron beam. The
differential cross section defined in Eq. (4) is expressed
in terms of the leptonic tensors (Lμν;i) and the hadronic
tensors (Wi

μν), where i ¼ γ; Z; γZ correspond to the pure
photon (γ) exchange, Z-exchange and their interference
term γZ, and is written as [35,62]

d2σ
dxdy

¼ 2πyα2

q4
ðLμν;γWγ

μν þ ηγZ Lμν;γZ WγZ
μν

þ ðηγZÞ2Lμν;Z WZ
μνÞ: ð5Þ

The leptonic tensors for the aforementioned interaction
channels are given by [91]

Lμν;γ ¼ 2ðkμk0ν þ kνk0μ − k · k0gμν − iλeϵμναβk0αkβÞ; ð6Þ

Lμν;Z ¼ ðgeV − λegeAÞ2 Lμν;γðλeÞ; and ð7Þ

Lμν;γZðλeÞ ¼ ðgeV − λegeAÞLμν;γðλeÞ; ð8Þ

with λeð¼ �1Þ as the helicity of the incoming electron,

geV ¼ −1=2þ 2 sin2 θW and geA ¼ −1=2 ð9Þ

are the vector and the axial-vector couplings for the
electron, and θW is the Weinberg angle. If we choose
the direction of the polarized electron beam along the z-axis
and ignore its mass (ml → 0) then the four momenta are

defined in the rest frame of nucleon as

kμ ¼ ðk0; k⃗Þ ¼ ðE; 0; 0; jk⃗jÞ ¼ ðE; 0; 0; EÞ;
k0μ ¼ ðE0; k⃗0Þ ¼ ðE0; E0 sin θ cosφ; E0 sin θ sinφ; E0 cos θÞ;
qμ ¼ kμ − k0μ;

q0 ¼ E − E0; qx ¼ −E0 sin θ cosφ;

qy ¼ −E0 sin θ sinφ; qz ¼ E − E0 cos θ;

pμ ¼ ðp0; p⃗Þ ¼ ðM; 0⃗Þ; ð10Þ

where φ is the azimuthal angle, and θ is the lab scattering
angle. The Bjorken variable x is given by

x ¼ Q2

2p · q
¼ Q2

2Mν
; ð11Þ

with M as the target nucleon mass and ν ¼ q0.
The hadronic tensor [Wj

μν; ðj ¼ γ; γZ; ZÞ] is generally
defined in terms of the dimensionless nucleon structure
functions Fipðx;Q2Þ; ði ¼ 1–5Þ with metric tensor gμν, four
momentum p and the four momentum transfer q, as [91]

Wj
μν ¼

�
−gμν þ qμqν

q2

�
Fj
1pðx;Q2Þ

þ
�
pμ −

p · q
q2

qμ

��
pν −

p · q
q2

qν

�
Fj
2pðx;Q2Þ
p · q

− iϵμνρσ
qρpσ

2p · q
Fj
3pðx;Q2Þ þ qμqν

p · q
Fj
4pðx;Q2Þ

þ ðpμqν þ pνqμÞFj
5pðx;Q2Þ: ð12Þ

By using Eqs. (6)–(8) and (12) in Eq. (5), the differential
scattering cross section is obtained in terms of the dimen-
sionless nucleon structure functions. Neglecting the lepton
mass terms (ml → 0), the contribution from the terms with
F4p;5pðx;Q2Þ will be zero and the cross section is then
written as

d2σ
dxdy

¼
�
2πyα2

q4

��
4ME
y

��
xy2 F1pðx;Q2Þ

þ
�
1 − y −

Mxy
2E

�
F2pðx;Q2Þ

þ xy

�
1 −

y
2

�
λe F3pðx;Q2Þ

�
: ð13Þ

The dimensionless proton structure functions Fipðx;Q2Þ;
ði ¼ 1–3Þ having contribution from the three terms corre-
sponding to γ−, Z− exchanges and their interference γZ,
are written as [91]
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Fipðx;Q2Þ ¼ Fγ
ipðx;Q2Þ − ηγZðgeV − λe geAÞFγZ

ip ðx;Q2Þ
þ ðηγZÞ2ðgeV − λe geAÞ2FZ

ipðx;Q2Þ; ð14Þ

In the quark-parton model, the dimensionless nucleon
structure functions are expressed in terms of the unpolar-
ized quark, qðxÞ, and antiquark, qðxÞ, distribution

functions; collectively known as parton distribution func-
tions (PDFs). In the kinematic region of Bjorken scaling,

i.e., Q2 → ∞, ν → ∞, Q2

2Mν ¼ x these dimensionless
nucleon structure functions scale. Consequently, they
depend only on one kinematic variable, i.e., x (known as
Bjorken scaling variable or Bjorken-x) and are therefore,
expressed as a function of x [22,35,89],

½Fγ
2p; F

γZ
2p; F

Z
2p� ¼ x

X
i¼u;d;s

½e2i ; 2eigiV; ðgiVÞ2 þ ðgiAÞ2�ðqiðxÞ þ q̄iðxÞÞ; ð15Þ

Fj
1pðxÞ ¼

1

2x
Fj
2pðxÞ; ðj ¼ γ; γZ; ZÞ; Callan-Gross relation; and ð16Þ

½Fγ
3p; F

γZ
3p; F

Z
3p� ¼

X
i¼u;d;s

½0; 2eigiA; 2giVgiA�ðqiðxÞ − q̄iðxÞÞ; ð17Þ

The parity conserving proton structure functions
Fj
1p;2pðxÞ; ðj ¼ γ; γZ; ZÞ [Eqs. (15) and (16)] contain the

sum of quark and antiquark densities i.e., qiðxÞ and q̄iðxÞ,
i ¼ u, d, s, and therefore receive contributions from both
the valence and sea quarks. In the case of parity-violating
proton structure functions Fj

3pðxÞ;ðj¼ γ;γZ;ZÞ [Eq. (17)],
while Fγ

3p ¼ 0, whereas FγZ
3pðxÞ and FZ

3pðxÞ are propor-
tional to the difference between quark and antiquark
densities, and thus receive contributions from the valence
quarks only.
It is important to point out that the probability density of

finding a parton (i.e., a quark, antiquark, or gluon) known
in literature as the parton distribution functions is deter-
mined through global analyses of a wide range of high-
precision data, from charged lepton-nucleon (and nucleus)
scattering, proton-proton (and proton-nucleus) collisions,
Drell-Yan processes, and (anti)neutrino-nucleon (and
nucleus) scattering, obtained from experiments at various
facilities such as SLAC, CERN, Fermilab, and DESY. It is
important to emphasize that the selection and weighting of
experimental data sets in these global fits are not unique,
leading to a range of PDFs parametrizations in the
literature. Modern global analyses by collaborations such
as CTEQ [92,93], CTEQ-JLab [74], MMHT14 [88],
MSHT20 [50], NNPDF [48,94] ABMP [95] and
HERA [96] among others, provide systematically improved
and mutually complementary PDFs sets. In this work, we
employ some representative modern PDFs like MMHT14
[88], NNPDF30 [94], CT18 [93], and MSHT20 [50], to
quantify their impact on the evaluation of the dimension-
less nucleon structure functions Fγ

2pðx;Q2Þ and the elec-

tron asymmetry AðeÞ
PVðx;Q2Þ for demonstration (shown

in Fig. 2). While the numerical results on Fj
ipðxÞ;

ðj ¼ γ; γZ; Z; i ¼ 1–3Þ, the differential cross sections,

and the parity-violating asymmetery AðeÞ
PVðx;Q2Þ, etc., are

presented only with the MMHT14 PDFs parametrization
[88] (presented in Figs. 3–14).
It should be noted that in the naïve quark parton model

(QPM), which assumes noninteracting, collinear spin-1
2

partons, the structure functions Fj
1pðxÞ are given in terms

of Fj
2pðxÞ as given in Eq. (16), which is known as the

Callan-Gross relation [89]. However, as we move away
from the kinematic region of the Bjorken scaling to the
region of low and moderate values of Q2 and ν, the Callan-
Gross relation [89] is expected to be modified even at the
leading order of pQCD. The higher-order perturbative
corrections due to the quark-quark and quark-gluon inter-
actions are expected to give rise to the Q2 dependent
contribution to the structure functions [97]. These correc-
tions lead to the violation of Bjorken scaling, and the
Callan-Gross relation is then expressed as [98]

Fγ=γZ
1p ðx;Q2Þ ¼ 1

2x
½ð1þ γ2ÞFγ=γZ

2p ðx;Q2Þ − Fγ=γZ
Lp ðx;Q2Þ�;

γ2 ¼ 4M2x2

Q2
; ð18Þ

where FLpðx;Q2Þ is the longitudinal proton structure
function that gives nonzero contributions at low and

moderate Q2 (FðLOÞ
Lp ðx;Q2Þ ≠ 0) [83,99]. We follow the

prescription by Moch et al. [83], where the longitudinal

structure function Fγ=γZ
Lp ðx;Q2Þ at LO and beyond it

[Eqs. (1)–(11) in Ref. [83] ] has been discussed in some
detail. We have used the results of this work to evaluate

Fγ=γZ
1p ðx;Q2Þ using Eq. (18) for finite values ofQ2. It should

be mentioned that the deviations from the Callan-Gross
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relation does not originate solely from the leading-order
perturbative corrections, but it also arises from the inclusion
of the target mass corrections as well as the higher-twist
effects. Both of these nonperturbative effects (discussed
later in the manuscript) generate a nonzero value of the
longitudinal structure function. These nonperturbative cor-
rections are particularly relevant in the low-to-moderate Q2

and are important in the high-x regions considered in
this work.
In literature, some authors [29,31] have also studied the

Callan-Gross relation [89] in the presence of higher-order

perturbative corrections at the finite values of Q2 and
considered nonzero values of Rγ=γZ

p ðx;Q2Þ phenomeno-
logically. For example, Hobbs et al. [29] studied the effect
of nonzero value of Rγ=γZ

p ðx;Q2Þ on the electron spin
asymmetry at LO, and Brady et al. [31] have studied the
dependence of Rγ=γZ

p ðx;Q2Þ and the asymmetry AðeÞ
PVðx;Q2Þ

using different prescriptions for the target mass corrections
at NLO for the proton target.
Using Eq. (14) in Eq. (13), the differential cross section

for the scattering of the polarized electron with helicity λe
from the unpolarized proton target, is explicitly written as
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FIG. 2. Top panel: Results for the unpolarized proton electromagnetic structure functions Fγ
2pðx;Q2Þ vs x atQ2 ¼ 2 GeV2 (left panel)

andQ2 ¼ 4 GeV2 (right panel) at LO without incorporating any nonperturbative effects. These results are obtained using different PDFs
parametrizations, namely, MMHT14 [88], NNPDF3.0 [94], MSHT20 [50], and CT18 [93] in the 3-flavor MSbar scheme. Bottom panel:

Results for the electron asymmetry AðeÞ
PVðx;Q2Þ vs x for the same cases.
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d2σ
dxdy

¼
�
2πyα2

q4

��
4ME
y

��
xy2Fγ

1pðx;Q2Þ þ ð1 − yÞFγ
2pðx;Q2Þ

− ηγZðgeV − λegeAÞ
�
xy2FγZ

1pðx;Q2Þ þ ð1 − yÞFγZ
2pðx;Q2Þ þ λexy

�
1 −

y
2

�
FγZ
3pðx;Q2Þ

�

þ ðηγZÞ2ðgeV − λegeAÞ2
�
xy2FZ

1pðx;Q2Þ þ ð1 − yÞFZ
2pðx;Q2Þ þ λexy

�
1 −

y
2

�
FZ
3pðx;Q2Þ

��
; ð19Þ

where λe ¼ þ1ð−1Þ correspond to the right-handed (R)
and left-handed (L) polarized electron scattering from
unpolarized proton.
The structure functions F2;L;3ðx;Q2Þ occuring in

Eqs. (18) and (19), have been obtained using the formalism
developed byMoch et al. [83,87] andVermaseren et al. [86].
This has been discussed in detail in Refs. [83,86,87,100],
and given by

x−1F2;L;3ðxÞ ¼
X
f¼q;g

CðnÞ
2;L;3ðxÞ ⊗ fðxÞ; ð20Þ

where CðnÞ
2;L;3 are the coefficient functions for the quarks and

gluons, the superscript n ¼ 0; 1; 2; 3:… for NnLO, the
symbol ⊗ represents the Mellin convolution and f repre-
sents the quark and gluon distributions [88]. For the
numerical analysis, we employ the MMHT14 PDFs
parametrization [88] in the MS-bar scheme, using LO
inputs and evolving the parton densities consistently up to
NNLO. This procedure ensures the systematic inclusion of
essential dynamical effects, such as the gluon radiation
and quark-gluon mixing, thereby enabling a quantitatively

reliable description of deep inelastic scattering observables
across different perturbative orders in QCD. We have used
explicit PDFs grids for LO, NLO, and NNLO for the
MMHT14 PDFs parametrization [88].
Besides the higher-order perturbative contributions,

nonperturbative effects are also important, particularly in
the low-to-moderate Q2 region. We incorporate the two
dominant classes of such corrections, namely TMC and
HT effects. TMC effect constitute purely kinematic mod-
ifications within the leading-twist (twist-2) framework,
arising from the finite mass of the nucleon. Their imple-
mentation effectively replaces the Bjorken scaling variable
x with the Nachtmann variable ξ, thereby inducing cor-
rections to the structure functions even in the absence of
genuine multiparton dynamics. Several prescriptions for
TMC effect exist in the literature [31,68,69,101]. In Fig. 3,
we present a comparative analysis based on various para-
metrizations like Ellis et al. [69], Brady et al. [31],
Scheinbein et al. [68], etc., while adopting the operator
product expansion approach as discussed by Schienbein
et al. [68] for the remainder of this work (presented in
Figs. 5–14), given by
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FIG. 3. Left panel: Results for the unpolarized proton electromagnetic structure functions Fγ
2pðx;Q2Þ vs x for the different values of

Q2 lying in the range 2 ≤ Q2 ≤ 5 GeV2 at the next-to-leading order with the target mass correction obtained using different
prescriptions, namely, OPE [68] (solid lines), CF [69] (dotted lines) and ξ − scaling [31] (dashed lines). Right panel: Results for
Fγ
2pðx;Q2Þ vs x with the further inclusion of higher-twist corrections, following various approaches as discussed in Refs. [84,85]

(renormalons: solid lines), [102] (Virchaux et al.: dashed lines), [80] (MSTW: dash-dotted lines), [73] (JAM: dotted lines) and [74]
(CJ15: shaded band), along with the TMC effect incorporated by following the operator product expansion approach [68]. These results
are obtained using MMHT14 PDFs parametrization [88] in the MSbar scheme.
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FTMC
2p ðx;Q2Þ ≈ x2

ξ2γ3
F2pðξÞð1þ 6rð1 − ξÞ2Þ;

FTMC
1p ðx;Q2Þ ≈ x

ξr
F1pðξÞð1þ 2rð1 − ξÞ2Þ;

FTMC
3p ðx;Q2Þ ≈ x

ξγ2
F3pðξÞð1 − rð1 − ξÞlnξÞ; ð21Þ

where ξ ¼ 2x

1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ4M2x2

Q2

q , r ¼ μxξ
γ , μ ¼ ðMQÞ2 and γ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4M2x2

Q2

q
, respectively.

The HT corrections originate from genuine dynamical
effects associated with multiparton correlations, such as the
quark-quark and quark-gluon interactions inside the
nucleon, and thus encode intrinsic nonperturbative QCD
dynamics [70,72–74,79–81,84,85,102,103]. These contri-
butions are typically suppressed by powers of 1

Q2, and
become increasingly significant in the kinematic domain
considered here. Phenomenologically, the HT effects are
incorporated through two widely used approaches:
(1) An additive form, in which

Fipðx;Q2Þ ¼ FLT
ip ðx;Q2Þ þHipðxÞ

Q2
; ð22Þ

where the first term is known as the leading twist
(LT) term, which incorporates the evolution of
structure functions via perturbative QCD αsðQ2Þ
corrections, and the second term HipðxÞ is the
higher-twist term which reflects the strength of
multiparton correlations (quarks and gluons inside
a hadron are correlated). The additive framework is
used by AKP [70] phenomenological parametriza-
tion and by CTEQ-JLab (CJ) collaboration in their
recent works [77,78].

(2) A multiplicative form, in which

Fipðx;Q2Þ ¼ FLT
ip ðx;Q2Þ

�
1þ hipðxÞ

Q2

�
; ð23Þ

where hipðxÞ is a phenomenological higher-twist
function. For example, this framework is used by
Virchaux et al. [102] and by Martin et al. [80].
Furthermore, the multiplicative implementation of
higher-twist corrections has also been used by the CJ
Collaboration earlier [74]. It should be noted that
these two different approaches [Eqs. (22) and (23)]
for the implementation of the higher-twist correc-
tions have specific assumption for the Q2-scaling of
the higher-twist functions.

Both approaches havebeen systematically examined in this
analysis. In addition, we incorporate the renormalon-based

framework [84,85], which provides a theoretically well-
motivated estimate of HT contributions. The asymptotic
nature of the perturbative QCD expansion in αs leads to a
factorial growth of higher-order coefficients, giving rise to
IR renormalon ambiguities that reflect sensitivity to long-
distance dynamics. The associated 1

Q2, power corrections are

thus naturally interpreted as originating from these IR
renormalons, enabling an estimate of HT effects directly
from the perturbative structure of FLT

ip ðx;Q2Þ [97]. To
quantify the impact of different parametrizations of HT
corrections in Fig. 3, we have presented a comparative
analysis based on the parametrizations like CJ15 [74],
MSTW [80], JAM [73], given by Virchaux et al. [102], by
Dasgupta et al. [84] and by Stein et al. [85], while adopting
the prescription given in Refs. [84,85] for the other results
(presented in Figs. 5–14) discussed in this paper.
Both TMC and HT contributions play a significant role

in the kinematic region of low Q2 and high x. Their
combined impact is explicitly illustrated in Figs. 3 and 4.

B. Electron spin asymmetry AðeÞ
PVðx;Q2Þ

The parity-violating spin asymmetry for the longitudi-
nally polarized electron beam off unpolarized proton target
is defined as [29]

AðeÞ
PVðx;Q2Þ ¼ σRðx;Q2Þ − σLðx;Q2Þ

σRðx;Q2Þ þ σLðx;Q2Þ ; ð24Þ

where the differential scattering cross sections for the
scattering of right-handed [σRðx;Q2Þ] and left-handed
[σLðx;Q2Þ] electron off an unpolarized proton target are
given by

σRðLÞðx;Q2Þ ¼ d2σ
dxdy

ðλe ¼ þ1ð−1ÞÞ; ð25Þ

where average is taken over the proton spin states λp,

d2σ0

dxdy
¼ σRðx;Q2Þ þ σLðx;Q2Þ: ð26Þ

We evaluate the unpolarized differential scattering cross
section [σRðx;Q2Þ þ σLðx;Q2Þ] using Eq. (19) and sum-
ming over all possible spin orientations of the charged
lepton beam and the target nucleon as well as the averaged
differential cross sections [σRðx;Q2Þ − σLðx;Q2Þ] for the
longitudinally polarized electron beam scattering off unpo-
larized nucleon target [62], and by taking their ratio we

obtain the electron asymmetry AðeÞ
PVðx;Q2Þ [29],
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AðeÞ
PVðx;Q2Þ¼ σRðx;Q2Þ−σLðx;Q2Þ

σRðx;Q2ÞþσLðx;Q2Þ¼
Aðx;Q2Þ
Bðx;Q2Þ ;

whereAðx;Q2Þ¼ jPej
�
ηγZ

�
geAðxy2FγZ

1pðx;Q2Þþð1−yÞFγZ
2pðx;Q2ÞÞ−geVxy

�
1−

y
2

�
FγZ
3pðx;Q2Þ

þðηγZÞ2
�
−2geVgeAðxy2FZ

1pðx;Q2Þþð1−yÞFZ
2pðx;Q2ÞÞþððgeVÞ2þðgeAÞ2Þxy

�
1−

y
2

�
FZ
3pðx;Q2Þ

��
;

Bðx;Q2Þ¼ fxy2Fγ
1pðx;Q2Þþð1−yÞFγ

2pðx;Q2Þg

−ηγZ
�
geVðxy2FγZ

1pðx;Q2Þþð1−yÞFγZ
2pðx;Q2ÞÞ−geAxy

�
1−

y
2

�
FγZ
3pðx;Q2Þ

�

þðηγZÞ2
�
ððgeVÞ2þðgeAÞ2Þðxy2FZ

1pðx;Q2Þþð1−yÞFZ
2pðx;Q2ÞÞ−2geVg

e
Axy

�
1−

y
2

�
FZ
3pðx;Q2Þ

�
; ð27Þ

where jPej is the polarization vector for the longitudinally polarized electron beam. It is important to note that in polarization
experiments like PVDIS experiments at JLab [56–58], EIC [61,62] and EicC [60], the polarization of electron beam is about
80%, i.e., jPej ¼ 0.8. Therefore, we have taken jPej ¼ 0.8 for the numerical calculations of the electron asymmetry.
For Q2 ≪ M2

Z, the contribution from the pure Z-exchange is suppressed by a factor of ðηγZÞ2 [Eq. (2)], which is of the
order of 10−6 for Q2 ≃ 10 GeV2, therefore, here onwards, we will not consider the contribution from the pure weak Z-
channel. The denominator, on the other hand, contains all the contributions, but is dominated by the purely electromagnetic
component. Hence, the electron spin asymmetry [Eq. (27)] can be written as [29]

AðeÞ
PVðx;Q2Þ ¼ jPej

ηγZfgeAðxy2FγZ
1pðx;Q2Þ þ ð1 − yÞFγZ

2pðx;Q2ÞÞ − geVxyð1 − y
2
ÞFγZ

3pðx;Q2Þg
fxy2Fγ

1pðx;Q2Þ þ ð1 − yÞFγ
2pðx;Q2Þg : ð28Þ

Alternatively, the above expression of the electron spin asymmetry given in Eq. (28) may also be expressed in terms of
the ratio of the longitudinal FLpðx;Q2Þ ð¼ ½1þ 4M2x2

Q2 �F2pðx;Q2Þ − 2xF1pðx;Q2ÞÞ to the transverse FTpðx;Q2Þ
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FIG. 4. Ratios of unpolarized proton electromagnetic structure functions (i) Fγ
2pðx;Q2Þ with TMC effect incorporated by following

OPE [68] (solid lines), CF [69] (dotted lines) and ξ − scaling [31] (dashed lines) to Fγ
2pðx;Q2Þ without TMC effect at NLO, and

(ii) Fγ
2pðx;Q2Þwith the further inclusion of HT corrections incorporated by following various prescriptions as discussed in Refs. [84,85]

(renormalons: dash-dotted lines), [102] (Virchaux et al.: dash-double dotted lines), and [74] (CJ15: double dash-dotted) to Fγ
2pðx;Q2Þ

with TMC effect only (incorporated by following Ref. [68]) at NLO, are shown as a function of x at Q2 ¼ 2 GeV2 and 5 GeV2. These
results are obtained using MMHT14 PDFs parametrization [88] in the MSbar scheme.
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[¼ 2xF1pðx;Q2Þ] structure functions as

AðeÞ
PVðx;Q2Þ ¼ jPejηγZ

�
geA

�
FγZ
1pðx;Q2Þ

Fγ
1pðx;Q2Þ

�
y2 þ 2

r2 ð1 − yÞð1þ RγZ
p ðx;Q2ÞÞ

y2 þ 2
r2 ð1 − yÞð1þ Rγ

pðx;Q2ÞÞ

− geV

�
FγZ
3pðx;Q2Þ

Fγ
1pðx;Q2Þ

�
yð1 − y

2
Þ

y2 þ 2
r2 ð1 − yÞð1þ Rγ

pðx;Q2ÞÞ
�
; ð29Þ

where RγZ=γ
p ðx;Q2Þ is given by

RγZ=γ
p ðx;Q2Þ ¼ FγZ=γ

Lp ðx;Q2Þ
2xFγZ=γ

1p ðx;Q2Þ
¼ ð1þ γ2ÞFγZ=γ

2p ðx;Q2Þ − 2xFγZ=γ
1p ðx;Q2Þ

2xFγZ=γ
1p ðx;Q2Þ

; ð30Þ

with r2 ¼ 1þ γ2.
The above expression [Eq. (29)] in a more compact form is given by [29]

AðeÞ
PVðx;Q2Þ ¼ jPejηγZfY1pðx;Q2Þa1pðx;Q2Þ − Y3pðx;Q2Þa3pðx;Q2Þg; ð31Þ

where

Y1pðx;Q2Þ ¼ y2 þ 2ð1 − yÞð1þ RγZ
p ðx;Q2ÞÞ=r2

y2 þ 2ð1 − yÞð1þ Rγ
pðx;Q2ÞÞ=r2 ; Y3pðx;Q2Þ ¼ yð1 − y

2
Þ

y2 þ 2ð1 − yÞð1þ Rγ
pðx;Q2ÞÞ=r2 ; ð32Þ

and

a1pðx;Q2Þ ¼ geA

�
FγZ
1pðx;Q2Þ

Fγ
1pðx;Q2Þ

�
; a3pðx;Q2Þ ¼ geV

�
FγZ
3pðx;Q2Þ

Fγ
1pðx;Q2Þ

�
: ð33Þ

In the LO of QCD, a1pðxÞ and a3pðxÞ are given by [using Eq. (33)] [29]

a1pðxÞ ¼
P

iC1ieiðqiðxÞ þ q̄iðxÞÞP
ie

2
i ðqiðxÞ þ q̄iðxÞÞ

; a3pðxÞ ¼
P

iC2ieiðqiðxÞ − q̄iðxÞÞP
ie

2
i ðqiðxÞ þ q̄iðxÞÞ

; ð34Þ

where C1i ¼ 2geAg
i
V and C2i ¼ 2geVg

i
A are the effective weak-coupling constants [91]. In the standard model, the vector (giV)

and axial-vector (giA) couplings of quarks are given by [29]

guV ¼ −
1

2
þ 4

3
sin2θW ; gdV ¼ 1

2
−
2

3
sin2θW ; gsV ¼ gdV ; guA ¼ 1

2
; gdA ¼ −

1

2
; gsA ¼ gdA; ð35Þ

leading to

C1u ¼
�
1

2
−
4

3
sin2 θW

�
¼ 0.19173; C1d ¼

�
−
1

2
þ 2

3
sin2 θW

�
¼ −0.34586 ð36Þ

and

C2u ¼
�
−
1

2
þ 2 sin2 θW

�
¼ −0.0376; C2d ¼

�
1

2
− 2 sin2 θW

�
¼ 0.0376 ð37Þ

using sin2 θW ¼ 0.2312 [91].
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It is important to note that in the standard model, the
electron asymmetry AðeÞ

PVðx;Q2Þ is dominated by the first
term containing a1pðx;Q2Þ as the second term containing
a3pðx;Q2Þ is suppressed by the vector coupling geV
[-0.0376: Eq. (9)] which is much smaller in magnitude
than the axial-vector coupling geA [-0.5: Eq. (9)]. The values
of effective weak coupling constants C1u;1d and C2u;2d have
been obtained using Eqs. (36), (37), and are used in
Eq. (34) to evaluate a1pðx;Q2Þ and a3pðx;Q2Þ.
In the Bjorken limit ofQ2 → ∞, where the Callan-Gross

(CG) relation [89] holds, the longitudinal structure function
[FγZ=γ

Lp ðx;Q2Þ] becomes zero [i.e., FγZ=γ
Lp ðx;Q2Þ → 0], and

γ→0;r→1 and Rγ=γZ
p →0 ½followingEqs:ð18Þ and ð30Þ�:

ð38Þ

In this case [using Eq. (32)], Y1p approaches unity, i.e.,

Y1p → 1, Y3p → 1
2

yð2−yÞ
y2þ2ð1−yÞ ≡ fðyÞ, and the asymmetry

AðeÞ
PVðx;Q2Þ using Eqs. (29)–(33) reduces to

AðeÞ
PVðxÞ ¼ jPejηγZ

�
geA

FγZ
2pðxÞ

Fγ
2pðxÞ

− fðyÞgeV
2xFγZ

3pðxÞ
Fγ
2pðxÞ

�
: ð39Þ

For low and moderate values of Q2, FLpðx;Q2Þ gives
nonzero contribution, hence, it becomes important to know
Rγ
pðx;Q2Þ and RγZ

p ðx;Q2Þ, and test whether Rγ
p is different

from RγZ
p or not? Moreover, the study of the effects of

higher-order perturbative and nonperturbative corrections
on RγZ=γ

p ðx;Q2Þ as well as the applicability of the Callan-
Gross relation would be helpful in improving our under-
standing of the parity-violating electron asymmetry and
extraction of the weak mixing angle θW .

III. RESULTS AND DISCUSSION

We present the numerical results for the electroweak
proton structure functions Fipðx;Q2Þ; i ¼ 1–3 defined in
Eq. (14) which include the contributions from γ −
exchange and γZ interference terms and neglect the
contributions from Z exchange which are quite small
due to ðηγZÞ2. The results are also presented for the

ratios rγZ=γðx;Q2Þ¼ FγZ=γ
2p ðx;Q2Þ

2xFγZ=γ
1p ðx;Q2Þ, R

γZ=γðx;Q2Þ¼ FγZ=γ
Lp ðx;Q2Þ

2xFγZ=γ
1p ðx;Q2Þ,

a1pðx;Q2Þ, the coefficients Y1pðx;Q2Þ and Y3pðx;Q2Þ, and
discuss their contributions in the calculations of the

electron beam spin asymmetry AðeÞ
PVðx;Q2Þ [defined

through Eq. (32)]. We also discuss the impact of perturba-
tive and nonperturbative QCD corrections on various
structure functions of the nucleon and the PV electron

asymmetry AðeÞ
PVðx;Q2Þ for which the numerical results are

presented at the beam energies relevant to the experiments
at JLab and its upgrade as well as the proposed experiments

at EIC and EicC. The numerical calculations are performed
by evolving the parton densities up to the NNLO in the 3-
flavor (u, d, s) MS-bar scheme incorporating the non-
perturbative TMC and the higher-twist effect (HT: twist-4).
All the numerical calculations are performed in the kin-
ematic region of 0.1 ≤ x ≤ 0.8 and Q2 ≥ 1 GeV2.

A. Structure functions

In the top panel of Fig. 2, we present the numerical
results for Fγp

2 ðx;Q2Þ as a function of x at Q2 ¼ 2 and
4 GeV2. These results quantify the sensitivity of proton
structure functions (top panel) and the parity-violating
electron asymmetry (bottom panel) to the choice of the
PDFs. The calculations are performed at the LO in
perturbative QCD, without incorporating the higher-order
perturbative corrections, using several PDFs parametriza-
tions such as MSHT20 [50], MMHT14 [88], CT18 [93] and
NNPDF3.0 [94] within the three-flavor MS-bar scheme
available in the literature. We observe that the variation in
Fγ
2pðx;Q2Þ due to the use of various parametrizations of the

quark PDFs is non-negligible and lies between 7–13% at
Q2 ¼ 2 GeV2 and about 9–12% at Q2 ¼ 4 GeV2 over the
kinematic range 0.1 ≤ x ≤ 0.5, when the central values of
these PDFs sets are employed. Notably, the predictions
obtained using MSHT20 [50], MMHT14 [88], and
NNPDF3.0 [94] remain mutually consistent and lie within
the symmetric 1σ uncertainty band, indicating a reasonable
level of global compatibility among modern PDFs extrac-

tions. The numerical results for AðeÞ
PVðx;Q2Þ vs x are shown

in the bottom panel of Fig. 2 at the leading order for Q2 ¼
2 GeV2 and 4 GeV2. These numerical results are obtained
using Eq. (39), for the aforementioned PDFs
parametrizations [50,88,93,94]. We find that the variation

among the results of AðeÞ
PVðx;Q2Þ due to use of various PDFs

is about 4% for 0.2 ≤ x ≤ 0.4, 8% at x ¼ 0.65 and 25% at
x ¼ 0.75 for Q2 ¼ 2 GeV2, and it becomes 7%–10% for
Q2 ¼ 4 GeV2 and 0.37 ≤ x ≤ 0.8. To conclude, there is
non-negligible uncertainty in the results of structure func-
tion as well as electron asymmetry due to the choice of
nucleonic PDFs parametrizations. In addition to the PDFs

dependence, we have investigated the change in AðeÞ
PVðx;Q2Þ

arising from inclusion of higher-order corrections at NLO
(not shown explicitly). This change is found to be in the
range of 2%–5% for an electron beam energy E ¼ 6 GeV
and 1 GeV2 ≤ Q2 ≤ 10 GeV2. Furthermore, we have stud-

ied the uncertainty in AðeÞ
PVðx;Q2Þ associated with different

prescriptions for the target mass corrections [31,68,69]
which is approximately 2%-3% over the same kinematic
region. Collectively, these findings highlight that the PDFs
uncertainty is the dominant theoretical uncertainty, par-
ticularly in the large x region, where it can reach as high as
25%, significantly exceeding the uncertainties associated
with higher-order QCD corrections and TMC effect.
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We have discussed the effects of higher-order perturbative
and nonperturbative TMC and HT effects on the electron
asymmetery in Fig. 13 for the different electron beam
energies lying in the range 6 GeV ≤ E ≤ 22 GeV.
In Fig. 3, we present the results for the unpolarized

proton electromagnetic structure functions Fγ
2pðx;Q2Þ vs x

for the different values of Q2 lying in the range
2 GeV2 ≤ Q2 ≤ 5 GeV2, at the NLO. On the left panel
of the figure, the numerical results are obtained by con-
sidering the various approaches of taking into account the
target mass correction effect such as the operator product
expansion [68], collinear factorization (CF) [69] and the ξ-
scaling [31]. We find that results obtained using the
operator product expansion [68] (solid lines) and the
collinear factorization approach [69] (dotted lines) are in
agreement with each other, while the results obtained using
ξ-scaling (dashed lines) of Brady et al. [31] differ at high-x
and low-Q2. The difference is about 15% at x ¼ 0.6 and
becomes 25% at x ¼ 0.8 for Q2 ¼ 2 GeV2. However, this
difference becomes small with the increasing Q2. On the
right panel, we present the results for Fγ

2pðx;Q2Þ vs x for
Q2 ¼ 5 GeV2 with the TMC correction of Schienbein
et al. [68], and with the further inclusion of higher-twist
corrections following various approaches based on either
multiplicative or additive methods as discussed in
Refs. [84,85] (renormalons: solid lines), [102] (Virchaux
et al.: dashed lines), [80](MSTW: dash-dotted lines), [73]
(JAM: dotted lines) and [74] (CJ15: shaded band). It may
be observed that all the results are within the uncertainty
band of CJ15 [74]. These results are relevant to quantify the
model dependence of the nonperturbative TMC and HT
corrections, and their impact on the evaluation of
Fγ
2pðx;Q2Þ.
In order to compare the effects of TMC and HT effects,

on the same scale of x and Q2, in Fig. 4, we present the
results for the ratios of unpolarized proton electromagnetic
structure functions Fγ

2pðx;Q2Þ with TMC effect to

Fγ
2pðx;Q2Þ without TMC effect ðF

γ;i
2pðx;Q2Þ

Fγ;j
2pðx;Q2ÞÞ; ði ¼ NLOþ

TMC; j ¼ NLOÞ at NLO, using the different TMC pre-
scriptions viz., operator product expansion (OPE: solid
lines) [68], collinear factorization (CF: dotted lines) [69]
and the ξ − scaling [31](dashed-lines). It may be noticed
from the figure that this ratio is almost unity in the region of
low x, while in the region of intermediate-to-high x it
significantly deviates from unity. For example, at Q2 ¼
2 GeV2 this deviation in the ratio obtained following
Refs. [68,69] due to the TMC effect is about 3–6% at
0.3 ≤ x ≤ 0.5, 15% at x ¼ 0.65 and 40% at x ¼ 0.7.
However, this deviation is more pronounced in the ratio
obtained following the ξ-scaling approach [31], i.e., about
36% at x ¼ 0.65 and 74% at x ¼ 0.7.
Furthermore, we present the ratios for Fγ

2pðx;Q2Þ with
TMC effect and HT corrections to Fγ

2pðx;Q2Þ with TMC

effect only at NLO, i.e., ðF
γ;i
2pðx;Q2Þ

Fγ;j
2pðx;Q2ÞÞ;ði¼NLOþTMCþHT;

j¼NLOþTMCÞ. For the HT effects the results shown
by dash-dotted (renormalons), dashed-double dotted
(Virchaux et al.) and double dash-dotted lines (CJ15),
are obtained using Refs. [84,85,102], while the TMC effect
is included here following Ref. [68]. It is notable that the
inclusion of higher-twist corrections following Ref. [84,85]
leads to a reduction of about 1–2% in the ratio for 0.1 ≤
x ≤ 0.35 while an enhancement for x > 0.35 with respect
to unity at Q2 ¼ 2 GeV2, for example, this enhancement is
about 3% at x ¼ 0.5 and 12% at x ¼ 0.65. However, the
ratio following renormalons approach differs by 6% at
x ¼ 0.35, ∼13% at x ¼ 0.65 and 22% at x ¼ 0.75 for
Q2 ¼ 2 GeV2. This difference among various approaches
decreases with the increasing Q2.
In the top panel of Figs. 5–7, we have respectively shown

the results for the electroweak structure functions, i.e.,
2xF1pðx;Q2Þ, F2pðx;Q2Þ and xF3pðx;Q2Þ, calculated
using Eq. (14). We perform the numerical calculations
with higher-order perturbative corrections up to NNLO
following Refs. [83,86,87], and incorporate the TMC and
HT corrections following the OPE approach [68] and the
renormalons approach [84,85], respectively. In the renor-
malons approach the general expression to include the
twist-4 correction is given by [84]

Hipðx;Q2Þ ¼ A0
2

Z
1

x

dz
z
Ci
2ðzÞq

�
x
z
;Q2

�
;

with index i ¼ 1–3. The coefficient function Ci
2ðzÞ and the

constant parameter A0
2 are taken from Ref. [84]. These

results are shown for the specific values of Q2 viz. Q2 ¼ 2,
4, 8, and 20 GeV2 (left to right panel). The proton structure
functions 2xF1pðx;Q2Þ and F2pðx;Q2Þ are dominated by
the contribution from the photon(γ)-exchange
2xFγ

1pðx;Q2Þ and Fγ
2pðx;Q2Þ as the contribution of

2xFγZ
1pðx;Q2Þ and FγZ

2pðx;Q2Þ are very small (suppressed
by a factor of 10−3). In the case of the parity-violating
structure function xF3pðx;Q2Þ, the contribution arises

solely from the γZ interference, i.e., xFγZ
3pðx;Q2Þ. In the

bottom panel of these Figs. 5-7, we have also explicitly
shown the contributions from the higher-order perturbative
and nonperturbative effects by plotting the difference in the
results when the different corrections are incorporated. We
find that:

(i) The corrections due to the inclusion of NLO terms in
2xF1pðx;Q2Þ is small in the region of low x and low
Q2 and becomes further smaller with the increase in
x and Q2. For example, at Q2 ¼ 2 GeV2, the
reduction due to the inclusion of NLO terms is
about 3% at x ¼ 0.2 and an enhancement of 2% at
x ¼ 0.5 relative to the results obtained at LO,
however, this difference becomes very small at
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high x. Furthermore, the difference decreases with
the increase in Q2;

(ii) In the case of F2pðx;Q2Þ the corrections due to the
inclusion of next-to-leading order terms is compa-
ratively smaller in the region of low x, i.e., about
< 1% at x ¼ 0.2 than what has been observed for
2xF1pðx;Q2Þ, and about 8% at x ¼ 0.5 for

Q2 ¼ 2 GeV2. However, the dependence of
F2pðx;Q2Þ on x and Q2 is qualitatively the same
as that of 2xF1pðx;Q2Þ;

(iii) In xF3pðx;Q2Þ, when NLO terms are incorporated
there is a significant effect, and the results change
considerably from LO. This effect is x dependent.
For example, there is a reduction of 7% at x ¼ 0.2
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FIG. 5. Results for the unpolarized proton electroweak structure functions 2xF1pðx;Q2Þ (top panel) vs x at the different values of Q2

incorporating the contributions from γ and γZ exchanges. The evaluation is performed at LO, NLO and NNLO without and with the
nonperturbative effects like TMC and HT (as mentioned in the legends of the figure). These results are obtained using MMHT14 PDFs
parametrization [88] in the MS-bar scheme. In the bottom panel of the figure relative corrections are presented to explicitly show the
contributions from perturbative and nonperturbative effects (as mentioned in the legends of the figure).
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FIG. 6. Results for the unpolarized proton electroweak structure functions F2pðx;Q2Þ (top panel) vs x at the different values of Q2

incorporating the contributions from γ and γZ exchanges. These results are compared with the experimental data corresponding to the
interaction via pure photon exchange [104–107]. The lines have the same meaning as in Fig. 5.
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and an enhancement of 12% at x ¼ 0.5 from the
results obtained at LO;

(iv) The TMC effect (double dash-dotted line) enhances
2xF1pðx;Q2Þ from the results obtained without
including it at NLO (dash-dotted line). For example,
the enhancement due to the incorporation of TMC
effect is 26% at x ¼ 0.5, 35% at x ¼ 0.6 and 78% at
x ¼ 0.7 for Q2 ¼ 2 GeV2, and for Q2 ¼ 4 GeV2

this enhancement is about 6% at x ¼ 0.5,
13%x ¼ 0.6 and ∼50% at x ¼ 0.7. On the other
hand, the enhancement due to the inclusion of TMC
effect is comparatively smaller in the case of
F2pðx;Q2Þ which is about 5% at x ¼ 0.5, 4% at
x ¼ 0.6 and 26% at x ¼ 0.7 for Q2 ¼ 2 GeV2, and
becomes about 1% at x ¼ 0.5, 5% x ¼ 0.6 and 21%
at x ¼ 0.7 for Q2 ¼ 4 GeV2. With the further
increase in Q2, say Q2 ¼ 8 GeV2, the difference
between these two results (with and without TMC
effect) is very small for both 2xF1pðx;Q2Þ and
F2pðx;Q2Þ;

(v) In the case of xF3pðx;Q2Þ the inclusion of TMC
effect leads to a reduction of about 8%ð4%Þ at
x ¼ 0.3 and an enhancement of about 30%ð25%Þ at
x ¼ 0.7 for Q2 ¼ 2ð4Þ GeV2. We observe that the
TMC effect decreases with increasing Q2 in all
the three proton structure functions namely
2xF1pðx;Q2Þ, F2pðx;Q2Þ and xF3pðx;Q2Þ;

(vi) The inclusion of the higher-twist effect (solid line) in
xF3pðx;Q2Þ, leads to a further change in the
numerical results relative to the case with TMC
effect only (double dash-dotted line) at NLO. These
changes depend on both x and Q2. For example, in
2xF1pðx;Q2Þ for Q2 ¼ 2 (4) GeV2 there is a

reduction of about 8% (3–4%) in the region 0.3 ≤
x ≤ 0.5 and an enhancement of about 4% (2%) at
x ¼ 0.75 when the HT effect is included along with
the TMC effect. We observe that, for Q2 ¼ 2

(4) GeV2, the enhancement in F2pðx;Q2Þ due to
the inclusion of the HTeffect is almost negligible for
x < 0.5, while it is about 3% (2%) at x ¼ 0.5, and
increases to 28% (15%) at x ¼ 0.75. In contrast, in
the case of F3pðx;Q2Þ, the higher-twist effect leads
to a reduction of about 16% (8%) at x ¼ 0.3 and
15% (7%) at x ¼ 0.5 along with an enhancement of
about 9% (5%) at x ¼ 0.75. The higher-twist cor-
rection in the region of low to intermediate x is
observed to be more pronounced in F3pðx;Q2Þ than
in 2xF1pðx;Q2Þ and F2pðx;Q2Þ;

(vii) We have also compared our numerical results at
NLO including TMC and HT corrections, with the
results at NNLO when only the TMC effect is
included (dash-double dotted line). It may be
observed that the results for 2xF1pðx;Q2Þ and
F2pðx;Q2Þ at NNLO with TMC effect are similar
to the NLO results with TMC and HT corrections;

(viii) The numerical results for xF3pðx;Q2Þ at NLO
incorporating both the TMC and HT corrections
have significant differences from the results evalu-
ated at NNLO with TMC effect only at the lower
values of Q2, where the nonperturbative QCD
corrections become significant. Quantitatively, the
difference between these two results is about 8% at
x ¼ 0.2, 11% at x ¼ 0.3 and 16% at x ¼ 0.6 for
Q2 ¼ 2 GeV2, however, for Q2 ¼ 8 GeV2 it be-
comes 4% at x ¼ 0.2, 5% at x ¼ 0.3 and 8% at
x ¼ 0.6. The difference between the results at NLO
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FIG. 7. Results for the unpolarized proton electroweak structure functions xF3pðx;Q2Þ (top panel) vs x at the different values of Q2

incorporating the contributions from γ and γZ exchanges (xFγ
3pðx;Q2Þ ¼ 0). The lines have the same meaning as in Fig. 5.
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with TMC and HT effects and the results at NNLO
with TMC effect only becomes quite small with
increasing Q2.

We have compared our numerical results for F2pðx;Q2Þ
with the available experimental data. Our results show
reasonable agreement with measurements from the EMC,
NMC, BCDMS, and SLAC experiments [104–107].

B. Callan-Gross relation

In Fig. 8, we have shown the results for the ratio

rγpðx;Q2Þ ¼ Fγ
2pðx;Q2Þ

2xFγ
1pðx;Q2Þ (top panel) and rγZp ðx;Q2Þ ¼

FγZ
2pðx;Q2Þ

2xFγZ
1pðx;Q2Þ (bottom panel) as a function of x at the different

values of Q2 viz., Q2 ¼ 2 GeV2, 4 GeV2, 8 GeV2 and
20 GeV2. These results are relevant to test the validity of
the Callan-Gross CG relation [89] at low Q2 in the leading
order of QCD, as well as beyond the leading order at both
lower and higher values of Q2, with or without the
inclusion of various corrections due to the nonperturbative
and higher-order perturbative effects. This analysis has
been performed for both the electromagnetic sector proton
structure functions and the weak-electromagnetic interfer-
ence sector proton structure functions.
It may be observed that:
(i) The Callan-Gross relation does not hold good even

at the leading order of perturbative QCD, in the
kinematic region of low to mid x at all values
of Q2 considered here. We find that at LO, the ratio
rγpðx;Q2Þ approaches CG limit, i.e., unity
[Fγ

2pðxÞ ¼ 2xFγ
1pðxÞ;Fγ

LpðxÞ ¼ 0] for all values of
Q2 if x≳ 0.5, implying that for x≳ 0.5 Callan-
Gross relation is valid. However, at low x < 0.5 the
ratio rγpðx;Q2Þ significantly deviates from CG limit.
For example, at Q2 ¼ 2 GeV2, we observe a
deviation of about 10% at x ¼ 0.1 and 2% at
x ¼ 0.5 from CG limit, and the deviation becomes
smaller with the increase in Q2. This is due to
gluonic contributions, which result in a finite value of
the longitudinal structure function Fγ

Lpðx;Q2Þ [83],
contributing to the evaluation of Fγ

1pðx;Q2Þ using
Eq. (18);

(ii) With the inclusion of NLO terms, the deviation from
CG limit becomes more significant in the region of
low to intermediate x. Quantitatively, the enhance-
ment in the results for rγpðx;Q2Þ evaluated at NLO
compared to the results obtained at LO is about 11%
at x ¼ 0.1, 7% at x ¼ 0.2 and 5% at x ¼ 0.3 for
Q2 ¼ 2 GeV2 which becomes 7% at x ¼ 0.1, 4% at
x ¼ 0.1 and 3% at x ¼ 0.3 for Q2 ¼ 4 GeV2;

(iii) The inclusion of the TMC effect in rγpðx;Q2Þ leads
to an enhancement in the region of low xð< 0.4Þ,
while it causes a significant reduction from CG
limit in the region of intermediate to high

x (0.4 ≤ x ≤ 0.8). Overall, it results in a reduction
relative to the case without the inclusion of the TMC
effect at NLO. For example, at Q2 ¼ 2 GeV2 the
reduction in the ratio rγpðx;Q2Þ as compared to the
results obtained without TMC effect at NLO is about
3% at x ¼ 0.2, 15% at x ¼ 0.4, 33% at x ¼ 0.6 and
about 50% at x ¼ 0.8which becomes 1% at x ¼ 0.2,
8% at x ¼ 0.4, 20% at x ¼ 0.6 and about 34% at
x ¼ 0.8 for Q2 ¼ 4 GeV2. Hence, the inclusion of
TMC effect, increases rγpðx;Q2Þ with increasing x,
and decreases with increasing Q2;

(iv) The inclusion of higher-twist corrections along with
the TMC effect at NLO leads to an enhancement in
the ratio rγpðx;Q2Þ, relative to the results with TMC
effect only, across the entire kinematic range of x
and Q2. Quantitatively, this enhancement is about
10% (5%) at x ¼ 0.4, 15% (8%) at x ¼ 0.6 and 36%
(20%) at x ¼ 0.8 forQ2 ¼ 2 (4) GeV2. To conclude,
both the TMC effect and the HT effect play an
important role in the region of high x and low Q2,
and becomes small at low x and high values of Q2;

(v) When the results are obtained at NNLO it has been
observed that the difference between the results
obtained at NNLO and NLO is small in the entire
region of Bjorken x. For example, the enhancement
in the ratio rγpðx;Q2Þ is about 3-5% for x ≤ 0.4 and
Q2 ≤ 4 GeV2 when NNLO terms are taken into
account, and it further reduces with the increase in x
and Q2. Furthermore, the results at NLO with TMC
and HT corrections are similar to the results at
NNLO with TMC effect only in the region of low to
intermediate x. However, at high x, there is a
significant difference between them, especially at
low values of Q2.

In the case of γZ-interference, the deviation in the ratio
rγZp ðx;Q2Þ from CG limit is similar to the case of rγpðx;Q2Þ.
For example, for Q2 ¼ 2 GeV2 the ratio obtained at the
leading order deviates about 12% at x ¼ 0.1 and ∼3% at
x ¼ 0.5 from CG limit while at NLO this deviation
increases and becomes 25% and 5%, respectively, for x ¼
0.1 and x ¼ 0.5. This deviation becomes almost negligible
with the increasing xð> 0.7Þ. It is also important to mention
that, in the present case the contributions from the TMC
and HT corrections are similar to the case of rγpðx;Q2Þ.
Quantitatively, the reduction in the ratio due to the
inclusion of TMC effect at NLO is about 14%ð8%Þ at x ¼
0.5 and 27%ð17%Þ at x ¼ 0.7 when Q2 ¼ 4 (8) GeV2,
compared to the results evaluated at NLO without the TMC
effect. Furthermore, the enhancement in the ratio obtained
by incorporating the HTeffect together with the target mass
corrections, relative to the results with the TMC effect only,
is about 7% (3%) and 12% (7%) at x ¼ 0.5 and x ¼ 0.7 for
Q2 ¼ 4 (8) GeV2, respectively. We also find that the
contribution from NNLO terms to the ratio rγZp ðx;Q2Þ is
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FIG. 8. Results for the ratio rγpðx;Q2Þ ¼ Fγ
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Q2. The evaluation is performed at LO, NLO and NNLO without and with the nonperturbative effects like TMC and HT (as mentioned
in the legends of the figure). These results are obtained using MMHT14 PDFs parametrization [88] in the MS-bar scheme.
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about 2%–4% for 0.1 ≤ x ≤ 0.8, which is similar to the
case of photon exchange.
This shows that the violation of the Callan-Gross

relation [89] may be due to the corrections at the finite
values of Q2 arising from the scaling violation, and the
nonzero value of longitudinal structure function

Fγ=γZ
Lp ðx;Q2Þ even at the leading order of pQCD contrib-

uting to 2xFγ=γZ
1p ðx;Q2Þ. The inclusion of higher-order

perturbative corrections up to NNLO as well as the non-
perturbative corrections like TMC and HTwhich are found
to be important in the present kinematic region of x and Q2

for both the photon exchange and γZ exchange terms.
The main source of the violation of Callan-Gross

relation [89] in rγ;γZp ðx;Q2Þ is due to the nonzero contri-
bution from the longitudinal structure function
Fγ=γZ
Lp ðx;Q2Þ which vanishes in the Callan-Gross limit.

In our earlier work [100], we have reported the numerical

results for Rγ
pðx;Q2Þ ¼ Fγ

Lpðx;Q2Þ
2xFγ

1pðx;Q2Þ calculated in this model

in the case of unpolarized electron scattering from the
unpolarized proton target via photon exchange, at the fixed
values of x as a function of Q2, incorporating the pertur-
bative corrections up to NNLO along with the TMC and
HT effects, and found these results to be in reasonable
agreement with the experimental data from SLAC. In
literature, some phenomenological groups have also stud-
ied the deviation of Rγ

pðx;Q2Þ from its Bjorken limit by
studying theQ2 dependence of Fγ

Lpðx;Q2Þ in the kinematic
region of finite Q2 [104,108–113]. Among them the most
widely used parametrization for the ratio Rγ

pðx;Q2Þ is given
by Whitlow et al. [104,108]. Furthermore, the ratios

Rγ
pðx;Q2Þ ¼ Fγ

Lpðx;Q2Þ
2xFγ

1pðx;Q2Þ and RγZ
p ðx;Q2Þ ¼ FγZ

Lpðx;Q2Þ
2xFγZ

1pðx;Q2Þ for γ −

exchange and γZ interference terms, respectively, have also
been discussed in some detail earlier by Hobbs et al. [29] at
LO, and Brady et al. [31] at NLO. In Fig. 9, we have
presented the ratio Rγ

pðx;Q2Þ and RγZ
p ðx;Q2Þ without and

with the effect of the higher-order perturbative corrections
up to NNLO and including nonperturbative QCD correc-
tions like TMC and HT (twist-4) in a wide range of x
(0.1 ≤ x ≤ 0.8) andQ2 (2 ≤ Q2 ≤ 20 GeV2). Moreover, in
Fig. 9, we have compared our numerical results for
Rγ
pðx;Q2Þ with the results obtained by using the phenom-

enological parametrization by Whitlow et al. [104,108].
At the leading order of pQCD, Rγ

pðx;Q2Þ is nonzero, due
to gluonic corrections at low and moderate values of Q2

(dashed line), as shown in Fig. 9. From the figure, it may be
noticed that Rγ

pðx;Q2Þ increases with the increase in x at all
values of Q2 considered here at the leading order of
perturbative QCD. We find that the inclusion of NLO
terms leads to an enhancement in the results of Rγ

pðx;Q2Þ
(dash-dotted line) as compared to the case of LO in the
entire kinematic range of x and Q2, for example, there is

large enhancement at x < 0.4, that is about 82% at x ¼ 0.1,
27% at x ¼ 0.3, however, it becomes small for x ≥ 0.4, for
example, 4% at x ¼ 0.6 for Q2 ¼ 2 GeV2. For Q2 ¼
8 GeV2 this enhancement becomes 58% at x ¼ 0.1, 30%
at x ¼ 0.3 and about 6% at x ¼ 0.6 which implies that the
corrections due to NLO terms become small with the
increase in x. Furthermore, we find that the results for
Rγ
pðx;Q2Þ at NLO with the TMC effect get reduced from

the results obtained without the TMC effect. For example,
the reduction in the ratio due to TMC effect is about 55% at
x ¼ 0.4 and 80% at x ¼ 0.6 for Q2 ¼ 2 GeV2 which
becomes 42% at x ¼ 0.4 and 73% at x ¼ 0.6 for Q2 ¼
8 GeV2 implying that TMC effect decreases with the
increase in Q2. From the figure, it may be noticed that
the further inclusion of HT effect with the TMC effect at
NLO (solid line) leads to an enhancement in the ratio
Rγ
pðx;Q2Þ relative to the results with TMC effect only,

however, it becomes small with the increase in Q2.
Quantitatively, the enhancement due to HT effect is about
40% ð30%Þ at x ¼ 0.4 and 58% ð50%Þ at x ¼ 0.6 forQ2 ¼
2ð4Þ GeV2 as compared to the results obtained with TMC
effect only. We find that the corrections from NNLO terms
(dash-double dotted line) are small compared to NLO terms
(double dash-dotted line) and leads to a slight enhancement
in the numerical results. The results for Rγ

pðx;Q2Þ at NNLO
with TMC effect only are observed to be in agreement with
the results obtained using the phenomenological prescrip-
tion given by Whitlow et al. [104,108] (solid line with
circles), especially in the region of low to intermediate x.

The numerical results for RγZ
p ðx;Q2Þ ¼ FγZ

Lpðx;Q2Þ
2xFγZ

1pðx;Q2Þ as a

function of x for the different values of Q2 are presented in
Fig. 9 (bottom panel). For the evaluation of FγZ

Lpðx;Q2Þ, we
follow the same prescription as used for theFγ

Lpðx;Q2Þ [83],
by taking the appropriate couplings in the case of γ − Z
interference terms. It may be pointed out that the qualitative
behavior of RγZ

p ðx;Q2Þ with perturbative QCD corrections,
and with the nonperturbative TMC and HT corrections is
observed to be similar to the case of Rγ

pðx;Q2Þ but are
quantitatively different as discussed above.
A comparative study of Rγ

pðx;Q2Þ and RγZ
p ðx;Q2Þ is

important, as it plays an important role in the dominant
term of the electron asymmetry given in Eq. (31). In the
limit, Rγ

pðx;Q2Þ → RγZ
p ðx;Q2Þ, Y1p → 1, the dominant

term in the asymmetry depends only on the ratio
FγZ
1pðx;Q2Þ

Fγ
1pðx;Q2Þ. In order to compare Rγ

pðx;Q2Þ and RγZ
p ðx;Q2Þ,

we present the results in Fig. 10 for RγZ
p ðx;Q2Þ
Rγ
pðx;Q2Þ vs x at Q2 ¼

2 GeV2 and Q2 ¼ 8 GeV2. The numerical results are
evaluated up to NLO, both without and with the corrections
due to the TMC and HT effects. We find that even at the
LO, the ratio deviates from unity in the low and inter-
mediate region of x (x ≤ 0.45) and could be 6–7% for very
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FIG. 9. Results for the ratio Rγ
pðx;Q2Þ ¼ Fγ

Lpðx;Q2Þ
2xFγ

1pðx;Q2Þ (top panel) and RγZ
p ðx;Q2Þ ¼ FγZ

Lpðx;Q2Þ
2xFγZ

1pðx;Q2Þ (bottom panel) vs x at different values of

Q2. The evaluation is performed at LO, NLO, and NNLO without and with the nonperturbative effects like TMC and HT (as mentioned
in the legends of the figure). These results are obtained using MMHT14 PDFs parametrization [88] in the MS-bar scheme. The results of
Rγ
pðx;Q2Þ are also compared with the results obtained using the parametrization given by Whitlow et al. [104,108].
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small values of x. This deviation increases when NLO
terms are included especially in the region of low to
intermediate x, however, for high xð≳0.45Þ, the ratio
approaches unity. We find that the additional contribution
due to the inclusion of NLO terms (dash-dotted line)
relative to LO results (dashed line) diminishes with the
increasing Q2. From the figure, it may be noticed that the
TMC effect is important in the present kinematic region of
x and Q2, and leads to an enhancement in the region of low
to intermediate x, while a reduction at high x relative to the
results obtained at NLO without the TMC effect. The effect
of HT corrections is found to be comparatively smaller than
the TMC effect which results to a reduction in the ratio up
to the mid region of x while a small enhancement in the
high x region. We find that the effect of both the TMC and
HT corrections on the ratio decreases with the increase
in Q2.
We have obtained the numerical results for the coef-

ficients Y1pðx;Q2Þ (left panel) and Y3pðx;Q2Þ (right panel)
using the results of RγZ=γ

p ðx;Q2Þ, and present them in
Fig. 11. These coefficients provide information about the
sensitivity of the vector and axial-vector interactions of the

electron to the parity-violating asymmetry AðeÞ
PVðx;Q2Þ

[Eq. (31)]. It is noticeable that the contribution of the term
with Y3pðx;Q2Þ associated with the PVelectron asymmetry
is smaller than the term with Y1pðx;Q2Þ due to geV . The
numerical calculations are performed at NLO for Q2 ¼
2 GeV2 and Q2 ¼ 4 GeV2. In the Callan-Gross limit
(Q2 → ∞), Y1pðx;Q2Þ [Eq. (32)] is unity, however, in
the present kinematic region of x and Q2, Y1pðx;Q2Þ

significantly deviates from unity, due to the finite contri-
butions of Rγ

pðx;Q2Þ and RγZ
p ðx;Q2Þ. This deviation from

unity is smaller at low x, but increases with the increase in
x. For example, in the region of 0.5 ≤ x ≤ 0.8 at
Q2 ¼ 2 GeV2, the change in Y1pðx;Q2Þ from unity due

to RγZ=γ
p ðx;Q2Þ evaluated at NLO with TMC and HTeffects

(solid line) is about 25-40%. AtQ2 ¼ 4 GeV2, this reduces
to 10–25% for the same x range. In contrast to Y1pðx;Q2Þ,
the coefficient Y3pðx;Q2Þ, which contributes to the axial-
vector part in electron asymmetry, depends only on
Rγ
pðx;Q2Þ. The numerical results with TMC and HT

corrections show significant deviation from the Callan-
Gross limit, fðyÞ defined before Eq. (39), which ranges
0.477 ≤ fðyÞ ≤ 0.12 for Q2 ¼ 2 GeV2 and 0.5 ≤ fðyÞ ≤
0.26 for Q2 ¼ 4 GeV2, in the kinematic region of 0.21 ≤
x ≤ 0.8 and 0.36 ≤ x ≤ 0.8, respectively. Specifically, the
variation in Y3pðx;Q2Þ from the Callan-Gross limit is about
40% at Q2 ¼ 2 GeV2 and 20% at Q2 ¼ 4 GeV2 for
x ¼ 0.8. Furthermore, we find that the TMC effect is
significant in Y1pðx;Q2Þ, whereas the HT corrections are
relatively small.

C. Differential cross sections and parity-violating
electron asymmetry

After evaluating the proton structure functions with
higher-order perturbative and nonperturbative corrections,
we use them to evaluate the differential scattering cross
sections [Eq. (25)]. In Fig. 12, we present the numerical
results for the single differential scattering cross section dσep

dx
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FIG. 10. Results for the ratio RγZ
p ðx;Q2Þ
Rγ
pðx;Q2Þ vs x atQ

2 ¼ 2 GeV2 (left panel) andQ2 ¼ 8 GeV2 (right panel). The evaluation is performed up
to NLO without and with the nonperturbative effects like TMC and HT (as mentioned in the legends of the figure). These results are
obtained using MMHT14 PDFs parametrization [88] in the MS-bar scheme.
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by performing the integration over the inelasticity
yð∈ ½0; 1�Þ in Eq. (25) for both the negative (λe ¼ −1: left
panel) and positive (λe ¼ þ1: right panel) helicity states of
the projectile beam of polarized electrons with energy E ¼
6 GeV and E ¼ 22 GeV. These results are evaluated at
NLOwithout and with the TMC and HT corrections. It may

be observed from the figure that the differential cross
sections corresponding to the higher beam energy have a
sharp peak in the very low region of x, while for the lower
beam energy it has a broader spectrum with the shift in peak
towards the intermediate region of x. The qualitative
behavior of the QCD corrections is similar for both
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ðdσepdx Þλe¼−1 and ðdσepdx Þλe¼þ1, however, quantitatively they are
different, leading to very small corrections in the electron

beam asymmetry AðeÞ
PVðx;Q2Þ. The inclusion of TMC and

HT effects is not significant except at very high x, i.e.,
around x ≈ 0.7 and above.
The electron spin asymmetry AðeÞ

PVðx;Q2Þ vs x is evalu-
ated by using Eq. (28) for different beam energies viz.
E ¼ 6 GeV, 12 GeV, and 22 GeV in the kinematic region
of Q2 ≥ 1 GeV2, and the results are shown in Fig. 13. We
have chosen the beam polarization to be jPej ¼ 0.8,
keeping in mind the future experiments like EIC, JLab
upgrade, and the EicC. The present numerical calculations
are performed by evolving the parton densities up to NNLO
and by incorporating the TMC and HT corrections to
explicitly observe their effect on the electron spin
asymmetry:

(i) It may be noted that AðeÞ
PVðx;Q2Þ is negative and its

absolute value increases with increasing beam en-
ergy for all values of x considered here. We find that
the corrections due to the next-to-leading order
terms in the perturbative expansion are quite small
in the entire kinematic region of x. For example, the
enhancement in the results for Ae

PVðx;Q2Þ evaluated
at NLO from the results at LO is about 1% at x ¼ 0.6
and 4% at x ¼ 0.8 for E ¼ 6 GeV, while for

E ¼ 22 GeV it becomes 2% at x ¼ 0.6 and 6% at
x ¼ 0.8. We also obtain the numerical results at
NNLO and find that the corrections due to NNLO
terms are still smaller as compared to the corrections
due to the NLO terms in the present kinematic
region of x and E (not shown here explicitly);

(ii) Moreover, the effect of target mass corrections are
also small except in the region of high x in the case
of beam energies around 6 GeV, and it decreases
with increasing beam energy. For example, at x ¼
0.4 the change in AðeÞ

PVðx;Q2Þ due to the inclusion of
TMC effect at NLO is about 2–3% for the beam
energies considered here, while at x ¼ 0.6 it be-
comes 6% for E ¼ 6 GeV and 3% for E ¼ 22 GeV;

(iii) The higher-twist effect is found to be significant in
the region of high x and increases with increasing
beam energy E. Quantitatively, at x ¼ 0.8, the

change in AðeÞ
PVðx;Q2Þ due to the inclusion of HT

corrections alongside TMC effect at NLO is ap-
proximately 5% and 7% for E ¼ 6 GeV and
22 GeV, respectively, relative to the results obtained
with the TMC effect alone at NLO;

(iv) It is important to point out that the results for

AðeÞ
PVðx;Q2Þ obtained at NLO with TMC and HT

effects (solid line) are similar with the results at
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FIG. 13. Parity-violating single electron asymmetry Ae
PVðx;Q2Þ vs x for different beam energies with 80% longitudinal polarization,

i.e., Pe ¼ 0.8. The results are evaluated at LO without TMC and HT corrections, at NLO without and with the TMC and higher-twist
effects as well as at NNLO with TMC effect. No cut on center-of-mass energy is applied here. In the inset Ae

PVðx;Q2Þ at NLO with TMC
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panel), E ¼ 12 GeV (middle panel) and E ¼ 22 GeV (right panel).
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NNLO with TMC effect only (dash-double dotted
line) in the region of low to intermediate x, while for
x > 0.6 there is difference between them which is
quite small;

(v) The effect of all the corrections taken together is
rather small across the entire x region, except for the
case of high x specifically in the region of low beam
energies. We have also studied the variation in

AðeÞ
PVðx;Q2Þ for different values of beam polarization

vector 0.7 ≤ jPej ≤ 0.9 and it is shown by a dotted-
filled pattern band in the inset of the figure 13. These
results are obtained at NLO by taking into account
the TMC and HT effects.

D. Electroweak structure functions and dðxÞ=uðxÞ ratio
The determination of dðxÞ=uðxÞ ratio is a topic of interest

for both the experimenters as well as theorists as it directly
reflects how momentum is shared between these quarks as
a function of Bjorken x. In recent years, the study of the
parity-violating DIS off proton target in the region of large
x is considered to be a important tool to obtain information
about dðxÞ=uðxÞ ratio. Traditionally, the dðxÞ=uðxÞ ratio
has been determined from the electromagnetic EMC

measurements of F2Aðx;Q2Þ
F2pðx;Q2Þ on nuclei like A ¼ 2ð21DÞ,

3ð31H; 3
2HeÞ [55]. However, measurements of F2Aðx;Q2Þ

are beset with the uncertainties due to the presence of
nuclear effects and the lack of clear demarcation between
the shallow inelastic scattering and DIS transition region
due to the ambiguities in defining precise cuts on the center
of mass energy W and the four momentum transfer square
Q2 [114]. In the case of proton target, there are no nuclear
medium corrections, however, uncertainties related to the
proper definition of the boundary of the transition region
still present. Owing to the absence of nuclear effects,
studies of parity-violating electron asymmetry for proton
targets have been proposed as a cleaner method to
determine the dðxÞ=uðxÞ ratio and to investigate possible
violations of isospin asymmetry using future data in the
region of high x in which sea quarks contribution can be
neglected [31,55].
Since a3pðx;Q2Þ ¼ −geV

FγZ
3pðx;Q2Þ

Fγ
1pðx;Q2Þ is very small, therefore,

parity-violating electron asymmetry AðeÞ
PVðx;Q2Þ depends

explicitly on the first term in Eq. (31). For example, we
have found that at the leading order of perturbative QCD,
the contribution of the term associated with a3pðx;Q2Þ to
the parity-violating electron asymmetry AðeÞ

PVðx;Q2Þ (not
shown here explicitly) is at the most 8–10% in the present
kinematic region of x for E ¼ 6 GeV. In the region of high
x, Rγ

pðx;Q2Þ ¼ RγZ
p ðx;Q2Þ as shown in Fig. 10, therefore,

Y1pðx;Q2Þ → 1 [using Eq. (32)] and the asymmetry
[Eq. (31)] depends dominantly on a1pðx;Q2Þ. Moreover,
in the high x region, the contribution from the sea quarks
can be neglected. In this situation, a1pðx;Q2Þ is given by

a1pðxÞ ¼
P

iC1ieiqiðxÞP
ie

2
i qiðxÞ

: ð40Þ

After simplification, this ratio is expressed in terms of the
effective coupling constants (Ciq; i ¼ 1–2) and quark
densities as

a1pðx;Q2Þ ¼
6C1u − 3C1d

dðx;Q2Þ
uðx;Q2Þ

4þ dðx;Q2Þ
uðx;Q2Þ

: ð41Þ

It may be noted that a1pðx;Q2Þ provides direct information
about the dðxÞ=uðxÞ ratio in the kinematic region of large x

to which the electron asymmetry AðeÞ
PVðx;Q2Þ is sensitive.

Since in this kinematic region of x, nonperturbative QCD
corrections are observed to be important in the proton
structure functions, hence, the theoretical study of
a1pðx;Q2Þ in the presence of these corrections is relevant
for understanding the differences in quark flavors and
possible charge symmetry violation.
Therefore, in Fig. 14, we present the numerical results

for a1pðx;Q2Þ vs x (0.5 ≤ x ≤ 0.8) at the different values of
Q2. It may be noticed from this figure that at the leading
order the ratio a1pðx;Q2Þ decreases with the increase in x
and Q2. However, when higher-order perturbative and
nonperturbative corrections are incorporated the ratio gets
enhanced relative to the results at LO. For example, due to
the inclusion of NLO terms (dashed line) we find an
enhancement of < 1% at x ¼ 0.6 and 3% at x ¼ 0.8 for
Q2 ¼ 2 GeV2 relative to the results at LO, and it becomes
6% and 14% for Q2 ¼ 8 GeV2. There is further enhance-
ment in a1pðx;Q2Þ when the contribution of NNLO terms
is taken into account which is about 2% (< 1%) at x ¼ 0.6
and 8% (13%) at x ¼ 0.8 for Q2 ¼ 2 (8) GeV2 from the
results evaluated at NLO. Inclusion of TMC effect leads to
an enhancement of about 4% (2%) at x ¼ 0.6 and 8% (3%)
at x ¼ 0.8 for Q2 ¼ 2ð4Þ GeV2, whereas, the effect of HT
corrections on a1pðx;Q2Þ is found to be almost negligible.
Using Eq. (41) and taking a1pðx;Q2Þ as an input, we

have evaluated the effect of QCD corrections on the
dðxÞ=uðxÞ ratio and compared it with the results at LO.
In the case of perturbative corrections, we find that the
inclusion of NLO terms for Q2 ¼ 2 GeV2, there is a
reduction in the dðxÞ=uðxÞ ratio of about 3% at x ¼ 0.6,
23% at x ¼ 0.7 and 48% at x ¼ 0.8 from the results at LO.
Whereas, there is a further reduction in the dðxÞ=uðxÞ ratio
due to the inclusion of NNLO terms which is about 8%,
∼19% and 15% from the results evaluated at NLO for the
same values of x. When the target mass correction effect is
taken into account at NLO, dðxÞ=uðxÞ ratio gets enhanced
relative to the case without including it, for example, 25%
at x ¼ 0.6, 52% at x ¼ 0.7 and 73% at x ¼ 0.8. The effect
of HT corrections is negligible.
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IV. SUMMARY AND CONCLUSION

We have presented the results for the proton structure
functions in the electromagnetic(γ) and electroweak(γZ)
interference channels over a wide range of x and Q2 with
the higher-order perturbative (up to NNLO) and nonpertur-
bativeTMCandHTeffects, relevant to current andupcoming
experiments. We quantify the uncertainties on the nucleon
structure functions Fγ

1p;2pðx;Q2Þ and FγZ
1p;2p;3pðx;Q2Þ and

their impact on parity-violating asymmetries due to the use of
various parametrizations of PDFs. The interplay and model
dependence of the target-mass and higher-twist corrections
in the low-Q2 and high-x region has been discussed. We
analyze the violation of the Callan-Gross relation [89] by

calculating the values of the ratios rγZ=γðx;Q2Þ ¼ FγZ=γ
2p ðx;Q2Þ

2xFγZ=γ
1p ðx;Q2Þ

andRγZ=γ
p ðx;Q2Þ ¼ FγZ=γ

Lp ðx;Q2Þ
2xFγZ=γ

1p ðx;Q2Þ in both the γ and γZ channels

on the proton structure functions and examine its implica-

tions for theparity-violating electron asymmetryAðeÞ
PVðx;Q2Þ,

differential cross sections dσ
dx, and the extraction of the

dðxÞ=uðxÞ ratio at high x.
We conclude that:
(i) The effect of higher-order perturbative corrections

are quantitatively significant on the differential cross
sections and the parity-violating electron asymmetry
only in the region of high x, i.e., x ≥ 0.6;

(ii) The TMC effect is found to be significant in the
differential scattering cross sections as well as the
parity-violating electron asymmetry in the region of
intermediate-to-high xð≳0.4Þ while the higher-twist

corrections are observed to be important in the
kinematic region of high xð≳0.6Þ for the projectile
beam energies considered in the present work;

(iii) The violation of the Callan-Gross relation due to
nonperturbative QCD corrections is significant in
the region of intermediate-to-high x for all the values
of Q2 in the range of 2 ≤ Q2 ≤ 20 GeV2 considered
in this work. The violation of Callan-Gross relation
is found to be quantitatively different in the electro-
magnetic and weak-electromagnetic structure func-
tions of the proton;

(iv) The present study of a1pðx;Q2Þ with QCD correc-
tions may be helpful in understanding the behavior
of dðxÞ=uðxÞ ratio as well as in interpreting the
relevant experimental data, especially, from the
upcoming experiments at JLab.

Thus, to summarize, the higher-order QCD corrections on
the proton structure functions are quite significant for both
the γ − exchange and γZ − exchange channels in the
present kinematic region of 0: ≤ x ≤ 0.8 and 2 ≤ Q2 ≤
20 GeV2 relevant to the ongoing and upcoming experi-
ments at JLab, EIC and EicC, and a better theoretical
understanding is required in the region of high x, where
nonperturbative effects are important.
Note: We would be pleased to share the QCD evolution

code which is developed in FORTRAN upon request.
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