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The nonlinear £ model minimally coupled with Maxwell theory in 3 4+ 1 dimensions possesses a
topologically nontrivial sector characterized by lasagnalike configurations. We demonstrate that, when
a specific quantization condition is met, the associated second-order field equations admit a first-order
Bogomol’nyi-Prasad-Sommerfield system. This discloses the existence of a (1 4 1)-dimensional super-
symmetric extension with A/ = 2 supercharges. We examine its imprint on the time-dependent regime,

with particular emphasis on the transition from integrability to chaos.
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I. INTRODUCTION

The gauged nonlinear ¥ model is one of the most
significant field theory models, with applications spanning
from statistical mechanics and condensed matter systems to
high-energy physics. Its versatility is evident in its ability
to describe phenomena such as quantum magnetism, the
quantum Hall effect, and superfluidity, as well as mesonic
dynamics in the strong coupling limit [1-4]. In this
manuscript, we analyze the gauged nonlinear X model
in 3+ 1 dimensions from the perspective of quantum
chromodynamics (QCD), as it represents the low-energy
limit of QCD minimally coupled to Maxwell electromag-
netism. The modern approach to such a description is
referred to as chiral perturbation theory (yPT) [5—-12].
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Many interesting open problems appear when a large
number of baryons are confined on a finite spatial volume.
There is strong theoretical and phenomenological evidence
that, under such conditions, baryons melt and inhomo-
geneous baryonic condensates appear [13-31] (for pion and
chiral condensates see, e.g., [32—-37]). These configurations
share some features with the Larkin-Ovchinnikov-Fulde-
Ferrell phase in superconductors [38,39].

For these reasons, we focus on the phase diagram of
baryonic matter under extreme conditions, at finite baryon
density and strong magnetic fields. From the viewpoint of
QCD, such analysis is very difficult [40—42], since pertur-
bative techniques are not effective at low energies, and
lattice methods fail as it is still not clear how to avoid the
sign problem [43-45].

In this paper, we demonstrate that, at finite baryon
density and under suitable circumstances, the model admits
a supersymmetric extension, improving the integrability
of the yPT equations. Of course, it is not a fundamental
supersymmetry of nature, which would require that each
elementary particle posses a supersymmetric partner of
opposite statistics [46]. It appears when the effective action
is supplemented with a pair of Majorana spinors, which is
possible only when a suitable quantization condition is
satisfied.

Published by the American Physical Society
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An interesting feature of the supersymmetric extension
discussed here is that it cannot be implemented when the
electromagnetic degrees of freedom are turned off. This is
to be contrasted with the nice results in [47] where the
nonlinear realization of supersymmetry in the ungauged
Skyrme model is discussed. Moreover, it requires a
quantization condition on the area of the magnetized
baryonic layers. The supersymmetric theory possesses a
central charge, which is a nonlinear function of the X-model
topological Charge1 [62,63], i.e., the baryonic charge.
Moreover, the regular field configurations preserving
supersymetry satisfy first order equations and have a
nonvanishing value for such central charge.

In order to disclose the results discussed above, we first
derive a suitable ansatz, which allows us to describe the
gauge nonlinear X-model configurations in terms of two
scalar degrees of freedom, and we write the correspond-
ing effective action. At a first glance, one could be rather
pessimistic about the project, since it is known that the
obvious Bogomol’nyi-Prasad-Sommerfield (BPS) bound
in terms of the baryonic charge cannot be saturated. This
is at odds with supersymmetry, which would require that
a BPS bound would be saturated in order to identify the
central charge of the superalgebra with the topological
charge. In fact the techniques introduced in [62,63]
allowed the derivation of BPS bounds in terms of
topological charges, which are nontrivial functions of
the obvious charges. These results are the ingredients
needed to disclose the supersymmetric extension of yPT
at finite baryons density.

One of the most interesting effects of the existence of a
supersymmetric extension discussed here is related to
chaotic dynamics. Starting from [64] there has been a lot
of recent activity in the analysis of chaos in field theory [65].
For example, it was discovered that the Yang-Mills theory
possesses time-dependent configurations that are chaotic
[66,67]. The effect of nontrivial topological charges and
fluxes on such chaotic behavior has not been fully analyzed
yet; some steps in this direction can be found in [68]. The
same question is very interesting also in the present case of
the gauged nonlinear £ model. In the forthcoming sections
we will show that the emergence of supersymmetry (SUSY)
is felt in the dynamics of the theory, as when the parameters
of the theory are close to their supersymmetric values, the
dynamics tends to be less chaotic.

II. THE GAUGED NONLINEAR X MODEL

A. Definitions and properties of the model

The dynamical content of the gauged nonlinear X model
is given by a SU(2) valued scalar field U, which is coupled

'For the relevance of the baryonic charge as topological
invariant see [48-51], and [52-61] for an analytic solution of
the Skyrme model.

to an Abelian gauge connection A (see for instance [69—72]
for the relevance of the model). We can write a classical
action for it, in the form

1
1[U. A] zgtr/Z/\*Z—E/F/\* F. (1)

where the star % (-) denotes the Hodge dual operation,
and the one-form ¥ = U~!DU is defined in terms of the
gauge covariant derivative D(-) = d(-) + eAlts,+]. The
electric charge e can be rescaled into «, which is the only
relevant coupling constant of the system. The role of the
covariant coupling is to enhance the invariance of the
neutral X-model under global SU(2) transformations, to
include gauge transformations in the direction of the 3
generator. This is consistent with the existence of only one
neutral pion.

The model has a conserved topological current J, defined
by the combination

J =% u[U'dU A U™'dU A U1dU)|
-3 xd(A At[(U'dU +dUUTY))),  (2)

which is gauge invariant and has a time component that,
once integrated in a spacelike hypersurface, gives the
baryonic charge.

We will be interested in topologically nontrivial con-
figurations of the dynamics defined by action (1). The
corresponding equations of motion take the form

D A% = =0, (3)
*d* F = gtr[U_l[t3, U)z). 4)

We want to find solutions to these equations in flat space,
with nonvanishing topological charge (2). In order to do
that, we will need to impose nontrivial boundary condi-
tions, which we will ensure by adding to the action (1) a
suitable boundary term, see below.

B. Ansatz and equations of motion

Let us choose the spacetime coordinates as (7, r, 9, @) in
order to write the 3 + 1 Minkowskian metric in the form

1
ds* = r (=d?* +dr?) + 2(d9* + dg?). (5)

Here 0 < 9 <2z and 0 < ¢ < 2z are Cartesian coordinates
on a two-torus, and Z is the characteristic size of the box.
The coordinates range are adapted to the Euler angles
that we implement in the parametrization of the SU(2)
valued field [73-75]. On the other hand we choose r on
an arbitrary range. The 1/4x scale is included for later
convenience.
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For the ¥ model and gauge fields we propose the
following ansatz

_ t3 ,0(r,t)t 9t
U_ en(/’3eb(r >2em 37

A= % (n —V2xtu(r, t)) (d8 — d), (6)

where (u,v) are two functions to be determined by the
equations of motion, and n € Z. It can be shown that the
energy and charge densities resulting from the ansatz (6)
are constant on the (9, ¢) plane. This allows us to interpret
it as a baryonic layer, or in other words a nuclear lasagna
phase. Observe that the ansatz is four-dimensional in the
sense that the fundamental fields depend on the four
spacetime coordinates, which allow them to have a non-
trivial topological charge.

The nontrivial dependence of the ansatz on the three
coordinates is chosen so that the topological current does
not vanish. Indeed, from expression (2) we get

J = 12a(0,(u cos? v)dr + 9,(u cos® v)dt). (7)

Here we defined a = n/v/2x¢. The corresponding topo-
logical charge would be nonvanishing as long as the
time component integrates to a finite value in a spacelike
hypersurface, as

B = 12(1(271’/)2(14 COS2 U)'bdy’ (8)

where “bdy” refers to the boundaries of the r interval.
Regarding the electromagnetic strength, we have

F=—"0.udr A (d8 — dp) — " o,udt A (d9 —dp), (9)
(04 (04

resulting in mutually perpendicular electric and magnetic
fields lying on the (8, ¢) plane.

Replacing the ansatz (6) into the seven coupled field
Egs. (3) and (4) we get a pair of nonlinear coupled partial
differential equations for our ansatz variables u and v, as

Ou — 2usin? v = 0, (10)
Ov + (@ — u?) sin(2v) = 0, (11)

where C(+) = —d%(+) + 02(-).
The above Egs. (10) and (11) can be derived from an

effective (1 + 1)-dimensional action for the pair of scalar
fields u, v with the form

Tesi[u, v] = — / dtdr <; (ou)? +%(61))2 + (u? - az)sin2v>

+ Toay[u, v, (12)

here (0-)> = —(9,-)> + (0,-)?, and the boundary term
Ipgy[u, v] fixes the boundary conditions for the ansatz
functions u and v.

III. SUPERSYMMETRIC EXTENSION

A. First order equations

Interestingly, there is a set of first order equations that are
equivalent to (10) and (11) for some particular choice of the
box size £. They can be written as follows

duu + (V2t, + tF) cosv =0, (13)
9,0 = V2t,usinv = 0. (14)

Here # is a constant space-like unit vector 7,7 = 1 in the
two dimensional Minkowskian plane (7, r), and ;- is any
constant form perpendicular to it tjt/‘ = 0. Taking the
divergence of these equations and replacing them in the
result, we obtain

Ou — 2usin® v = 0, (15)
Ov + (1 — u?) sin(2v) = 0, (16)

which coincide with (10) and (11) whenever @ = 1, namely
when the size of the box satisfies

‘== (17)

The above condition corresponds to a quantization of the
area of the magnetized baryonic layers, which are the
solitons of the theory.

Equations (13) and (14) imply that the functions u, v are
time independent. Since 7, is a spacelike unit vector we can
boost to its rest frame 7, = (0, —¢) with € = £1 is a sign.
This results in a timelike perpendicular with the form
ty = (b,0) with b an arbitrary constant. In terms of the
boosted coordinates, which for simplicity we denote with
the same name (f,r), we can then rewrite the above
equations as

6,u—\/§ecosv:0, ou+bcosv =0, (18)

0,v 4+ V2eusinv = 0, 0,v =0. (19)
Consistency requires that b vanishes. Indeed, since v is
time independent, the equation for d,v implies that u is also
time independent. Then from the equation for o,u we
obtain b = 0.

It is clear that the first order equations (18) and (19)
are not completely equivalent to the second order
equations (10) and (11), but they capture a subset of
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time-indepentent solutions of the latter when the parame-
ters satisfy the condition (17). In other words, they
constitute a BPS system (see below). It is worth emphasiz-
ing that not all second order field equations possess a first
order BPS system. Indeed, as it happens, for instance, in the
Ginzburg-Landau theory for BCS superconductors, there
is a first order BPS system only at critical coupling. For
non-Abelian monopoles in the Georgi-Glashow model,
one can find a first order BPS system, which implies the
second order field equations only when the Higgs potential
vanishes. In general, one should expect that the requirement
for a given system of second order field equations to
possess a first order BPS set is very restrictive and, in most
of the cases, it is not satisfied. On the other hand, when a
first order BPS system exists, then not only it is much easier
to solve, but also the corresponding solutions are topo-
logically stable. We will show that our first order system
enjoys some of these properties.

When replaced into the topological charge (8) the first
order equations dictate

B = 6a(27¢)* (u(0,1)*) pay- (20)

On the other hand, this is a purely magnetic configuration,
with

F = —no,udr A (d9 — dg). (21)

B. A solution by quadratures

The first order Egs. (18) and (19) can be solved if we
assume that d,v # 0 and u sin v # 0, then the ratio between
the Egs. (18) and (19) leads to a differential equation for »
as a function of u, which can be written in a simple manner
by considering v as a function of the variable u?. Indeed,
writing d,v = v"2ud,u in (19) and replacing d,u from (18),
we get

20 4+ tanv = 0, (22)

/2

Uo

ro

where a prime (-)’ means derivative with respect to 2. This
equation for » can be solved straightforwardly, obtaining

sin v = ege2 4 ~40), (23)
where u is an integration constant and ¢, = £1 is a sign,
and the solution is real whenever u®> > u}. We can
now write the remaining equation for u# by plugging this
into (18), which can then be solved by quadratures

(24)

B u edu’
r=rg+ —
€olo 2(1 —e (u uo))

Here r, is another constant of integration. We have two
possible solutions according to the value of €, = £1, one
with u > u, and the other with u < —u,. The value of r is
close to ry whenever the value of u is close to e¢yuy. For
large values of u, the integral in (24) scales linearly in u,
implying r ~ eu. In other words, the two possible values for
€ = %1 do not correspond to different solutions, but instead
describe the positive and negative r semiaxes. Regarding
the variable v, the right-hand side of (23) goes to ¢y = +1
as r approaches r(, implying that v = (¢y/2)z. On the other
hand, we have that sin v goes to zero as |u| becomes large,
from which we deduce that v = 0 for r - —oco and v = €y7
for r — o0. Plots of the corresponding profiles are shown in
Fig. 1 (left). The resulting topological current and magnetic
field are shown in Fig. 1 (right).

Notice that the original ansatz (6) is periodic on the J and
@ directions. On the other hand, at r — £oco our analytic
solution for the functions v and u satisfies Dirichlet and
Neumann boundary conditions, respectively. Moreover, the
topological charge (20) would vanish when the configu-
ration is integrated along the whole r axis, while it results in
a finite value for any finite r range. The convenience of
these properties for phenomenological applications will be
discussed in Sec. V.

Jo

I'o

F 6+o,r

FIG. 1. Plots of the analytic solution (23) and (24) in the special point @ = n/+/2x¢ = 1, corresponding to €, = 1. Left: profiles of the
ansatz functions u and v. Right: profiles of the observable quantities, the topological charge density J, and the magnetic field Fy.,, .
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C. Bogomol’nyi-Prasad-Sommerfield bound

To explore the meaning of the obtained result, let us
write the effective action (12) for the particular choice of
a=n/ V2x¢ = 1 that allows for the first order form of the
equations. We get

Loii[u, v] = — / drdt (% (ou)? +%(61})2 + (u? - 1)sin211>
—/dt(r+2(ucos ?)) loay (25)

where we included the correct boundary term to reproduce
the boundary conditions satisfied by the quadrature sol-
ution (23) and (24). We can now try to write the integrand
as the sum of the squares of the radial equations in (18)
and (19), resulting in the form

1
Tolu, v] = _5/ drdt((d,u + \/Etﬂ cosv)?
+ (9,v — V2t,usin )%). (26)

Here 7, = (0, 1) is a unit spacelike vector as in Sec. Il A.
We see that there is no total derivative corresponding to the
baryonic charge (20).

Specializing the action (26) to a static situation, we can
write a Bogomol’nyi-Prasad-Sommerfield bound for the
total energy in the form E = —/Iq[u, v] > 0. This bound is
saturated whenever the first order Eqs. (13) and (14) are
satisfied.

The presence of a Bogomol'nyi-Prasad-Sommerfield
bound strongly suggests that the system can be comple-
mented with a set of fermionic degrees of freedom in such a
way to construct a supersymmetric theory. We explore this
issue in the next subsection.

D. Supersymmetry

The simplest strategy to construct a supersymmetric
theory is to complement each of our bosonic fields u and v
with a fermionic counterpart, which encode in the two-
component Majorana spinors y and y. Notice that we are
augmenting the field content of theory with fermions that
a priori are nonphysical and are only needed to disclose the
supersymmetry transformations.

Supersymmetric transformations are defined in terms of
a fermionic parameter e, which is also a two-component
Majorana spinor. The variation of the bosonic fields can
then be written as

Su = &y. (27)
Regarding the variation of the fermionic fields y and y, we

would like to recover our Bogomol’'nyi-Prasad-Sommerfield
first order Eqs. (13) and (14) from the condition of a

purely bosonic configuration, which preserves half of the
supersymmetries. We then write

W= (ﬁv— V2usin v) €, Sy= <¢u+\/§cos v) e. (28)

With this, for a purely space dependent d,u = d,v =0
and bosonic w = y = 0 configuration, the condition of
vanishing supersymmetry variations for a nontrivial € spinor
satisfying y'e = +e reduces to the first order Egs. (18)
and (19).

In order to construct a supersymmetric theory under
the above defined supersymmetry transformations (27)
and (28), we need to supplement the purely bosonic action
Iegt[u, v] in (25) with a fermionic counterpart e[y, x|
determining the dynamics of the two spinor fields y and y,
in such a way that the total action

I[M, v, ll/’)(] = Ieff["h ”] + Ifer[‘//a)(L (29)

is invariant up to a boundary term. This is satisfied by the
expression

1
Itgr = — 5/ dt dr(l/_/ﬁl// + ydy + V2u cos vy
+2v/2sin vl/‘/)(> . (30)

From action (29) we can derive the Noether (super)
charges associated to supersymmetry invariance, and com-
pute the corresponding algebra. It turns out that the central
charge coincides with the boundary term in (26), as
expected for a Bogomol’nyi-Prasad-Sommerfeld bound
in agreement with [62]. The details of the calculation are
given in the Appendix.

It is worth emphasizing that our model is not inherently
supersymmetric, but admits a supersymmetric extension
within the effective two-dimensional sector describing a
specific set of configurations, where relation (17) holds.
This modification of the field content is a usual tool in the
literature on Bogomol 'nyi-Prasad-Sommerfield solitons,
to show that such solutions preserve some of the super-
symmetries of the extended model.

IV. CHAOTIC BEHAVIOR

A. Mechanical analogs

The system defined by action (12) would behave as a
mechanical system whenever we choose the dependence of
the variables u, v to be purely temporal. The corresponding
mechanical action reads

1 1
]meCh[u’v]:/dtdr(z(atu)2+2(a[v)2_(Mz—az)siHZ >

(31)
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FIG. 2. Phase diagram and Poincaré sections of the time dependent system, with initial conditions are p,(0) = 0.636,

1.14, while u(0) is determined by the energy. We see that the Poincaré sections for parameters close

0.127, and v(0)
to the Bogomol’nyi-Prasad-Sommerfield value « = 1 are remarkably stable, while away from this point the system becomes chaotic at

high enough energies.

Pu(0)
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It is convenient to switch into a Hamiltonian description,
obtaining

H=p4ym+ (@ —a)site.  (32)
The corresponding energy is conserved, resulting in the
motion being confined to a three-dimensional hypersurface
H = E in phase space. The potential, given by the last term
in Eq. (32), exhibits multiple potential wells. The minima
of these wells are located at points (u,v) = (0, (k+1/2)x),
where k € Z, and the potential takes the value —a? there.
Potential barriers separate the wells, extending along the u
direction at values of v = kx, where k€ Z. On these
barriers, the potential vanishes. Consequently, for negative
energies the motion will remain confined within a single
potential well. Furthermore, when we specify the initial
conditions for the variables (p,, p,,» ) = (Puin» Pvin> Vin)>
the condition of a real uj, sets a lower bound on the energy.
This results in

0>E> %pu% + %ptﬁ1 — o sin? vjy,. (33)
This restriction allows us to fix the value of the energy once
the initial conditions and the value of a are known, in such a
way that the motion is bounded. With this at hand we can
plot the corresponding Poincaré sections to determine
whether the system shows chaotic behavior.

In Fig. 2, the chaotic behavior is quantified by the mean
standard deviation of the Poincaré section of the corre-
sponding configuration. The upper plot is a phase diagram,
which reveals two distinct regions, one of them highly
chaotic, i.e., showing large values of the standard deviation
(depicted in yellow) and another with more regular behav-
ior, corresponding to small standard deviation, (depicted in
violet). We interpret the boundary between these two
regions as transition to chaos.

Although the Bogomol’'nyi-Prasad-Sommerfield condi-
tion a = n/ V2k¢ = 1 does not allow one to find real
analytic solutions for the purely time dependent case, our
numerical results provide evidence that this value for a
retains some significance. Indeed, the chaotic behavior
of the system is suppressed as a gets close to its super-
symmetric value. The corresponding Poincaré sections are
plotted in the second column on the lower part of the figure,
and show that the system behaves quite regularly around
this region of parameters.

V. DISCUSSION

Let us summarize the main results of the present work.
First, we have shown that the nonlinear £ model in (3 + 1)
dimensions, when confined inside a box whose size
satisfies a suitable quantization condition, possesses a
(1 + 1)-dimensional sector that admits a supersymmetric

extension. Second, we obtain numerical evidence to sup-
port the claim that, for box sizes that are close to those
quantized values, the time dependent solutions are non-
chaotic. To the best of the authors’ knowledge, this is the
first result of this type in a theory related with the low
energy limit of QCD.

We analyzed the gauged nonlinear £ model under and
ansatz representing a crystal of baryonic layers or a
“nuclear lasagna phase.” The configurations of this sector
are characterized by a single parameter «, which depends
on the X-model coupling «, the length scale £ representing
the periodicity in the longitudinal directions, and an integer
number n corresponding to a nonvanishing topological
invariant. Mutually perpendicular electric and magnetic
fields of the same strength extend along the direction of
the layers. When the parameter « takes the value @ = 1, the
equations of motion can be obtained from a first order
system, which possesses analytic solutions.

The resulting analytic expressions for the ansatz
functions u and v satisfy Neumann (u' = constant) and
Dirichlet (v = constant) boundary conditions, respectively,
at large distances. In terms of physical observables, these
conditions correspond to fixing the baryonic density and
the magnetic flux. Notably, these conditions are natural
from a phenomenological perspective. In actual neutron
stars, various nonhomogeneous baryonic condensates
appear at slightly different densities, layered one on top
of the other. At low densities, the formation of nuclear
gnocchi is expected. As we move closer to the star’s center,
the density increases, and the spaghetti phase emerges.
At even higher densities, nuclear lasagna layers appear.
It is believed that at densities exceeding those of the
nuclear layers, the lasagna phase transitions into a homo-
geneous distribution.

Our analytic solution yields a total baryonic charge of
zero across the entire space, as it interpolates between a
region of positive, constant baryonic density (fully popu-
lated by baryons) and another region of negative baryonic
charge (dominated by antibaryons). In actual phenomeno-
logical applications, the presence of a baryonic chemical
potential compels the system to consist predominantly of
baryons, with a negligible quantity of antibaryons. To apply
our solutions in such contexts, the boundaries of the region
of interest should be positioned asymmetrically with
respect to the point where the baryonic charge density
vanishes. This asymmetry must be implemented under the
constraint that the integral of the baryonic density returns
an integer value. Notice that such a number is nonlinearly
related to the parameter n defining the solution.

The existence of a special point in parameter space,
where the equations can be derived from a first-order
system, suggests the presence of a Bogomol’nyi-Prasad-
Sommerfield (BPS) bound on the configuration’s energy.
We successfully formulated this bound using the effective
action that provides the reduced equations for our ansatz
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functions. Interestingly, in most systems exhibiting
Bogomol’nyi-Prasad-Sommerfield solitons, these solutions
emerge at specific points in the coupling space where there
is a balance between static repulsive (gauge) forces and
attractive (gravitational or Higgs) ones. In contrast, the
Bogomol’nyi-Prasad-Sommerfield solitons in the present
case are those whose size £ is commensurable in Fermi
units £ = n/ V2k.

Fist order Bogomol’nyi-Prasad-Sommerfield equations
are frequently encountered in supersymmetric systems as
conditions for preserving some supersymmetry in the
classical background. In our case, we demonstrated that
the (1 + 1)-dimensional system admits a A/ =2 super-
symmetric extension at finite baryon density. In other
words, the configurations described by our ansatz are
organized into a supersymmetric multiplet. It is worth
emphasizing that the presence of the electromagnetic
degree of freedom u is needed as, without it, the super-
symmetric extension would not be possible. This is to be
contrasted with the results in [47] where the nonlinear
realization of supersymmetry in the ungauged Skyrme
model has been analyzed.

We explored the consequences of the existence of a
supersymmetric extension on purely time-dependent con-
figurations. Specifically, we examined how the transition
into chaos is influenced by the proximity of the parameters
to the quantization condition. We found that the closer
the parameters are to this condition, the less chaotic the
corresponding dynamics becomes. Thus, the existence
of a supersymmetric extension leaves an imprint on the
system’s time evolution.
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APPENDIX: EMBEDDING IN A
SUPERSYMMETRIC MODEL
1. Definitions and spinorial identities
We define the higher rank y matrices as y#1#2#r =

yyr2  y#] The charge conjugation matrix C is defined
such that for any I'") € {1, pF, ppriz L ypprebe}

(CTNT = —¢,cT), (A1)

where f, = 1 depending on the rank of the y matrix. All
the coefficients are fixed in terms of ¢ and ¢, as t, = —t,
t3 = —tl, and tr+4 = tr.

The Majorana condition on a spinor A can then be
imposed by requiring that the Majorana conjugated spinor,
defined as 1, = ATC, coincides with the Dirac conjugated
one A = iATy°. For arbitrary Majorana spinors y and y the
following identity, usually called Majorana flip, holds

gyt = gyt ty. (A2)
For even spacetime dimension D = 2m with m €N and for
A e {1,y pf#2 yir-#r} such that Tr(MATg) = 254, the
Fierz rearrangement identity can be written as

(ZIM/12)(/_13M//14):_%Z(ZIM/FAM/14)(/_13FA/12)- (A3)

a. Two-dimensional case

In the particular case D = 2 we consider the Majorana
basis for the y matrices, defined according to

0 1 0 1
0: 1 p— 5 l p— p— . A4
4 %) (_1 O> 4 oy (1 O> ( )

Then the charge conjugation matrix reads

C:—02:>l0:1, [l =-1. (AS)
For this choice, a Majorana spinor has real components.
We write down some useful identities for Majorana spinors

A, w and a scalar field v as follows

=k, w ==,
WY =y Aty = =,

Judy = 0" vo,y + 0, (Jvyty — ' vy). (A6)

In two spacetime dimensions it is possible to match the
off-shell degrees of freedom by considering two real scalars
and one Majorana spinor.

Let us define the chiral components y, ,y_ in terms of
the chiral y matrix y,

1 0
7*:70}’1=< ) such that (y,)* =1, {7*,}’,4}:0.

0 -1
(A7)

The definition of the chiral components is . = liTy*l//.

b. Graded Poisson algebra

The graded Poisson bracket {-,-}p5: Fp X Fp = Fp
is defined on functions Fp from a phase space P with
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Grassmann odd and Grassman even fields, and must satisfy
the following conditions

{A.B}pg = —(=1)"9{B, A} pp,
9{AB}p; = 94 +gp mod 2,

{AB.C}py = A{B.Clpy + (~1)9 {4, C} pyB.  (AS)
where g, is equal to O for A being a Grassmann even field
and to 1 for A being a Grassmann odd one. To construct
explicitly this bracket in a concrete setup, let us consider
Minkowksi space R'¢ with coordinates (z, x') and metric
ds? = —dr* +dx?. Let (u% p,) be Grassmann even
bosonic fields and (y,,#%) Grassmann odd fermionic
fields. The definition of the equal time Poisson bracket is

505 5 3
A,B = [ dxA -
{4 Blrs /x(ww@m>wmww>
505 5 5

e )b )

where the sum on the repeated indices is understood and the
left and right arrows on the derivatives denote on which
side it is acting, as needed to satisfy the Leibniz rule in the
second line of (AS8).

2. Supersymmetric theory in two spacetime dimensions
a. Free theory construction

Let u, F be two real scalar fields and y a Majorana
spinor. The 1 4+ 1 dimensional free action defined as

1 1 1
Itree = /dzx <—§(5’U)2 + EFZ - El/_/ﬁll/> s (A10)

is invariant up a boundary term under the supersymmetry
transformations

Sy = dve + Fe,
S = —&dv + Fe,

ov = ey,

5F = &gy, (Al1)

where € is a Majorana spinor. The boundary term reads
2029 (1 1
Olfee = | d°x &9, 5!3717’”111 — Moy + Ey”y/F . (A12)

The proof of this requires the D =2 Majorana flip
identity yyte = —€yfy.

Considering the theory for (v, F,y) presented above, the
commutator of two successive supersymmetry variations
generated by the two spinor parameters €, €, acting on the
different fields reads

(62, 01]v = 2&,7"€,0,v,
[6,,61]F = 287,90, F,

(62, 81w = 2&17" €20, (A13)
implying that they close on a spacetime translation with
parameter 2€;y*e,. The proof of these brackets requires
some identities that hold in D = 2. We sketch here some of
the most relevant steps

(61, 62]w = V€810, + 28,9y — (1 < 2),

1 .
= =3 DT + TR - (1 2),
A

= —=(rr" + r"7.)0wErr e
- (}//my” + yﬂypa)aﬂwélypae%

= —251}’14620”1//. (A14)

Here in the second equality we used a Fierz rearrangement
where the sum runs over I'y €{1.y,.7,}. In the third
equality we used the fact that ) =1 and then, due to
the antisymmetry, the term with the identity cancels,
leaving only two nontrivial terms. The second term is
zero due to the fact that {y*.y,,} = y*,, = 0, which is true
in two spacetime dimensions since y¥,, is completely
antisymmetric.

b. Adding integrations

So far we have a free theory for the fields (v, F, ) where
v and F are real scalar fields and y is a Majorana spinor.
We can now introduce a second set of fields (u,G,y) in
order to construct an interacting theory involving (v, F, )
and (u, G, y) that is supersymmetric. To be concrete, we
consider the action I = I + Iint With

1 1_ 1
liree = /d2x<—§(01})2 _El/’dl//‘i‘EFz
Low -+ ic (A15)
3 u 2)( 4 3 )
Iint = /dzx(M(u, v) + N(u,v)F + L(u,v)G
+owX(u,v) +jxY(u.v) +yyZ(u,v)).  (Al6)

The free part of the action /Iy, is then invariant under the
combined supersymmetry transformations of the multiplets
(u,F,yw) and (v,G,y), as

Sv = ey, Sy = (gv + Fe,

SF =edy,  op =e(—dv+ F).

Su = ¢y, Sy = (Ju + G)e,

5G = &gy, 8y = e(—gu + G). (A17)
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We want to find the coupling interaction functions
M,N,L,X,Y,Z such that the interaction term in the action
is also invariant under the same transformations. To that
end, it will be useful to redefine the terms on the interaction
action [;;,; according to the power of the fermionic fields, as

Iim = /dzx([,M,N,L + ’Cl/_llll + [')?Z + LV_/)()’ (AIS)

and then analyze independently the variation of each term.
We get
6‘CM.N,L = EZ(M,M + NMF -+ L’MG)
+éey(M,+N,F+L,G)
+ _aﬂN(éyﬂl//) - 5ML(5}/”)()

+ 9, (Ney'w + Ley'y), (A19)

6Ly, = —2(er'w)0,vX + 2(&y) FX + (pw) (€)X .

(A20)
5L, =—2(Er"y)0,uY +2ex)GY + (7r) @w)Y,.  (A21)
5Ly, = —(e}/")()a vZ + (&) FZ + (py"e)d,uZ + (j€)GZ

SG)TZ0 =5 ) &7, (A22)

There is a single boundary contribution arising from the
first term. A key simplification is the following: the terms
Jvex =0 = pyey, since each Majorana spinor has two
independent components, thus any cubic term in spinors is
zero in two spacetime dimensions. We also use a Fierz
rearrangement and the fact that yy*y = 0 = yy**y for any y
since t; = t, = —1. Collecting the different spinorial com-
binations, we get for the variation of the interacting action
the generic form

6L = (we)(M , +(Z+L,)G+ (2X+ N, )F)+ (gx)(M ,+ (2Y+L,)G+ (N, + Z)F)
- (Ery)(Z+L,)o,v+ (2Y + L ,)o,u) + (pr'e)((Z+ N ,)o,u+ 2X + N ,)o,v)

(5204 . ) + wien) (-

The above equation must be equal to zero for any field
configuration, which implies a system of differential
equations for the coupling functions M,N,L,X,Y,Z. Its
solution can be expressed in terms of a single function
W (u, v), which we will call the superpotential, in the form

10*°W
M =0, =——7, A23
2 ov? ( )
ow 10*°W
N=—-——, Y=-—5, A24
ov 2 ou? ( )
ow o*w
du oudv
Hence the interacting part of the action reads
ow . oW 1_ W
Iint = ECx(-—F-—G+-py—s
nt K/ x( ov ou * 2"V 502
1_ oW o*w
Z A26
+ 2)0( ou? T 0uav> (426)

Combining with I, in (Al5) we can eliminate the
auxiliary fields F, G by means of their equations of motion

ow ow
F=— G=— A27
ov ou ( )

1
~Z X,
2 \U + .M)

|
obtaining for the complete action

1
1= —5/ d2x<(0v)2 + (0u)? + F* + G* + oy

I — ’PW W % ;W
XX — Yy 2 XX EYe Wf@uav

(A28)

c. Supersymmetry algebra

In what follows we adopt the collective shorthand

notation v; = (v, u), w; = (y,y) and F; = (F, G), which
implies for the supersymmetry variations
Svy=¢ey;, Sy;=(dv;+Fe, OF =edy;. (A29)

This allows us to write the action principle as I = Ifge +
It where

1 1_ 1
lige = /dzxz (—5(‘)”1)2 - 51//1{311/1 —EF%) (A30)
1

ow I . oW
to= [ @3 (=G 3 S g5 ) a3
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Preserving the boundary terms, the variation of the full
action under supersymmetry transformation is given by

_ 1
ol = G/dxzaﬂ (5 gurtw — vy
1

1

ow
+ SV Fpy — %)’”WI) , (A32)
1

2

and consequently the Noether (super)current reads

ow
SH = el — — | 7"y,
g €< dv; + 0v,>y /¢

1

(A33)

This current is conserved on shell 9,5 = 0. The super-
charge is defined as usual as the space integral of the time
component of the corresponding current, namely

QE/dxso_/de< ¢U,+—)y y. (A34)

One can check that the supersymmetry variations (A29) can
be recovered by computing the equal time (graded) Dirac
bracket between the charges Q and the fields, as in dv; =

{v;(x),€Q}, and Sy; = {w;(x),€Q},. To do that, we
make use of the following nonvanishing Dirac brackets

{wi1a(x). 9" ()} = 81, (1) 8(x = y).

{ug(x),i;(0)} p = 8156(x = y).

In order to keep track of the Grassmann variables we
compute the Dirac bracket between {€,0, & Q} where €,
and €, are arbitrary spinorial parameters. Direct computa-
tion leads to

(A35)

(A36)

{610.6,0}p = 2e7"e2P, + 17776, Z, (A37)
where the momentum vector P, takes the form
oW\ 2
/dxz <v, + v (0vl>
- U =F A
ZJ:WIWJ o 01}) , ( 38)
P, = / dxy i), (A39)
1

and the central charge Z is given by a boundary term with
the form

— / m%(zw@,ﬁézlﬁzw;)- (A40)

To better understand the meaning of this algebra, we can
pick a basis of the spinor space 6, = (}),,6_ = (!) and

0
define Q, = 9+Q, Q_ =6_Q. Then the algebra can be

written as
{00} p =—i(E+Py),
{Q—7 Q—}D = _I(E_Pl)y
{010 }p=- (A41)

In the quantum theory, the functions on the phase space
map to operators acting on the Hilbert space while the

Dirac brackets maps to (anti)commutators {-,-}, — % [

Then, the resulting quantum algebra reads
2=(E+P), Q*=(E-P)), 0.0.+0.0Q,=«Z.
(A42)

Following the argument in [76], we have that

(Q+ + Q—)2 =

but (Q, &+ Q_)? > 0 as they are Hermitian operators, and
then

(2E + Z) (A43)

1
= 5|Z| (A44)

Particularizing to the bosonic sector, this implies that the
energy must satisfy the bound
E > |W(+o0) —

W(=c0)|. (A45)

d. Application to our case
To embed our effective theory (25) in a supersymmetric
model, we compare it with the form of the full super-

symetric action (A28) when we turn off the spinor fields y
and y. This results in the identification

oW\2  [OW)\?2
(0 () st v

which is solved immediately by

- \/EM COS v.

The full supersymmetric action for our model then reads
I = I + Iier with the bosonic part I given by (25) and a
fermionic contribution /s, Which according the (A28) takes
the form

W(u,v) (A47)

1
]fer:—i/dzx(y'/ﬂl//—l—;'(ﬂ;(—i—\/iucosw/’/y/—i—Z\/Esinw'/;().

(A48)
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The full action is then invariant under the transformations  This reduces to our first order equations by imposing on the
projection on the spinor y'e = e, which leads to the first

Su — &y Sy = (v — V2usin »)e order equations (18) and (19) for the bosonic fields
ov = &y, Sy = (Ju + V2cos v)e. (A49) 0,v F V2usinv = 0, 0,u =+ V2cosv = 0. (AS1)
For a purely space dependent u = u(r),v = v(r) and ~ This implies that the first order equations we have found
bosonic y = y = 0 configuration, the condition of vanish- result in solutions that are invariant under half of the
ing supersymmetry variations for a non-trivial € spinor supersymmetries of the supersymmetric extension of the
requires theory. This is in agreement with the well-known result about

Bogomol’nyi-Prasad-Sommerfield solutions. Moreover,

) Eq. (A45) turns out to be precisely the Bogomol’'nyi-
(r'v'=V2usinv)e=0, (r'u'+V2cosv)e=0.  (AS50) Prasad-Sommerfield bound found in Sec. III C.

3. Detailed calculations for the variations of the different terms on the Lagrangian

The variation of the free Lagrangian,

1 1
0Ltree = —0, 0060 — 551/7@1// - Ell_fd‘sll’ + FSF

= —0,v0" (ey) — %é(—ﬂv + F)dy — l1/7;3(@1} + F)e + Fedy

— N

1 1 1
= —0,ved'y + zédvdyf - EéFdl// — EJ/WW - Et,/‘/dFe + Fedw

_ 1_ 1_ 1_ 1 1_
= —6,41166”1;/—1—566%6”1// —Ewéﬂa"ve —Ey/dFe +§F€¢’u/ +§€0ﬂ(dvy”l// - dvy),

1 1
= €0, <§ dvyty — Moy + §Y”I/IF> . (A52)
Now we compute the variation of the interaction Lagrangian, which is the sum of the following terms

Lynr =M(u,v)+ N(u,v)F + L(u,v)G,
Loy, = wyX(u,v), L, =ixY(u,v), Ly, =wyZ(u,v). (A53)

The variation of the term with no fermions is

8Ly = OM + SNF + NSF + LG + LSG
=M ,6u+M ,6v+ (N ,6u+N ,6v)F+ Negy + (L ,6u+ L ,6v)G + Ledy
=M,+N,F+L,G)bu+ (M,+N,F+L,G)év+ Ney'o,w + Ley"d,x
=M, +N,F+L,Gey+ (M,+N,F+L,G)ey—o,Ney'y — d,Ley'y + 0,(Ney'y + Ley'y). (A54)

The variation of the py term

8Ly, = SUwX + oYX + pyoX
=e(—gv+ FlyX +w(dv + F)eX +py (X ,6u + X ,6v)
= —2edvyX + 2ew FX + pyX ey + yyX ey
= =2eytyd,vX + 28y FX + pyeyX . (A55)

Note that the term yyéy vanishes because we are dealing with Majorana fermions in D = 2, which has two independent
Grassmann components.
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The variation of the yy term is
0Ly, = oy + joxY + jxoY,
= &(=gu+ G)yY + (v + Fe¥ + jx(Y ,6u + Y ,6v),
= —2eduyY + 2eGyY + yyY &y + yixY ey,
= =2eytyo,uY + 2eyGY + jyyY ey, (A56)

again the term jyyéy vanishes.
The variation of the mixed terms is

Ly, = 0YxZ +woyZ + yyoZ,
— (=g + FYZ + (g + Ge + ig(Z,5u + Z,80),
= —EdvyZ + eyZF + woue + weG + yyZ ey + Wy Z ey,
= —€y'y0,vZ + EYZF + yy'ed,u + weG + yyjeZ , + wyeyZ ,,. (A57)

Now we used the Majorana flip identities

() (Ge) = 5 S (FTAe)(T7) = — 5 (7€) (72). (As8)
(2) &) = 3 ST @) = 5 () @), (A59)
A

where we have used the fact that yy*y = yy*’y = 0 due to the Majorana flip. Hence the final expression for the variation of
the mixed term is

Ly = =@ 2)0,07 + (€2)ZF + (@), + ()G =3 (56) 72 = (02, (A60)

Now we proceed to compute the Noether current. For that we note that a generic variation of the full Lagrangian

1 1 1 ow 1 W
I= [ d ——(0v;)*> — = ——F2——F, +=-) A61
/ XZ( 2( vr) 2’//1§31//1 271 g, + 22 Vi ay,av,> (A61)
is given by
oL=>» 0,| —0"v;0 L5 o) =0,0/ A62
—Z” — 0" v 8y = Sy oy +eom = 9,0" + eom. (A62)
1
The boundary term evaluated in the supersymmetry transformations
51]1 - él//l, (A63)
Sy = (Jv; + Fy)E, (A64)
is given by
_ 1 _ _
=2 (—a“vleu/, — S (P + F)) (A65)
1
I T N
= _{—0" vy =S v o, v — S eFy ).
1
_ 1 1
= Z e\ —dvy; - 5@”13’”‘/’1 + EY”W[FI ) (A66)
1

114026-13



CANFORA, GRANDI, and OYARZO PHYS. REV. D 111, 114026 (2025)

in the last equality we used the identity yy*y“e = €y*y*y. On the other hand, the variation of the Lagragian under SUSY
variation leads to the following boundary term

_ 1 1 oW
oL = Z:Gay <§¢UIY”V/1 — vy + EY”W[FI - 6—1}1}’”1//1) =J,K". (A67)

Hence the Noether current is defined as

ow
Ji =0 K= Z < duir'w; +alif”l//1) (A68)
The supercharge can be written as
o- | AD (01 (2) 47000 + W9 (A69)

where we denote W ; = 0W/dv;. Now we show that we can recover the infinitesimal supersymmetry transformation
by computing the Dirac bracket between the field and the charges by considering the fundamental Dirac bracket (A35)
and (A36)

50,(x) = {1,().20} .
= [ {008 3 (016) + 7 6 0) + W) )

1

/ dyZ{vJ (")} pewi(y) = / dyy 81,8(x = y)aw (y),
= &y, (x), (A70)

which is (A63) and
Sy (x / dyZ{wJ (0 () + 77 0 (0) + W) ()}
-/ S, 0000 ) + i 0150 + W00y )

-/ D) e i) + (071007 Pl i) (A71)

W) w0 )b p) = / dy S (0eis () + 170y (3) = W ()7 e)d1d(x — )

= (r"9,v,(x) + W ;(x))e
= (y"0,v; + Fje, (A72)

is precisely (A64). We have used the equation for F; in the last equation and we used the identity

{l//a( ) ( ) ( ) } - {Wa( ) l/_/ﬁM[)’y(y)e}'} = {l//a(x)9 lpﬁ(y)}M/iy(y)ey = ]/OM(y)Eé(X _y)’ (A73)

for M(y) being a Clifford algebra valued matrix. Now we proceed to compute the bracket between charges. To divide the
computation in pieces we consider

0= ZQI» q1 = /dx(UI + 77" 0+ W) (A74)
T
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then

{6,0.6,0} = Z{él‘h’ &2y} = 2{5141,526]1} + Z({él‘h’ 245} +{€195.€2q:}),
1.J 1

I>J

= 2{51611, é2qr} + Z({élqh &4, — {241, €19,}). (A75)

I>J

Let us compute the first term. To simplify the notation we will suppress the index /, which is equivalent to set / = 1 and then
generalize the result later.

q, = /dx(v +7% + W )Yw=A+B+C,
A= /dxbl//, B= /dxyoylv/y/, C= /deJ/.yOw. (A76)
The first bracket is

{6191, 8:q1} = {€1A,6,A} +2{€,A,&yB} + 2{é;A, &, C} + {€,B,&B} + 2{¢B,&,C} + {€,C,&,C}. (A77)

We compute the Dirac bracket between the auxiliary functions A, B, C
(@ae) = [ axdyieibop(a). i)
— [ axyiti0) Ewlo. p)es)

:EIyoez/dxii(x)z, (A78)

(@828} = [ axdyles (w50 e ()
= /dxdy[@(x)v'(y){éll//(x),J/(Y)}’ly%z} + e () {o(x), ' () e ()r'y'e]
_ / dady[i:(x) 0’ (9)217%' 7% + v (2§ (7)7'POealdx — )
- /dx[bv’ély1€2+ (&) (@' %,)]
1

=/mpwm@+1mﬂmwwu (A79)

where we have used the identity (&,y)(¥'y'y e;) = — 1 (€17'7°€,) (W )', which is a Fierz rearrangement plus integration by
parts. Then next one is

&mzﬂﬁ—/hmﬂawmwmrwxwwwwﬁ}

=- / dody[i ()W, (y){Ew (x), w(y)rer} + {i(x), W, (y) }erw (x)i(y)r e)

- / dxdy[o(x)W ,(y)Err e, = W, (v)Ew (x)i (y)r°ex](x — y)

_/d‘x[_bW,WEIGZ - W.v,véll//l/_/yOGZ]

R 1 _ _
:/dx|:1}W’,;€1€2—EW’,,’,,(GIJ/OE'z)(l//l//) ’ (ASO)
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again we used Fierz rearrangement.
@B.e8) = [ A WO Wl s el = [antere,
(@860 = = [y W) w0 ) e = [ W e,
(@080} = - [ W W, W e v v e) = [ )b (A1)

Hence the first term in (A75) is

Z{élﬁlh €241} = /dxz [51]’062(771()‘)2 + 07+ (Wo)? =W (Fy))

1
+ 2@1}’1621')17/1 + él}/*€2 <§ (li/[l//])l + 2W’11J,1>:| . (A82)

The missing piece is the mixed term in (A75). Since I # J then the only nonvanishing bracket once ¢; is replaced is
{i;(x), W ,(y)}. Therefore,

(a1Eaas) = [ Axdy(a(313) + W0 ). 2300, 0) + W) )
= / dxdy[{&, 0, (x)yr;(x), &W ; () s ()} + (& W 1 ()i (x), &0, (9w, (9)},
— [ @i W0 e e s (0) + (8400, )} wix)eaws ().
= [ @l ean) + @) e (A83)

Hence

{€191.€29,} —{&291.819,} :/dXW,1,J[(51U/1)(’/7170€2)+(51W1)(¢'170€2) + (e17%1) @2y )) + (€17°w,) (E2w1)].  (A84)

= _z/dXW.I.J(EI}’O€2)(l/_/JW1)‘ (A85)

Note that the right-hand side of (A84) is symmetric in the interchange of y; and y;, therefore once we replace the
Fierz rearrangement the only term in the sum on I'y € {1,7,.7,,} that does not cancel is the identity term. Putting
everything together

(€0.0.0) = [ary” e (w4 o+ (W2 - Zw,l,mw)

10 01)1
28 . oW
+2&17' e, 0,07 + €1y €2<20 (W) +2W axﬂ
= 25‘1]/062P0 + 251]/1€2P1 -+ E‘l}/*ezz, (A86)

where we have identified the energy P, the momentum P; of the configuration, and the central charge

/mZ( (o) +2W ):/dxai <2W+;§I:y7,w,>. (A87)
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