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I present the leading 3-loop contributions to the Fermi decay constant in the Standard Model, using the
tadpole-free pure MS scheme. The calculation is exact in the limit in which the quantum chromodynamics
coupling, the top-quark Yukawa coupling, and the square root of the Higgs self-coupling are all treated as
large compared to the electroweak gauge couplings. The effect of the 3-loop contribution is to decrease
the estimate of the Higgs vacuum expectation value (VEV), for fixed on-shell inputs, by about 3.5 MeV.
The renormalization scale dependence of the computed Fermi constant is greatly reduced compared to the
previously known complete 2-loop order result, and as a fraction is now less than �2 × 10−6 for
renormalization scales between 90 and 250 GeV. This corresponds to a theoretical uncertainty in the VEV
that is well under 1 MeV, and much smaller than the current parametric uncertainties coming mostly from
the top-quark mass. I also comment on the impact on the precise prediction of the W-boson mass.
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I. INTRODUCTION

In the Standard Model of particle physics, the calculation
for the inverse lifetime of the muon can be factorized as
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�
; ð1:1Þ

where FkinðxÞ¼1–8xþ8x3−x4−12x2 lnðxÞ is the 3-body
decay phase-space kinematics factor, and δQED consists of
the quantum electrodynamics (QED) (with associated
hadronic polarization effects) radiative corrections in the
low-energy effective theory, which have been obtained at
1-, 2-, and 3-loop orders, respectively, in [1,2], [3–5], and
[6–8]. The present experimental value [9–11] of the Fermi
constant defined in this way is1

GF ¼ 1.1663782ð6Þ × 10−5 GeV−2: ð1:2Þ

The Fermi constant can be related to other parameters in
the Standard Model in several different ways. A tremen-
dous amount of effort has gone into evaluating the radiative
corrections to GF, motivated in part by the fact that this
allows a prediction of the W-boson mass in terms of other
quantities. Historically, the most popular way of organizing
these results is in terms of the on-shell scheme expression

GF ¼ παffiffiffi
2

p
M2

Wð1 −M2
W=M

2
ZÞ

ð1þ ΔrÞ ð1:3Þ

where α ¼ 1=137.035999178… is the fine-structure con-
stant for low-energy Thomson scattering, and MW and MZ
are the on-shell masses of the weak vector bosons. This
defines a calculable quantity Δr. Because the low-energy
QED corrections parametrized by δQED have been factored
out, Δr can be obtained in terms of Feynman diagrams
involving only high-energy effects. It has been calculated
completely in the Standard Model at 1-loop [12–14] and
2-loop [15–32] orders. In addition, there are partial 3-loop
contributions to the ρ parameter, of orders g43y

2
t [33–35],

and g23y
4
t and y6t [36,37], which contribute to the custodial

symmetry breaking part of Δr. Finally, the 4-loop g63y
2
t

contribution to the ρ parameter has been obtained in the
on-shell scheme in Refs. [38–40]. (However, this 4-loop
correction is small, and the remaining unknown 3-loop
and 4-loop contributions to GF in the on-shell scheme are
quite possibly larger.) The preceding effects have been
summarized in a parametrized numerical fit [41] for the
Standard Model prediction of MW resulting from the
measured GF, with a claimed theoretical uncertainty
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1Recent versions of the Particle Data Group’s Review of
particle physics [11] choose to absorb the last factor in
Eq. (1.1) into the definition of GF, despite the fact that it is
specific to muon decay. The GF as defined here by Eq. (1.1) and
quoted in Eq. (1.2) is therefore smaller than that in Ref. [11] by a
fractional amount ð3=10ÞM2

μ=M2
W ¼ 5.2 × 10−7. This difference

happens to be close to the present experimental uncertainty inGF.
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(not including parametric input uncertainties) on the order
of 4 MeV.
Other schemes for organizing the radiative corrections in

perturbation theory are useful and arguably provide advan-
tages with respect to the on-shell scheme. One alternative is
the hybrid on-shell-MS scheme proposed in [42], which
uses, instead of Eq. (1.3),

GF ¼ g2

4
ffiffiffi
2

p
M2

W

ð1þ Δr̂WÞ; ð1:4Þ

where g is the running SUð2ÞL gauge coupling evaluated at
the MS renormalization scale Q ¼ MZ. This defines a
quantity Δr̂W, which was obtained to full 2-loop order in
Ref. [42] with the 3-loop leading quantum chromodynam-
ics (QCD) corrections. The resulting prediction forMW was
found in [42] to be lower than the on-shell determination by
about 6 MeV, for fixed values of the other inputs.
In Refs. [43,44] and in [45], two pure MS scheme

approaches are proposed, which differ in the way that they
treat the Higgs vacuum expectation value (VEV). One
motivation for using a pure MS scheme is to facilitate a
simple modular matching of on-shell observables onto
the MS parameters of the theory, which can in turn be
matched to the Lagrangians for theories of new physics in
the ultraviolet. In Refs. [43,44], the Fermi constant is
expressed as

GF ¼ 1ffiffiffi
2

p
v2tree

ð1þ Δr̄Þ; ð1:5Þ

which defines a quantity Δr̄ in terms of the tree-level VEV
vtree of the Higgs field in the MS scheme. Writing the tree-
level potential for the complex Higgs field H as

V ¼ Λþm2H†H þ λðH†HÞ2; ð1:6Þ

where m2 < 0 and λ is the Higgs self-coupling, one has

v2tree ¼ −m2=λ: ð1:7Þ

Equation (1.5) has the disadvantage that, since one is
expanding around a VEV that does not minimize the full
potential, one must include tadpole diagrams. The tadpole
diagrams involve zero-momentum propagators of the
Higgs boson, leading to factors of λ in the denominators,
so that the loop expansion parameter for diagrams involv-
ing the top quark is not the usual Ncy2t =16π2, but rather
Ncy4t =16π2λ, leading to a slower convergence of perturba-
tion theory due to the extra factor of y2t =λ for each
loop order.
To avoid this, in Ref. [45] and in the present paper one

expands instead about the minimum of the VEV v for the
full effective potential in Landau gauge. In this tadpole-free

pure MS scheme, the sum of all tadpole diagram contri-
butions (including the tree-level tadpoles) to any given
observable vanishes identically, and so there are no con-
tributions in perturbation theory with the extra factors of
y2t =λ. The use of v rather than vtree can be thought of as
corresponding to a complete resummation of all tadpole
diagrams; essentially, perturbation theory is improved by
expanding about the correct vacuum. The effective poten-
tial is known in Landau gauge at full 3-loop order in the
Standard Model [46–48] (and in general theories [48,49],
including supersymmetric ones [50]), and the leading
4-loop QCD corrections are given in [51]. The two VEV
definitions are related by

v2 ¼ v2tree −
1

λ

X∞
l¼1

1

ð16π2Þl Δl; ð1:8Þ

making explicit the 1=λ dependence, where the Δl
have been given in Refs. [48,51]. The present paper is
organized around the following counterpart to Eq. (1.3),
(1.4), or (1.5),

GF ¼ 1ffiffiffi
2

p
v2

ð1þ Δr̃Þ; ð1:9Þ

which defines a quantity Δr̃. This directly relates the
measured Fermi decay constant to the exact Landau gauge
vacuum expectation value of the Higgs field. In this
approach, the physical masses of the W and Z bosons
are obtained as separate calculations, which have been
carried out to full 2-loop order with 3-loop QCD correc-
tions in Refs. [52–54]. This is part of a larger program,
including also Refs. [55–57], to relate the Standard Model
observables to the MS scheme Lagrangian parameters. All
of these results are implemented consistently in the open-
source computer code SMDR[45] and in a set of simple
interpolating formulas in Ref. [58], which will be updated
with the results of the present paper.
As a counterpoint to the obvious advantage of avoiding

tadpole diagrams and their concomitant slower conver-
gence of perturbation theory, the tadpole-free scheme has
the apparent disadvantage that it is necessarily restricted to
Landau gauge for the electroweak sector, because the
effective potential is not known beyond 2-loop order
[59] outside of Landau gauge. However, in a strict sense,
this is not really a disadvantage, since physical quantities
do not depend on the choice of gauge fixing. Moreover, the
fact that one loses the opportunity to check calculations by
observing the cancellation of gauge-fixing parameters is
ameliorated by the fact that within Landau gauge there are
similar nontrivial checks at 2-loop order and beyond,
involving the cancellation, after resummation, of depend-
ence on the unphysical Goldstone-boson squared mass
including infrared singularities and potentially complex
logarithms in individual diagrams.
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The loop expansion for Δr̃ may be written as

Δr̃ ¼ 1

16π2
Δr̃ð1Þ þ 1

ð16π2Þ2Δr̃
ð2Þ þ 1

ð16π2Þ3 Δr̃
ð3Þ þ � � � :

ð1:10Þ

The complete expressions for Δr̃ð1Þ andΔr̃ð2Þ were given in
Ref. [45]. The purpose of the present paper is to provide the
leading contributions to the 3-loop part Δr̃ð3Þ. Here,
“leading” means that in the 3-loop part I take

g23; y
2
t ; λ ≫ g2; g02; ð1:11Þ

which is sometimes known as the “gaugeless” limit.
Although the effects of λ are smaller than those of g23
and y2t , it is natural to also treat it as large compared to the
electroweak couplings, because M2

t ;M2
h > M2

W;M
2
Z, and

also because radiative corrections from lower loop orders
involving the top-quark Yukawa coupling necessarily
induce λ anyway; for example, the 1-loop beta function
for λ contains a term proportional to Ncy4t . All other
Yukawa couplings yb; yτ;… are neglected in this paper
(but are included in the 1-loop correction Δr̃ð1Þ).
The limit (1.11) implies the important practical simpli-

fication that the contributions to Δr̃ð3Þ all come only from
the corrections to the W-boson self-energy at zero momen-
tum, and do not involve any box diagrams or internal
electroweak vector propagators except for the W-boson
propagator at zero momentum in the case of one-particle
reducible diagrams. Within this approximation, all effects
involving the top-quark and Higgs-boson masses and
couplings are treated exactly, and the final result for
Δr̃ð3Þ depends on only two squared mass scales, which
in the MS scheme are

t ¼ y2t v2=2; ð1:12Þ

h ¼ 2λv2: ð1:13Þ

The latter version of the running Higgs-boson squared mass
differs slightly from the tree-level Lagrangian expression,

H ¼ m2 þ 3λv2 ¼ hþ G; ð1:14Þ

where the Goldstone-boson running squared mass at tree
level in the tadpole-free scheme is

G ¼ m2 þ λv2: ð1:15Þ

The dependences on G and H (or, equivalently, m2) are
completely eliminated below in favor of h by resummation
[60,61], following the process exactly as described for the
effective potential at 3-loop order in Ref. [48].

II. PROCEDURE

This section provides information about the procedure
followed. As a first note, I find it most efficient and pleasant
to avoid the formalism of counterterm diagrams. Instead,
each Feynman diagram contributing to ð1þ Δr̃Þ= ffiffiffi

2
p

v2 up
to 3-loop order is calculated in

d ¼ 4 − 2ϵ ð2:1Þ

dimensions entirely in terms of bare couplings and masses.
Then, renormalization is accomplished by simply rewriting
the results from 0, 1, and 2 loops using the well-known
relations between the bare parameters v2B, g3B, ytB, λB, and
m2

B and the corresponding MS parameters v2, g3, yt, λ, and
m2, and then expanding to order ϵ0. (For the 3-loop
diagrams, of course it does not matter whether one uses
the bare or MS parameters, since the difference is of higher
order.) In general, the relation between each bare parameter
XB and the corresponding renormalized parameter X takes
the form

XB ¼ μρXϵ
�
X þ

X∞
l¼1

1

ð16π2Þl
Xl
n¼1

cXl;n
ϵn

�
; ð2:2Þ

where the regularization scale μ is related to the MS
renormalization scale Q by

Q2 ¼ 4πe−γEμ2; ð2:3Þ

where γE is the Euler-Mascheroni constant, and

ρv2 ¼ −2; ρg3 ¼ ρyt ¼ 1; ρλ ¼ 2; ρm2 ¼ 0: ð2:4Þ

The counterterm coefficients cXl;n are polynomials in the
MS parameters. The ones necessary for the present paper in
the gaugeless limit of Eq. (1.11) are

cv
2

1;1 ¼ −Ncy2t v2; ð2:5Þ

cv
2

2;1 ¼
�
−
5

2
NcCFg23y

2
t þ

9

8
Ncy4t − 3λ2

�
v2; ð2:6Þ

cv
2

2;2 ¼
�
3NcCFg23y

2
t −

3

4
Ncy4t

�
v2; ð2:7Þ
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cv
2

3;1 ¼
���

6ζ3 −
77

6

�
CG þ

�
119

12
− 12ζ3

�
CF þ 16

3
ngTF

�
NcCFg43y

2
t þ

�
6ζ3 −

5

8

�
NcCFg23y

4
t

þ
�
25

48
− ζ3 − 2Nc

�
Ncy6t − 5Ncλy4t þ

15

2
Ncλ

2y2t þ 12λ3
�
v2; ð2:8Þ

cv
2

3;2 ¼
��

83

6
CG þ 6CF −

20

3
ngTF

�
NcCFg43y

2
t −

39

4
NcCFg23y

4
t þ

�
5

8
þ 9

8
Nc

�
Ncy6t þ 6Ncλy4t − 3Ncλ

2y2t − 24λ3
�
v2; ð2:9Þ

cv
2

3;3 ¼
��

−
11

3
CG − 6CF þ 8

3
ngTF

�
NcCFg43y

2
t þ

9

2
NcCFg23y

4
t −

�
3

4
þ 1

4
Nc

�
Ncy6t

�
v2; ð2:10Þ

and

cyt1;1 ¼ −3CFg23yt þ
�
3

4
þ 1

2
Nc

�
y3t ; ð2:11Þ

cyt2;1 ¼
�
−
97

12
CG −

3

4
CF þ 10

3
ngTF

�
CFg43yt þ

�
3þ 5

4
Nc

�
CFg23y

3
t þ

�
3

8
−
9

8
Nc

�
y5t − 3λy3t þ

3

2
λ2yt; ð2:12Þ

cyt2;2 ¼
�
11

2
CG þ 9

2
CF − 4ngTF

�
CFg43yt −

�
9

2
þ 3Nc

�
CFg23y

3
t þ

�
27

32
þ 9

8
Nc þ

3

8
N2

c

�
y5t ; ð2:13Þ

and

cλ1;1 ¼ −Ncy4t þ 2Ncy2t λþ 12λ2; ð2:14Þ

cλ2;1 ¼ −2NcCFg23y
4
t þ 5NcCFg23y

2
t λþ

5

2
Ncy6t −

1

4
Ncy4t λ − 12Ncy2t λ2 − 78λ3; ð2:15Þ

cλ2;2 ¼ 6NcCFg23y
4
t − 6NcCFg23y

2
t λ −

�
3

2
þ 2Nc

�
Ncy6t þ

�
3Nc −

21

2

�
Ncy4t λþ 36Ncy2t λ2 þ 144λ3; ð2:16Þ

and

cm
2

1;1 ¼ ðNcy2t þ 6λÞm2; ð2:17Þ

cm
2

2;1 ¼
�
5

2
NcCFg23y

2
t −

9

8
Ncy4t − 6Ncy2t λ − 15λ2

�
m2; ð2:18Þ

cm
2

2;2 ¼
�
−3NcCFg23y

2
t þ

�
Nc −

9

4

�
Ncy4t þ 12Ncy2t λþ 54λ2

�
m2 ð2:19Þ

and

cg31;1 ¼
�
−
11

6
CG þ 4

3
ngTF

�
g33: ð2:20Þ

In the Standard Model one has CG ¼ Nc ¼ 3 is the number of colors, and CF ¼ 4=3 and TF ¼ 1=2 are the quadratic
Casimir and Dynkin index of the fundamental representation of SUð3Þc, and ng ¼ 3 is the number of generations.
In order to facilitate maximally informative checks, the final result for the 3-loop contribution Δr̃ð3Þ is split into 10

distinct parts Δa;Δb;…;Δj with different QCD SUð3Þ group-theory invariants and numbers of fermion loops, as

Δr̃ð3Þ ¼ g43y
2
t NcCFðCGΔa þ CFΔb þ ngTFΔc þ TFΔdÞ þ g23y

4
t NcCFðNcΔe þ ΔfÞ þ y6t NcðN2

cΔg þ NcΔh þ ΔiÞ þ λ3Δj:

ð2:21Þ
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All diagrams contributing are vacuum integrals (because of
the vanishing of the external momentum) with up to 3 loops
occurring in the self-energy of theW boson. For illustration,
some sample 3-loop diagrams contributing to each of these
parts are shown in Fig. 1. In one-particle-reducible diagrams
like the ones shown forΔe andΔg, the extra factors of g2 from
the internal W boson couplings are canceled by the corre-
sponding zero-momentum W propagators proportional to
4=g2v2. The diagram shown for Δg is the unique 3-loop one
contributing proportional to N3

c due to three fermion loops.
Note that the part Δi has a factor of y6t extracted, but the

contributing 3-loop diagrams all involve virtual Higgs and
Goldstone bosons, and as illustrated by the two example
diagrams shown, some parts of these contributions could
instead more naturally be associated with coupling factors
y4t λ or y2t λ2. However, this separation is not made, as there is
not always a unique way to assign contributions to these
different coupling factors; a factor of h=t in a term arising
from the integration can always be traded for 4λ=y2t in the
couplings multiplying it. The contribution Δj, proportional
to λ3, is due to all diagrams involving no fermion loops (only
virtual scalar bosons), of which only one example is shown.

FIG. 1. Some sample 3-loop diagrams contributing, as labeled, to Δa, Δb,…, Δj in Eq. (2.21). The diagram at top right contributes to
both Δa and Δb, as it is proportional to Tr½tAtBtAtB� ¼ NcCFðCF − CG=2Þ, where tA are the SUð3Þ generators with A ¼ 1; 2;…; 8 with
the normalization Tr½tAtA� ¼ NcCF.
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After computing the color and fermion index traces
and Lorentz vector index algebra, the resulting bare
integrals are reduced, using the program KIRA [62–64],
to a set of master integrals in d dimensions. The master
integrals are chosen from among the ones defined,
using the notations and conventions of Ref. [65],
as AðxÞ, Iðx; y; zÞ, Fðw; x; y; zÞ, Gðv; w; x; y; zÞ, and
Hðu; v; w; x; y; zÞ. These are pictured in Fig. 2, and their
precise definitions are given in Ref. [65]. In the present
calculation, each of the arguments u; v; w; x; y; z is
chosen from among the squared masses 0, t, H, G
(or, for 1- and 2-loop diagrams, the corresponding bare
squared masses). Since these squared masses are not
generic, there are numerous nontrivial relations between
these integrals, allowing some of them to be eliminated.
A list of pertinent identities between the candidate master
integrals, also obtained or checked using KIRA, is
provided in the ancillary file identities.txt [66]
provided with this paper.
When using these identities it is important to choose

the uneliminated master integrals in such a way that
factors of d − 4 do not appear in denominators, to avoid
unwanted and unnecessary divergences when expanding
in small ϵ. This means that the master integrals are
chosen in such a way as to form an ϵ-finite basis, in the
sense of Ref. [67]. As one typical example, consider the
identity

Gð0;0;0;0; xÞ

¼
�
ðd− 4ÞxHð0;0;0;0; x; xÞ þ 4

3
ð4− dÞxHð0;0; x;0; x; xÞ

þ ðd− 2Þ2
6ð3− dÞx2 ½AðxÞ�3 þ 2− d

x
AðxÞIð0;0; xÞ

�
=ð3d− 10Þ:

ð2:22Þ
One can use this to eliminate Gð0; 0; 0; 0; xÞ in favor of
the others, but one should not use it to instead eliminate
Hð0; 0; 0; 0; x; xÞ or Hð0; 0; x; 0; x; xÞ, as this would
introduce unnecessary additional poles in ϵ.
Another slightly tricky feature of the master integral

choice is that one should strive to eliminate F integrals for
which the first squared mass argument vanishes, as these
contain infrared divergences associated with the doubled
massless propagator, making the ϵ → 0 limit more difficult.
In the present calculation, two types of such integrals occur.
The easiest are those in which one of the other propagator
masses also vanishes. These can be trivially eliminated
using the remarkably simple identity

Fð0; 0; x; yÞ ¼ ð3 − dÞGð0; 0; 0; x; yÞ: ð2:23Þ
The second type is Fð0; x; x; yÞ, which occurs in Δf.
Eliminating this is more difficult, but one way to do it
uses the identity

Fð0; x; x; yÞ ¼ d − 3

ð8d − 24Þx2 − 4xyþ ðd − 2Þy2
�
ð4x2 − 2xyþ y2Þ

�
ðd − 2ÞAðxÞIðx; x; yÞ=xþ ð3d=2 − 5ÞGð0; x; x; x; xÞ

þ ðd − 4Þð2x − 3y=2ÞHð0; x; x; x; y; xÞ þ ðy − 4xÞy ∂

∂y
Hð0; x; x; x; y; xÞ

�

þ ð2 − dÞð2x − yÞ½AðxÞ −AðyÞ�Ið0; 0; xÞ þ ð2 − dÞðx − yÞð2x − yÞ½Gð0; 0; x; x; yÞ

þAðxÞIð0; x; yÞ=x� þ ½ðd − 2Þ2=ðd − 3Þ�AðxÞ2AðyÞ
�
: ð2:24Þ

Note that this implies taking one of the uneliminated bare
master integrals to be ∂

∂yHð0; x; x; x; y; xÞ. This special
case is at variance with the otherwise universal strategy
of only choosing master integrals from among those of types

A, I, F, G, and H, and not their derivatives. Fortunately,
expanding in ϵ, the integral ∂

∂yHð0; x; x; x; y; xÞ has no poles
in ϵ, and its ϵ0 part has a known expression in terms of other
renormalized master integrals, to be given very shortly.

FIG. 2. Topologies for the 1-loop, 2-loop, and 3-loop master vacuum scalar integrals with squared masses u; v; w; x; y; z. The dot on
the Fðw; x; y; zÞ diagram denotes a doubled propagator. The precise definitions are given in Ref. [65], which also provides a computer
code 3VIL for their numerical evaluation.
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After the reduction to master integrals just described, but
before proceeding further, it is a useful check that the
dependence on the QCD gauge-fixing parameter vanishes
separately for each of the contributions Δa, Δb, Δc, Δd, Δe,
and Δf.
The next step is to expand both the bare couplings and

the bare master integrals in ϵ, keeping terms in GF up to ϵ0.
This makes use of the results of Sec. II of Ref. [65],
which writes the bare master integrals in terms of renor-
malized master integrals AðxÞ, Iðx; y; zÞ, Fðw; x; y; zÞ,
Gðv; w; x; y; zÞ, and Hðu; v; w; x; y; zÞ, which have no
dependence on ϵ. Note that the renormalized master
integrals have the same names as the corresponding bare
master integrals, but with bold-faced letters replaced by
nonbold-faced letters. (However, the renormalized master
integrals I, F and G are not simply the finite parts of the
bare integrals I, F, and G as ϵ → 0.) The renormalized

master integrals also depend logarithmically on the MS
renormalization scale Q, which is not listed explicitly
among the arguments because it is the same everywhere
in a given calculation. As explained in Ref. [65], it is also
convenient to introduce an infrared-safe renormalized
integral

F̄ð0; x; y; zÞ ¼ lim
w→0

½Fðw;x; y; zÞ þ lnðwÞIðx; y; zÞ�; ð2:25Þ

where

lnðxÞ ¼ lnðx=Q2Þ ¼ AðxÞ=xþ 1: ð2:26Þ

At this point one can deal with the special case of Eq. (2.24)
by using the identity

y
∂

∂y
Hð0; x; x; x; y; xÞ ¼ 1

ð4x − yÞ2 ½4ðx − yÞ½Gðx; 0; x; x; yÞ þ Fðy; 0; x; xÞ� þ ð3y − 4xÞGðy; x; x; x; xÞ

þ ð2y − 8xÞF̄ð0; x; x; yÞ þ 7ðy − 4xÞFðx; 0; 0; xÞ þ ð4AðxÞ þ 4x − 2yÞIðx; x; yÞ
þ 3ð4x − yÞAðxÞ3=x2 þ ð6=x − 4=yÞAðxÞ2AðyÞ þ ð2y=x − 12ÞAðxÞ2 þ ð8x=y − 12ÞAðxÞAðyÞ
þ ð17y=4 − 21xÞAðxÞ þ ð3xþ 4y − 8x2=yÞAðyÞ þ 48x2 þ 28xy=3 − 26y2=3�; ð2:27Þ

which can be obtained by first computing
∂

∂y Hð0; x; x; x; y; zÞ, and then taking the limit z → x, using
the results in the ancillary file derivatives.txt of
Ref. [65]. It is also convenient to replace the renormalized
master integrals that only involve one squared mass scale x
by their analytic expressions given in Sec. V of Ref. [65],
including some relevant results found previously in
Refs. [68–73], which involve known numerical constants
and lnðxÞ. The irrational constants [besides π and ln(2) andffiffiffi
3

p
] appearing in the one-scale renormalized master in-

tegrals pertinent for the present paper are

ζ3 ¼ 1.2020569031595943…; ð2:28Þ

Li4ð1=2Þ ¼ 0.5174790616738994…; ð2:29Þ

Ls2 ¼ 0.6766277376064358…: ð2:30Þ

After combining the 3-loop contributions with those from
the expansion of bare parameters in lower loop orders, the
cancellation of all poles proportional to 1=ϵn for n ¼ 1, 2, 3
for each of the 10 separate contributions Δa;Δb;…;Δj

provides another powerful check. In particular, this is a
check that the present calculation is consistent with the
well-known Standard Model counterterms for the MS
quantities.

The final step is the expansion and resummation [60,61]
in the Goldstone-boson squared mass, in which G is
eliminated (along with the elimination of H ¼ hþ G in
favor of h). As noted above, this was done following the
process described in Sec. V. B of Ref. [48]. This provides
more independent checks, as some of the individual
diagrams have G → 0 singularities proportional to 1=G
and lnðGÞ and ln2ðGÞ, which successfully cancel in the
complete result. As remarked above, when fixed to
Landau gauge this is the counterpart of the check that
would follow from cancellation of the gauge-fixing
parameter ξ if the calculation were performed in an Rξ

or similar gauge.
The final results, given in the next section, are expres-

sed in terms of lnðtÞ and lnðhÞ and renormalized ϵ-finite
master integrals Iðx; y; zÞ, Fðw; x; y; zÞ, F̄ð0; x; y; zÞ,
Gðv; w; x; y; zÞ, and Hðu; v; w; x; y; zÞ, where each squared
mass argument is 0, t, or h. Another practical check is that
in this final result there is a complete cancellation of the
functions appearing beyond order ϵ0 in the expansions of
the bare integrals AðxÞ and Iðx; y; zÞ. This agrees with the
general argument in Ref. [74] from the fact that the bare
master integrals were chosen as an ϵ-finite [67] basis.
In the expression for Δi, some of the individual coef-

ficients of the master integrals have denominators propor-
tional to h − 4t, h − 3t, h − 2t, and h − t. As yet another
consistency check, I find that the total result is nevertheless
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finite in the (not phenomenologically realistic) limits that
each of these quantities vanishes, due to nontrivial relations
between the different master integrals at those special
threshold values for h, which were verified numerically
using 3VIL [65]. The same holds for terms in Δf with
denominators proportional to h − 4t and h − t.

III. RESULTS

In the gaugeless limit approximation of Eq. (1.11), the
1-loop and 2-loop contributions to Δr̃ are

Δr̃ð1Þ ¼ Ncy2t ½lnðtÞ − 1=2� − λ; ð3:1Þ

Δr̃ð2Þ ¼ NcCFg23y
2
t

�
π2

3
−
13

4
þ 2lnðtÞ − 3ln2ðtÞ

�
þ N2

cy4t ½lnðtÞ − 1=2�2 þ Ncy4t

��
π2

4
þ 15

4

�
t
h
þ 3

16
−
π2

24
−
2h
t

þ
�
h
4t

−
3t
h
−
7

2

�
lnðtÞ þ

�
2h
t
−
3

2

�
lnðhÞ þ

�
3

8
þ 3t
4h

�
ln2ðtÞ þ

�
3

2
−
3h
4t

�
lnðtÞlnðhÞ

þ
�
3

2h
−

9

4t
þ 3h
4t2

�
Ið0; h; tÞ þ

�
3

2t
−
3h
4t2

�
Iðh; t; tÞ

�
þ λ2

�
49

2
−
π2

3
− 18

ffiffiffi
3

p
Ls2 − 6lnðhÞ

�
: ð3:2Þ

In practical applications one uses the more complete expressions including the effects of g, g0 at 2-loop order (and even the
yb and yτ contributions in the 1-loop part). Those were given in Ref. [45].
I now present the results for Δr̃ð3Þ in the form specified by Eq. (2.21). Six of the ten contributions depend on only the

single mass scale t ¼ y2t v2=2, which appears only logarithmically because Δr̃ is dimensionless. First, the contributions at
leading order in QCD, proportional to g43y

2
t , are

Δa ¼ −
869

24
þ 73π2

18
þ 100ζ3 −

391π4

360
þ 16

3
½ln2ð2Þ − π2� ln2ð2Þ − 117

2

ffiffiffi
3

p
Ls2 −

27

2
ðLs2Þ2

þ 128Li4ð1=2Þ þ
�
137

4
−
11π2

9
− 18ζ3

�
lnðtÞ − 119

6
ln2ðtÞ þ 11

3
ln3ðtÞ; ð3:3Þ

Δb ¼
1025

36
þ 259π2

54
−
794

3
ζ3 þ

109π4

60
−
32

3
½ln2ð2Þ − π2� ln2ð2Þ þ 117

ffiffiffi
3

p
Ls2

þ 27ðLs2Þ2 − 256Li4ð1=2Þ þ
�
−
95

4
− 2π2 þ 36ζ3

�
lnðtÞ þ 21

2
ln2ðtÞ þ 6ln3ðtÞ; ð3:4Þ

Δc ¼
73

3
−
28π2

9
þ 32ζ3 þ

�
−18þ 8π2

9

�
lnðtÞ þ 28

3
ln2ðtÞ − 8

3
ln3ðtÞ; ð3:5Þ

Δd ¼ −
176

3
þ 14π2

9
þ 368

3
ζ3 − 108

ffiffiffi
3

p
Ls2: ð3:6Þ

The contribution from diagrams containing a gluon and two separate fermion loops is

Δe ¼
13

4
−
π2

3
þ
�
−
17

2
þ 2π2

3

�
lnðtÞ þ 7ln2ðtÞ − 6ln3ðtÞ; ð3:7Þ

and the contribution from the one diagram with three separate top/bottom loops is

Δg ¼ ½lnðtÞ − 1=2�3: ð3:8Þ

[This generalizes to the contribution from l-loop order with the maximal number of fermion loops, namely l separate
1-loop top/bottom subdiagrams, which due to the chain structure is simple to evaluate as

Δr̃ðlÞjnon-QCD leading Nc
¼ ½Ncy2t ðlnðtÞ − 1=2Þ�l; ð3:9Þ
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as in the Ncy2t part of Eq. (3.1) and the N2
cy4t part of Eq. (3.2). However, this is of limited utility, as it gives a negligible

contribution to Δr̃ for l ≥ 4.]
Another relatively simple result is the one from all diagrams with only Higgs and Goldstone internal loop propagators

(no fermion loops). After Goldstone boson squared mass resummation, this contribution depends only logarithmically on
the single squared mass h ¼ 2λv2. It is

Δj ¼ −
2809

2
þ 517

9
π2 −

712

3
ζ3 þ

617π4

45
−
16π3

3
ffiffiffi
3

p − 64½ln2ð2Þ − π2� ln2ð2Þ þ 414
ffiffiffi
3

p
Ls2

− 108ðLs2Þ2 − 1536Li4ð1=2Þ þ ð630 − 8π2 − 432
ffiffiffi
3

p
Ls2ÞlnðhÞ − 72ln2ðhÞ: ð3:10Þ

That leaves the three contributions Δf, Δh, and Δi, which each depend on two-scale renormalized ϵ-finite master
integrals. Specifically, Δf contains the integrals

Ið0; h; tÞ; Iðh; t; tÞ; Fðh; 0; 0; tÞ; Fðh; 0; t; tÞ; F̄ð0; 0; h; tÞ; F̄ð0; h; t; tÞ; Gð0; 0; t; h; tÞ;
Gðh; 0; t; t; tÞ; Gðt; 0; 0; h; tÞ; Hð0; 0; h; 0; t; tÞ; Hð0; 0; t; t; h; tÞ; Hð0; t; t; t; h; tÞ; ð3:11Þ

and Δh depends on the integrals

Ið0; h; tÞ; Iðh; t; tÞ; Gðh; 0; t; 0; tÞ; Gðh; 0; t; t; tÞ; Gðh; t; t; t; tÞ; ð3:12Þ
while Δi contains the integrals

Ið0; h; tÞ; Iðh; h; tÞ; Iðh; t; tÞ; Fðh; 0; 0; tÞ; Fðh; 0; t; tÞ; Fðh; h; t; tÞ; Fðt; 0; h; hÞ;
F̄ð0; 0; h; tÞ; Gðh; 0; 0; 0; tÞ; Gðh; 0; 0; t; tÞ; Gðh; 0; t; h; hÞ; Gðh; 0; t; t; tÞ;
Gðh; h; h; t; tÞ; Gðh; t; t; t; tÞ; Gðt; 0; 0; 0; hÞ; Gðt; 0; 0; h; tÞ; Gðt; 0; h; h; tÞ;
Gðt; h; t; h; tÞ; Hð0; 0; 0; 0; h; tÞ; Hð0; 0; 0; h; t; tÞ; Hð0; 0; h; t; 0; tÞ; Hð0; 0; h; t; h; tÞ;
Hð0; 0; t; h; t; tÞ; Hð0; 0; t; t; h; tÞ; Hð0; h; h; t; h; tÞ; Hð0; h; t; t; t; hÞ; Hðh; h; t; h; t; tÞ;
Hðh; t; t; t; h; tÞ: ð3:13Þ

It should be noted that the choices of which renormalized
integrals appear in these expressions are not unique,
because of the identities that relate them due to the
nongeneric squared mass arguments. The explicit expres-
sions for Δf, Δh, and Δi are somewhat unwieldy and of
little use to the human eye, and so they are relegated to the
ancillary file Deltartilde3.txt [66] distributed with
this paper, which for convenience also includes the other
contributions Δa;Δb;…;Δj.
Besides the consistency checks mentioned in the pre-

vious section, I have also checked that the results satisfy the
conditions following from the renormalization group
invariance of GF,

Q
∂

∂Q
Δr̃ðlÞ ¼βðlÞv2 =v

2þ
Xl−1
n¼1

�
βðnÞv2 =v

2−
X
X

βðnÞX
∂

∂X

�
Δr̃ðl−nÞ;

ð3:14Þ

for each of l ¼ 1, 2, 3, where X is summed over v2, g3, yt, λ
for l ¼ 3, and also g, g0 for l ¼ 1, 2. Here, the beta
function for each parameter X is

Q
dX
dQ

¼
X∞
l¼1

1

ð16π2Þl β
ðlÞ
X ; ð3:15Þ

and can be found in the gaugeless limit from Eqs. (2.5)–
(2.20), by using βðlÞX ¼ 2lcXl;1. In principle, Eq. (3.14) is
redundant with the earlier check of the cancellation of 1=ϵ
poles, but in practice it is a useful check on the intermediate
steps leading to the final result.
The required two-scale integrals in Eqs. (3.11)–(3.13)

can be evaluated numerically on demand by the computer
code 3VIL [65]. In the current version 2.02 of 3VIL, almost
all of them are computed either in terms of polylogarithms
or in terms of convergent series, including formulas found
earlier in Refs. [75–78]. The only exceptions are that one
Runge-Kutta run is necessary for Hðh; t; t; t; h; tÞ,
Gðt; h; t; h; tÞ, Gðh; t; t; t; tÞ, and Fðh; h; t; tÞ, and a second
Runge-Kutta run is required for Hðh; h; t; h; t; tÞ, and
Gðh; h; h; t; tÞ. The total numerical evaluation time for
the complete set of integrals is well under 1 second on
modern computer hardware. The new result forΔr̃ has been
incorporated in the default evaluation of GF in version 1.3
of SMDR [45].
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To illustrate the impact of the 3-loop corrections found in this paper, consider a set of benchmark Standard Model on-
shell parameters given by the latest (as of July 2025) central values from the Particle Data Group,

GF ¼ 1.1663782 × 10−5 GeV−2; ð3:16Þ

α ¼ 1=137.035999178; Δαð5ÞhadðMZÞ ¼ 0.02783; αð5ÞS ðMZÞ ¼ 0.1180; ð3:17Þ

Mt ¼ 172.4 GeV; Mh ¼ 125.20 GeV; MZ ¼ 91.1876 GeV; ð3:18Þ

mbðmbÞ ¼ 4.183 GeV; mcðmcÞ ¼ 1.273 GeV; msð2 GeVÞ ¼ 0.0935 GeV; ð3:19Þ

mdð2 GeVÞ ¼ 0.00470 GeV; muð2 GeVÞ ¼ 0.00216 GeV; ð3:20Þ

Mτ ¼ 1.77693 GeV; Mμ ¼ 0.1056583755 GeV; Me ¼ 0.00051099895 GeV: ð3:21Þ

Using the utility calc_fit of SMDR 1.3 with default settings, which includes the results of the present paper, the
corresponding MS parameters at Q ¼ 172.4 GeV are found to be2

Q ¼ 172.4 GeV; ð3:22Þ

g3 ¼ 1.16350130213; g ¼ 0.64759346159; g0 ¼ 0.35859479822; ð3:23Þ

v ¼ 246.600295864; λ ¼ 0.12629692329; m2 ¼ −ð92.8716879304 GeVÞ2; ð3:24Þ

yt ¼ 0.93097154656; yb ¼ 0.01550800810; yc ¼ 0.00340027571; ð3:25Þ

ys ¼ 0.00029291582; yd ¼ 1.4724091371 × 10−5; yu ¼ 6.7321435654 × 10−6; ð3:26Þ

yτ ¼ 0.00999493237; yμ ¼ 5.8838465029 × 10−4; ye ¼ 2.7929943407 × 10−6: ð3:27Þ

(Many more significant digits are given here than justified
by the uncertainties, for the sake of reproducibility.)
Alternatively, one can view Eqs. (3.22)–(3.27) as the inputs
that predict the on-shell quantities in Eqs. (3.16)–(3.21) as
outputs, as can be verified using the utility calc_all of
SMDR 1.3. Now one can run these parameters to any other
renormalization scaleQ using the state-of-the-art multiloop
Standard Model beta functions, also implemented in SMDR.
The beta functions for Standard Model parameters were
obtained at 2-loop order in Refs. [79–84] and [46,85]. Also
included in SMDR are the gauge coupling beta functions
through 3-loop [86–90] and 4-loop [91–97] orders and the
QCD coupling at 5-loop order [98–100], the Yukawa
coupling beta functions through 3-loop [101–103] order

with QCD corrections at 4-loop [104,105] and 5-loop [106]
orders, and the beta functions for λ, m2, and v2 through 3-
loop order [101,107,108], with 4-loop corrections for the
beta function of λ at leading order in QCD [51,109]. Then,
at the new renormalization scaleQ, one can recompute GF,
as a test of the residual scale dependence, putting a lower
bound on the theoretical error due to the neglect of higher-
order effects. Note that the beta functions incorporate more
effects than the present GF calculation, including effects of
electroweak gauge couplings at 3-loop and 4-loop order,
and QCD effects at 5-loop order.
The results are shown in Fig. 3. The observed scale

dependence is greatly reduced by the inclusion of the Δr̃ð3Þ
contributions found in the present paper. I find that for
the range of scales Q between 90 GeV and 250 GeV, the
computed value of GF in the MS scheme varies by less
than a factor of �2 × 10−6 from its benchmark value at
Q ¼ 172.4 GeV (the point at which the parameters were
fixed in order to make the computedGF exactly equal to its
experimental value). The short C program fig_GFermi_vs_Q.c

that produces the data plotted in this figure will be included
with the v1.3 release of the program SMDR [45].

2The MS running masses are numerically quite different from
the on-shell masses, with which they should not be confused.
From Eqs. (3.16)–(3.21), the benchmark MS masses at the
scale Q ¼ 172.4 GeV for the top-quark and the Higgs, Z,
and W bosons are given by, respectively, m2

t ¼ t ¼ y2t v2=
2 ¼ ð162.336 GeVÞ2, m2

h ¼ h¼ 2λv2 ¼ ð123.938 GeVÞ2, m2
Z ¼

Z ¼ ðg2 þ g02Þv2=4¼ ð91.273 GeVÞ2, and m2
W ¼W ¼ g2v2=4¼

ð79.848 GeVÞ2.
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IV. OUTLOOK

The most direct impact of the new result found here is on
the estimate of the Standard Model VEV, which for the
benchmark parameter set was found in Eq. (3.24). As a
reminder, the precise definition of this v is that it is the
minimum of the complete loop-corrected effective potential
in Landau gauge at the specified renormalization scale.
Numerically, this value for v is about 3.5 MeV lower than
the previous result obtained without the 3-loop contribu-
tions to Δr̃, for the same on-shell parameters and fixed
Q ¼ 172.4. After including the 3-loop effects found here, a
naive estimate of the remaining purely theoretical error
(based on the MS scale dependence found above) for the
VEV is now an order of magnitude smaller, and well under
1 MeV. However, it is important to recognize that the true
theoretical error could be larger than indicated by the
residual scale dependence.

For comparison, the parametric uncertainty in the VEV,
coming predominantly from the experimental uncertainty

in Mt and to a lesser extent αð5ÞS ðMZÞ and Mh, is much
larger. For the change in the VEV (at a fixed scaleQ) due to
a change in these parameters, I find approximately

Δv ¼ 10.8 MeV

�
ΔMt

GeV

�
− 1.2 MeV

�
Δαð5ÞS ðMZÞ

0.001

�

− 0.9 MeV

�
ΔMh

0.2 GeV

�
: ð4:1Þ

As noted in the introduction, one of the primary uses of
the calculation of the Fermi constant in the on-shell scheme
is to make a prediction for the W boson mass in the
Standard Model. In the pure MS scheme, things are
organized differently, as the W and Z boson pole masses
are obtained in separate calculations, with the state-of-the
art results found in Refs. [52–54] and implemented in
SMDR. For a fixed value of MZ, I find that the effect of
including Δr̃ð3Þ in the fit is to raise MW by only about
0.5 MeV. As found in Ref. [54], for fixedMZ and other on-
shell quantities, the pure MS prediction for MW is between
the on-shell scheme (higher) [41] and hybrid scheme
(lower) [42] predictions, and is consistent with an estimate
of a several MeV purely theoretical uncertainty for all three
approaches. To improve the theoretical situation for theMW
prediction, it would be useful to include the missing
(nonleading) 3-loop contributions in all three approaches.
However, for the foreseeable future, the parametric uncer-
tainties from the experimental top-quark and Z-boson

masses, the QCD coupling, and Δαð5ÞhadðMZÞ are responsible
for the greater part of the uncertainty in the Standard Model
prediction for MW.
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FIG. 3. The Fermi decay constant GF, as a function of the
renormalization scale Q at which it is computed from the MS
input parameters obtained by running from the benchmark point
at Q ¼ 172.4 GeV in Eqs. (3.22)–(3.27). These parameters were
chosen to yield the on-shell parameters in Eqs. (3.16)–(3.21). The
short-dashed, long-dashed, and solid lines show the results of
including the 1-loop, 2-loop, and the 3-loop contributions
obtained in the present paper, respectively. The short C program
used to make the data plotted in this figure will be included with
the v1.3 release of the program SMDR [45].
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