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In this paper we construct solutions with AdS/dS asymptotics for D ¼ 3 truncated gauged supergravity
with a periodic scalar potential. In a holographic perspective, assuming Dirichlet boundary conditions, the
solutions can be interpreted as deformations of two-dimensional dual conformal field theories triggered by
nonzero vacuum expectation values (VEVs) of irrelevant operators. In addition to the domain-wall-type
solutions, we incorporated in the analysis a black string solution, which can also be interpreted as a
deformation by VEVof an irrelevant operator. Generalizing the flows to finite temperature, we find that the
corresponding geometries are singular but have horizons. For certain flows, we provide an analytical
description near the horizon region. For an exact renormalization group (RG) flow solution, we explicitly
compute the Brown-York stress-energy tensor on a cutoff surface and show that the TT̄ operator factorizes
along the holographic RG flow. We also define an effective, scale-dependent deformation parameter μðϕÞ,
whose running is governed by the scalar field at the cutoff.

DOI: 10.1103/mzdz-33s5

I. INTRODUCTION

The renormalization group (RG) [1–6] provides a
powerful framework for understanding how physical the-
ories evolve with energy scale. In this context, RG flows
represent deformations of conformal field theories (CFTs),
typically induced either by adding relevant operators to the
action or by turning on vacuum expectation values (VEVs)
for such operators.
The holographic framework provides a geometric reali-

zation of the renormalization group. Within this duality, a
boundary quantum field theory and its dynamics are fully
encoded in the geometry and fields of a higher-dimensional
gravitational bulk [7–9]. This correspondence establishes a
precise dictionary: deformations of the conformal field
theory are mapped to specific asymptotically anti–de Sitter
(AdS) spacetime geometries that solve the bulk equations
of motion [10–17]. In [18–22], a systematic and covariant
approach was developed that employs an eigenfunction
expansion of the dilatation operator acting on the phase
space of the bulk gravitational theory.

Deformations by relevant operators ðΔ < dÞ correspond
to introducing fields in the bulk gravitational theory, which
modify the infrared (IR) geometry and trigger a flow to a new
fixed point. In contrast, by irrelevant deformations ðΔ > dÞ
growing in the ultraviolet (UV) dictate the short-distance
behavior of the theory and break conformal symmetry in the
UV. A generic irrelevant deformation will backreact strongly
on the AdS geometry. The holographic dual is related to a
diverging non-normalizable mode, which means a drastic
deformation of the boundary CFT, potentially leading to a
nonlocal boundary theory or a “non-AdS” asymptotic
geometry. For certain cases, deformations caused by irrel-
evant operators can be classified as exotic RG flows [23].
An extension of the holographic renormalization to the

case of the presence of sources of irrelevant operators was
discussed in [24,25], where it was shown that, to complete
the analysis, one has to introduce a cutoff surface r ¼ rc.
The effect of coupling integer-dimensional scalars that
source irrelevant operators on the boundary theory was
explored in [26]. The thermodynamics of observables and
irrelevant deformations were studied in [27]. The proposal
that a finite radial cutoff r ¼ rc in AdS3 spacetime
corresponds to a TT̄ deformation of the dual CFT was
established in [28].
Beyond AdS/CFT, holographic RG flows have also been

explored in the context of the dS/CFT duality [29–31],
where the role of the radial coordinate is replaced by time,
and the flow connects Euclidean CFTs in the asymptotic
past and future.
In this work, we focus on a three-dimensional truncated

gauged supergravity model [32,33], which features a real
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scalar field with a periodic potential inherited from the full
gauged supergravity action. This potential possesses multi-
ple extrema corresponding to AdS, de Sitter (dS), and
Minkowski vacua. The holographic RG flows for this
supergravity with a hyperbolic potential were studied in
[34,35], and Janus/RG-flow interfaces were found in [36].
The periodic case offers a distinct and rich structure since,
besides AdS extrema, the potential includes dS and
Minkowski extrema. At the same time, below we will show
that all solutions in this model are related to deformations by
irrelevant operators. In the five-dimensional case, holo-
graphic flows for the D ¼ 5 gauged supergravity model
with a cosine superpotential corresponding to deformations
of irrelevant operators were found in [37].
Here we construct and study solutions from AdS and dS

vacua to the Minkowski one and generalize them to the case
of finite temperature. From the holographic point of view,
the solutions interpolating between AdS and Minkowski
vacua with the Dirichlet boundary conditions can be
associated with a deformation of a two-dimensional (2D)
dual CFT by a nonzero expectation value of an irrelevant
operator, which spontaneously breaks the conformal sym-
metry. For the general type of scalar potentials, such flows
were discussed as exotic irrelevant holographic RG flows
between minima of potentials in [23].
For the de Sitter case, we find two types of solutions

flowing to Minkowski vacua that differ by asymptotics near
the Minkowski fixed point. Both solutions between dS and
Minkowski fixed points can be interpreted as irrelevant
deformations by VEV of a scalar operator associated with
different signs of theVEV. In this case, the dualCFTs turn out
to be nonunitary. An example of the dS3=CFT2 correspon-
dence with a nonunitary CFT was discussed in [38].
A key aspect of our analysis is the use of a dynamical

systems approach to study these RG flows [23,39–41],
where flows appear as trajectories in the phase space of the
scalar field and the β function. In this work, we focus on
flows, which correspond to deformations caused by the
VEVs of irrelevant operators. We further generalize these
flows to finite temperature, finding that the corresponding
thermal geometries are mostly singular and the only regular
ones are the Bañados-Teitelboim-Zanelli (BTZ) and
Schwarzschild–de Sitter (SdS) black holes. Our findings
on the singularity of generic thermal flows are consistent
with an analysis from [42]. We also discuss a black string
solution [32], showing that it corresponds to a VEV-driven
deformation where the VEV is related to the mass of the
black string. We define the TT̄ operator [43] for the exact
holographic RG flow through the Brown-York stress-
energy tensor and show that the operator is factorized
along the flow. We also define an effective deformation
parameter μ, which depends on the scalar field.
The paper is organized as follows. In Sec. II, we briefly

review a D ¼ 3, N ¼ ð2; 0Þ gauged supergravity model
and discuss the scalar field behavior near AdS/dS extrema
of the scalar potential. In Sec. III, we present exact and

numerical solutions flowing fromAdS/dS vacua and discuss
their holographic aspects. We also come from equations of
motion (EOM) of the model to a 2D autonomous dynamical
system on the plane and in the disk. In Sec. IV, we use the
Poincaré transformation to project the phase space of the
system with nonzero temperature into the unit cylinder and
the ball, which helps us understand the global phase portrait
and allows us to construct the flows numerically. We also
construct analytic near-horizon solutions. In Sec. V, we
compute the Brown-York stress-energy tensor on a cutoff
surface for the exact holographic RG flow and show that the
TT̄ operator factorizes. We also introduce an effective
deformation parameter μ, which decreases along the flow.
We conclude in Sec. VI, where we discuss our main results
and sketch further directions to explore. Some technical
details are left for the Appendixes.

II. SETUP

A. The supergravity model

We consider the N ¼ ð2; 0Þ AdS3 supergravity model
coupled to n copies of N ¼ ð2; 0Þ scalar multiplets con-
structed in [32]. The field content of this three-dimensional
supergravity is given by a vielbein eμa, a doublet of
gravitini ψμ, and a gauge field Aμ. The scalar multiplet
consists of a complex scalar field Φ and a doublet of
spinorial fields λ, where R-symmetry indices are omitted.
In [32], the σ model manifold was considered to be a coset
space G=H with a compact and noncompact G and its
maximal compact subgroupH. In papers [34,35,44,45], the
noncompact case with the hyperbolic target space H2 was
studied. In this paper, we focus on a truncation of the σ
model to that one, which includes a single complex scalar
fieldΦ (that is, n ¼ 1) andG is compact, so the target space
is a two-dimensional sphere, i.e.,

SUð2Þ
Uð1Þ ¼ S2: ð2:1Þ

In this case the bosonic part of the Lagrangian reads [32]

e−1L ¼ 1

4
R −

e−1

16ma4
ϵμνρAμ∂νAρ −

jDμΦj2
a2ð1þ jΦj2Þ − VðΦÞ;

ð2:2Þ

where e ¼ det eμa and DμΦ ¼ ð∂μ − iAμÞΦ. Note that the
parameterm in (2.2) is related to the cosmological constant
as Λ≡ −4m2 and the parameter a has a nonzero value and
corresponds to the curvature of the scalar manifold
(sphere).1 The potential VðΦÞ in (2.2) is given by

1The a ¼ 0 case corresponds to the flat σ model. To take this
limit, first fields ϕ and Aμ have to be rescaled with appropriate
powers of a, and after the limit, the potential in the action reduces
to a cosmological constant [33,46].
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VðΦÞ ¼ 2m2C2
�
2a2jSj2 − C2

�
; ð2:3Þ

where

C ¼ 1 − jΦj2
1þ jΦj2 ; S ¼ 2Φ

1þ jΦj2 : ð2:4Þ

To bring the kinetic term of the scalar field to the
standard form, one splits the complex scalar field Φ into its
modulus jΦj≡ ϕ and phase θ. For the former, we addi-
tionally define

C≡ cosϕ; jSj≡ sinϕ: ð2:5Þ

After this, the Lagrangian of the supergravity theory
takes the form

e−1L ¼ 1

4
R −

e−1

a4
ϵμνρAμ∂νAρ −

1

4a2
∂μϕ∂

μϕ

−
1

4a2
jSj2ð∂μθ þ AμÞð∂μθ þ AμÞ − VðϕÞ: ð2:6Þ

Note that the potential depends only on the field ϕ. So from
the field equations of θ and the vector field Aμ, it is easy to
see that setting Aμ ¼ θ ¼ 0 is a consistent truncation of the
theory [32], which finally brings us to the action of the form

S ¼ 1

4

Z
d3x

ffiffiffiffiffi
jgj

p �
R −

1

a2
ð∂ϕÞ2 − 4VðϕÞ

�

þ 1

2

Z
∂M

d2x
ffiffiffiffiffi
jγj

p
K; ð2:7Þ

with the potential

VðϕÞ ¼ −2m2cos2ϕ
�
ð1þ 2a2Þcos2ϕ − 2a2

�
: ð2:8Þ

In (2.7) K is the trace of the extrinsic curvature and γ is the
determinant of the induced metric γαβ, with α, β ¼ 1, 2.
On the period ½−π; π� the potential (2.8) has extrema that

correspond to AdS vacua at

ϕAdS ¼ c1π; c1 ¼ 0;�1; ð2:9Þ

de Sitter extrema are located at

ϕdS ¼ � arccos

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

1þ 2a2

s !
∓ c2π; c2 ¼ 0; 1; ð2:10Þ

and Minkowski extrema on the period are

ϕM ¼ � π

2
: ð2:11Þ

We note that the number of the extrema of the potential
(2.8) and their types do not depend on the parameter a at
all, as we can see in Fig. 1. Further, for our convenience, we
will set a2 ¼ 1 when we numerically draw phase portraits
and trajectories.
The potential (2.8) is related to the superpotential W by

the following relation:

V ¼ a2

4
W02 −

1

2
W2; ð2:12Þ

where the exact supersymmetric superpotential [47] has the
form

Wsusy ¼ −2m cos2 ϕ: ð2:13Þ

The behavior of the superpotential W as a function of ϕ
is presented in Fig. 2. Extrema of the superpotential include
AdS and Minkowski vacua.

FIG. 1. The behavior of the potential (2.8) for a2 ¼ 1 and
m ¼ 1 on the interval ½−π; π�.

FIG. 2. Plot of the superpotential (2.13) with m ¼ 1. There are
three AdS and two MinkowskiM extrema on the interval ½−π; π�.
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B. Equations of motion

In this paper, we will discuss solutions to (2.7) with the
following ansatz of the metric:

ds2 ¼ e2AðwÞ
�
−fðwÞdt2 þ dx2

�
þ dw2

fðwÞ ; ð2:14Þ

where fðwÞ is the blackening function. It defines a location
of the horizon, on either side of which f has a different
sign. A solution, which is endowed by f in the ansatz,
passes through a horizon and exchanges the coordinate w
from space- to timelike and vice versa.
The asymptotically BTZ black hole is given by (2.14)

with

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
VðϕAdSÞ

2

r
wþ � � � ð2:15Þ

and

f ¼ 1 − e−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2VðϕAdSÞ

p
ðw−whÞ þ � � � : ð2:16Þ

For f ¼ 1, the metric (2.14) describes an asymptotically
AdS3 spacetime without a black hole. Extending the
possible set of values for the function f to the interval
½−1; 0Þ, we can get the asymptotically Schwarzschild–de
Sitter metric given by (2.14) with the scale factor

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðϕdSÞ

2

r
wþ � � � ð2:17Þ

and the blackening factor

f ¼ −1þ e−
ffiffiffiffiffiffiffiffiffiffiffiffi
2VðϕdSÞ

p
ðw−whÞ þ � � � ð2:18Þ

Putting f ¼ −1, we come to an asymptotically dS space-
time

ds2 ¼ e2AðwÞðdt2 þ dx2Þ − dw2: ð2:19Þ
Note, that using the redefinition for the coordinates w → τ
and t → r in (2.19), we obtain the dS3 metric in the
expanding patch [for another dS coordinate representation,
see Sec. A 2 b and Appendix A 1].
In what follows, we will discuss solutions to EOM

corresponding to the action (2.7) with the metric ansatz
(2.14), which includes the blackening function. The
Einstein equations to (2.7) with the metric (2.14) can be
represented in the following form:

Äþ ϕ̇2

a2
¼ 0; ð2:20Þ

f̈ þ 2ḟ Ȧ ¼ 0; ð2:21Þ

Ȧ ḟþ2Ȧ2f −
ϕ̇2

a2
f þ 4V ¼ 0; ð2:22Þ

where the overdot indicates the derivative with res-
pect to the radial coordinate w. The scalar field equa-
tion is

ϕ̈þ ḟ ϕ̇ f−1 þ 2Ȧ ϕ̇−2a2f−1Vϕ ¼ 0; ð2:23Þ

where Vϕ is a derivative of the potential with respect
to ϕ.
For certain flows, it will be convenient to consider the

equations of motion with f ¼ 1. Then the equations of
motion (2.20)–(2.22) take the form

2Äþ 2Ȧ2 þ 4V þ ϕ̇2

a2
¼ 0; ð2:24Þ

2Ȧ2 þ 4V −
ϕ̇2

a2
¼ 0; ð2:25Þ

together with the scalar field equation

ϕ̈þ 2Ȧ ϕ̇−2a2Vϕ ¼ 0: ð2:26Þ

Note that, for f ¼ 1, from the variation of the gravitini
and dilatino, we have the following first-order Bogomol’nyi-
Prasad-Sommerfield (BPS) equations [47]:

Ȧ ¼ −W;

ϕ̇ ¼ a2W0: ð2:27Þ

In the derivation of Eqs. (2.27) in [47], the constraint of the
preservation of supersymmetry was used. The solutions to
Eqs. (2.27) also solve the second-order equations of motion
for (2.7) with (2.8). However, the superpotential does not
have dSextrema; solutions to (2.27) interpolate betweenAdS
and Minkowski spacetimes.

C. The scalar field near AdS and dS regions

Near AdS extrema, which correspond to ϕAdS ¼ c1π,
with c1 ¼ 0;�1, the scalar potential has the following
expansion:

V ¼ −2þ 4
�
1þ a2

��
ϕ − ϕAdS

�
2 þ � � � : ð2:28Þ

The AdS space curvature and the mass are given, corre-
spondingly, as

l2 ¼ −
1

2VðϕAdSÞ
¼ 1

4
; M2 ¼ 16a2ð1þ a2Þ: ð2:29Þ

The central charge of the dual theory is related to l via
the Brown-Henneaux formula

c ¼ 3l
2GN

: ð2:30Þ
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Because of the form of the potential (2.8), the AdS
spacetimes for any ϕ such that V 0ðϕÞ ¼ 0 have the same
radii, and this is also relevant for the case of the dS spacetime.
The generic solution to the scalar field near AdS regions

has the following form:

ϕ ∼ ϕ−e−Δ−w þ ϕþe−Δþw; ð2:31Þ
where the corresponding scaling dimensions Δ� are
given by

Δ� ¼ 1� ð1þ 2a2Þ: ð2:32Þ
In the standard holographic dictionary, ϕþ, ϕ− from

(2.31) are related to the VEV of the dual operator and the
source, correspondingly. For our model, Δ− (2.32) is
always negative for any a2 > 0, while Δþ > d, i.e., Δþ
is irrelevant. In particular, for a2 ¼ 1 we have Δþ ¼ 4
and Δ− ¼ −2.
The fact that Δ− (2.32) is far below the unitarity bound

precludes the use of Neumann and mixed boundary
conditions. For the bulk scalar with the mass M given
by (2.29), the Dirichlet boundary condition (BC) is the only
admissible one, leading to a unitary CFT dual with a scalar
operator of dimension Δþ ¼ 2ð1þ a2Þ. Since Δþ > d for
any a2 > 0, the corresponding deformation is irrelevant, we
can assume the dual theory is defined on the cutoff surface
w ¼ wc, so the Dirichlet BC reads

ϕ ∼ ϕþe−Δþw: ð2:33Þ
Near dS extrema (2.10), the potential has the following

form:

V ¼ 2a4

1þ 2a2
−
8a2ð1þ a2Þ
1þ 2a2

ðϕ − ϕdSÞ2 þ � � � : ð2:34Þ

The parameter H and the mass M for the de Sitter case are
defined by

H2 ¼ 4Vðϕ�Þ
2

¼ 4a4

1þ 2a2
;

M2 ¼ 2a2V 00ðϕ�Þ ¼ −
32a4ð1þ a2Þ

1þ 2a2
; ð2:35Þ

so for any a2 > 0 we have M2 < 0, i.e., the scalar field is
tachyonic (for tachyons in the dS spacetime, see [48]). The
scaling dimensions [29] are defined by

h� ¼ d
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

4
−
M2

H2

r
¼ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 8a2

p
: ð2:36Þ

Similar to the AdS case, here, h− is negative for any
a2 > 0, while hþ > d. Though the negative mass squared
seems admissible in the dS spacetime satisfying the analog
of the Breitenlohner-Freedman bound M2 < d2

4
H2 [49,50],

nevertheless the scalar field is tachyonic in this case, so a

holographic dual theory is nonunitary. It is interesting to
note, that for a2 ¼ 2, Δþ have the same value for both AdS
and dS cases and are equal to Δþ ¼ 6.
The solution to the scalar field near the dS point with the

metric in the form (A9) reads [51–54]

ϕ ∼ ϕdS þ ϕþe−2hþt þ ϕ−e−2h
−t; ð2:37Þ

with t → þ∞. Because h− is negative for all real a2 > 0,
the second term in (2.37) is apparently divergent, which
corresponds to unbounded energy for tachyons in nonuni-
tary CFT. The central charge for the dS case can be related
withH using (2.30) andH ¼ il [29,55]. Note that in [17] it
was shown that the results of the near-boundary analysis of
asymptotically AdS spacetimes can be applied to asymp-
totically de Sitter spacetimes.

III. FLOWS BETWEEN ADS/DS
AND MINKOWSKI VACUA

A. Exact flows driven by VEV of an irrelevant operator

In this subsection, we will discuss two exact solu-
tions to the action (2.7), which solve the first-order
equations (2.27).

1. Domain wall solution

There is an exact half-supersymmetric solution to (2.27),
which starts at the AdS spacetime as w → −∞ and ends at
the Minkowski one as w → ∞, which both correspond to
the minima of the scalar potential. The scale function A and
scalar field ϕ have the following dependence on the radial
coordinate w,

AðwÞ ¼ −
1

4a2
ln
�
e−8ma2w þ 1

�
þ cA;

ϕ ¼ � arctan
�
e4ma2w

�
� nπ; ð3:1Þ

where cA ∈R; n∈Z, and w∈ ð−∞;∞Þ. In Fig. 3 we show
possible supersymmetric flows of (2.27) with a2 ¼ 1
and m ¼ 1.
The exact solution (3.1) solves the first-order equations

including the superpotential W (2.13), with the Dirichlet
boundary conditions (2.33) imposed near the AdS boundary

ϕ ∼ ϕþe−Δþw þ � � � ; ð3:2Þ

i.e., ϕ− ¼ 0. This asymptotic behavior can be seen from the
expansionof the exact solution for the scalar field (3.1). Thus,
the solution is dual to a deformation of CFT to a gapped
phase, which is being driven by the VEV ϕþof an irrelevant
operator. Solutions of this type were discussed in the
classification of exotic RG flows in [23]. Moreover, flows
triggered by nonzero VEV of irrelevant operators were
discussed in the context of deformations in the Coulomb
branch in [56].
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2. Black string

In [32], a black string solution was constructed for the
model (2.2) with a single scalar field, which parametrizes
the target space S2. The black string metric is given by

ds2 ¼
�
1 −

M
r

� 1

2a2ð−dt2 þ dx2Þ

þ 1

64m2a4r2

�
1 −

M
r

�
−2
dr2; ð3:3Þ

where M is a mass and the horizon is located at rh ¼ M.
The scalar field of the black string solution is given by

Φþ ¼
� ffiffiffi

r
p

−
ffiffiffiffiffi
M

p
ffiffiffi
r

p þ ffiffiffiffiffi
M

p
�1=2

; Φ− ¼
� ffiffiffi

r
p þ ffiffiffiffiffi

M
p

ffiffiffi
r

p
−

ffiffiffiffiffi
M

p
�1=2

: ð3:4Þ

In (3.4), the fieldsΦþ;Φ− are the stereographic coordinates
of S2 such that 0 ≤ Φþ ≤ 1 and 1 ≤ Φ− ≤ ∞. The fields
Φþ and Φ− constitute a well-defined map on the upper and
lower hemispheres, S2þ and S2−, accordingly.
Doing the scalar field transformation, we come to

ϕ ¼ 2 arctanΦ ¼ 2 arctan

� ffiffiffi
r

p
−

ffiffiffiffiffi
M

p
ffiffiffi
r

p þ ffiffiffiffiffi
M

p
�1=2

; ð3:5Þ

where we choose the scalar field on the upper hemisphere.

The Hawking temperature of the black string solution
(3.3)–(3.5) can be calculated as follows:

TH ¼ 2ma
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M
r

�
1 −

M
r

� 1

2a2

s ����
r¼M

¼ 0: ð3:6Þ

The vanishing temperature indicates that the horizon of the
black string solution is degenerate, so the solution is
extremal. Extremal charged black string solutions in three
dimensions were studied in [57].
The metric of the black string can be rewritten in the

form (2.14) with f ¼ 1. This is achieved by a suitable
reparametrization of the radial coordinate,

dr

8a2r
�
1 − M

r

� ¼ dw; w ¼ þ 1

8a2
lnðr −MÞ;

r ¼ M þ e8a
2w; ð3:7Þ

where we put m2 ¼ 1. Then, taking into account (3.7), the
black string metric in terms of the w coordinate has the
form

ds2 ¼
�

e8a
2w

M þ e8a
2w

� 1

2a2ð−dt2 þ dx2Þ þ dw2; ð3:8Þ

with the scalar field given by

ϕðwÞ ¼ 2 arctan

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M þ e8a

2w
p

−
ffiffiffiffiffi
M

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M þ e8a

2w
p

þ ffiffiffiffiffi
M

p
!

1=2

¼ � arctan

�
1ffiffiffiffiffi
M

p e4a
2w

�
; ð3:9Þ

and the scale factor reads

AðwÞ ¼ −
1

4a2
log
�
1þMe−8a

2w
�
: ð3:10Þ

One can check that (3.9) and (3.10) solve the first-order
equations (2.27) with the supersymmetric potential (2.13).
Comparing (3.9) and (3.10) to the domain wall solution

(3.1), the black string differs by the factor M. The scalar
field near w → −∞ has the expansion

ϕðw → −∞Þ ¼ � 1ffiffiffiffiffi
M

p e4a
2w þ � � � ; ð3:11Þ

which corresponds to the contribution of the term with
nonzero VEV ϕþ of the irrelevant operator with the scaling
dimension Δþ ¼ 4a2. Thus, the black string can be inter-
preted as a deformation triggered by a nonzero VEV of an
irrelevant operator. The parameter M plays the role of a
modulus controlling the scale of the condensate, i.e.,

FIG. 3. Phase portrait of the supersymmetric system (2.27),
with m ¼ 1, a2 ¼ 1. Red and blue trajectories correspond to the
same n ¼ 0, but to opposite signs for the dilaton field, together
with different constants cA for the scale factor of the exact
solution (3.1).

ASTRAKHANTSEV, GOLUBTSOVA, and PODOINITSYN PHYS. REV. D 114, 026009 (2026)

026009-6



hOi ∝ 1ffiffiffiffiffi
M

p : ð3:12Þ

Near Minkowski space with w → þ∞, the scalar field
has an expansion

ϕðw → þ∞Þ ¼ π

2
∓ ffiffiffiffiffi

M
p

e−4a
2w þ � � � ; ð3:13Þ

which coincides with (A22) for c1 ¼ 0; c2 ¼ ∓ ffiffiffiffiffi
M

p
and a2 ¼ 1.

B. Flows with f = 1 through dynamical systems

In this section, following the works [34,44], we derive
autonomous dynamical systems from the gravity equations
of motion for the case f ¼ 1. We consider dynamical
systems with phase spaces R2 and D2. The latter will
clarify the dynamics near extrema points corresponding to
Minkowski spacetimes. First, we construct numerical
trajectories for ϕ. Then, we place the system in the disk
D2 to properly explore the asymptotic dynamics.

1. Dynamical system on the plane R2

To come to an autonomous dynamical system, it is
convenient to use the scalar variable X [58],

X ¼ ϕ̇

Ȧ
; ð3:14Þ

which was also used for the case of the hyperbolic target
space of the σ model [35,44,45]. Then we can represent the
equations of motion as the autonomous system

dϕ
dA

¼ X;

dX
dA

¼
�
X2

a2
− 2

��
X þ a2

2

V 0

V

�
; ð3:15Þ

where the scalar field ϕ is defined on the interval ½−π; π�.
The system (3.15) has equilibrium points with coordi-

nates ðϕ; XÞ ¼ ð0; 0Þ and ðϕ;XÞ ¼
�
�arccos

� ffiffiffiffiffiffiffiffiffiffi
a2

1þ2a2

q �
;0
�
,

which are correspondingly related to AdS and dS vacua. It is
important to note that the Minkowski vacua with ϕ ¼ � π

2
,

despite being the extrema of the potential, are not critical
points of the system (3.15), since X is divergent in this case.
Note that all equilibrium points of the system (3.15) are only
saddles, so the phase portrait consists of stable/unstable
manifolds. The manifolds act as separatrices.
The phase portrait of the system (3.15) is depicted in

Fig. 4. Here and in the following, by using red and blue
points, we explicitly label the AdS and dS points corre-
spondingly. By purple points M we formally label the
Minkowski space, but these points exist on the phase
portrait implicitly because they coincide with the points
where V ¼ 0, where the vector field is singular. In Fig. 4,

four yellow and two green dashed vertical lines correspond
to the zeros of the potential, and horizontal lines are related
to the equality X2 ¼ 2a2, compensating for the divergence
in the term Vϕ=V. Hence, at the intersections of horizontal
with vertical lines, the vector field is regular. As previously
in [34], these intersection points are similar to the phase
intersection points of an ordinary pendulum.
In Fig. 4, from the AdS equilibrium point, we observe

flows, which correspond to branches of the exact super-
symmetric flow (3.1).We show thebranches of the exact flow
between the AdS equilibrium and the Minkowski equilib-
rium by orange and green curves in Fig. 4. The flows are also
presented in Fig. 3 corresponding to the first-order system
(2.27). In Fig. 4, the branches of the flow, starting from the
AdS saddle point, run toX → �∞, getting closer to singular
lines, which are shown by red and represent Minkowski
points. From the exact solution, we know that this flow
should end in the Minkowski point, but from Fig. 4 corre-
sponding to the system (3.15), we cannot see it precisely.
Linearizing the dynamical system (3.15), we can find the

eigenvalues and eigenvectors and then write down an
asymptotic solution. The general solution near the AdS
equilibrium point at ϕ ¼ 0 can be presented in the following
form:

�
ϕ

X

	
¼
�
0

0

	
þ k1e−Δ−Au1 þ k2e−ΔþAu2; ð3:16Þ

FIG. 4. Phase portrait and numerical trajectories on the period
ϕ∈ ð−π; πÞ. We set a2 ¼ 1. Orange and green curves from
the AdS point are two branches of the supersymmetric
explicit solution (3.1). Red and purple curves are the numerical
solutions of the system (3.15) with initial conditions
ðϕ; XÞ ¼ ð−0.955;�0.025Þ.
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where the scaling dimensions Δ� (2.32) coincide with the
eigenvalues λ1;2 taken with opposite signs, Δ� ¼ −λ1;2, the
eigenvalues are λ1;2 ¼ −1� ð1þ 2a2Þ, and the eigenvectors
read

u1 ¼
�
1

λ1

	
; u2 ¼

�
1

λ2

	
: ð3:17Þ

Let us recall from [34] that setting k1 or k2 to zero in
(3.16) can be associated with imposing the Dirichlet or
Neumann boundary conditions on the dilaton, correspond-
ingly. Here, as we see, Δ− < 0, which makes e−Δ−A

divergent and (3.16) invalid for large A. It means that
we cannot impose the Neumann BC in this case, i.e., we
should always keep k1 ¼ 0, imposing the Dirichlet BC
instead. Hence, on the quantum theory side, we can
interpret the phase flows only as they are triggered by
nonzero VEV of some irrelevant operator.
From dS equilibrium points, which are saddles, we see

two numerical flows in Fig. 4 shown by the purple and the
red solid curves. The first one tends to the singular line,
crosses the red dashed line, and goes to X → ∞. Again, in
this region, we also cannot determine its asymptotic
behavior due to an unsuitable coordinate system. We will
find its asymptotic behavior considering the dynamical
system in the disk D2 below. However, we can find an
asymptotic behavior near the dS critical point using
Lyapunov analysis. Thus, near the dS point we have the
following general solution:

�
ϕ

X

	
¼
"
� arccos

� ffiffiffiffiffiffiffiffiffiffi
a2

1þ2a2

q �
0

#
þ k1e−Δ−Au1 þ k2e−ΔþAu2;

ð3:18Þ

where Δ� ¼ −λ1;2 with the eigenvalues given by λ1;2 ¼
−1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 8a2

p
and the eigenvectors are

u1 ¼
�
1

λ1

	
; u2 ¼

�
1

λ2

	
: ð3:19Þ

The second flow from the dS point is shown by the red
solid curve in Fig. 4. This curve starts from the dS point and
tends to the singular line corresponding to the null of the
potential coinciding with the Minkowski extremum. As we
see in Fig. 4, the red curve is going in converging ellipses
around the Minkowski point M. The size of the major axis
is constant, while the minor axis gradually decreases to a
very small size. We can write down this solution analyti-
cally. For that, we expand the function Vϕ=V in the (3.15)
system near the point π=2,

dϕ
dA

¼ X;

dX
dA

¼
�
X2

a2
− 2

��
X þ a2

ϕ − π
2

−
3þ 8a2

6

�
ϕ −

π

2

��
:

ð3:20Þ

Leaving the leading term in the system (3.20) we are
brought to

dϕ
dA

¼ X;

dX
dA

¼
�
X2

a2
− 2

�
a2

ϕ − π
2

: ð3:21Þ

The system (3.21) can be represented as a single equation
for the scalar field

�
ϕðAÞ − π

2

�
ϕ00ðAÞ − ðϕ0ðAÞÞ2 þ 2 ¼ 0; ð3:22Þ

where we define ϕ0ðAÞ ≔ dϕ=dA and set a2 ¼ 1.
Assuming the following initial conditions

ϕð0Þ ¼ π

2
þ ψ ; ϕ0ð0Þ ¼ υ; ð3:23Þ

where ψ2 ≃ 0 and −
ffiffiffi
2

p
< υ <

ffiffiffi
2

p
, we get the solution near

the Minkowski point in the following form:

ϕðAÞ ¼ π

2
þ ψffiffiffiffiffiffiffiffiffiffiffiffi

2 − υ2
p

×

 ffiffiffiffiffiffiffiffiffiffiffiffi
2 − υ2

p
cos

A
ffiffiffiffiffiffiffiffiffiffiffiffi
2 − υ2

p

ψ
þ υ sin

A
ffiffiffiffiffiffiffiffiffiffiffiffi
2 − υ2

p

ψ

!
:

ð3:24Þ

The solution (3.24) is in agreement with the numerical
solution of the system (3.15) under the initial condi-
tions (3.23). This solution does not reach the Minkowski
fixed point; however, it is worth noting that Eq. (3.22) is
defined for the restricted region of ϕ. Solutions to (3.24)
with different initial conditions form a family of nested
ellipses with mutual vertices ðϕ; XÞ ¼ ðπ

2
;� ffiffiffi

2
p Þ and with

Minkowski pointM in their center. As we take into account
the next nonlinear terms in (3.20), the solution to such a
differential equation will be represented by the spiral curve
covering these nested ellipses and eventually terminating
at ϕ ¼ ϕM. It is worth noting that an oscillatory approach
to a Minkowski phase, originating from a de Sitter–like
stage, was recently observed in [59]. In that work, the
dilaton exhibits damped oscillations as it settles into the
minimum of the effective potential after a regular bounce,
leading to a final dust-dominated cosmology.
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2. Dynamical system in the disk D2

As it was mentioned above, the phase space of the
dynamical system (3.15) does not capture the behavior of
the phase trajectories at infinity. However, we can improve
our understanding of the dynamics near these regions if we
map the system (3.15) into the disk D2.
To perform this, we introduce a new compact coordinate

Z given by

Z ¼ 2 tan

�
ϕ

2

�
: ð3:25Þ

By owning (3.25), we translate all periodic critical points to
the finite set.
In general, to obtain a polynomial function of Z for the

term Vϕ=V, a suitable change can also be Z ¼ n tanðϕkÞ,
where n; k∈N, and here we have chosen the most
convenient case, n ¼ k ¼ 2, which holds the structure of
the critical points on the phase portrait. One can also choose
k ¼ 1, but in this case the points ϕ ¼ � π

2
, which are related

to Minkowski space, correspond to Z ¼ �∞ and are not
visible on the phase portrait.
Next, we perform the Poincaré transformation by

introducing the following change of coordinates ðZ; XÞ∈
R2 → ðz; xÞ∈D2:

Z ¼ zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − z2

p ; X ¼ xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − z2

p ; ð3:26Þ

with the constraint

z2 þ x2 ≤ 1: ð3:27Þ

In the coordinates ðz; xÞ the autonomous dynamical (3.15)
system takes the following form:

ż ¼ pðz; xÞ;
ẋ ¼ qðz; xÞ; ð3:28Þ

where the rhs’s of equations are

pðz; xÞ ¼ x
4
ðz2 − 1Þð4x2 þ 3z2 − 4Þ − xzð3x2 þ 2z2 − 2Þ

·

�
xþ 16zð1 − x2 − z2Þð48ðx2 − 1Þz2 þ 16ðx2 − 1Þ2 þ 33z4Þ

588ðx2 − 1Þz4 þ 368ðx2 − 1Þ2z2 þ 64ðx2 − 1Þ3 þ 285z6

�
;

qðz; xÞ ¼ x2ðx2 − 1Þðz − 4xÞ
4

þ ð1 − x2 − z2Þ
�

z
380

ð1408 − 1693x2Þ þ ðx2 − 1Þx

−
4zð7x4 − 9x2 þ 2Þ
5ð4x2 þ 5z2 − 4Þ −

4zðx2 − 1Þð524x4 þ x2ð591z2 − 820Þ − 306z2 þ 296Þ
19ð72ðx2 − 1Þz2 þ 16ðx2 − 1Þ2 þ 57z4Þ

�
: ð3:29Þ

The critical points and sets of the system in the disk D2

(3.28) with (3.29) include
(1) AdS, (0, 0); dS, ðzdS; 0Þ; N, (0, 1); S, ð0;−1Þ;
(2) two curves corresponding to zeros of the potential V,

which are related to Minkowski extrema (shown by
dashed green in Fig. 5); and

(3) four curves corresponding to the four zeros of the
potential except for zeros related to Minkowski
extrema (shown by dashed dark yellow in Fig. 5).

Note that AdS and dS critical points are saddles, while N
and S are stable nodes. The phase portrait of the system in the
disk (3.28)with (3.29) is depicted in Fig. 5. Herewe show the
AdS point by red, four dS points by blue, twoMinkowskiM
points by purple, and points N and S corresponding to the
poles of the diskD2 by black. Note that all Minkowski points
correspond to each point of the singular green dashed curves,
which, as the yellow dashed curves, are related to V ¼ 0.
Here the latitudinal dashed red curves correspond to the lines
X2 ¼ 2a2 of the system (3.15) on the plane R2. The phase
flows on the meridional curves are singular; however, on the
intersections with the latitudinal dashed curves, they are

regular. From Fig. 5, we see that all flows pass these
intersection points.
In Fig. 5, we observe the following trajectories:
(i) The flow, which corresponds to the exact solution

(3.1), starts in theAdS point and ends at the north pole
N of the disk,which corresponds toMinkowski space.
In Fig. 5, we show this flow by an orange curve. As
mentioned above, this flow with the Dirichlet BC is
triggered by a nonzero VEVof an irrelevant operator
with the scaling dimension Δþ ¼ 2þ 2a2. There is
also a mirror flow from the AdS equilibrium point to
the south pole S, corresponding to another branch of
the solution (3.1). Note that these exotic RG flows
differ by the sign of the source.

(ii) Two numerical green flows begin in the dS points and
then goby spirals down to the pointsM corresponding
to Minkowski space. The scaling dimension of the
irrelevant operator isΔþ ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 8a2

p
. This flow

previously appeared in Fig. 4 (in red).
(iii) The numerical purple flow, which also starts from

the dS point, has already been observed in Fig. 4;
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now it can be seen that it approaches Minkowski
space in the same manner as the solution from the
AdS fixed point to the Minkowski one (the orange
curve). The flow can be constructed for any dS point
of the potential and can end either in the north pole
N or in the south pole S. This flow is related to an
irrelevant operator with the same scaling dimension
Δþ as for the previous flow drawn in green.

IV. WARMING UP: FLOWS WITH HORIZONS

A. Flows with f ≠ 1 through 3D dynamical system

In this section, we will consider the case when we also
have solutions with the metric (2.14) such that f ≠ 1. This
case includes an asymptotically AdS black hole (BTZ), a
dS black hole, and also a dS solution in the Poincaré
coordinates. To describe such solutions, we introduce a new
variable Y related to f,

Y ¼ ḟ

fȦ
; ð4:1Þ

such that Y → ∞ as f → 0. Then EOM (2.20)–(2.23) are
brought to the form of the autonomous 3D dynamical

system defined on R3,

dϕ
dA

¼ X;

dX
dA

¼
�
X2

a2
− Y − 2

��
X þ a2

2

Vϕ

V

�
;

dY
dA

¼ Y

�
X2

a2
− Y − 2

�
: ð4:2Þ

In (4.2), for any fixed ϕ ¼ const, we have a critical curve
given by

X2

a2
− Y − 2 ¼ 0; ð4:3Þ

similar to that which appears for the autonomous dynamical
system with the hyperbolic potential [35].
Since Y → ∞, it is convenient to come to a compact

configuration space as it was considered for the case of the
hyperbolic scalar potential in [35,45]. In this section, first,
we will project the dynamical system (4.2) into the cylinder
and, then, into the ball. We will explore the space of
solutions numerically and construct analytical solutions
near the horizon.

FIG. 5. Global phase portrait for the system (3.28) with (3.29) in the disk D2.
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1. Dynamical system in the cylinder

To study the flows, we apply the Poincaré transformation
to map the dynamical system (4.2) into a unit cylinder as in
[35]. We keep the coordinate ϕ to be periodic, and the other
two coordinates are transformed as

X ¼ xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − y2

p ; Y ¼ yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − y2

p ; ð4:4Þ

such that the new coordinates x and y obey the constraint

x2 þ y2 ≤ 1: ð4:5Þ
In these coordinates, the system (4.2) takes the following
form:

ϕ̇ ¼ mðx; yÞ;
ẋ ¼ pðϕ; x; yÞ;
ẏ ¼ qðϕ; x; yÞ; ð4:6Þ

where the rhs’s of Eqs. (4.6) are given by

mðx; yÞ ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − y2

q
; ð4:7Þ

pðϕ; x; yÞ ¼ 2a2ðx2 − 1Þ tanϕ

0
B@ðx2 þ y2 − 1Þ

�
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − y2

p
þ y
�

ð2a2 þ 1Þ cos 2ϕ − 2a2 þ 1
þ x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − y2

p
ðð2a2 þ 1Þ cos 2ϕþ 1Þ

ð2a2 þ 1Þ cos 2ϕ − 2a2 þ 1

1
CA

þ
xðx2 þ y2 − 1Þ

�
a2
�
y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − y2

p
þ 2ð1 − x2 − y2Þ

�
− x2

�
a2

; ð4:8Þ

qðϕ; x; yÞ ¼ y

0
B@2x tanϕ

0
B@a2ðx2 þ y2 − 1Þ

�
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − y2

p
þ y
�

ð2a2 þ 1Þ cos 2ϕ − 2a2 þ 1
þ x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − y2

p
ðð2a2 þ 1Þ cos 2ϕþ 1Þ

ð2a2 þ 1Þ cos 2ϕ − 2a2 þ 1

1
CA

þ
ðx2 þ y2 − 1Þ

�
a2
�
y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2 − y2

p
þ 2ð1 − x2 − y2Þ

�
− x2

�
a2

1
CA; ð4:9Þ

and we redefine the derivative as follows:

χ0 ¼ ð1 − x2 − y2Þdχ=dA: ð4:10Þ

This redefinition of the derivative is admissible (see [60]),
since it does not change the behavior of flows and allows us
to avoid divergencies that arise due to the constraint (4.5).
The phase portrait of the dynamical system (4.6) with

(4.7)–(4.9) in period ϕ∈ ½−π; π� is presented in Fig. 6. The
sets of the equilibrium points of (4.6) related to f ¼ 0 and
f ¼ 1, correspondingly, are
(1) AdS, ðϕAdS; 0; 0Þ; dS, ðϕdS; 0; 0Þ; and
(2) AdSh, ðϕAdS; 0; 1Þ; dSh, ðϕdS; 0; 1Þ.
The classification of the equilibrium points of (4.6) is

presented in Table I. The ϕx plane in Fig. 6 corresponds to
the zero-temperature case, i.e., f ¼ 1, and is an invariant
manifold of the system (4.6). The curve (4.3) in terms of the
coordinates of the cylinder (4.4) is shown by the white
dashed closed curve.
Assuming certain initial conditions, we construct trajec-

tories of (4.6)–(4.9) for ϕ∈ ð− π
2
; 0�, which we can see in

Fig. 6, namely:
(1) The flows that can be found exactly:

(a) BTZ black hole with f ≠ 1, which starts from
the horizon h1 to the equilibrium point, corre-
sponding to the AdS point at ϕ ¼ 0 as in [35].
This solution is shown by the cyan straight line.

(b) The Schwarzschild–de Sitter black hole with
f ≠ 1, which flows from the horizon dSh1 to
the dS1 point. This flow is shown by the green
straight line.

(c) The half-supersymmetric exact flow between the
AdSandMinkowski fixedpoints (3.1)withf ¼ 1,
shown by the orange solid curve. This trajectory
also appears in Fig. 5 (shown by orange).

(2) The flows that are constructed numerically:
(a) Solutions that begin near the BTZ horizon h1,

pass close the AdS equilibrium point, and then
go to infinity. These solutions are shown by cyan
curves in Fig. 6. The initial conditions for such
flows are ðϕ0; x0; y0Þ ¼ ð0þ δ; 0; 1 − ϵÞ. Here
0 < ϵ ≪ 1 and δ∈ ð−jϕn1j;ϕn2Þ, where ϕn1=ϕn2
corresponds to the null of the potential between
AdS and dS1=dS2 points.

(b) Solutions that start near the SdS horizon dShi,
pass near the dS point, and spiral down to
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Minkowski space. These flows are shown by red
curves in Fig. 6. The initial conditions for such
flows are ðϕ0;x0;y0Þ¼ðϕdS1 −δ;0;1−ϵÞ. Here
0 < ϵ ≪ 1 and δ∈ ð0; π

2
− jϕdS1 jÞ.

(c) Solutions that start from SdS horizon dShi, pass
near the dS point, and go to infinity. We show
these solutions by green curves in Fig. 6. The
initial conditions for such flows are ðϕ0; x0; y0Þ ¼
ðϕdS1 þ δ; 0; 1 − ϵÞ. Here 0 < ϵ ≪ 1 and
δ∈ ð0; jϕn2jÞ, where ϕn2 corresponds to the null
of the potential between AdS and dS1 points.

(d) A flow that begins from the dS point and
behaves similar to the exact solution (3.1) with
f ¼ 1. We show this flow by the purple curve
in Fig. 6. This trajectory also appears in Fig. 5
(in purple).

We see that solutions 2(a)–2(d) cross the singular surface
through the dashed white curves.
From Fig. 6, we observe that the BTZ and SdS black holes

are the only black holes with AdS/dS asymptotics for the
system (4.6). In that sense, we cannot construct a family of
asymptotically AdS/dS black hole solutions that are char-
acterized by some value of the scalar field on the horizon as it
was done for the hyperbolic potential [35]. Instead, a small
variation of the scalar field ϕ leads to solutions that begin
near-horizon regions of BTZ/SdS black holes, then pass near
AdS/dS critical points, and then go to infinity. For the AdS
case, this can be interpreted as that for exotic RG flows driven
by theVEVof irrelevant operators, and there is only a thermal
state, which is described by the BTZ black hole.
Below, we will also discuss the system with f ≠ 1

projected into B3.

2. Dynamical system in the ball

In this subsection, to clarify the behavior of the flows
that we discussed above, we will map the 3D dynamical

system (4.2) into the ball. For this, we use a compact
variable Z (3.25) instead of the periodic ϕ in (4.2), i.e., we
get the following system:

dZ
dA

¼ X

�
1þ Z2

4

�
;

dX
dA

¼
�
X2

a2
− Y − 2

��
X þ a2

2

Vϕ

V

�
;

dY
dA

¼ Y

�
X2

a2
− Y − 2

�
: ð4:11Þ

Then we apply the Poincaré projection to map the dynami-
cal system (4.11) defined in R3 into the ball B3, namely,

Z ¼ zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2 − x2 − y2

p ; X ¼ xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2 − x2 − y2

p ;

Y ¼ yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2 − x2 − y2

p ; ð4:12Þ

where ðz; x; yÞ∈B3 and are also related by the constraint

x2 þ y2 þ z2 ≤ 1: ð4:13Þ

The coordinate transformation (4.12) allows us to map
the infinite points of the system (4.2), which, as we have
seen, are difficult to be caught studying the dynamical
system in the unit cylinder, into the ball. Then the
dynamical system in the ball takes the form

ż ¼ mðz; x; yÞ;
ẋ ¼ pðz; x; yÞ;
ẏ ¼ qðz; x; yÞ; ð4:14Þ

FIG. 6. The trajectories of the dynamical system (4.6), for which the phase space is a unit cylinder. By the orange curve we show the
exact solution from the AdS3 point to the Minkowski one (3.1) with f ¼ 1, 1(a). By straight cyan and green lines we show BTZ and SdS
black holes, correspondingly, 1(b) and 1(c). A family of solutions 2(a) is shown by cyan curves. The solutions 2(b) and 2(c) are shown
by red and green curves, correspondingly. The solution 2(d) from the dS point to infinity is shown by purple. The singular surfaces are
shown by gray, on which the white dashed curves are regular.
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where the rhs of (4.14) can be found from (4.11) apply-
ing (4.12).
Under the coordinate transformation (4.12), the points of

the system onR3 with the coordinate Y → þ∞ are mapped
to the point ðz; x; yÞ → ð0; 0; 1Þ in the ball B3, regardless of
the values of Z and X if they are fixed. That is, all the points
in the cylinder with coordinates ðϕ; 0; 1Þ for any ϕ in Fig. 6
are mapped into the point ðz; x; yÞ ¼ ð0; 0; 1Þ in B3. We
denote this point byH in Fig. 7 as corresponding to horizons
of both BTZ and Schwarzschild–de Sitter solutions. The
types of critical points are considered in Table II.

We show the phase portrait of the system in the unit ball
(4.14) in Fig. 7. The center of the ball (0, 0, 0) corresponds
to the AdS solution at zero temperature. The dS points are
inside the sphere and have coordinates ðzdS; 0; 0Þ. The
Minkowski points with ϕ ¼ �π=2 are mapped to the
critical curve, which includes the north and the south
poles, N and S, with the coordinates ð0;�1; 0Þ and points
M. All trajectories corresponding to the finite-temperature
solutions start from the horizon H with (0, 0, 1).
We see the following flows to (4.14) in Fig. 7 are:
(1) flows that can be found exactly:

(a) the exact nonrotating BTZ solution, shown by
the straight dark red line going from point H to
point AdS;

(b) the exact SdS solution shown by the red curve
from H to the dS2 point;

(c) the exact supersymmetric flow with f ¼ 1
shown by the orange curve from point AdS to
point N;

(2) flows, which can be constructed numerically:
(a) the solution, which flows from H, passes the

AdS point and ends in the north pole N. We
show this by the solid dark yellow curve. To
construct the solution, we take the initial con-
ditions as ðz0; x0; y0Þ ¼ ð0; δ; 1 − ϵÞ, where δ,
ϵ > 0 and δ, ϵ ≪ 1. This solution appears as a
deformation of the BTZ black hole, introducing
a nonzero finite value of ϕ on the horizon;

(b) the flows from H, passing near dS and ending in
N=S points, respectively. The flows are shown
by purple and blue curves in Fig. 7. To find
them we use the following initial conditions:
ðz0; x0; y0Þ ¼ ð�ε;�δ; 1 − ϵÞ, where δ, ϵ, ε > 0
and δ, ϵ, ε ≪ 1. These flows correspond to
deformations of the SdS solution such that on
the horizon we have ϕðwhÞ ¼ ϕh;

FIG. 7. The numerical flows of the system (4.2), for which the
phase space is a 3D ball. The straight red line from H to the AdS
fixed point is the BTZ solution. The solid red curve from H to the
dS2 point describes the Schwarzschild–de Sitter solution. The dark
yellow curve fromH toN corresponds to a singular deformation of
the BTZ solution. The blue and purple curves from H to N and S,
correspondingly, are related to deformations of the SdS solution.
The green curve fromH, which spirals down to Minkowski space,
also corresponds to a deformation of the SdS solution. The orange
curve from AdS to N is the exact zero-temperature flow. The
solution fromN (the Minkowski point) to the dS point is shown by
cyan. The dark green curve corresponds to a zero-temperature flow
between dS and Minkowski fixed points.

TABLE I. Classification of the critical points of the dynamical system (4.6) (we set a2 ¼ 1). Here ϕ0 ∈ ½−π; π� and
we suppose that ðϕ0; 0; 1Þ represents the set of points on the cylinder axis with y ¼ 1.

Point set Type Eigenvalues (−Δϕ;−Δx;−Δy)

ðϕ0; 0; 1Þ Unstable degenerate node (0, 0, 2)
ðϕM; 1; 0Þ Stable degenerate node ð−2; 0; 0Þ
ðϕAdS; 0; 0Þ Saddle ð−4; 2;−2Þ
ðϕdS; 0; 0Þ Saddle ð−1 − ffiffiffiffiffi

17
p

;−1þ ffiffiffiffiffi
17

p
;−2Þ

TABLE II. Classification of critical points of the dynamical
system (4.14) for a2 ¼ 1.

Point Type Eigenvalues (−Δz;−Δx;−Δy)

H Unstable node (1, 0, 2)
N, S Stable node ð−2;−1; 0Þ
AdS Saddle ð−4; 2;−2Þ
dS Saddle ð−1 − ffiffiffiffiffi

17
p

;−1þ ffiffiffiffiffi
17

p
;−2Þ
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(c) the trajectory shown by green corresponds to a
deformation of the SdS solution and flows from
H, passing near the dS1 point, then spirals
down to the Minkowski point M. The initial
conditions for this flow read as ðz0; x0; y0Þ ¼
ð�ε;∓δ; 1 − ϵÞ, where δ, ϵ, ε > 0 and δ, ϵ,
ε ≪ 1; and

(d) the flows with f ¼ 1, previously discussed in
Sec. III B, see Fig. 5, namely, the flow from
point dS2 to point N by cyan and the flow from
dS2 to Minkowski by dark green.

The trajectories of the dynamical system (4.14) in Fig. 7
can clarify the behavior of the flows from Fig. 6. Namely,
we see that the flows 2(a) and 2(b), which correspond to
deformations of the BTZ and SdS solutions, start from H,
which is an unstable node, and end in the north pole N,
which is a stable node, see Table II. We see that these
deformations end in Minkowski space.
It is instructive to do the Lyapunov analysis of the

dynamical system (4.14). The eigenvectors at the critical
point H, which is an unstable node, are given by

uz ¼

2
64
1

0

0

3
75; ux ¼

2
64
1

1
4

0

3
75; uy ¼

2
64
0

0

1

3
75: ð4:15Þ

Because the one eigenvalue is equal to zero, the solution
near the point H is not linear. Though, keeping in mind the
form of eigenvectors (4.15), we can schematically write
down the solution near the point H,2
64

z

x

y − 1

3
75 ¼

2
64
1

0

0

3
75�c1z þ c2zNðAÞ

�
e−ΔzA

þ

2
64
0

1

0

3
75�c1x þ c2xNðAÞ

�
þ

2
64
0

0

1

3
75cye−ΔyA;

ð4:16Þ
where c1z, c2z, c1x, c2x, and cy are nonzero constants
characterizing the solutions. Here, by NðAÞ we denote the
nonlinear and logarithmic terms, which contribute to the
solution of the scalar field ϕ. We see the correspondence
between constants and solutions in Table III.

In the next section, we will show that the scalar field near
the horizon of the singular solutions 2(a)–2(c) contains the
logarithmic divergences; such behavior of the scalar field
allows us to bring the flows to Minkowski space.

B. Analytical solutions

1. Exact solutions with horizons

First, we recall how to derive dS3, AdS3, BTZ, and
Schwarzschild–de Sitter solutions from the supergravity
equations.All of themcorrespond to extrema of the potential.
Assuming that a solution is defined for V 0ðϕÞ ¼ 0, the
equation for the scale factor is easily integrated,

A ¼ C1wþ C2; C1; C2 ¼ const; ð4:17Þ

where C2 can be set to zero. A nonzero C1 corresponds to
AdS and dS solutions, while C1 ¼ 0 is valid for the
Minkowski solution. Then, we plug (4.17) into (2.21), which
yields

f ¼ −
2V
C2
1

þ c̄e−2C1w; c̄ ¼ const: ð4:18Þ

From the latter, one can see that the dS3 metric (2.19)
corresponds to the scale factor (4.18) with C1 ¼

ffiffiffiffiffiffi
2V

p
,

V > 0, and c̄ ¼ 0. Note that, in terms of the coordinates
of the dynamical system on R3 (4.2), the dS3 equilibrium
point is given by X ¼ 0; Y ¼ 0;ϕ ¼ ϕdS. If V < 0,
C1 ¼

ffiffiffiffiffiffiffiffiffiffi
−2V

p
, and c̄ ¼ 0, we get the AdS3 space metric.

Taking c̄ to be nonzero, c̄ ≠ 0, we get AdS and dS black hole
solutions, namely, the blackening function for theBTZ=SdS3
solutions reads

fðw − whÞ ¼ �1∓ e−2
ffiffiffiffiffiffiffi∓2V

p ðw−whÞ; ð4:19Þ

where we fixed c̄ ¼ ∓1 for the BTZ and SdS solutions,
correspondingly. The scale factor of BTZ/SdS black holes is
given by (4.17).
Also note that for both BTZ and SdS3 solutions the

coordinate Y has the same sign of infinity in the limit
w → wh,

Y ¼ ḟ

fȦ
→

w→wh

þ∞; Ȧ ¼ C1 ¼ const; ð4:20Þ

hence we can see both BTZ and SdS3 solutions on the same
phase portrait in Fig. 7.

2. Analytical solutions near horizon

To find an analytical description of the numerically
constructed solutions from the previous subsection near the
horizon regions, we follow the method from [35,45]. In the
near-horizon region, Y → þ∞, the system (4.2) simplifies,

TABLE III. Types of solutions depending on the constants in
schematic Lyapunov solution (4.16).

Type Solution Zero constants Nonzero constants

1(a) BTZ c1z; c2z; c1x; c2x cy
1(b) SdS c2z; c1x; c2x c1z; cy
2(a) Deformed BTZ c1z; c2z c1x; c2x; cy
2(b), 2(c) Deformed SdS � � � c1z; c2z; c1x; c2x; cy
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so the equation for Y decouples from the system and can be
easily solved as

YðA − AhÞ ¼
1

A − Ah
; ð4:21Þ

where the integration constant was chosen to properly
obtain the boundary condition YðAhÞ ¼ þ∞. The other
two equations of the system (4.2) are reduced to a single
second-order equation for the scalar field

ðA − AhÞ
d2ϕ
dA2

þ dϕ
dA

þ a2

2

V 0ðϕÞ
VðϕÞ ¼ 0; ð4:22Þ

where we also used (4.21).
We are looking for near-horizon geometries when the

value of the scalar field at the horizon ϕh is not necessarily
the value at the extremum of VðϕÞ. We can further simplify
Eq. (4.22) by expanding the last term in a Taylor series up
to the first order near ϕh. As a result, we obtain the
following equation:

A
d2Φ
dA2

þ dΦ
dA

þ ΔhΦþ Λh ¼ 0; ð4:23Þ

where we use Φ ¼ ϕ − ϕh and A ¼ A − Ah. In (4.23), we
also denote the first two terms in the Taylor expansion of
V 0=V as

Δh ¼
a2

2

�
V 00ðϕhÞ
VðϕhÞ

−
�
V 0ðϕhÞ
VðϕhÞ

�
2
�
; Λh ¼

a2

2

V 0ðϕhÞ
VðϕhÞ

:

ð4:24Þ

One can see that, for any ϕh and a2, the quantity Δh in
(4.24) is negative,

Δh ¼ −4a2
1− 4a4 þ ð1þ 2a2Þ cos2ϕh þ 4a4 sec2ϕh

ð1− 2a2 þ ð1þ 2a2Þ cos2ϕhÞ2
< 0:

ð4:25Þ
Then, taking into account (4.25), the general solution to

(4.23) can be represented as follows:

ϕðAÞ ¼ ϕh −
Λh

Δh
þ c1I0

�
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔhjðA − AhÞ

p �
þ c2K0

�
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔhjðA − AhÞ

p �
; ð4:26Þ

where I0 and K0 are modified Bessel functions of the first
and second kinds, respectively.
Imposing the condition on the horizon

ϕðAhÞ ¼ ϕh þ δ; ð4:27Þ

with δ2 ∼ 0 and expanding in series the solution (4.26) near
Ah, we get

ϕ ¼ ϕh þ
Λh

jΔhj
þ c1ð1þ jΔhjĀÞ

þ c2ð−2γ − log Āþ ð2 − 2γ þ log ĀÞĀÞ; ð4:28Þ

where Ā ¼ A − Ah. Setting the integration constant c2 ¼ 0,
we neglect the contribution of K0 to the solution (4.26),
which is divergent on the horizon. In this case, we obtain
only solutions 1(a) and 1(b) in Fig. 7. For them, the
constant c1 is given by

c1 ¼ δ −
Λh

jΔhj
: ð4:29Þ

To obtain the solutions 2(a)–2(c) in Fig. 7, we should also
includeK0 and for the initial conditions impose ϕ0ðAhÞ ¼ υ
together with (4.27). The integration constants in this case
become

c1 ¼
�
δ − Λh

jΔhj
�
ð1þ ð−3þ 2γ þ logðjΔhjϵÞÞjΔhjϵÞ − ð2γ þ logðjΔhjϵÞÞϵv

1 − 2jΔhjϵð1þ logðjΔhjϵÞÞ
;

c2 ¼ −
ðΛh − jΔhjδþ vÞϵ

1 − 2jΔhjϵð1þ logðjΔhjϵÞÞ
; ð4:30Þ

where we fix ϵ ¼ ðA − AhÞ to be small and neglect terms of
order ϵ2. Near the horizon, ϵ → 0, the constant c1 resembles
(4.29), and the constant c2 goes to zero. However, the term
with c2 grows as we move away from the horizon, causing
the solution to deviate from the regular BTZ/SdS geometry
and become singular.
For the case c2 ¼ 0 and c1 as in (4.29) we can

easily write down an analytical solution near the horizon.

Having (4.28), the equation on the scale factor AðwÞ (2.20)
leads to the solution

AðwÞ ¼ Θh ln
�
1þ CAΘ−1

h w
�
; Λ0

h ¼ δjΔhj − Λh;

Θh ¼
a2

Λ02
h

; ð4:31Þ
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where the constant CA ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2VðϕhÞj
p

is fixed such that in
the extremum of the potential the solution (4.31) repro-
duces the BTZ/SdS black hole solutions near the horizon.
As in [35,45], we have for the blackening function

fðAÞ ≈ CfðA − AhÞ, so to find the constant Cf we plug
(4.28) and (4.31) into (2.22), which yields

Ȧ2

�
1

A − Ah
þ 2 − Θ−1

h

�
þ 4VðϕhÞ
CfðA − AhÞ

¼ 0: ð4:32Þ

Neglecting the second and the third terms in parentheses in
the latter equation, we get Cf,

Cf ¼ 2sgn
�
VðϕhÞ

��
1þ CAΘ−1

h wh

�
2
; ð4:33Þ

such that near extrema, where Λ0
h → 0, we have

Cf ¼ 2sgn
�
VðϕAdS=dSÞ

�
: ð4:34Þ

We see that the sign of Cf depends on the value of VðϕhÞ,
i.e., for the trajectories on the interval ϕh ∈ ð− π

2
; 0� in

Fig. 6, it is negative for ϕh ∈ ð1
2
arccosð1−2a2

1þ2a2Þ; 0� and

positive for ϕh ∈ ð− π
2
; 1
2
arccosð1−2a2

1þ2a2ÞÞ.
Then the metric of the solution in the near-horizon region

looks like

ds2 ¼
�
1þ CAΘ−1

h w
�
2Θhð−fðwÞdt2 þ dx2Þ þ dw2

fðwÞ ;

ð4:35Þ

with blackening function

fðwÞ ¼ CfΘh ln

�
1þ CAΘ−1

h w
1þ CAΘ−1

h wh

�
; ð4:36Þ

and the scalar field near the horizon is given by

ϕ ¼ ϕh þ δþ a2

Λ0
h
ln

�
1þ CAΘ−1

h w
1þ CAΘ−1

h wh

�
; ð4:37Þ

with the constants Cf, CA, Λ0
h, and Θh defined above.

If the horizon is located in the extrema of the potential,
such that Λ0

h → 0, the solution (4.35) comes to the near-
horizon geometry of the BTZ/SdS black hole. The metric
then turns into the form

ds2 ≈ e2CAwhð−fðwÞdt2 þ dx2Þ þ dw2

fðwÞ ; ð4:38Þ

with

fðwÞ ≈ CfCAðw − whÞ; ð4:39Þ

where Cf is given by (4.34) and CA ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij2VðϕAdS=dSÞj
p

for
the AdS/dS case, i.e.,

Cf ¼ 2; CA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2VðϕAdSÞ

p
for VðϕAdSÞ < 0;

Cf ¼ −2; CA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2VðϕdSÞ

p
for VðϕdSÞ > 0: ð4:40Þ

In [35,45], a special class of the flows with a slowly
changing scalar field X2 ∼ 0was found that almost matches
the flows without the constraint. The geometry of the flows
is described by a nondeformed BTZ metric, and the
solution to the scalar field is given by a hypergeometric
function, which can be extended from the near-horizon
region to the boundary.
Under the constraint X2 ∼ 0, the solution to Y is

YðA − AhÞ ¼ 2
e2ðA−AhÞ−1. Then, substituting YðAÞ back into

the system (4.2), we derive the equation for the scalar field,

rð1 − rÞ d
2ΦðrÞ
dr2

þ ð1 − 2rÞ dΦðrÞ
dr

þ jΔhj
2

ΦðrÞ ¼ 0;

ð4:41Þ

where r ¼ e2ðA−AhÞ and Φ ¼ ϕ − ϕh þ Λh
Δh
. The fundamen-

tal solution to this equation near r ¼ 1 can be represented
in the form

ΦðrÞ ¼ 2F1ðah; 1 − ah; 1; 1 − rÞ; ð4:42Þ

where ah ¼ 1
2
ð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2jΔhj
p Þ ≥ 1, which means this

solution diverges for r → ∞. We see that, unlike in [35],
such a solution is not able to be analytically defined from
horizon to the conformal boundary.

V. EXACT RG FLOW AND “TT̄” OPERATOR

Let us calculate the Brown-York stress-energy tensor of
the exact holographic RG flow given by (3.1) with f ¼ 1,
a2 ¼ 1, andm ¼ 1 assuming a cutoff surface Σc at w ¼ wc.
For the metric (3.1), the unit normal to the hypersurface Σc
is ∂w with the components

nμ ¼ ð0; 0; 1Þ; ð5:1Þ

then the induced metric reads

γabdxadxb ¼ e2AðwcÞð−dt2 þ dx2Þ: ð5:2Þ

Taking into account (5.2), the components of the extrinsic
curvature are defined as

Kab ¼
1

2
Lnγab ¼

1

2
∂wγab ð5:3Þ

and we have
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Ktt ¼ −Kxx ¼ −A0ðwÞe2AðwÞ; K ¼ 2A0ðwÞ: ð5:4Þ

The Brown-York tensor with the counterterm is given by

TBY
ab ¼ 1

8πG

�
Kab − Kγab þ

1

l
γab

�
; ð5:5Þ

where l ¼ 1
2
from (2.29). The nonzero components of (5.5)

at w ¼ wc are

TBY
tt ¼ −TBY

xx ¼ 1

8πG
e2AðA0 − 2Þ: ð5:6Þ

One can rewrite the Brown-York tensor at w ¼ wc (5.6)
in terms of the coupling constant ϕ,

TBY
ab ¼ e2AðwÞ

8πG

 
2

1þe8w − 2 0

0 − 2
1þe8w þ 2

!

¼ e2AðϕÞ

4πG

�
− sin2 ϕ 0

0 sin2 ϕ

�
; ð5:7Þ

where we used that

A0ðwÞ ¼ 2

1þ e8w
¼ 2 cos2 ϕ: ð5:8Þ

Next, we can compute the trace of the Brown-York stress-
energy tensor2

Ta
a ¼

1

2πG
sin2 ϕ ð5:9Þ

and the square of the stress-energy tensor

TabTab ¼ γacγbdTabTcd ¼
1

8π2G2
sin4 ϕ: ð5:10Þ

Taking into account (5.9) and (5.10), we can define the
composite TT̄ operator,

TT̄ ¼ 1

8

�
TabTab − ðTa

aÞ2
�
¼ −

1

64π2G2
sin4ϕ: ð5:11Þ

For any stationary, translation-invariant state in any 2D
quantum field theory (QFT), the expectation value of the
TT̄ factorizes as hTT̄i ¼ hTihT̄i − hΘi2. From (5.7) we
find that hTi ¼ 0, hT̄i ¼ 0, and hΘi ¼ 1

8πG sin
2ϕ, confirm-

ing the identity holds.
In a TT̄-deformed CFT, the expectation values in a

stationary state obey

hTa
ai ¼ −4πμhTT̄i: ð5:12Þ

Although we are considering a holographic RG flow rather
than a TT̄-deformed boundary theory, one may never-
theless use this relation to define an effective, scale-
dependent parameter μðϕÞ.
Using (5.12) together with (5.9) and (5.11), we obtain an

effective, scale-dependent parameter

μðϕðwcÞÞ ¼
8G

sin2ϕðwcÞ
¼ 8G

�
1þ e−8a

2wc

�
; ð5:13Þ

where wc denotes the location of the cutoff surface. This
function decreases monotonically along the RG flow: in
the UV limit wc → −∞ (equivalently ϕ → 0), we have
μ → þ∞, while in the IR wc → þ∞ (ϕ → π=2) we obtain
the finite value μ → 8G. Notably, μ does not depend on the
parameter a2. A similar monotonic behavior is exhibited by
the holographic c function

c ∼ 1= cos2 ϕ ∝ 1=A0; ð5:14Þ

in accordance with the c theorem.

VI. DISCUSSION

In this work, we have constructed solutions with
AdS, dS, and Minkowski spaces asymptotics in a three-
dimensional truncated supergravity coupled to a σ model
with target space S2 ¼ SUð2Þ=Uð1Þ. The action includes a
scalar with a periodic scalar potential. The solutions
interpolate between AdS or dS extrema of the potential
to Minkowski vacuum, which also corresponds to an
extremum of the potential. Depending on the value of
a2, which is related to the curvature of the target space, the
scalar potential of the holographic model gives rise to both
AdS and dS solutions, which are dual to CFTs.
We provide a holographic interpretation for the exact

half-supersymmetric AdS-to-Minkowski solutions flowing
from a minimum to minimum of the potential. With
Dirichlet boundary conditions, they are dual to deforma-
tions of the two-dimensional CFTs driven by nonzero VEV
of irrelevant operators, spontaneously breaking conformal
symmetry. In [23,42], similar solutions to holographic
models with generic types of scalar potentials were dis-
cussed as holographic exotic RG flows. The solutions from
de Sitter to Minkowski are also irrelevant deformations, but
the dual theory is nonunitary. For the de Sitter case, the sign
of the “VEV” factor affects the asymptotic behavior of the
flows near Minkowski space. We have found that it can be
either asymptotically periodic or linear.
Doing a generalization to the finite-temperature case, we

have found that the only regular geometries in this case are
BTZ and SdS black holes; the other thermal solutions are
singular. This seems to be in agreement with the analysis
of [42].
We have also discussed the black string solution [32] to

our supergravity model, for which we have shown that it2For readability, we now omit the superscript BY.
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can be associated with a deformation triggered by a nonzero
VEVof an irrelevant operator, such that the VEVis related to
the mass of the black string. An interesting point is that the
black string solution is extremal (T ¼ 0) and, after a suitable
change of radial coordinate, resembles the domain wall
solution interpolating between the AdS toMinkowski space-
times, while also satisfying the first-order BPS equations.
Reducing the equations of motion to an autonomous

dynamical system defined on various phase spaces (on the
plane, in the disk, in the cylinder, and in the ball), we have
clarified the behavior of the flows for certain regions. We
have also provided an analytical description of the solution
near the horizon region. We have shown that the initial
conditions for the scalar field on the horizon determine the
behavior of the thermal solutions.
We have explicitly computed the Brown-York stress-

energy tensor on a cutoff surface at w ¼ wc for the exact
holographic RG flow and demonstrated the factorization of
the TT̄ operator along the flow. Furthermore, we have
introduced an effective, scale-dependent deformation
parameter μðϕðwcÞÞ whose running is governed by the
scalar field on the cutoff surface.
An important future direction is to extend this analysis to

higher-dimensional settings, particularly through the uplift
of our three-dimensional gauged supergravity solutions to
string and M-theory models. It is natural to ask whether our
AdS3 and dS3 solutions can be realized as geometries of
wrapped M2- or M5-branes, or as compactifications of
AdS4 or AdS5 supergravity with suitable internal mani-
folds. Such an uplift would clarify the microscopic inter-
pretation of the exotic RG flows and finite-temperature
solutions we have observed. In particular, the black string
solution we discussed may be related to a deformed
M5-brane or NS5-brane system, where the VEV of the
irrelevant operator finds a natural interpretation in terms of
brane moduli or world volume fluxes [61].
For future research, it would also be interesting to apply

this dynamical systems approach to five-dimensional gauged
supergravity models. A promising candidate is the theory in
[62], where the full D ¼ 5, N ¼ 8 gauged supergravity is
truncated to a two-scalar model. A comprehensive study of
the RG-flow phase portrait for this theory is clearly desirable.
Another relevant model, constructed for D ¼ 5, N ¼ 4
gauged supergravity, can be found in [63]. We hope to
address these models in future work.
An interesting direction of future research is to extend

our analysis to the case of other exotic RG flows, such as
limit cycles in the context of certain holographic models.
Despite the substantial amount of work on these non-
perturbative effects (for example, from the perspective of
gravity, see [23,42,64]), the question of the fundamental
nature and physical understanding of such nonperturbative
effects remains open. To understand the nature of such
effects, it is necessary to consider a large number of model
examples in which exotic flows can exist.

It would also be intriguing to explore the scalar sector of
D ¼ 3,N ¼ 2 gauged supergravity extended with a Fayet-
Iliopoulos term [65]. Beyond the supersymmetric solutions
already known in this context [66], a particularly interesting
direction is the search for gravitational instantons—vacuum
solutions that satisfy the Einstein equations with vani-
shing energy-momentum tensor, as studied in [67,68].
Uncovering the connection between such gravitational
configurations on the bulk side and RG flows on the dual
QFT side remains an open problem for future investigation.
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APPENDIX A: SOLUTIONS TO THE MODEL

1. dS, AdS, Minkowski, and SdS solutions

Here we consider the case f ¼ 1. Combining
Eqs. (2.20)–(2.22) we have

Äþ ϕ̇2

a2
¼ 0: ðA1Þ

Assuming that the scalar field is almost constant leads to
ϕ̇2

a2 ∼ 0, so integrating (A1) we obtain

A ¼ c1wþ c2: ðA2Þ
At the same time, from (2.22) we find the following scale

factor:

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2Vðϕ�Þ

p
wþ c2: ðA3Þ

For de Sitter we have

V ¼ 2a4

1þ 2a2
; ðA4Þ

i.e.,

A ¼ 2a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2a2

p iw ðA5Þ

with c2 ¼ 0.
Then the dS metric can be represented in the following

form:

ds2 ¼ e
4a2ffiffiffiffiffiffiffi
1þ2a2

p iwð−dt2 þ dx2Þ þ dw2; ðA6Þ

ASTRAKHANTSEV, GOLUBTSOVA, and PODOINITSYN PHYS. REV. D 114, 026009 (2026)

026009-18



with the constant scalar field

ϕ ¼ ϕdS: ðA7Þ

One can reach the standard form of the de Sitter metric
using double Wick rotation

t → −ir; −dt2 ¼ dr2; w → −iτ; dw2 → −dτ2;

ðA8Þ

which yields the metric

ds2 ¼ −dτ2 þ e
a2

ffiffiffiffiffiffiffi
1

1þ2a2

p
τðdr2 þ dx2Þ: ðA9Þ

It seems that these coordinates are called “flat slicing.”
Note that, at the same time, de Sitter spacetime can be

represented in the following form (in the static coordinates):

ds2 ¼ −ð1 − br2Þdt2 þ dr2

1 − br2
þ r2dφ2; ðA10Þ

where b is a positive constant. The cosmological horizon is
located at r ¼ b−1=2.
The Schwarzschild–de Sitter solution is given by the

following metric in the static coordinates [69]:

ds2 ¼ −ð1− 2m− r2Þdt2 þ dr2

1− 2m− r2
þ r2dφ2; ðA11Þ

where m ¼ 4GE. The horizon is located at rh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m

p
,

and the radial coordinate changes as 0 < r <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m

p
.

For the Minkowski solution, we have that the potential
vanishes, V ¼ 0. The scale factor in this case is just zero,
A ¼ 0. So the metric is

ds2 ¼ −dt2 þ dx2 þ dw2: ðA12Þ

2. Asymptotic behavior of flows
from linearized EOM

In this subsection, we discuss how to find solutions to
Eqs. (2.24) and (2.23) analytically, assuming that we are in
the region of the extrema of the potential. In particular, we
find an asymptotically periodic solution near Minkowski.

a. Flows near AdS and Minkowski extrema

We start from the AdS extremum with ϕ ¼ 0, so the
equations of motion (2.24) and (2.23) take the following
form:

Äþ 2Ȧ2 − 8 ¼ 0; ðA13Þ

ϕ̈þ 2Ȧ ϕ̇−2a2Vϕ ¼ 0; ðA14Þ

where we used that the linearized potential near the AdS
extremum is given by

V ¼ −2; Vϕ ¼ Vϕϕðϕ⋆Þ · ϕ; Vϕϕ ¼ 16: ðA15Þ

For Eqs. (A13) and (A14), the scale factor has a special
solution given by

A ¼ 2w: ðA16Þ

The asymptotic behavior of the scale factor (A16) goes to
infinity A → −∞, as w → −∞, which match with the scale
for the exact half-supersymmetric solution (3.1) near the
AdS fixed point.
The solution to the scalar field equation (A14) in this

case reads

ϕ ¼ c1e−8w þ c2e4w; ðA17Þ

where c1 and c2 are constants of integration. This solution
is consistent with the behavior of the exact solution near
AdS (3.1) if one chooses c1 ¼ 0 in (A17).
We see that the reconstructed solution is in agreement

with the Dirichlet boundary conditions

ϕ− ¼ 0: ðA18Þ

Now we turn to the Minkowski extremum ϕ ¼ π
2
, for

which the potential and its derivative are

V ¼ 0; Vϕ ¼ 8

�
ϕ −

π

2

�
: ðA19Þ

The solution for the scale factor A is trivial,

A ¼ 0: ðA20Þ

The equation for the scalar field near ϕ ¼ π
2
reads

ϕ̈ − 16

�
ϕ −

π

2

�
¼ 0 ðA21Þ

and has the following solution:

ϕ ¼ π

2
þ c1e4w þ c2e−4w: ðA22Þ

The exact solution has the Minkowski asymptotics for
w → þ∞. The solution (A22) is in agreement with this; if
one sets c1 ¼ 0, then we reach ϕ ¼ π

2
. Thus, we have

reproduced the asymptotic behavior of the exact solution
(3.1) correctly. Below, wewill show that the solutions to the
equations of motion near extrema of the potential match
with those to dynamical system equations near equilibria
points.
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b. Flows near dS extrema

Similarly, we can find the asymptotic behavior near dS
extrema. For this case, the equations of motion (2.24) and
(2.23) take the following form:

Äþ 2Ȧ2 þ 4
2a4

1þ 2a2
¼ 0; ðA23Þ

ϕ̈þ 2Ȧ ϕ̇−2a2Vϕ ¼ 0; ðA24Þ
where we used that the linearized potential near the dS
extremum is given by

V ¼ 2a4

1þ 2a2
; Vϕ ¼ VϕϕðϕdSÞ · ðϕ − ϕdSÞ;

Vϕϕ ¼ −
16a2ð1þ a2Þ

1þ 2a2
: ðA25Þ

We have a special solution for the scale factor given by

A ¼ � i2a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2a2

p w ¼ CAw: ðA26Þ

The solution for the scalar field in this case is

ϕ¼ c1e
w

�
−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2Aþ2a2Vϕϕ

p
−CA

�
þ c2e

w

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2Aþ2a2Vϕϕ

p
−CA

�
þϕdS;

ðA27Þ
where

ϕdS ¼ � arccos

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

1þ 2a2

s !
; C2A ¼ −

4a4

1þ 2a2
:

ðA28Þ
One can see that the solution (A27) is complex in terms of
the domain wall coordinates, since

−CA �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2A þ 2a2Vϕϕ

q
¼ 2a2iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2a2
p

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 8a2

p
− 1
�
:

ðA29Þ

However, the solution for ϕ in terms of A is real and can be
represented as follows:

ϕ ¼ c1eð−
ffiffiffiffiffiffiffiffiffiffi
9þ8a2

p
−1ÞA þ c2eð

ffiffiffiffiffiffiffiffiffiffi
9þ8a2

p
−1ÞA

� arccos

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

1þ 2a2

s !
: ðA30Þ

Below, we will also show that the solution near the dS point
(A30) can be recovered from the analysis of the dynamical
system (B11). The solution for the dS case with f ¼ 1 has
the complex scale factor (A26), but doing double Wick
rotation, we come to the dS metric in an expanding patch
[see (A8) and (A9)]. If we set f ¼ −1 from the start, we
obtain the real dS metric in the form (2.19) accurate to just
the redefinition of coordinates corresponding also to the dS
expanding patch.

APPENDIX B: LYAPUNOV ANALYSIS

Implement the Lyapunov analysis on the dynamical
system. Define the functions

f ¼ X; g ¼
�
X2

a2
− 2

��
X þ a2

2

V 0

V

�
ðB1Þ

and its derivatives matrix

M ¼
 

∂f
∂ϕ

∂f
∂X

∂g
∂ϕ

∂g
∂X

!����
X¼Xc;ϕ¼ϕc

: ðB2Þ

Demonstrate the analysis explicitly for the dS point. This
point has the following coordinates:

Xc ¼ 0; ϕc ¼ ϕdS ¼ � arccos

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

1þ 2a2

s !
: ðB3Þ

The matrix elements are as follows:

M11 ¼ 0; M12 ¼ 1;

M21 ¼ −
sec2ϕðX2 − 2Þð13þ 3 cos 4ϕÞ

ð1 − 3 cos 2ϕÞ2
����
X¼Xc;ϕ¼ϕc

¼ 8ð1þ a2Þ;

M22 ¼
3X2

a2
−
2X tanϕ

�
ð2a2 þ 1Þ cos 2ϕþ 1

�
ð2a2 þ 1Þcos2ϕ − 2a2

− 2

����
X¼Xc;ϕ¼ϕc

¼ −2; ðB4Þ

detM ¼ −16: ðB5Þ
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The characteristic equation

λ2 − λðM11 þM22Þ þM11M22 −M12M21 ¼ 0 ðB6Þ

has the following solutions:

λ1;2 ¼ −1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 8a2

p
: ðB7Þ

Hence, we conclude that the de Sitter fixed point is a
saddle.
The eigenvectors are defined by the following equation:

Mi
ju

j
1;2 ¼ λ1;2ui1;2; ðB8Þ

from where we can find them,

u1 ¼
�
1

λ1

	
; u2 ¼

�
1

λ2

	
: ðB9Þ

We know that eigenvalues of the Lyapunov exponent
correspond to the operators scaling dimensions with the
opposite sign,

λ1;2 ¼ −Δ1;2: ðB10Þ
Hence, we can obtain the solution near dS fixed points,
which is given by

�
ϕ

X

	
¼
"
� arccos

� ffiffiffiffiffiffiffiffiffiffi
a2

1þ2a2

q �
0

#
þ k1e−Δ1Au1 þ k2e−Δ2Au2:

ðB11Þ
In the same manner, the general solution for the AdS point
at Xc ¼ 0 and ϕc ¼ ϕAdS ¼ 0 is given by�

ϕ

X

	
¼
�
0

0

	
þ k1e−Δ1Au1 þ k2e−Δ2Au2 ðB12Þ

with the eigenvalues λ1;2 ¼ −Δ1;2 ¼ −1� ð1þ 2a2Þ and
the eigenvectors

u1 ¼
�
1

λ1

	
; u2 ¼

�
1

λ2

	
: ðB13Þ

We see that the AdS point is also a saddle. In Fig. 8, we
draw the directions of the eigenvalues corresponding to the
central AdS point and to its closest left dS point.
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