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We investigate the influence of quark anomalous magnetic moments (AMMs) on the mass spectra of
neutral pseudoscalar mesons (7, K, 7, ') under external magnetic fields, finite temperatures, and quark
chemical potentials using the three-flavor Nambu-Jona-Lasinio model. By incorporating AMMs at the
quark level, we reveal that AMMs significantly alter the magnetic field dependence of constituent quark
masses, inducing first-order phase transitions for light quarks at critical fields, while strange quarks exhibit
nonmonotonic mass behavior. The inclusion of AMMs reshapes the QCD phase diagram, suppressing
chiral transition temperatures, and the strong magnetic field shifts critical endpoints toward lower p and
higher 7" without AMMs. The crossover phase transition without AMMs is replaced by a first-order
transition with AMMs under strong fields. Moreover, the inverse magnetic catalysis (IMC) induced by the
introduction of AMMs qualitatively aligns with the predictions of lattice QCD (LQCD) for the dependence
of phase transition temperature on the magnetic field. For mesons, a larger AMM triggers abrupt mass
collapses and enhances flavor spitting at zero u and 7 and accelerates chiral restoration for K and # mesons
via thresholds tied to strange quark masses in finite y and 7. These findings underscore AMMs’ critical role
in reconciling effective model predictions with LQCD results, particularly in reproducing IMC and

explaining phase transition dynamics.

DOI: 10.1103/mv48-r99v

I. INTRODUCTION

Strong magnetic fields play a pivotal role in numerous
extreme physical environments. For instance, ultrastrong
magnetic fields (~10%3G) that may have existed in the early
Universe [1,2], the extreme magnetic field environments on
the surface (~10'3G) and interior (~10'8G) of magnetars
[3.4], and the instantaneous strong magnetic fields
(~10'8G) generated in relativistic heavy-ion collision
experiments, such as RHIC and LHC [5-11]. In these
scenarios, the nontrivial effects of magnetic fields on
quantum chromodynamics (QCD) matter have garnered
widespread attention, particularly their modulation of the
phase structure and dynamical behavior of strongly inter-
acting matter. Specifically, the presence of strong magnetic
fields has led to the emergence of numerous new and
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observable physical effects in quark matter, which con-
tribute to a better understanding of QCD, the fundamental
theory of strong interactions, considered one of the most
promising theories. For instance, some of these effects
involve magnetic catalysis (MC) [12] and inverse magnetic
catalysis (IMC) [13] related to the dynamical chiral
symmetry breaking mentioned in this article, while others
involve related phenomena, such as the chiral magnetic
effect and chiral vorticity effect [14-16].

From a theoretical perspective, magnetic fields signifi-
cantly affect the properties of QCD vacuum and matter. For
instance, the MC effect indicates that magnetic fields can
enhance chiral symmetry breaking through dimensional
reduction mechanisms, leading to an increase in quark
condensation and a rise in phase transition temperature
[17-21].

However, lattice QCD (LQCD) simulations at finite
temperatures reveal an opposite trend: near the phase
transition region, chiral condensation exhibits nonmono-
tonic behavior with increasing magnetic fields, and the
phase transition temperature decreases as the magnetic field
increases [16,22-24]. This phenomenon is known as
IMC [25-28]. The microscopic mechanism underlying this
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anomalous behavior remains incompletely elucidated, pos-
ing a significant challenge for current theoretical research.

To explain the IMC effect, researchers have proposed
various phenomenological schemes, including introducing a
magnetic-field-dependent coupling constant in the Nambu-
Jona-Lasinio (NJL) model [29-32], considering the anoma-
lous magnetic moment (AMM) of quarks [28,33—41], or
going beyond the mean-field approximation [42]. It is worth
noting that the physical origin of the AMM is closely related
to chiral symmetry breaking: studies have shown that the
AMM can not only be induced by an external magnetic
field [43-45], but its dynamic generation mechanism
may also be intrinsically linked to the magnetic catalytic
effect [45-51]. Therefore, once quarks obtain dynamical
mass, they should also obtain a dynamical AMM.

In recent years, the study of magnetic field effects on the
hadron spectra has induced widespread attention. As
Goldstone bosons with chiral (isospin) symmetry breaking,
the properties of pseudoscalar mesons under finite temper-
atures, magnetic fields, and densities have been extensively
studied [52-68]. However, existing research has mostly
focused on the two-flavor NJL model, and the correlation
between AMMs and the mass spectrum of neutral pseudo-
scalar mesons in the three-flavor system has not been
systematically explored, which limits the model’s predictive
ability for the phase structure of multiflavor quark systems.

Based on the three-flavor NJL model, this article
systematically investigates for the first time the influence
of quark AMMSs on the mass spectra of neutral pseudo-
scalar mesons (7, K, 1, ') under the joint regulation of
magnetic field, temperature, and chemical potential. By
introducing the AMMs at the quark level, and without loss
of generality, two settings of AMMs, namely, AMMI1 and
AMM2, are introduced. The aim is to reveal the following
key issues: (1) how AMM modifies the dependence of
quark mass on the magnetic field, thereby reshaping the
QCD phase diagram, (2) the enhancement effect of AMM-
induced flavor symmetry breaking on meson mixing (such
as 7wy —n —n mixing), and (3) at finite  and T, the
correlation mechanism between the abrupt change behavior
of meson mass and chiral symmetry restoration under
strong magnetic fields. This study not only provides a
|

new perspective for understanding the IMC effect but also
verifies the necessity of AMMs in effective models by
qualitatively comparing with LQCD results.

The structure of the full text is as follows: Sec. II
introduces the theoretical framework of the three-flavor
NJL model with AMMs, Sec. III presents numerical results
for quark masses, phase diagrams, and meson mass spectra,
and analyzes their physical implications, and Sec. IV
summarizes the main conclusions and presents discussions.

II. MODEL AND FORMALISM

The SU(3) NJL model with the AMM of quarks is
defined via following the Lagrangian density under an
external constant magnetic field,

/. 1
L= >, vy <’}’” D —my ~ S erkpoE uu) Wy
f=ud.s
8
+G Y (@A) + (Fir' Aw)?]
a=0

— K(det[yr(1 + 7° )] + det[p(1 — y°)w]), (1)

where v = (y,, w4, w,) are Dirac spinor for u, d, and s
quarks, respectively, 4, with a = 1,2, ..., 8 are Gell-Mann

matrices with 1, = % my is the current quark mass,

D,(,f ) = 0, +1iqsA, is the covariant derivative with quark
charge g, =diag(3e,—%e,—%e), F,, =0,A,—0,A, is
the electromagnetic field strength, and x, denotes the
AMM of quarks with flavor f = u, d, s. Without loss of
generality, we consider the magnetic field along z direction
and take Landau gauge A, = (0,0, xB, 0). The last term in
Eq. (1) is the six-fermion Kobayashi-Maskawa-t' Hooft
interaction [69-73] that breaks the U, (1) symmetry.

Under the mean-field approximation, the thermody-
namic potential is taken as

Qur = Q, +2G(03 + 65+ 0%) —4Ko,0,0,,  (2)

where

|qu| dp _Efnsﬂ" _Efnx_/‘
Q,--3Y ZHZZ/zirZ[Ef-,,S—l-TIn(l—I—e P 4T (14 e )] (3)

f=u.d,s n s==%l1

where E,, = \/ p. + (M, — schefB)z, M, = ,/sz, + 2nleyB|, and chiral condensates o;. The corresponding

effective quark masses satisfy

I'#f
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By minimizing the thermodynamic potential d,r/do; = 0, one can obtain the chiral condensates 6, = (W y ) as

- B|/ ZEfns (

<l//fll/f

SK'féfB 3 1 3 1
) (1 e(Efn.\'_”)/T _|_ 1 e(Efn.x‘H*l)/T + 1 ’ <5)

where s = +1 for u quark, and s = —1 for d and s quarks, respectively, at the lowest Landau level.

To obtain the expression for the meson propagator, it is necessary to introduce the self-consistent Bethe-Salpeter equation
with the random phase approximation (RPA) in the NJL model [74-79]. Under the mean-field approximation, it is
necessary to transform the six-fermion interaction into an effective four-fermion interaction [80]. The corresponding

Lagrangian density can be expressed as

L. = Z

f=ud.s
+ K30 (W3

+ K3 (g

where the effective coupling constants are taken as

1
K(:)t = GigK(Gu +0—d+0-s)1
1
Ki = Ki = Ki =G +3Ko,,

1
K‘:‘_t = K;E = GZEEKUd,
1
Kg: = K;E = G:I:E
1
Ki = G:I:EK(ZO'M + 206, - 06y),

Ko,

1
K3 =Ky =F—=K(o, — 04).
30 03 26 ( a)
ﬂ
Kg:o Kg:g = EK(GM—FO'L{_ZUS),
1
K& =K& =+——K(o,—0y), 7
83 38 23 ( a) (7)

and chiral condensates are obtained as

0y = <l//_ul//u>’ 04 = <l//_dl//d>v Oy = <l/;sl//x>- (8)

We only consider neutral mesons, whose quark propa-
gator Schwinger phase can be cancelled. For mesons that
do not mix with other mesons, their propagators can be
represented by polarization loops [76] through RPA as

=M (p)];
_‘NZ/ d*k

1f

518" (P + K (T) 8 (K],

©)

W) (Waow) + K3 (wir’ Asw) (wiy’ Aow) + Kz (WA
+ Ko (@asw) (Wiow) + K Wiy’ Asyw) (wiy’ dow) + Kog (A
W) (hay) + Ky (Friy dsy) (Friy  day) + Kag (A

_{. ' 1 _.
Wiy (W”D;<4” —my—5esx0tF )Wf + Z 2 (WAw)? + K Wiy dw)?]

ow) (W Asyr) + Koy (Friy  dow) (Friy Aayr)
ow) (W Asyr) + Kog (Friy  dow) (Friy Asyr)
) (Fasw) + Kig(Fiy* Asw) (Wirdsy),  (6)

|
where the flavor indices f and f’ are explicitly included,
and the trace corresponds to the spinor trace only, S/ is the
quark propagator of flavor f, and the vertex of nonmixing
mesons can be given as

\/Li(ﬂl +il,), for z*
T, =4 J5( £ idy), for KK, (10)
%(hii,{s), for K+

Therefore, the K° meson propagator can be given as

= L’ (11)
1= 2K T (p)

and the mass is determined by solving the equation
1—2K+Hp0(p0,p 0) =0. (12)

The magnetic field can break isospin symmetry, and the
AMM of quarks can even enhance this breaking effect,
leading to the production of mixing states 7, —# — ’. For
the mixing mesons, the meson propagator [81] can be
expressed as

My My Mg
M= | Mz Mz Msg
Mgy Mgz Mgy

= 2K*(1 =217 K+)~!, (13)

where
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(14)

(15)

equations:

(16)

The 7y, 7, 7 meson masses can be determined by solving

the equation as

k2

Spo(k) = e “P[(kogy — ky*) + (M — skpe;B)]

x (1+ sign(ef)iy'yz){

det [M~!(po, j = 0)] = 0. (17)

One can simplify the inverse of meson propagator matrix
M as

D A B

A E C|, (18)
B C F

with

A = K&K — KKy — 2110 det K+,
B = KK — KiK i — 21128 det K™,
C = KK — KiK'y — 20125 det K+,
D = K33Kis — (K3g)* — 20 det K+,
E = KKy — (Kiy)? = 2112 det K
F=KGKS — (Kf)? = 2012 det K+ (19)

It is worth emphasizing that we can obtain the meson
mass through Eq. (17), where the three pairs of roots
correspond to the masses of 7,7, % mesons. To calculate
the polarization loop, we need to use the quark propagator.
We can first solve the Dirac equation corresponding to the
first term in Eq. (1). Then, the quark propagator is obtained
by employing the standard canonical quantization in
quantum field theory and the real-time formula of thermal
field theory. When n = 0, the quark propagator of the
flavor f in momentum space with the real-time formula can
be obtained as [82]

and when n > 1, the quark propagator of the flavor f in momentum space can be given as

1

e

k2 1
85(0) = TS (1) {0+ 5M) (" = )+ (5My = g, )
. . 1.2 2kL2 0 3
x (1 + sign(es)iy'y*)L, |€f—m — M,y = sM)[(koy" — k.7°)
. . 1.2 2kl2
- (SMnf - KfefB)](l - 51gn(ef)zy V)L | 5
]
0 3N\i 21,2 1 2 1 Zkl-z
— 4[(koy" — k. )Slgn(‘ff)l? r+ (SMnf - KfefB)](—ka —kyy )sL,_ w
— + 2ming (ko) 5(k§ — Ef0s2>}a (21)

X
£

— Epos” +
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where Ej,, represents the energy eigenvalue, L, stands for the Laguerre polynomial of order n, the index s = +1 denotes
the spin quantum number, and s = +1 for u quark and s = —1 for d and s quarks at the lowest Landau level. ny (k) that

appears in Egs. (20) and (21) can be obtained as

1 1
nr(ko) = 0(ko) ol 11 T 0(—ko) Py e (22)
For the kaon meson, the polarization loop can be obtained as
ﬂN M Mg+ 2pn 1 1 1
ps _ s - -
H ( mK ) 2 nZ + l MndMns dkz EdﬂS 1 e(Ednx_ﬂ)/T + l e(Ednx+ﬂ>/T + 1
1 1
* / dk; E, [1 e Ea /T L Ewtw/T |- J
+ {[(Mnd - SKdedB) - Sl(Mns - leesB)]z - p(z)}B(md’ ms)}’ (23)
where
1 1 1 1 1
B(mg.m,) = | dk _
(md " ) / Z{Edns |:(Edns + p())2 - Esnl2 e~ Eastm)/T +1 (Edns - pO)2 - Esn12 eEans=i)/T + 1:|
1 1 1 1 1
- . 24
- Egu |:(Esnl - p0)2 - Edns2 e~ (Em+h)/T +1 (Esnl + pO)2 - Edns2 e(Esm=m)/T + 1:| } ( )
For u, d, and s quarks, the polarization loops are obtained as
PN 1 1 1
s _ _ ¢ — —
Hf?(po o m) o (27[)2 ; dkz Efn.\' ] e(Efn:_”)/T + 1 e(Efnx+ﬂ)/T + 1
SN, / 1 1 { 1 1 ]

+ p} dk 1- - : 25
LT Y s T e L Rz ] (G

and the detailed derivation of polarization loops is given in
the Appendix.

III. RESULTS AND ANALYSIS

Since the NJL model is nonrenormalizable, a proper
regularization scheme is needed. In our work, we apply the
gauge-invariant Pauli-Villars (PV) regularization [83] in the
article, which can guarantee the law of causality and
effectively avoid the unphysical oscillation at the finite
magnetic field. Other schemes, like the proper-time regu-
larization scheme and (improved) magnetic-field-indepen-
dent regularization (MFIR) [35,36,65,84], which separates
the vacuum and magnetic contribution, are also effective
when dealing with system under a uniform magnetic field.
In the case of the finite magnetic field considering the
nonzero values of the AMM of the quarks, the energy
of quarks is given by Ej,, = p?+ (M,; — skye;B)* =

P+ My, M,y = \/szf + 2nlesB.

the PV scheme we make the following replacement
[42,47,85-87]:

Therefore, under

©dp ©dp
/ —= Efn\ / —= fn\‘,i)?

(26)
where Eg, ; = P2+ M2+ b;A* and ¢y =1,c) = -3,
C2:3,C3 lbo 0b1—1b2—2 b3—3

In this paper, we adopt the widely used parameter
set [88,89], which has been fitted to the vacuum values
of the 7 meson decay constant and the masses of
the 7 meson, K meson, and #' meson, while fixing the
constituent light quark mass in vacuum to a value of
300 MeV at zero temperature. The parameter set is given
as m, 4 = 10.3 MeV, m; = 236.9 MeV, A = 781.2 MeV,
GA?> =490, and KA’ =1298. To simplify the
discussion, we adopt constant «; values. Through the
Foldy-Wouthuysen transformation [90], one can show
that the quark magnetic moment is modified as
py = (1 + M;xy) 2%] where M, is the effective quark
masses. By fitting the magnetic moments of valence quarks
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[u, = (2.08 £ 0.07)uy; ug = (—1.31 £ 0.060)uy; pu;, =
(=0.77 £ 0.06)uy] obtained within the Geffen-Wilson
model [91] to experimental values of the baryonic magnetic
moments, one derives the following set of AMMs:
k, = 0.123, k; = 0.555, and «, = 0.329, in units of the
nuclear magneton. These larger k; values were employed in
Refs. [89,92] and we take this AMM set as AMM?2 in our
work. We also selected a second AMM set of smaller «¢
values: x, = 0.074, x; = 0.127, and x, = 0.053, labeled
AMMI1 in our work. These values were derived within the
constituent quark model framework by first obtaining the
magnetic moments iy, then fitting them to experimental
values of the baryonic magnetic moments together with
effective quark masses estimated within the same frame-
work. This second AMM set has been briefly described and
utilized in Ref. [36] for related studies. The label AMMO in
our article is used for the results of this work when the
AMM is not considered.

Figure 1 illustrates the dependence of the dynamical
quark masses of d quarks and s quarks on the magnetic
field at temperature 7 = 0. It is worth noting that the AMM
sets in Fig. 1 correspond to three different settings, which
are AMMO, AMMI, and AMM?2, respectively. AMMO
means that the AMM is not considered, that is, all x values
are set to zero. AMMI1 and AMM2 sets have been
mentioned above. This AMMI1 set corresponds to smaller
k; values (with smaller AMMs), and the AMM2 set
corresponds to larger , values (with larger AMMs).

The study finds that in the AMMO (x; = 0) and AMMI
(smaller k) sets, the masses of both d quarks and s quarks
increase with the enhancement of the magnetic field at
T = 0. However, when a larger x; value (AMM?2 set) is
taken into account, a novel phenomenon is observed, where
the quark masses exhibit nonmonotonic behavior with
increasing magnetic field strength for AMM2. It is
observed that their masses increase with the enhancement

400 . . . —
@ e
300 F M, |
>
2]
S 2001 -
=
100 L~~~ -AMMoO i
==+ AMMI1
— AMM2
0 1 1 1 - - -
0.0 0.1 0.2 0.3 0.4 0.5

eB (GeV?)

FIG. 1.

of the magnetic field for d quarks. But when the magnetic
field strength reaches eB = 0.04 GeV?, their masses begin
to decrease with the increase of the magnetic field, which is
also shown by the IMC feature. When the magnetic field
strength increases to eB = 0.33 GeV?, the dynamical mass
of d quarks drops sharply, directly to its current quark mass,
indicating a first-order phase transition in the mass of
light quarks because the thermodynamic potential has more
than one minimum point. For the s quark (AMM?2 set), its
dynamical mass also exhibits nonmonotonic behavior
with the enhancement of the magnetic field, starting to
decrease when the magnetic field strength increases to
eB = 0.06 GeV?. Within the entire range of magnetic
fields considered, no first-order phase transition occurs
for s quarks.

According to LQCD, IMC manifests in two aspects
[16,23,93]. First, the phase transition temperature decreases
with increasing magnetic field strength. Second, the light
quark chiral condensate exhibits nonmonotonic or decreas-
ing behavior with increasing magnetic field strength near
the phase transition temperature, differing from its behavior
at T = 0, where MC occurs. However, this suppression of
the chiral condensate and the accompanied reduction of the
transition temperature 7', are not predicted by initial studies
based on effective models [12]. Subsequently, various
authors proposed different approaches within the frame-
work of effective models to reproduce this phenomenon—
one of which is the incorporation of the quark AMM, as
adopted in this work. To specifically illustrate the IMC
phenomenon induced by quark AMMSs, we performed
numerical calculations of the transition temperature 7.

As can be seen from Fig. 2(a), when the AMM is not
considered, the phase transition temperature increases with
the increase of the magnetic field, exhibiting MC for
different chemical potentials. However, the situation
becomes completely different when the AMM is intro-
duced. As shown in Figs. 2(b) and 2(c), it can be observed

700 T T T T
()
MS
60f
s
%)
% 500 F -
=
----AMMO
400 amwi i
—— AMM2
300 L L L L
0.0 0.1 0.2 0.3 0.4 0.5

eB (GeV?)

The dependence of dynamical quark mass (M) on the magnetic field (eB) with and without values of AMM at zero
temperature. (a) and (b) are for d quark and s quark, respectively.
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250 T T T T
-=--u=0MeV (a) ====-u=0MeV
==+ =150 MeV == u=150 MeV

AMMO AMM1

0 1 1 1 1

B[ ----u=omev (c)

AMM2

1 1 1

0.0 0.1 0.2 0.3 0.0 0.1
eB (GeV?)

eB (GeV?)

0.2 0.3 0.0 0.1 0.2 0.3 0.4
eB (GeV?)

FIG. 2. The critical temperatures (T,.) for chiral phase transition as a function of the magnetic field for different chemical potentials
without AMM in panel (a), with AMMI1 in panel (b), and with AMM?2 in panel (c), respectively. The solid lines correspond to chiral
first-order transition, the full dots correspond to CEPs, and the other lines correspond to chiral crossover phase transition.

that the AMM has an inhibitory effect on the phase
transition temperature T'., exhibiting IMC characteristics.
Furthermore, we have also discovered that for different
chemical potentials in the (7. — eB) phase diagram, there
exists critical endpoints (CEPs) of phase transition. The
CEP in the phase transition refers to the point where the
first-order phase boundary and the crossover phase boun-
dary intersect on the QCD phase diagram. This point marks
the transition of the phase transition nature, from a first-
order phase transition (discontinuous physical quantities) to
a crossover phase transition (continuous physical quantity
changes but with a critical point). We also discussed the
influence of AMMs on the (T, — eB) phase diagram and
found that except in the weak magnetic field region
(eB < 0.08 GeV? for AMMI and eB < 0.12 GeV? for
AMM?2), the critical temperature of the chiral phase
transition decreases with the increasing magnetic field,
indicating the phenomenon of IMC.

Notably, the chiral phase transition exhibits crossover
behavior in weak magnetic fields, regardless of zero or
finite chemical potential, but evolves into a first-order
transition in strong magnetic fields. For the AMMI set,
when = 0 MeV, the CEP is located at eB = 0.14 GeV?
and T = 178.74 MeV, whereas when y = 150 MeV, the
CEP shifts to eB = 0.14 GeV? and T = 153.5 MeV. For
the AMM?2 set, when ¢ = 0 MeV, the CEP is situated at
eB = 0.09 GeV? and T = 175.1 MeV, whereas when
u =150 MeV, the CEP moves to eB = 0.09 GeV?
and T = 151.2 MeV.

It is worth noting that, as shown in Fig. 1(a), the d quark
mass calculated with the AMMI does not exhibit a first-
order phase transition under the considered magnetic fields,
whereas a first-order phase transition appears in Fig. 2(b).
This difference is readily understood: Fig. 1 presents the
quark mass evaluated at zero temperature, thereby reflect-
ing how the strength of chiral symmetry breaking evolves
with the magnetic field, whereas Fig. 2 investigates the
magnetic field dependence of the critical temperature 7' at
finite temperature. Previous systematic studies on quark

masses at finite temperature have shown that the magnetic
field required to trigger a first-order transition becomes
weak as the temperature increases [33]. Therefore, it can be
concluded that although no first-order phase transition
occurs for light quark masses with small AMMI1 at zero
temperature, it is expected that at finite temperature, the
mass may undergo a first-order phase transition within the
considered magnetic field, consistent with the first-order
transition claimed in Fig. 2.

Taking the cases of AMMO and AMMI1 at zero chemical
potential as examples (other cases being similar), Fig. 3
shows the behavior of the thermal susceptibility y7 in

different orders of phase transitions, y; = % [94].

Since the chiral condensate (y ;) has dimensions

—\1/3
of MeV?, we employ a dimensionless form y; = %

for numerical convenience, which does not alter the physical
conclusions. Other types of susceptibility can be found in
Ref. [94]. Considering AMMI1, when the magnetic field
increases to a certain value (like 0.14 GeV? for AMM1), the
Q first begins to have two local minimum points and a CEP
appears. yr diverge at the CEP. Along the first-order phase
transition line, the system’s thermodynamic potential Q
exhibits two local minimum points and the thermal suscep-
tibility yr undergoes a discontinuous change. In the cross-
over phase, the thermal susceptibility y; remains strictly
continuous. When AMMI is neglected, the NJL system
remains in the crossover phase throughout the entire range of
the magnetic field, and the thermal susceptibility y; always
remains continuous. Within the crossover phase, the thermo-
dynamic potential possesses only a single global minimum
point. The behavior of the susceptibility, multisolution in €2,
and the order of phase transitions have been comprehen-
sively analyzed in Refs. [94-96].

At high density, where a first phase transition occurs, two
local minimum points of € remain o, finite without
considering AMMs. Unlike the case without considering
the AMM, the first-order transition is strikingly pro-
nounced and drastic when considering AMMs: one
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The behavior of the thermal susceptibility y; in different orders of phase transitions for AMMO and AMMI1 at zero chemical

potential. Panel (a) corresponds to the case without considering the AMMs, while panel (b) corresponds to the case with the introduction
of AMMI. The dashed-dotted lines correspond to eB < 0.14 GeV2, the dotted lines correspond to eB = 0.14 GeV?, and the dashed

lines correspond to eB > 0.14 GeV?.

minimum point remains o finite, whereas the other drives
o close to zero. Due to this reason, the thermal suscep-
tibility y, manifests two distinct characteristics. First, at a
first-order phase transition, thermal susceptibility yr
increases monotonically with temperature until it reaches
a specific value and then disappears. Nevertheless, in this
case, one can also state that the thermal susceptibility y7
exhibits a discontinuous change. Second, at the CEP, the
thermal susceptibility y; remains divergent. Similarly, the
thermal susceptibility y; also disappears for temperatures
above T > Tcgp. This behavior differs from the scenario
observed at high chemical potential without the AMM [97].

Figure 4 illustrates the (7, —u) phase diagram with
different magnetic fields (eB = 0.15 and 0.25 GeV?) with-
out AMM (a), with AMMI1 (b), and with AMM?2 (c). Solid
and dashed lines represent first-order and crossover phase

transitions, respectively, with CEPs clearly marked.
Figures 4(b) and 4(c) show that with the introduction of
the quark AMM, the (7. —pu) phase diagram clearly
exhibits first-order phase transition for the magnetic fields
of eB=0.15 and 0.25 GeV?, respectively. This is in
contrast to the case shown in Fig. 4(a), where AMM is
not considered, where the crossover phase transitions
exist in the high-temperature and low chemical potential
region, and the first-order transitions exist in the low-
temperature and high chemical potential region. The CEPs
without the AMM are located at pucpp=291.2 MeV,
Tcpp = 42.6 MeV for eB = 0.15 GeV?, and at pcpp &
263.3 MeV, Tcgp = 74.1 MeV for eB = 0.25 GeV>.
Figures 4(b) and 4(c) show that the introduction of the
AMM suppresses chiral symmetry breaking, reduces the
critical temperature 7', and destabilizes the crossover phase

200 . . . . . . r r r
R ,(a (b) (©)
N == eB=0.15GeV? eB =0.15 GeV? B =0.15 GeV?
S, ----eB=025GeV eB =0.25 GeV* eB =0.25 GeV?
150 | N
‘\
~ ‘\'
S .
" Y
S 100} Y |
et
w
50 i
AMMO
0 ' ' ' ' 1 ' ' '
0 100 200 0 100 200 300 0 100 200 300 400
#(MeV) & (MeV) 2 (MeV)

FIG. 4. The critical temperatures (7'.) for chiral phase transition as a function of chemical potential for different magnetic fields. Panel
(a) is for that without considering the quark AMM, and panels (b) and (c) are for considering quark AMM1 and AMM?2. The solid lines
correspond to chiral first-order transition, the full dots correspond to CEPs, and the other lines correspond to chiral crossover phase

transition.
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transition. Due to the coupling between AMMSs and the
magnetic field, the constituent quark mass decreases
sharply [as shown in Fig. 1(a)], which favors first-order
phase transitions. Under the influence of AMMSs, the
asymmetry in the mass of u — d quarks intensifies, thereby
altering the phase boundaries. From the above discussion,
especially in Fig. 2, one finds that an appropriate value of
the AMM induces IMC coupled with the magnetic field to
suppress the critical temperature 7., which is partially
consistent with the results of LQCD [16,22-27], but an
unexpected first-order phase transition occurs.

Figure 5 illustrates the magnetic field dependence of
neutral pseudoscalar meson masses (7, K,n,n') at zero
temperature and chemical potential, comparing cases with
and without the inclusion of quark AMMs. As shown in
Fig. 5(a), it is found that the 7 meson mass decreases
slightly with the increasing magnetic field (eB), reflecting
mild suppression due to the MC effect without AMMs. But
the 7 mass drops sharply and collapses to zero at a critical
magnetic field eB, ~ 0.17 GeV? with AMM1 and at eB, ~
0.10 GeV? with AMM?2, signaling a first-order phase
transition of the pion mass. It is manifested that the z
meson, composed of light (1/d) quarks, is highly sensitive
to AMMs. Although the variation of the # quark mass with
the increasing magnetic field is not explicitly depicted in
Fig. 1 (due to the analogous behavior of u and d quark
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s
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FIG. 5.

masses governed by the gap equations), the presence of the
magnetic field induces flavor symmetry breaking between
u and d quarks, leading to an increasing mass splitting as
the magnetic field increases. Notably, the inclusion of
AMMs further exacerbates this flavor symmetry breaking.
Combined with numerical results for pions, one can
conclude that the behavior of the pion mass in vacuum
strongly depends on the rate at which the magnetic field
affects the flavor symmetry, in agreement with findings
reported in Refs. [35,55]. Additionally, the study of the
effective coupling of the neutral pion to quark-antiquark
pairs also plays some role in understanding the magnetic
field dependence of pion properties. This aspect is not
described in the present work, and also the detailed studies
can be founded in Ref. [35].

As shown in Fig. 5(b), it is found that the K meson mass
decreases gradually but remains finite across the studied eB
range without considering the AMM and with considering
AMMI. But the K mass declines more steeply and vanishes
at eB, ~ 0.33 GeV? with AMM2. It is manifested that the s
quark component of K meson reduces its sensitivity to
AMMs compared to z. According to recent LQCD studies
on meson masses [98], the observed reduction in neutral
meson masses under increasing magnetic field may be
linked to the IMC mechanism. Numerous LQCD simu-
lations have reported that MC dominates at zero
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S 400f
[}
s
]
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--=--AMMI1 :
— AMM2 .
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0.0 0.1 0.2 0.3 0.4 0.5
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1600 T r r
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1400}~~~ AMMO e
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> —— AMM2 e ,
2 1200} M,
=
=
1000}
800 . . .
0.0 0.1 0.2 0.3
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The magnetic field dependence of neutral pseudoscalar meson masses (z, K, 7, ) at zero temperature and chemical potential,

comparing cases with and without the inclusion of quark AMMs. Panels (a), (b), (c), and (d) are for x, K, 5, and 7/, respectively.
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temperature. In this work, in scenarios excluding the AMM
or incorporating moderate AMMI1, the masses of 7 and K
mesons exhibit a mild decrease due to the influence of the
dominant MC effect. The inclusion of small AMMI also
manifests MC effects, with IMC being secondary, and thus
suppresses the chiral condensate and consequently also the
strength of chiral symmetry breaking (shown in Fig. 1). As
a result, the mass decrease is more obvious in the case with
AMMI1 compared to the case without the AMM, which
seems to further support the LQCD reports that the
decrease in neutral meson mass may be associated
with IMC.

However, we note a more surprising case with a larger
AMM (AMM?2 set): even at zero temperature, AMM?2
directly induces IMC, leading to a significantly accelerated
decline in meson masses and even triggering a mass
collapse. Prior to this, two NJL model studies also reported
the collapse of pion mass, where Ref. [55] employed a soft
cutoff scheme and Ref. [35] utilized an improved-MFIR
regularization scheme applicable to the AMM.
Additionally, it is crucial to emphasize that within the
studied magnetic field range, the cases without AMMs or
with AMMI1 are acceptable results and consistent with
LQCD predictions for mass decline [98]. In contrast, the
AMM?2 case shows a surprising feature in mass, which
make it less eligible. Moreover, together with the # meson
mentioned below, one finds that the larger the meson mass
is, the less the meson mass is affected by the magnetic field,
which has also been reported in lattice QCD simula-
tions [98].

The 1 mass decreases slowly, maintaining a smooth trend
with AMMO and AMM1, as shown in Fig. 5(c). But a rapid
mass reduction occurs with AMM?2, culminating in a sharp
drop to zero at eB, ~ 0.33 GeV?, similar to the K meson. It
is manifested that the # meson mixed flavor structure (the s
quark component) makes its mass less sensitive to quark
AMMs. AMM-induced isospin symmetry breaking ampli-
fies 77 coupling to the magnetic field, leading to a faster fall,
similarly reported for pion and K, as mentioned above. The
AMM affects the masses of meson by enhancing the
splitting of quark masses, especially for states dominated
by light flavors (7, K, 7).

As shown in Fig. 5(d), the ' mass increases monoton-
ically with eB but becomes undefined above eB. =~
0.33 GeV? due to divergences in polarization loops without
AMMs. Even with the introduction of AMMs, the 7’ mass
still increases, but the magnitude is suppressed, and the
solution is lost at a lower eB, =~ 0.27 GeV? for AMM2.
The 1 meson, regarded as a resonance state in the NJL
model even for 7 = 0 due to the lack of confinement [80],
exhibits strong sensitivity to the # decay width. The
presence of the AMM makes this limitation worse by
enhancing nonperturbative decay effects, thus restricting its
physical solutions in strong fields. Additionally, the NJL
model loses its validity at higher energies. At zero

temperature, the mass of the #/ meson slightly exceeds
the cutoff scale A, or in other words, the mass of the #’
meson lies in a region where the NJL model is close to
being invalid, resulting in insufficient predictive capability
for the 7’ meson compared to other neutral mesons. For
these reasons, the #' meson does not exhibit mass collapse,
as it may fail to support the formation of a physical mass
solution as magnetic fields increase.

To summarize briefly, the differences caused by the
AMM are obvious, like the observed collapse of the pion
mass for AMMI1 and distinct behavior of the thermal
susceptibility y7. These differences may also be attributed
to our adoption of a constant AMM. To the best of our
knowledge, the latest study [99] indicates that the quark
AMM decreases with the increase of the magnetic field and
even apparently vanishes for extremely large magnetic
fields. Incorporating the magnetic-field-dependent AMM
k¢(eB) into the calculations, the pion mass might not
vanish at a certain critical magnetic field or would only
vanish at a higher magnetic field. This could potentially
reconcile the differences observed in Figs. 1(a), 1(b), and
5(a). Moreover, this issue guides us toward deeper inves-
tigation in the future. One can expect that calculations of
the quark AMM from lattice QCD will serve as an
important input parameter. Similar to the fitting of the
magnetic-field-dependent coupling constant G(eB) within
the NJL model, we aim to obtain a magnetic-field-depen-
dent AMM «(eB). In this way, implementing magnetic-
field-dependent «;(eB) instead of a constant «; in the NJL
model framework will allow us to explore this area
rigorously and to see if any novel results emerge.

Figure 6 depicts the temperature dependence of neutral
pseudoscalar meson masses (K, 7, and 7') under a constant
magnetic field (eB, = 0.25 GeV?), comparing scenarios
with and without AMMs, at zero chemical potential. As
shown in Fig. 6(a), the K meson mass increases slightly
with temperature until reaching the Mott temperature
(T ot ® 149 MeV), where it undergoes a discontinuous
mass jump without considering AMMSs. This marks the
transition from a bound state to a resonance state.
Beyond T, the mass first decreases slightly, then rises
again at 7'~ 190 MeV. Numerical results obtained with
the smaller AMMI1 closely resemble those of AMMO.
But when considering the larger AMM?2, the K mass
decreases slightly with temperature at low 7 (<102 MeV),
contrasting the AMM-free case. A sharp mass jump occurs
at the first-order phase transition temperature of light
quarks (u/d), followed by a gradual increase until
T ~ 216 MeV, after which the mass declines for AMM?2.
The larger AMM significantly affects the kK meson mass by
coupling light quark dynamics to the magnetic field, and
the first-order quark mass drop directly triggers the K
mass jump.

As shown in Fig. 6(b), it is found that the x mass
decreases slowly with temperature until 7, ~ 198 MeV,
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where a mass jump occurs without considering AMMs.
Then, the mass continues to decline before rising again at
T ~ 284 MeV. But when considering AMMs, the # mass
jumps abruptly at the light quark first-order transition
temperature, followed by a gradual decrease. For example,
at T ~247 MeV for AMM?2, the mass begins to rise.
At high temperature, the # mass is systematically lower
than in the AMM-free case. The # meson mixed flavor
composition (combining light and strange quarks) makes it
sensitive to both u/d quark phase transitions and
AMM-enhanced magnetic effects. The AMM shifts the
mass jump to a lower temperature, reflecting stronger chiral
symmetry restoration.

As shown in Fig. 6(c), it is found that the #/
mass decreases monotonically with temperature until
T ~ 235 MeV without considering AMMs, after which it
begins to rise. But when considering AMMs, the 7’ mass
decreases initially, exhibits a sudden drop at the light quark
first-order transition, then rises slightly at 7 > 164 MeV

(=) o
(=3 (=3
= =

My (MeV)
N
S

200}

800
(b) o ren e e
600} . Do
> . o
S a0z My
g"\ . s, H
200} N ]
rrrrrrrr AMMO —— AMM2
————— AMMI1
0 i i i
0100 200 300 400
H#(MeV)
1400
1300}
D
S1200}
=
=100}
1000}
900 -
0 100 200 300 _ 400

FIG. 7. The dependence of the masses of neutral pseudoscalar
mesons (K, 77, and ') on the quark chemical potential (i) under
a fixed temperature (7 =75 MeV) and magnetic field
(eB, = 0.25 GeV?). Panels (a), (b), and (c) are for K, , and
7', respectively.

for AMMI1 and at T > 151 MeV for AMM?2. The overall
mass reduction is more pronounced compared to the
AMM-free case. Similarly, as a resonance state in the
NJL model, the #/ is highly sensitive to its resonance state
decay widths. The AMM amplifies nonperturbative effects,
destabilizing the 7’ through enhanced decay widths.
Figure 7 illustrates the dependence of the masses of
neutral pseudoscalar mesons (K, 7, and #') on the
quark chemical potential (#) under a fixed temperature
(T =75 MeV) and magnetic field (eB, = 0.25 GeV?),
comparing scenarios with and without the inclusion of
AMMs. As shown in Fig. 7(a), it is found that the K meson
mass increases continuously with u, exhibiting a steep rise
near the CEP at pcpp ~ 262.8 MeV without considering
AMMs. A Mott transition (discontinuous jump) occurs at
U > lcgp, marking the transition from a bound state to a
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resonance state. But when considering AMMs, the
K meson undergoes an abrupt Mott transition
directly at ucgp(AMMI) % 218.0 MeV for AMMI and
at pcpp(AMM2) = 124.9 MeV for AMM?2. Consistent
with the finite temperature case, this shift highlights that
IMC induced by the AMM at finite chemical potential can
be seen as a catalyst to accelerate chiral symmetry
restoration.

As shown in Fig. 7(b), it is found that the # meson mass
decreases smoothly with g, interrupted by a mass jump at
Ucep Without considering AMMs. But when considering
AMMI and AMM?2, the mass jump shifts to pcgp(AMMI)
and pcpp(AMM2), followed by a continued decline. The
mixed flavor composition of 7 (combining light and strange
quarks) makes it less sensitive to both u/d quark phase
transitions and AMM-enhanced magnetic effects. The
AMM amplifies isospin symmetry breaking, resulting in
lower mass compared to AMMO.

As shown in Fig. 7(c), it is found that the 7’ meson mass
decreases monotonically with u, with the steepest decline
aligning with ucgp without considering AMMs. But when
considering AMMSs, a sudden mass drop occurs at
ucep(AMM), followed by a gradual decline. Similarly,
as a resonance state, 7' is highly sensitive to its decay
widths. The AMM amplifies nonperturbative effects, desta-
bilizing #’ through enhanced decay widths.

The shift from smooth crossovers to first-order transi-
tions under AMMs demonstrates how quark-level magnetic
interactions reshape the QCD phase diagram. This provides
insights into the competition between thermal, density, and
magnetic effects in chiral symmetry restoration. By repro-
ducing features like IMC predicted by numerical LQCD,
the inclusion of AMMs improves the predictive power of
effective models like NJL. It bridges gaps between theory
and experiments, guiding future refinements for charged
and vector meson studies.

IV. SUMMARY AND CONCLUSIONS

In this study, we systematically investigated the effects of
quark AMMs on the mass spectra of neutral pseudoscalar
mesons (7, K, 1, 1) under external magnetic fields, finite
temperatures, and quark chemical potentials within the
framework of the three-flavor NJL model. By incorporating
AMMs at the quark level, we explored the interplay
between magnetic catalysis, inverse magnetic catalysis,
and chiral symmetry restoration, addressing discrepancies
between conventional NJL predictions, i.e., not consider-
ing AMMs.

Key findings from our analysis include (1) quark mass
dynamics: the inclusion of AMMs significantly altered the
magnetic field dependence of constituent quark masses. For
light quarks (u/d), a first-order phase transition emerged at
critical magnetic fields (eB, =~ 0.33 GeV?), where their
dynamical masses collapsed to current quark masses with
a larger AMM. In contrast, the strange quark exhibited

nonmonotonic mass behavior but avoided abrupt transi-
tions. These results highlight the critical role of AMMs in
suppressing chiral condensates (or quark masses by the gap
equation in the NJL model) and driving IMC. (2) Phase
diagram modifications: the introduction of AMMs
reshaped the QCD phase structure. At zero and finite
chemical potential (¢), AMMSs suppressed the chiral phase
transition temperature (7.), aligning more closely with
LQCD findings on IMC compared to the NJL model
without considering AMMs (AMMO). Moreover, crossover
transitions observed in the absence of AMMs were replaced
by first-order transitions with AMMSs under strong mag-
netic fields. (3) Meson mass behavior: the 7 mass collapsed
abruptly at eB, ~0.17 GeV? with AMMI and at eB, ~
0.10 GeV? with AMM2. AMM:s enhanced flavor splitting,
leading to a significant impact on meson masses. As a
resonance state, 7' showed suppressed mass growth under
AMMs and lost stability at strong fields, reflecting limi-
tations of the NJL framework in handling nonperturbative
decay widths. (4) Temperature and chemical potential
dependence: at finite temperature and chemical potential,
meson masses underwent a Mott transition (discontinuous
mass jump) at T, (e.g., K and 7). The AMM-induced
IMC shifted the Mott temperature toward lower temper-
atures. Regarding chemical potential dependence, the
AMM-induced IMC also caused the mass jump of mesons
to shift toward lower chemical potential.

In terms of experiments, chiral symmetry breaking gave
rise to rich mesonic and baryonic spectra, while the U, (1)
anomaly explained the nondegeneracy of the n and #’
mesons. The mass changes of mesons may enhance or
suppress their thermal production in relativistic heavy-ion
collisions, such as the yields and ratios of mesons. The
Mott transition may result in some fascinating phenomena
in relativistic heavy-ion collisions where strong magnetic
fields are generated.

Our results demonstrated that the AMM plays a pivotal
role in reconciling the NJL model predictions with LQCD
observations, particularly in reproducing IMC for transition
temperature. However, challenges remain in fully capturing
the #' meson behavior, underscoring the need to incorporate
decay widths and beyond-RPA corrections. Future work
will extend this framework to charged and vector mesons,
which are crucial for understanding electromagnetic probes
in heavy-ion collisions and magnetar environments.
Additionally, refining the interplay between AMMs and
the U, (1) anomaly could further elucidate the chiral and
axial restoration mechanisms in magnetized QCD
matter.
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APPENDIX: THE CALCULATION OF
POLARIZATION LOOPS

In this appendix, we derive the main part of the
polarization function containing the quark AMMs at finite
|
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temperature. We start with the following expression using
kaon meson as an example:
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Substitute Eq. (21) into Eq. (A1), and by doing the trace
operation on the gamma matrix, we get
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Now, considering p = 0, and using the orthogonality relation of the Laguerre function,

, m=n, Rea > 0.

/oo dxe ™ x*L%(x)L%(x) = Matnt1l) (A3)

0 n!

We arrive at
d*k 5 5
2 )4 Tr{y’Sa(q = p + k)r’S,(k)}

dkgdk. 11
= ~ 2z 22/ s Mnd Mnsﬁ[(—%ko +kk,) +

n,s,l

(SMnd - KdedB)(ans - KsesB)]

X [(Mnd + SMd)(Mns + ZMS) + ( nd — SMd)( — M ) + 4lsﬂn]

. 1
=+ Z”lnF(QO)(S(qg - Ednsz) } {k2

42 ko)o(kZ — E,,./°%) .
e 2ol ~ B}

1
X = Ad
{q% — Eg,> + ie (A4)

Performing the dk, integral of Eq. (A4), we get
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where
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