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We introduce a novel reformulation of three-dimensional gravity in terms of divergenceless vector
frames, inspired by the double copy for Chern-Simons theory. This formulation is on-shell equivalent to
conventional 3D gravity and provides a transparent geometric interpretation of the double copy
construction. We relate the resulting theory to a Chern-Simons–like action, propose a higher-dimensional
origin, and explore extensions that give rise to AdS3 solutions.
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Introduction. Three-dimensional gravity has long attracted
considerable attention, as it provides a theory of gravity
without local propagating degrees of freedom and is
therefore amenable to extensive analytical treatment. A
major breakthrough was its reformulation as a Chern-
Simons gauge theory [1], which led to substantial progress
in understanding its classical solution space, quantization,
and boundary dynamics, as well as connections to topo-
logical field theory, knot invariants, and holography. For a
recent review, see [2].
In this paper, we propose an alternative formulation of

three-dimensional (3D) gravity in terms of vector frames.
This reformulation is inspired by scattering amplitudes, in
particular by the double copy construction [3,4] applied to
three-dimensional Chern-Simons theory as proposed in [5].
This theory (together with several related models) was
studied within the Batalin-Vilkovisky (BV) formalism in
[6,7]. In the present work, we instead provide a simple
analysis of the double copy theory without any reference to
the BV formalism with the aim of clarifying the gravita-
tional nature of the double copy construction.

The paper is organized as follows: in Sec. II we review
some basic facts about 3D gravity and introduce the
relevant notation. In Sec. III we reformulate the gravity
theory as a theory of divergenceless vector frames, and we
show that it is on-shell equivalent to 3D gravity. Section IV
further elaborates on this theory and explains how it is
related to the Chern-Simons–like action for the double
copy theory on R3. In Sec. V we offer a six-dimensional
(6D) interpretation of the double copy theory and provide a
simple derivation of many 3D properties from the 6D point
of view. In Sec. VI we consider the nonlocal extension of
our vector frame action which gives rise to anti–de Sitter
(AdS) solutions in 3D. We finish with a summary and
discussion of open questions in Sec. VII.

3D Gravity. In this section we review basic facts about 3D
gravity and establish notation. Let us start with the standard
Einstein-Hilbert (EH) action

SEH ¼
Z
M
d3x

ffiffiffi
g

p
RðgÞ; ð1Þ

which gives rise to the equations of motion Rμν ¼ 0. In 3D
these imply Rμνρσ ¼ 0, so the metric g is flat. The EH action
is equivalent to the first-order action

S ¼
Z

ea
�
dωa þ

1

2
ϵabcω

b ∧ ωc

�
; ð2Þ

provided that gμν ¼ eaμηabebν and det e ≠ 0. Here ea is the
one-form vielbein and ωa is the one-form spin connection.
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For the sake of clarity we assume Euclidean signature, and
the generalization to Minkowski is straightforward. Here
we use Latin letters for flat indices and Greek letters for
curved indices. The action (2) implies the following
equations of motion:

dea þ ϵabceb ∧ ωc ¼ 0; ð3Þ

dωa þ 1

2
ϵabcω

b ∧ ωc ¼ 0; ð4Þ

and we are interested in solutions with the property
det e ≠ 0. The second equation is the flatness condition
for the spin connection ω, and it can be solved by ω ¼ 0 in
every patch with constant transition functions between
different patches. Thus, the two equations collapse to one
simple equation

dea ¼ 0; ð5Þ

where on the intersections of different patches ea can be
glued by constant rotations. We are interested in those e
such that det e ≠ 0. Next let us introduce the dual vector
frames satisfying

Eμ
aebμ ¼ δba; Eμ

aeaν ¼ δμν : ð6Þ

Assuming det e ≠ 0, the simple equation (5) implies the
following two equations for E:

fEa; Ebg ¼ 0; ð7Þ

∂μððdetEÞ−1Eμ
aÞ ¼ 0; ð8Þ

where f; g is the Lie bracket of vector fields. The first
equation is the consequence of the identity

fEa; Ebgνeaλebγ ¼ Eν
að∂γeaλ − ∂λeaγ Þ: ð9Þ

The second equation is the consequence of the algebraic
identities

ϵμνρ det e ¼ ϵabceaμebνecρ; ð10Þ

ðdet eÞEμ
a ¼ 1

2
ϵμνρϵabcebνecρ; ð11Þ

and dea ¼ 0. To summarize, we have reduced the equations
of motion of the EH action to the equations for the vector
frames (7) with the condition (8) meaning that the frames
are divergenceless with respect to the volume form defined
by the metric g. These equations allow us to glue the frames
by constant rotations on the intersections, and thus, we do
not lose any global information in our rewriting of the
equations of motion.

It will be convenient to compare to the unimodular or
partially gauge-fixed Henneaux-Teitelboim (HT) formu-
lation of gravity [8–10]. In its covariant form HT contains
an auxiliary vector density and is invariant under full
diffeomorphisms. In fixed-volume gauge, where the diver-
gence of that vector density is set equal to a background
volume form, the action becomes

SHT ¼
Z
M
d3xð ffiffiffi

g
p

RðgÞ þ λð ffiffiffi
g

p
− ρðxÞÞÞ; ð12Þ

so the gauge symmetry is reduced to volume-preserving
diffeomorphisms. In the first-order formalism we have

SHT ¼
Z �

ea
�
dωa þ

1

2
ϵabcω

b ∧ ωc

�

þ λ

�
1

6
ϵabcea ∧ eb ∧ ec − Ω

��
; ð13Þ

and the equations of motion from this action are

dωa þ 1

2
ϵabcω

b ∧ ωc þ λ

2
ϵabceb ∧ ec ¼ 0; ð14Þ

dea þ ϵabcω
b ∧ ec ¼ 0; ð15Þ

1

6
ϵabcea ∧ eb ∧ ec −Ω ¼ 0: ð16Þ

The Bianchi identities imply that λ is constant. If we choose
this constant to be zero, then we go back to EH theory but
with a fixed volume form. If λ ≠ 0, then we go to the theory
with a nonzero cosmological constant and a fixed volume
form. Depending on the context, we can regard fixing a
volume form as a partial gauge fixing of the original theory,
which is invariant under full diffeomorphisms.

On-shell equivalent theories. Now our goal is to define an
action for vector frames that gives rise to the same
equations of motion as in the previous section. Let us
fix a volume form

Ω ¼ ρðxÞdx1 ∧ dx2 ∧ dx3 ¼ 1

6
ρðxÞϵμνρdxμ ∧ dxν ∧ dxρ:

ð17Þ

We also fix a flat structure, i.e., a trivialization of the
tangent bundle with constant transition functions gluing Eμ

a.
We define the action

SDCðEÞ ¼
1

6

Z
d3xρ2ϵabcϵμνρE

μ
aEν

bE
ρ
c ð18Þ

on the constrained frames ∂μðρEμ
aÞ ¼ 0, and we always

assume detE ≠ 0. In coordinate-free fashion we write this
action as follows:
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SDC ¼ ϵabc
Z

ðιEa
ιEb

ιEc
ΩÞΩ; ð19Þ

and the constraint ∂μðρEμ
aÞ ¼ 0 becomes

dðιEa
ΩÞ ¼ 0; ð20Þ

which can be resolved locally as follows:

ιEa
Ω ¼ dαa ð21Þ

for some locally defined one-forms αa. On the space of
divergenceless vector fields we can define the inner product

hv; wi ¼
Z

αðιwΩÞ ¼
Z

γðιvΩÞ ¼ hw; vi;

ιvΩ ¼ dα; ιwΩ ¼ dγ; ð22Þ

where one can check that despite the fact that α and γ are
locally defined, the inner product is globally defined (here
we assume the absence of boundary terms). This inner
product is invariant with respect to the Lie bracket of
divergenceless vector fields.
We can rewrite the action with this inner product.

First, using the Cartan calculus on differential forms, in
particular

LXιY − ιYLX ¼ ιfX;Yg; ð23Þ

we have

ϵabc
Z

ðιEa
ιEb

ιEc
ΩÞΩ ¼ ϵabc

Z
ðιEb

ιEc
ΩÞιEa

Ω; ð24Þ

and thus, the action can be rewritten as follows:

SDC ¼ ϵabchEa; fEb; Ecgi: ð25Þ

If we vary this action over divergenceless vector fields, we
get the equation fEa; Ebg ¼ 0. Next let us discuss what is
going on with the constraint on the solutions of equations of
motion

∂μðρEμ
aÞ ¼ 0: ð26Þ

Using the notation from the previous section we know that
the equations fEa; Ebg ¼ 0 imply dea ¼ 0 and, therefore,

LEa
eb ¼ dιEa

eb þ ιEa
deb ¼ 0: ð27Þ

If we rewrite the volume form Ω in the basis of e’s, then

Ω ¼ ρ

detðeÞ e
1 ∧ e2 ∧ e3: ð28Þ

Since our vector frames Ea are divergenceless, we have

LEa
Ω ¼ dιEa

Ω ¼ 0: ð29Þ

Together with LEa
eb ¼ 0, which is a consequence of the

equation of motion, this implies that LEa
ðρ= detðeÞÞ ¼ 0.

Thus, we conclude that det e ¼ ðconstÞ ρ. Naturally, the
action is constant on solutions of the equations of motion.
Thus, we reproduce Eqs. (14)–(16) in the λ ¼ 0 sector. The
action (19) together with the constraint ∂μðρEμ

aÞ ¼ 0 is
invariant under volume-preserving diffeomorphisms

δEa ¼ LξEa; LξΩ ¼ 0; ð30Þ

and constant frame rotations

Ea → Λb
aEb; ð31Þ

where Λ∈ SOð3Þ. Thus, in flat trivialization we can glue
locally defined E’s with constant rotations on the inter-
sections of patches, and thus, it agrees with the discussion
in the previous section. We do not lose any global
information in this new description.

Double copy theory. Let us study the action (18) in more
detail for M ¼ R3 and trivial flat structure. It is hard to
implement the condition detE ≠ 0 explicitly. One way to
deal with this problem is to study small perturbations. Let
us choose the canonical flat volume form ρ ¼ 1 and assume
the expansion

Eμ
a ¼ δμa þ Aμ

a: ð32Þ

If A is small enough, then we are guaranteed the condition
detE ≠ 0. The presence of δμa allows us to identify flat with
curved indices. Algebraically we have the following
identity:

1

6
ϵabcϵμνρE

μ
aEν

bE
ρ
c ¼ 1þ Aρ

ρ þ 1

2
Aν
νA

ρ
ρ −

1

2
Aρ
νAν

ρ

þ 1

6
ϵabcϵμνρA

μ
aAν

bA
ρ
c: ð33Þ

Recall that our vector frame is divergenceless ∂μE
μ
a ¼ 0

and, thus, ∂μA
μ
a ¼ 0. This constraint together with standard

identities for the Levi-Civita symbols allows us to rewrite
the quadratic term as

1

2
ϵabcϵμνρA

μ
a
∂b∂

ν

□
Aρ
c ¼ 1

2
Aν
νA

ρ
ρ −

1

2
Aρ
νAν

ρ; ð34Þ

where we need to restrict to such A’s that □ ¼ ∂μ∂
μ is

invertible. Now, substituting the above expression into the
action (18) with ρ ¼ 1, we get
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SDC ¼
Z

d3x

�
1

2
Aμ
a
∂b∂

ν

□
Aρ
c þ 1

6
Aμ
aAν

bA
ρ
c

�
ϵabcϵμνρ; ð35Þ

where we removed the first term since it is A-independent
and the second term since it is a total derivative under the
integral. This is exactly the action that was derived from the
double copy procedure for Chern-Simons theory [5]. If we
vary this action over A’s satisfying ∂μA

μ
a ¼ 0, we obtain the

equation

∂½μA
ρ
ν� þ Aλ

½μ∂λA
ρ
ν� ¼ 0; ð36Þ

which is equivalent to (7) upon substitution (32), as
expected. This theory can be regarded as a real version
of Kodaira-Spencer (KS) gravity [11], for such a connec-
tion see [12] and for a recent discussion of the relation
between 3D gravity and KS gravity see also [13].
Interestingly, this equation of motion can be seen as the
vanishing of a field strength in the double copy of the
nonlinear sigma model with Yang-Mills theory; for this
construction see [14,15]. The action (35) first appeared in
[5] in the context of double copy theory for the Chern-
Simons theory, and its similarity to KS gravity was
discussed in [7,12]. Combining the present discussion with
Sec. II, Eq. (36) describes the fluctuations of the flat metric
g ¼ ηþ δg around the canonical flat metric η with fixed
volume form

Rμνðηþ δgÞ ¼ 0; detðηþ δgÞ ¼ 1: ð37Þ
The relation between g and A is nonlinear.
In the double copy of Chern-Simons theory the physical

fields also include Cμν solving ∂μCμν ¼ 0 and bac with
action

S ¼
Z

d3x

�
1

2
Aμ
a
∂
ν
∂b

□
Aρ
c − bab

∂c∂
μ

□
Cνρ

þ 1

6
Aμ
aAν

bA
ρ
c − Aμ

abbcCνρ

�
ϵabcϵμνρ: ð38Þ

This is very natural from the point of view of deformation
theory; see [7] for details. The action corresponds to the
physical part of the superfield actions [5,7,12].
Using the identification (32) and similar algebraic tricks

discussed at the beginning of this section, we can rewrite
this action as follows:

S ¼
Z

d3xρ2ðxÞ
�
1

6
Eμ
aEν

bE
ρ
c − Eμ

abbcCνρ

�
ϵabcϵμνρ; ð39Þ

where we assume

∂μðρEμ
aÞ ¼ 0; ∂μðρCμνÞ ¼ 0; ð40Þ

and we have allowed a general volume form. This condition
is necessary in order to construct the action [7,12];

however, there is still a gauge symmetry in the theory
with transformations

δEν
a ¼ ξλ∂λEν

a − Eλ
a∂λξ

ν − Cνλ
∂λβa;

δbab ¼ ξλ∂λbab þ ðEλ
a∂λβb − Eλ

b∂λβaÞ;
δCμν ¼ ξλ∂λCμν − Cλν

∂λξ
μ − Cμλ

∂λξ
ν; ð41Þ

where ξν and βa are two gauge parameters, and ξμ satisfies
∂μðρξμÞ ¼ 0. From the above action we can derive the
equations of motion (for the case ρ ¼ 1 they are written
explicitly in [7]), and in Sec. V we present a compact form
for these equations of motion.

6D origin of 3D gravity theory. In this section we want to
explain that all formulas presented in the previous section
have a 6D origin and both the action and symmetries follow
easily from the 6D perspective.
We start by recalling the Cartan calculus for multivector

fields [16]. The simplest way is to extend the normal Cartan
calculus from vector fields to multivector fields. Let us
consider the multivector field of the form

X ¼ X1 ∧ � � � ∧ Xk ð42Þ
such that each Xi has degree jXij ¼ 1. We define the
operation of contraction of a multivector field X with a
differential form ω as follows:

ιX1∧���∧Xk
ω ¼ ιXk

ðιX1∧���∧Xk−1
ωÞ; ð43Þ

and it can be extended to all multivector fields by linearity.
Next define the Lie derivative with respect to multivector
field X acting on differential forms as

LX ¼ dιX − ð−1ÞjXjιXd; ð44Þ

where the degree of the generalized Lie derivative is
jLXj ¼ jXj − 1. We have the following identities for graded
commutators

½LP;LQ� ¼ LfP;Qg ð45Þ
and

½LP; ιQ� ¼ ιfP;Qg; ð46Þ

where fP;Qg is the Schouten bracket of multivector fields
which is the extension of the Lie bracket to multivector
fields. If we fix a volume form Ω, then the multivector field
X is divergenceless if

dðιXΩÞ ¼ 0: ð47Þ

Let us specialize to 6D and choose a fixed volume formΩ6.
Then, we can define the action
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SPG ¼
Z

ðιπιπιπΩ6ÞΩ6 ð48Þ

over bivector fields π which are divergenceless with respect
to Ω6,

dðιπΩ6Þ ¼ 0: ð49Þ

In local coordinates we can write this as follows:

SPG ¼ 1

6!

Z
d6yρ2ðyÞπMNπLKπSRϵMNLKSR ð50Þ

with the constraint on the fields

∂MðρπMNÞ ¼ 0: ð51Þ

The action (48) can be rewritten using a pairing between
divergenceless multivector fields P and Q defined as
follows:

hP;Qi ¼
Z

ιPΩ6 ∧ αQ; ð52Þ

where

ιQΩ6 ¼ dαQ: ð53Þ

Here αQ is locally defined but one can check that the
pairing is well-defined and it does not depend on the choice
of αQ. The pairing is nonzero if jPj þ jQj ¼ 5.
This pairing is invariant with respect to the Schouten

bracket of divergenceless multivector fields,

hfP;Qg; Ri ¼ −hP; fQ;Rgi: ð54Þ

Thus, the action SPG can be written as

SPG ¼ hπ; fπ; πgi; ð55Þ

where we have used the identity (46). If we vary this action
over divergenceless bivector fields, then we get the Poisson
condition

fπ; πg ¼ 0; ð56Þ

where for variation we used

ιπΩ6 ¼ dα: ð57Þ

Thus, the action (55) is extremized on unimodular (diver-
genceless) Poisson structures. The action (55) is invariant
under volume-preserving diffeomorphisms which can be
written simply as

δπ ¼ LΞπ ¼ fΞ; πg; ð58Þ

where Ξ is a 6D vector field which preserves Ω6.
Now let us consider a particular six-dimensional mani-

fold, M6 ¼ M3 × T3 with coordinates ðx;ϕÞ correspond-
ingly. Let us consider a volume form Ω6

ϵabcρðxÞdx1 ∧ dx2 ∧ dx3 ∧ dϕa ∧ dϕb ∧ dϕc ð59Þ

and a bivector π,

π¼Eμ
aðxÞ∂μ∧∂

aþbabðxÞ∂a∧∂
bþCμνðxÞ∂μ∧∂ν; ð60Þ

which are independent of the torus directions ϕ. Here we
use the flat metric ηab to raise and lower indices in the ϕ
directions. If we evaluate the 6D action (50) on suchΩ6 and
π, then we get the 3D action (39) from the previous section
(up to an overall sign). The 6D equations of motion
fπ; πg ¼ 0 for (60) imply the following:

ϵabcLEa
bbc ¼ 0; ð61Þ

LEa
C ¼ 0; ð62Þ

fEa; Ebg þ 4fC; babg ¼ 0; ð63Þ

while the condition

fC;Cg ¼ 0 ð64Þ

works automatically in 3D due to ∂μðρCμνÞ ¼ 0. This is a
compact form of the equations of motion which can be
derived from the 3D action (39). If in the 6D symmetries
(58) we take ΞM

∂M ¼ ξμ∂μ þ βa∂
a to be independent of

ϕ-directions, then the divergenceless condition becomes
∂μðρξμÞ ¼ 0 and we get 3D transformations

δEa ¼ LξEa − fC; βag; ð65Þ

δbab ¼ Lξbab þ LEa
βb − LEb

βa; ð66Þ

δC ¼ LξC; ð67Þ

where we use 3D notation for the Lie derivative and the
Schouten bracket. These transformations coincide with the
gauge transformations (41) from the previous section.

Nonlocal action and AdS solution. So far we have studied
the local action (25) and its possible local extensions.
However, in 3D there exists a quadratic nonlocal term
which can be added to the action (25). Let us define the
quadratic term through the pairing of divergenceless vector
fields defined in Sec. III:
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hEa; Eai ¼
Z

αa ∧ ιEa
Ω; ð68Þ

where ιEa
Ω ¼ dαa, we contract flat indices using the flat

metric ηab, and this term is nonlocal. If we assume a flat
background metric and canonical flat Ω, then up to
normalization factors we can rewrite this term as follows:

Z
d3xEaμ ∂

ν

□
Eρ
aϵμνρ: ð69Þ

It is important to stress that the definition (68) requires only
a background volume form. Let us write a new action with
the addition of this term

SDCðEÞ ¼
γ

2
hEa; Eai þ

1

6
ϵabchEa; fEb; Ecgi; ð70Þ

where γ is a parameter. If we vary this action over
divergenceless vector fields we get the following equation:

ϵabcfEb; Ecg ¼ 2γEa; ð71Þ

which is equivalent to

fEa; Ebg ¼ ϵab
cγEc; ð72Þ

where for definiteness we used the Euclidean signature.
This equation implies the following conditions on e’s:

dea þ γϵabceb ∧ ec ¼ 0; ð73Þ

which can be mapped to solutions of 3D gravity with
negative cosmological constant.
Let us recall that the first-order action of 3d-gravity with

cosmological constant Λ has the form

S¼
Z �

ea
�
dωa þ

1

2
ϵabcω

b ∧ ωc

�
−
Λ
6
ϵabcea ∧ eb ∧ ec

�
;

ð74Þ

and it gives rise to the following equations of motion:

dea þ ϵabceb ∧ ωc ¼ 0; ð75Þ

dωa þ 1

2
ϵabcω

b ∧ ωc ¼ Λ
2
ϵabceb ∧ ec: ð76Þ

These equations can be reduced to (73) if we make the
following choices:

ωa ¼ γea; −Λ ¼ γ2: ð77Þ

Thus, for Λ < 0 we can choose real γ ¼ � ffiffiffiffiffiffijΛjp
, and let us

fix the plus sign in what follows. Here we are solving the

equations of motion (75) and (76) in a particular gauge with
respect to SOð3Þ gauge transformations. Following [1]
Eqs. (75) and (76) are equivalent to the flatness of two
connections ωa � ffiffiffiffiffiffijΛjp

ea, and in the condition (77) we
can set only one of them to zero since we need to require
det e ≠ 0. Since det e ≠ 0 we have the algebraic relations
(10) and (11), thus using these algebraic relations and
Eq. (73) we can show that Ea are divergenceless with
respect to det e,

∂μðdet eEμ
aÞ ¼ 0: ð78Þ

Therefore, the AdS3 metric can be encoded into Eqs. (78)
and (73) with γ ¼ ffiffiffiffiffiffijΛjp

for the vector frames.
Thus, to summarize: upon choice of a background

volume form Ω we can define the nonlocal action

SDCðEÞ ¼
ffiffiffiffiffiffijΛjp
2

hEa; Eai þ
1

6
ϵabchEa; fEb; Ecgi; ð79Þ

where E are divergenceless vector fields with respect
to Ω. This action is extremized on E’s which satisfy
fEa; Ebg ¼ ffiffiffiffiffiffijΛjp

ϵab
cEc. Moreover, on-shell Ω is equal

to ðdet eÞdx1 ∧ dx2 ∧ dx3 up to an overall constant, and
the solutions to these equations can be mapped to solutions
to Eqs. (14)–(16).

Conclusion. In this paper we have presented a simple
motivation and derivation for the physical part of the
double copy theory of Chern-Simons theory. This discus-
sion clarifies the relation of the double copy theory to
gravity in simple terms in the context of 3D gravity. This
work is complementary to our previous work [7], but here
we avoided any reference to the BV formalism and other
formal constructions. Some of these ideas have a straight-
forward generalization to higher-dimensional topological
gravities.
The fact that 3D gravity can be recast as a real analog of

the Kodaira-Spencer theory with a 6D origin suggests that
the double copy theory is closely related to string field
theory of some 2D model (e.g., 2D Poisson sigma model
with 6D target). We leave the details of this observation for
a future publication.
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