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The nonlinear Σ model minimally coupled with Maxwell theory in 3þ 1 dimensions possesses a
topologically nontrivial sector characterized by lasagnalike configurations. We demonstrate that, when
a specific quantization condition is met, the associated second-order field equations admit a first-order
Bogomol’nyi-Prasad-Sommerfield system. This discloses the existence of a (1þ 1)-dimensional super-
symmetric extension with N ¼ 2 supercharges. We examine its imprint on the time-dependent regime,
with particular emphasis on the transition from integrability to chaos.
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I. INTRODUCTION

The gauged nonlinear Σ model is one of the most
significant field theory models, with applications spanning
from statistical mechanics and condensed matter systems to
high-energy physics. Its versatility is evident in its ability
to describe phenomena such as quantum magnetism, the
quantum Hall effect, and superfluidity, as well as mesonic
dynamics in the strong coupling limit [1–4]. In this
manuscript, we analyze the gauged nonlinear Σ model
in 3þ 1 dimensions from the perspective of quantum
chromodynamics (QCD), as it represents the low-energy
limit of QCD minimally coupled to Maxwell electromag-
netism. The modern approach to such a description is
referred to as chiral perturbation theory (χPT) [5–12].

Many interesting open problems appear when a large
number of baryons are confined on a finite spatial volume.
There is strong theoretical and phenomenological evidence
that, under such conditions, baryons melt and inhomo-
geneous baryonic condensates appear [13–31] (for pion and
chiral condensates see, e.g., [32–37]). These configurations
share some features with the Larkin-Ovchinnikov-Fulde-
Ferrell phase in superconductors [38,39].
For these reasons, we focus on the phase diagram of

baryonic matter under extreme conditions, at finite baryon
density and strong magnetic fields. From the viewpoint of
QCD, such analysis is very difficult [40–42], since pertur-
bative techniques are not effective at low energies, and
lattice methods fail as it is still not clear how to avoid the
sign problem [43–45].
In this paper, we demonstrate that, at finite baryon

density and under suitable circumstances, the model admits
a supersymmetric extension, improving the integrability
of the χPT equations. Of course, it is not a fundamental
supersymmetry of nature, which would require that each
elementary particle posses a supersymmetric partner of
opposite statistics [46]. It appears when the effective action
is supplemented with a pair of Majorana spinors, which is
possible only when a suitable quantization condition is
satisfied.
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An interesting feature of the supersymmetric extension
discussed here is that it cannot be implemented when the
electromagnetic degrees of freedom are turned off. This is
to be contrasted with the nice results in [47] where the
nonlinear realization of supersymmetry in the ungauged
Skyrme model is discussed. Moreover, it requires a
quantization condition on the area of the magnetized
baryonic layers. The supersymmetric theory possesses a
central charge, which is a nonlinear function of the Σ-model
topological charge1 [62,63], i.e., the baryonic charge.
Moreover, the regular field configurations preserving
supersymetry satisfy first order equations and have a
nonvanishing value for such central charge.
In order to disclose the results discussed above, we first

derive a suitable ansatz, which allows us to describe the
gauge nonlinear Σ-model configurations in terms of two
scalar degrees of freedom, and we write the correspond-
ing effective action. At a first glance, one could be rather
pessimistic about the project, since it is known that the
obvious Bogomol’nyi-Prasad-Sommerfield (BPS) bound
in terms of the baryonic charge cannot be saturated. This
is at odds with supersymmetry, which would require that
a BPS bound would be saturated in order to identify the
central charge of the superalgebra with the topological
charge. In fact the techniques introduced in [62,63]
allowed the derivation of BPS bounds in terms of
topological charges, which are nontrivial functions of
the obvious charges. These results are the ingredients
needed to disclose the supersymmetric extension of χPT
at finite baryons density.
One of the most interesting effects of the existence of a

supersymmetric extension discussed here is related to
chaotic dynamics. Starting from [64] there has been a lot
of recent activity in the analysis of chaos in field theory [65].
For example, it was discovered that the Yang-Mills theory
possesses time-dependent configurations that are chaotic
[66,67]. The effect of nontrivial topological charges and
fluxes on such chaotic behavior has not been fully analyzed
yet; some steps in this direction can be found in [68]. The
same question is very interesting also in the present case of
the gauged nonlinear Σ model. In the forthcoming sections
we will show that the emergence of supersymmetry (SUSY)
is felt in the dynamics of the theory, as when the parameters
of the theory are close to their supersymmetric values, the
dynamics tends to be less chaotic.

II. THE GAUGED NONLINEAR Σ MODEL

A. Definitions and properties of the model

The dynamical content of the gauged nonlinear Σ model
is given by a SUð2Þ valued scalar field U, which is coupled

to an Abelian gauge connection A (see for instance [69–72]
for the relevance of the model). We can write a classical
action for it, in the form

I½U;A� ¼ κ

4
tr
Z

Σ ∧⋆ Σ −
1

2

Z
F ∧⋆ F; ð1Þ

where the star ⋆ ð·Þ denotes the Hodge dual operation,
and the one-form Σ ¼ U−1DU is defined in terms of the
gauge covariant derivative Dð·Þ ¼ dð·Þ þ eA½t3; ·�. The
electric charge e can be rescaled into κ, which is the only
relevant coupling constant of the system. The role of the
covariant coupling is to enhance the invariance of the
neutral Σ-model under global SUð2Þ transformations, to
include gauge transformations in the direction of the t3
generator. This is consistent with the existence of only one
neutral pion.
The model has a conserved topological current J, defined

by the combination

J ¼⋆ tr½U−1dU ∧ U−1dU ∧ U−1dU�
− 3 ⋆ dðA ∧ tr½t3ðU−1dU þ dUU−1Þ�Þ; ð2Þ

which is gauge invariant and has a time component that,
once integrated in a spacelike hypersurface, gives the
baryonic charge.
We will be interested in topologically nontrivial con-

figurations of the dynamics defined by action (1). The
corresponding equations of motion take the form

D ∧⋆ Σ ¼ 0; ð3Þ

⋆ d ⋆ F ¼ κ

2
tr½U−1½t3; U�Σ�: ð4Þ

We want to find solutions to these equations in flat space,
with nonvanishing topological charge (2). In order to do
that, we will need to impose nontrivial boundary condi-
tions, which we will ensure by adding to the action (1) a
suitable boundary term, see below.

B. Ansatz and equations of motion

Let us choose the spacetime coordinates as ðt; r; ϑ;φÞ in
order to write the 3þ 1 Minkowskian metric in the form

ds2 ¼ 1

2κ
ð−dt2 þ dr2Þ þ l2ðdϑ2 þ dφ2Þ: ð5Þ

Here 0 < ϑ ≤ 2π and 0 < φ ≤ 2π are Cartesian coordinates
on a two-torus, and l is the characteristic size of the box.
The coordinates range are adapted to the Euler angles
that we implement in the parametrization of the SU(2)
valued field [73–75]. On the other hand we choose r on
an arbitrary range. The 1=4κ scale is included for later
convenience.

1For the relevance of the baryonic charge as topological
invariant see [48–51], and [52–61] for an analytic solution of
the Skyrme model.
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For the Σ model and gauge fields we propose the
following ansatz

U ¼ enφt3evðr;tÞt2enϑt3 ;

A ¼ 1

2

�
n −

ffiffiffiffiffi
2κ

p
luðr; tÞ

�
ðdϑ − dφÞ; ð6Þ

where ðu; vÞ are two functions to be determined by the
equations of motion, and n∈Z. It can be shown that the
energy and charge densities resulting from the ansatz (6)
are constant on the ðϑ;φÞ plane. This allows us to interpret
it as a baryonic layer, or in other words a nuclear lasagna
phase. Observe that the ansatz is four-dimensional in the
sense that the fundamental fields depend on the four
spacetime coordinates, which allow them to have a non-
trivial topological charge.
The nontrivial dependence of the ansatz on the three

coordinates is chosen so that the topological current does
not vanish. Indeed, from expression (2) we get

J ¼ 12αð∂tðu cos2 vÞdrþ ∂rðu cos2 vÞdtÞ: ð7Þ

Here we defined α ¼ n=
ffiffiffiffiffi
2κ

p
l. The corresponding topo-

logical charge would be nonvanishing as long as the
time component integrates to a finite value in a spacelike
hypersurface, as

B ¼ 12αð2πlÞ2ðu cos2 vÞjbdy; ð8Þ

where “bdy” refers to the boundaries of the r interval.
Regarding the electromagnetic strength, we have

F ¼ −
n
α
∂rudr ∧ ðdϑ − dφÞ − n

α
∂tudt ∧ ðdϑ − dφÞ; ð9Þ

resulting in mutually perpendicular electric and magnetic
fields lying on the ðϑ;φÞ plane.
Replacing the ansatz (6) into the seven coupled field

Eqs. (3) and (4) we get a pair of nonlinear coupled partial
differential equations for our ansatz variables u and v, as

□u − 2u sin2 v ¼ 0; ð10Þ

□vþ ðα2 − u2Þ sinð2vÞ ¼ 0; ð11Þ

where □ð·Þ ¼ −∂2t ð·Þ þ ∂
2
rð·Þ.

The above Eqs. (10) and (11) can be derived from an
effective (1þ 1)-dimensional action for the pair of scalar
fields u, v with the form

Ieff½u;v� ¼ −
Z

dtdr

�
1

2
ð∂uÞ2 þ 1

2
ð∂vÞ2 þ ðu2 − α2Þsin2v

�

þ Ibdy½u;v�; ð12Þ

here ð∂·Þ2 ¼ −ð∂t·Þ2 þ ð∂r·Þ2, and the boundary term
Ibdy½u; v� fixes the boundary conditions for the ansatz
functions u and v.

III. SUPERSYMMETRIC EXTENSION

A. First order equations

Interestingly, there is a set of first order equations that are
equivalent to (10) and (11) for some particular choice of the
box size l. They can be written as follows

∂μuþ ð
ffiffiffi
2

p
tμ þ t⊥μ Þ cos v ¼ 0; ð13Þ

∂μv −
ffiffiffi
2

p
tμu sin v ¼ 0: ð14Þ

Here tμ is a constant space-like unit vector tμtμ ¼ 1 in the
two dimensional Minkowskian plane ðt; rÞ, and t⊥μ is any
constant form perpendicular to it t⊥μ tμ ¼ 0. Taking the
divergence of these equations and replacing them in the
result, we obtain

□u − 2u sin2 v ¼ 0; ð15Þ

□vþ ð1 − u2Þ sinð2vÞ ¼ 0; ð16Þ

which coincide with (10) and (11) whenever α ¼ 1, namely
when the size of the box satisfies

l ¼ nffiffiffiffiffi
2κ

p : ð17Þ

The above condition corresponds to a quantization of the
area of the magnetized baryonic layers, which are the
solitons of the theory.
Equations (13) and (14) imply that the functions u, v are

time independent. Since tμ is a spacelike unit vector we can
boost to its rest frame tμ ¼ ð0;−ϵÞ with ϵ ¼ �1 is a sign.
This results in a timelike perpendicular with the form
t⊥μ ¼ ðb; 0Þ with b an arbitrary constant. In terms of the
boosted coordinates, which for simplicity we denote with
the same name ðt; rÞ, we can then rewrite the above
equations as

∂ru −
ffiffiffi
2

p
ϵ cos v ¼ 0; ∂tuþ b cos v ¼ 0; ð18Þ

∂rvþ
ffiffiffi
2

p
ϵu sin v ¼ 0; ∂tv ¼ 0: ð19Þ

Consistency requires that b vanishes. Indeed, since v is
time independent, the equation for ∂rv implies that u is also
time independent. Then from the equation for ∂tu we
obtain b ¼ 0.
It is clear that the first order equations (18) and (19)

are not completely equivalent to the second order
equations (10) and (11), but they capture a subset of
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time-indepentent solutions of the latter when the parame-
ters satisfy the condition (17). In other words, they
constitute a BPS system (see below). It is worth emphasiz-
ing that not all second order field equations possess a first
order BPS system. Indeed, as it happens, for instance, in the
Ginzburg-Landau theory for BCS superconductors, there
is a first order BPS system only at critical coupling. For
non-Abelian monopoles in the Georgi-Glashow model,
one can find a first order BPS system, which implies the
second order field equations only when the Higgs potential
vanishes. In general, one should expect that the requirement
for a given system of second order field equations to
possess a first order BPS set is very restrictive and, in most
of the cases, it is not satisfied. On the other hand, when a
first order BPS system exists, then not only it is much easier
to solve, but also the corresponding solutions are topo-
logically stable. We will show that our first order system
enjoys some of these properties.
When replaced into the topological charge (8) the first

order equations dictate

B ¼ 6αð2πlÞ2ðuð∂ruÞ2Þjbdy: ð20Þ

On the other hand, this is a purely magnetic configuration,
with

F ¼ −n∂rudr ∧ ðdϑ − dφÞ: ð21Þ

B. A solution by quadratures

The first order Eqs. (18) and (19) can be solved if we
assume that ∂rv ≠ 0 and u sin v ≠ 0, then the ratio between
the Eqs. (18) and (19) leads to a differential equation for v
as a function of u, which can be written in a simple manner
by considering v as a function of the variable u2. Indeed,
writing ∂rv ¼ v02u∂ru in (19) and replacing ∂ru from (18),
we get

2v0 þ tan v ¼ 0; ð22Þ

where a prime ð·Þ0 means derivative with respect to u2. This
equation for v can be solved straightforwardly, obtaining

sin v ¼ ϵ0e−
1
2
ðu2−u2

0
Þ; ð23Þ

where u0 is an integration constant and ϵ0 ¼ �1 is a sign,
and the solution is real whenever u2 > u20. We can
now write the remaining equation for u by plugging this
into (18), which can then be solved by quadratures

r ¼ r0 þ
Z

u

ϵ0u0

ϵdu0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − e−ðu02−u20ÞÞ

q : ð24Þ

Here r0 is another constant of integration. We have two
possible solutions according to the value of ϵ0 ¼ �1, one
with u > u0 and the other with u < −u0. The value of r is
close to r0 whenever the value of u is close to ϵ0u0. For
large values of u, the integral in (24) scales linearly in u,
implying r ∼ ϵu. In other words, the two possible values for
ϵ ¼ �1 do not correspond to different solutions, but instead
describe the positive and negative r semiaxes. Regarding
the variable v, the right-hand side of (23) goes to ϵ0 ¼ �1
as r approaches r0, implying that v ¼ ðϵ0=2Þπ. On the other
hand, we have that sin v goes to zero as juj becomes large,
from which we deduce that v ¼ 0 for r → −∞ and v ¼ ϵ0π
for r → ∞. Plots of the corresponding profiles are shown in
Fig. 1 (left). The resulting topological current and magnetic
field are shown in Fig. 1 (right).
Notice that the original ansatz (6) is periodic on the ϑ and

φ directions. On the other hand, at r → �∞ our analytic
solution for the functions v and u satisfies Dirichlet and
Neumann boundary conditions, respectively. Moreover, the
topological charge (20) would vanish when the configu-
ration is integrated along the whole r axis, while it results in
a finite value for any finite r range. The convenience of
these properties for phenomenological applications will be
discussed in Sec. V.

FIG. 1. Plots of the analytic solution (23) and (24) in the special point α ¼ n=
ffiffiffiffiffi
2κ

p
l ¼ 1, corresponding to ϵ0 ¼ 1. Left: profiles of the

ansatz functions u and v. Right: profiles of the observable quantities, the topological charge density J0, and the magnetic field Fϑþφ;r.
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C. Bogomol’nyi-Prasad-Sommerfield bound

To explore the meaning of the obtained result, let us
write the effective action (12) for the particular choice of
α ¼ n=

ffiffiffiffiffi
2κ

p
l ¼ 1 that allows for the first order form of the

equations. We get

Ieff½u; v� ¼ −
Z

dr dt

�
1

2
ð∂uÞ2 þ 1

2
ð∂vÞ2 þ ðu2 − 1Þsin2v

�

−
Z

dtðrþ 2ðu cos vÞÞjbdy; ð25Þ

where we included the correct boundary term to reproduce
the boundary conditions satisfied by the quadrature sol-
ution (23) and (24). We can now try to write the integrand
as the sum of the squares of the radial equations in (18)
and (19), resulting in the form

Ieff½u; v� ¼ −
1

2

Z
dr dtðð∂μuþ

ffiffiffi
2

p
tμ cos vÞ2

þ ð∂μv −
ffiffiffi
2

p
tμu sin vÞ2Þ: ð26Þ

Here tμ ¼ ð0; 1Þ is a unit spacelike vector as in Sec. III A.
We see that there is no total derivative corresponding to the
baryonic charge (20).
Specializing the action (26) to a static situation, we can

write a Bogomol’nyi-Prasad-Sommerfield bound for the
total energy in the form E ¼ −Ieff½u; v� ≥ 0. This bound is
saturated whenever the first order Eqs. (13) and (14) are
satisfied.
The presence of a Bogomol’nyi-Prasad-Sommerfield

bound strongly suggests that the system can be comple-
mented with a set of fermionic degrees of freedom in such a
way to construct a supersymmetric theory. We explore this
issue in the next subsection.

D. Supersymmetry

The simplest strategy to construct a supersymmetric
theory is to complement each of our bosonic fields u and v
with a fermionic counterpart, which encode in the two-
component Majorana spinors ψ and χ. Notice that we are
augmenting the field content of theory with fermions that
a priori are nonphysical and are only needed to disclose the
supersymmetry transformations.
Supersymmetric transformations are defined in terms of

a fermionic parameter ϵ, which is also a two-component
Majorana spinor. The variation of the bosonic fields can
then be written as

δv ¼ ϵ̄ψ ; δu ¼ ϵ̄χ: ð27Þ

Regarding the variation of the fermionic fields ψ and χ, we
would like to recover our Bogomol’nyi-Prasad-Sommerfield
first order Eqs. (13) and (14) from the condition of a

purely bosonic configuration, which preserves half of the
supersymmetries. We then write

δψ¼
�
=∂v−

ffiffiffi
2

p
usinv

�
ϵ; δχ¼

�
=∂uþ

ffiffiffi
2

p
cosv

�
ϵ: ð28Þ

With this, for a purely space dependent ∂tu ¼ ∂tv ¼ 0
and bosonic ψ ¼ χ ¼ 0 configuration, the condition of
vanishing supersymmetry variations for a nontrivial ϵ spinor
satisfying γ1ϵ ¼ �ϵ reduces to the first order Eqs. (18)
and (19).
In order to construct a supersymmetric theory under

the above defined supersymmetry transformations (27)
and (28), we need to supplement the purely bosonic action
Ieff½u; v� in (25) with a fermionic counterpart Ifer½ψ ; χ�
determining the dynamics of the two spinor fields ψ and χ,
in such a way that the total action

I½u; v;ψ ; χ� ¼ Ieff½u; v� þ Ifer½ψ ; χ�; ð29Þ

is invariant up to a boundary term. This is satisfied by the
expression

Ifer ¼ −
1

2

Z
dt dr

�
ψ̄=∂ψ þ χ̄=∂χ þ

ffiffiffi
2

p
u cos vψ̄ψ

þ 2
ffiffiffi
2

p
sin vψ̄χ

�
: ð30Þ

From action (29) we can derive the Noether (super)
charges associated to supersymmetry invariance, and com-
pute the corresponding algebra. It turns out that the central
charge coincides with the boundary term in (26), as
expected for a Bogomol’nyi-Prasad-Sommerfeld bound
in agreement with [62]. The details of the calculation are
given in the Appendix.
It is worth emphasizing that our model is not inherently

supersymmetric, but admits a supersymmetric extension
within the effective two-dimensional sector describing a
specific set of configurations, where relation (17) holds.
This modification of the field content is a usual tool in the
literature on Bogomol’nyi-Prasad-Sommerfield solitons,
to show that such solutions preserve some of the super-
symmetries of the extended model.

IV. CHAOTIC BEHAVIOR

A. Mechanical analogs

The system defined by action (12) would behave as a
mechanical system whenever we choose the dependence of
the variables u, v to be purely temporal. The corresponding
mechanical action reads

Imech½u;v�¼
Z

dtdr

�
1

2
ð∂tuÞ2þ

1

2
ð∂tvÞ2−ðu2−α2Þsin2v

�
:

ð31Þ
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FIG. 2. Phase diagram and Poincaré sections of the time dependent system, with initial conditions are ρvð0Þ ¼ 0.636;
ρuð0Þ ¼ 0.127, and vð0Þ ¼ 1.14, while uð0Þ is determined by the energy. We see that the Poincaré sections for parameters close
to the Bogomol’nyi-Prasad-Sommerfield value α ¼ 1 are remarkably stable, while away from this point the system becomes chaotic at
high enough energies.
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It is convenient to switch into a Hamiltonian description,
obtaining

H ¼ 1

2
p2
u þ

1

2
p2
v þ ðu2 − α2Þ sin2 v: ð32Þ

The corresponding energy is conserved, resulting in the
motion being confined to a three-dimensional hypersurface
H ¼ E in phase space. The potential, given by the last term
in Eq. (32), exhibits multiple potential wells. The minima
of these wells are located at points ðu;vÞ¼ð0;ðkþ1=2ÞπÞ,
where k∈Z, and the potential takes the value −α2 there.
Potential barriers separate the wells, extending along the u
direction at values of v ¼ kπ, where k∈Z. On these
barriers, the potential vanishes. Consequently, for negative
energies the motion will remain confined within a single
potential well. Furthermore, when we specify the initial
conditions for the variables ðpu; pv; vÞ ¼ ðpu in; pv in; vinÞ,
the condition of a real uin sets a lower bound on the energy.
This results in

0 > E >
1

2
pu

2
in þ

1

2
pv

2
in − α2 sin2 vin: ð33Þ

This restriction allows us to fix the value of the energy once
the initial conditions and the value of α are known, in such a
way that the motion is bounded. With this at hand we can
plot the corresponding Poincaré sections to determine
whether the system shows chaotic behavior.
In Fig. 2, the chaotic behavior is quantified by the mean

standard deviation of the Poincaré section of the corre-
sponding configuration. The upper plot is a phase diagram,
which reveals two distinct regions, one of them highly
chaotic, i.e., showing large values of the standard deviation
(depicted in yellow) and another with more regular behav-
ior, corresponding to small standard deviation, (depicted in
violet). We interpret the boundary between these two
regions as transition to chaos.
Although the Bogomol’nyi-Prasad-Sommerfield condi-

tion α ¼ n=
ffiffiffiffiffi
2κ

p
l ¼ 1 does not allow one to find real

analytic solutions for the purely time dependent case, our
numerical results provide evidence that this value for α
retains some significance. Indeed, the chaotic behavior
of the system is suppressed as α gets close to its super-
symmetric value. The corresponding Poincaré sections are
plotted in the second column on the lower part of the figure,
and show that the system behaves quite regularly around
this region of parameters.

V. DISCUSSION

Let us summarize the main results of the present work.
First, we have shown that the nonlinear Σ model in (3þ 1)
dimensions, when confined inside a box whose size
satisfies a suitable quantization condition, possesses a
(1þ 1)-dimensional sector that admits a supersymmetric

extension. Second, we obtain numerical evidence to sup-
port the claim that, for box sizes that are close to those
quantized values, the time dependent solutions are non-
chaotic. To the best of the authors’ knowledge, this is the
first result of this type in a theory related with the low
energy limit of QCD.
We analyzed the gauged nonlinear Σ model under and

ansatz representing a crystal of baryonic layers or a
“nuclear lasagna phase.” The configurations of this sector
are characterized by a single parameter α, which depends
on the Σ-model coupling κ, the length scale l representing
the periodicity in the longitudinal directions, and an integer
number n corresponding to a nonvanishing topological
invariant. Mutually perpendicular electric and magnetic
fields of the same strength extend along the direction of
the layers. When the parameter α takes the value α ¼ 1, the
equations of motion can be obtained from a first order
system, which possesses analytic solutions.
The resulting analytic expressions for the ansatz

functions u and v satisfy Neumann (u0 ¼ constant) and
Dirichlet (v ¼ constant) boundary conditions, respectively,
at large distances. In terms of physical observables, these
conditions correspond to fixing the baryonic density and
the magnetic flux. Notably, these conditions are natural
from a phenomenological perspective. In actual neutron
stars, various nonhomogeneous baryonic condensates
appear at slightly different densities, layered one on top
of the other. At low densities, the formation of nuclear
gnocchi is expected. As we move closer to the star’s center,
the density increases, and the spaghetti phase emerges.
At even higher densities, nuclear lasagna layers appear.
It is believed that at densities exceeding those of the
nuclear layers, the lasagna phase transitions into a homo-
geneous distribution.
Our analytic solution yields a total baryonic charge of

zero across the entire space, as it interpolates between a
region of positive, constant baryonic density (fully popu-
lated by baryons) and another region of negative baryonic
charge (dominated by antibaryons). In actual phenomeno-
logical applications, the presence of a baryonic chemical
potential compels the system to consist predominantly of
baryons, with a negligible quantity of antibaryons. To apply
our solutions in such contexts, the boundaries of the region
of interest should be positioned asymmetrically with
respect to the point where the baryonic charge density
vanishes. This asymmetry must be implemented under the
constraint that the integral of the baryonic density returns
an integer value. Notice that such a number is nonlinearly
related to the parameter n defining the solution.
The existence of a special point in parameter space,

where the equations can be derived from a first-order
system, suggests the presence of a Bogomol’nyi-Prasad-
Sommerfield (BPS) bound on the configuration’s energy.
We successfully formulated this bound using the effective
action that provides the reduced equations for our ansatz
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functions. Interestingly, in most systems exhibiting
Bogomol’nyi-Prasad-Sommerfield solitons, these solutions
emerge at specific points in the coupling space where there
is a balance between static repulsive (gauge) forces and
attractive (gravitational or Higgs) ones. In contrast, the
Bogomol’nyi-Prasad-Sommerfield solitons in the present
case are those whose size l is commensurable in Fermi
units l ¼ n=

ffiffiffiffiffi
2κ

p
.

Fist order Bogomol’nyi-Prasad-Sommerfield equations
are frequently encountered in supersymmetric systems as
conditions for preserving some supersymmetry in the
classical background. In our case, we demonstrated that
the (1þ 1)-dimensional system admits a N ¼ 2 super-
symmetric extension at finite baryon density. In other
words, the configurations described by our ansatz are
organized into a supersymmetric multiplet. It is worth
emphasizing that the presence of the electromagnetic
degree of freedom u is needed as, without it, the super-
symmetric extension would not be possible. This is to be
contrasted with the results in [47] where the nonlinear
realization of supersymmetry in the ungauged Skyrme
model has been analyzed.
We explored the consequences of the existence of a

supersymmetric extension on purely time-dependent con-
figurations. Specifically, we examined how the transition
into chaos is influenced by the proximity of the parameters
to the quantization condition. We found that the closer
the parameters are to this condition, the less chaotic the
corresponding dynamics becomes. Thus, the existence
of a supersymmetric extension leaves an imprint on the
system’s time evolution.
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APPENDIX: EMBEDDING IN A
SUPERSYMMETRIC MODEL

1. Definitions and spinorial identities

We define the higher rank γ matrices as γμ1μ2…μr ≡
γ½μ1γμ2…γμr�. The charge conjugation matrix C is defined
such that for any ΓðrÞ ∈ f1; γμ; γμ1μ2 ;…; γμ1…μrg

ðCΓðrÞÞT ¼ −trCΓðrÞ; ðA1Þ

where tr ¼ �1 depending on the rank of the γ matrix. All
the coefficients are fixed in terms of t0 and t1, as t2 ¼ −t0,
t3 ¼ −t1, and trþ4 ¼ tr.
The Majorana condition on a spinor λ can then be

imposed by requiring that the Majorana conjugated spinor,
defined as λ̄c ¼ λTC, coincides with the Dirac conjugated
one λ̄ ¼ iλ†γ0. For arbitrary Majorana spinors ψ and χ the
following identity, usually called Majorana flip, holds

ψ̄γμ1…μrχ ¼ trχ̄γμ1…μrψ : ðA2Þ

For even spacetime dimensionD ¼ 2m with m∈N and for
ΓA ∈ f1; γμ; γμ1μ2 ; γμ1…μrg such that TrðΓAΓBÞ ¼ 2mδAB, the
Fierz rearrangement identity can be written as

ðλ̄1Mλ2Þðλ̄3M0λ4Þ¼−
1

2

X
A

ðλ̄1M0ΓAMλ4Þðλ̄3ΓAλ2Þ: ðA3Þ

a. Two-dimensional case

In the particular case D ¼ 2 we consider the Majorana
basis for the γ matrices, defined according to

γ0 ¼ iσ2 ¼
�

0 1

−1 0

�
; γ1 ¼ σ1 ¼

�
0 1

1 0

�
: ðA4Þ

Then the charge conjugation matrix reads

C ¼ −σ2 ⇒ t0 ¼ 1; t1 ¼ −1: ðA5Þ

For this choice, a Majorana spinor has real components.
We write down some useful identities for Majorana spinors
λ, ψ and a scalar field v as follows

λ̄ψ ¼ ψ̄λ; λ̄γμψ ¼ −ψ̄γμλ;

λ̄γμγνψ ¼ ψ̄γνγμλ; λ̄γμνψ ¼ −ψ̄γμνλ;

=∂v=∂ψ ¼ ∂
μv∂μψ þ ∂μð=∂vγμψ − ∂

μvψÞ: ðA6Þ

In two spacetime dimensions it is possible to match the
off-shell degrees of freedom by considering two real scalars
and one Majorana spinor.
Let us define the chiral components ψþ;ψ− in terms of

the chiral γ matrix γ�

γ� ¼ γ0γ1¼
�
1 0

0 −1

�
; such that ðγ�Þ2¼1; fγ�;γμg¼0:

ðA7Þ

The definition of the chiral components is ψ� ¼ 1�γ�
2

ψ .

b. Graded Poisson algebra

The graded Poisson bracket f·; ·gPB∶ FP × FP → FP
is defined on functions FP from a phase space P with
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Grassmann odd and Grassman even fields, and must satisfy
the following conditions

fA;BgPB ¼ −ð−1ÞgAgBfB; AgPB;
gfA;BgPB ¼ gA þ gB mod 2;

fAB;CgPB ¼ AfB;CgPB þ ð−1ÞgBgCfA;CgPBB; ðA8Þ

where gA is equal to 0 for A being a Grassmann even field
and to 1 for A being a Grassmann odd one. To construct
explicitly this bracket in a concrete setup, let us consider
Minkowksi space R1;d with coordinates ðt; xiÞ and metric
ds2 ¼ −dt2 þ dx⃗2. Let ðua; paÞ be Grassmann even
bosonic fields and ðψα; παÞ Grassmann odd fermionic
fields. The definition of the equal time Poisson bracket is

fA; BgPB ≡
Z

ddx A

�
δ⃖

δuaðxÞ
δ⃗

δpaðxÞ
−

δ⃖

δpaðxÞ
δ⃗

δuaðxÞ

þ δ⃖

δψαðxÞ
δ⃗

δπαðxÞ þ
δ⃖

δπαðxÞ
δ⃗

δψαðxÞ
�
B; ðA9Þ

where the sum on the repeated indices is understood and the
left and right arrows on the derivatives denote on which
side it is acting, as needed to satisfy the Leibniz rule in the
second line of (A8).

2. Supersymmetric theory in two spacetime dimensions

a. Free theory construction

Let u, F be two real scalar fields and ψ a Majorana
spinor. The 1þ 1 dimensional free action defined as

Ifree ¼
Z

d2x

�
−
1

2
ð∂vÞ2 þ 1

2
F2 −

1

2
ψ̄=∂ψ

�
; ðA10Þ

is invariant up a boundary term under the supersymmetry
transformations

δv ¼ ϵ̄ψ ; δψ ¼ =∂vϵþ Fϵ;

δF ¼ ϵ̄=∂ψ ; δψ̄ ¼ −ϵ̄=∂vþ Fϵ̄; ðA11Þ

where ϵ is a Majorana spinor. The boundary term reads

δIfree ¼
Z

d2x ϵ̄∂μ

�
1

2
=∂vγμψ − ∂

μvψ þ 1

2
γμψF

�
: ðA12Þ

The proof of this requires the D ¼ 2 Majorana flip
identity ψ̄γμϵ ¼ −ϵ̄γμψ.
Considering the theory for ðv; F;ψÞ presented above, the

commutator of two successive supersymmetry variations
generated by the two spinor parameters ϵ1, ϵ2 acting on the
different fields reads

½δ2; δ1�v ¼ 2ϵ̄1γ
μϵ2∂μv;

½δ2; δ1�F ¼ 2ϵ̄1γ
μϵ2∂μF;

½δ2; δ1�ψ ¼ 2ϵ̄1γ
μϵ2∂μψ ; ðA13Þ

implying that they close on a spacetime translation with
parameter 2ϵ̄1γ

μϵ2. The proof of these brackets requires
some identities that hold in D ¼ 2. We sketch here some of
the most relevant steps

½δ1; δ2�ψ ¼ γμϵ2ϵ̄1∂μψ þ ϵ2ϵ̄1=∂ψ − ð1 ↔ 2Þ;

¼ −
1

2

X
A

ðΓAγ
μ þ γμΓAÞ∂μψϵ̄1ΓAϵ2 − ð1 ↔ 2Þ;

¼ −ðγνγμ þ γμγνÞ∂μψϵ̄1γνϵ2
− ðγρσγμ þ γμγρσÞ∂μψϵ̄1γρσϵ2;

¼ −2ϵ̄1γμϵ2∂μψ : ðA14Þ
Here in the second equality we used a Fierz rearrangement
where the sum runs over ΓA ∈ f1; γμ; γμνg. In the third
equality we used the fact that t0 ¼ 1 and then, due to
the antisymmetry, the term with the identity cancels,
leaving only two nontrivial terms. The second term is
zero due to the fact that fγμ; γμρg ¼ γμνρ ¼ 0, which is true
in two spacetime dimensions since γμνρ is completely
antisymmetric.

b. Adding integrations

So far we have a free theory for the fields ðv; F;ψÞwhere
v and F are real scalar fields and ψ is a Majorana spinor.
We can now introduce a second set of fields ðu;G; χÞ in
order to construct an interacting theory involving ðv; F;ψÞ
and ðu;G; χÞ that is supersymmetric. To be concrete, we
consider the action I ¼ Ifree þ Iint with

Ifree ¼
Z

d2x

�
−
1

2
ð∂vÞ2 − 1

2
ψ̄=∂ψ þ 1

2
F2

−
1

2
ð∂uÞ2 − 1

2
χ̄=∂χ þ 1

2
G2

�
; ðA15Þ

Iint ¼
Z

d2xðMðu; vÞ þ Nðu; vÞF þ Lðu; vÞG

þ ψ̄ψXðu; vÞ þ χ̄χYðu; vÞ þ ψ̄χZðu; vÞÞ: ðA16Þ

The free part of the action Ifree is then invariant under the
combined supersymmetry transformations of the multiplets
ðu; F;ψÞ and ðv;G; χÞ, as

δv ¼ ϵ̄ψ ; δψ ¼ ð=∂vþ FÞϵ;
δF ¼ ϵ̄=∂ψ ; δψ̄ ¼ ϵ̄ð−=∂vþ FÞ:
δu ¼ ϵ̄χ; δχ ¼ ð=∂uþ GÞϵ;
δG ¼ ϵ̄=∂χ; δχ̄ ¼ ϵ̄ð−=∂uþGÞ: ðA17Þ
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We want to find the coupling interaction functions
M;N; L; X; Y; Z such that the interaction term in the action
is also invariant under the same transformations. To that
end, it will be useful to redefine the terms on the interaction
action Iint according to the power of the fermionic fields, as

Iint ¼
Z

d2xðLM;N;L þ Lψ̄ψ þ Lχ̄χ þ Lψ̄χÞ; ðA18Þ

and then analyze independently the variation of each term.
We get

δLM;N;L ¼ ϵ̄χðM;u þ N;uF þ L;uGÞ
þ ϵ̄ψðM;v þ N;vF þ L;vGÞ
þ −∂μNðϵ̄γμψÞ − ∂μLðϵ̄γμχÞ
þ ∂μðNϵ̄γμψ þ Lϵ̄γμχÞ; ðA19Þ

δLψ̄ψ ¼ −2ðϵ̄γμψÞ∂μvX þ 2ðϵ̄ψÞFX þ ðψ̄ψÞðϵ̄χÞX;u;

ðA20Þ

δLχ̄χ ¼−2ðϵ̄γμχÞ∂μuYþ2ðϵ̄χÞGYþðχ̄χÞðϵ̄ψÞY;v; ðA21Þ

δLψ̄χ ¼ −ðϵ̄γμχÞ∂μvZ þ ðϵ̄χÞFZ þ ðψ̄γμϵÞ∂μuZ þ ðψ̄ϵÞGZ

−
1

2
ðψ̄ϵÞðχ̄χÞZ;u −

1

2
ðψ̄ψÞðϵ̄χÞZ;v: ðA22Þ

There is a single boundary contribution arising from the
first term. A key simplification is the following: the terms
χ̄χϵ̄χ ¼ 0 ¼ ψ̄ψϵ̄ψ , since each Majorana spinor has two
independent components, thus any cubic term in spinors is
zero in two spacetime dimensions. We also use a Fierz
rearrangement and the fact that χ̄γμχ ¼ 0 ¼ χ̄γμνχ for any χ
since t1 ¼ t2 ¼ −1. Collecting the different spinorial com-
binations, we get for the variation of the interacting action
the generic form

δLint ¼ ðψ̄ϵÞðM;v þ ðZ þ L;vÞGþ ð2X þ N;vÞFÞ þ ðϵ̄χÞðM;u þ ð2Y þ L;uÞGþ ðN;u þ ZÞFÞ
− ðϵ̄γμχÞððZ þ L;vÞ∂μvþ ð2Y þ L;uÞ∂μuÞ þ ðψ̄γμϵÞððZ þ N;uÞ∂μuþ ð2X þ N;vÞ∂μvÞ

þ ðψ̄ϵÞðχ̄χÞ
�
−
1

2
Z;u þ Y;v

�
þ ðψ̄ψÞðϵ̄χÞ

�
−
1

2
Z;v þ X;u

�
:

The above equation must be equal to zero for any field
configuration, which implies a system of differential
equations for the coupling functions M;N; L; X; Y; Z. Its
solution can be expressed in terms of a single function
Wðu; vÞ, which we will call the superpotential, in the form

M ¼ 0; X ¼ 1

2

∂
2W
∂v2

; ðA23Þ

N ¼ −
∂W
∂v

; Y ¼ 1

2

∂
2W
∂u2

; ðA24Þ

L ¼ −
∂W
∂u

; Z ¼ ∂
2W

∂u∂v
: ðA25Þ

Hence the interacting part of the action reads

Iint ¼ κ

Z
d2 x

�
−
∂W
∂v

F −
∂W
∂u

Gþ 1

2
ψ̄ψ

∂
2W
∂v2

þ 1

2
χ̄χ

∂
2W
∂u2

þ ψ̄χ
∂
2W

∂u∂v

�
: ðA26Þ

Combining with Ifree in (A15) we can eliminate the
auxiliary fields F, G by means of their equations of motion

F ¼ ∂W
∂v

G ¼ ∂W
∂u

ðA27Þ

obtaining for the complete action

I ¼ −
1

2

Z
d2x

�
ð∂vÞ2 þ ð∂uÞ2 þ F2 þG2 þ ψ̄=∂ψ

þ χ̄=∂χ − ψ̄ψ
∂
2W
∂v2

− χ̄χ
∂
2W
∂u2

− 2ψ̄χ
∂
2W

∂u∂v

�
ðA28Þ

c. Supersymmetry algebra

In what follows we adopt the collective shorthand
notation vI ¼ ðv; uÞ, ψ I ¼ ðψ ; χÞ and FI ¼ ðF;GÞ, which
implies for the supersymmetry variations

δvI ¼ ϵ̄ψ I; δψ I ¼ð=∂vIþFIÞϵ; δFI ¼ ϵ̄=∂ψ I: ðA29Þ

This allows us to write the action principle as I ¼ Ifree þ
Iint where

Ifree ¼
Z

d2x
X
I

�
−
1

2
ð∂vIÞ2 −

1

2
ψ̄ I=∂ψ I −

1

2
F2
I

�
; ðA30Þ

Iint ¼
Z

d2x
X
I

�
−
∂W
∂vI

FI þ
1

2

X
J

ψ̄ IψJ
∂
2W

∂vI∂vJ

�
: ðA31Þ
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Preserving the boundary terms, the variation of the full
action under supersymmetry transformation is given by

δI ¼ ϵ̄

Z
dx
X
I

∂μ

�
1

2
=∂vIγμψ I − ∂

μvIψ I

þ 1

2
γμFIψ I −

∂W
∂vI

γμψ I

�
; ðA32Þ

and consequently the Noether (super)current reads

Sμ ≡X
I

ϵ̄

�
−=∂vI þ

∂W
∂vI

�
γμψ I: ðA33Þ

This current is conserved on shell ∂μSμ ¼ 0. The super-
charge is defined as usual as the space integral of the time
component of the corresponding current, namely

Q≡
Z

dx S0 ¼
Z

dx
X
I

�
−=∂vI þ

∂W
∂vI

�
γ0ψ I: ðA34Þ

One can check that the supersymmetry variations (A29) can
be recovered by computing the equal time (graded) Dirac
bracket between the charges Q and the fields, as in δvI ¼
fvIðxÞ; ϵ̄QgD and δψ I ¼ fψ IðxÞ; ϵ̄QgD. To do that, we
make use of the following nonvanishing Dirac brackets

fψ IαðxÞ; ψ̄ I
βðyÞgD ¼ δIJðγ0Þαβδðx − yÞ; ðA35Þ

fuIðxÞ; u̇JðyÞgD ¼ δIJδðx − yÞ: ðA36Þ

In order to keep track of the Grassmann variables we
compute the Dirac bracket between fϵ̄1Q; ϵ̄2Qg where ϵ̄1
and ϵ̄2 are arbitrary spinorial parameters. Direct computa-
tion leads to

fϵ̄1Q; ϵ̄2QgD ¼ 2ϵ̄1γ
μϵ2Pμ þ ϵ̄1γ

0γ1γϵ2Z; ðA37Þ

where the momentum vector Pμ takes the form

P0 ¼
1

2

Z
dx
X
I

�
v̇2I þ v02I þ

�
∂W
∂vI

�
2

−
X
J

ψ̄ IψJ
∂
2W

∂vI∂vJ

�
≡ E; ðA38Þ

P1 ¼
Z

dx
X
I

v̇Iv0I; ðA39Þ

and the central charge Z is given by a boundary term with
the form

Z ¼
Z

dx
∂

∂x

�
2WðuIÞ þ

1

2

X
I

ψ̄ Iψ I

�
: ðA40Þ

To better understand the meaning of this algebra, we can
pick a basis of the spinor space θþ ¼ ð1

0
Þ; ; θ− ¼ ð0

1
Þ and

define Qþ ¼ θ̄þQ;Q− ¼ θ̄−Q. Then the algebra can be
written as

fQþ; QþgD ¼ −iðEþ P1Þ;
fQ−; Q−gD ¼ −iðE − P1Þ;
fQþ; Q−gD ¼ −iZ: ðA41Þ

In the quantum theory, the functions on the phase space
map to operators acting on the Hilbert space while the
Dirac brackets maps to (anti)commutators f·; ·gD→ 1

i ½·; ·��.
Then, the resulting quantum algebra reads

Q2þ¼ðEþP1Þ; Q2
−¼ðE−P1Þ; QþQ−þQ−Qþ¼ κZ:

ðA42Þ
Following the argument in [76], we have that

ðQþ �Q−Þ2 ¼ ð2E� ZÞ ðA43Þ

but ðQþ �Q−Þ2 ≥ 0 as they are Hermitian operators, and
then

E ≥
1

2
jZj: ðA44Þ

Particularizing to the bosonic sector, this implies that the
energy must satisfy the bound

E ≥ jWðþ∞Þ −Wð−∞Þj: ðA45Þ

d. Application to our case

To embed our effective theory (25) in a supersymmetric
model, we compare it with the form of the full super-
symetric action (A28) when we turn off the spinor fields ψ
and χ. This results in the identification

�
∂W
∂u

�
2

þ
�
∂W
∂v

�
2

¼ 2ðcos2 vþ u2 sin2 vÞ; ðA46Þ

which is solved immediately by

Wðu; vÞ ¼
ffiffiffi
2

p
u cos v: ðA47Þ

The full supersymmetric action for our model then reads
I ¼ Ieff þ Ifer with the bosonic part Ieff given by (25) and a
fermionic contribution Ifer which according the (A28) takes
the form

Ifer¼−
1

2

Z
d2xðψ̄=∂ψþ χ̄=∂χþ

ffiffiffi
2

p
ucosvψ̄ψþ2

ffiffiffi
2

p
sinvψ̄χÞ:

ðA48Þ
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The full action is then invariant under the transformations

δu ¼ ϵ̄χ; δψ ¼ ð=∂v −
ffiffiffi
2

p
u sin vÞϵ;

δv ¼ ϵ̄ψ ; δχ ¼ ð=∂uþ
ffiffiffi
2

p
cos vÞϵ: ðA49Þ

For a purely space dependent u ¼ uðrÞ; v ¼ vðrÞ and
bosonic ψ ¼ χ ¼ 0 configuration, the condition of vanish-
ing supersymmetry variations for a non-trivial ϵ spinor
requires

ðγ1v0−
ffiffiffi
2

p
usinvÞϵ¼0; ðγ1u0 þ

ffiffiffi
2

p
cosvÞϵ¼0: ðA50Þ

This reduces to our first order equations by imposing on the
projection on the spinor γ1ϵ ¼ �ϵ, which leads to the first
order equations (18) and (19) for the bosonic fields

∂rv ∓ ffiffiffi
2

p
u sin v ¼ 0; ∂ru�

ffiffiffi
2

p
cos v ¼ 0: ðA51Þ

This implies that the first order equations we have found
result in solutions that are invariant under half of the
supersymmetries of the supersymmetric extension of the
theory. This is in agreement with thewell-known result about
Bogomol’nyi-Prasad-Sommerfield solutions. Moreover,
Eq. (A45) turns out to be precisely the Bogomol’nyi-
Prasad-Sommerfield bound found in Sec. III C.

3. Detailed calculations for the variations of the different terms on the Lagrangian

The variation of the free Lagrangian,

δLfree ¼ −∂μv∂μδv −
1

2
δψ̄=∂ψ −

1

2
ψ̄=∂δψ þ FδF

¼ −∂μv∂μðϵ̄ψÞ −
1

2
ϵ̄ð−=∂vþ FÞ=∂ψ −

1

2
ψ̄=∂ð=∂vþ FÞϵþ Fϵ̄=∂ψ

¼ −∂μvϵ̄∂μψ þ 1

2
ϵ̄=∂v=∂ψ −

1

2
ϵ̄F=∂ψ −

1

2
ψ̄=∂=∂vϵ −

1

2
ψ̄=∂Fϵþ Fϵ̄=∂ψ

¼ −∂μvϵ̄∂μψ þ 1

2
ϵ̄∂μv∂μψ −

1

2
ψ̄∂μ∂

μvϵ −
1

2
ψ̄=∂Fϵþ 1

2
Fϵ̄=∂ψ þ 1

2
ϵ̄∂μð=∂vγμψ − ∂

μvψÞ;

¼ ϵ̄∂μ

�
1

2
=∂vγμψ − ∂

μvψ þ 1

2
γμψF

�
: ðA52Þ

Now we compute the variation of the interaction Lagrangian, which is the sum of the following terms

LM;N;L ¼ Mðu; vÞ þ Nðu; vÞF þ Lðu; vÞG;
Lψ̄ψ ¼ ψ̄ψXðu; vÞ; Lχ̄χ ¼ χ̄χYðu; vÞ; Lψ̄χ ¼ ψ̄χZðu; vÞ: ðA53Þ

The variation of the term with no fermions is

δLM;N;L ¼ δM þ δNF þ NδF þ δLGþ LδG

¼ M;uδuþM;vδvþ ðN;uδuþ N;vδvÞF þ Nϵ̄=∂ψ þ ðL;uδuþ L;vδvÞGþ Lϵ̄=∂χ

¼ ðM;u þ N;uF þ L;uGÞδuþ ðM;v þ N;vF þ L;vGÞδvþ Nϵ̄γμ∂μψ þ Lϵ̄γμ∂μχ

¼ ðM;u þ N;uF þ L;uGÞϵ̄χ þ ðM;v þ N;vF þ L;vGÞϵ̄ψ − ∂μNϵ̄γμψ − ∂μLϵ̄γμχ þ ∂μðNϵ̄γμψ þ Lϵ̄γμχÞ: ðA54Þ

The variation of the ψ̄ψ term

δLψ̄ψ ¼ δψ̄ψX þ ψ̄δψX þ ψ̄ψδX

¼ ϵ̄ð−=∂vþ FÞψX þ ψ̄ð=∂vþ FÞϵX þ ψ̄ψðX;uδuþ X;vδvÞ
¼ −2ϵ̄=∂vψX þ 2ϵ̄ψFX þ ψ̄ψX;uϵ̄χ þ ψ̄ψX;vϵ̄ψ

¼ −2ϵ̄γμψ∂μvX þ 2ϵ̄ψFX þ ψ̄ψϵ̄χX;u: ðA55Þ

Note that the term ψ̄ψϵ̄ψ vanishes because we are dealing with Majorana fermions in D ¼ 2, which has two independent
Grassmann components.
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The variation of the χ̄χ term is

δLχ̄χ ¼ δχ̄χY þ χ̄δχY þ χ̄χδY;

¼ ϵ̄ð−=∂uþ GÞχY þ χ̄ð=∂vþ FÞϵY þ χ̄χðY;uδuþ Y;vδvÞ;
¼ −2ϵ̄=∂uχY þ 2ϵ̄GχY þ χ̄χY;uϵ̄χ þ χ̄χY;vϵ̄ψ ;

¼ −2ϵ̄γμχ∂μuY þ 2ϵ̄χGY þ χ̄χY;vϵ̄ψ ; ðA56Þ
again the term χ̄χϵ̄χ vanishes.
The variation of the mixed terms is

Lψ̄χ ¼ δψ̄χZ þ ψ̄δχZ þ ψ̄χδZ;

¼ ϵ̄ð−=∂vþ FÞχZ þ ψ̄ð=∂uþGÞϵþ ψ̄χðZ;uδuþ Z;vδvÞ;
¼ −ϵ̄=∂vχZ þ ϵ̄χZF þ ψ̄=∂uϵþ ψ̄ϵGþ ψ̄χZ;uϵ̄χ þ ψ̄χZ;vϵ̄ψ ;

¼ −ϵ̄γμχ∂μvZ þ ϵ̄χZF þ ψ̄γμϵ∂μuþ ψ̄ϵGþ ψ̄χχ̄ϵZ;u þ ψ̄χϵ̄ψZ;v: ðA57Þ
Now we used the Majorana flip identities

ðψ̄χÞðχ̄ϵÞ ¼ −
1

2

X
A

ðψ̄ΓAϵÞðχ̄ΓAχÞ ¼ −
1

2
ðψ̄ϵÞðχ̄χÞ; ðA58Þ

ðψ̄χÞðϵ̄ψÞ ¼ −
1

2

X
A

ðψ̄ΓAψÞðϵ̄ΓAχÞ ¼ −
1

2
ðψ̄ψÞðϵ̄χÞ; ðA59Þ

where we have used the fact that χ̄γμχ ¼ χ̄γμνχ ¼ 0 due to the Majorana flip. Hence the final expression for the variation of
the mixed term is

Lψ̄χ ¼ −ðϵ̄γμχÞ∂μvZ þ ðϵ̄χÞZF þ ðψ̄γμϵÞ∂μuþ ðψ̄ϵÞG −
1

2
ðψ̄ϵÞðχ̄χÞZ;u −

1

2
ðψ̄ψÞðϵ̄χÞZ;v: ðA60Þ

Now we proceed to compute the Noether current. For that we note that a generic variation of the full Lagrangian

I ¼
Z

d2 x
X
I

�
−
1

2
ð∂vIÞ2 −

1

2
ψ̄ I=∂ψ I −

1

2
F2
I −

∂W
∂vI

FI þ
1

2

X
J

ψ̄ IψJ
∂
2W

∂vI∂vJ

�
ðA61Þ

is given by

δL ¼
X
I

∂μ

�
−∂μvIδvI −

1

2
ψ̄ Iγ

μδψ I

�
þ eom ¼ ∂μΘμ þ eom: ðA62Þ

The boundary term evaluated in the supersymmetry transformations

δvI ¼ ϵ̄ψ I; ðA63Þ
δψ I ¼ ð=∂vI þ FIÞϵ̄; ðA64Þ

is given by

Θμ ¼
X
I

�
−∂μvI ϵ̄ψ I −

1

2
ψ̄ Iγ

μð=∂vI þ FIÞϵ̄
�
; ðA65Þ

¼
X
I

�
−∂μvI ϵ̄ψ I −

1

2
ψ̄ Iγ

μγν∂νvI ϵ̄ −
1

2
ψ̄ Iγ

μϵ̄FI

�
;

¼
X
I

ϵ̄

�
−∂μvIψ I −

1

2
=∂vIγμψ I þ

1

2
γμψ IFI

�
; ðA66Þ
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in the last equality we used the identity ψ̄γμγνϵ ¼ ϵ̄γνγμψ̄. On the other hand, the variation of the Lagragian under SUSY
variation leads to the following boundary term

δL ¼
X
I

ϵ̄ ∂μ

�
1

2
=∂vIγμψ I − ∂

μvIψ I þ
1

2
γμψ IFI −

∂W
∂vI

γμψ I

�
≡ ∂μKμ: ðA67Þ

Hence the Noether current is defined as

Jμ ¼ Θμ − Kμ ¼
X
I

ϵ̄

�
−=∂vIγμψ I þ

∂W
∂vI

γμψ I

�
: ðA68Þ

The supercharge can be written as

Q ¼
Z

dx
X
I

ðv̇IðxÞ þ γ0γ1v0IðxÞ þW;Iγ
0Þψ IðxÞ ðA69Þ

where we denote W;I ¼ ∂W=∂vI. Now we show that we can recover the infinitesimal supersymmetry transformation
by computing the Dirac bracket between the field and the charges by considering the fundamental Dirac bracket (A35)
and (A36)

δvJðxÞ ¼ fvJðxÞ; ϵ̄QgD;

¼
Z

dyfvJðxÞ; ϵ̄
X
I

ðv̇IðyÞ þ γ0γ1v0IðyÞ þW;IðyÞγ0Þψ IðyÞgD;

¼
Z

dy
X
I

fvJðxÞ; v̇IðyÞgDϵ̄ψ IðyÞ ¼
Z

dy
X
I

δIJδðx − yÞϵ̄ψ IðyÞ;

¼ ϵ̄ψJðxÞ; ðA70Þ

which is (A63) and

δψJðxÞ ¼
Z

dy
X
I

fψJðxÞ; ϵ̄ðv̇IðyÞ þ γ0γ1v0IðyÞ þW;IðyÞγ0Þψ IðyÞgD

¼
Z

dy
X
I

fψJðxÞ; ϵ̄ψ IðyÞv̇IðyÞ þ ϵ̄γ0γ1ψ IðyÞv0IðyÞ þW;IðyÞϵ̄γ0ψ IðyÞgD

¼
Z

dy
X
I

ðfψJðxÞ; ψ̄ IðyÞϵgDv̇IðyÞ þ fψJðxÞ; ψ̄ IðyÞγ1γ0ϵgDv0IðyÞ ðA71Þ

−W;IðyÞfψJðxÞ; ψ̄ IðyÞγ0ϵgDÞ ¼
Z

dy
X
I

ðγ0ϵv̇IðyÞ þ γ0γ1γ0ϵv0IðyÞ −W;IðyÞγ0γ0ϵÞδIJδðx − yÞ

¼ ðγμ∂μvJðxÞ þW;JðxÞÞϵ
¼ ðγμ∂μvJ þ FJÞϵ; ðA72Þ

is precisely (A64). We have used the equation for FJ in the last equation and we used the identity

fψαðxÞ; ψ̄ðyÞMðyÞϵg ¼ fψαðxÞ; ψ̄βMβ
γðyÞϵγg ¼ fψαðxÞ; ψ̄βðyÞgMβ

γðyÞϵγ ¼ γ0MðyÞϵδðx − yÞ; ðA73Þ

for MðyÞ being a Clifford algebra valued matrix. Now we proceed to compute the bracket between charges. To divide the
computation in pieces we consider

Q ¼
X
I

qI; qI ≡
Z

dxðv̇I þ γ0γ1v0I þW;Iγ
0Þψ I: ðA74Þ
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then

fϵ̄1Q; ϵ̄2Qg ¼
X
I;J

fϵ̄1qI; ϵ̄2qJg ¼
X
I

fϵ̄1qI; ϵ̄2qIg þ
X
I>J

ðfϵ̄1qI; ϵ̄2qJg þ fϵ̄1qJ; ϵ̄2qIgÞ;

¼
X
I

fϵ̄1qI; ϵ̄2qIg þ
X
I>J

ðfϵ̄1qI; ϵ̄2qJg − fϵ̄2qI; ϵ̄1qJgÞ: ðA75Þ

Let us compute the first term. To simplify the notation wewill suppress the index I, which is equivalent to set I ¼ 1 and then
generalize the result later.

q1 ¼
Z

dxðv̇þ γ0γ1v0 þW;vγ
0Þψ ≡ Aþ Bþ C;

A ¼
Z

dxv̇ψ ; B ¼
Z

dxγ0γ1v0ψ ; C ¼
Z

dxW;vγ
0ψ : ðA76Þ

The first bracket is

fϵ̄1q1; ϵ̄2q1g ¼ fϵ̄1A; ϵ̄2Ag þ 2fϵ̄½1A; ϵ̄2�Bg þ 2fϵ̄½1A; ϵ̄2�Cg þ fϵ̄1B; ϵ̄2Bg þ 2fϵ̄½1B; ϵ̄2�Cg þ fϵ̄1C; ϵ̄2Cg: ðA77Þ

We compute the Dirac bracket between the auxiliary functions A, B, C

fϵ̄1A; ϵ̄2Ag ¼
Z

dxdyfϵ̄1v̇ðxÞψðxÞ; ϵ̄2v̇ðyÞψðyÞg

¼
Z

dxdyv̇ðxÞv̇ðyÞfϵ̄1ψðxÞ; ψ̄ðyÞϵ2g

¼ ϵ̄1γ
0ϵ2

Z
dxv̇ðxÞ2; ðA78Þ

fϵ̄1A; ϵ̄2Bg ¼
Z

dxdyfϵ̄1v̇ðxÞψðxÞ; ψ̄ðyÞγ1γ0ϵ2v0ðyÞg

¼
Z

dxdy½v̇ðxÞv0ðyÞfϵ̄1ψðxÞ; ψ̄ðyÞγ1γ0ϵ2g þ ϵ̄1ψðxÞfv̇ðxÞ; v0ðyÞgψ̄ðyÞγ1γ0ϵ2�

¼
Z

dxdy½v̇ðxÞv0ðyÞϵ̄1γ0γ1γ0ϵ2 þ ϵ̄1ψðxÞψ̄ 0ðyÞγ1γ0ϵ2�δðx − yÞ

¼
Z

dx½v̇v0ϵ̄1γ1ϵ2 þ ðϵ̄1ψÞðψ̄ 0γ1γ0ϵ2Þ�

¼
Z

dx

�
v̇v0ϵ̄1γ1ϵ2 þ

1

4
ðϵ̄1γ�ϵ2Þðψ̄ψÞ0

�
; ðA79Þ

where we have used the identity ðϵ̄1ψÞðψ̄ 0γ1γ0ϵ2Þ ¼ − 1
4
ðϵ̄1γ1γ0ϵ2Þðψ̄ψÞ0, which is a Fierz rearrangement plus integration by

parts. Then next one is

fϵ̄1A; ϵ̄2Cg ¼
Z

dxdyfϵ̄1v̇ðxÞψðxÞ;−W;vðyÞψ̄ðyÞγ0ϵ2g

¼ −
Z

dxdy½v̇ðxÞW;vðyÞfϵ̄1ψðxÞ; ψ̄ðyÞγ0ϵ2g þ fv̇ðxÞ;W;vðyÞgϵ̄1ψðxÞψ̄ðyÞγ0ϵ2�

¼ −
Z

dxdy½v̇ðxÞW;vðyÞϵ̄1γ0γ0ϵ2 −W;v;vðyÞϵ̄1ψðxÞψ̄ðyÞγ0ϵ2�δðx − yÞ

¼ −
Z

dx½−v̇W;vϵ̄1ϵ2 −W;v;vϵ̄1ψψ̄γ
0ϵ2�

¼
Z

dx

�
v̇W;vϵ̄1ϵ2 −

1

2
W;v;vðϵ̄1γ0ϵ2Þðψ̄ψÞ

�
; ðA80Þ
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again we used Fierz rearrangement.

fϵ̄1B; ϵ̄2Bg ¼
Z

dxdyv0ðxÞv0ðyÞfϵ̄1γ0γ1ψðxÞ; ψ̄ðyÞγ1γ0ϵ2g ¼
Z

dxv02ϵ̄1γ0ϵ2;

fϵ̄1B; ϵ̄2Cg ¼ −
Z

dxdyv0ðxÞW;vðyÞfϵ̄1γ0γ1ψðxÞ; ψ̄ðyÞγ0ϵ2g ¼
Z

dxv0W;vϵ̄1γ
0γ1ϵ2;

fϵ̄1C; ϵ̄2Cg ¼ −
Z

dxdyW;vðyÞW;vðxÞfϵ̄1γ0ψðxÞ; ψ̄ðyÞγ0ϵ2g ¼
Z

dxðW;vÞ2ϵ̄1γ0ϵ2: ðA81Þ

Hence the first term in (A75) is

X
I

fϵ̄1qI; ϵ̄2qIg ¼
Z

dx
X
I

�
ϵ̄1γ

0ϵ2ðv̇IðxÞ2 þ v02I þ ðW;IÞ2 −W;I;Iðψ̄ Iψ IÞÞ

þ 2ϵ̄1γ
1ϵ2v̇Iv0I þ ϵ̄1γ�ϵ2

�
1

2
ðψ̄ Iψ IÞ0 þ 2W;Iv0I

��
: ðA82Þ

The missing piece is the mixed term in (A75). Since I ≠ J then the only nonvanishing bracket once qI is replaced is
fu̇IðxÞ;W;JðyÞg. Therefore,

fϵ̄1qI; ϵ̄2qJg ¼
Z

dxdyfϵ̄1ðv̇IðxÞ þW;IðxÞγ0Þψ IðxÞ; ϵ̄2ðv̇JðyÞ þW;JðyÞγ0ÞψJðyÞg;

¼
Z

dxdy½fϵ̄1v̇IðxÞψ IðxÞ; ϵ̄2W;JðyÞγ0ψJðyÞg þ fϵ̄1W;IðxÞγ0ψ IðxÞ; ϵ̄2v̇JðyÞψJðyÞg�;

¼
Z

dxdy½fv̇IðxÞ;W;JðyÞgϵ̄1ψ IðxÞϵ̄2γ0ψJðyÞ þ fW;IðxÞ; v̇JðyÞgϵ̄1γ0ψ IðxÞϵ̄2ψJðyÞ�;

¼
Z

dxW;I;J½−ðϵ̄1ψ IÞðϵ̄2γ0ψJÞ þ ðϵ̄1γ0ψ IÞðϵ̄2ψJÞ�: ðA83Þ

Hence

fϵ̄1qI; ϵ̄2qJg− fϵ̄2qI; ϵ̄1qJg ¼
Z

dxW;I;J½ðϵ̄1ψ IÞðψ̄Jγ
0ϵ2Þþ ðϵ̄1ψJÞðψ̄ Iγ

0ϵ2Þþ ðϵ̄1γ0ψ IÞðϵ̄2ψJÞþ ðϵ̄1γ0ψJÞðϵ̄2ψ IÞ�; ðA84Þ

¼ −2
Z

dxW;I;Jðϵ̄1γ0ϵ2Þðψ̄Jψ IÞ: ðA85Þ

Note that the right-hand side of (A84) is symmetric in the interchange of ψ I and ψJ, therefore once we replace the
Fierz rearrangement the only term in the sum on ΓA ∈ f1; γμ; γμνg that does not cancel is the identity term. Putting
everything together

fϵ̄1Q; ϵ̄2Qg ¼
Z

dx
X
I

�
ϵ̄1γ

0ϵ2

�
v̇IðxÞ2 þ v02I þ ðW;IÞ2 −

X
J

W;I;Jðψ̄ IψJÞ
�

þ 2ϵ̄1γ
1ϵ2v̇Iv0I þ ϵ̄1γ�ϵ2

�
1

2

∂

∂x
ðψ̄ Iψ IÞ þ 2W;I

∂vI
∂x

��

¼ 2ϵ̄1γ
0ϵ2P0 þ 2ϵ̄1γ

1ϵ2P1 þ ϵ̄1γ�ϵ2Z; ðA86Þ

where we have identified the energy P0, the momentum P1 of the configuration, and the central charge

Z ¼
Z

dx
X
I

�
1

2

∂

∂x
ðψ̄ Iψ IÞ þ 2W;I

∂vI
∂x

�
¼

Z
dx

∂

∂x

�
2W þ 1

2

X
I

ψ̄ Iψ I

�
: ðA87Þ
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