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We propose an embedding of the symmetry topological field theory (symTFT) construction in (finite
cutoff) holography. The proposal passes several nontrivial consistency checks reproducing the expected
symTFTs in various cases, including the recently discussed symTFT for the 1-form symmetry of 4D N = 4
super Yang-Mills (SYM). Moreover, we comment on the possibility of unifying the symTFT and the
symmetry theory (symTh) descriptions via the democratic formulation of supergravity, using the 4d N = 4

SYM theory as an example.
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I. INTRODUCTION

Symmetries play a crucial role in physics. In recent
years, there has been intense research investigating the very
notion of symmetry and its implications. This led to the
developement of new tools adapted to analyze symmetries
in isolation, separating them from the dynamics of the
corresponding quantum field theory (QFT), as well as
possible variants of the theories themselves obtained by flat
gaugings of global symmetries. This structure is captured
by the so-called symmetry topological field theory
(symTFT) construction [1,2]. This is a topological quantum
field theory (TQFT) defined on a slab extended in one extra
dimension that captures the symmetries of the original
theory and their possible gaugings.

This construction immediately reminds of holography. It
is then very tempting, for holographic theories, to look for
the symTFT within the holographic dual (see [3-7] for
related work along these lines). Yet, upon closer inspection,
a precise identification appears to be much less obvious.
Through the standard holographic correspondence, the
p + l-form gauge fields of the gravitational theory and
their Wess-Zumino (WZ) couplings capture the symmetries
of the dual QFT and their anomalies, respectively. This is,
in essence, the so-called symmetry theory (symTh) of [8]
rather than a TQFT. Moreover, the standard holographic
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prescription also identifies the exchange of Dirichlet and
Neumann boundary conditions for the gauge fields in AdS
with the dynamical gauging of a global symmetry in the
dual field theory. This raises two immediate issues. On one
hand, upon dynamical gauging, a conformal field theory
(CFT) generically results in a nonconformal theory, which,
in the standard holographic prescription, translates in the
non-normalizability of the corresponding boundary con-
dition. Thus, strictly speaking, generically it is not even
well defined to consider arbitrary boundary conditions
within the standard holographic prescription. On top, even
if one blindly allows for arbitrary boundary conditions in
the symTh, the dual CFT exhibits completely different
global symmetries [for example, in a 4D CFT a U(1)©
symmetry gives rise to a U(1)(") symmetry upon gauging]
which correspond to a dramatically different symTFT in
each case. It is thus not at all clear how to reconcile these
observations. The aim of this article is to address this
problem and propose an embedding of the symTFT within
holography.

II. A PROPOSAL FOR SymThs AND SymTFTs
FROM HOLOGRAPHY

Let us consider a d-dimensional CFT denoted by T
exhibiting a p-form global symmetry I'(?). We can then
construct a family of theories T obtained by gauging (in
general dynamically) arbitrary subgroups of the global
symmetry of T. As a consequence, not all elements in T are
CFTs. For example, T may have a global U(1)©® form
symmetry acting on matter fields; while upon gauging the
whole U(1), the resulting theory includes a sector with a
copy of the Maxwell theory coupled to matter, which is
actually an IR free QFT for d > 3.
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Suppose now that T has a holographic dual in terms of a
gravitational theory in AdS,,;. In particular, the global
symmetry of T maps to the p + 1-form gauge sector of the
gravitational theory. A natural question is whether we can
holographically describe other elements in T. In the case of
gauge fields in AdS,, , the standard holographic prescrip-
tion identifies Dirichlet boundary conditions with the
description of a global U(1)® of T, while Neumann
boundary conditions correspond to gauging such U (1)(0>
[9-11] leading to some other element of T. Inspired by this,
one would naively construct T by considering the appro-
priate boundary conditions for the gauge fields associated
with the global symmetry.

However, this cannot be fully correct: the AdS/CFT
correspondence is not well-defined for arbitrary boundary
conditions. For instance, gauge fields in AdS,.,; only admit
normalizable Dirichlet boundary conditions if d > 3 [10],
which is intimately related to the fact that gauging U(1)(®)
global symmetries results in an IR-free theory (Maxwell
theory coupled to matter) if d > 3.

To circumvent this problem, a natural way out is to
impose a sharp cutoff in the radial direction z € [z4, ),
and impose arbitrary boundary conditions at the cutoff
surface z,, which is always well defined given that z, is
finite. Let us apply this reasoning to the case of T. By
definition, being T a CFT, we are assuming boundary
conditions such that we can send z, to 0. Asin [12], we can
imagine splitting the holographic partition function as (we
use ¢ below to denote the set of fields in the gravity side)

Z — /Dd)e_sgravily

oo

= /'D¢*TUV[¢*]"PIR{¢*]’ (1)

7<Zy e_S[¢Z<Z*]:| |:D¢|z>z* €_S[¢‘Z>Z* }

where ¢, are the values of the AdS fields at the surface z,.
This equation has been taken as starting point to establish
the holographic renormalization group flow in [12-14]. An
alternative point of view was advocated in [15] (see
also [16,17]), where Wr[¢p,] was identified with the
partition function of the theory deformed by a particular
multitrace deformation valid up to a cutoff A~ z;!.
Abusing notation, we will still denote this QFT by T.!
From this point of view, Wyy [¢,] is what is needed in order
to reproduce the path integral dual to the original CFT T.

In this setup, the symmetries of T are captured by the
p + 1-form gauge field sector assuming the AdS,, | metric
fixed. However, crucially, since Wig[¢,] is dual to the

'After all we are interested in the symmetries of T, and
neither the deformation nor the cutoff will explicitly break such
symmetries.

cutoff AdS7, |, any boundary condition is allowed. Thus we
can now legally reach other elements in T by a suitable
choice of boundary conditions at z,.. We propose to identify
the effective theory for p + 1-forms, with arbitrary boun-
dary conditions, as the symTh of [8]. In order to make the
discussion more concrete, let us consider the case of a

single U(1) p-form symmetry.” The symTh would then be’

1

SsymTh — 1
2 Ads;rl 2

dA, 1 A *dA, ., (2)

where A,,; is a p + l-form gauge field in the cutoff
AdS}; | for which both Dirichlet and Neumann boundary
conditions are admissible.

Note however that Wig[¢,] is naturally regarded as a
function of the fields evaluated at the cutoff surface in the
gravity dual. Thus, from the point of view of Wi [, ] it is
natural to impose always Dirichlet boundary conditions.
Since duality exchanges the boundary conditions (see,
e.g., [11]), this suggests that, in this context, a natural
way to impose boundary conditions for a p + 1-form field
is to always impose Dirichlet boundary conditions either
for the p + 1-form field A, itself or the dual d — p —2
form field Ad_p_z (which would correspond to the
Neumann boundary conditions for the original field).

While for Wir[¢4] alone any choice of boundary con-
ditions is allowed, in view of Eq. (1) it seems clear that to
have a well-defined gravitational path integral, the con-
tribution Wyy[¢h,] must change accordingly. In fact, from
the point of view of Wyy[¢p,], the state Wig[¢p4] at the
surface at z, plays the role of a boundary state [14]. Thus,
we expect that generically the geometry in the slab
z €10, z,J]—denoted by Z,,—will be modified. Taking
into account that Wyy[¢,] can be also regarded as a
function of the fixed fields at the cutoff surface, it is
natural to write the theory in the modified geometry Z ;. | as

1 1

D: §p =— dA A *rdA, . q,
D o0 o 2 p+1 A p+1
1 1 - ~
N: SN = % EdAd—P—2 AN *IdAd—p—Z’ (3)

Tan

where the %7 is meant to be taken with respect to the
modified metric in the slab. We can separate the gauge field
piece from the geometry by introducing an R valued d — p-
form gauge field f,;_, and use the identity (essentially a
Hubbard-Stratonivich transformation)

*The anomaly sector, captured by WZ couplings of the gravity
theory, comes along for the ride as far as our present discussion is
concerned, and thus we will momentarily neglect it. In Sec. III we
will be more precise, including it in order to appropriately
describe the 1-form symmetries of A' =4 SYM.

3The normalization of the action ensures that the flux of field
strength and of its Hodge dual are both normalized in units of 2.
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1 I
=5 | 3dA, A xrdd,
1

e

Id+l

1

g Efd—q AN K*rfaeqtifaqg NdA,  (4)
d+1
From this point of view, only the f;_, A *zf,_, term in
(4) is sensitive to the slab geometry. We propose to
interpret this term as the coupling to the physical degrees
of freedom in the symTFT sense. In turn, the term linear
in f,_, is topological, does not depend on the geometrical
details of Z,,,—which hence can be regarded simply
as an interval /,,—and intrinsically captures the sym-
metries of the theory. Thus, we propose to drop the
quadratic term and interpret the linear term as the
symTFT. Hence, for the p + 1 form case above, we
are led to write the symTFTs depending on the chosen
boundary conditions

i

D: SsymTFT__ f—— A dA ’
om Jy, T p+1
TFT | 5
NSy = 2_/ fpia NdAGpa. (5)
I
We now recognize S3™ /ST a5 the symTFT for

U(1)P)/U(1)4=P=3) symmetries as described in [18], in
agreement with the fact that gauging a U(1)(?) symmetry
gives back a U(1)(4~7=3) symmetry. Hence, we see that our
procedure successfully maps the familiar exchange of
boundary conditions in holography to the expected dra-
matic change of symTFT upon gauging.

A. A closer look at the duality

The procedure outlined above converted the traditional
exchanging boundary conditions corresponding to gaug-
ing/ungauging a global symmetry into changing appropri-
ately—and highly nontrivially—the symTFT. We can offer
another perspective on this process. Let us consider as the
starting point the action Sp. One way to implement
duality [9,19] is through gauging the shift symmetry
A, = Ayl + 4y by introducing a gauge field B,
transforming as B ., — B, + dA, and couple it with a
d — p — 2 Lagrange multiplier A ,_ p—2 ensuring that B, is
closed. The action is then

1 1
+iAg_p o N dB,.. (6)

Integrating out the field A,_ p—2 gives then back Sp. In turn,
integrating out A, | leads to Sy. Moreover, this theory can

be regarded as the low-energy limit* of a theory equipped
with kinetic terms for A,_ p—2 and B, namely

N 1 1
§=o / S (A1~ Bya) A %(dAyy1 = B,o)

1 - ~
+ EdBp+2 A *dBp+2 + EdAd_p_z A *dAd—p—Z
+iAypo A dB,,,. (7)
Applying our proposal to this action, we would be left with

i
2

—hap 1 NBpio+gap2NdB,p
fp+2 A dAd—p—2 + Ad—p—Z A dBerZ' (8)

SymTFT ha_py N dA,,

We now recognize the symTFT for a U(1)(?) coupled to the
symTFT of a gauge field [cf. Eq. (34) in [18] for p = 0],
which explicitly reflects the gauging of the global symmetry.

III. CASE STUDY: 1-FORM SYMMETRY
IN 4D N =4 SYM

Let us now focus on the specific case of 1-form
symmetries in A’ =4 SYM and apply our proposed
procedure. The relevant part of the Type IIB
Supergravity (SUGRA) action (reduced on the $°) is

1

S = 2 de A *de + = dCz AN *dC2
T

+ lNCz VAN de (9)
We can essentially import verbatim the general discussion
regardless of the anomaly term. Thus, we are led to
conclude that the symTFT for u(N) N'=4 SYM is

Sym l
Suy(N)TFT 27 /hz/\de+f2/\dC2+NC2/\dB2’ (10)

which recovers the proposal of [20].

Let us now imagine gauging the U(1) magnetic 1-form
symmetry of the u(N) N =4 SYM theory. On general
grounds, we expect to land on the su(N) N =4 SYM
theory. Based on our previous discussion, we are led to
consider the action upon dualizing C,. After dualizing C,
into C;, we lead to

1
S = 4_/de A *dBy + (dCy + NB;) A x(dC, + NB,).
T

(11)

*A quick way to argue for this is to note for instance that upon
gauge-fixing A, = 0 in (7), B, is simply a massive gauge
field with standard kinetic term. Setting it to zero leaves us with
S= 1/2fdAd_p_2 A *d;\d_[,_z, which is simply the theory in
the dual variables.
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Running our procedure now, we find

1
ST ﬂ/ hy A dBy+ f3 A (dC; +NB,),  (12)

which recovers the proposal of [20] for the symTFT for
su(N) N =4 SYM.

Taking now as the starting point Eq. (11), we can
imagine dualizing by gauging the C; — C; + 4; shift
symmetry by introducing a gauge field G, and a
Lagrange multiplier F, imposing flatness. We end up with

1 1
S _E/§<dcl +NBZ +G2) N *(dC1 +N32 +G2)
1
+§dB2 A *xdB, + iF, A dG,. (13)

Upon including kinetic terms for G, and F,, using our
prescription, we are led to the symTFT

SSymTFTZZL/hZ /\dB2 + g AdG2+f2 /\sz
¥/
+f3 AN (dC] +NB2+G2) +F2 AN dG2 (14)

Reassuringly, this recovers the procedure in [20] for
going from the symTFT of su(N) to the one of u(N)
N =4 SYM [cf. Eq. (4.12) in [20]].

IV. SymTFT AS A LIMIT OF HOLOGRAPHY

In [3,6,20] it was argued that, at least in certain cases, the
symTFT can arise as a limit of the symTh in standard
holography—that is, in the absence of a cutoff. To begin
with, note that the metric of AdS,,; can be written as
ds? = z‘zds%(l“, with dsp, = dx?* + dz* the metric of an
interval. Then, for a g¢-form field Aq, the Hubbard-
Stratonovich transformation of Eq. (4) for a p + 1 form
and its d — p — 2 dual can be recasted as

Zd—2p—3 i
Sp :/de—p—l AKifa-p-i +Efd—p—l NdA, s

3+2p-d i
Sn :/Tfp+2 A*if pio +%fp+2 NdA 4. (15)
As a consequence, we see that depending on d and p, as
7z — 0 the symTh coincides with the symTFT as [3,6,20]
(1) d=2p—3>0: Y™ - gy,
() d=2p—3<0: ST - sy
Note that cases 1 and 2 above coincide with the appropriate
boundary conditions for normalizability of the p + 1 form
field in AdS, ;. Thus, with the boundary conditions selected
by holography—those leading to a normalizable fluctuation in
AdS, —the symTh is captured by the symTFT close to the
AdS boundary. This is to be expected, as in that case the

cutoff of the dual QFT can be taken to infinity, resulting in a
CFT that does not need a UV completion, and thus the slab
geometry 7 ,, | above is actually simply AdS again. We then
see that our construction naturally accommodates the point of
view in [3,6,20].

The case d — 2p — 3 = 0 is special. It corresponds to the
case where both standard and alternate quantizations are
allowed. Thus, symmetry alone is not enough to select
boundary conditions. This is reflected in the fact that the z
dependence above drops in both Sy and Sp.

To illustrate these points, let us consider p = 0. As is well
known [10], gauge fields in AdS,,; require D boundary
conditions for d > 3 and are dual to conserved currents of
U(1)© symmetries in the boundary. Consistently, for D
boundary conditions, Sj} mTh _, S]S)ymTFT, and we recover the
symTFT for a U(1)©® symmetry. In turn, if d < 3, gauge
fields in AdS,, | require N boundary conditions and corre-

spond to gauge fields in the dual CFT. Consistently, in this

symTh __ symTFT . L
case Sy — Sy .Thecased = 3isspecial, as itallows

for both boundary conditions. Hence, symmetry alone is not
enough to choose one or the other, which is reflected in the
fact that the z dependence drops out from the action of
the symTh upon performing the Hubbard-Stratonovich
transformation.

V. ANOMALY POLYNOMIAL TFT FROM
DEMOCRATIC FORMULATION

In the above sections, we saw how holography encodes
both the symTFT for a p-form symmetry and for the
d — p — 3-form symmetry obtained by gauging the p-form
symmetry itself. In particular, the two symTFT were
basically related by duality in AdS. It is worth noticing,
however, that both symTFTs can also be obtained from a
single d 4 2-dimensional theory, known as the anomaly
polynomial topological field theory (anomalyTFT). For a
p-form symmetry, in the absence of anomalies, the
anomalyTFT is

i
Sonomay T — /M Xa-p-t A dypia, (16)
d+2

where we are considering the symTFT as living on a space
without boundary M, = dM,,,. In order to preserve the
gauge transformations 6x,_,_; = dd4_,» and 8y,.» =
d,.y, the bulk action must be supplemented with a
boundary action. Two natural choices are

symTFT i
Spo = o Jacp-1 AdAp 1 =Ypi2)s
7T JoM s
symTFT __ i d—
SN0 T o [(=1) PXgep1t AN Ypi2

d+2

+ (=)Ao AdA gy —x4—pr)]. (17)
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leading to the two different symTFTs. Moreover, we
can also supplement the anomalyTFT with two different
boundary actions

SsymTh o 1

=— A * ,
D.o 4 " yp+2 yp+2

d+2
1
Th . _
S =gn | A
4r oMo

+Xgopot AKX p_i], (18)

leading to the two symTh related by dualization in
My, [21-24].

It is natural to ask about the avatar of the anomalyTFT in
string theory. Our proposal, as also suggested in [7], is that
the democratic formulation of supegravity realizes the
anomalyTFT. This formulation treats all supergravity
fields, namely the fields and their Hodge duals, on equal
footing. An immediate consequence is that duality in
supergravity is just built into this formulation. In particular
the democratic formulation in 11D reads
SdemoIIA — L

T JIMy,

+wy Adwg+ 13 Adry

|:W0dW10 — Wy VAN de

1
—r3 A <WOW8—W2/\W6+5W4/\W4):|; (19)

] 1
gdemolIB _ L/ |:Wl A dwg —w3 A dwy —|—§W5 A dws
M]]

b/
+r3/\d1’7—r3/\(W]/\W7—W3/\W5>:|, (20)
where w), are the 11D avatar of the 10D field strengths of

the Ramond-Ramond (RR) fields, while r;, r; are the
Neveu-Schwarz-Neveu-Schwarz (NSNS) ones. These are
R fields with their own gauge transformation. Upon
reduction over the internal space, one finds the anomaly
theory. Then, just as above, in the presence of a space with a
boundary, the symTFT/symTh will be obtained as the
theory of edge modes, which cancels the bulk gauge
variation of the democratic theory.

Let us study consider in detail the case of 4D N =4
SYM. The reduction of the democratic formulation
reads

SdemozzlﬂA/I [r3/\dr‘2—W3/\dW2 +NI”3/\W3}, (21)
6

with gauge symmetries O6r3; = du,, ows =dk,, or, =
dyy — NAy, and 6w, = dA; — Nu,. To cancel those, we
can choose as boundary action

SgrslTFT -t [r3 Ary —w3 Awy + hy A dB,
’ 27 Jom,
+ fa AdCy+ NCy A dBy — (fy — NBy) A wy

+ (hy + NCy) A 3],

1 1
S50 =g Jy 13 T2 s A s AR
1
+ 3w A *wsl; (22)

leading respectively to the S2™" and S¥™™ . The other
variants obtained by changing boundary conditions from
Dirichlet to Neumann can then be obtained by changing the
edge mode theory.

VI. CONCLUSIONS

In this article, we have proposed an embedding of the
symTFT paradigm within holography, clarifying at the same
time the role of the symTh and the relation between the two in
the context of the democratic formulation. Key aspects of
our proposal are that a) the slab geometry of the symTFT
naturally appears, b) the exchange of boundary conditions
(corresponding to dynamical gauging in standard hologra-
phy) of the symTh gets mapped to the change of symTFT
required for consistency, and c) both the symTFT and the
symTh can be obtained from the democratic formulation of
supergravity choosing the appropriate boundary conditions.

An immediate application of our proposal is the pos-
sibility of directly constructing symTFTs for holographic
theories: the symTFT can be obtained from the correspond-
ing supergravity Lagrangian upon changing the kinetic
terms for f A F terms or directly from the democratic
formulation by choosing the appropriated boundary con-
ditions. Along the same lines, it seems that the extension to
non-Abelian symmetries discussed in [3,25,26] is straight-
forward. For instance, it is natural that the symTFT for
N =4 SYM including the non-Abelian SO(6), symmetry
can be directly read-off from IIB supergravity using the
consistent truncation in [27].

It would be relevant to improve our understanding of the
underlying mechanisms of our proposal, specifically the
role of the physical boundary that in our construction is
captured by dropping the quadratic term in the Hubbard-
Stratonovich transformation of Eq. (4). It is worth noting
the very intriguing fact that a similar Hubbard-Stratonovich
transformation plays a relevant role in cutoff holography
[15].> Moreover, it would be very interesting to study
the relation of the symmetry operators in holography as

>Note that one could also write Eq. (4) as a Stuckelberg theory
S= fzdﬂ —3(deg_gor=Fag) N¥r(dea_gi = Fa—g) + Faq NdA,.
Using the gauged shift symmetry we can fix c¢,_,_; =0,
recovering (4). The dropped term is then a kinetic term, perhaps
along the lines of [28].
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introduced in [29-31] with their symTFT counterparts
under the light of the procedure in this article. We hope
to come back to some of these issues in the future.
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