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At the energies of present and future electron accelerators designed to study the structure of hadrons, there
is a regime where hard pion electroproduction proceeds by a perturbatively calculable process in QCD. The
process is not the leading twist fragmentation one but rather a higher-twist process that produces
kinematically isolated pions. Semi-inclusive data may teach us more about parton distribution functions
of the target and the pion distribution amplitude. In addition, there is a connection to generalized parton
distribution calculations of exclusive electroproduction of mesons in that the perturbative kernel is the same.
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I. INTRODUCTION

This article studies meson production at the highest
transverse momentum under given kinematics of deep-
inelastic lepton-proton (or other hadronic target) collisions.
The focus will be on direct pion production, and will
include discussion of other production processes, will show
numerical results, and will explore what can be learned
from observations of directly produced pions.
Direct pions, also referred to as isolated pions, are pions

produced within a short distance of the initiating reaction in
processes that are perturbatively calculable. The name
isolated follows because the production process creates
only one particle, the pion (or meson, more generally), with
significant momentum in its direction. There will be a recoil
quark traveling with significant momentum in an azimu-
thally opposite direction and some low momentum debris
from target fracture, but the pion will be traveling alone and
in particular will not be part of a jet.
Direct pion production was first suggested in [1] and

there have been a number of studies since, for examples
see [2–7]. The present, however, is a good time for further
study as it appears that data where direct meson production
is the dominant process are within reach at Jefferson Lab
and the Electron-Ion Collider under construction at BNL.
In addition, when direct pion production is observed, the

measured cross sections can teach us more about the
structure of both the target and the produced meson.
Specifically, one can make choices of kinematic ranges
where the pion structure does not impact the falloff of the

cross section with increasing, for example, pion transverse
momentum, but that falloff is nonetheless directly propor-
tional to the momentum fraction (x) dependence of the
target’s quark parton distribution function (PDF). Hence
one gets a measure of that pdf. The measurement will be at
high x where the current experimental data does not give
the pdf with high precision (although lattice calculations
are helpful here [8–10]). Other choices of kinematics
conversely can give shape insensitivity to the quark pdf
and allow measuring some particular momentum transfer
dependent integral over the pion’s distribution amplitude
(DA), which with enough data can be inverted to give the
distribution amplitude itself (a feature already noted in [1]).
We will make some general remarks on kinematics in the

next section, and show the calculation of the isolated pions
in some detail in the following section. In Sec. IV we give,
for the purpose of comparison, an outline of the fragmen-
tation and vector meson dominance processes, attempting
to be brief but with enough detail to allow numerical
calculation. Then in Sec. V, we give a selection of
numerical results. We start with a comparison of the sizes
of the different processes at various transverse momenta
and various photon virtuality, demonstrating that there
indeed exists a region where direct pion production should
be dominant. Then for the direct pion process itself, we
show results for the different structure functions that appear
in the cross section expression for pion electroproduction,
as in Eq. (1) below. Section VI shows examples of ways to
extract information on parton distribution functions (pdf)
and pion distribution amplitudes from direct pion data.
Some closing remarks are offered in Sec. VII.

II. GENERAL KINEMATIC REVIEW

Semiinclusive pion production from lepton-proton scat-
tering, or semiinclusive deep inelastic scattering (SIDIS)
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where the observed hadron is a pion, is shown in Fig. 1,
with the lepton labeled “e” for definiteness. The lepton part
of the diagram can be calculated explicitly, and the full
sixfold differential cross section is given in terms of 18
structure functions, in general. For unpolarized protons
only five structure functions enter, and [11]

E0Eπ
d6σ

d3l0d3pπ
¼ α2

Q4

2ωπ

Eð1 − ϵÞ
�
1þmp

ν

�

×
n
FUU;T þ ϵFUU;L þ ϵ cosð2ϕhÞFcos 2ϕh

UU

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵð1þ ϵÞ

p
cosϕhF

cosϕh
UU

þ ð2λeÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵð1 − ϵÞ

p
sinϕhF

sinϕh
LU

o
: ð1Þ

Here E, E0, and Eπ are the energies of the incoming and
outgoing electron and of the pion, andQ2 ¼ −q2 > 0 gives
the four momentum of the virtual photon. Further, ϕh is the
azimuthal angle between the lepton-photon and pion-
photon scattering planes, λe ¼ �1=2 is the helicity of
the incoming electron, and ϵ is the ratio of the longitudinal
and transverse polarization probabilities of the virtual
photon,

1

ϵ
¼ ð1þ 2τð1þ τÞ tan2ðθe=2ÞÞ ð2Þ

for lepton lab scattering angle θe and τ ¼ ν2=Q2 where ν is
the photon lab energy.
The structure functions can be related [11] to conven-

tionally defined cross sections for γ�p → π þ X,

Fmn ¼
Q2ðW2 −m2

pÞ
8π2mpα

�
1þmp

ν

�
−1 dσmn

d3pπ
; ð3Þ

where m, n are indices for the polarization vectors of the
virtual photon andW is the center-of-mass (c.m.) energy of
the γ�p. There are also helicity indices for the proton target,
which are here averaged over. The photon longitudinal
polarization is along q⃗; transverse polarization ϵ1 is in the
photon-pion plane and in the direction of the pion’s

transverse momentum, and the other perpendicular to this
plane, as ϵ2 ¼ q̂ × ϵ1. Then,

FUU;T ¼
1

2
ðF11þF22Þ; Fcos2ϕh

UU ¼ 1

2
ðF11−F22Þ;

FUU;L ¼FLL; Fcosϕh
UU ¼ReFL1; Fsinϕh

LU ¼ Im FL1: ð4Þ

[For the virtual photon cross section we will make the
conventional Hand flux factor choice [12–14]. The struc-
ture functions are independent of the choice, as witnessed
by the factor ðW2 −m2

pÞ above.]

III. DIRECT PION PRODUCTION

Pions electro produced near the highest possible trans-
verse momentum will be direct or isolated pions. Isolated
means that they travel in a given direction with no nearby
hadrons of significant momentum; in particular, they are
not part of a jet. Figure 2 illustrates the process. The upper
blob in this case can be perturbatively calculated from the
diagrams in Fig. 3. The isolated pions come from processes
where in addition to the photon being absorbed by a quark,
there is also a hard gluon that produces a quark-antiquark
pair, with the antiquark (most often) combining with the
preexisting quark to produce a pion with the newly
produced quark recoiling opposite to the pion’s momen-
tum, eventually combining with other matter from the
target breakup to produce hadrons with no significant
momentum in the direction of the fast pion.

A. Calculation

The pions are formed from the nearly parallel quark and
antiquark with momenta ypπ and ȳpπ ¼ ð1 − yÞpπ . They
are connected by a Dirac factor γ5=pπ=

ffiffiffi
2

p
(we are treating

the pions and quarks as massless) multiplied by a pion
distribution amplitude ϕπðyÞ and with an integral over dy.
Momentarily omitting the distribution amplitude and the

integral, the first pair and second pair of diagrams give,
respectively,

FIG. 1. Semiinclusive pion production from lepton proton
scattering. FIG. 2. Quark level diagrams for isolated pion production.
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2
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Quantity ϵ is a virtual photon polarization vector. The
color factor is Cf ¼ 4=ð3 ffiffiffi

3
p Þ, the momenta can be read

from the diagrams, λ ¼ �1=2 is the helicity of the incom-
ing quark (which is the same as the helicity of the outgoing
quark, if the quarks are massless), e1 and e2 are quark
charges in units of the elementary charge e, and we have
used the subprocess Mandelstam variables,

ŝ ¼ ðp1 þ qÞ2;
t ¼ ðq − pπÞ2;
û ¼ ðp1 − pπÞ2: ð6Þ

With the quarks and pions massless,

ŝþ tþ û ¼ q2: ð7Þ

The combinations of Dirac matrices that are defined as
τa;c above can be manipulated and simplified using the
Dirac equation where appropriate. We do the transverse and
longitudinal photon polarizations separately.
For the transverse case, we let ϵ ¼ ϵT with T ¼ 1; 2 and

take ϵ1 in the subprocess scattering plane with the positive
direction set by the transverse part of the pion momentum,
and ϵ2 normal to the scattering plane. The τa;c reduce to

τaðϵTÞ ¼ =ϵTð−yŝþ ȳ ûþq2Þ þ 2=qȳϵT · p0
1;

τcðϵTÞ ¼ =ϵTðþyŝ − ȳ ûþq2Þ − 2=qȳϵT · p0
1: ð8Þ

We also used ϵT · q ¼ 0, and ϵT · p1 ¼ 0, the latter valid in
both the c.m. frame and the lab frame.
For the longitudinal polarization vector, we have

ϵL ¼ 1

Q

�
q −

2q2

ŝ − q2
p1

�
; ð9Þ

where Q ¼
ffiffiffiffiffiffi
Q2

p
¼

ffiffiffiffiffiffiffiffi
−q2

p
. This polarization vector sat-

isfies ϵ2L ¼ 1 and ϵL · q ¼ 0. Then,

τaðϵLÞ ¼ −
2=qq2

Qðŝ − q2Þ ȳ û;

τcðϵLÞ ¼ −
2=qq2

Qðŝ − q2Þ ðyûþ tÞ: ð10Þ

To obtain the amplitudes we really want, we multiply by
the pion distribution amplitude and integrate over y,

ϵ ·M ¼
Z

1

0

dyϕπðyÞϵ · ðTa þ TcÞ: ð11Þ

The result is conveniently written in terms of the integrals,

IπJ1ðq2=tÞ ¼
Z

1

0

dy
ϕπðyÞ

yþ ȳq2=t
;

IπJ2ðq2=tÞ ¼
Z

1

0

dy
yϕπðyÞ

ȳðyþ ȳq2=tÞ ;

J2ðq2=tÞ ¼ 1 − ðq2=tÞJ1ðq2=tÞ: ð12Þ

(a) (b) (c) (d)

FIG. 3. Quark level diagrams for isolated pion production.
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We have factored out a basic integral Iπ , which is

Iπ ¼
Z

1

0

dy
ϕπðyÞ
y

ð13Þ

and is the same integral that appears, for example, in the
high Q2 expression for the pion electromagnetic form
factor

FπðQ2Þ ¼ 64παS
3Q2

I2π: ð14Þ

Incidentally, with the definition above, J1ð0Þ ¼ J2ð0Þ ¼ 1.
The result for the amplitude in terms of quantities A, B,

and C is

ϵT ·M ¼
ffiffiffi
γ

p ð2λÞ
2t2

ūðp0
1ÞðA=ϵT þ BϵT · p0

1=qÞuðp1Þ;

ϵL ·M ¼
ffiffiffi
γ

p ð2λÞ
−t

Q
ŝ − q2

ūðp0
1ÞC=quðp1Þ; ð15Þ

where

A ¼ e1
ŝ
½−tðŝ − q2Þ þ J1ûðt − q2Þ�

þ e2
û
½tðû − q2Þ − J1ŝðt − q2Þ�;

B ¼ 2t

�
e1
ŝ
J1 þ

e2
û
J2

�
;

C ¼ J1

�
e1û
ŝ

þ e2ŝ
û

�
þ e2t

û
ðJ1 − 1Þ: ð16Þ

We used the third of Eq. (12) to sometimes eliminate J2,
and the argument of J1;2 is always q2=t.
Several possible pion distribution amplitudes will be

given farther below, with explicit analytic results
for J1ðq2=tÞ.
Also,

γ ¼ 213

27
π3I2παα2S ð17Þ

and it is useful to know

ϵ1 · p0
1 ¼

ffiffiffiffiffiffiffi
ŝtû

p

ŝ − q2
: ð18Þ

The subprocess cross section is

dσ̂IJ
dt

¼ 1

16πðŝ − q2Þ2
X

q pol
0ðϵI ·MIÞ�ðϵJ ·MJÞ: ð19Þ

The prime indicates an average over the initial quark
polarization, and I; J ¼ 1; 2; L are chosen as appropriate

to the cross section being calculated. The various dσ̂ may
be understood to have suppressed indices stating the initial
quark and the meson produced.

B. Cross section formula summary

The quark level subprocess is embedded in a proton or
other hadron, as in Fig. 2 for pion production from a virtual
photon. The Mandelstam variables for the virtual photon-
proton process are measurable quantities and are

s ¼ ðpþ qÞ2;
t ¼ ðq − pπÞ2;
u ¼ ðp − pπÞ2; ð20Þ

and the momentum fraction of the struck quark can be
obtained from these measurable quantities as

x ¼ −t
sþ u − 2m2

p − q2
: ð21Þ

The virtual photon cross section on the proton target is
generically,

dσ
dxdt

¼ qaðxÞ
dσ̂
dt

ðγ�qa → πqbÞ; ð22Þ

where an appropriate sum over quark flavors is implied;
qaðxÞ is the quark distribution function, or the probability
of finding a quark of flavor a with momentum fraction
between x and xþ dx. One can convert to other differ-
entials using generically

Eπ
dσ
d3pπ

¼ 2mpjq⃗jx2
−πt

dσ
dxdt

; ð23Þ

where jq⃗j is the virtual photon momentum in the lab frame.
One can now give the structure functions [see Eqs. (3)

and (4)], with prefactor

Pf ¼ 16α2sI2π
27π

Q2ðW2 −m2
pÞjq⃗jx2

t4ŝðŝ − q2Þ3 qaðxÞ: ð24Þ

They are

FUU;T ¼ Pff2A2ðŝ − q2Þ2
− 2ABŝ ûðŝ − q2Þ þ B2ŝ2û2g; ð25Þ

Fcosð2ϕÞ
UU ¼ Pff−2ABŝ ûðŝ − q2Þ þ B2ŝ2û2g; ð26Þ

FUU;L ¼ −Pf8q2ŝtûC2; ð27Þ

Fcosϕ
UU ¼ Pf4Q

ffiffiffiffiffiffiffi
ŝtû

p
ðAðŝ − q2Þ − Bŝ ûÞC; ð28Þ

Fsinϕ
LU ¼ 0: ð29Þ
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The last follows because the lowest order perturbative
amplitudes are all relatively real. It can of course become
nonzero in higher order either through final-state gluon
exchange or by combination with a T-odd PDF [15].
Quantities A, B, and C are given in Eq. (16) in the previous
subsection.
For comparison to photoproduction results, a q2 → 0

result is

Eπ
dσT
d3pπ

¼ 128παα2SI
2
π

27

2mpωγx2

t2
qaðxÞ

×

�
e1
ŝ
þ e2

û

�
2

ðŝ2 þ û2Þ; ð30Þ

which agrees with with Eq. (10) of [16]. Quantity dσTT the
same except for ðŝ2 þ û2Þ → 2ŝ û.

C. Distribution amplitude integrals

The distribution amplitude is normalized from the matrix
element of the axial current between the pion and the
vacuum. The normalization is

Z
1

0

dyϕπðyÞ ¼
1

2
ffiffiffi
3

p fπ ð31Þ

in the convention where fπ ≈ 93 MeV.
Commonly used forms for the distribution amplitude are

the asymptotic (or superasymptotic) form and the
Chernyak-Zhitnitsky form. The asymptotic form is

ϕπðyÞasy ¼
ffiffiffi
3

p
fπyð1 − yÞ; ð32Þ

from which

Iasyπ ¼
ffiffiffi
3

p

2
fπ ð33Þ

and

J1ðbÞasy ¼
1 − b2 þ 2b logb

ð1 − bÞ3 : ð34Þ

An example of a broader distribution amplitude that
gives larger Iπ than the asymptotic one, is

ϕπðyÞSR ¼ 4

π
ffiffiffi
3

p fπ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yð1 − yÞ

p
; ð35Þ

whence

ISRπ ¼ 2ffiffiffi
3

p fπ;

J1ðbÞSR ¼ 1

ð1þ ffiffiffi
b

p Þ2 ; ð36Þ

where SR stands for square root.
There is also the Chernyak-Zhitnitsky distribution ampli-

tude which has a double hump structure and is given by

ϕπðyÞCZ ¼ 5
ffiffiffi
3

p
fπyȳðy − ȳÞ2: ð37Þ

Then

ICZπ ¼ 5
ffiffiffi
3

p

6
fπ ð38Þ

and

J1ðbÞCZ ¼ ð1 − b2Þð1þ 10bþ b2Þ þ 6bð1þ bÞ2 log b
ð1 − bÞ5 :

ð39Þ

Lattice results appear to contraindicate the Chernyak-
Zhitnitsky form but do suggest that the distribution ampli-
tude is broader than the asymptotic one [17].
We now defer numerical results until we have discussed

alternative SIDIS processes for producing pions. This is in
the next section, and and the point of the discussion is to be
able to evaluate if direct pions indeed dominate over a
significant kinematic range. Numerical results will follow
in the section after that.

IV. COMPETING PROCESSES

A. Vector meson dominance

Another process for producing SIDIS pions involves
vector meson dominance wherein the photon converts to a
vector meson which then scatters hadronically from the
target, Fig. 4. We give here only a brief account of how to
calculate this contribution to pion production, with details
available in [5]. This work heavily uses other authors
phenomenological fits to meson-proton scattering data,
with references given there..

FIG. 4. Pion production from a VMD virtual photon.
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We work first only with the ρ0 meson, and include other
vector mesons later. The γ − ρ coupling is em2

ρ=fρ, where
fρ can be obtained from the ρ0 → eþe− decay rate [18]. At
the cross section level,

dσðγp→ πþXÞ¼ α

αρ

�
m2

ρ

m2
ρ−q2

�
2

dσðρ0p→ πþXÞ

þotherVMDþnonVMD contributions:

ð40Þ

We need the cross section for ρ0 induced πþ production.
This is a strong interaction and so a strong interaction sized
process. It can be estimated from various (pion charge
changing, to avoid leading particle effects) pion induced
inclusive pion production processes, abetted sometimes by
proton induced processes to enhance the angular coverage
of the data. Again, details are in [5], including treating
contributions from other vector mesons and giving the
parameters and functional forms that underlie the vector
meson dominated (VMD) results (cf. also [19]).

B. Fragmentation

Since in this paper we explore the fragmentation process
only to see where it fades by a significant factor relative to
the direct process, we content ourselves with a simple low
order treatment. We need quark distributions, fragmenta-
tion functions, and subprocess cross sections. We use
reasonably modern quark distributions (e.g., [20]) and
simple fragmentation functions. The relevant subprocess
cross sections are well known for real photons, and we
below give for completeness the versions for virtual
photons.
In a fragmentation process, Fig. 5, the virtual photon

interacts with parton a in the target and parton b “frag-
ments” to produce a pion with some accompanying
unobserved debris. Parton a carries (light-front longi-
tudinal) momentum fraction x of the target hadron, and
fraction z of the momentum of the fragmenting parton b
goes into the observed pion momentum.

The cross section for this contribution to the γ�p → πX
process is

dσ
dxdtdz

¼
X
abc

Ga=pðxÞ
1

z
dσ̂ðγ�a → bcÞ

dt̂
Dπ=bðzÞ: ð41Þ

Ga=p is a parton distribution function, or the number of
partons of type a (quark or gluon) in interval dx, the
fragmentation function Dπ=b gives the number of pions
produced from parton b per interval dz, and t̂ is
defined below.
This can be worked into

ωπ
dσ
d3k

¼ 2mpjq⃗j
−πt

Z
1

zmin

dz
z

x2

1 − ð1 − zÞq2=t
×
X
abc

Ga=pðxÞ
dσ̂
dt̂

Dπ=bðzÞ; ð42Þ

with

x ¼ −tþ ð1 − zÞq2
zðs −m2

p − q2Þ þ u −m2
p

ð43Þ

[which gives Eq. (21) for z ¼ 1] and

zmin ¼ −
tþ u −m2

p − q2

s −m2
p

¼ s −W2

s −m2
p
: ð44Þ

In the last equation,W is the mass of the hadronic final state
particles other than the pion, and shows that zmin never
exceeds unity (for a proton target).
Simple estimates for fragmentation functions giving

pions were used in [3] and are

Dπþ=uðzÞ ¼
5

6
ð1 − zÞ2 þ 5

6

ð1 − zÞ4
z

;

Dπ0=uðzÞ ¼
5

12
ð1 − zÞ2 þ 5

6

ð1 − zÞ4
z

;

Dπ−=uðzÞ ¼
5

6

ð1 − zÞ4
z

; ð45Þ

and mutatis mutandi for the down quark.
Relevant subprocesses are the QCD Compton process

γ�q → qg and the photon gluon fusion process
γ�g → qþ q̄. Cross sections for these for real photons
are well known; for virtual photons, taking the “T” cross
section (the one with the average of the transverse polar-
izations) for comparisons, one has for the Compton
process,FIG. 5. Basic diagram for a fragmentation process.
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dσ̂T
dt̂

ðγ�q→ qgÞ¼ 1

2

�
dσ̂11
dt̂

þdσ̂22
dt̂

�

¼ 4

3

2πe2qααs
ðŝ−q2Þ2

�
−
t̂
ŝ
−
ŝ
t̂
−
2ûq2

ŝ t̂
þ 2ûq2

ðŝ−q2Þ2
�
:

ð46Þ

The Mandelstam variables for this subprocess are

ŝ ¼ ðxpþ qÞ2;
t̂ ¼ ðq − k=zÞ2;
û ¼ ðxp − k=zÞ2: ð47Þ

[Generally, t̂ is the momentum transfer squared between the
photon and the parton that will produce the quark, and we
have written (46) for the case that the quark produces the
pion.] For photon gluon fusion,

dσ̂T
dt̂

ðγ�g → qq̄Þ

¼ 1

2

2πe2qααs
ðŝ − q2Þ2

�
û
t̂
þ t̂
û
þ 2ŝq2

t̂ û
−

4ŝq2

ðŝ − q2Þ2
�
: ð48Þ

A selection of numerical results are shown in the next
section.

V. SELECTED NUMERICAL RESULTS

The first question is whether the claim that the isolated
pion process is dominant for high transverse momentum
pion production is true, and if so, at what momenta. As an
answer, we present two plots in Fig. 6, which show the
FUU;T structure function [which will prove to be the largest
of the five structure functions in Eq. (1)] for the isolated
pion process, the VMD process, and the fragmentation
process. The plots are for Eγ ¼ 12 GeV and 22 GeV, both
with pion lab angle θπ ¼ 5°, and Q2 ¼ 3 GeV2. One sees
the isolated process rising above the others for high enough
kT , about 0.8 and 1.4 GeV in these two cases. This plot uses
the asymptotic distribution amplitude for the isolated pion
calculation. It gives the smallest results among the dis-
tributions amplitudes selected in this study; the results from
the CZ amplitude would be nearly three times larger and
would show dominance of the isolated pion mechanism at
somewhat lower pπ⊥. The choice of Q2 matters, as with
rising Q2 the isolated pion process cross section rises
relative to the other processes.
A further question is what are the relative sizes of the

FUU;T , F
cosð2ϕÞ
UU , FUU;L, and Fcosϕ

UL structure functions, and
these are plotted in Fig. 7. For these kinematics, and for the
πþ, involving the longitudinal polarization clearly gives a
smaller results than the terms involving only the transverse
polarizations. We may remark that the quantity C can

sometimes have a zero in the region of interest, as it
does here.

The Fcosð2ϕÞ
UU term, which is proportional to a difference

between two transverse polarization cross sections [see
Eqs. (3) and (4)], is of course smaller in magnitude than the
FUU;T term, which comes from the corresponding sum, but
still is of comparable size. See Fig. 8, which plots the

absolute value of the ratio Fcosð2ϕÞ
UU =FUU;T . This speaks to

the possible ease of observing the cosð2ϕÞ modulation of
the overall cross section.
A corresponding plot showing sizes of the FUU;T ,

Fcosð2ϕÞ
UU , FUU;L, and Fcosϕ

UL structure functions for neutral
pion production is shown in Fig. 9. For the π0, the
longitudinal cross section is prominant at high pπ⊥, a
feature already noted in [6].
Finally for this section, we investigate the invariant mass

W of the nonobserved hadronic material accompanying the

FIG. 6. A comparison of the rates of pion production from the
direct pion, VMD, and fragmentation mechanisms, for two
different incoming energies, as a function of pion transverse
momentum. This plot uses the asymptotic distribution amplitude
for isolated pion calculation; other choices considered in the text
would give more copious isolated pion production.
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pion and also the size of the initial quark momentum
fraction x for the isolated pion process. These are put on the
same plot, Fig. 10. For the Eγ ¼ 22 GeV, θπ ¼ 5°, Q2 ¼
3 GeV2 kinematics chosen for our examples, W is above
the resonance region, taken to means W > 2 GeV, for
pπ⊥ < 1, 6 GeV, which means there is a significant region
of isolated pion production where the recoiling hadrons are
above the resonance region, avoiding potential final state
interactions that could modify some of the results. Quantity
x is on the same plot, and x is above 0.26 and 0.31 for

pπ⊥ ¼ 1.3 and 1.4 GeV, respectively. Hence any relevant
measurements would be mainly in the valence quark
region.

VI. COMMENTS ON EXTRACTING PDF AND DA

Upon establishing a region where direct pion production
dominates, one may use the process as a tool to clarify

FIG. 8. A comparison of the Fcosð2ϕÞ
UU and FUU;T terms,

indicating the relatively easy possibility of seeing the cosð2ϕÞ
modulation.

FIG. 9. This time for the π0: Four contributions, with differing
input photon polarizations, to isolated pion production. For π0

production, FL
UU becomes quite prominent.

FIG. 10. The upper curve here shows the invariant mass in GeV
of the unobserved hadronic system accompanying the pion.
For pπ⊥ ≲ 1.6 GeV, this mass is above the resonance region
(taking the boundary as 2 GeV). Recall that for these kinematics,
if the CZ distribution amplitude gives the correct normaliza-
tion, isolated pion production exceeds VMD production for
pπ⊥ ≳ 1.3 GeV. The lower curve shows the quark momentum
fraction x, which ranges from 0.25 to 0.52 as pπ⊥ ranges from 1.3
to 1.6 GeV.

FIG. 7. Four contributions, with differing input photon polar-
izations, to isolated positive pion production. For this case,

Fcosð2ϕÞ
UU is negative, and both Fcosϕ

UL and FL
UU have a zero at

these kinematics. [For Fcosϕ
UL we have plotted the function itself on

the left and its negative on the right, as indicated by the (�)
notations on the plot.].
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aspects of proton and pion structure. The direct pion
production cross sections are generically given as a quark
pdf in the proton (or other chosen target) times a q2 and t
dependent integral involving the pion’s (or in the future,
other meson’s) distribution amplitude time known and well
determined kinematic factors, roughly

dσ ¼ fqðxÞ · J1ðq2=tÞ · kinematic factors: ð49Þ

By making suitable kinematic choices, one can isolate
the x dependence of the pdf or the differences in J1 due to
different choices of the DA. For the virtual photon sub-
process, there are 4 kinematic variables, two for the
photonðν ¼ Eγ andq2Þ and two for the pion (for example,
Eπ and θπ in the lab frame). One can fix three linear
combinations of the variables stated and vary a fourth to see
sensitivities to the pdf and DA. As a side remark, the White
Paper regarding 22 GeV electrons at JLab [21] emphasizes
the ability to obtain extensive multidimensional data, so
free choices in data analysis should abound. We shall note a
few examples.
For studying the u quark valence pdf, a plot already

shown, Fig. 7, provides a good beginning. This plot has Eγ ,
Q2, and θπ fixed. Plot of Fig. 11 shows how the integral
changes when switching between pion DA and another;
more explicitly it shows the ratio of dσT=d3pπ calculated
for two different DAs and plotted for the same kinematics
as Fig. 7. The normalization changes, but the curve is
nearly flat. That means that the shape of the experimental
curve for σT is determined by the shape of the quðxÞ pdf.
The curve actually shown in Fig. 7 was calculated using the

GRSV parton distribution. Data will pick out whatever
parton distribution is correct.
To learn more about the pion DA, one can search for

other suitable kinematics, for example fixing x and also
fixing Eγ and Eπ , which one can check also fixes t.
Choosing Q2 as the remaining variable allows significant
variation in the argument of J1ðq2=tÞ and leads to the ratio
plots for different DAs shown in Fig. 12. The result for the
transverse cross section is relatively flat and hence not so
interesting, but the result for the longitudinal case show a
significant variation as q2 goes from 0 to approximately t.
Hence, there is an opportunity to distinguish different DAs.
With enough data an actual inversion of J1ðq2=tÞ to obtain
ϕπðyÞ could be assayed.
Some corresponding plots for the π0 case are in Fig. 13.

Here the transverse cross section appears to be the more
shape sensitive.

FIG. 11. Ratio of the transverse cross sections for pion
electroproduction, at the selected kinematics, for the SR and
asymptotic DAs.

FIG. 12. Ratios of the transverse cross sections (upper panel)
and longitudinal cross sections (lower panel) for πþ electro-
production, at these kinematics, again for the SR and asymptotic
distribution amplitudes.

SEMI-INCLUSIVE PION ELECTROPRODUCTION AT THE … PHYS. REV. D 112, 093008 (2025)

093008-9



VII. FINAL REMARKS

We have calculated direct, or isolated, isolated pion
electroproduction from proton targets, by methods easily
extended to other hadronic targets. We have showed that in
electroproduction at moderate energies the isolated pion
process is dominant over a significant region of high
momentum pions.

We have also noted that the calculation is proportional to
the parton distribution functions at high momentum frac-
tion and the meson’s distribution amplitude, with other
factors entering the calculation known and established.
Hence the measured cross sections can allow us to learn the
pdfs and DAs more precisely. We have shown by example
that there are kinematic choices that will allow learning the
shape of the quark pdf whatever the meson’s DA, and other
choices that will gather information about the meson’s DA
whatever the quark distribution function. These examples
also show the value of data over a wide kinematic range,
including data with transverse and longitudinal contribu-
tions separated.
The perturbative QCD mechanism for direct pion pro-

duction in SIDIS considered here is closely related to a
short-range part of the scattering amplitude for exclusive
electroproduction of pions at high transferred momenta,
and is of interest to the studies of generalized parton
distributions of a nucleon [22–25].
There are further investigations that can follow upon the

present work that we will plan to investigate. These include,
but may not be limited to, the effect of radiative corrections,
particularly including electron bremsstrahlung that affects
the relation of the meson’s transverse momentum to the
internal photon’s direction [7]; the inclusion of target
proton (or other target) polarization, so that there are 18
structure functions instead of five, and performing the
corresponding calculation for direct rho meson production,
which in turn leads to high transverse momentum dipion
production.

ACKNOWLEDGMENTS

A. A. thanks the National Science Foundation (USA) for
support under Grants No. PHY-2111063 and No. PHY-
2514669. C. E. C. thanks the National Science Foundation
(USA) for support under Grant No. PHY-1812326. We
thank Joe Karpie, Jianwei Qiu, and Harut Avakian for
useful conversations.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

[1] V. N. Baier and A. G. Grozin, Determination of the meson
wave function using the cross-section of its isolated in-
clusive production, Phys. Lett. B 96, 181 (1980).

[2] C. E. Carlson and J. Milana, The Approach to color trans-
parency as a means of determining hadronic distribution
amplitudes, Phys. Rev. D 44, 1377 (1991).

[3] C. E. Carlson and A. B. Wakely, Semiinclusive pion photo-
production at large transverse momenta, Phys. Rev. D 48,
2000 (1993).

[4] A. Brandenburg, V. V. Khoze, and D. Mueller, Semiexclu-
sive pion production in deep inelastic scattering, Phys. Lett.
B 347, 413 (1995).

FIG. 13. Ratios of the transverse cross sections (upper panel)
and longitudinal cross sections (lower panel) for π0 electro-
production, at these kinematics, again for the SR and DAs.

ANDREI AFANASEV and CARL E. CARLSON PHYS. REV. D 112, 093008 (2025)

093008-10

https://doi.org/10.1016/0370-2693(80)90240-3
https://doi.org/10.1103/PhysRevD.44.1377
https://doi.org/10.1103/PhysRevD.48.2000
https://doi.org/10.1103/PhysRevD.48.2000
https://doi.org/10.1016/0370-2693(95)00064-R
https://doi.org/10.1016/0370-2693(95)00064-R


[5] A. Afanasev, C. E. Carlson, and C. Wahlquist, Soft con-
tributions to hard pion photoproduction, Phys. Rev. D 61,
034014 (2000).

[6] A. Afanasev and C. E. Carlson, Hard pion electroproduction
at medium energies, Nucl. Phys. A721, 763 (2003).

[7] T. Liu and J.-W. Qiu, Power corrections in semi-inclusive
deep inelastic scatterings at fixed target energies, Phys. Rev.
D 101, 014008 (2020).

[8] C. Egerer et al. (HadStrucCollaboration), Transversity parton
distribution function of the nucleon using the pseudodistri-
bution approach, Phys. Rev. D 105, 034507 (2022).

[9] P. C. Barry et al. (Jefferson Lab Angular Momentum (JAM)
Collaboration and HadStruc Collaboration), Complemen-
tarity of experimental and lattice QCD data on pion parton
distributions, Phys. Rev. D 105, 114051 (2022).

[10] R. G. Edwards et al. (HadStruc Collaboration), Non-singlet
quark helicity PDFs of the nucleon from pseudo-distribu-
tions, J. High Energy Phys. 03 (2023) 086.

[11] A. Bacchetta, M. Diehl, K. Goeke, A. Metz, P. J. Mulders,
and M. Schlegel, Semi-inclusive deep inelastic scattering at
small transverse momentum, J. High Energy Phys. 02
(2007) 093. One may also change the differential measures
using d3l0=E0 ¼ mpνdxdydψ and d3pπ=ωπ ¼ ðν=2ωπÞ
dzdϕhdp2

π⊥ (notation given in the reference).
[12] L. N. Hand, Experimental investigation of pion electro-

production, Phys. Rev. 129, 1834 (1963).
[13] E. Amaldi, S. Fubini, and G. Furlan, Pion-Electroproduc-

tion. Electroproduction at Low Energy and Hadron Form
Factors, Vol. 83 (Springer, Berlin, Heidelberg, 1979).

[14] T. Arens, O. Nachtmann, M. Diehl, and P. V. Landshoff,
Some tests for the helicity structure of the pomeron in e p
collisions, Z. Phys. C 74, 651 (1997).

[15] A. Bacchetta, P. J. Mulders, and F. Pijlman, New observ-
ables in longitudinal single-spin asymmetries in semi-
inclusive dis, Phys. Lett. B 595, 309 (2004).

[16] A. Afanasev, C. E. Carlson, and C. Wahlquist, Measuring
polarized gluon and quark distributions with meson photo-
production, Phys. Rev. D 58, 054007 (1998).

[17] J. Hua et al. (Lattice Parton Collaboration), Pion and kaon
distribution amplitudes from Lattice QCD, Phys. Rev. Lett.
129, 132001 (2022).

[18] A. Pautz and G. Shaw, Nuclear shadowing and rho photo-
production, Phys. Rev. C 57, 2648 (1998).

[19] A. Szczurek, V. Uleshchenko, and J. Speth, anti-d—anti-u
asymmetry and semiinclusive production of pions in DIS,
Phys. Rev. D 63, 114005 (2001).

[20] M. Gluck, E. Reya, M. Stratmann, and W. Vogelsang, Next-
to-leading order radiative parton model analysis of polarized
deep inelastic lepton—nucleon scattering, Phys. Rev. D 53,
4775 (1996).

[21] A. Accardi et al., Strong interaction physics at the lumi-
nosity frontier with 22 GeV electrons at Jefferson Lab, Eur.
Phys. J. A 60, 173 (2024).

[22] M. Diehl, Generalized parton distributions, Phys. Rep. 388,
41 (2003).

[23] S. Ahmad, G. R. Goldstein, and S. Liuti, Nucleon tensor
charge from exclusive π0 electroproduction, Phys. Rev. D
79, 054014 (2009).

[24] S. V. Goloskokov and P. Kroll, An attempt to understand
exclusive πþ electroproduction, Eur. Phys. J. C 65, 137
(2010).

[25] S. Goloskokov and P. Kroll, Transversity in hard exclusive
electroproduction of pseudoscalar mesons, Eur. Phys. J. A
47, 112 (2011).

SEMI-INCLUSIVE PION ELECTROPRODUCTION AT THE … PHYS. REV. D 112, 093008 (2025)

093008-11

https://doi.org/10.1103/PhysRevD.61.034014
https://doi.org/10.1103/PhysRevD.61.034014
https://doi.org/10.1016/S0375-9474(03)01176-X
https://doi.org/10.1103/PhysRevD.101.014008
https://doi.org/10.1103/PhysRevD.101.014008
https://doi.org/10.1103/PhysRevD.105.034507
https://doi.org/10.1103/PhysRevD.105.114051
https://doi.org/10.1007/JHEP03(2023)086
https://doi.org/10.1088/1126-6708/2007/02/093
https://doi.org/10.1088/1126-6708/2007/02/093
https://doi.org/10.1103/PhysRev.129.1834
https://doi.org/10.1007/s002880050430
https://doi.org/10.1016/j.physletb.2004.06.052
https://doi.org/10.1103/PhysRevD.58.054007
https://doi.org/10.1103/PhysRevLett.129.132001
https://doi.org/10.1103/PhysRevLett.129.132001
https://doi.org/10.1103/PhysRevC.57.2648
https://doi.org/10.1103/PhysRevD.63.114005
https://doi.org/10.1103/PhysRevD.53.4775
https://doi.org/10.1103/PhysRevD.53.4775
https://doi.org/10.1140/epja/s10050-024-01282-x
https://doi.org/10.1140/epja/s10050-024-01282-x
https://doi.org/10.1016/j.physrep.2003.08.002
https://doi.org/10.1016/j.physrep.2003.08.002
https://doi.org/10.1103/PhysRevD.79.054014
https://doi.org/10.1103/PhysRevD.79.054014
https://doi.org/10.1140/epjc/s10052-009-1178-9
https://doi.org/10.1140/epjc/s10052-009-1178-9
https://doi.org/10.1140/epja/i2011-11112-6
https://doi.org/10.1140/epja/i2011-11112-6

	Semi-inclusive pion electroproduction at the highest transverse momenta
	I. INTRODUCTION
	II. GENERAL KINEMATIC REVIEW
	III. DIRECT PION PRODUCTION
	A. Calculation
	B. Cross section formula summary
	C. Distribution amplitude integrals

	IV. COMPETING PROCESSES
	A. Vector meson dominance
	B. Fragmentation

	V. SELECTED NUMERICAL RESULTS
	VI. COMMENTS ON EXTRACTING PDF AND DA
	VII. FINAL REMARKS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


