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Quantum fields in boson star spacetime
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Boson stars have been extensively studied in classical gravity, but their quantum properties remain
comparatively unexplored. In this paper, we compute the quantum scalar fields and stress tensor in boson
star spacetimes within the framework of semiclassical gravity. Divergences are regularized using Pauli-
Villars fields, and accurate numerical results are obtained through spectral methods. Employing coherent
states enables a direct comparison between the classical part of the stress tensor and the quantum
fluctuation. Our results indicate that strong spacetime curvature is the primary source of large quantum
effects. The renormalized quantum energy density is mostly positive but the radial pressure is negative,
suggesting that classical boson star solutions require modification once quantum effects are included.
Moreover, in regimes of large curvature, the quantum fluctuations can constitute a significant fraction of the
total stress tensor. The methods developed here can be generalized to other compact objects and used to

study their response to quantum corrections.
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I. INTRODUCTION

General relativity provides an accurate description of the
large-scale structure of spacetime, while quantum field
theory describes matter with unprecedented precision. It is
appealing to combine these two theories and investigate
how spacetime geometry and quantum effects affect one
another. Semiclassical gravity is such an attempt. It treats
the metric as a classical field while matter is treated
quantum mechanically; the metric affects matter through
its covariant equation of motion, and matter backreacts to
the metric through the expectation value of its quantum
stress tensor in Finstein’s equation. Although not a quan-
tum gravity theory, semiclassical gravity is well suited for
studying quantum effects in strong gravitational environ-
ments away from gravitational singularities, where fully
quantized gravity is not yet required [1-6].

Studying quantum effects in curved spacetime has
produced fruitful achievements. One example is cosmo-
logical particle creation [7], where the expansion of the
Universe generates particles from the vacuum. The result-
ing vacuum fluctuations [8] serve as the seeds for the
structure of the present Universe. Another example is
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Hawking radiation [9], which predicts that black holes
can evaporate by emitting particles. This gives rise to the
information loss paradox [10], raising the question of
whether quantum information falling into a black hole is
destroyed or preserved.

Beyond these prestigious topics, semiclassical gravity
has been applied to study fluid stars [11]. These fluid stars
are found to be quite different from their counterparts in
fully classical theory [12-16], which exhibit negative
energy densities within their surfaces and compactness
exceeding the Buchdahl limit [17]. This research shows that
semiclassical effects can significantly change stellar sol-
utions and reveal more exotic properties. Semiclassical
gravity has also been used to study gravitational collapse
[18-27], quantum superradiance [28-33], oscillating stars
[34] and many other topics.

Similarly to fluid stars, boson stars are another class of
spherically symmetric, gravitationally bound objects, which
are made entirely of bosonic fields [35]. Depending on the
field mass and its couplings, boson stars can reach macro-
scopic mass and size, and exhibit large compactness. They
have broad astrophysical relevance, including as dark matter
candidates [36—40] and as compact mimickers to black holes
[41-45]. The gravitational waves they radiate can be used to
constrain the mass of new particles [46]. Recent studies show
that they can form composite structures [47-50] and super-
radiate scalar waves [51-53].

Although the majority of research studies boson stars in a
classical context, their quantum properties have been con-
tinuously investigated since their discovery [54]. They were
first studied in the ground state [55-57], and then in the
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combination of the ground state and the first few radially
excited states [58-60], which are shown to be stable and
better reproduce galactic rotation curves. Reference [61]
generalized these works and found several examples of the
multi-# multistate boson stars in semiclassical gravity.
However, in addition to that these works mainly focus on
theory with a single real scalar field and states with definite
particle numbers, which do not resemble classical dynamics
very well, the regularization method they use to compute
stress tensor is normal ordering, which breaks diffeomor-
phism invariance in curved spacetime.' Consequently, the
quantum fluctuation energy is dropped, which has an
obvious influence in curved spacetime, as we will demon-
strate later.

In this paper, we study the quantum effects in boson stars
using improved methods. Computing the renormalized
stress tensor in curved spacetime is generally challenging,
because infinitely many quantum mode functions are
involved, which typically lack analytic expressions. We
use the Pauli-Villars regularization method [63]. By intro-
ducing additional ghost fields with specific masses and
opposite energy contribution into the Lagrangian, the
divergences in large momentum are regularized. The
resultant quartic and quadratic divergences from the large
masses of the ghost fields are then absorbed into the
cosmological constant and Newton’s gravitational constant,
leaving behind only logarithmic divergences.

The diffeomorphism invariance is manifestly preserved
as a result of the Lagrangian being a Lorentz scalar.
Moreover, this method is suitable for numerical calculation,
because the regularization is implemented at the level of
summing each set of modes, before the integration of
momentum is performed. It can be readily generalized to
other curved spacetimes, including dynamical ones. The
Pauli-Villars method has been used in computing stress
tensor [64,65], black hole entropy [66], cosmological
correlations [67], and so on in curved spacetimes. In
particular, it is used in simulating gravitational collapse
[23,25,26], where the Choptuik scaling law [68] of critical
collapse is compared in the classical and quantum cases.

Another improvement in our paper is the use of coherent
states, which are eigenstates of the annihilation operator
and minimize the uncertainty relation. In such states, the
stress tensor can be naturally split into a classical part and a
quantum fluctuation. The classical part follows the form of
the stress tensor of a classical boson star, while the quantum
fluctuation provides corrections to it; this decomposition
provides a good basis for studying the differences between
classical and quantum solutions. For a comprehensive
review of the properties of coherent states, see Ref. [69].

'Recently, [62] studied semiclassical boson stars using a
Hamiltonian version of the semiclassical Einstein equation.
Rather than specifying a quantum state, the expectation values
of the scalar field are specified to denote a bounded configuration.

The stress tensor is obtained numerically. We divide this
problem into two stages: the metric is computed by solving
the classical Einstein equation using the Newton-Raphson
method [70], while the quantum fields are solved as a linear
eigenproblem, both are solved on lattices. We adopt
spectral methods to approximate the derivatives [71,72],
whose numerical error has an exponential decrease as the
number of grid points increases. Spectral methods have
seen rapid adoption in numerical relativity during recent
years; see Ref. [73] for a review.

The paper is organized as follows. In Sec. II, we first
introduce how to quantize the field in curved static spacetime.
Next we introduce the boson star solution of the classical
Einstein equation. We then apply our model to coherent
states, and focus on quantum fields in a spherically sym-
metric spacetime. Finally, we describe the regularization and
renormalization scheme we use, where the regularization
conditions are derived in Appendix A. In Sec. III, we first
introduce the numerical setup, which extensively uses the
spectral method described in Appendix B. We then solve the
boson star metrics, in which we compute quantum mode
functions. Afterward, we evaluate the stress tensor by
computing the contribution of these mode functions. The
relationship between the stress tensor and curvature, and the
proportion of the quantum fluctuation within the stress tensor
are studied. In Sec. IV, we summarize our results. Finally, we
discuss the backreaction to spacetime and extensions of our
method to other compact objects. We use natural units
h = ¢ = 1 throughout this paper. When denoting spacetime
indices, Greek letters run from O to 3 and Latin letters run
from 1 to 3.

II. MODEL

In the following, we review field quantization in static
curved spacetimes (see, e.g., Refs. [1-6]). Next, we introduce
boson stars as classical solutions. Then, we construct
coherent states adapted to the symmetry of spherically
symmetric spacetimes, and discuss quantum fields in these
backgrounds. Finally, we specify the regularization and
renormalization scheme we use.

A. Quantization in curved spacetime

Canonical quantization proceeds analogously to the
Minkowski case, except that the metric is now generic.
The gravitational field is treated as a classical field. For a
static spacetime, we adopt the following form of the line
element

ds* = —a?(x)dr* + y;;(x)dx'dx/, (2.1)
where spherical coordinates {7,x} = {r,r,0, ¢} are used
for later convenience. This spacetime can be foliated by a
set of constant-7 spacelike hypersurfaces X, whose future-
directed unit normal vector is n* = (a~!,0). The lapse
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function a and the induced metric y,, = g,, + n,n, are
functions of the spatial coordinates x only, and the metric
determinants are related by /=g = a,/7.

The matter fields, by contrast, are quantum-mechanical
and represented by operators. We consider a set of real
scalar fields ¢ = {¢"},n=1,2,...,2N, with the same
mass y, whose Lagrangian density is

1 1
Ly = ﬁ(—iwm V=544 ¢), (22)

where V, is covariant derivative and ¢ - ¢ = ¢"¢"6,,,,. The
conjugate momentum is defined as

" = \/yn*V, ¢". (2.3)

Field quantization is performed in each hypersurface X and
the Hamiltonian takes the form

le-m 1 . 1
H—/zdiﬁa<57+§7/]vi¢'vj¢+§/“‘2¢'¢>-
(2.4)

By imposing the canonical commutation relations in each
hypersurface

[ (t.x). 2" (1.y)] = i&° (x = y)&™". [#" (t.x). " (1.y)]
= [7"(t,x), 7" (1,y)] = 0, (2:5)

we obtain the equation of motion for the scalar fields

—O¢" + u?¢" = 0. (2.6)
For solutions of the Klein-Gordon equation Eq. (2.6), we
define the scalar product

(Frofy) = —i /2 AZ T (F IV f5 = FiV ). (27)

where the subscripts /, J label different solutions. Although
the spacetime is curved, this equation still admits a set of
solutions associated to each momentum mode, which can
form an orthogonal and complete basis,” analogous to plane
waves in Minkowski spacetime. We therefore use the
subscripts 7, J to denote momentum modes, which become
a set of quantum numbers like those of the hydrogen atom,
and define positive-frequency modes

fi = e} (x),

! > 0; (2.8)

2Explicit examples in FRW spacetime can be found in
Appendix A.

thus f7* with a positive sign in the exponent are negative-
frequency modes. The orthogonality relations among these
modes are

(f%f?) = 51.Iv

( ;L*v 7*) = =0y,

(f7.15) =0.
(2.9)

For nonzero mass p # 0, the mode functions can be either
bound states with w} < p or scattering states with @} > p.

Using the set of complete mode functions, we can
expand the scalar fields

¢ =D ALfT+ AT ST

1

(2.10)

where the coefficients are the annihilation operator A} and
the creation operator A?T. These two operators are time-
independent. They satisfy the following commutation
relations
AP AT = 6,8m, [AP.AY = (AT AL =0, (2.11)
which can be shown equivalent to the commutation
relations in Eq. (2.5). The vacuum |0) is defined by
A7|0) =0, (2.12)

from which all states in the Hilbert space can be con-
structed. Although we use the Kronecker delta here, it is
easy to consider continuum labels, say k, by changing the
Kronecker delta §;; to the Dirac delta 6°(k; — k) and the
summation »_, to an integration [dk in these and
subsequent equations.

Semiclassical gravity combines the classical geometric
part and the quantum matter part to obtain the action

— R v vpo
S:/d“xw/—g(m%E—A—l-O(Rz,R” RmnRﬂp R;wpa))

+ Ly, (2.13)
where R is the Ricci scalar, 7ip = mp/+/87 is the reduced
Planck mass, mp = 1/\/6 is the Planck mass, and G is
Newton’s constant. In the above equation, we include the
cosmological constant A and higher-order curvature terms.
They are necessary to absorb divergences in quantum
expectation values, and their renormalized values match
observational values, as we will show later in Sec. II E. In
this paper, we ignore the higher-order curvature terms by
choosing the renormalization scale where their contribu-
tions are vanishing. Their dependence on the running of the
renormalization scale is only logarithmic, which is sub-
leading compared to those in A and /3, and thus is also
ignored.
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Varying the action Eq. (2.13), we obtain the semi-
classical Einstein equation

m%’G;w + Ag/w = <T;w>’ (214)

where the quantum stress tensor is

1
T;w = vyd) : vu¢ - Eg;w(v/{gb : V/I¢ + ﬂ2¢ : ¢)’ (215)

and (T,,) denotes its expectation value in a quantum state.
Formally Eq. (2.14) has the same structure as the classical
Einstein equation, but with the classical stress tensor
replaced by the expectation value of the quantum stress
tensor. The dependence on quantum states of the geometric
part on the left-hand side arises from the matter part on the
right-hand side, which can vary substantially in different
states. Quantum corrections to the metric are expected to be
large in strong gravitational environments, such as near
black holes and close to the big bang singularity.

B. Classical boson star

Before continuing with the discussion of quantum fields,
let us first consider the classical boson star. This is a self-
gravitating localized object composed of bosons, which is
regular everywhere, and the spacetime is static and asymp-
totically flat. Such solutions typically possess spherical
symmetry for stability, so the line element can be in general
written as

ds* = — sde + b(r)2dr* + rdQ?,

(s () (2.16)
where the metric functions b, s depend on the radial
coordinate r only, and dQ? = d6” + sin> 0d¢?. b and s
are regular functions and never vanish; asymptotic flatness
requires them to approach unity for large distances, while
the absence of a horizon implies that neither diverges
anywhere. The stress tensor satisfying the Einstein equation
is therefore diagonal but can be anisotropic, and the boson
star is an explicit example as we will see.

For the simplest boson star composed of a complex
scalar field [35], which is equivalent to the Lagrangian
equation (2.2) with two real scalars, no self-interaction
terms are present; the boson star is condensed by gravi-
tational attraction. The scalar fields satisfy the same Klein-
Gordon equation as in Eq. (2.6), and the stress tensor in the
Einstein equation Eq. (2.14) consists solely of classical
fields. The two fields evolve periodically

¢° = o(r) cos(wt), ¢ = —o(r)sin(wt), (2.17)
where w is the frequency and o is a real radial function, and
we rename the field indices for later convenience.

The classical stress tensor Tffy) has the same form as in

Eq. (2.15), but evaluated for classical fields. Using the

separation of variables in Eq. (2.17), the energy density p(),

radial pressure p(,c) and tangent pressure p§°> can be

written as
b%s? 1 1
o) _ 0(c) _ 2 2 2 2.2
pl =-T, ()—Ta’ o +2_l72(6/) TSR0
2.2
(© _ g b5t 5, 1 s 1,9
pr —T11<)—TCU c JFsz(U/) KO
¢ b2s? 1 1
pE)IT22(C):T33(C)= 5 w262_2b2(0/)2_§’u262,

(2.18)

where ’ denotes differentiation with respect to r. All off-

diagonal components vanish. Thus Tfﬁ,) is manifestly static
and spherically symmetric, consistent with the symmetry of
the spacetime. Additionally, the pressures differ in different
directions and vary with position, implying that the
spacetime is neither homogeneous nor isotropic, similar
to the Schwarzschild black hole.

The equations of motion become

b—b b

b= + 55 (=T + A),

2r 2m3

b2
s = _% (=T"© + 7,1()),
P

Y
o+ (— -2 s—) o+ P (52w — Yo =0, (2.19)

r N

where the cosmological constant is set to A =0.
Assuming a series solution near the origin, regularity
requires b~ 1+ byr? +---, sxsy+ s>+, and
6 X 6y + 0, + - - -, where the coefficients in the expan-
sions are constants. Asymptotic flatness demands
b(r - o) = s(r > o) = 1, so o vanishes at infinity. In
short, the four boundary conditions for Eq. (2.19) can be
chosen as

b(r=0)=1,

o(r - o) =0, d(r=0)=0,

(2.20)
with either s(r = 0) or o(r = 0) left as a free parameter to
determine the final boundary condition.

The symmetries in Eq. (2.19) allow the mass u to be
absorbed into dimensional quantities

ip = mp/,

(2.21)

7F=ru, ®=a/u, 6=o0/u,

where ~ denotes dimensionless quantities. Time-translation
invariance similarly allows the frequency w to be absorbed
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§=5a. (2.22)
Equivalently, we can set 4 = @ = 1 in Eq. (2.19). Lastly,
the Planck mass can be absorbed into the field

6 = &/imp, (2.23)
which implies that the metric functions b, s are invariant
under changes in mp. These variables will be useful when
we compute numerical solutions later in Sec. IIL.

For boson stars, key physical quantities include the mass,
radius, compactness, and curvature. To obtain the mass, we
can write the metric function the following way to define
the Misner-Sharp mass function m(r) [74]

2G
b(r)?=1- mir) (2.24)
r
3and the total mass is then
M = lim m(r) = /oo 4rrpl©dr. (2.25)
r—o0 0

To obtain the second equality, the Einstein equation is used.
One may also define the Komar mass using the timelike
Killing vector K# = (1, 0); for static spacetimes it equals to
the ADM mass, and both coincide with Eq. (2.25).

Boson stars do not possess well located surfaces; typically
the radius is defined to be where most of the mass is included.
For example,

R
0.99M = / Y 4nrp©dr (2.26)
0

defines the radius Rg9 where 99% of the total mass is
included. The compactness is the ratio of the mass to the
radius

_GM

C=—.
Ryg

(2.27)

Buchdahl’s theorem [17] states that the compactness of a
static, spherically symmetric matter configuration has an
upper limit GM /Ry < 4/9. The curvature of a classical
boson star can be represented by the trace of the stress tensor

-T 1 /2
R=—=— <—b2s20)202 + @ + 2/,4202> , (2.28)
mp  Mmp b

where the first equality follows from the Einstein equation.

3Some static and spherically symmetric metrics takes a similar
form to this, e.g., the Bardeen black hole [75]. However, for the
boson star m(r) is chosen such that no horizon exists, and the
metric components satisfy g,, # g,

C. Coherent state

In this section, we construct coherent states whose
expectation values of the stress tensor are static and
spherically symmetric. Therefore, the mode index can be
represented by three numbers I = (k, [, m). For brevity, we
temporarily omit the field indices.

In a free field theory, each momentum mode behaves as a
harmonic oscillator. For a given mode /, a coherent state is
obtained by displacing the vacuum

1) = Di(x1)|0). (2.29)

where

D (x1) = exp(riA] — xiA1) (2.30)
is the displacement operator, and y; is a complex parameter
designating the state.

It is easily seen that D; is a unitary operator

Dj(x1) = D' (1), (2.31)

and can be shown to satisfy the following relations [76]

D;(x1)AiD;(x1) = A + 11,

D} (x)AID(x)) = A} + x;- (2.32)
Using these relations, it can be shown that the coherent
state is an eigenstate of the annihilation operator with
eigenvalue y;

AII)(1> :){IIZI>~ (233)

In particular, the vacuum state |0) is a coherent state with
eigenvalue 0. The coherent state also saturates the uncer-
tainty relation between the field and its conjugate momen-
tum so that the quantum corrections are minimized.

When all modes are included, the full displacement
operator is

D(y) = Dy, ()(II)DIZ ()(12)---- (2.34)
Because operators associated with different modes com-
mute, the ordering on the right-hand side of the equation
can be arbitrary. The corresponding coherent state is
therefore

) = lrxr,---) = D()[0). (2.35)

The expectation value of the stress tensor Eq. (2.15) in
this coherent state is
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<Z|T;w|)(> = ZTﬂv(flafJ)O(|A1Al|)(> + Tuv(fhfj)(Z|A1Ajlx>

T
+ T (F7. £ XIATA) + T (f7, £3) | AT AT ). (2.36)
=V, V- %gﬂy(wq) Vi + 1) + ZTW(fz, f1): (2.37)
where
Tl f2) = Va1 Vol s = 50,91 Vol s+ 126, ) (2.33)
and

= lel +x1f1 (2.39)
T

is a classical field. The last term in Eq. (2.37) is the
quantum fluctuation which does not depend on the quan-
tum states; the remaining terms of the equation take
precisely the form of the classical stress tensor. As the
expectation value of the field is

wlole) = xifi+xif, (2.40)
1

it follows that ¢ is the mean field and the expectation value
of the stress tensor splits into the classical stress tensor from
the classical field ¢ plus the quantum fluctuation.

To ensure that the stress tensor expectation value is static
and spherically symmetric, the coherent state must satisfy
additional conditions, which fix the form of ¢. A simple
choice is to choose ' = @(r) cos(wt), p* = —¢(r) sin(wt),
consistent with a boson star solution. y; are then obtained
using the orthonormality relation in Eq. (2.9)

)(I:(go?fl)v )(7 :_<§0vf7> (241)
For this choice, it is directly seen that if m # 0 or [ # 0,
Him & [ Y™(0, ) sin(0)d0d¢ = 0, so only the radial
modes are excited. The staticity and spherical symmetry
of the quantum fluctuation will be proved in Sec. I D.

D. Spherically symmetric spacetime

We now return to the discussion of quantum fields. From
this point onward, we focus on spherically symmetric and
static spacetimes whose metric is given by Eq. (2.16).
Owing to the symmetries of this spacetime, the mode
functions can be separated as

f’; — 1 et le(r) y!lm (9’ (P),
r

V207,

(2.42)

where the quantum numbers are I = (k, 1, m) and Y™ are
spherical harmonics. The orthonormality relations in
Eq. (2.9) then give

/drbzsvzll(v}jzl)* = Ok (2.43)

where we have used

/d(p / d0sin 0 Yllml*(e’ (p)lemz (9’ (p) = 5111257"1"12'

(2.44)

From the equation of motion Eq. (2.52) we derive later, v},
can be chosen to be real.

To compare the quantum case with the classical sol-
utions, we consider two fields {¢%, #°}. The coherent
state, which minimizes the quantum uncertainty relation
and closely reproduces classical evolution, provides a
natural framework for this comparison. We have con-
structed the coherent state |y) adapted to the symmetries
of the spacetime in Sec. Il C. By design, its field expect-
ation values match the classical behavior in Eq. (2.17)

(18" x) = —o(r) sin(wr).
(2.45)

(" x) = o(r) cos(wr).

When expressed in terms of the mode functions, the
stress tensor naturally splits into a classical part and a
quantum fluctuation

Ty =TS + T3 (2.46)

where T,(fb) has exactly the same form as in the classical

solution, so it is static and spherically symmetric, and
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T = (0/T,|0) =

Zvyfl

is the quantum fluctuation. We define the quantum energy density p(@ and radial pressure p,

g,w(V f1-Vofi + 2 f1- f7) (2.47)

@ accordingly

(2.48)

A direct calculation shows that the quantum contribution is also static and spherically symmetric. For instance, the energy

density is

p(q> — i ﬂ <1 bZSZ(wn

47[ 20Y,

2 |UZI|2

TopPi+1) 1ol

kl

r? 2 2 r? 2 r2

+_ |U”/2 v (i) +”k1(vk1)
2b? 2 P

by using these two equations [77]

Z Ylm* 0, ¢)ylm(e )

m=—1

l
D VI (0. )V Y™ (0. ) = lz
-

m=—I

(2.49)

|”Zz|2
+ A

21+ 1
4z

I+ 1)(21+ 1)
T 4

(2.50)

After renormalization, the quantum fluctuation contribution remains finite, and changes the metric nontrivially through the

Einstein equation.

Due to the symmetry of the spacetime, not all components of the Einstein equation are independent. Specifically, we only

need to compute two equations in Eq. (2.14)

mpGo® + A =
mp(Gy’ = G') =

(Ty"),
(Ty°) -

(T,"), (2.51)

where the derivatives »’, s’ are separated in the above equations, as in Eq. (2.19). Equation (2.6) gives the equation that v},

must satisfy

2w s 120 s I(1+1)
n// _ = n/ - 4.2 2 _
+< b s)vkl+<r<b+s> + b5 @}y = b r?

Equation (2.52) is a linear equation with real coefficients,
so v}; can be chosen real. In contrast, Eq. (2.51) is highly
nonlinear. Specific values of the frequencies are required to
satisfy these eigenequations.
To solve Egs. (2.51) and (2.52), suitable boundary
conditions are needed. Asymptotic flatness requires
b(r - o) =1, s(r—- o) =1, (2.53)
and that v,/ r approaches a linear combination of spherical
Bessel functions of the first and second kind. Near the
origin, if we assume series solutions, we can find that

(2.52)

bz,uz) vy, = 0.

regularity implies b~ 1 + byr?> + -, s & 5 + 7% + -+ -,
and v}, ~ v, o't 4+, where the coefficients in the
expansions are constants. Thus, for Eq. (2.51), the boun-
dary conditions are

b(r=0)=1, s(r=0) = s, (2.54)

with s, a free parameter. The mass p and the frequency w
can still be absorbed, though this is not the case for the
frequencies of the mode functions wj;, which have infi-
nitely many values.
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Because boson stars are localized objects, it is possible to
study them by replacing the infinite spatial domain with a
finite space region without significantly affecting the
solutions. One way to do this is confining the scalar fields
within a spherical ball centered at the origin and imposing
Dirichlet boundary conditions

P (r=ry)=0s v} (r=ry) =0, (2.55)
where r), is the radius of the ball. If the radius r); is much
larger than the radius of the boson star, the results remain
unchanged, as we will show later in Sec. III. We thus adopt
the following boundary conditions for Eq. (2.52)

v (r=0) = v}, (r=ry) =0. (2.56)
With these boundary conditions, all the quantum numbers
{k,1,m} become discrete and we get a real discrete
spectrum for wjy,;, as guaranteed by the Sturm-Liouville
theory [78].

E. Regularization and renormalization

The expectation value of the stress tensor contains
quadratic terms of the same operators evaluated at the
same point, and is therefore divergent. We use the Pauli-
Villars method [63] to regularize the divergences. This
method incorporates more fields into the Lagrangian
equation (2.2), where half of them carry an overall minus
sign for their contribution to the Lagrangian. This implies
that in the stress tensor, their contributions are opposite.
When arranging the field masses to be specific values, the
divergences can be canceled.

These extra fields can be either fictitious fields as a
mathematical device to implement regularization, or other
physical fields with the desired properties. Despite this, we
refer to them collectively as ghost fields in this paper,
regardless of their origin. Additionally, their masses should
be large enough compared to the physical fields, so that the
dynamics of the physical fields is not affected. In a practical
sense, their masses should be sent to infinity at the end of
the calculation.

Consider a set of scalar fields {¢"", ¢, ¢!, ', ...}, with
mass {m", m% m!'" m' ...} respectively. All of them
satisfy the same equation of motion Eq. (2.6), and can be
expanded in the same way as Eq. (2.10). The fields with
indices beginning with even numbers contribute oppositely
to those with indices beginning with odd numbers. The full
stress tensor is the sum of all contributions

Ty =3 (DT},

n

(2.57)

where (n) denotes the numerical part of the index n. This
expression contains quartic, quadratic, and logarithmic

divergences; we renormalize the first two dominant contri-
butions, while the last one is neglected because it only has
weak dependence on the regulating Pauli-Villars mass.

The regularization conditions are derived explicitly in
FRW spacetime in Appendix A. The results are

(2.58)

where the first condition simply implies that half of the
fields contribute oppositely. Moreover,

(Tw) = (Tt + OAGw + 0M3Gp, (2.59)
where the divergent terms are defined by
-1
SA = Wzn:(_l)( )(m™)* Inm",
-1
oms = (2.60)

o D

which are identified as the counterterms in A and 7% when
we consider the renormalization in Eq. (2.63). It is worth
mentioning that these results are universal and the same in
different spacetimes, because divergences arise from short
distance physics, while all spacetimes look Minkowskian
locally, as shown in Egs. (2.58) and (2.60) that they only
depend on the field masses, not the metric.

Equation (2.58) admits infinitely many solutions if one is
free to incorporate fields arbitrarily. However, we choose to
use the minimum number of fields and impose simple
relations among their masses. For example, [23,25,26]
employ the following set of ghost masses for a real
massless physical field ¢°

mBZmlepv, m4:m2:\/§Mpv, mSZ\/ZMpv,
(2.61)

where the Pauli-Villars mass Mpy, controls the overall
magnitude of the ghost fields. Although choosing a differ-
ent solution is possible, the final results are the same after
the masses of the ghost fields are sent to infinity M py, — 0.

In our case of two physical fields {¢"", ¢*'} with the
same mass m" = y, we did not find a solution as simple as
in Eq. (2.61). Nevertheless, a numerical solution exists
which, in the limit m° — 0, is
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mlr MPV7

_m “ MPV’
\/7Mpv, Sl_\l Mpv, 262

where the Pauli-Villars mass Mpy is supposed to be much
larger than the physical field mass m°. This solution is
chosen to use the minimum number of ghost fields and to
keep the mass differences among these fields not large.
To implement the renormalization, we split each bare
parameter into a finite renormalized part and a counterterm.
The two parameters A = Ay, + A, G = G, +6G in
Einstein’s equation Eq. (2.14) are sufficient to absorb
the quartic and quadratic divergences. The renormalized
equation is
( )renG/u/ + Areng/w = <T/41/> - 5Ag;u/ 5mPG (263)
It follows that if the counterterms are chosen to be the
values in Eq. (2.60), the right-hand side becomes the finite
part of the stress tensor, which can be interpreted as the
renormalized stress tensor
<Tuu>ren =

<T;w>fin' (264)

Hence,

(7 )renGm/ + Areng;w - <pr>renv (2.65)
where all these renormalized quantities correspond to
physical, measurable values.” For static and asymptotically
flat spacetimes, it is reasonable to set A, = 0.

If the higher-order curvature terms are included, additional
terms appear in the semiclassical Einstein equation, which
can be collectively written as aH,,, where H,, is a purely
geometric tensor. The renormalization scale, i.e. Mpy, is
chosen such that the renormalized parameter vanishes
aren = 0. Choosing a different scale would shift this relation,
but éa is only logarithmically dependent on M py,, which is
subdominant compared to those in Eq. (2.60) and therefore
can be safely neglected [84]. Within this setup, the renor-
malized Einstein equation reduces to Eq. (2.65).

The renormalization only affects the divergent part in
Eq. (2.46), so we can define the renormalized quantum
fluctuation (T,),e,

<T/w>ren = Tl(jl:/) + (TL(}’))ren' (266)

The renormalized quantum energy density and radial
pressure can be defined as

‘A rigorous derivation of the renormalized stress tensor has
been obtained in algebraic quantum field theory [79-83].

(p(q))ren = _(TOO(q))ren’ (p(fq>)ren = (Tll(q))rem
(2.67)

which are the main objects to be computed in this paper,
and the associated counterterms are
Sp = =6\ — 6m3G,°, p, = 06N+ 6miG,l.  (2.68)
The ghost fields satisfy the same equation of motion as
the physical fields, though they have different masses. In
particular, the quantum fluctuations of their stress tensors
are static and spherically symmetric. Because the physical
fields already account for the entire classical part in
Eq. (2.46), we set the expectation values of the ghost
fields in the coherent state to be

xlg") =0,

which implies that these heavy fields are not excited and
contribute only the quantum fluctuations; their job is solely
to remove the ultraviolet divergences.

Among the various available regularization schemes, the
Pauli-Villars method has several advantages. First, it pre-
serves diffeomorphism invariance explicitly, because the
modification is applied at the level of the Lagrangian.
This is not the case for some methods, for example normal
ordering, though simple, is not a good way to explore curved
spacetime effects. Second, it does the regularization mode by
mode, which is highly suitable for numerical calculation
when analytic techniques are not feasible. Third, it can be
readily used in generic spacetimes, even if they are dynami-
cal. Finally, it is worth emphasizing that different regulari-
zation schemes could also be used, and equivalent physical
results should be obtained.

(n) > 0, (2.69)

III. QUANTUM FIELD AND STRESS TENSOR

In this section, we first discuss the numerical method we
use to solve for the classical boson star metric and the
quantum mode functions, whose results are reported later.
The stress tensor is obtained for a large range of solutions.
All quantities are dimensionless by multiplying appropriate
powers of the physical field mass y like in Eq. (2.21),
effectively 4 = 1, and we omit the ~ for simplicity. Readers
who are not interested in the numerical details can skip
Sec. IITA.

A. Numerical setup

To compute the stress tensor in a boson star spacetime,
we need to first solve Eq. (2.19) for the metric functions b,
s, which form a nonlinear system of equations, and then
solve Eq. (2.52) in the resulting background, which is a
linear eigenequation. Both problems are solved numeri-
cally, where derivatives are computed using the spectral
method [71,72], in which fields are represented using a set
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Quantum energy density from summation over different numbers of modes (upper) and extrapolation to the infinite-mode limit

using polynomials of different degrees (lower) for the maximum compactness boson star spacetime (left) and Minkowski spacetime

(right).

of orthogonal smooth basis functions on unevenly spaced
grids, Chebyshev grids. The differential equations then
become matrix equations, analogous to using the finite
difference method. The most significant advantage of the
spectral method is that numerical errors decrease exponen-
tially as the number of grid points increases, unlike the
finite difference method where errors decrease only as a
power law. Details of implementing the spectral method are
provided in Appendix B.

Given boundary conditions, the nonlinear Eq. (2.19) is
solved with the Newton-Raphson method [70], and the
linear Eq. (2.52) is solved by evaluating eigenvalues and
eigenfunctions of the matrices using standard techniques.
We start with the discussion of the linear eigenvalue
problem, which highlights more technical details.

As discussed in Sec. II D, the boundary conditions we
use are Eq. (2.56), which confine the scalar fields within a
finite spherical region. The eigenvalues of Eq. (2.52) are
therefore discrete, and the eigenfunctions can be distin-
guished by their number of zeros. The finite-size boundary
confining the scalar fields does not affect the physical
results, because the spacetime approaches Minkowski
spacetime rapidly at large r, and thus the stress tensor
outside r,, is well controlled. Moreover, the modification of
the boundary to the stress tensor occurs only near the

spherical surface and decays rapidly away from it [1].
We verify this explicitly later in Minkowski spacetime
(see Fig. 1).

For eigenfunctions with a large number of zeros,
equivalent to large eigenvalues w},, the functions oscillate
rapidly along the radial direction. To implement the spectral
method, the continuous interval should be replaced by
Chebyshev grids. Due to these rapid oscillations, it is
important both to use sufficiently many grid points and to
select a sphere of adequate size, so that the eigenfunctions
can be represented well on the grid. The radius ry; of the
sphere should be much larger than the size of the boson star,
which we choose to be r;; = 32; we have checked that the
results do not change significantly when varying the radius
to larger values. The number of grid points determines how
many modes can be included in the stress tensor calcu-
lation, and we use 3072 points so that more than 1200
modes with different k for each [/ can be used to compute
the stress tensor.

Unlike the scalar fields, the metric function b decays as a
power law (see Fig. 3), so a large interval is needed to
represent it accurately. We transform the infinite interval
re|0, o) to a finite compact interval x € [—1, 1] by com-
pressing the large r region using this coordinate trans-
formation
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ro(1 + x)

= 3.1
" 1 —x+2ry/rp (1)

When x = 1, r = rg, which is a finite number to avoid the
singularity at infinity, but is larger than the sphere confining
the scalar fields. The numerical value we took was rp =
2048 so that the error caused by this boundary is negligible
and effectively what we compactify is the infinite interval. r
controls how the interval is compressed and a large r(, implies
that the small » region is compressed more; the numerical
value we chose was ry = 4, so the boundary of the scalar
fields is located at x = 0.78.

With this finite interval and the boundary conditions in
Eq. (2.20), we solve Eq. (2.19) for classical boson stars via
the Newton-Raphson method. The resulting metric is then
used to solve for mode functions, as we showed previously.
The Chebyshev grids are used again, but in different
coordinates, thus any quantities computed in the r coor-
dinate should be transformed accordingly. In particular, the
stress tensor should be transformed. We will report most of
the results in the x coordinate, which magnifies the interior
region of the boson stars where the relevant physics occurs.

As discussed in Sec. I E, the Pauli-Villars ghost fields
are required to eliminate divergences, and their masses
should be sufficiently large. In our numerical setup
Mpy =5, meaning that the lightest ghost field is five
times heavier than the physical fields. Larger values of M py,
are possible, but more modes are required to compute the
stress tensor due to the increased mass hierarchy. We
checked the results with Mpy, =2, 3, 4, 5, 6, and all are
qualitatively identical. For consistency, we report results
with Mpy, = 5 throughout this paper.

A further numerical consideration is that only finitely
many modes can be included. Although the Pauli-Villars
method naturally preserves the diffeomorphism invariance,
truncating the momentum space sum breaks it. To restore
this symmetry, we compute the stress tensor with different
numbers of modes, say

-6
© \
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SQ.
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-14 ¢ 071
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-16 : : : :
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ks

ky Iy !

sk ) = 303" 3 YD Th G fi)
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(3.2)

adds all modes up to k =k, and [ =1[). The result
approaches the infinite-mode limit closer and closer as more
and more modes are involved, which provides an appropriate
basis for extrapolation. This process can be thought of as a
series expansion about (1/ky = 0,1/l = 0), and diffeo-
morphism is restored when this limit is reached.

Although (1/ky;, 1/1,) spans a two-dimensional param-
eter space, the problem can be simplified by restricting to a
single trajectory in this space, and a one-dimensional
extrapolation is more accurate and simpler to implement.
Specifically, we fix the ratio /);/k), to be a fixed number,
say 2, and the infinite-mode limit becomes 1/k; — O.
Some representative results are shown in the upper two
panels of Figs. 1 and 2. From the latter, one can clearly see
that the stress tensor at different spatial points converges
rapidly as kj, increases, while the former illustrates the
overall convergence in the central regions of the
spacetimes.

The extrapolation is implemented by fitting the large
momentum part of the stress tensor data with polynomials
in 1/k,, using the least squares method. Only even power
terms appear because the stress tensor only contains
quadratic terms of the momentum. In other words,

a u,2(x)
T (x; Ky, 2kyg) =y 0(x) + ”T
M
a/w.;l(x) . ayu.[;(x) (33)
Kt kg
for large k;;, and the coefficient
Gyuo(x) = lim T, (x: k. 2ky) (3.4)
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FIG. 2. Quantum energy density (left) and radial pressure (right) at fixed locations, obtained from summation over different numbers

of modes, for the maximum compactness boson star spacetime.
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is the limiting value. In the lower two panels of Fig. 1, the
data from k,; = 200 to k;; = 1200, including one thousand

Tﬁfy (x; kyr, 2kyr), is extrapolated using polynomials of

different degrees. Numerically, we find that polynomials
with different highest order p yield the same results (upon
neglecting the oscillations, which can be removed by the
averaging method described below), if p is within a
sequence of large consecutive integers; we use eighth-
order polynomials in practice.

Different 1,,/k,, ratios produce the same extrapolated
results, which we have checked numerically; since the
function is sufficiently smooth near the infinite-mode limit,
the results should be path-insensitive. Due to numerical
errors, the extrapolation curves show many oscillations,
which can be treated as error bars for our data. Although
including more modes can reduce these oscillations, it is
not likely to eliminate them completely. To mitigate these
numerical errors, we apply a final averaging to the
extrapolation data, which uses a Gaussian-weighted mov-
ing average method; a sample window covering a range of
ten oscillations is good enough to remove these oscilla-
tions. The final results are shown in the lower two panels in
Fig. 1 for the maximum compactness boson star metric and
the Minkowski metric, where for the former the energy
density is a smooth function of x and for the latter it is a
constant, which can be completely canceled by the cos-
mological constant in renormalization.

B. Boson star metric

The boson star metric is obtained by solving Eq. (2.19)
with A = 0. We assume ¢ to be a monotonically decreasing
function of r. As discussed in Sec. IIB, this system
contains only one free parameter which can be chosen
as sy, 0g, @ and so on. However, not all of these choices

provide a single-valued mapping to the solutions; for
example, multiple boson star solutions can correspond to
the same frequency w. In this paper, we adopt the value at
the origin §, = sgw defined in Eq. (2.22) as the unique free
parameter, which establishes a monotonic correspondence
with the solutions (see Fig. 4).

Figure 3 presents two representative solutions in the
compact coordinate Eq. (3.1). The blue curve corresponds
to the maximum mass solution, while the red curve
corresponds to the maximum compactness solution. The
metric function b approaches unity at both x = —1 and
x =1, consistent with the condition of regularity at the
origin and asymptotic flatness at infinity, and becomes
larger than unity within the interior region. § is a decreasing
function of x and approaches the frequency w rapidly,
implying that s approaches unity rapidly, as required for
asymptotic flatness. The lower left panel displays the
localized scalar field profile, and the final panel shows
the monotonically increasing mass function m(x), which
attains the total mass as the scalar field vanishes.

A comparison of the two solutions shows that all the
fields of the maximum compactness solution are concen-
trated more tightly near the origin. The metric and the scalar
field exhibit greater variations in their values. Although the
mass function of this solution finally reaches a smaller
value than that of the maximum mass solution, its radius is
significantly reduced, resulting in a larger compactness.

Figure 4 illustrates how the mass, radius and compact-
ness vary across the family of solutions. In the upper two
panels, the horizontal axis is §;. One finds that §, is a
monotonic parameter and can effectively denote different
solutions. The mass (light blue curve) increases rapidly as
So deviates from wunity, which corresponds to the
Minkowski limit; the maximum mass solution in Fig. 3
occurs at §, = 1.24. Beyond this point, the mass decreases
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FIG. 4. Mass, radius, and compactness of classical boson stars. The upper two panels use the monotonic parameter §, as their

horizontal axes, while the lower two panels use the frequency .

until it reaches a minimum point, and it finally varies
slowly around a constant value.

The radius (orange curve) exhibits a similar but opposite
trend. It decreases initially and increases after a point on the
right of the maximum mass point. It finally varies slowly
around a constant value. The compactness follows a pattern
very similar to the mass, but the maximum compactness
solution in Fig. 3 is reached later than the maximum mass
point, at §, = 1.92. This is clearly from the mismatch of the
mass and the radius, reaching extreme points at different ),
which ultimately stems from the nonlinearity of the system.

The lower two panels show the same quantities, but with
the horizontal axis replaced by the frequency @. The mass
increases from O near the lower right corner, and forms a
contracting spiral approaching a fixed point in the center.

11
—12 ]
1.3
—14 |
15
—16

Ricci scalar of classical boson stars.

The radius also traces a spiral but it decreases initially,
while the compactness exhibits a noticeably eccentric
spiral. These imply that @ is not a monotonic parameter
as §, and solutions with different mass can possess the same
. However, we include these two panels to facilitate
comparison with earlier work.

In addition to the mass and compactness, the Ricci scalar
R is another important characteristic of boson star geom-
etries, which quantifies the degree of spacetime curvature.
Figure 5 shows the Ricci scalar for several solutions with
different §. For small 5, R is localized near the center and
its magnitude is small. As § increases, R becomes larger
but it is no longer a monotonic function; the maximum
point shifts to x = —0.5. For larger values of §,, R near the
center becomes increasingly negative, and the maximum
absolute value of R is again attained in the center.

This behavior continues for larger §,, and the maximum
absolute value located in the center keeps increasing
without apparent bound and becomes much larger than
its value elsewhere. This is in contrast with other quantities
such as the mass and compactness, which remain bounded
and undergo alternating increases and decreases. Later in
Sec. [II D, we will show that the curvature is directly related
to the magnitude of quantum effects and thus serves as a
reliable measure for them.

C. Mode functions

The mode functions are obtained by solving the linear
eigenequation Eq. (2.52) with the metric held fixed. Due to
the boundary conditions Eq. (2.56), the eigenfrequencies
are positive and discrete, and the eigenfunction can be
chosen to be real. The eigenfunctions can be further listed
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FIG. 6. Frequency spectra for the physical field (left) and the most massive ghost field (right) in the metric with maximum

compactness.

according to the number of zeros within the interval; the
first one has no zeros, and the subsequent ones exhibit an
consecutively increasing number of zeros, analogous to the
case of hydrogen atom.

Figure 6 displays the frequency spectra for two repre-
sentative fields with different masses, one light and the
other one very heavy, which correspond to the physical
field and the most massive ghost field respectively.
Although the spectrum depends on two quantum numbers
k and I, we fix the ratio I/k = 2 for illustration, because
increasing either of them leads to high momentum modes.
The qualitative behaviors are similar in both cases. The
frequency increases monotonically with k& and quickly
exceeds the mass threshold (gray line). In the large
momentum regime, the frequency follows a straight line,

p

g
T

r

0.5

o

0.5

0.6~
0.3r

-0.3-
-06¢

which is not sensitive to the field mass as the momentum
already dominates.

The insets show enlarged views of the first few frequen-
cies of the spectra. For the massive field, several frequen-
cies lie below the mass threshold, corresponding to bound
modes that decay exponentially away from the center.
Modes with frequencies exceeding the mass are scattering
modes and their derivatives at the outer boundary are not
zero, though they satisfy the Dirichlet boundary conditions
there (see Fig. 7). Owing to the finite interval, the mass
does not provide a sharp separation between bound modes
and scattering modes, and some modes slightly below the
mass behave as scattering states, as indicated by their
oscillatory behavior near the boundary. However, this
distinction becomes negligible in the infinite-volume limit

‘v} =9
L A AVAVAVAVAYS

—k =150

N

20 25 30

FIG. 7. Mode functions v;; with various k and [ of the physical field (left) and the most massive ghost field (right) in the metric with

maximum compactness.
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and does not affect the numerical results presented here. As
expected, the massive field supports a significantly larger
number of bound states than the light field.

Representative mode functions vy; with various k and [
are shown in Fig. 7; to illustrate the behavior of scattering
modes more clearly, we present the results in the r
coordinate. Taking the first panel as an example, where
[ = 0, it shows that the k = 2 mode is bound while the
k = 10 and k = 50 modes are both scattering, and exhibit
trigonometric oscillation patterns at larger ». As [ increases,
the functions develop an increasingly large region near the
center where they vanish. For the massive field, the bound
modes decay more rapidly at larger r. In the large / regime,
say [ =99, the mode functions of the different fields
become nearly indistinguishable (note that adding an
overall minus sign does not change the mode functions
because they enter the stress tensor quadratically).

Although the results in this subsection are all obtained
using the metric with maximum compactness, other boson
star metrics produce qualitatively similar spectra and mode
function behavior.

D. Stress tensor

As discussed in Sec. III B, the only parameter in this
system that changes the physical properties of the solutions
is 3y, we therefore focus on how the stress tensor varies as
5o is changed.

Figure 8 shows the bare quantum energy density and
radial pressure defined in Eq. (2.48) for a set of solutions
with different 5, obtained by extrapolating to the infinite-
mode limit. The left panel shows the energy density, whose
bare value is negative. When the boson star spacetime is
close to Minkowski spacetime (small 5), the energy
density is nearly constant as a function of x. As §
increases, the minimum value in the center becomes
increasingly negative, reflecting the growing influence
caused by the curved spacetime. However, far from the

30 |
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Bare quantum energy density and radial pressure.

boson star, the spacetimes become asymptotically flat, and
the quantum effects become negligible for all solutions.

The behavior of the radial pressure is similar, except that
its bare value is positive. The value in the center becomes
smaller as §, increases. Far from the center, the spacetimes
become flat and the quantum effects vanish. The energy
density and pressure approach a value that is equal in
magnitude (~9.65), but opposite in sign, indicating that
they can be canceled by a single cosmological constant, and
the resultant Minkowski vacuum energy and pressure
vanish, as expected.

In the renormalization procedure, the counterterm is
subtracted from the bare stress tensor as in Eq. (2.63).
Figure 9 compares these two quantities for several repre-
sentative solutions; each bare tensor is shown with solid
lines, while the counterterm associated with this bare tensor
is plotted in dashed lines of similar color. The counterterm
is different from the bare tensor near the origin, whereas
they are the same for large x. Also, it can be seen that for
small 5, the solid line and the dashed line nearly coincide,
implying that the renormalized tensor is approximately
zero. Their discrepancy in the center grows monotonically
as 3, increases, leading to a larger renormalized quantum
stress tensor.

It is instructive to consider the reason for this enhance-
ment. Although one might expect the mass to play this role,
the solution with the largest mass §, = 1.2 exhibits the
most indistinguishable quantum effect among the four
examples. A similar conclusion applies to the case of
compactness, where the §, = 1.9 solution has the largest
compactness, but the quantum effect of §, = 2.3 is clearly
stronger. A more appropriate quantity is the Ricci scalar R,
as shown in Fig. 5 that its maximum absolute value is a
monotonically increasing quantity of 5, indicating that
larger curvature induces a larger quantum fluctuation in
stress tensor.

The renormalized quantum stress tensor in Eq. (2.67) is
presented in Fig. 10. The energy density is positive over
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FIG. 10. Renormalized quantum energy density and radial pressure.

most of the region and its center value becomes larger as the
curvature grows. A region of small negative energy density
is around the central region near x = —0.6, which we
interpret as an indication that the classical boson star is
close to, but not exactly, a self-consistent solution of the
semiclassical Einstein equation once quantum backreaction
on the metric is taken into account. In contrast, the radial
pressure is negative, with a magnitude that increases for
larger curvature. This negative pressure suggests that the
quantum backreaction tends to reduce the stability of the
spacetime, and the classical configuration would be modi-
fied to reach an equilibrium state.

Using the central value of the renormalized quantum
energy density as a measure of the magnitude of quantum
effects, we can investigate the key influencing factors.
Figure 11 shows the renormalized quantum energy in the
center and the maximum absolute value of the Ricci scalar
as functions of §). Both quantities increase monotonically
as §y and exhibit very similar growth patterns. This strong
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FIG. 11. Renormalized quantum energy density in the center

and the maximum of the Ricci scalar.
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FIG. 12. Classical part and quantum fluctuation of the energy density and radial pressure.

correlation supports the conclusion that spacetime curva-
ture is the primary factor that controls the size of quantum
effects.

Figure 12 compares the classical part and the quantum
fluctuation of the stress tensor, assuming the Planck mass
(mp),en = 1. Both the classical part and quantum fluc-
tuation of the energy density are positive, while the
quantum fluctuation of the radial pressure is negative,
opposite to the classical part. For small curvature, the
quantum fluctuation is much smaller than the classical part.
However, as the curvature increases, it becomes compa-
rable in magnitude. This demonstrates that even in a
coherent state, the quantum state most closely resembling
to classical physics, quantum effects can become signifi-
cant in strongly curved spacetimes.

Focusing on the radial pressure and the energy density of
a single boson star, Fig. 13 shows their relation at different
radial positions inside the boson star with §, = 1.9, whose

0.04 T T T T
0.037 Rl 1
£0.02] 1
0.01} a 1

classical
- - -total
0 1 1 1 1
0 0.02 0.04 0.06 0.08 0.1
p
FIG. 13. Relation between radial pressure and energy density at

different radial positions inside the boson star with §, = 1.9, for
the classical part and the total part of the stress tensor. Both
quantities are close to zero near the surface and increase toward
the center, where they reach their maximum values.

radius is defined in Eq. (2.26). For the classical part, the
radial pressure increases with the energy density, both
vanishing at the surface and reaching maxima in the center.
A numerical fit shows that this relation is well described by
a polytropic form p\° = 1.16(p(©))!126, When quantum
fluctuations are included, the relation between the total
radial pressure and total energy density becomes closer to
linear, with a fit (p,)e = 0.5(pren)' %, indicating a
reduced exponent. Similar behavior is observed for other
solutions; although the numerical coefficients vary, the
exponent decreases once quantum effects are included.
This suggests that quantum effects effectively soften the
equation of state, reducing the pressure for a given energy
density and potentially leading to less massive configura-
tions. However, since backreaction has not yet been
incorporated into the semiclassical Einstein equation, the
properties of fully self-consistent solutions remain to be
determined.

Lastly, we comment on the dependence of the results on
the Pauli-Villars mass M py,. Increasing M py, enhances both
the bare stress tensor and the counterterms in magnitude,
and the renormalized quantum stress tensor is also larger.
The dependence of the central energy density and radial
pressure is shown in Fig. 14, exhibiting approximately
linear behavior with slight curvature. Since only the leading
quartic and quadratic divergences are subtracted, we do not
expect the results converge in the large mass limit. It is not
clear whether the data is a part of a logarithmic dependence,
because larger masses are beyond our numerical capability
at the current stage. Although the logarithmic correction is
subdominant, including it may improve convergence,
which we will investigate in future work.

Nevertheless, the qualitative features remain unchanged
for different Mpy; the renormalized quantum energy
density is mostly positive, and increases with curvature,
while the renormalized radial pressure is negative, and
decreases further as curvature grows. The small negative
energy density region around the boson star persists. In the
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Mpy

FIG. 14. Dependence of the renormalized quantum energy
density and radial pressure in the center on the Pauli-Villars
mass for the maximum compactness boson star with §, = 1.92.

limit x — 1, both (p@),, and (p\?),., vanish no matter

how large Mpy is, consistent with an asymptotically flat
spacetime.

IV. SUMMARY AND OUTLOOK

In this work, we compute quantum scalar fields and their
stress tensor in coherent states in boson star spacetimes,
where the metric is treated classically but matter fields are
quantized. Using the Pauli-Villars method, diffeomorphism
invariance is manifestly preserved and the regularization
applies to each set of momentum modes, suitable for
numerical calculation. The quantum mode functions are
then evaluated using the spectral method, providing high
numerical accuracy. The stress tensor in coherent states is
obtained by summing over these modes and shown to
converge as the number of included modes increases. A
final extrapolation and averaging are used to reach the
infinite-mode limit.

The spectrum of the mode functions contains both bound
states and scattering states, with frequencies that scale
linearly at large momentum. Contributions to the stress
tensor from quantum fluctuations are obtained, which
cannot be simply neglected in curved spacetime. The
renormalized quantum energy density is predominantly
positive, while the radial pressure exhibits negative con-
tribution, with both effects becoming larger near the center
of the boson star. We identify that the main source for large
quantum effects is the strong spacetime curvature, not
relevant directly to the boson star’s mass or compactness.
Consequently, sizable quantum effects may occur even in
systems without superheavy objects. Furthermore, by
comparing the quantum stress tensor with the classical
counterpart, we find that they can become comparable in
the strong curvature cases.

Our results indicate that classical boson stars can receive
substantial quantum corrections. To identify gravitating
equilibrium objects in semiclassical gravity, the backreac-
tion of the quantum stress tensor to the spacetime must be
included. Our method has the potential to find these
solutions through an iteration procedure. This means that
we insert the obtained quantum stress tensor into the
semiclassical Einstein equation, and solve the metric
functions and the classical fields using the Newton-
Raphson method, like what we do to find the classical
boson star solutions. The resulting metric would then be
used to compute new mode functions and stress tensor. We
are currently investigating whether repeating this process
yields a self-consistent semiclassical boson star solution.

Such semiclassical boson star solutions may display
many intriguing properties. Previous studies suggest that
quantum corrections can increase compactness of gravita-
tional objects [12—-15], in some cases even exceeding the
Buchdahl limit. Whether similar behavior occurs for boson
stars remains an interesting open question, and may have
implications in the quest for black hole mimickers. Work in
this direction is currently underway.

Finally, our method can be readily extended to other
compact objects, especially those lacking analytical sol-
utions. Although in this paper some boson stars we study
have §, larger than that of the maximum mass solution,
which are dynamically unstable [85], many other compact
objects can reach strong-curvature regimes while remaining
stable. Examples include scalar boson stars with a self-
interaction potential [86,87] and boson stars composed of
vector fields [88], both of which can attain higher masses,
compactness, and curvature than the free scalar case studied
here. In addition, stability is not directly tied to the size of
quantum corrections, and thus our results remain broadly
applicable. We leave the exploration of these generaliza-
tions to future work.
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APPENDIX A: PAULI-VILLARS
REGULARIZATION CONDITIONS

In this section, we derive the Pauli-Villars regularization
conditions in Friedmann-Robertson-Walker (FRW) space-
time, where adiabatic solutions exist. A theory exhibits the
same structure of ultraviolet divergences in all spacetimes,
since these divergences are only sensitive to small scale
physics and all spacetimes are locally Minkowskian. We
are therefore able to compute the Pauli-Villars regulariza-
tion conditions and the counterterms through the adiabatic
expansion [90], which is among the most efficient methods
for implementing regularization and renormalization in
curved spacetimes, and then apply them to other space-
times. The same results can also be obtained using other
methods, such as the point-splitting regularization [91], and
physical results are irrelevant of what regularization
method is used. The calculation is performed up to second
order in the adiabatic expansion [26]. We also compare the
results with those of Minkowski spacetime.

The line element of FRW spacetime is

ds2 = —dtz + az(t)ﬁijdxidxj, (Al)
where Cartesian coordinates are used and a(r) denotes the
scale factor. The nonvanishing components of the Einstein
tensor are

S8

a

GOO =3— s Gi = 5[,’(—6-12 - 2610) (AZ)
a .

J
The spacetime can still be foliated by a set of constant-¢
spacelike hypersurfaces with unit normal vector n* = (1,0),
owing to spatial homogeneity and isotropy, where canonical
quantization is performed. The matter part is unchanged as it
is in the main text, and both the physical fields and the ghost
fields satisfy the Klein-Gordon equation. For clarity, we first
consider one single field and include all fields when
implementing the regularization.

By requiring that the spacetime approaches Minkowski
space a(t) — ap as t > —oo (or +o0), the field can be
expanded as

e—iwthrip-x
fr=—t
(2may)*2w,

¢ = /d3p(Apfp +H.c.),

(A3)

where H.c. denotes the Hermitian conjugate, and the
dispersion relation becomes

2
> P 2
w; = + uc.
R H

(A4)

It is straightforward to prove that the orthonormality
relations on each hypersurface

(fpf) =FP®-a).  (fp.fa)=0. (AS)
Because the scalar product is conserved in time, these
relations remain valid even when the spacetime deviates
from Minkowski space [5]. Consequently, the field expan-
sion remains valid with the same time-independent A, the
commutation relation is invariant
[4,. A8 =8 (p ~q). (A6)
and the adiabatic vacuum |0,4) satisfies A,|0,) = 0. This is
equivalent to the commutation relation between the field
and its conjugate momentum
[#(t.x). 7(t.y)] = i5°(x - y). (A7)
At any fixed time, spatial symmetry allows the mode
function to be expressed in the following form

fp = up(t)eP*. (A8)
The equation of motion for u,(t) is then
iy + 3 ity + w0 (1)1, = 0. (A9)
where the frequency is defined by
2 pr’ 2
£) = : A10
w, (1) (1) +u (A10)

We suppress the subscript and write @ = @, in the
following. From the above equation, one can derive the
following relations

2 a

S g
@@ ( M)a,

a aZ aZ(a)Z_’uZ)Z
o= [~ 438 Y@ o) - TR Al
oo = (=235 )@ - - 5 (A11)

If the spacetime evolves slowly, Eq. (A9) can be solved
using the WKB method [90]

(1) = 1 e—if‘ W, ()i
(2ma(1))*2W, (1)

(A12)

We also denote W = W,,. W(z) satisfies

>An adiabatic parameter 7" can be introduced to act as a small
parameter for the WKB method, with 7 = 1 imposed at the end
of the calculation. The adiabatic order is therefore equal to the
number of time derivatives.
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Wiog2_o4_3 EALA (A13)

which can be solved iteratively. At zeroth adiabatic order one has (W,)? = w?, where the subscript represents the adiabatic
order. Substituting it into the right-hand side of Eq. (A13) yields, to the next order,

207+t i 4ot + 4o’ - S5m* a?
W2 (Wo)2+ (Wy)? +- = a® — ST o St (A14)

The nonvanishing vacuum expectation values of the stress-energy tensor can be expressed as

1/, P’
p = (04|T00|04) :4ﬂ/dPP2§ <|”p|2 +?|”p|2+/"2|up|2>’

1 .. 1 1
pa* = §5U<OA|TU|0A> = §4ﬂ/ dPPZE (3a?|ity|* = p?|up|* — 3a*u*|uy,|?). (A15)

Using Eq. (A12), one finds

1W? 9a® 3aWw
g2 — (22 2% L 2e 2y - Al6
g (4 w2 a2 T aaw T > (2a)2W (A16)
To the required adiabatic order,
I 1 (W,)? oW,
—x (W) 1-2 , — . Al7
4 (Wo) ( 2(Wy)? W W, (A17)
We therefore obtain
1 1a* (20 + u?)?
=-—— [ dpp* s, Al8
P 47‘[2613/ PP <w—|— 8 a? @’ (A18)

1 1 a2 (2p?/a* + 3u?)?
T A2d / dpp* (\/p2/a2 + o+ §?—(p2/a2 +//l2)5/2>’ (A19)

11 p’a’ 1a? 20* + p?)20* — 0?y? +5m*)  20* + p?)? i

8 a? ° 40*  a

1 / p’a’ 2 /a2 1 1a® (2p*/a® +3p%)(2p*/a* +3(p*/a® )i + 6m*)  (2p* +34%)* a (A21)
73 p 82 02/a® + o) 422+ p2)a)
The resulting momentum integrals are divergent.

To implement regularization, we now includes all fields, including the Pauli-Villars ghost fields. Introducing an
ultraviolet cutoff M for the momentum integration,6 one obtains

(’Altematively, one can perform the summation over fields before the momentum integration, in which case it is not necessary to
introduce the cutoff M; the regularization is thus cutoff-independent [92] and preserves diffeomorphism invariance.
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n\4 mh 4 n\6
ﬂ: P = Z { + ( ) + 8 4 n (mn)Z + M2
a2 (mn)Z (mn)Q 4M2 (mn)4
— |M? - 1 o , A22
i = <M2 )} 42
1 1 T(mM*  3(mM*. AM? (m")®
2,2 _ n 2| 4 20 pm\2
47*pa 75211:(_1)( )Z{a {M M*(m")* — 5 + 1 In oL + Ve
7(mn)2 (mn)4 4M2 (mn)4
2 \m? 1 0
Ta [ T3 2 e O\
4(mn)2 (mn)4 4M2 (mn)4
2ai | —M? - 1 . A23
+ aa[ +—3 5 In CaE +0 e (A23)
Cancellation of the quartic, quadratic, and logarithmic divergences requires the following conditions
Y (Enm=0, Y (=DWm2=0, Y (=1)"(m")*=0. (A24)

n n

Because the Pauli-Villars mass should be sent to infinity,
the remaining terms still diverge. Following the spirit of
adiabatic subtraction [90], if divergences appear at a given
adiabatic order, the whole order should be subtracted.
Accordingly, we define

(Too)sin = (Too) = goodA — Goodiip,  (A25)
8T j)n = 0"(T ;) — g/'6A — G'6m,  (A26)
where the divergent terms are given by
32”2 Z )*1In m",
simd = prp Z ")21n m" (A27)

They are identified as counterterms and absorbed into the
bare cosmological constant and the bare Planck mass
respectively during renormalization.

These results Eqs. (A24) and (A27) are universal and can
be applied directly to other spacetimes. If higher adiabatic
orders are included, additional coupling constants associ-
ated with squared curvature terms are required to absorb the
corresponding divergences. Since the renormalization scale
is chosen where such contributions are vanishing and their
scale dependence is only logarithmic and therefore sub-
leading compared to those in SA,&m3, they are not
considered further here [84].

Lastly, we consider the case of Minkowski spacetime.
The above calculation can be repeated straightforwardly by
fixing a(z) = 1. Any terms containing a then vanish, and

n

one cannot obtain the expression for /3. This indicates
that in Minkowski spacetime, only the leading order
subtraction is required, which corresponds to a renormal-
ization of cosmological constant.

APPENDIX B: SPECTRAL METHOD

In this section, we provide a brief introduction to the
spectral method, and exhibit the spectral differentiation
matrix explicitly [71]. Latin letters are used to denote lattice
indices.

In the spectral method, a function v(x) is expanded using
a set of basis functions on a lattice {x;},j=0,1,...,N,
which possesses N + 1 grid points. In particular, we
employ the cardinal function defined by

1 N N

pj(x) = —H(X = Xt). aj = H(xj = Xp).
G o
2 FJ

(B1)

This is a polynomial with highest order term x" that takes
the value 1 at x; and O at all other points, analogous to a
discrete delta functlon on this lattice. The expansion is then
given by

N

v(x) =Y olx;)p; ().

=0

(B2)

which exactly matches the function v at each grid point. In
other words, it interpolates v on the lattice.

A single derivative is computed by differentiating
Eq. (B2)
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V() =) olx)pjx).

=0

(B3)

and the error at the grid points exponentially decreases as
the number of grid points increases, provided that the
function v is sufficiently smooth. We define the spectral
differentiation matrix D, whose elements are given by the
derivative of p; at point x;

Dy =pilx) = ———. i#],
b a;(x; — x;)

N

Dj; = pi(x;) =Y N(x;—x)™! (B4)
i

In matrix form, the derivative can be written as
N
UgﬁZDijUj, (BS)

=0

where v; and 1)} denote the values of v and its derivative v’ at
the point x;. Higher-order derivatives can be obtained
straightforwardly by multiplying more matrices, for example,

N
U;/ >~ Z Diijkvk' (B6)
J.k=0

For a nonperiodic and bounded interval, as the one in this
paper, Chebyshev points provide a particularly suitable

choice of lattice,
1
)Cj—COS<jN). (B7)

These points cluster near the boundaries of the interval, and
coincide with extrema of the Chebyshev polynomial 7'y (x),
except the endpoints. One advantage of using Chebyshev
points rather than a set of evenly spaced points is the
avoidance of the Runge phenomenon, where the interpo-
lants oscillate rapidly near the boundaries, leading to poor
convergence. Note that Eq. (B7) implies that x € [-1, 1], so
for a generic interval, the coordinate should be transformed
into this range.

With Chebyshev points, the differentiation matrix
Eq. (B4) can be written in a simplified form

2N? +1 2N? +1
Dy = e Dyy =— c
S 1, N-1
jj 2(1 _xf) b ,] 9. 9 9
c;i (=1)H .
D;i =— , i# ], (B3)
! ¢j (x; = x,)
where
2, i=0orN,
¢ = . (B9)
1, otherwise.

In practical numerical calculations, the diagonal elements are
obtained using the off-diagonal elements in the same column

N
Dy=~) Dy
j=0

J#

(B10)

which produces numerically more stable results. Boundary
conditions are imposed by replacing the first and/or last rows
of the matrix, which denote the right and left boundaries
respectively, with the exact forms of the boundary conditions.
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