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We present a comprehensive polarization analysis for the process eþe− → J=ψ → baryon-antibaryon
pairs B1B̄2. All possible helicity amplitudes for eþe− → J=ψ and J=ψ → B1B̄2 are provided, along with
their transformation properties under parity and CP operations. Taking full account of beam polarization,
we analyze the polarization of the J=ψ produced in eþe− annihilation and show that all eight independent
polarization components can be nonzero. By introducing a polarization transfer matrix, we propose a novel
method to compute the polarization transfer in the decay J=ψ → B1B̄2. Considering both hadronic and
radiative baryon decay models, we derive the joint angular distribution of the final-state particles. Focusing
on the process J=ψ → ΛΣ̄0, we provide statistical uncertainty estimates for probing CP violation in
associated production of different baryons. This work establishes a complete framework for studying the
parity and CP violations present in baryon productions and decays within the helicity formalism.
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I. INTRODUCTION

Verifying the symmetries of physical laws and their
violation across different energy scales has played a central
role in advancing our understanding of particle interactions.
Parity violation, originating from weak interactions, was
first proposed by Lee and Yang [1] and soon confirmed by
the beta decay experiment of polarized 60Co nuclei [2] and
subsequent meson decay experiments [3,4]. Meanwhile,
CP violation, a necessary condition for matter-antimatter
asymmetry in the universe as proposed by Sakharov [5],
still faces many unresolved issues.
The CP violation was first experimentally discovered in

meson decays. In 1964, Brookhaven National Laboratory

observed CP violation in the decay of neutral K mesons,
marking the first observation of CP violation in a process
involving the strange quark [6]. Later,CP violation was also
observed in the decays ofBmesons,which involveb quarks,
by the BABAR Collaboration at SLAC [7] and the BELLE
Collaboration at KEK [8]. More recently, the LHCb
Collaboration reported CP violation in the decays of D0

mesons, which involve c quarks [9]. These CP violations
effects can be explained within the standard model (SM) via
the weak interaction and the Cabibbo-Kobayashi-Maskawa
(CKM) quark mixing matrix [10,11]. However, the amount
ofCP violation predicted by the SM is insufficient to explain
the observed matter-antimatter imbalance in the universe
[12]. Theoretical models have also proposed the possibility
of CP violation in the strong interaction [13–16], but
experimental evidence has not yet been found [17]. As a
result, searching for signals of strong CP violation and for
new sources of CP violation beyond the SM across various
energy scales and in different reaction processes remains a
key focus in modern particle physics.
The first search for CP violation in hyperon decays was

conducted by comparing the branching ratios of the decays
of Σþ and Σ̄− [18]. Although no signal of CP violation was
observed, this search sparked significant theoretical interest
in exploring CP violation through hyperon decays [19–24].
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Recently, the LHCb Collaboration reported the first obser-
vation of CP violation with a significance of 3.1σ in decay
Λ0
b → ΛKþK− [25] and 5.2σ in decay Λ0

b → pK−πþπ−

[26], respectively. However, no evidence of CP violation
has been found in ordinary hyperons [17].
Electron-positron annihilation at the J=ψ mass peak

energy benefits from a significant enhancement in the cross
section, offering high-statistics opportunities for studying
baryon properties through processes such as J=ψ → B1B̄2

[27]. Theoretical studies on the polarization correlations of
baryon pairs in such processes provide valuable opportu-
nities to probe baryon CP violation [28–38]. The BESIII
Collaboration, which has accumulated the world’s largest
J=ψ sample, has provided precise measurements of the
decay parameters for baryon hadronic decays such as Λ
[39,40], Σ [41,42], and Ξ [43–45]. Recently, BESIII has
also reported hints on CP violation measurements in
associated production of different baryons, J=ψ → ΛΣ̄
[46], and baryon radiative decays [47–50]. The proposed
STCF experiment [51] will significantly expand the data
samples, increasing J=ψ statistics by 2 orders of magnitude
in one year compared to BESIII.
Theoretical studies ofCP violation in hyperons have been

extended to investigations of CP violation in baryon pro-
duction processes [52–54], including scenarios with polar-
ized beams [55–60]. A key focus of these studies is to
establish the joint angular distribution of the final-state
products. As the amount of data grows (for example, in
future STCF experiments), precise measurements of CP
violation need to account for specific experimental condi-
tions [55–60]. In theBEPCII/BESIII experiment, because the
electron and positron beams cross at a small angle of 11
milliradians, the polarization of the J=ψ particle is slightly
different in the lab frame compared to its center-of-mass
frame. This difference must be considered when measuring
CP violation. On the other hand, the effects of the electron
mass and the structure of the coupling vertex between the
electron and the J=ψ have often been neglected. In CP
violation studies, these factors can introduce critical correc-
tions and must be carefully considered.
This paper presents a refined polarization analysis for the

process eþe− → J=ψ → B1B̄2. We perform a detailed
polarization analysis in both the production and decay
subprocesses of J=ψ , as well as the decay of baryons,
within the helicity formalism developed by Jacob and Wick
[61]. This helicity-based approach is equivalent to describ-
ing the production and decay subprocess of J=ψ in terms of
particle form factors and baryon decays in terms of partial
wave amplitudes. We explicitly establish the correspon-
dence between helicity amplitudes and particle form factors
or partial-wave amplitudes.
A comprehensive polarization analysis for the subprocess

eþe− → J=ψ is provided with all possible helicity ampli-
tudes, including parity violating and CP violating ones.
These amplitudes are connected to the anomalous magnetic

moment form factor and the electric dipole moment of the
electron. We also take into account the spin-flip helicity
amplitude arising from the electron mass. By matching the
helicity amplitudes with the electron form factors, we
estimate their magnitudes. We further analyze the effects
influencing beam polarization, particularly emphasizing the
mixing of transverse and longitudinal polarization when
transforming from the laboratory frame to the center-of-mass
frame. Based on these, we provide a detailed analysis of the
resulting polarization of J=ψ .
The complete polarization analyses of the subprocess of

J=ψ decay to both baryon-antibaryon pairs BB̄ and to
different baryons B1B̄2 are presented. The helicity ampli-
tudes corresponding to parity conservation, parity viola-
tion, and CP violation are introduced. For the process
J=ψ → BB̄, the helicity amplitudes are associated with the
form factors of the baryon B, and for the process
J=ψ → B1B̄2, they correspond to the transition form factors
of B1B̄2. We establish the correspondence between the
helicity amplitudes and the form factors and provide the
method to search for CP violation within the helicity
formalism. Furthermore, a novel approach to represent the
polarization transfer in the J → B1B̄2 subprocess is intro-
duced via the polarization transfer matrix.
We provide the complete expression for the joint angular

distribution of the final-state particles. The polarization of
hyperons can bemeasured through their decay processes.We
focus on the hadronic and radiative decay of hyperons,
providing the helicity amplitudes and the polarization trans-
fer matrix for these decay processes. By combining polari-
zation analyzes of J=ψ production subprocess, its decay into
baryons, and the decays of baryons, we present the complete
expression for the joint angular distribution of all final-state
products. Focusing on the process J=ψ → ΛΣ̄0, we provide
sensitivity predictions for the helicity amplitude parameters
and their associated transition form factors. When combined
withmeasurements from the conjugate channel J=ψ → Λ̄Σ0,
this allows the search for potential signals of CP violation.
These isospin-violating processes are particularly sensitive to
electroweak interactions, making them valuable for inves-
tigating CP violations.
The structure of this paper is as follows. In Sec. II, we

present the polarization analysis of the subprocess
eþe− → J=ψ . In Sec. III, we provide the polarization
analysis of the subprocess J=ψ → B1B̄2. In Sec. IV, we
discuss baryon decays and provide the complete joint
angular distribution. Focusing on the J=ψ → ΛΣ̄0 process,
the sensitivities to the transition form factors are provided.
Finally, we present a short summary in Sec. V.

II. POLARIZATION ANALYSIS
IN PRODUCTION OF J=ψ

In high-energy reactions, the polarization state of par-
ticles is described by their spin density matrix. We begin
with a systematic analysis of the beam polarization and
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derive the spin density matrix for J=ψ in the helicity
formalism. As the spin-1 particle, J=ψ has eight indepen-
dent polarization components. For the subprocess
eþe− → J=ψ , the polarization of J=ψ is primarily deter-
mined by electron (anomalous) form factors and the
polarization of the initial beams. Taking both effects into
account, we derive the full expression for the polarization
components of J=ψ .

A. Spin density matrix

In the helicity formalism, the spin density matrix of the
particle with spin s can be expressed as [30,34]

ρs ¼
X4sðsþ1Þ

μ¼0

SμΣμ; ð1Þ

where Sμ are the polarization expansion coefficients, and
Σμ are the corresponding polarization projection matrices.
For the spin-1=2 particle, the spin density matrix is

given by

Sμ ¼ fS0; S1; S2; S3g;

Σμ ¼
1

2
fI; σx; σy; σzg; ð2Þ

where σx, σy, and σz are the Pauli matrices, S0 corresponds
to the cross-section term, and Si represents the polarization
terms. These polarization terms are related to the Cartesian
spin components through the following relation:

fS1; S2; S3g=S0 ¼ fSxT; SyT; SLg: ð3Þ
Then, the spin density matrix for the initial-state positron
and electron can be expressed as

ρþ ¼ 1

2

�
1þ S̄L S̄xT − iS̄yT
S̄xT þ iS̄yT 1 − S̄L

�
for eþ;

ρ− ¼ 1

2

�
1þ SL SxT − iSyT
SxT þ iSyT 1 − SL

�
for e−: ð4Þ

Under realistic experimental conditions, various factors
contribute to beam polarization. For circular accelerators,
charged particles experience spontaneous polarization due
to their motion in magnetic fields, a phenomenon known as
the Sokolov-Ternov effect [62]. The direction and magni-
tude of the positron and electron spontaneous polarization
depend on factors such as the magnetic field strength, beam

energy, beam lifetime, and so on. Furthermore, experiments
such as the proposed STCF [51] aim to prepare a polarized
beam as the key design feature. For collider experiments at
circular accelerators, the two beams typically intersect at a
small angle at the interaction point [63]. As a result, the
laboratory frame generally does not coincide with the
center-of-mass frame. When polarization vectors are trans-
formed between these frames, transverse and longitudinal
polarization components can mix.
The coordinate systems of the laboratory and center-of-

mass frames are shown in Fig. 1. In the laboratory frame, the z
axis is defined as the bisector of the angle between the
direction of the positron beamand the opposite direction of the
electron beam.The plane formedby the twobeamdirections is
taken as the x-z plane. The momenta of the positron and
electron in this frame can be expressed as follows:

Peþ ¼ mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p ð1; β sin θ; 0; β cos θÞ;

Pe− ¼ mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p ð1; β sin θ; 0;−β cos θÞ; ð5Þ

where β is the velocity of the beams. The polarization vectors
of the positron and electron in the laboratory frame are then
given by

Seþ ¼
 

βffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p S̄L;lab;
sin θffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p S̄L;lab þ S̄xT;lab cos θ; S̄
y
T;lab;

cos θffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p S̄L;lab − S̄xT;lab sin θ

!
;

Se− ¼
 

βffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p SL;lab;
sin θffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p SL;lab þ SxT;lab cos θ;−S
y
T;lab; S

x
T;lab sin θ −

cos θffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p SL;lab

!
: ð6Þ

FIG. 1. Comparison of the laboratory frame (upper) and center-
of-mass frame (lower) for positron-electron collisions.
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To transform from the laboratory frame to the center-of-mass frame, we apply the following Lorentz boost matrix to the
beams:

Λμ
ν ¼

0
BBBBBB@

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−β2sin2θ

p − β sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−β2sin2θ

p 0 0

− β sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−β2sin2θ

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−β2sin2θ

p 0 0

0 0 1 0

0 0 0 1

1
CCCCCCA
: ð7Þ

Using this transformation, the momenta of the positron and electron in the center-of-mass frame become

Peþ ¼ mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − β2sin2θ
q

; 0; 0; β cos θ

�
;

Pe− ¼ mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2sin2θ

q
; 0; 0;−β cos θ

�
: ð8Þ

Correspondingly, the polarization vectors of the positron and electron in the center-of-mass frame are

Seþ ¼
�

β cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2sin2ðθÞ

p
�

S̄L;labffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p cos θ − S̄xT;lab sin θ

�
;

S̄xT;lab cos θ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
S̄L;lab sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − β2sin2θ
p ; S̄yT;lab;

S̄L;lab cos θffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p − S̄xT;lab sin θ

�
;

Se− ¼
�

β cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2sin2θ

p
�

SL;labffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p cos θ − SxT;lab sin θ

�
;

SxT;lab cos θ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
SL;lab sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − β2sin2ðθÞ
p ;−SyT;lab; SxT;lab sin θ −

SL;lab cos θffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
�
: ð9Þ

When further transformed into the helicity frame of the
positron and electron, one can extract their polarization
components as

S̄xT ¼ S̄xT;lab cos θ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
S̄L;lab sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − β2sin2θ
p ;

S̄yT ¼ S̄yT;lab;

S̄L ¼ S̄L;lab cos θ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
S̄xT;lab sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − β2sin2θ
p ;

SxT ¼ SxT;lab cos θ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
SL;lab sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − β2sin2θ
p ;

SyT ¼ SyT;lab;

SL ¼ SL;lab cos θ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
SxT;lab sin θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − β2sin2θ
p : ð10Þ

Since the initial beam polarization is generated in the
laboratory frame, while theoretical polarization analysis is

typically performed in the center-of-mass frame, experi-
mental observables must also be transformed into the
center-of-mass frame for consistency. This transformation
leads to a mixing of longitudinal and transverse polariza-
tion components, which ultimately affects the joint angular
distribution of the final-state particles. Therefore, such
effects can manifest themselves in experimental measure-
ments and should not be neglected.
For spin-1 particles, such as J=ψ , their spin density

matrix can be expressed as

ρ1 ¼
X8
μ¼0

SμΣμ: ð11Þ

The polarization expansion coefficients Sμ and the polari-
zation projection matrix Σμ can be determined according to
the approach described in [34]. For Sμ, we adopt the
following scheme:
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1

S0

8>><
>>:

S0 S1 S2
S3 S4 S5
S6 S7 S8

9>>=
>>;

¼

8>><
>>:

1 SL SxT
SyT SLL SxLT
SyLT SxxTT SxyTT

9>>=
>>;
; ð12Þ

where SL; ...; S
xy
TT are the spin components of the spin-1

particle in Cartesian form, as detailed in Appendix A. The
explicit expression of Σμ in this scheme is provided in
Appendix B.

B. Production amplitudes for the subprocess
e + e− → J=ψ

For the subprocess eþe− → J=ψ , as showed in Fig. 2,
the helicity amplitudes can be written as

Aee
λ1λ2

¼
�
hee1 þ hee3 hee2 − hee4
hee2 þ hee4 hee1 − hee3

�
; ð13Þ

where λ1 and λ2 are the helicities of the positron and
electron, respectively. Then, we have

hee1 ¼ 1

2

�
Aee

1
2
;1
2

þ Aee
−1
2
;−1

2

�
;

hee2 ¼ 1

2

�
Aee
−1
2
;1
2

þ Aee
1
2
;−1

2

�
;

hee3 ¼ 1

2

�
Aee

1
2
;1
2

− Aee
−1
2
;−1

2

�
;

hee4 ¼ 1

2

�
Aee
−1
2
;1
2

− Aee
1
2
;−1

2

�
: ð14Þ

These helicity amplitudes are correlated to the scattering
amplitudes expressed in the (anomalous) forms factors of
the electron, which are given by

Mλ1λ2 ¼ v̄ðp1;λ1Þ
�
F1ðq2ÞγμþF2ðq2Þ

iσμνqν
2m

þF3ðq2Þγμγ5

þF4ðq2Þ
σμνqν
2m

γ5

�
uðp2;λ2Þεμðq;κÞ; ð15Þ

where v̄ and u are the spinors of the positron and electron,
respectively. p1ðp2Þ, λ1ðλ2Þ, and m represent their

momenta, helicities, and mass. εμ and q ¼ p1 þ p2 are
the polarization vector and momentum of J=ψ , and κ ¼
λ1 − λ2 is the helicity of J=ψ . The form factors F1, F2, and
F4 correspond to the charge, the anomalous magnetic
dipole moment [64], and the electric dipole moment form
factor of the electron, respectively, and F3 represents the
parity violation form factor. In the timelike region, these
form factors can be complex.
At one-loop order, the anomalous magnetic moment of

the electron, see, for instance, in [65], is given by

F2ðq2Þ ¼
αm2

π

Z
1

0

dx
Z

1−x

0

dy
ðxþ yÞð1 − x − yÞ
m2ðxþ yÞ2 −Q2xy

¼ αm2

πQ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 − 4m2

p ln
Q −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 − 4m2

p
Qþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 − 4m2

p ; ð16Þ

withQ ¼
ffiffiffiffiffi
q2

p
and α ¼ e2=ð4πÞ. The parity violation form

factor F3 arises primarily from the contribution of Z-boson
exchange,

F3ðq2Þ ¼
E2
cð4 cos 2θW − 1Þ

M2
zð1 − cos 4θWÞ − 3E2

cð3 − 2 cos 2θWÞ
; ð17Þ

where Ec ¼
ffiffiffiffiffi
q2

p
=2 represents the beam energy in the

center-of-mass frame, Mz is the mass of the Z boson,
and θW is the weak coupling angle. The electric dipole
moment form factor F4 is related to the electron’s dipole
moment de by

de ¼ −
F4

2m
: ð18Þ

According to the experimental constraint de <
4.1 × 10−30 ecm [17], we obtain

jF4j < 6.43 × 10−20: ð19Þ

It is evident that the contribution from the electric dipole
moment is much smaller than the contributions from the
other terms.
Since Eqs. (13) and (15) are equivalent, i.e.,

Aee
λ1λ2

¼ Mλ1λ2 , we derive the relationship between the
helicity amplitude and form factors,

hee1 ¼ 2mF1ðq2Þ −
2E2

c

m
F2ðq2Þ;

hee2 ¼ 2
ffiffiffi
2

p
EcðF1ðq2Þ − F2ðq2ÞÞ;

hee3 ¼ i
2Ec

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
c −m2

q
F4ðq2Þ;

hee4 ¼ 2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
c −m2

q
F3ðq2Þ: ð20Þ

FIG. 2. The eþe− → J=ψ process in c.m. frame. The coordinate
systems xeþ − yeþ − zeþ , xe− − ye− − ze− , and x − y − z are the
helicity frames for positron, electron, and J=ψ .
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We normalize these amplitudes with hee2 and parametrize
the helicity amplitudes in the following scheme:

hee4
hee2

¼ ffiffiffiffiffi
a1

p
eiφ1 ;

hee1
hee2

¼ ffiffiffiffiffi
a2

p
eiφ2 ;

hee3
hee2

¼ ffiffiffiffiffi
a3

p
eiφ3 : ð21Þ

At leading order, we obtain

ffiffiffiffiffi
a1

p ¼ Ec

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
c−m2

p
ð4cos2θW−1Þ

M2
zð1−cos4θWÞ−3E2

cð3−2cos2θWÞ
≈2.33×10−4;

ffiffiffiffiffi
a2

p ¼ mffiffiffi
2

p
Ec

�
1−

E2
c

m2
F2ðq2Þ

�
≈2.36×10−4;

ffiffiffiffiffi
a3

p ¼
����i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
c−m2

p
ffiffiffi
2

p
m

F4ðq2Þ
����<1.38×10−16: ð22Þ

We find that although the parameter a3, associated with the
electric dipole moment of the electron, is negligibly small

and can be safely ignored, the parameters a1 and a2, which
are related to the electronmass, anomalousmagneticmoment,
and Z-boson exchange, remain important for polarization
analysis, especially in investigations of CP violation.

C. The polarization components of J=ψ

The production density matrix of J=ψ for the subprocess
e−eþ → J=ψ can be expressed as

ρJ=ψκ;κ0 ¼ 2
X

λ1;λ1;λ2;λ2

D1�
κ;λ1−λ2ð0; 0; 0ÞD1

κ0;λ0
1
−λ0

2
ð0; 0; 0Þ

× ρþλ1;λ01ρ
−
λ2;λ02

Aλ1;λ2A
�
λ0
1
;λ0

2
; ð23Þ

where DJ
κ;λðΩÞ ¼ D1

κ;λð0; 0; 0Þ is the Wigner-D matrix. We
can then obtain the polarization components of J=ψ , which
are given by

Sμ ¼
Tr½ρJ=ψκ;κ0 Σμ�
Tr½ΣμΣμ�

: ð24Þ

Substituting Eqs. (13) and (21) into the above expression,
we obtain

S0 ¼ 1þ a1 þ a2 þ a3 − ð1þ a1 − a2 − a3ÞS̄LSL
þ ða2 − a3ÞðS̄xTSxT − S̄yTS

y
TÞ − 2

ffiffiffiffiffi
a1

p ðS̄L − SLÞ cosφ1

þ 2
ffiffiffiffiffiffiffiffiffiffi
a2a3

p ½ðS̄L þ SLÞ cos ðφ2 − φ3Þ − ðS̄xTSyT þ S̄yTS
x
TÞ sin ðφ2 − φ3Þ�;

S1 ¼ ð1þ a1ÞðS̄L − SLÞ − 2
ffiffiffiffiffi
a1

p ð1 − S̄LSLÞ cosφ1;

S2 ¼
ffiffiffi
2

p
f ffiffiffiffiffi

a2
p ½ðS̄xT þ SxTÞ cosφ2 þ ðS̄LSyT þ SLS̄

y
TÞ sinφ2�

þ ffiffiffiffiffi
a3

p ½ðS̄LSxT þ SLS̄xTÞ cosφ3 þ ðS̄yT þ SyTÞ sinφ3�
−

ffiffiffiffiffiffiffiffiffiffi
a1a2

p ½ðS̄LSxT − SLS̄xTÞ cos ðφ1 − φ2Þ þ ðS̄yT − SyTÞ sin ðφ1 − φ2Þ�
−

ffiffiffiffiffiffiffiffiffiffi
a1a3

p ½ðSxT − S̄xTÞ cos ðφ1 − φ3Þ þ ðSLS̄yT − S̄LS
y
TÞ sin ðφ1 − φ3Þ�g;

S3 ¼
ffiffiffi
2

p
f ffiffiffiffiffi

a2
p ½ðS̄yT − SyTÞ cosφ2 þ ðS̄LSxT − SLS̄xTÞ sinφ2�

þ ffiffiffiffiffi
a3

p ½ðSLS̄yT − S̄LS
y
TÞ cosφ3 þ ðSxT − S̄xTÞ sinφ3�

þ ffiffiffiffiffiffiffiffiffiffi
a1a2

p ½ðS̄LSyT þ SLS̄
y
TÞ cos ðφ1 − φ2Þ þ ðS̄xT þ SxTÞ sin ðφ1 − φ2Þ�

þ ffiffiffiffiffiffiffiffiffiffi
a1a3

p ½ðS̄yT þ SyTÞ cos ðφ1 − φ3Þ þ ðS̄LSxT þ SLS̄xTÞ sin ðφ1 − φ3Þ�g;

S4 ¼
1

2
f1þ a1 − 2a2 − 2a3 − ð1þ a1 þ 2a2 þ 2a3ÞS̄LSL

− 2
ffiffiffiffiffi
a1

p ðS̄L − SLÞ cosφ1 − 2ða2 − a3ÞðS̄xTSxT − S̄yTS
y
TÞ

− 4
ffiffiffiffiffiffiffiffiffiffi
a2a3

p ½ðS̄L þ SLÞ cos ðφ2 − φ3Þ − ðS̄xTSyT þ S̄yTS
x
TÞ sin ðφ2 − φ3Þ�g;

S5 ¼
ffiffiffi
2

p
f ffiffiffiffiffi

a2
p ½ðS̄LSxT − SLS̄xTÞ cosφ2 þ ðSyT − S̄yTÞ sinφ2�

þ ffiffiffiffiffi
a3

p ½ðSxT − S̄xTÞ cosφ3 þ ðS̄LSyT − SLS̄
y
TÞ sinφ3�

−
ffiffiffiffiffiffiffiffiffiffi
a1a2

p ½ðS̄xT þ SxTÞ cos ðφ1 − φ2Þ − ðS̄LSyT þ SLS̄
y
TÞ sin ðφ1 − φ2Þ�

−
ffiffiffiffiffiffiffiffiffiffi
a1a3

p ½ðS̄LSxT þ SLS̄xTÞ cos ðφ1 − φ3Þ − ðS̄yT þ SyTÞ sin ðφ1 − φ3Þ�g;
S6 ¼

ffiffiffi
2

p
f− ffiffiffiffiffi

a2
p ½ðS̄LSyT þ SLS̄

y
TÞ cosφ2 − ðS̄xT þ SxTÞ sinφ2�
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−
ffiffiffiffiffi
a3

p ½ðS̄yT þ SyTÞ cosφ3 − ðS̄LSxT þ SLS̄xTÞ sinφ3�
−

ffiffiffiffiffiffiffiffiffiffi
a1a2

p ½ðS̄yT − SyTÞ cos ðφ1 − φ2Þ þ ðSLS̄xT − S̄LSxTÞ sin ðφ1 − φ2Þ�
−

ffiffiffiffiffiffiffiffiffiffi
a1a3

p ½ðSLS̄yT − S̄LS
y
TÞ cos ðφ1 − φ3Þ þ ðS̄xT − SxTÞ sin ðφ1 − φ3Þ�g;

S7 ¼ ð1 − a1ÞðS̄xTSxT þ S̄yTS
y
TÞ − 2

ffiffiffiffiffi
a1

p ðS̄yTSxT − S̄xTS
y
TÞ sinφ1;

S8 ¼ ð1 − a1ÞðS̄yTSxT − S̄xTS
y
TÞ þ 2

ffiffiffiffiffi
a1

p ðS̄xTSxT þ S̄yTS
y
TÞ sinφ1: ð25Þ

Based on Eq. (22), and by neglecting the complex phase of the helicity amplitude and the small contributions from the terms
related to the electric dipole moment, we obtain

S0 ¼ 1þ a1 þ a2 − ð1þ a1 − a2ÞS̄LSL − 2
ffiffiffiffiffi
a1

p ðS̄L − SLÞ þ a2ðS̄xTSxT − S̄yTS
y
TÞ;

S1 ¼ ð1þ a1ÞðS̄L − SLÞ − 2
ffiffiffiffiffi
a1

p ð1 − S̄LSLÞ;
S2 ¼

ffiffiffi
2

p
½ ffiffiffiffiffia2p ðS̄xT þ SxTÞ −

ffiffiffiffiffiffiffiffiffiffi
a1a2

p ðS̄LSxT − SLS̄xTÞ�;
S3 ¼

ffiffiffi
2

p
½ ffiffiffiffiffia2p ðS̄yT − SyTÞ þ

ffiffiffiffiffiffiffiffiffiffi
a1a2

p ðS̄LSyT þ SLS̄
y
TÞ�;

S4 ¼
1

2
½1þ a1 − 2a2 − ð1þ a1 þ 2a2ÞS̄LSL − 2

ffiffiffiffiffi
a1

p ðS̄L − SLÞ − 2a2ðS̄xTSxT − S̄yTS
y
TÞ�;

S5 ¼
ffiffiffi
2

p
½ ffiffiffiffiffia2p ðS̄LSxT − SLS̄xTÞ −

ffiffiffiffiffiffiffiffiffiffi
a1a2

p ðS̄xT þ SxTÞ�;
S6 ¼

ffiffiffi
2

p
½− ffiffiffiffiffi

a2
p ðS̄LSyT þ SLS̄

y
TÞ −

ffiffiffiffiffiffiffiffiffiffi
a1a2

p ðS̄yT − SyTÞ�;
S7 ¼ ð1 − a1ÞðS̄xTSxT þ S̄yTS

y
TÞ;

S8 ¼ ð1 − a1ÞðS̄yTSxT − S̄xTS
y
TÞ: ð26Þ

By substituting the expressions of the polarization
components above into Eq. (12), one can obtain the spin
components of J=ψ in Cartesian form. We retain the
leading-order contributions from a1 and a2 to analyze
these Cartesian polarization components. Notably, two
polarization components remain nonzero even when the
beam is unpolarized,

SψL ¼ −2
ffiffiffiffiffi
a1

p
;

SψLL ¼ 1

2
: ð27Þ

When the beam is polarized, these components are modi-
fied to

SψL ¼ S̄L − SL
1 − S̄LSL

− 2
ffiffiffiffiffi
a1

p �
1 −

�
S̄L − SL
1 − S̄LSL

�
2
	
;

SψLL ¼ 1

2

�
1 −

3a2ð1þ S̄LSL þ S̄xTS
x
T − S̄yTS

y
TÞ

1 − S̄LSL

	
: ð28Þ

The longitudinal polarization component SψL of J=ψ is
sensitive to both beam polarization and weak coupling at
the electron–J=ψ vertex. This makes it a potential observ-
able for probing the weak mixing angle θW .
The two components of the transverse tensor polariza-

tion are significantly affected by beam polarization:

Sxx;ψTT ¼
�
1þ 2

ffiffiffiffiffi
a1

p S̄L − SL
1 − S̄LSL

�
S̄xTS

x
T þ S̄yTS

y
T

1 − S̄LSL
;

Sxy;ψTT ¼
�
1þ 2

ffiffiffiffiffi
a1

p S̄L − SL
1 − S̄LSL

�
S̄yTS

x
T − S̄xTS

y
T

1 − S̄LSL
: ð29Þ

The remaining four polarization components are slightly
influenced by the beam polarization. Their contributions
are suppressed by the smallness of the electron mass and
the anomalous magnetic moment form factor,

Sx;ψT ¼
ffiffiffiffiffiffiffi
2a2

p ðS̄xT þ SxTÞ
1 − S̄LSL

;

Sy;ψT ¼
ffiffiffiffiffiffiffi
2a2

p ðS̄yT − SyTÞ
1 − S̄LSL

;

Sx;ψLT ¼
ffiffiffiffiffiffiffi
2a2

p ðS̄LSxT − SLS̄xTÞ
1 − S̄LSL

;

Sy;ψLT ¼ −
ffiffiffiffiffiffiffi
2a2

p ðS̄LSyT þ SLS̄
y
TÞ

1 − S̄LSL
: ð30Þ

When the electron mass and form factors are neglected, the
polarization of J=ψ reduces to the form discussed in
Refs. [56,59]. Furthermore, if beam polarization is also
ignored, the J=ψ polarization simplifies to the case pre-
sented in Ref. [30], where SψLL ¼ 1=2 and all other
polarization components vanish. Under conditions of
beam transverse polarization, these specific polarization
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components of J=ψ provide access to the anomalous
magnetic moment of the electron in the timelike region.

III. POLARIZATION ANALYSIS IN DECAY OF J=ψ

In the helicity formalism, we present a complete polari-
zation analysis of the decay of J=ψ into baryon-antibaryon
pairs. The analysis is divided into two types: baryon-
antibaryon pair production and associated production of
different baryons. By introducing helicity amplitudes that
account for parity and CP violation, we define observables
that can be used to search for CP violation signals. Finally,
we propose a novel expression to represent the polarization
transfer for the subprocess J=ψ → B1B̄2.

A. Decay amplitudes for the subprocess J=ψ → BB̄

For the subprocess J=ψ → BB̄ (see Fig. 3), where B̄ is
the antiparticle of B (e.g., J=ψ → ΛΛ̄), the helicity ampli-
tudes can be written as

Aλ1;λ2 ¼
�
h1 þ h3 h2 þ h4
h2 − h4 h1 − h3

�
; ð31Þ

where λ1 and λ2 denote the helicities of B and B̄,
respectively. Then, we have

h1 ¼
1

2

�
A1

2
;1
2
þ A−1

2
;−1

2

�
;

h2 ¼
1

2

�
A1

2
;−1

2
þ A−1

2
;1
2

�
;

h3 ¼
1

2

�
A1

2
;1
2
− A−1

2
;−1

2

�
;

h4 ¼
1

2

�
A1

2
;−1

2
− A−1

2
;1
2

�
: ð32Þ

Under parity and CP transformations, the helicity ampli-
tude follows the transformation relations:

ABB̄
λ1;λ2
!
Parity Transform

PBPB̄PJ=ψð−1ÞJ−s1−s2ABB̄
−λ1;−λ2 ;

ABB̄
λ1;λ2
!
ChargeConjugation

ηJ=ψ ð−1ÞJAB̄B
λ1;λ2

;

ABB̄
λ1;λ2
!
CPTransform

PBPB̄PJ=ψ ð−1ÞJ−s1−s2ηJ=ψð−1ÞJAB̄B
−λ1;−λ2 ;

ð33Þ

where PB, PB̄, and PJ=ψ represent the parity of B, B̄, and
J=ψ , and J, s1, and s2 represent their spins, ηJ=ψ is the
charge parity of J=ψ , and ð−1ÞJ is the charge parity of the
fermion-antifermion system BB̄. We obtain that h1 and h2
correspond to amplitudes that conserve both parity and CP,
h3 corresponds to an amplitude with both parity and CP
violation, and h4 corresponds to an amplitude with parity
violation but CP conservation.
These helicity amplitudes are related to the form factors

of the baryon B, which are introduced by

Mλ1λ2 ¼ ūðp1;λ1Þ
�
F1ðq2ÞγμþF2ðq2Þ

iσμνqν
2M

þF3ðq2Þγμγ5

þF4ðq2Þ
σμνqν
2M

γ5

�
vðp2;λ2Þεμðq;κÞ; ð34Þ

where ū and v are the spinors of B and B̄, p1 and p2 denote
their momenta, and M is the baryon mass. εμ denotes the
polarization vector of J=ψ , and q ¼ p1 þ p2, κ ¼ λ1 − λ2
are its momentum and helicity, respectively. The form
factors F1, F2, and F4 correspond to the charge, magnetic
dipole moment, and electric dipole moment form factors of
the baryon B, and F3 represents the parity violation form
factor. These form factors can be complex in the timelike
region. The relation between the electric dipole moment
form factor and the electric dipole moment dB is given
by [52,53]

1

2M
F4ðq2Þ ¼

2e
3M2

J=ψ

gVdB; ð35Þ

where MJ=ψ is the mass of J=ψ , and gV ¼ 1.286 GeV2 is
the effective coupling constant between the charm quark
and J=ψ [54].
According to Eqs. (31) and (34), we derive the corre-

spondence between the helicity amplitudes and the baryon
form factors:

FIG. 3. The J=ψ → B1B̄2 process in J=ψ rest frame (helicity
frame). The coordinate systems xB1

− yB1
− zB1

, xB̄2
− yB̄2

− zB̄2
,

and x − y − z represent the helicity frame for B1, B̄2, and J=ψ ,
respectively. θ and ϕ denote the production angles of the B1

baryon in the J=ψ rest frame.
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h1 ¼ 2M

�
F1ðq2Þ þ

E2
c

M2
F2ðq2Þ

�
¼ 2MGE;

h2 ¼ 2
ffiffiffi
2

p
EcðF1ðq2Þ þ F2ðq2ÞÞ ¼ 2

ffiffiffi
2

p
EcGM;

h3 ¼ i
2Ec

M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
c −M2

q
F4ðq2Þ;

h4 ¼ 2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
c −M2

q
F3ðq2Þ; ð36Þ

where Ec ¼
ffiffiffiffiffi
q2

p
=2 represents the beam energy in the

center-of-mass frame. We parametrize these helicity ampli-
tudes in the following scheme:

h1 ¼
ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ

p
;

h2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ

p
e−iΦ;

h3 ¼
ffiffiffiffiffi
α1

p
eiϕ1 ;

h4 ¼
ffiffiffiffiffiffiffi
2α2

p
eiϕ2 : ð37Þ

The estimated sizes of the parity violation parameters for
various baryon production processes are summarized in
Table I.

B. Decay amplitudes for the subprocess J=ψ → B1B̄2

For subprocesses J=ψ → B1B̄2, where B̄2 is not the
antiparticle of B1 (e.g., J=ψ → ΛΣ̄0), the helicity ampli-
tudes can be expressed as

Aλ1;λ2 ¼
�
h1 þ h3 h2 þ h4
h2 − h4 h1 − h3

�
; ð38Þ

where λ1 and λ2 denote the helicities of B1 and B̄2,
respectively. Under parity transformations, the helicity
amplitudes follow the transformation relations:

AB1B̄2

λ1;λ2
⟶
Parity Transform

PB1
PB̄2

PJ=ψ ð−1ÞJ−s1−s2AB1B̄2

−λ1;−λ2 ; ð39Þ

where PB1
, PB̄2

, and PJ=ψ are the parities of B1, B̄2, and
J=ψ , and J, s1, and s2 are their spins. For the process
J=ψ → ΛΣ̄0, we obtain that h1 and h2 correspond to the
amplitudes where parity is conserved, and h3 and h4
correspond to amplitudes with parity violation.
For subprocesses J=ψ → B1B̄2, the helicity amplitudes

are related to the transition form factors of B1B̄2, which are
introduced by [34,66]:

Mλ1λ2 ¼ ūðp1; λ1Þ
�
F1ðq2Þγμ þ F2ðq2Þ

iσμνqν
M1 þM2

þ F3ðq2Þγμγ5 þ F4ðq2Þ
σμνqν

M1 þM2

γ5

	

× vðp2; λ2Þεμðq; κÞ; ð40Þ

where ū and v are the spinors of the baryons B1 and B̄2, and
p1, p2, M1, M2 are their momenta and masses. εμ is the
polarization vector of J=ψ , and q ¼ p1 þ p2, κ ¼ λ1 − λ2
are its momentum and helicity. F1, F2, F3, and F4 are the
transition form factors for the production process of
J=ψ → B1B̄2. Using the CP transformation properties of
fermion bilinears, we obtain the following relations
between the form factors for the conjugate processes
J=ψ → B1B̄2 and J=ψ → B2B̄1,

FB1B̄2

1 ¼ −PB1
PB̄2

PJ=ψηJ=ψF
B2B̄1

1 ;

FB1B̄2

2 ¼ −PB1
PB̄2

PJ=ψηJ=ψF
B2B̄1

2 ;

FB1B̄2

3 ¼ −PB1
PB̄2

PJ=ψηJ=ψF
B2B̄1

3 ;

FB1B̄2

4 ¼ PB1
PB̄2

PJ=ψηJ=ψF
B2B̄1

4 : ð41Þ

Since Eqs. (38) and (40) are equivalent, i.e.,
Aλ1λ2 ¼ Mλ1λ2 , the correspondence between helicity ampli-
tudes and form factors is given by

h1 ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ22

p
ξ1

Ecðξ21F1 þ F2Þ;

h2 ¼ 2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ22

q
EcðF1 þ F2Þ;

h3 ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

p
ξ1

EcðiF4 ∓ ξ1ξ2F3Þ;

h4 ¼
2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

p
ξ1

Ecðξ1F3 ∓ iξ2F4Þ; ð42Þ

where ξ1 ¼ ðM1 þM2Þ=
ffiffiffiffiffi
q2

p
and ξ2 ¼ ðM1 −M2Þ=

ffiffiffiffiffi
q2

p
,

with M1 and M2 representing the masses of B1 and B̄2,
respectively. The sign − before ξ2 corresponds to the
process J=ψ → B1B̄2, and the sign þ corresponds to the
conjugate process J=ψ → B2B̄1. For specific reaction
channels such as J=ψ → ΛΣ̄0 and its conjugate process

TABLE I. Based on the measurements in [40,42,44,45,49] and
the calculations in [54], along with Eqs. (36) and (37), we
calculate the size of the parity-violating parameters for the
J=ψ → BB̄ processes.

Process α2 ϕ2

J=ψ → pp̄ 2.39 × 10−7 π
J=ψ → nn̄ 2.91 × 10−7 0
J=ψ → ΛΛ̄ 1.22 × 10−7 0
J=ψ → Σ0Σ̄0 1.98 × 10−13 0
J=ψ → ΣþΣ̄− 1.02 × 10−7 π
J=ψ → Σ−Σ̄þ � � � 0
J=ψ → Ξ0Ξ̄0 1.23 × 10−7 0
J=ψ → Ξ−Ξ̄þ 1.90 × 10−7 0
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J=ψ → Σ0Λ̄, the helicity amplitudes satisfy the following
relations:

hΛΣ̄
0

1 ¼ hΣ
0Λ̄

1 ¼ hΛ̄Σ
0

1 ;

hΛΣ̄
0

2 ¼ hΣ
0Λ̄

2 ¼ hΛ̄Σ
0

2 ;

hΛΣ̄
0

3 ¼ −hΣ0Λ̄
3 ¼ −hΛ̄Σ0

3 ;

hΛΣ̄
0

4 ¼ hΣ
0Λ̄

4 ¼ −hΛ̄Σ0

4 : ð43Þ

The helicity amplitudes are parametrized as follows:

h1 ¼
ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ

p
;

h2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ

p
e−iΦ;

h3 ¼
ffiffiffiffiffi
α1

p
eiϕ1 ;

h4 ¼
ffiffiffiffiffiffiffi
2α2

p
eiϕ2 : ð44Þ

Under CP conservation, the parameters satisfy the follow-
ing relations:

fαΛΣ̄0

ψ ; αΛΣ̄
0

1 ; αΛΣ̄
0

2 g ¼ fαΣ0Λ̄
ψ ; αΣ

0Λ̄
1 ; αΣ

0Λ̄
2 g ¼ fαΛ̄Σ0

ψ ; αΛ̄Σ
0

1 ; αΛ̄Σ
0

2 g;
fΦΛΣ̄0

;ϕΛΣ̄0

1 ;ϕΛΣ̄0

2 g ¼ fΦΣ0Λ̄; π þ ϕΣ0Λ̄
1 ;ϕΣ0Λ̄

2 g ¼ fΦΛ̄Σ0

; π þ ϕΛ̄Σ0

1 ; π þ ϕΛ̄Σ0

2 g: ð45Þ

Notably, the amplitudes h3 and h4 involve mixtures of
the CP-even and CP-odd form factors. To separate these,
we introduce an alternative parametrization scheme. We
define new helicity amplitudes

h3 ¼ h03 ∓ ξ1ξ2h04;

h4 ¼
ffiffiffi
2

p
ðξ1h04 ∓ ξ2h03Þ; ð46Þ

Then we have

h03 ¼ i
2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

p
ξ1

EcF4;

h04 ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

p
ξ1

EcF3: ð47Þ

For the specific channels J=ψ → ΛΣ̄0 and its conjugate
J=ψ → Σ0Λ̄, the CP conservation requires

hΛΣ̄
0

1 ¼ hΣ
0Λ̄

1 ;

hΛΣ̄
0

2 ¼ hΣ
0Λ̄

2 ;

h0ΛΣ̄0

3 ¼ −h0Σ0Λ̄
3 ;

h0ΛΣ̄0

4 ¼ h0Σ0Λ̄
4 : ð48Þ

We then adopt the following parametrization scheme for the
helicity amplitudes:

h1 ¼
ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ

p
;

h2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ

p
e−iΦ;

h03 ¼
ffiffiffiffiffi
α01

q
eiϕ

0
1 ;

h04 ¼
ffiffiffiffiffi
α02

q
eiϕ

0
2 : ð49Þ

We have

α1 ¼ α01 þ ξ21ξ
2
2α

0
2 ∓ 2ξ1ξ2

ffiffiffiffiffiffiffiffiffiffi
α01α

0
2

q
cosðϕ0

1 − ϕ0
2Þ;

α2 ¼ ξ22α
0
1 þ ξ21α

0
2 ∓ 2ξ1ξ2

ffiffiffiffiffiffiffiffiffiffi
α01α

0
2

q
cosðϕ0

1 − ϕ0
2Þ;

sinϕ1 ¼
ffiffiffiffiffi
α01

p
sinϕ0

1 ∓ ξ1ξ2
ffiffiffiffiffi
α02

p
sinϕ0

2ffiffiffiffiffi
α1

p ;

cosϕ1 ¼
ffiffiffiffiffi
α01

p
cosϕ0

1 ∓ ξ1ξ2
ffiffiffiffiffi
α02

p
cosϕ0

2ffiffiffiffiffi
α1

p ;

sinϕ2 ¼
ξ1

ffiffiffiffiffi
α02

p
sinϕ0

2 ∓ ξ2
ffiffiffiffiffi
α01

p
sinϕ0

1ffiffiffiffiffi
α2

p ;

cosϕ2 ¼
ξ1

ffiffiffiffiffi
α02

p
cosϕ0

2 ∓ ξ2
ffiffiffiffiffi
α01

p
cosϕ0

1ffiffiffiffiffi
α2

p : ð50Þ

By comparing these conjugate production processes, one
can search for signals of CP violation. For example, for the
processes J=ψ → ΛΣ̄0 and J=ψ → Σ0Λ̄, based on Eq. (48),
CP conservation requires

fαΛΣ̄0

ψ ; α0ΛΣ̄0

1 ; α0ΛΣ̄0

2 g ¼ fαΣ0Λ̄
ψ ; α0Σ0Λ̄

1 ; α0Σ0Λ̄
2 g;

fΦΛΣ̄0

;ϕ0ΛΣ̄0

1 ;ϕ0ΛΣ̄0

2 g ¼ fΦΣ0Λ̄; π þ ϕ0Σ0Λ̄
1 ;ϕ0Σ0Λ̄

2 g: ð51Þ

For the baryon-antibaryon pair production processes
J=ψ → BB̄, the relationships between the form factors
and the partial decay widths of J=ψ have been provided in
Ref. [54]. Here, we extend a similar analysis to the
J=ψ → B1B̄2 case. The partial decay width for J=ψ →
B1B̄2 is given by

ΓJ=ψ→B1B̄2
¼ jp⃗j

8πM2
J=ψ

1

3

X
λ1;λ2

jMλ1λ2 j2; ð52Þ

where jp⃗j is the momentum of B1ðB̄2Þ in the rest frame of
J=ψ . By substituting Eq. (40) into above equation, we
obtain
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ΓJ=ψ→B1B̄2
¼ MJ=ψ

24π
ð1 − ξ21Þ1=2ð1 − ξ22Þ3=2

× ð2jG1j2 þ ξ21jG2j2 þ 2jG3j2 þ jG4j2Þ; ð53Þ

where the recombined form factors Gi are defined as

G1 ¼ F1 þ F2;

G2 ¼ F1 þ
F2

ξ21
;

G3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

p
ðξ1F3 − iξ2F4Þ

ξ1
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ22

p ;

G4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ21

p
ðiF4 − ξ1ξ2F3Þ

ξ1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

2
p : ð54Þ

For the process J=ψ → ΛΣ̄0, the form factors G1 and G2

account for parity conservation contributions, with the
relative phase defined as ΦΛΣ̄0 ¼ arg ðG2=G1Þ. Since the
parity-violating form factors G3 and G4 are expected to be
small, and their contributions to the decay width are
quadratically suppressed, they can be safely neglected.
Based on measurements from Ref. [46], we obtain

G1 ¼ 1.41 � 10−4;
G2 ¼ 1.21 � 10−4;
Φ ¼ 1.011 rad: ð55Þ

C. The polarization transfer matrix
for subprocess J=ψ → B1B̄2

The polarization correlations of B1B̄2 for the subprocess
J=ψ → B1B̄2 can be expressed as

ρB1B̄2

λ1;λ2;λ01;λ
0
2
¼
X
κ;κ0

D1�
κ;λ1−λ2ð0; θ;ϕÞD1

κ0;λ0
1
−λ0

2
ð0; θ;ϕÞ

× ρJ=ψκ;κ0 Aλ1;λ2A
�
λ0
1
;λ0

2
; ð56Þ

where θ and ϕ are the helicity angles of B1 in the rest frame
of J=ψ . ρJ=ψκ;κ0 is the spin density matrix of J=ψ , and

ρB1B̄2

λ1;λ2;λ01;λ
0
2
represents the polarization correlation density

matrix (production density matrix) for B1B̄2. In the helicity
formalism, this density matrix can be written as

ρB1B̄2

λ1;λ2;λ01;λ
0
2
¼
X
μ;ν¼0

SμνΣ
B1
μ ⊗ ΣB̄2

ν ; ð57Þ

where Sμν is the polarization correlation matrix for B1B̄2,

and ΣB1
μ , ΣB̄2

ν are their polarization expansion matrices,
given by Eq. (2). We introduce a novel form to describe the
decay process,

Sμν ¼ Sψρ aρ;μν; ð58Þ

where Sψρ represents the polarization expansion coefficients
for J=ψ, as given in Eq. (12). aρμν represents the polari-
zation transfer matrix from J=ψ to B1B̄2, which is
defined by

aρ;μν ¼ 4
X
λ1;λ01

X
λ2;λ02

ðΣB1
μ Þλ0

1
;λ1
ðΣB̄2

μ Þλ0
2
;λ2
Aλ1;λ2A

�
λ0
1
;λ0

2

×
X
κ;κ0

ðΣJ=ψ
ρ Þκ;κ0D1�

κ;λ1−λ2ð0; θ;ϕÞD1
κ0;λ0

1
−λ0

2
ð0; θ;ϕÞ;

ð59Þ

where ΣJ=ψ
ρ is the polarization projection matrix for J=ψ, as

outlined in Appendix B. By substituting Eqs. (31) and (37)
into the above equation, we obtain the specific form of aρ;μν
for J=ψ → BB̄, as detailed in Appendix C. Then then full
polarization of BB̄ can be expressed as

S00 ¼
1

3
ð3þ αψ þ 2α1 þ 4α2Þ þ 2

ffiffiffi
2

p
Dc

3½SψL cos θ þ ðSx;ψT cosϕþ Sy;ψT sinϕÞ sin θ�

þ ðαψ − α1 þ α2Þ
�
1

3
SLLð1þ 3 cos 2θÞ þ ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ sin 2θ

þ ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞsin2θ
	
; ð60Þ

S10 ¼ −ðDc
0 − 2Dc

5Þ½SψL sin θ − ðSx;ψT cosϕþ Sy;ψT sinϕÞ cos θ�

−
ffiffiffi
2

p
ðDs

1 þDs
4ÞðSx;ψT sinϕ − Sy;ψT cosϕÞ þ

ffiffiffi
2

p
ðDc

1 −Dc
4Þ
�
SLL sin 2θ
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− ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ cos 2θ − 1

2
ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ sin 2θ

	

þ ðDs
0 − 2Ds

5Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ cos θ þ ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ sin θ�; ð61Þ

S20 ¼
ffiffiffi
2

p
ðDs

1 þDs
4Þ½SψL sin θ − ðSx;ψT cosϕþ Sy;ψT sinϕÞ cos θ�

− ðDc
0 − 2Dc

5ÞðSx;ψT sinϕ − Sy;ψT cosϕÞ − ðDs
0 − 2Ds

5Þ
�
SLL sin 2θ

− ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ cos 2θ − 1

2
ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ sin 2θ

	

þ
ffiffiffi
2

p
ðDc

1 −Dc
4Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ cos θ þ ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ sin θ�; ð62Þ

S30 ¼
2
ffiffiffi
2

p

3
ðDc

2 þ 2Dc
3Þ þ ð1þ αψ þ 2α2Þ½SψL cos θ þ ðSx;ψT cosϕþ Sy;ψT sinϕÞ sin θ�

−
ffiffiffi
2

p
ðDc

2 −Dc
3Þ
�
1

3
SψLLð1þ 3 cos 2θÞ þ ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ sin 2θ

þ ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞsin2θ
	
; ð63Þ

S01 ¼ −ðDc
0 þ 2Dc

5Þ½SψL sin θ − ðSx;ψT cosϕþ Sy;ψT sinϕÞ cos θ�

þ
ffiffiffi
2

p
ðDs

1 −Ds
4ÞðSx;ψT sinϕ − Sy;ψT cosϕÞ −

ffiffiffi
2

p
ðDc

1 þDc
4Þ
�
SψLL sin 2θ

− ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ cos 2θ − 1

2
ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ sin 2θ

	

þ ðDs
0 þ 2Ds

5Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ cos θ þ ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ sin θ�; ð64Þ

S11 ¼
1

3
ð1 − αψ − 2α1Þ − SψLL

�
2

3
ð1 − αψ − 2α1Þ − 2ð1 − α1 − α2Þsin2θ

	

− ð1 − α1 − α2ÞðSx;ψLT cosϕþ Sy;ψLT sinϕÞ sin 2θ
þ 2

ffiffiffi
2

p
Ds

3½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ sin θ − ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ cos θ�
þ ½ð1þ αψ − 2α2Þ − ð1 − α1 − α2Þsin2θ�ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ; ð65Þ

S21 ¼ −
2
ffiffiffi
2

p

3
Ds

2 þ
ffiffiffi
2

p
SψLL

�
1

3
Ds

2ð1þ 3 cos 2θÞ − 2Ds
3sin

2θ

	

þ
ffiffiffi
2

p
ðDs

2 þDs
3ÞðSx;ψLT cosϕþ Sy;ψLT sinϕÞ sin 2θ

þ ð1þ αψ − 2α2Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ sin θ − ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ cos θ�

þ
ffiffiffi
2

p

2
½2Ds

2sin
2θ −Ds

3ð3þ cos 2θÞ�ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ; ð66Þ

S31 ¼ −
ffiffiffi
2

p
ðDc

1 þDc
4Þ½SψL sin θ − ðSx;ψT cosϕþ Sy;ψT sinϕÞ cos θ�

þ ðDs
0 þ 2Ds

5ÞðSx;ψT sinϕ − Sy;ψT cosϕÞ − ðDc
0 þ 2Dc

5Þ½SψLL sin 2θ

− ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ cos 2θ − 1

2
ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ sin 2θ�

þ
ffiffiffi
2

p
ðDs

1 −Ds
4Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ cos θ þ ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ sin θ�; ð67Þ
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S02 ¼
ffiffiffi
2

p
ðDs

1 −Ds
4Þ½SψL sin θ − ðSx;ψT cosϕþ Sy;ψT sinϕÞ cos θ�

þ ðDc
0 þ 2Dc

5ÞðSx;ψT sinϕ − Sy;ψT cosϕÞ þ ðDs
0 þ 2Ds

5Þ
�
SψLL sin 2θ

− ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ cos 2θ − 1

2
ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ sin 2θ

	

þ
ffiffiffi
2

p
ðDc

1 þDc
4Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ cos θ þ ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ sin θ�; ð68Þ

S12 ¼ −
2
ffiffiffi
2

p

3
Ds

2 þ
ffiffiffi
2

p
SψLL

�
1

3
Ds

2ð1þ 3 cos 2θÞ þ 2Ds
3sin

2θ

	

þ
ffiffiffi
2

p
ðDs

2 −Ds
3ÞðSx;ψLT cosϕþ Sy;ψLT sinϕÞ sin 2θ

− ð1þ αψ − 2α2Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ sin θ − ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ cos θ�

þ
ffiffiffi
2

p

2
ð2Ds

2sin
2θ þDs

3ð3þ cos 2θÞÞðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ; ð69Þ

S22 ¼ −
1

3
ð1 − αψ − 2α1Þ þ SψLL

�
2

3
ð1 − αψ − 2α1Þ þ 2ðαψ þ α1 − α2Þsin2θ

	

− ðαψ þ α1 − α2ÞðSx;ψLT cosϕþ Sy;ψLT sinϕÞ sin 2θ
þ 2

ffiffiffi
2

p
Ds

3½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ sin θ − ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ cos θ�
þ ½ð1þ αψ − 2α2Þ − ðαψ þ α1 − α2Þsin2θ�ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ; ð70Þ

S32 ¼ ðDs
0 þ 2Ds

5Þ½SψL sin θ − ðSx;ψT cosϕþ Sy;ψT sinϕÞ cos θ�

þ
ffiffiffi
2

p
ðDc

1 þDc
4ÞðSx;ψT sinϕ − Sy;ψT cosϕÞ þ

ffiffiffi
2

p
ðDs

1 −Ds
4Þ
�
SψLL sin 2θ

− ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ cos 2θ − 1

2
ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ sin 2θ

	

þ ðDc
0 þ 2Dc

5Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ cos θ þ ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ sin θ�; ð71Þ

S03 ¼
2
ffiffiffi
2

p

3
ðDc

2 − 2Dc
3Þ − ð1þ αψ þ 2α2Þ½SψL cos θ þ ðSx;ψT cosϕþ Sy;ψT sinϕÞ sin θ�

−
ffiffiffi
2

p
ðDc

2 þDc
3Þ
�
1

3
SψLLð1þ 3 cos 2θÞ þ ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ sin 2θ

þ ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞsin2θ
	
; ð72Þ

S13 ¼ −
ffiffiffi
2

p
ðDc

1 −Dc
4Þ½SψL sin θ − ðSx;ψT cosϕþ Sy;ψT sinϕÞ cos θ�

− ðDs
0 − 2Ds

5ÞðSx;ψT sinϕ − Sy;ψT cosϕÞ þ ðDc
0 − 2Dc

5Þ
�
SψLL sin 2θ

− ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ cos 2θ − 1

2
ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ sin 2θ

	

þ
ffiffiffi
2

p
ðDs

1 þDs
4Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ cos θ þ ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ sin θ�; ð73Þ

S23 ¼ ðDs
0 − 2Ds

5Þ½SψL sin θ − ðSx;ψT cosϕþ Sy;ψT sinϕÞ cos θ�

−
ffiffiffi
2

p
ðDc

1 −Dc
4ÞðSx;ψT sinϕ − Sy;ψT cosϕÞ −

ffiffiffi
2

p
ðDs

1 þDs
4Þ
�
SψLL sin 2θ
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− ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ cos 2θ − 1

2
ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞ sin 2θ

	

þ ðDc
0 − 2Dc

5Þ½ðSx;ψLT sinϕ − Sy;ψLT cosϕÞ cos θ þ ðSxx;ψTT sin 2ϕ − Sxy;ψTT cos 2ϕÞ sin θ�; ð74Þ

S33 ¼ −
1

3
ð1þ 3αψ − 2α1 þ 4α2Þ − 2

ffiffiffi
2

p
Dc

3½SψL cos θ þ ðSx;ψT cosϕþ Sy;ψT sinϕÞ sin θ�

− ð1þ α1 þ α2Þ
�
1

3
SψLLð1þ 3 cos 2θÞ þ ðSx;ψLT cosϕþ Sy;ψLT sinϕÞ sin 2θ

þ ðSxx;ψTT cos 2ϕþ Sxy;ψTT sin 2ϕÞsin2θ
	
: ð75Þ

For convenience, we introduce the following D-type functions:

Ds
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2ψ

q
sinΦ;

Dc
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2ψ

q
cosΦ;

Ds
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α1ð1þ αψ Þ

q
sin ðΦþ ϕ1Þ;

Dc
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α1ð1þ αψ Þ

q
cos ðΦþ ϕ1Þ;

Ds
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α1ð1 − αψÞ

q
sinϕ1;

Dc
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α1ð1 − αψÞ

q
cosϕ1;

Ds
3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1þ αψ Þ

q
sin ðΦþ ϕ2Þ;

Dc
3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1þ αψ Þ

q
cos ðΦþ ϕ2Þ;

Ds
4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1 − αψÞ

q
sinϕ2;

Dc
4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ð1 − αψÞ

q
cosϕ2;

Ds
5 ¼

ffiffiffiffiffiffiffiffiffiffi
α1α2

p
sin ðϕ1 − ϕ2Þ;

Dc
5 ¼

ffiffiffiffiffiffiffiffiffiffi
α1α2

p
cos ðϕ1 − ϕ2Þ: ð76Þ

The termsDs
1,D

c
1,D

s
2, andD

c
2 arise fromCP-violating effects

in baryon production, specifically due to contributions from
thebaryonelectric dipolemoment. The termsDs

3,D
c
3,D

s
4, and

Dc
4 originate from parity-violating effects, which are asso-

ciatedwith the contribution of the parity-violating form factor
F3. Finally, the terms Ds

5 and Dc
5 are affected by both CP-

violating and parity-violating effects in the baryon production
process. When neglecting the electron form factors and
assuming unpolarized beams, SψLL ¼ 1=2 and all other
polarization components of J=ψ can be set to zero. Fur-
thermore, if we also neglect parity-violating helicity ampli-
tudes for baryon-antibaryon pair production processes, the
expression simplifies to the form given in Ref. [30].
For the subprocess J=ψ → ΛΣ̄0 and its conjugate chan-

nel J=ψ → Σ0Λ̄, the polarization correlation expressions

derived above remain applicable. The angles θ and ϕ
represent the production angles of the first baryon appear-
ing in the expression. For example, for the process
J=ψ → ΛΣ̄0, θ and ϕ denote the production angles of
the Λ in the J=ψ helicity frame. Correspondingly, for the
process J=ψ → Σ0Λ̄, these angles describe the production
of the Σ0 in the same reference frame. The constraints
imposed by CP conservation on the parameters are given in
Eq. (45). Alternatively, an equivalent parametrization can
be adopted, in which the parameters α1; α2;ϕ1, and ϕ2 are
replaced by α01; α

0
2;ϕ

0
1, and ϕ0

2, as defined in Eq. (50). The
corresponding CP conservation relations for these param-
eters in the conjugate processes are presented in Eq. (51).
Moreover, certain polarization components of J=ψ

produced directly in electron-positron annihilation are
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small. However, for J=ψ production via alternative mech-
anisms, significant polarization may be present across all
independent components. For example, the decay chain
eþe− → ψð2SÞ → J=ψX can lead to a more diverse polari-
zation structure. Our formalism provides a complete
framework for experimentally accessing all independent
polarization components of J=ψ .

D. Symmetry analysis of baryon-antibaryon
polarization correlations

In the absence of parity and CP-violating effects, the
polarization correlations of baryon-antibaryon pairs satisfy
the symmetry relation

Sμνðθ;ϕÞ ¼ Sνμðπ − θ; π þ ϕÞ: ð77Þ
This symmetry no longer holds when parity and
CP-violating effects are included. To analyze the impact
of parity and CP violation in hyperon productions, we
define the following observables:

ΔSij ¼ Sij þ Sji;

δSij ¼ Sij − Sji: ð78Þ
When the azimuthal angle ϕ in hyperon production
processes is not considered, i.e., by integrating over ϕ,
the baryon-antibaryon polarization correlations reduce to
those that depend only on the purely longitudinal polari-
zation components SψL and SψLL. In this case, a parity-
violating observable sensitive to baryon-antibaryon pro-
duction is given by

δS12 ¼ 4
ffiffiffi
2

p
SψLLD

s
3 sin

2 θ: ð79Þ
According to Table I, the parity violation effects in different
production channels are illustrated in Fig. 4, assuming

SψLL ¼ 1=2. For processes J=ψ → ΛΛ̄ and J=ψ → ΣþΣ̄−,
the effects are of order Oð10−4Þ, and for J=ψ → Ξ0Ξ̄0 and
J=ψ → Ξ−Ξ̄þ, they reach Oð10−3Þ.
Similarly, we define the following CP-violating observ-

ables:

ΔS02 ¼ 2
ffiffiffi
2

p
Ds

1S
ψ
L sin θ þ 4Ds

5SLL sin 2θ;

ΔS03 ¼
4
ffiffiffi
2

p

3
Dc

2 −
2
ffiffiffi
2

p

3
Dc

2S
ψ
LLð1þ 3 cos 2θÞ;

ΔS12 ¼ −
4
ffiffiffi
2

p

3
Ds

2 þ
2
ffiffiffi
2

p

3
Ds

2S
ψ
LLð1þ 3 cos 2θÞ;

ΔS13 ¼ −2
ffiffiffi
2

p
Dc

1S
ψ
L sin θ − 4Dc

5S
ψ
LL sin 2θ;

δS01 ¼ −4Dc
5S

ψ
L sin θ − 2

ffiffiffi
2

p
Dc

1S
ψ
LL sin 2θ;

δS23 ¼ −4Ds
5S

ψ
L sin θ − 2

ffiffiffi
2

p
Ds

1S
ψ
LL sin 2θ: ð80Þ

These observables serve as sensitive probes for detecting
the violation of CP in baryon production, which is
contributed by the baryon’s electric dipole moment.

IV. THE JOINT ANGULAR DISTRIBUTION
OF PRODUCTS

The characteristics of hyperon weak decays make them
as self-analyzers for spin analysis. The expressions for
baryon decays have been extensively discussed in
Refs. [19,28–31,33,34,59,60,67–76], with various forms
of representation. To maintain the completeness of the
article, we follow the decay expression scheme used in
[30,33,34] and provide a brief review of hadronic decays
and radiative dacays of baryons. By combining the
polarization analysis of the processes eþe− → J=ψ ,
J=ψ → B1B̄2, and baryon decays, we present the full
expression for the joint angular distribution of the final-
state particles. Focusing on the process J=ψ → ΛΣ̄0, we
provide predictions for the statistical uncertainties of the
helicity amplitude parameters and their corresponding
transition form factors using the joint angular distribution.

A. Hadronic decay of baryon

We focus on the most common hadronic decay process
for baryons, B1ðJPB1 Þ → B3ð1=2þÞ þ πð0−Þ, in which the
polarization of the daughter baryon B3 can be expressed as

SB3
ν ¼

X
μ

SB1
μ aμν; ð81Þ

where SB1
μ and SB3

ν denote the polarization expansion
coefficients for B1 and B3, respectively. The polarization
transfer matrix aμν is defined as

ahμν ¼
2J þ 1

2π

X
κ;κ0

X
λ;λ0

AλA�
λ0 ðΣB1

μ Þκ;κ0 ðΣB3
ν Þλ0λ;

×DJ�
κ;λðΩÞDJ

κ0;λ0 ðΩÞ; ð82ÞFIG. 4. Parity-violating effects in different hyperon production
processes under unpolarized beam conditions.
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where DJ�
κ;λðΩÞ ¼ DJ�

κ;λð0; θ;ϕÞ is the Wigner-D matrix,
with J being the spin of the parent particle and Aλ

representing the helicity amplitude for the decay process.
The indices κ and λ correspond to the helicities of B1 and
B3, respectively. For parity-conserving decay processes, the
helicity amplitude satisfies the following relation:

A1=2 ¼ ð−1ÞJþ1=2PB1
A−1=2: ð83Þ

For the case JB1 ¼ 1=2þ, the relationship between the
helicity amplitude and the canonical amplitude is [30,61]

A1=2 ¼
ffiffiffi
2

p

2
ðAS þ APÞ;

A−1=2 ¼
ffiffiffi
2

p

2
ðAS − APÞ: ð84Þ

Under the normalization condition jASj2 þ jAPj2 ¼
jA1=2j2 þ jA−1=2j2 ¼ 1, the amplitudes can be parametrized
as [19]

αD ¼ 2Re½A�
SAP� ¼ jA1=2j2 − jA−1=2j2;

βD ¼ 2 Im ½A�
SAP� ¼ 2 Im ½A1=2A�

−1=2�;
γD ¼ jASj2 − jAPj2 ¼ 2Re½A1=2A�

−1=2�; ð85Þ

where βD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2D

p
sinϕD and γD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2D

p
cosϕD.

With this parametrization scheme, the expression for the
polarization transfer matrix aμν is given by [30]

ah00 ¼ 1;

ah03 ¼ αD;

ah10 ¼ αD cosϕ sin θ;

ah11 ¼ γD cos θ cosϕ − βD sinϕ;

ah12 ¼ −βD cos θ cosϕ − γD sinϕ;

ah13 ¼ sin θ cosϕ;

ah20 ¼ αD sin θ sinϕ;

ah21 ¼ βD cosϕþ γD cos θ sinϕ;

ah22 ¼ γD cosϕ − βD cos θ sinϕ;

ah23 ¼ sin θ sinϕ;

ah30 ¼ αD cos θ;

ah31 ¼ −γD sin θ;

ah32 ¼ βD sin θ;

ah33 ¼ cos θ: ð86Þ

For parity-conserving decay processes, we have αD ¼
βD ¼ 0 and γD → ð−1ÞJþ1=2PB1

.

Under the CP-conservation constraint, the decay param-
eters for the particle and antiparticle should satisfy
αD ¼ −αD̄ and ϕD ¼ −ϕD̄. Therefore, one can define these
observables to characterize CP violation,

ACP ¼ αD þ αD̄
αD − αD̄

;

BCP ¼ βD þ βD̄
αD − αD̄

: ð87Þ

These observables are directly related to the weak CP-
violating phases and the strong interaction phases from the
final-state interactions [23,24,60].
In experimental measurements, CP violation is some-

times directly represented by the decay parameter ϕD,
which serves as an observable for CP violation,

ΦCP ¼ ϕD þ ϕD̄

2
: ð88Þ

At the leading-order approximation for αD and ϕD, we
have [56]

BCP¼ΦCP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−hαDi2

p
hαDi

coshϕDi−ACP
hαDiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−hαDi2

p sinhϕDi;

ð89Þ

where

hαDi ¼
αD − αD̄

2
;

hϕDi ¼
ϕD − ϕD̄

2
: ð90Þ

B. Radiative decay of baryon

We focus on the most common radiative decay process
for baryons, B1ðJPB1 Þ → B3ð1=2þÞ þ γð1−Þ, in which the
polarization of the daughter baryon B3 can be expressed as

SB3
ν ¼

X
μ

SB1
μ aμν; ð91Þ

The polarization transfer matrix aμν is defined as

aγμν ¼ 2J þ 1

2π

X
κ;κ0

X
λ;λ0

Aλ1;λ2A
�
λ0
1
;λ0

2
ðΣB1

μ Þκ;κ0 ðΣB3
ν Þλ0

1
;λ1

× δλ0
2
;λ2D

J�
κ;λ1−λ2ðΩÞDJ

κ0;λ0
1
−λ0

2
ðΩÞ; ð92Þ

where Aλ1;λ2 denotes the helicity amplitude of the decay
process, with λ1 and λ2 the helicities of the B3 and photon,
respectively. Based on helicity conservation and the fact
that the helicity of a real photon cannot be zero, we obtain
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Aλ1;λ2 ¼
�
A1=2;1 0 0

0 0 A−1=2;−1

�
: ð93Þ

For parity-conserving decay processes, the helicity ampli-
tudes satisfy the following relation:

A1=2;1 ¼ ð−1ÞJ−1=2PB1
A−1=2;−1: ð94Þ

Under the normalization condition jA1=2;1j2 þ
jA−1=2;−1j2 ¼ 1, the amplitudes can be parametrized as

αD ¼ jA−1=2;−1j2 − jA1=2;1j2: ð95Þ

With this parametrization scheme, the polarization transfer
matrix aμν is given by

aγ00 ¼ 1;

aγ03 ¼ −αD;

aγ10 ¼ αD sin θ cosϕ;

aγ13 ¼ − sin θ cosϕ;

aγ20 ¼ αD sin θ sinϕ;

aγ23 ¼ − sin θ sinϕ;

aγ30 ¼ αD cos θ;

aγ33 ¼ − cos θ: ð96Þ

Under the CP-conservation constraint, the decay parame-
ters for the particle and antiparticle should satisfy
αD ¼ −αD̄, and thus, we can define an observable sensitive
to CP violation:

ACP ¼ αD þ αD̄
αD − αD̄

: ð97Þ

C. The joint angular distribution of final products

Combining the polarization analysis of the production
and decay subprocesses of J=ψ discussed in Secs. II and
III, along with the discussion of baryon decays in this
section, we can express the joint angular distribution of the
final-state particles as

W ∝ Sμνa
ðh=γÞB1

μ0 aðh=γÞB̄2

ν0 ; ð98Þ

where Sμν is the polarization correlation matrix for theB1B̄2

system, as detailed in Eqs. (60)–(75). The matrices aðh=γÞB1

μ0

and aðh=γÞB̄2

ν0 represent the polarization transfer matrices for
the decays of B1 and B̄2, which are given by Eqs. (86) and
(96) for hadronic and radiative decays, respectively. For
cascade decay particles, the transfer chain can be extended,

e.g., aðh=γÞB1

μ0 →
P

μ2���μn a
ðh=γÞB1
μμ2 � � � aðh=γÞBn

μn0
.

As shown in Eq. (26), the polarization of J=ψ is
determined by both beam polarization and electron form
factors. In this paper, we estimate the electron form factors
for the eþe− → J=ψ subprocess at leading order, as shown
in Eq. (22). We recommend that the experimental analyzes
fit the polarization expansion coefficients SψL;…; Sxy;ψTT
directly as free parameters. Given the beam polarization,
the electron form factors can be extracted using Eqs. (22)
and (26). Comparison between experimental measurements
and our theoretical predictions allows for a precise test of
the electron–J=ψ interaction.

D. Statistical significance

While CP violation has been widely studied in subpro-
cesses such as J=ψ → ΛΛ̄ and J=ψ → ΞΞ̄ [56,58,60],
fewer investigations have focused on associated baryon
production, such as J=ψ → ΛΣ̄0. These isospin-violating
processes, including J=ψ → ΛΣ̄0 and its conjugate channel
J=ψ → Σ0Λ̄, proceed primarily via electroweak inter-
actions and thus offer unique opportunities for probing
CP violation. In this work, we analyze the sensitivity to the
parameters α01, α

0
2, and the relevant transition form factors in

this channel.
For the subprocess J=ψ → ΛΣ̄0, the joint angular dis-

tribution of the final-state particles is given by

dσ
dΩ

∝ Wðω⃗; η⃗Þ ¼
X
μ;ν;ν0

SΛΣ̄μν ahΛμ0 a
γΣ̄
νν0a

hΛ̄
ν00; ð99Þ

where ω⃗ ¼ fθ;ϕ; θp;ϕp; θΛ̄;ϕΛ̄; θp̄;ϕp̄g is the set of
angular variables, and η⃗ ¼ fαψ ;Φ; α1;…; SψL;…; Sxy;ψTT g
includes parameters associated with baryon production,
decays, and polarization of J=ψ .
For J=ψ produced directly in electron-positron annihi-

lation, the most beam-sensitive polarization components
are SψL (primarily affected by longitudinal polarization of
the beam) and Sxx;ψTT , Sxy;ψTT (primarily affected by transverse
polarization of the beam). The effects of beam polarization
on other polarization components of J=ψ are generally
suppressed. At BESIII, electron beams are typically unpo-
larized, although some spontaneous transverse polarization
may arise during beam propagation due to the Sokolov–
Ternov effect [59,62]. Future experiments such as STCF
aim to prepare polarized beams [51]. According to the
analysis in Ref. [60], longitudinal polarization of the beams
significantly improves the sensitivity of the parameters
compared to the transverse polarization. Therefore, our
sensitivity analysis focuses primarily on the longitudinal
case, setting SψLL → 1=2, SψL → −PeðSLÞ, and all other
components to zero.
However, it should be noted that although most of the

polarization components of J=ψ are only slightly influ-
enced by beam polarization, they can still induce asym-
metry effects in final-state particles. Such asymmetries can
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overlap with the genuine CP-violating effects. Therefore,
these components must be retained in experimental fits to
ensure accurate isolation of CP-violating observables.
To evaluate statistical uncertainties, we apply the maxi-

mum likelihood method to the joint angular distribution.
The covariance matrix of the parameters can be obtained
from the Fisher information matrix [77]:

Iijðηi; ηjÞ ¼ n
Z

1

W̃

�
∂W̃
∂ηi

��
∂W̃
∂ηj

�
dω⃗; ð100Þ

where n is the number of selected events, and W̃ ¼
W=

R
Wdω⃗ is the normalized joint angular distribution.

The covariance matrix is the inverse of the Fisher infor-
mation matrix, V ¼ I−1. The statistical uncertainty for a
specific parameter ηi is then given by

σðηiÞ ¼
ffiffiffiffiffiffi
Vii

p
: ð101Þ

In Table II, we present the sensitivities for the parameters α01
and α02 for the process J=ψ → ΛΣ̄0, based on projected

statistics from BESIII [46] and STCF [51]. The corre-
sponding parameters in the conjugate channel have similar
sensitivities. Using Eq. (42), we also estimate the sensi-
tivity to the transition form factors, whose values are
constrained by Eq. (53). Although the statistical yield
for J=ψ → ΛΣ̄0 is relatively low, the sensitivities of the
form factors reach levels comparable to those for processes
such as J=ψ → ΛΛ̄ [56,60]. Moreover, since the prepara-
tion of polarized beams is a key design objective of the
planned STCF accelerator [51], we illustrate in Fig. 5 how
parameter sensitivities vary with polarization degree of the
electron beam. It is clear that beam polarization signifi-
cantly enhances measurement precision.

V. SUMMARY

In this paper, we present a comprehensive polarization
analysis of the process eþe− → J=ψ → B1B̄2. The analysis
is divided into three parts: the subprocess eþe− → J=ψ , the
subprocess J=ψ → B1B̄2, and the subsequent decays of
baryons.
As a spin-1 particle, the polarization state of J=ψ is

characterized by eight independent polarization compo-
nents. For the subprocess eþe− → J=ψ , we analyze how
the polarization state of J=ψ is influenced by both the beam
polarization and the electron form factors. A detailed
investigation of the initial beam polarization is provided,
emphasizing the transformation effects from the laboratory
frame to the center-of-mass frame. We present all possible
helicity amplitudes for the annihilation process and explic-
itly establish their relationship to the electron form factors.
By including both beam polarization and all relevant
helicity amplitudes, we systematically analyze the resulting
polarization of J=ψ produced in eþe− annihilation.
When parity-violating and CP-violating effects are

included in the subprocess J=ψ → B1B̄2, the polarization

FIG. 5. Predicted statistical uncertainties for the transition form factors F3 and F4 for the process J=ψ → ΛΣ̄0 as a function of the
degree of electron beam longitudinal polarization Pe.

TABLE II. The statistical uncertainties of the parity-violating
helicity amplitude parameters α01, α

0
2, and the corresponding form

factors F3, F4 in the J=ψ → ΛΣ̄0 process. The predictions on the
statistics at BESIII are conducted with unpolarized beams, and
those at STCF are conducted with 80% beam longitudinal
polarization.

J=ψ → ΛΣ̄0 BESIII STCF

nevttag 1.3 × 104 4.4 × 106

σð ffiffiffiffiffi
α01

p Þ 2.3 × 10−2 8.3 × 10−4

σð ffiffiffiffiffi
α02

p Þ 2.1 × 10−2 7.9 × 10−4

σðF3Þ 4.01 × 10−6 1.48 × 10−7

σðF4Þ 4.22 × 10−6 1.55 × 10−7
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correlations of the baryon-antibaryon system are modified.
This opens the possibility of searching for CP violations in
baryon production processes. We classify these subpro-
cesses into two types: baryon-antibaryon pair production
and associated production of different baryons. For the pair
production process J=ψ → BB̄, we introduce two helicity
amplitudes that conserve both parity and CP, one ampli-
tude that violates parity but conserves CP, and one that
violates both parity and CP. The explicit correspondence
between these helicity amplitudes and the form factors of
the baryon B is provided. For the associated production
process J=ψ → B1B̄2, we define two parity-conserving and
two parity-violating helicity amplitudes and establish their
relationship to the transition form factors of the B1B̄2

system. Based on the bilinear covariance of these transition
form factors, we derive their transformation properties
under CP conservation. Subsequently, we determine the
CP constraints on the helicity amplitudes for the conjugate
processes J=ψ → B1B̄2 and J=ψ → B2B̄1. To describe
polarization transfer in these subprocesses, we introduce
a polarization transfer matrix aρ;μν and provide the com-
plete expression for the polarization correlations of the
B1B̄2 system. Dedicated observables sensitive to parity and
CP violations in baryon production processes are proposed
for future experimental investigation.
Due to the weak decay properties of hyperons, their

polarization can be extracted experimentally from the
angular distributions of their decay products. We express
the polarization transfer matrices for both hadronic and
radiative hyperon decays in terms of the corresponding
decay parameters. Differences in the decay parameters
between hyperons and their antiparticles serve as important
observables for detecting violations of CP in hyperon
decays. By combining the polarization analyzes of the
subprocesses eþe− → J=ψ , J=ψ → B1B̄2, and subsequent
baryon decays, we provide the complete joint angular
distribution of all final-state particles. Focusing specifically
on the process J=ψ → ΛΣ̄0, we present sensitivity projec-
tions for the helicity amplitude parameters α01 and α

0
2, along

with their related transition form factors. These results offer
essential theoretical guidance for future experimental
measurements of CP violations in associated baryon
production channels.
At the mass threshold of J=ψ , the electron-positron

annihilation cross section experiences significant enhance-
ment, enabling high-statistics data samples in experiments.
This provides a powerful opportunity to search for CP
violations in the production and decay of ordinary baryons
through the eþe− → J=ψ → B1B̄2 process. This paper
presents a refined polarization analysis of these processes
and provides the complete joint angular distribution of the
final-state products, offering valuable theoretical support
for future CP violation studies involving ordinary baryons.
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APPENDIX A: THE DEFINITION AND
PROBABILITY OF THE SPIN COMPONENTS

FOR SPIN ONE PARTICLES

In the Cartesian coordinate system, the spin density
matrix for a spin-1 particle can be expressed as [78]

ρ1 ¼
1

3

�
1þ 3

2
SiΣi þ 3TijΣij

�
; ðA1Þ

where Σi and Σij represent independent, orthogonal, and
Hermitian basis matrices. The matrix Σi, in the Sz repre-
sentation, can be written as

Σx ¼ 1ffiffiffi
2

p

0
B@

0 1 0

1 0 1

0 1 0

1
CA; Σy ¼ iffiffiffi

2
p

0
B@

0 −1 0

1 0 −1
0 1 0

1
CA;

Σz ¼

0
B@

1 0 0

0 0 0

0 0 −1

1
CA: ðA2Þ

The remaining basismatrices can be expressed in terms ofΣi,

Σij ¼ 1

2
ðΣiΣj þ ΣjΣiÞ − 2

3
δij1: ðA3Þ

For the polarization vector Si, there are three independent
polarization components, which can be represented as

Si ¼ ðSxT; SyT; SLÞ: ðA4Þ
The definitions of these three polarization components are

SxT ¼ hΣxi; SyT ¼ hΣyi; SL ¼ hΣzi; ðA5Þ

where hΣai ¼ Tr½Σaρ1�. For the rank-2 polarization tensor
Tij, it consists of five independent polarization tensors,
expressed as
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Tij ¼ 1

2

0
B@

− 2
3
SLL þ SxxTT SxyTT SxLT
SxyTT − 2

3
SLL − SxxTT SyLT

SxLT SyLT
4
3
SLL

1
CA: ðA6Þ

The definitions of these five polarization components are

SLL ¼ 3

2
hΣzzi; SxLT ¼ 2hΣxzi; SyLT ¼ 2hΣyzi;

SxxTT ¼ hΣxx − Σyyi; SxyTT ¼ 2hΣxyi: ðA7Þ

To analyze the probabilistic interpretation of these polariza-
tion components, we introduce the eigenstate vector jmθ;ϕi
along a specific direction,wherem represents the eigenvalue.
Therefore, the probability of the system being in a specific
polarization state is

Pðmðθ;ϕÞÞ ¼ Tr½ρ1jmðθ;ϕÞihmðθ;ϕÞj�: ðA8Þ

For convenience, we introduce the following notation:

jmxi ¼ jmðπ
2
;0Þi; jmyi ¼ jmðπ

2
;π
2
Þi; jmzi ¼ jmð0;0Þi;

jmxþyi ¼ jmðπ
2
;π
4
Þi; jmx−yi ¼ jmðπ

2
;−π

4
Þi; jmxþzi ¼ jmðπ

4
;0Þi;

jmx−zi ¼ jmð−π
4
;0Þi; jmyþzi ¼ jmðπ

4
;π
2
Þi; jmy−zi ¼ jmð−π

4
;π
2
Þi:
ðA9Þ

Based on Eqs. (A5) and (A7), one can interpret the
probability of the polarization components as

SxT ¼ Pxð1Þ − Pxð−1Þ;
SyT ¼ Pyð1Þ − Pyð−1Þ;
SL ¼ Pzð1Þ − Pzð−1Þ;

SLL ¼ 1

2
Pzð1Þ þ

1

2
Pzð−1Þ − Pzð0Þ;

SxLT ¼ Px−zð0Þ − Pxþzð0Þ;
SyLT ¼ Py−zð0Þ − Pyþzð0Þ;
SxyLT ¼ Px−yð0Þ − Pxþyð0Þ;
SxxTT ¼ Pyð0Þ − Pxð0Þ: ðA10Þ

Thus, we can derive the threshold values for these polari-
zation components as

SxT; S
y
T; SL ∈ ½−1; 1�;

SLL ∈
�
−1;

1

2

	
;

SxLT; S
y
LT; S

xx
TT; S

xy
TT ∈ ½−1; 1�: ðA11Þ

The total degree of polarization is

d ¼ 1ffiffiffiffiffi
2s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2sþ 1ÞTr½ρ2� − 1

q

¼
�
3

4
SiSi þ 3

2
TijTij

	
1=2

¼


3

4
½ðSxTÞ2 þ ðSyTÞ2 þ S2L� þ

3

2

�
2

3
S2LL

þ 1

2
ððSxLTÞ2 þ ðSyLTÞ2 þ ðSxxTTÞ2 þ ðSxyTTÞ2Þ

	�
1=2

:

ðA12Þ

APPENDIX B: SPIN-ONE POLARIZATION
PROJECTION MATRICS

Following the approach outlined in [34], we map the
polarization expansion coefficients S0; S1; ...; S8 in the
helicity framework for a spin-1 particle to the Cartesian
spin components 1; SL; ...; S

xy
TT , as detailed in Eq. (12). In

this scheme, the polarization expansion matrices in the
helicity framework are chosen as follows:

Σ0 ¼
1

3
I;Σ1 ¼

1

2
Σz;Σ2 ¼

1

2
Σx;

Σ3 ¼
1

2
Σy;Σ4 ¼ Σzz;Σ5 ¼ Σxz;

Σ6 ¼ Σyz;Σ7 ¼
1

2
ðΣxx − ΣyyÞ;Σ8 ¼ Σxy: ðB1Þ

The explicit expressions for these matrices are

Σ0 ¼
1

3

0
B@

1 0 0

0 1 0

0 0 1

1
CA; Σ1 ¼

1

2

0
B@

1 0 0

0 0 0

0 0 −1

1
CA; Σ2 ¼

ffiffiffi
2

p

4

0
B@

0 1 0

1 0 1

0 1 0

1
CA;
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Σ3 ¼
i
ffiffiffi
2

p

4

0
B@

0 −1 0

1 0 −1
0 1 0

1
CA; Σ4 ¼

1

3

0
B@

1 0 0

0 −2 0

0 0 1

1
CA; Σ5 ¼

1

2
ffiffiffi
2

p

0
B@

0 1 0

1 0 −1
0 −1 0

1
CA;

Σ6 ¼
i

2
ffiffiffi
2

p

0
B@

0 −1 0

1 0 1

0 −1 0

1
CA; Σ7 ¼

1

2

0
B@

0 0 1

0 0 0

1 0 0

1
CA; Σ8 ¼

i
2

0
B@

0 0 −1
0 0 0

1 0 0

1
CA: ðB2Þ

APPENDIX C: SPIN TRANSFER MATRIX FOR J=ψ → BB̄

Based on Eq. (59), we present the complete expression for the polarization transfer matrix in the J=ψ → BB̄ subprocess
in this section.
The components of the polarization transfer matrix associated with the production cross section S0 of the J=ψ are given by

a0;00 ¼
1

3
ð3þ αψ þ 2α1 þ 4α2Þ;

a0;30 ¼
2
ffiffiffi
2

p

3
ðDc

2 þ 2Dc
3Þ;

a0;11 ¼
1

3
ð1 − 2α1 − αψÞ;

a0;21 ¼ −
2
ffiffiffi
2

p

3
Ds

2;

a0;12 ¼ −
2
ffiffiffi
2

p

3
Ds

2;

a0;22 ¼ −
1

3
ð1 − 2α1 − αψÞ;

a0;03 ¼
2
ffiffiffi
2

p

3
ðDc

2 − 2Dc
3Þ;

a0;33 ¼ −
1

3
ð1 − 2α1 þ 4α2 þ 3αψ Þ: ðC1Þ

The components of the polarization transfer matrix associated with the vector polarization component S1ðSLÞ are

a1;00 ¼ 2
ffiffiffi
2

p
Dc

3 cos θ;

a1;10 ¼ −ðDc
0 − 2Dc

5Þ sin θ;
a1;20 ¼

ffiffiffi
2

p
ðDs

1 þDs
4Þ sin θ;

a1;30 ¼ ð1þ 2α2 þ αψ Þ cos θ;
a1;01 ¼ −ðDc

0 þ 2Dc
5Þ sin θ;

a1;31 ¼ −
ffiffiffi
2

p
ðDc

1 þDc
4Þ sin θ;

a1;02 ¼
ffiffiffi
2

p
ðDs

1 −Ds
4Þ sin θ;

a1;32 ¼ ðDs
0 þ 2Ds

5Þ sin θ;
a1;03 ¼ −ð1þ αψ þ 2α2Þ cos θ;
a1;13 ¼ −

ffiffiffi
2

p
ðDc

1 −Dc
4Þ sin θ;

a1;23 ¼ ðDs
0 − 2Ds

5Þ sin θ;
a1;33 ¼ −2

ffiffiffi
2

p
Dc

3 cos θ: ðC2Þ
The components of the polarization transfer matrix associated with the vector polarization component S2ðSxTÞ are
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a2;00 ¼ 2
ffiffiffi
2

p
Dc

3 sin θ cosϕ;

a2;10 ¼ ðDc
0 − 2Dc

5Þ cos θ cosϕ −
ffiffiffi
2

p
ðDs

1 þDs
4Þ sinϕ;

a2;20 ¼ −ðDc
0 − 2Dc

5Þ sinϕ −
ffiffiffi
2

p
ðDs

1 þDs
4Þ cos θ cosϕ;

a2;30 ¼ ð1þ αψ þ 2α2Þ sin θ cosϕ;
a2;01 ¼ ðDc

0 þ 2Dc
5Þ cos θ cosϕþ

ffiffiffi
2

p
ðDs

1 −Ds
4Þ sinϕ;

a2;31 ¼ ðDs
0 þ 2Ds

5Þ sinϕþ
ffiffiffi
2

p
ðDc

1 þDc
4Þ cos θ cosϕ;

a2;02 ¼ ðDc
0 þ 2Dc

5Þ sinϕ −
ffiffiffi
2

p
ðDs

1 −Ds
4Þ cos θ cosϕ;

a2;32 ¼ −ðDs
0 þ 2Ds

5Þ cos θ cosϕþ
ffiffiffi
2

p
ðDc

1 þDc
4Þ sinϕ;

a2;03 ¼ −ð1þ αψ þ 2α2Þ sin θ cosϕ;
a2;13 ¼ −ðDs

0 − 2Ds
5Þ sinϕþ

ffiffiffi
2

p
ðDc

1 −Dc
4Þ cos θ cosϕ;

a2;23 ¼ −ðDs
0 − 2Ds

5Þ cos θ cosϕ −
ffiffiffi
2

p
ðDc

1 −Dc
4Þ sinϕ;

a2;33 ¼ −2
ffiffiffi
2

p
Dc

3 sin θ cosϕ: ðC3Þ
The components of the polarization transfer matrix associated with the vector polarization component S3ðSyTÞ are

a3;00 ¼ 2
ffiffiffi
2

p
Dc

3 sin θ sinϕ;

a3;10 ¼ ðDc
0 − 2Dc

5Þ cos θ sinϕþ
ffiffiffi
2

p
ðDs

1 þDs
4Þ cosϕ;

a3;20 ¼ ðDc
0 − 2Dc

5Þ cosϕ −
ffiffiffi
2

p
ðDs

1 þDs
4Þ cos θ sinϕ;

a3;30 ¼ ð1þ 2α2 þ αψ Þ sin θ sinϕ;
a3;01 ¼ ðDc

0 þ 2Dc
5Þ cos θ sinϕ −

ffiffiffi
2

p
ðDs

1 −Ds
4Þ cosϕ;

a3;31 ¼ −ðDs
0 þ 2Ds

5Þ cosϕþ
ffiffiffi
2

p
ðDc

1 þDc
4Þ cos θ sinϕ;

a3;02 ¼ −ðDc
0 þ 2Dc

5Þ cosϕ −
ffiffiffi
2

p
ðDs

1 −Ds
4Þ cos θ sinϕ;

a3;32 ¼ −ðDs
0 þ 2Ds

5Þ cos θ sinϕ −
ffiffiffi
2

p
ðDc

1 þDc
4Þ cosϕ;

a3;03 ¼ −ð1þ 2α2 þ αψ Þ sin θ sinϕ;
a3;13 ¼ ðDs

0 − 2Ds
5Þ cosϕþ

ffiffiffi
2

p
ðDc

1 −Dc
4Þ cos θ sinϕ;

a3;23 ¼ −ðDs
0 − 2Ds

5Þ cos θ sinϕþ
ffiffiffi
2

p
ðDc

1 −Dc
4Þ cosϕ;

a3;33 ¼ −2
ffiffiffi
2

p
Dc

3 sin θ sinϕ: ðC4Þ
The components of the polarization transfer matrix associated with the tensor polarization component S4ðSLLÞ are

a4;00 ¼
1

3
ðαψ − α1 þ α2Þð1þ 3 cos 2θÞ;

a4;10 ¼
ffiffiffi
2

p
ðDc

1 −Dc
4Þ sin 2θ;

a4;20 ¼ −ðDs
0 − 2Ds

5Þ sin 2θ;

a4;30 ¼ −
ffiffiffi
2

p

3
ðDc

2 −Dc
3Þð1þ 3 cos 2θÞ;

a4;01 ¼ −
ffiffiffi
2

p
ðDc

1 þDc
4Þ sin 2θ;

a4;11 ¼ −
2

3
ð1 − αψ − 2α1Þ þ 2 sin2 θð1 − α1 − α2Þ;

a4;21 ¼
ffiffiffi
2

p

3
Ds

2ð1þ 3 cos 2θÞ − 2
ffiffiffi
2

p
Ds

3 sin
2 θ;

a4;31 ¼ −ðDc
0 þ 2Dc

5Þ sin 2θ; ðC5Þ
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a4;02 ¼ ðDs
0 þ 2Ds

5Þ sin 2θ;

a4;12 ¼ 2
ffiffiffi
2

p
Ds

3 sin
2 θ þ

ffiffiffi
2

p

3
Ds

2ð1þ 3 cos 2θÞ;

a4;22 ¼
2

3
ð1 − αψ − 2α1Þ þ 2ðαψ þ α1 − α2Þ sin2 θ;

a4;32 ¼
ffiffiffi
2

p
ðDs

1 −Ds
4Þ sin 2θ;

a4;03 ¼ −
ffiffiffi
2

p

3
ðDc

2 þDc
3Þð1þ 3 cos 2θÞ;

a4;13 ¼ ðDc
0 − 2Dc

5Þ sin 2θ;
a4;23 ¼ −

ffiffiffi
2

p
ðDs

1 þDs
4Þ sin 2θ;

a4;33 ¼ −
1

3
ð1þ α1 þ α2Þð1þ 3 cos 2θÞ: ðC6Þ

The components of the polarization transfer matrix associated with the tensor polarization component S5ðSxLTÞ are

a5;00 ¼ ðαψ − α1 þ α2Þ sin 2θ cosϕ;
a5;10 ¼ ðDs

0 − 2Ds
5Þ cos θ sinϕ −

ffiffiffi
2

p
ðDc

1 −Dc
4Þ cos 2θ cosϕ;

a5;20 ¼ ðDs
0 − 2Ds

5Þ cos 2θ cosϕþ
ffiffiffi
2

p
ðDc

1 −Dc
4Þ cos θ sinϕ;

a5;30 ¼ −
ffiffiffi
2

p
ðDc

2 −Dc
3Þ sin 2θ cosϕ;

a5;01 ¼ ðDs
0 þ 2Ds

5Þ cos θ sinϕþ
ffiffiffi
2

p
ðDc

1 þDc
4Þ cos 2θ cosϕ;

a5;11 ¼ −ð1 − α1 − α2Þ sin 2θ cosϕþ 2
ffiffiffi
2

p
Ds

3 sin θ sinϕ;

a5;21 ¼ ð1þ αψ − 2α2Þ sin θ sinϕþ
ffiffiffi
2

p
ðDs

2 þDs
3Þ sin 2θ cosϕ;

a5;31 ¼ ðDc
0 þ 2Dc

5Þ cos 2θ cosϕþ
ffiffiffi
2

p
ðDs

1 −Ds
4Þ cos θ sinϕ;

a5;02 ¼ −ðDs
0 þ 2Ds

5Þ cos 2θ cosϕþ
ffiffiffi
2

p
ðDc

1 þDc
4Þ cos θ sinϕ;

a5;12 ¼ −ð1þ αψ − 2α2Þ sin θ sinϕþ
ffiffiffi
2

p
ðDs

2 −Ds
3Þ sin 2θ cosϕ;

a5;22 ¼ −ðαψ þ α1 − α2Þ sin 2θ cosϕþ 2
ffiffiffi
2

p
Ds

3 sin θ sinϕ;

a5;32 ¼ ðDc
0 þ 2Dc

5Þ cos θ sinϕ −
ffiffiffi
2

p
ðDs

1 −Ds
4Þ cos 2θ cosϕ;

a5;03 ¼ −
ffiffiffi
2

p
ðDc

2 þDc
3Þ sin 2θ cosϕ;

a5;13 ¼ −ðDc
0 − 2Dc

5Þ cos 2θ cosϕþ
ffiffiffi
2

p
ðDs

1 þDs
4Þ cos θ sinϕ;

a5;23 ¼ ðDc
0 − 2Dc

5Þ cos θ sinϕþ
ffiffiffi
2

p
ðDs

1 þDs
4Þ cos 2θ cosϕ;

a5;33 ¼ −ð1þ α1 þ α2Þ sin 2θ cosϕ: ðC7Þ

The components of the polarization transfer matrix associated with the tensor polarization component S6ðSyLTÞ are

a6;00 ¼ ðαψ − α1 þ α2Þ sin 2θ sinϕ;
a6;10 ¼ −ðDs

0 − 2Ds
5Þ cos θ cosϕ −

ffiffiffi
2

p
ðDc

1 −Dc
4Þ cos 2θ sinϕ;

a6;20 ¼ ðDs
0 − 2Ds

5Þ cos 2θ sinϕ −
ffiffiffi
2

p
ðDc

1 −Dc
4Þ cos θ cosϕ;

a6;30 ¼ −
ffiffiffi
2

p
ðDc

2 −Dc
3Þ sin 2θ sinϕ;

a6;01 ¼ −ðDs
0 þ 2Ds

5Þ cos θ cosϕþ
ffiffiffi
2

p
ðDc

1 þDc
4Þ cos 2θ sinϕ;

a6;11 ¼ −ð1 − α1 − α2Þ sin 2θ sinϕ − 2
ffiffiffi
2

p
Ds

3 sin θ cosϕ;
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a6;21 ¼ −ð1þ αψ − 2α2Þ sin θ cosϕþ
ffiffiffi
2

p
ðDs

2 þDs
3Þ sin 2θ sinϕ;

a6;31 ¼ ðDc
0 þ 2Dc

5Þ cos 2θ sinϕ −
ffiffiffi
2

p
ðDs

1 −Ds
4Þ cos θ cosϕ;

a6;02 ¼ −ðDs
0 þ 2Ds

5Þ cos 2θ sinϕ −
ffiffiffi
2

p
ðDc

1 þDc
4Þ cos θ cosϕ;

a6;12 ¼ ð1þ αψ − 2α2Þ sin θ cosϕþ
ffiffiffi
2

p
ðDs

2 −Ds
3Þ sin 2θ sinϕ;

a6;22 ¼ −ðαψ þ α1 − α2Þ sin 2θ sinϕ − 2
ffiffiffi
2

p
Ds

3 sin θ cosϕ;

a6;32 ¼ −ðDc
0 þ 2Dc

5Þ cos θ cosϕ −
ffiffiffi
2

p
ðDs

1 −Ds
4Þ cos 2θ sinϕ;

a6;03 ¼ −
ffiffiffi
2

p
ðDc

2 þDc
3Þ sin 2θ sinϕ;

a6;13 ¼ −ðDc
0 − 2Dc

5Þ cos 2θ sinϕ −
ffiffiffi
2

p
ðDs

1 þDs
4Þ cos θ cosϕ;

a6;23 ¼ −ðDc
0 − 2Dc

5Þ cos θ cosϕþ
ffiffiffi
2

p
ðDs

1 þDs
4Þ cos 2θ sinϕ;

a6;33 ¼ −ð1þ α1 þ α2Þ sin 2θ sinϕ: ðC8Þ

The components of the polarization transfer matrix associated with the tensor polarization component S7ðSxxTTÞ are

a7;00 ¼ ðαψ − α1 þ α2Þ sin2 θ cos 2ϕ;

a7;10 ¼ ðDs
0 − 2Ds

5Þ sin θ sin 2ϕ −
ffiffiffi
2

p

2
ðDc

1 −Dc
4Þ sin 2θ cos 2ϕ;

a7;20 ¼
1

2
ðDs

0 − 2Ds
5Þ sin 2θ cos 2ϕþ

ffiffiffi
2

p
ðDc

1 −Dc
4Þ sin θ sin 2ϕ;

a7;30 ¼ −
ffiffiffi
2

p
ðDc

2 −Dc
3Þ sin2 θ cos 2ϕ;

a7;01 ¼ ðDs
0 þ 2Ds

5Þ sin θ sin 2ϕþ
ffiffiffi
2

p

2
ðDc

1 þDc
4Þ sin 2θ cos 2ϕ;

a7;11 ¼ ½ð1þ αψ − 2α2Þ − ð1 − α1 − α2Þ sin2 θ� cos 2ϕ − 2
ffiffiffi
2

p
Ds

3 cos θ sin 2ϕ; ðC9Þ

a7;21 ¼ −ð1þ αψ − 2α2Þ cos θ sin 2ϕþ
ffiffiffi
2

p

2
½2Ds

2 sin
2 θ −Ds

3ð3þ cos 2θÞ� cos 2ϕ;

a7;31 ¼
1

2
ðDc

0 þ 2Dc
5Þ sin 2θ cos 2ϕþ

ffiffiffi
2

p
ðDs

1 −Ds
4Þ sin θ sin 2ϕ; ðC10Þ

a7;02 ¼ −
1

2
ðDs

0 þ 2Ds
5Þ sin 2θ cos 2ϕþ

ffiffiffi
2

p
ðDc

1 þDc
4Þ sin θ sin 2ϕ;

a7;12 ¼ ð1þ αψ − 2α2Þ cos θ sin 2ϕþ
ffiffiffi
2

p

2
½2Ds

2 sin
2 θ þDs

3ð3þ cos 2θÞ� cos 2ϕ;
a7;22 ¼ ½ð1þ αψ − 2α2Þ − ðαψ þ α1 − α2Þ sin2 θ� cos 2ϕ − 2

ffiffiffi
2

p
Ds

3 cos θ sin 2ϕ; ðC11Þ

a7;32 ¼ ðDc
0 þ 2Dc

5Þ sin θ sin 2ϕ −
ffiffiffi
2

p

2
ðDs

1 −Ds
4Þ sin 2θ cos 2ϕ;

a7;03 ¼ −
ffiffiffi
2

p
ðDc

2 þDc
3Þ sin2 θ cos 2ϕ;

a7;13 ¼ −
1

2
ðDc

0 − 2Dc
5Þ sin 2θ cos 2ϕþ

ffiffiffi
2

p
ðDs

1 þDs
4Þ sin θ sin 2ϕ;

a7;23 ¼
ffiffiffi
2

p

2
ðDs

1 þDs
4Þ sin 2θ cos 2ϕþ ðDc

0 − 2Dc
5Þ sin θ sin 2ϕ;

a7;33 ¼ −ð1þ α1 þ α2Þ sin2 θ cos 2ϕ: ðC12Þ

The components of the polarization transfer matrix associated with the tensor polarization component S8ðSxyTTÞ are
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a8;00 ¼ ðαψ − α1 þ α2Þ sin2 θ sin 2ϕ;

a8;10 ¼ −ðDs
0 − 2Ds

5Þ sin θ cos 2ϕ −
ffiffiffi
2

p

2
ðDc

1 −Dc
4Þ sin 2θ sin 2ϕ;

a8;20 ¼
1

2
ðDs

0 − 2Ds
5Þ sin 2θ sin 2ϕ −

ffiffiffi
2

p
ðDc

1 −Dc
4Þ sin θ cos 2ϕ;

a8;30 ¼ −
ffiffiffi
2

p
ðDc

2 −Dc
3Þ sin2 θ sin 2ϕ;

a8;01 ¼
ffiffiffi
2

p

2
ðDc

1 þDc
4Þ sin 2θ sin 2ϕ − ðDs

0 þ 2Ds
5Þ sin θ cos 2ϕ;

a8;11 ¼ ½ð1þ αψ − 2α2Þ − ð1 − α1 − α2Þ sin2 θ� sin 2ϕþ 2
ffiffiffi
2

p
Ds

3 cos θ cos 2ϕ;

a8;21 ¼ ð1þ αψ − 2α2Þ cos θ cos 2ϕþ
ffiffiffi
2

p

2
½2Ds

2 sin
2 θ −Ds

3ð3þ cos 2θÞ� sin 2ϕ;

a8;31 ¼
1

2
ðDc

0 þ 2Dc
5Þ sin 2θ sin 2ϕ −

ffiffiffi
2

p
ðDs

1 −Ds
4Þ sin θ cos 2ϕ; ðC13Þ

a8;02 ¼ −
1

2
ðDs

0 þ 2Ds
5Þ sin 2θ sin 2ϕ −

ffiffiffi
2

p
ðDc

1 þDc
4Þ sin θ cos 2ϕ;

a8;12 ¼ −ð1þ αψ − 2α2Þ cos θ cos 2ϕþ
ffiffiffi
2

p

2
½2Ds

2 sin
2 θ þDs

3ð3þ cos 2θÞ� sin 2ϕ;
a8;22 ¼ ½ð1þ αψ − 2α2Þ − ðαψ þ α1 − α2Þ sin2 θ� sin 2ϕþ 2

ffiffiffi
2

p
Ds

3 cos θ cos 2ϕ; ðC14Þ

a8;32 ¼ −ðDc
0 þ 2Dc

5Þ sin θ cos 2ϕ −
ffiffiffi
2

p

2
ðDs

1 −Ds
4Þ sin 2θ sin 2ϕ;

a8;03 ¼ −
ffiffiffi
2

p
ðDc

2 þDc
3Þ sin2 θ sin 2ϕ;

a8;13 ¼ −
1

2
ðDc

0 − 2Dc
5Þ sin 2θ sin 2ϕ −

ffiffiffi
2

p
ðDs

1 þDs
4Þ sin θ cos 2ϕ;

a8;23 ¼ −ðDc
0 − 2Dc

5Þ sin θ cos 2ϕþ
ffiffiffi
2

p

2
ðDs

1 þDs
4Þ sin 2θ sin 2ϕ;

a8;33 ¼ −ð1þ α1 þ α2Þ sin2 θ sin 2ϕ: ðC15Þ

These polarization transfer matrices provide a complete
description of polarization transfer in the J=ψ → BB̄
process. Experimentally, the polarization information of
J=ψ can be obtained by analyzing the polarization and
angular distributions of BB̄.

APPENDIX D: CONVENTION FOR THE SPIN-1=2
AND SPIN-1 SPINORS

In this section, we provide the conventions for the spin-
1=2 and spin-1 field spinors in the Dirac-Pauli representa-
tion. For a particle with mass m, the four-momentum in
spherical coordinates can be expressed as

pμ ¼ ðE; jp⃗j sin θ cosϕ; jp⃗j sin θ sinϕ; jp⃗j cos θÞ: ðD1Þ

For a spin-1=2 field, theDirac equationmust be satisfied [79].
The spinor field with λ ¼ �1 can be written as

uðp;�Þ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

Eþm
p

χ�
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

E −m
p

χ�

�
;

vðp;�Þ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

E −m
p

χ∓
∓ ffiffiffiffiffiffiffiffiffiffiffiffiffi

Eþm
p

χ∓

�
; ðD2Þ

where χ� represents the two-component spinor,

χþ ¼
�

cos θ
2

sin θ
2
eiϕ

�
;

χ− ¼
� − sin θ

2

cos θ
2
eiϕ

�
: ðD3Þ

For a spin-1 particle, the field must satisfy the Proca equa-
tion [80]. The polarization vector with λ ¼ �1, 0 can be
expressed as
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εμðp;�Þ ¼

0
BBB@

0

∓ cos θ cosϕþ i sinϕ

∓ cos θ sinϕ − i cosϕ

� sin θ

1
CCCA;

εμðp; 0Þ ¼ 1

m

0
BBBB@

jp⃗j
E sin θ cosϕ

E sin θ sinϕ

E cos θ

1
CCCCA: ðD4Þ
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