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We show that a three-dimensional Manin gauge theory with gauge group SLð2;RÞ (i.e., Yang-Mills
theory, the third-way theory, or the imaginary third-way theory) minimally coupled to Einstein gravity
admits a dual interpretation as Einstein gravity with an exotic coupling to a Manin gauge theory, where the
roles of dreibein/spin connection and field strength/gauge potential are interchanged. The dual, or ersatz,
gravitational metric ĝμν ∼ trðð⋆FÞμð⋆FÞνÞ is a classical double copy of the gauge-field strength Fμν (as
opposed to the usual double copy of the gauge potential Aμ). If matter exclusively couples to ĝ (for
example, in a gravitational decoupling limit), then one can formulate black-hole thermodynamics with
regard to the ersatz metric. In particular, a black-hole solution for the ersatz metric ĝμν (made of Yang-Mills
fields) radiates ersatz Hawking radiation and obeys the laws of black-hole thermodynamics.
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I. INTRODUCTION AND SUMMARY

A. Background

Gravity and gauge theories at first glance seem very
different; gravity features spin-two excitations whereas
gauge theories have spin-one excitations; gravity couples
to all matter universally, whereas gauge theories only
couple to certain particles; gravity is perturbatively non-
renormalizable, while for certain choices of global sym-
metries, gauge groups and matter fields, gauge theories are
renormalizable or even super-renormalizable; it seems that
gravity is gravity, and gauge is gauge, and never the twain
shall meet. Yet, some recent (and not so recent) results
challenge this view:

(i) Gravity features event horizons, which leads to it
being inherently thermodynamic with phenomena
such as Hawking radiation and black-hole thermo-
dynamics. Although not strictly analogous, Rindler
horizons and Unruh radiation, for instance, are
qualitatively similar and occur in quantum field
theory sans gravity [1–3];

(ii) The above point is suggestive and, in fact, many
nongravitational systems are known that reproduce
certain aspects of classical and quantum gravity, a
phenomenon we call ersatz gravity. This is in the
spirit of analog gravity (reviewed in [4–6]), but
broader in the sense that we do not make claims
regarding the feasibility of experimental realizations.
In particular, Unruh’s pioneering work [7] proposed
experimentally realizable analog Hawking radiation
in fluid systems. The pivotal observation was that
Hawking radiation is not a property of general
relativity specifically; rather, all that is typically
required is a quantum field theory playing out on an
effective geometry with a horizon. By now there are
numerous analogs of Hawking radiation in non-
relativistic acoustic systems [4,8,9] and other sys-
tems (see the surveys [5,6]). For example, this effect
has been reported to be experimentally observed in
Bose-Einstein condensates [10] (but see the discus-
sion in [5,11]);

(iii) The double copy [12–14] (reviewed in [15–19])
relates scattering amplitudes of Yang-Mills theory to
those of gravity; beyond scattering amplitudes,
certain (but not all) solutions of Einstein gravity
including some black holes can be constructed as
double copies of solutions to Yang-Mills theory in a
construction known as the classical double
copy [20]. Recently, it has been shown that Hawking
radiation can be obtained as a double copy of certain
processes in pure Yang-Mills theory [21–23]. This
raises the question of the extent to which Hawking
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radiation and, more generally, black-hole thermo-
dynamics (see reviews [24–27]) are features specific
to quantum gravity or whether there are ersatz
versions of black-hole thermodynamics in the con-
text of gauge theories.

In general, to what extent can gauge theory mimic or
simulate aspects of gravity in a manner that is local (unlike
AdS/CFT) [28]? The known analog gravity systems typ-
ically reproduce the kinematics of gravity. That is, the fact
that matter is coupled to an effective metric tensor describ-
ing a pseudo-Riemannian manifold. Hence, they reproduce
only the kinematical parts of black-hole thermodynamics,
such as Hawking radiation [6,7,9,29] and the second law of
black-hole thermodynamics [30] (requiring energy condi-
tions; cf. [26,31]), which also hold for modified theories of
gravity in addition to pure Einstein gravity. Indeed, the
original derivation of Hawking radiation [32] never uses
Einstein’s field equations. Consequently, the result also
holds in modified metric theories of gravity as long as
particles only couple to a metric field gμν and even in
nongravitational systems where (quasi)particles experience
an effective metric ĝμν. If ĝμν has an effective horizon, it will
generate analog Hawking radiation [4,8,9]. On the other
hand, the first law of black-hole thermodynamics does
depend on the dynamics of gravity and changes for
modified theories of gravity [26]. Here we put forward
gauge-theory models of ersatz gravity that capture both the
kinematics and dynamics, and bring together elements of
analog gravity and the classical double copy.

B. Motivation

Let us first start with the kinematics of gravity. We seek
to construct a gauge-invariant effective metric ĝμν out of
gauge fields Aa

μ to which matter, such as a scalar field ϕ,
couples minimally,

S ¼ −
1

2

Z
d3x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ĝj

p
ðĝ−1Þμν∂μϕ∂νϕ: ð1Þ

The classical double copy suggests the obvious guess,

ĝμν ∼
? Aa

μAaν: ð2Þ

We leave the precise meaning of ∼ here ambiguous to
accommodate the variety of possibilities. For example,
under the classical double copy the Coulomb potential
generates the Schwarzschild solution [20]. Alternatively,
for appropriate background spacetime metrics, one may
introduce a biadjoint scalar and replace the pointwise
product with a convolution. The gauge transformations then
generate the correct residual diffeomorphisms of ĝμν treated
as a perturbation about the background metric [33–36],
avoiding this objection.
However, straightforwardly regarding Aa

μAaν as a map
between off shell fields fails since it is not gauge-invariant.

One may question whether the gauge-invariance of ĝμν is
necessary as long as (1) is gauge-invariant. This neces-
sitates, however, that ϕ must gauge-transform in a strange,
noncanonical fashion. This scenario can be realized in three
dimensions; Chern-Simons theories with noncompact
gauge groups [namely, the isometry groups of
Minkowski or (anti–)de Sitter spaces] are known to be
equivalent to Einstein gravity with a possible cosmological
constant [37,38], and in this case the corresponding ersatz
metric ĝμν is not gauge-invariant. However, any matter
coupled to the ersatz metric ĝμν must gauge-transform in a
particular peculiar way involving derivatives, so that it is
debatable whether they should be called ‘matter’ at all;
see Sec. II.
Instead, if one demands that ĝμν be gauge-invariant and

built pointwise out of the gauge field alone, the simplest
answer is

ĝμν ∼ Fa
μρFaνσgρσ; ð3Þ

where gρσ is a background metric; more generally F can be
replaced with any tensor that transforms as an adjoint
field under gauge transformations rather than as a gauge
connection. Note that, while this proposal still has a
double copy form, it departs from the expectation that
Fa
μρFaνσ þ Fa

νσFaμρ ∼ Rμρνσ [33].
The next task is to introduce ersatz gravity dynamics.

That is, ĝμν should evolve according to something resem-
bling Einstein’s field equations. This task is harder but
possible in three dimensions at the cost of using a non-
compact gauge group, where Manin gauge theories [39,40],
which include Yang-Mills theory, are known to be equiv-
alent to Einstein gravity (with or without a cosmological
constant) coupled to a background stress-energy tensor that
breaks diffeomorphism invariance [41,42].
The broken diffeomorphism symmetry can then be

repaired by instead starting with a Manin theory coupled
to Einstein gravity, which can be dualized into a bimetric
theory of gravity consisting of the ‘true’ metric gμν and the
ersatz metric ĝμν coming from the gauge fields of the Manin
theory. [43] (We refer to this as ‘duality’, but note that it is
unrelated to the AdS/CFT correspondence.) In this case,
gauge-invariant matter can be coupled to the ersatz metric
rather than the true metric; then it is the event horizon of the
ersatz metric, rather than the true metric, that radiates.
a. Summary of results. We propose a classical

equivalence (at least perturbatively) between (1) Yang-
Mills theory in three dimensions with gauge algebra
T�slð2;RÞ ≅ slð2;RÞ ⋉ slð2;RÞ� coupled to Einstein
gravity with zero cosmological constant and (2) Einstein
gravity coupled to a T�slð2;RÞ gauge field in an unusual
fashion. Under this duality, the components of the gluon
ðAa

μ; Ba
μÞ are interchanged with the dreibein and the spin

connection ðeaμ;ωa
μÞ. Which doublet is ‘really’ gravity, then,

depends on whether uncharged matter couples to ðAa
μ; Ba

μÞ
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or to ðeaμ;ωa
μÞ. Matter will ‘experience’ different space-

times, depending on which field one chooses to couple to.
A consequence of the construction is that, indeed, an

ersatz metric built out of gauge fields can radiate Hawking
radiation in a double-copylike fashion as

ĝμν ∼ Ba
μBaν; ð4Þ

where Ba
μ is one of the components of the Manin-theory

gauge field Aa
μ ¼ ðAa

μ; Ba
μÞ. The ersatz metric is built as a

double copy of the gauge field; if all matter couples to this
ersatz metric rather than to the true metric, then indeed
the gauge-theory ersatz black holes can radiate just like
gravitational black holes.
b. Limitations. The Manin gauge theory used here

necessarily uses a noncompact gauge group and hence is
not an ordinary unitary gauge theory (one of the modes
have a wrong-sign kinetic term), unlike the Yang-Mills
theory that appear in [21–23].
Furthermore, the coupling to the ersatz metric, from the

perspective of the gauge theory, is nonminimal and may
appear strange. (The coupling must be nonminimal because
it is a coupling to gauge-invariant matter.) In addition, the
coupling is only well-defined in the regimewhere the gauge
field Ba

μ is invertible; in particular, the coupling blows up if
one tries to do perturbation theory close to the vacuum
configuration with Ba

μ ¼ 0. (This vacuum configuration,
however, is not natural from the dual perspective of
bimetric gravity since it corresponds to the case where
one of the two metrics is degenerate.)
Finally, this paper is restricted to a discussion of three-

dimensional theories; a generalization to higher spacetime
dimensions is not immediate (but see Ref. [42]).

C. Organization

This paper is organized as follows. In Sec. II, we first
review the gravitational reformulation of Chern-Simons
theory with noncompact gauge groups in three dimensions,
and explain why, if one tries to reproduce Hawking
radiation, one can only couple to matter transforming in
a peculiar way under gauge transformations. In Sec. III, we
review the Manin theory and its gravitational dual. Finally,
in Sec. IV, we discuss Manin theory coupled to Einstein
gravity and its dual as a bimetric theory of gravity and
consequences for ersatz black-hole thermodynamics and
ersatz Hawking radiation.
a. Conventions. We use the −þþ metric signature with

the Levi-Civita symbol ε012 ¼ −ε012 ¼ 1. Symmetrizations
� � �ðμ � � �νÞ and antisymmetrizations � � �½μ � � �ν� are always
normalized. The notation ⊙ indicates a symmetrized prod-
uct; if α ¼ αμdxμ and β ¼ βμdxμ are one-forms, then ðα ⊙
βÞμν ¼ αðμβνÞ is a symmetric tensor of rank two. We use
differential-form notation freely; the operator ⌟ denotes the
interior product betweenavector field anda differential form.

II. HAWKING RADIATION FROM CHERN-
SIMONS THEORY?

In three spacetime dimensions, it is in fact possible to
engineer not only the kinematics of general relativity but also
the dynamics of general relativity using Chern-Simons
theory [37,38]. In this case, one may hope to build the
Bañados-Teitelboim-Zanelli (BTZ) black hole from Chern-
Simons theory and observe Hawking radiation. Interestingly,
three-dimensional Chern-Simon theory enjoys color-kinemat-
ics duality [47–49], and its double copyhasbeen argued tobe a
theory of a ‘generalized metric perturbation’ [50], providing
another, a priori distinct, connection to gravity [51].

A. Noncompact gauge groups for Chern-Simons theory
from Manin pairs

An important class of Chern-Simons theories with non-
compact gauge group are given by so-called Manin pairs
associated to symmetric spaces. Manin pairs consist of data
ðg ↪ d; h−;−iÞ, where ðd; h−;−iÞ is a Lie algebra d with a
d-invariant, nondegenerate bilinear form h−;−i∶d⊙d→R
of split signature, and where g ↪ d is a Lie subalgebra
which is Lagrangian with respect to h−;−i, i.e., h−;−ijg¼0

and dim d ¼ 2 dim g. This notion originates in the theory of
integrable systems (see the review [55]).
Here, we further impose that h−;−i induces a symmetric

pair decomposition d ≅ g ⊕ g�,

½g; g� ⊆ g; ½ta; tb� ¼ fabctc; ð5aÞ

½g; g�� ⊆ g�; ½ta; θb� ¼ −facbθc; ð5bÞ

½g�; g�� ⊆ g; ½θa; θb� ¼ habctc; ð5cÞ

where ðtaÞ a g-basis, ðθaÞ the dual g�-basis, ðfabcÞ the
g-structure constants and ðhabcÞ a totally antisymmetric,
g-invariant tensor. (5b) is enforced by the d-invariance
h½t; t�; θi ¼ ht; ½t; θ�i, total antisymmetry of ðhabcÞ is a
consequence the d-invariance h½θ; θ�; θi ¼ hθ; ½θ; θ�i, and
g-invariance of ðhabcÞ follows from the Jacobi identities
involving tθθ and θθθ. Symmetric Manin pairs give rise to
Chern-Simons theories,

SCS½A� ¼ SCS½A;B�

¼ k
Z

Ba ∧ Fa þ 1

6
habcBa ∧ Bb ∧ Bc; ð6Þ

where A ¼ Aa
μta ⊗ dxμ þ Baμθ

a ⊗ dxμ the d-connection
and Fa ¼ dAa þ 1

2
½A; A�a is the field strength for the g-

connection A.
Suppose we equip a Lie algebra g with an invariant

nondegenerate bilinear form κ∶ g ⊙ g → R, then we can
always construct three natural examples of symmetric
Manin pairs ðg ↪ d; h−;−iÞ;
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(i) The semidirect sum g ↪ d ¼ g� ⋉ g where g� is
regarded as Abelian, g acts on g� via the coadjoint
representation, h−;−i is the natural dual pairing,
and habc ¼ 0;

(ii) The diagonal embedding g ↪ d ¼ g ⊕ g given by
ta ¼ tLa þ tRa and θa ¼ 1

2
κabðtLb − tRb Þ, which gives

rise to h−;−i ¼ κL − κR and habc ¼ 1
4
fabc (indices

raised by κ);
(iii) The complexification g ↪ d ¼ gC ¼ g ⊕R ig with

ta the real embedding, θa ¼ 1
2
κabitb, split signature

product h−;−i ¼ 2imκC and habc ¼ − 1
4
fabc.

These three cases can be summarized as

habc ¼ ν

4
fabc; ν ¼

8<
:

þ1 d ¼ g ⊕ g

0 d ¼ g� ⋉ g

−1 d ¼ gC

: ð7Þ

In particular, we note that the ν ¼ 0 case reduces to non-
Abelian BF theory.

B. Chern-Simons/Einstein gravity duality

Let us review the well-known statement that Chern-
Simons theory with certain noncompact gauge algebras is
equivalent to three-dimensional Einstein gravity with a
cosmological constant [37,38] in the language of
Manin pairs.
We consider the three canonical Manin pairs built from

the three-dimensional Lorentz algebra g ≅ soð1; 2Þ ≅
slð2;RÞ. Dualizing ½ab� ↦ a (a, b ¼ 0, 1, 2), the basis
is given by ðt½ab�Þ↦ðta¼−1

2
εabct½bc�Þ with structure con-

stants fabc ¼ εab
c ¼ εabdη

dc, where ðηabÞ ¼ diagð−1; 1; 1Þ
is the Minkowski metric, and ε012 ¼ −ε012 ¼ 1 the
Levi-Civita symbol. Further taking κab ¼ ηab, we then
find that

d ¼

8>><
>>:

slð2;RÞ⊕2 ≅ soð2; 2Þ ≅ isoðAdS1;2Þ; ν ¼ þ1

slð2;RÞ� ⋉ slð2;RÞ ≅ T�slð2;RÞ ≅ isoðR1;2Þ; ν ¼ 0

slð2;CÞ ≅ soð1; 3Þ ≅ isoðdS1;2Þ; ν ¼ −1;
ð8Þ

where by isoðXÞ we denote the isometry algebra of the
pseudo-Riemannian manifold X∈ fAdS1;2;R1;2; dS1;2g.
Then the Manin pair inclusion slð2;RÞ ↪ isoðXÞ is the
Lorentz subalgebra of the isometry algebra. This gives us
Chern-Simons theories,

SCS½A; B� ¼ k
Z

Ba ∧ Fa þ ν

24
εabcBa ∧ Bb ∧ Bc; ð9Þ

where we use the same notation as in (6).
Suppose that one rescales the gauge fields under the

correspondence,

M̂Plêa ¼ kBa; ĝμν ¼ ηabêaμêbν ;

ω̂ab ¼ −εabcAc; Λ̂ ¼ −
1

4
k−2νM2

Pl; ð10Þ

where M̂Pl is an arbitrary energy scale. Then the action (9)
becomes

SCS½ê; ω̂� ¼
1

2
M̂Pl

Z
εabc

�
êa ∧ R̂bc −

1

3
Λ̂êa ∧ êb ∧ êc

�
;

ð11Þ

which is a first-order formulation of three-dimensional
Einstein gravity with a cosmological constant Λ̂, where

R̂ab ¼ dω̂ab þ ω̂a
c ∧ ω̂cb ð12Þ

is the Riemann curvature tensor expressed as a two-form.
Under this correspondence, the dual metric is of the double-
copied form,

ĝμν ¼ðê⊙ êÞμν ¼M−2
Pl k

2ðB⊙BÞμν¼M−2
Pl k

2Ba
μBaν: ð13Þ

C. Matter couplings in Chern-Simons vs gravity

While pure Chern-Simons gauge theory and pure
Einstein gravity with a cosmological constant are therefore
equivalent (at least perturbatively [56]), they diverge in how
matter is to be ‘typically’ coupled; a covariant coupling to
gravity is very different from a covariant coupling to a
gauge field. This has drastic consequences on the kinds of
gauge transformations that matter should have. If matter
transforms in a way suitable for coupling to gravity (i.e., it
transforms in an expected manner under diffeomorphism),
this corresponds to a bizarre transformation for gauge
theory (i.e., a transformation not labeled simply by a
representation of the gauge group but instead involving
derivatives). Conversely, if matter transforms in a way
suitable for gauge theory (i.e., in a manner labeled by a
representation of the gauge group), it is not suitable for
coupling to gravity (i.e., does not transform as expected
under diffeomorphism).
Explicitly, let us discuss what it takes for a gravitation-

ally minimal coupling of a real scalar field to be gauge-
invariant,
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S ¼ SCS −
Z ffiffiffiffiffiffiffiffiffiffiffiffiffi

j det ĝj
p 1

2
ðĝ−1Þμν∂μϕ∂νϕ: ð14Þ

For this to be gauge-invariant, ϕ must transform under an
infinitesimal diffeomorphism ξ ¼ ξμ∂=∂xμ as

δϕ ¼ ξμ∂μϕ ð15Þ

and be invariant under dreibein Lorentz transformations
(since ϕ does not carry any dreibein index a). What does
this correspond to in the language of gauge theory?
In Chern-Simons theory, an infinitesimal gauge param-

eter is a d-valued scalar field, which we may decompose as
a ¼ ðϵa; αabÞ. Let us define

ϵa ¼ ξ ⌟ êa: ð16Þ

Then under local Poincaré,

δêa ¼ dϵa þ ω̂a
b ∧ ϵb þ αabêb

¼ Lξêa − ξ ⌟Ta þ ðαab − ξ ⌟ ω̂a
bÞêb; ð17Þ

where α is the local Lorentz parameter and

Ta ¼ dêa þ ω̂a
b ∧ êb ð18Þ

is the torsion. Since the interaction term does not explicitly
depend on the spin connection ω̂ but only on the dreibein ê,
the equations of motion enforce that T ¼ 0. Hence, on
shell, diffeomorphisms parametrized by the vector field ξ
correspond to infinitesimal gauge transformations where

ϵa ¼ ξ ⌟ êa; αab ¼ ξ ⌟ ω̂a
b; ð19Þ

where the latter shifts the local Lorentz transformation
given by αab. Assuming the dreibein ê to be invertible,

ξ ¼ ê−1ϵ: ð20Þ

Thus, ϕ must gauge-transform as

δϕ ¼ ϵaðê−1Þμa∂μϕ ð21Þ

and be invariant under αab in order for (14) to be gauge-
invariant on shell. Of course, this is just the expected
general coordinate transformation rule for a scalar when
using tangent indices.
However, from the original gauge-theoretic point of

view, (21) is very strange. Ordinarily matter should
gauge-transform as

δϕi ¼ aRa
i
jϕ

j; ð22Þ

where Ra
i
j is a representation of d and i an index over the

representation space. In particular, the gauge transformation

is ultralocal, not merely local, in the sense that there are no
derivatives of ϕ involved. In contrast, (21) is not ultralocal.
Rather, it is what you would expect of a local spacetime
translation symmetry, as opposed to an internal symmetry.
Gauging a spacetime isometry group with matter minimally
coupled as in (14) is not the same as a conventional gauge
theory with matter, where in the latter case matter fields are
sections of vector bundles associated to a principalG-bundle.

D. Implications for Hawking radiation

The Hawking radiation radiated by a black hole consists
of gravitons and the quanta of other fields coupled to the
metric. For the latter class, the usual derivations of
Hawking radiation [32,57] assume that matter couples to
the metric in the gravitationally minimal sense.
Suppose that one starts with pure Chern-Simons theory

valued in g and constructs a solution dual to a BTZ black
hole. Does it produce Hawking radiation? If one has pure
Chern-Simons theory, the answer is, strictly speaking, no,
since there are no gravitons or gluons that can be radiated;
the theory lacks any degrees of freedom. Next, suppose that
one has Chern-Simons theory coupled to some matter.
Does the gauge-field configuration dual to a BTZ black
hole radiate? The ordinary derivations of Hawking radia-
tion go through only if the ‘matter’ in question gauge-
transforms sufficiently bizarrely; in particular, if the matter
gauge-transforms in an ordinary (i.e., ultralocal) manner,
then there is no reason to suppose that Hawking radia-
tion would occur; a new computation, different from
Hawking’s, is needed to check this. In the subsequent
sections we avoid this observation altogether by providing
generalizations that allow for the minimal coupling of
matter to the ersatz metric in the usual manner required for
Hawking radiation.

III. REVIEW OF THREE-DIMENSIONAL
MANIN THEORIES

We review the construction in [41], which relates three-
dimensional Manin theories to three-dimensional Einstein
gravity with a diffeomorphism breaking background stress-
energy tensor, in view of the subsequent extension to
include a dynamical metric in Sec. IV. In the latter case, the
Manin theory is equivalent to bimetric gravity.
A three-dimensional Manin theory [39,40] is a field

theory associated to a Manin pair ðg ↪ d; h−;−iÞ that is a
deformation of a Chern-Simons theory valued in d with a
nonderivative quadratic term [59],

S½A� ¼
Z

k

�
A;

1

2
dAþ 1

6
½A;A�

�
−
1

2
hA;⋆gMAi; ð23Þ

where A is a d-valued connection andM∶ d → d is a linear
map of mass dimension 1 with kernel and image both equal
to g ⊂ d such that
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hMy; zi ¼ hy;Mzi; M½x; y� ¼ ½x;My�; ð24Þ

for x∈ g and y; z∈ d. The Hodge star ⋆g is taken with
respect to a background (pseudo-)Riemannian metric g.
We again consider the Manin pairs given in (8) and let

Mθa ¼ μηabtb. Then the action of the Manin gauge
theory is

S½A;B� ¼
Z

kCS½A; B� − 1

2
μηabBa ∧ ⋆gBb

¼
Z

kBa ∧ Fa þ 1

24
νkεabcBa ∧ Bb ∧ Bc

−
1

2
μηabBa ∧ ⋆gBb; ð25Þ

where CS½A; B� ¼ Ba ∧ Fa þ 1
24
νεabcBa ∧ Bb ∧ Bc is the

Chern-Simons functional or non-Abelian BF functional
when ν ¼ 0, i.e., X ¼ R1;2 as in (7).
When X ¼ R1;2, i.e., ν ¼ 0, then the Manin theory is in

fact three-dimensional Yang-Mills theory. When
X ¼ dS1;2, the resulting theory is known as the third-
way theory for g ¼ soð1; 2Þ [60] (reviewed in [61]); when
X ¼ AdS1;2, the resulting theory is known as the imaginary
third-way theory for g ¼ soð1; 2Þ [39,40].
In the case X ¼ R1;2, (25) is the first-order action of

Yang-Mills theory [62,64–72], and by the equations of
motion the auxiliary field Ba ¼ ðkμÞ⋆gFa is the Hodge
dual of the potential A; in particular it transforms as
the adjoint representation under the gauge algebra
g ≅ slð2;RÞ. In the cases X∈ fAdS1;2; dS1;2g (i.e.,
ν ¼ �1), then the equations of motion imply that Ba is
given by

Ba ¼
k
μ
ηab⋆gFb þ k3

8μ3
νεabc⋆gð⋆gFb ∧ ⋆gFcÞ

þOððk=μÞ4ν2F3Þ; ð26Þ

which still transforms as the adjoint representation [39,60].
Therefore the ersatz metric ĝμν ∼ ηabBa

μBb
ν is gauge-invariant

in all cases.
The Manin theory obtained by adding the term

MB ∧ ⋆B to Chern-Simons theory is equivalent to that
of Einstein gravity with a cosmological constant and
coupled to a background stress-energy tensor density Tμν

under the correspondence [41]

Tμν ¼ k−2μM2
Plðg−1Þμν

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det gj

p
; ð27Þ

such that

S½ê; ω̂� ¼ 1

2
MPl

Z
εabc

�
êa ∧ R̂bc −

1

3
Λêa ∧ êb ∧ êc

�

−
1

2

Z
d3x Tμνηabêaμêbν : ð28Þ

Note that the background stress-energy tensor density Tμν

breaks diffeomorphism symmetry.

IV. MANIN THEORY COUPLED TO GRAVITY AS
BIMETRIC GRAVITY

In the previous section, we have considered a Manin
theory with respect to a nondynamical background metric
gμν such that the gravitational dual has broken diffeo-
morphism symmetry; it is a quantum field theory on fixed
curved background. To recover diffeomorphism invariance,
we now consider a Manin theory with fields Aa, Ba

minimally coupled to Einstein gravity with fields ea, ωa,
with Einstein-Hilbert and cosmological constant terms
included. The action is therefore

S½A;B;e;ω� ¼
Z

kBa ∧ Fa þ 1

24
νkεabcBa ∧ Bb ∧ Bc

−
1

2
μηabBa ∧ ⋆gBb

þ 1

2
MPlεabc

�
ea ∧ Rbc −

1

3
Λea ∧ eb ∧ ec

�
:

ð29Þ

This action simply describes the action of Manin theory
minimally coupled to gravity.

A. Dualization into bimetric gravity

Let us dualize the gauge field as before, using the
substitution Eq. (10). The action is then

S½e;ω; ê; ω̂� ¼
Z

1

2
MPlεabc

�
ea ∧ Rbc −

1

3
Λea ∧ eb ∧ ec

�

þ 1

2
M̂Plεabc

�
êa ∧ R̂bc −

1

3
Λ̂êa ∧ êb ∧ êc

�

−
1

2
λĝμνgμνvolg; ð30Þ

where R and R̂ are the curvatures of the spin-connections ω
and ω̂, respectively, and volg is the volume form for g, and

λ ¼ μM̂2
Pl

k2
: ð31Þ

Assuming that e and ê are both invertible, we may integrate
out the spin connections ω and ω̂ to obtain an action only
depending on the two metrics g and ĝ,
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S½g; ĝ� ¼
Z �

1

2
MPlR − ΛMPl

�
volg

þ
�
1

2
M̂PlR̂ − Λ̂M̂Pl

�
volĝ −

1

2
λĝμνgμνvolg; ð32Þ

where R and R̂ now denote the scalar curvatures of g and ĝ,
respectively.
The theory now has two independent Planck masses and

cosmological constants, but the two metric fields do not
enter the action in a fully symmetric fashion due to the
coupling term λĝμνgμνvolg. Correspondingly, the equations
of motion differ by a relative volume factor,

2ffiffiffiffiffiffiffiffiffiffiffiffiffij det gjp δS
δgμν

¼ MPlðGμν þ ΛgμνÞ − λ

�
ĝμν −

1

2
ĝρσgρσgμν

�

¼ 0; ð33aÞ

2ffiffiffiffiffiffiffiffiffiffiffiffiffij det ĝjp δS
δĝμν

¼ M̂PlðĜμν þ Λ̂ĝμνÞ þ λgμν
ffiffiffiffiffiffiffiffiffiffiffiffiffij det gjp
ffiffiffiffiffiffiffiffiffiffiffiffiffij det ĝjp

¼ 0; ð33bÞ

where it is understood that the Einstein tensor Ĝμν is
defined solely using ĝ.
Now, either of the two equations in (33) can be used to

perturbatively solve for g in terms of ĝ (or vice versa),
resulting in a theory of unimetric gravity with higher-
derivative corrections. Since we wish to examine the ersatz
gravitational dynamics of ĝ, we choose to integrate out g
using (33a) [and retaining the ĝ ersatz Einstein equa-
tion (33b)], which implies

λĝμν ¼ MPlðRμν − 2ΛgμνÞ: ð34Þ

Then g can be expressed in terms of ĝ as follows:

gμν ¼ −ðλ=2ΛMPlÞĝμν þ ð2ΛÞ−1Rμν

¼ −ðλ=2ΛMPlÞĝμν þ ð2ΛÞ−1R̂μν þ � � � : ð35Þ

Now gμν can be integrated out in terms of ĝμν, after which
we thus obtain,

S½ĝ� ¼
Z

volĝ

�
1

2

�
M̂Pl þ ν̃

���� λMPl

2Λ

����
1
2

�
R̂

−
�
M̂ Λ̂þν̃

���� λ3

2MPlΛ

����
1
2

�	
þ � � � ; ð36Þ

where ν̃ ¼ −sgnðΛÞ, the higher-derivative terms have been
omitted and the effective Planck mass M̃Pl and cosmologi-
cal constant Λ̃ are

M̃Pl ¼ M̂Pl þ ν̃

���� λMPl

2Λ

����
1
2

; ð37Þ

M̃PlΛ̃ ¼ M̂PlΛ̂þ ν̃

���� λ3

2MPlΛ

����
1
2

: ð38Þ

Thus, in the regime where the higher-derivative terms
can be neglected, we obtain Einstein gravity in three
dimensions with respect to the ersatz metric ĝ (which
ultimately derives from a double copy of the gluon field)
with an effective Planck energy M̃Pl given by (37) and an
effective cosmological constant Λ̃ given by (38) and with
higher-order corrections.

B. Other dualizations

We briefly pause to note that bimetric gravity is not the
only possible dualization; one can, for instance, dualize
both the gauge field and the gravitational field to obtain a
Chern-Simons field coupled nonminimally to gravity, or
alternatively to only dualize the gravitational field to obtain
two Chern-Simons theories coupled to each other.
That is, if one performs the substitution,

êa ¼ kBa=MPl; ω̂ab ¼ −εabcAc; Λ̂ ¼ −
1

4
k−2νM2

Pl;

B̂a ¼MPlea=k̂; Âa ¼ 1

2
εabcωbc; ν̂ ¼ −sgnΛ;

k̂ ¼
8<
:

MPl

2
ffiffiffiffiffi
jΛj

p if Λ ≠ 0

arbitrary if Λ ¼ 0;
ð39Þ

then the action is

S½ê; ω̂; Â; B̂� ¼
Z

k̂B̂a ∧ F̂a þ 1

24
ν̂ k̂ εabcB̂a ∧ B̂b ∧ B̂c

þ 1

2
MPlεabc

�
êa ∧ R̂bc −

1

3
Λ̂êa ∧ êb ∧ êc

�

−
1

2
μηabMPlk−2k̂ĝμνðB̂−1ÞμcðB̂−1ÞνdηcdvolB̂⊙B̂:

ð40Þ

This action now describes a Chern-Simons theory coupled
to Einstein gravity with cosmological constant Λ̂ in a
nonminimal, nonpolynomial coupling.
Similarly, if one only dualizes only the gravitational

field, then one obtains two copies of Chern-Simons theory
coupled via an interaction term,

Z
−
1

2
k̂M−1

Pl μη
abBaμBbνðB̂−1ÞμcðB̂−1Þνdηcdj detBjd3x: ð41Þ
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C. Matter coupling and ersatz black-hole
thermodynamics

In three dimensions, a no-black-hole theorem [73,74]
states that the existence of black holes requires a negative
cosmological constant assuming that matter satisfies the
dominant energy condition. In the present case, at least if
we assume that MPl is sufficiently small so that the higher-
order terms are negligible and matter satisfies the dominant
energy conditions, we may assume that perturbations of
generalizations of the BTZ black hole with matter survive.
In this case, does the horizon of the ersatz black hole built
out of gauge fields radiate? We argue that, if matter couples
to ĝ appropriately, then the answer is yes.
The characteristic feature of gravity is that it couples to

every field universally (including itself); every field has a
kinetic term, which is written with the metric. Suppose,
now, that matter couples to the ersatz metric ĝ rather than to
the true metric g directly; for example, for a scalar field,

S ¼ −
1

2

Z
d3x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detðB ⊙ BÞj

p
ððB ⊙ BÞ−1Þμν∂μϕ∂νϕ

∝ −
1

2

Z
d3x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j det ĝj

p
ðĝ−1Þμν∂μϕ∂νϕ: ð42Þ

Note that ϕ is gauge-invariant; in other words, fields
without exotic gauge transformations can straightforwardly
couple to the ersatz metric, unlike the case of pure Chern-
Simons theory in Sec. II. If all matter couples to ĝ rather
than to g (i.e., in a gravitational decoupling limit), in a field
configuration with horizons for g and for ĝ, it is the
horizons for ĝ that radiate Hawking radiation, rather than
those of g (if any).
In particular, in the limit where the higher-derivative

terms in (36) are small, we obtain Einstein gravity with
some higher-derivative corrections (that would be gener-
ated by the renormalization group flow in any case), so that
black-hole solutions for ĝ such as the BTZ black hole exist.
Even if there is also a horizon for g, in general the horizons
for g and ĝ would be located at different places and with
different specific gravities; the usual argument for Hawking
radiation implies that the thermodynamic properties of
Hawking radiation will follow those of ĝ rather than those
of g.
Similarly, the derivation of the second law of black-hole

thermodynamics [30] follows, as long as the matter coupling
obeys appropriate energy conditions and the higher-order
corrections remain small enough to not violate them
(cf. [26,31] for the appropriate energy conditions needed).
Furthermore, since the dynamics of ĝ are those of

Einstein gravity with higher-order corrections, we repro-
duce not only the kinematics of Einstein gravity but also the
approximate dynamics of Einstein gravity. That is, the
zeroth and first laws of thermodynamics hold in approxi-
mate form for in the limit where MPl is small [75].

V. CONCLUSIONS

Having seen how to construct ersatz metrics that repro-
duce the main features of black hole thermodynamics in
three spacetime dimensions, it is natural to ask about
higher-dimensional generalizations [83], especially in four
spacetime dimensions.
In 4d there is a very natural, analogous, Alexandrov-

Kontsevich-Schwarz-Zaboronsky (AKSZ) gauge theory
realization of gravity given in [42]. It is very close to the
3d case, i.e., there is an AKSZ topological gauge theory
deformed by a Manin pair “mass” term that is classically
equivalent to 4d general relativity. However, in this case the
ersatz metric is given by the classical double copy of A and
not B, which in 4d is related to the curvature B ∼ R. Thus, in
4d we naïvely run into the problems outlined in Sec. I B.
Moreover, in this case the Manin pair term required to relate
the topological AKSZ model to dynamical 4d general
relativity is (somewhat surprisingly) itself topological [84],
so there is no additional coupling to a secondmetric. Thus the
double-copy metric can be interpreted as an ersatz metric in
the absence of gravity, or as the true metric in the absence of
matter, but we cannot have both at once. Thus, this picture
somewhat departs from our 3d analysis (although, it is not
necessarily uninteresting for that reason). Finally, we note
in [42] that there is an alternative Manin deformation that
does introduce a background metric, which could be pro-
moted to a dynamical field yielding some kind of bimetric
gravity theory. However, the two gravitational sectors are
nonminimally coupled in this case and the resulting action is
harder to interpret. For example, there is a would be Palatini
action for Einstein-Hilbert gravity, except that the Ricci
“scalar” involves both metrics.
Finally, although we have been cautious to make no

claims that such double-copy realizations of black hole
thermodynamics have laboratory realizations, we end by
noting that there are bimetric low-energy effective theory
descriptions of fractional quantum Hall states that capture
the gapped Girvin-Macdonald-Platzman mode [85]. This
presents a possible route to analog gravity scenarios for the
theory presented here.
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