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In the present work, we investigate the long-distance contributions to light hadrons and radiative decays
of 7., where the long-distance contribution is phenomenologically described by the meson loops. Our
estimations indicate that the branching fractions of 7. — VYV, V = (p, w, ¢), can be roughly reproduced in
the range 1.4 < a < 1.6, while the parameter range for 7. — y)V is determined by the similarity of
ne = yV/VV and y. — yV/VV. In this parameter range, our estimations indicate that the branching
fractions for the processes 5, — yp°® and 7, — yw are of the order of 10~*, while the one for the process

e — y¢ is of the order of 1073, The estimations in the present work are expected to be accessible by future

experiments at BESIII and Belle II.
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I. INTRODUCTION

Charmonium, the bound state of a charm quark and its
antiquark, provides a unique laboratory for studying
quantum chromodynamics (QCD) in the transition region
between perturbative and nonperturbative regimes. Since
the discovery of the J/w in 1974, the charmonium
spectrum has been extensively studied and is well described
by various quark models with linear confinement poten-
tials, including the nonrelativistic Cornell model [1,2], the
relativized Godfrey-Isgur model [3,4], and relativistic
quark models [5]. Among the charmonium states, the
1n(18) (hereafter simply #.) is the lowest-lying S-wave
spin-singlet pseudoscalar state and the partner of the J /.
First observed by the Crystal Ball and Mark II
Collaborations [6,7] with a mass of (2984 + 4) MeV/c?,
its spin parity J*¢ = 0=* was subsequently confirmed by
the Mark III Collaboration through the sequential decay
J/w = yne, ne = ¢ [8l.

Despite over four decades of study, the properties of the
n. remain less well constrained than those of its vector
counterpart. The Particle Data Group (PDG) average gives
a mass of 2984.1 204 MeV and a total width of
I' =30.5 £ 0.5 MeV [9]. The measured mass and width,
however, exhibit considerable variation across different
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production mechanisms, including pp annihilation [10],
two-photon fusion [11-13], B meson decays [14,15], and
M, radiative transitions w(1S,2S) — yn. [16-18]. In
addition, the exclusive decay modes that have been
measured account for only about 60% of the total width,
and most measurements suffer from large uncertainties [9].
A more complete understanding of 7. decay dynamics,
therefore, remains an important open problem.

Among the hadronic decay channels of the .., the decays
into a pair of light vector mesons, 7. — V)V with
V = (p°, w, ¢), are of particular interest. These processes
are doubly suppressed: they violate the Okubo-Zweig-
lizuka (OZI) rule and are also forbidden by the helicity
selection rule (HSR) [19-21]. Perturbative QCD (pQCD),
therefore, predicts very small branching fractions.
However, measurements by the BESII [22-24] and
Belle [25] Collaborations reveal branching fractions that
are orders of magnitude larger than these pQCD expect-
ations, indicating that nonperturbative effects play a dom-
inant role. The hadronic loop mechanism, in which the 7,
dissociates into intermediate charmed mesons that sub-
sequently rescatter into light vector mesons, provides a
natural evasion of both the OZI and HSR suppressions
[26-30]. The meson loop mechanism can be considered as
the phenomenological description of the long-distance
contributions. This mechanism has also been successfully
applied to y. decays, where the HSR-violating decays
xe1 — VV are observed with branching fractions compa-
rable to those of the helicity-allowed y.y, channels
[30-32].

A related puzzle concerns the radiative decays y.; — yV.
The pQCD estimates of Ref. [33] yield branching fractions
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TABLE I. PDG branching fractions for . = VV, y.; = VV, and y.; — yV [9].
State 12% rV
op 0w PP rp yo e
Ne (1.8£04)% (2.7+£09)x 107  (1.8+0.4) x 1073
Xel (5.7+0.7)x 107* (426 £0.21) x 107 (2.16 £0.17) x 107* (6.8 £0.8) x 10 (2.4+0.5) x 107>

of the order of 10~° — 107>, which are at least an order of
magnitude below the experimental values reported by
CLEO and BESIII [34,35]. In Ref. [29], it was demon-
strated that including the hadronic loop contribution brings
the theoretical predictions for y. — yV into agreement
with the CLEO data. These findings underscore the
importance of nonperturbative dynamics in charmonium
decays. The current PDG branching fractions for . — VYV,
Xe1 = VYV, and y.; — y)V are summarized in Table I. In the
present work, we extend the hadronic loop mechanism to
the radiative decays 7. — yV (V = p°, , ¢). In the frame-
work of nonrelativistic QCD, these decays are estimated to
be of the order of 1077 —107° [36]. Our goal is to
determine whether nonperturbative effects, as encoded in
the hadronic loop mechanism, can significantly enhance
these rates and bring them within reach of current experi-
ments. For example, the BESIII Collaboration, with its
large J/w data sample, is particularly well suited for
studying 7, radiative decays via J/w — yn. [22,23,37].

This paper is organized as follows. In Sec. II, we
introduce the effective Lagrangian approach and the
hadronic loop mechanism and derive the amplitudes for
n. = VYV and 5, — yV. Section III presents the numerical
results and relevant discussions, including the determina-
tion of the model parameter from 7. — VV data and the
predictions for 77, — vV, and the last section is devoted to a
short summary.

II. THE LIGHT MESON STRONG DECAYS AND
RADIATIVE DECAYS OF THE 7,

As shown in Table I, the branching fractions of . — VV
have been reported. Thus, we can take the measured
n. = VV as a scale to investigate the meson loop con-
tributions to the decay processes 7. — yV. At the hadron
level, the long-distance contribution to the decays ., — VV
and 77, — y) can be described in a similar manner. In this
framework, the 5, first dissociates into two virtual charmed
mesons, which subsequently interact via the exchange of
another appropriate charmed meson. Consequently,
charmed-meson hadronic loops act as a bridge connecting
the initial and final states, as illustrated in Figs. 1 and 2.
This hadronic loop mechanism, thus, offers a tractable
approach for computing nonperturbative, long-distance
effects in charmonium decays. A more comprehensive
review of the meson loop contributions in charmonium
decays is presented in the recent review [38].

A. Effective Lagrangians

In the present estimations, the meson loops are evaluated
at the hadron level, and the interaction between the
involved hadrons is depicted by effective Lagrangians,
which are constructed based on the heavy quark limit and
the chiral symmetry. In the heavy quark limit, the S-wave
charmed and anticharmed mesons degenerate as [39—42]

L4é,
H, ZT[D “v, = Dys],
- - 1—-4
HZ = [D*”yﬂ —D]fs] 2

Hlﬁz = }’OH?MO,
respectively, with D) = (D)0, D)+ Dg*”)-

v

D(q)

V(ps)

(A4)

(As) (Ag)

FIG. 1. Diagrams contributing to 7, — V) at the hadron level,
where the momenta of the involved particles are labeled in
diagram (A)).

(Bs)

(Bs) (Bs)

FIG. 2. The same as Fig. 1 but for ., — yV.
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Unlike the heavy-light meson, the heavy quark flavor
symmetry does not hold anymore for heavy quarkonium,
since the kinetic energy operator includes a factor of 1/m,,.
However, the degeneracy is still expected under the
rotations of the two heavy quark spins; thus, one can
build heavy quarkonium multiplets for each value of
relative angular momentum ¢. The S-wave charmonia with
¢ =0 could be expressed by the 4 x4 matrix, which
reads [43-45]

142 1—-9
R=— Wy, —n.ys) — (2)

The general Lagrangians describing the coupling of

S-wave charmonia to a pair of S-wave charmed and
anticharmed mesons read

ES = l-ngr[RI_{zdﬂ]//lH]] + H.c. (3)
With the above effective Lagrangian, we can obtain the

specific form of the effective interactions relevant to the
current calculations, denoted as

L, ppt) = ~igy D Dle (Do, D™ + D9, D")
— g9, D;0, Dy 4)
Taking into account the chiral symmetry and the heavy

quark limit, the effective interactions between light vector
mesons and a pair of charm mesons are constructed as [46—49]

Lpwpey = —igppy D} 9, D/ (W ); = 2f prpye ™
x (9,,)i(D}9, D} — D}yl 0,DV)
+ igD*D*VDTTD O#Dﬁj(Vl‘);

+4ifppyD; " (9,V — *V,)iDY, (5)
|

where V is the matrix form of the light vector mesons, and their
concrete forms are [40,50,51]

5’ + ) Pt K+t
V= p~ 5" +w) KO (6)
K I_(*O ¢

The effective Lagrangians generating the electromag-
netic interaction vertices are [29,52]

Lpp,=ieA, D79’ D,
. *T(_)” * * * *T vk
Lpp, =ieA gDy 0" D+ ¢’ Dyl 0" Dy — ¢’ Di Dy},

e
ED*D]/ :ZgD*D}’gﬂyaﬂFﬂl/DZﬂDT’ (7)

where F,, = 9d,A, — 9d,A, and D, = 9,D; — 9,D), are the
stress tensor of the photon and vector charmed meson,
respectively.

B. Amplitudes for n, - VYV

Here, we take the following picture to describe
n. = VV. n. could couple to DD*/D*D*, and this
charmed meson pair transits into light vector meson pairs
by exchanging a proper charmed meson. The sketch
diagrams contributing to 7. — VYV are listed in Fig. 1,
and the corresponding amplitudes constructed by effective
Lagrangians read

d4
MA] =7 / (2754 [gm.D*D(Pzﬂ - Ply)][—gmweﬁ(%)(l?u + 61/1)][ZfD*DV€KT¢§P§€T(P4)(‘I¢ - Pg})}

1 —g+ pips/ms 1

g + psps/m3 —¢" + a'q" /mj

2.q%),

4 [ d'q
), = P / (27[)4 [QmD*D(Pzﬂ - plﬂ)][2fD*DV€;MapP§€/1(p3)(q6 + PT)HQD*D*VQTWT(PU(CIS - Pg)

x F2(m
pi—-mi  pi-my  ¢*—my
My,
1
- 4fD*D*V€T(p4)(pign/) - Pfgnf)] 5
p1 —my

FA(mg. q*),
P —m q* = my !
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5 [ d*q
My, = ZB/W[QV][D*D<[72# — Pul[=2f D ovEgiap i€ (P3)(@° + P [gppve™ (Pa)(Pae — 4.)]
—gap+P1P /mi 1 1 20,2 2
_ 2 2_ 2 2 _ 7 F2(mg. q°),
Pl mj p; —my g7 —nmy
3 d*q y) 0 » 2 » o
My, =1 W (9.0 D(P2u = P1)] 9D D V9056 (P3)(@° + PT) + 4 Dpve’ (P4) (P90 — P3Ysp)]
g%+ pips/mt 1 =g+ qlq my 5
X 2f ppveceerie (pa)(PS = q?))] Fr(mg, q%),
kel 2 pi—-mi  pi-m3 ¢ -m]

. d*q .
MA5 i3 /W[lgn(.ZD*D*g(zﬁyepe(pZﬂ - Ply)“ 2fppye /10,;17}(5 (P3)(q + P1)H2fD*Dv€;m/)§P4€ (P4)(q{/) - P?)}

X_(l/)“‘Pa /ml—gﬁ‘f—l—pp2/m2 1

F2(mg, q%),
pi—mi pi—my gt —my
5 [ d*q ..
MAs = / (271)4 [lgncz'D*D*gaﬂvﬂpa(pZﬂ - plﬂ)MgD*D*Vg/laeﬁ(pﬁ(qp + Pfl)) + 4fD*D*V€ﬁ(p4><ngﬂa - ngﬁp)]
X [gD*D*ngSeT(pél)( ¢ - Pg) - 4f’D*D*V€T(p4)(pigr¢ - pfgnf)]
—gw + p§pg/mi — ¢ + Pzpz/mz g7+ q"q‘f’/mq F2(m 2 ) (8)
2 2 2 :

pl_ml Pz_mz q_mq

In the above amplitudes, a form factor F(m2, ¢*) is
introduced to ensure the convergence of the loop integral
and to account for the dynamics and off-shell effects.
Generally, various forms of phenomenological form fac-
tors, including monopole, dipole, and exponential forms,
can be used in the triangle-diagram calculations to regulate
high-momentum contributions [53-58]. In the present
work, we estimate the loop integrals with Feynman para-
metrization [59] with LoopTools package [60], for which the
pole form is particularly convenient since it can be handled
directly in the numerical estimations. We, therefore, adopt
the square of the form factor in the pole form in the present
estimations, which reads

mé _ A2> N
q2 _ A2 ’

q2)=<

where the condition N > 2 must hold to ensure the finite-
ness of the loop integrals. As indicated in Refs. [29,30], the
square of the form factor with N =4 is suitable to
investigate the light mesons and radiative decays of
charmonia. Thus, we take the same form factor in the
present work. In addition, the parameter A in the form
factor can be further parametrized as A = m, + aAqcp
with m, the mass of the exchanged meson and
Agep = 220 MeV. In general, the model parameter a
should be uniform; however, its precise value cannot be
derived using first principles [61-64]. When dealing with
specific processes, a more common practice is to determine
the exact value of a by comparing experimental

fZ(mZ

q

©)

|
measurements with theoretical estimations. It is worth
mentioning that, for all the involved loops, we have the
Killén function A(m7, m3, m}) < 0, so the Landau equation
for the leading triangle smgularlty has no real solution.
Therefore, no anomalous threshold appears, and the ampli-
tude admits a single dispersion representation.
The total amplitude for . — VV is

My = ZMA (10)

Then, the partial width of 7. — V'V can be estimated by

LU

C(n, - VV) = o

IM}{’LW %,

(11)

where |p| is the value of the three-momentum of the final
state in the 7, rest frame. In the same way, we can construct
the amplitudes for n. — yV, which are collected in
Appendix A.

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Coupling constants

Before estimating the partial widths of the considered
processes, the coupling constants in the effective
Lagrangians should be further clarified. In the heavy quark
limit, the coupling constants relevant to S-wave charmonia
and charmed mesons could be related to a gauge coupling
g1 by [46-49]

074048-4
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9y.D'D = 2glx/mncmDmD*’

9y.D*D* = 2glmD*/\/m_mv (12)
where the gauge coupling g, is defined as g; =
i,/ (2mpf,) with f, =416 MeV being the decay
constant of J/y, which can be estimated from the dilepton
decay width of J/y [9,45].

Considering the heavy quark limit and chiral symmetry,
one can obtain the coupling constants relevant to the light
vector mesons, which are [46-49,65]

1
9ppy = 9pDy = \/_Eﬂvgv’

fopy 1
py = ——— = —=4,9,, 13
Sy - NG g (13)

where g, =09, 1, = 0.56, and g, = m,/f, with m, and
f= =132 MeV denoting the mass of p meson and decay
constant of the pion, respectively.

Calculations based on lattice QCD [66] and QCD sum
rules [67] both predict that the coupling constant for the
radiative decay of neutral charmed mesons is positive,
while the coupling constant for the radiative decay of
charged charmed mesons is negative. In this work, we
follow this convention to provide the relevant coupling
constants. According to the experimental widths of
D** — D%y, the coupling constant gp-p, is determined
as [29,67,68]

gp-p+, = —0.465 GeV~1. (14)
The radiative decay D*° — D%y belongs to the category of
magnetic dipole transitions between the 3S; and 'S, states,
and these transitions can be successfully described through
nonrelativistic methods [69,70]. Based on the updated mass
and branching ratio, the estimated value of the radiative

107! v T T T T T

10—2 L

10—3 L

Branching Fraction

104"

FIG. 3.

decay width (central value) is 21.24 keV [70]. The coupling
constant gp-op0, is determined accordingly to be

(15)

Using the results of lattice QCD calculations for
Di — D7y [71], we can conclude that

ngoDoy - 1.85 GCV_I.

Ipipt, = =9.90 x 1072 GeV~. (16)

B. Branching fractions of 77, - VYV

Besides the above coupling constants, only one param-
eter, , introduced by the form factor, is undetermined. As
has been mentioned in Sec. I and Table I, the processes
e = p°p°, n, = ww, and 55, — ¢¢ have been measured by
the BESIII and Belle Collaborations [22-25], and the PDG
average of the branching fractions is (1.8 +0.4) x 1072,
(2.74£0.9) x 107, and (1.8 +0.4) x 1073, respectively
[9]. With the branching fractions of 5. — V)V, we can
roughly determine the model parameter range by compar-
ing the theoretical estimation in the present work with the
experimental data, and, within this parameter range, the
branching fractions of the discussed processes could be
reproduced.

Our estimations of the branching fractions of the light
vector meson decays of 7. depending on the model
parameter « are presented in the left panel in Fig. 3. As
can be seen from the diagram, the estimated branching
fractions increase with the increase of the model parameter
a. By comparing the present estimations with the PDG
average, we find the measured branching fractions can be
roughly reproduced in the parameter range 1.4 < a < 1.6.
Comparisons of the present estimations and experimental
measurements are listed in Table II. From the table, one can
find in this parameter range, the branching fractions of the

5 T T T T
—T12
- - T3
4F 4
9
® 3F i
ot
2F 4
1 1 1 1 1
1.0 1.2 1.4 1.6 1.8 2.0

«Q

The branching fractions of the light vector meson decays of 7. depending on the model parameter « (left panel) and the ratios

of the branching ratios for 7, — VV with V = (p°, w, ¢) (right panel).
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TABLE II. Comparison of the present estimations of 1. — V)
and the corresponding experimental measurements [9].

Process Present PDG [9]

Ne = pp (3.9-9.5) x 1073 (1.8 £0.4)%
Ne = OO (2.3-5.7) x 1073 (2.7£0.9) x 1073
ne = ¢ (1.0-2.5) x 1073 (1.84£0.4) x 1073
TABLE II.  Branching ratios of y.; — VV/yV and the corre-

sponding a range by matching the PDG average in Table I [9].

Channel (y.; —)

Branching fractions

a

pOpO . .

0w (5.0-6.4) x 107* 0.92-0.96
b (4.05-4.47) x 1074 1.09-1.12
7p° (1.99-2.33) x 107* 1.90-1.95
Y (6.0-7.6) x 1075 1.69-1.75
re (1.9-2.9) x 1075 2.42-2.60

ww and ¢¢ channels are well consistent with the exper-
imental measurements. As for the 5. — pp channel, our
estimations of the branching fraction are smaller than the
measured one, and the measured lower limit is about 1.5
times the estimated upper limit.

In addition, our estimations indicate that the o depend-
ence of the branching fractions are very similar; thus, their
ratios are expected to be model independent. Here, we
define the following ratios:

P°) B(n. = p°")

=—"2 =—F>. (17
B s ow) T Bus e )
The a dependence of these ratios is shown in the right panel
in Fig. 3. One can find these ratios are almost independent
on the model parameter @, and, in the considered parameter
range, we have

1072 T T T T

._.
o
&

Branching Fraction
=
A

2.0 2.5 3.0 3.5 4.0

rypy = 164, riz = 378—379, (18)

respectively.

C. Branching fractions of 1, — yV

From the above-mentioned decays 1. — V)V, we can see
that a certain value of a can perfectly match the exper-
imental results. As for the decays 5. — y) we are con-
cerned with, the two kinds of decay processes should share
a similar o range but may not be exactly the same due to the
different kinematic space. Since the VV and yV decay
processes have been experimentally measured and the
meson loop contributions have also been studied in
Refs. [26-30], the parameter differences in the y., — VV
and y.; — yV processes could serve as a useful reference to
investigate the 7. — V)V and 5. — y) processes. In
Refs. [29,30], we have studied y.; — VV and y. — ¢V,
and the obtained a range reveals that the y) channel is
larger than that of V) when matching the experimental
data. In the present work, we update these two decay modes
by using the same form factor, and the obtained results are
collected in Table III. From the table, one can find,
for the yw process, the o range is greater than that for
the ww process by 0.8, while, for the y¢ process, the
parameter range is also greater than that for ¢¢ but by
1.3-1.5. Considering the similarity of y.; — VV/y)V and
n. — VV/yV and the parameter range determined by
n. — VV, we obtain that the range 2.5 < a < 3.0 should
be suitable to roughly evaluate the branching fractions of
the decay processes 77, — yV.

The a dependence of the branching ratios of . — yV is
given in Fig. 4. Similar to the case of 5. — VV, the
branching fractions of 7. — y) monotonically increase
with the increase of the model parameter. With the range of
2.5 < a < 3.0, the branching ratios of 7. — y) are esti-
mated to be

15 T T T

10 1

Ratio
[$2]
T
L

_5 1 1 1
2.0 2.5 3.0 3.5 4.0
«

FIG. 4. The branching ratios of the decays 77, — yV with V = (p°, w, ¢) depending on the model parameter « (left panel) and the ratios

of the branching ratios for n. — y) (right panel).
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BR[7. — 7p°] = (0.67-2.27) x 1074,
BR[. = yo] = (1.14-3.77) x 1074,

BR[1. = y¢p] = (0.78-2.54) x 1073, (19)
which are expected to be tested by future experiments at
BESIII or Belle II. Furthermore, the experimental mea-
surements of 7. — y) would help to constrain the cutoff
parameter in charmonium decays via the hadronic loop
mechanism and provide a deep insight into nonperturbative
QCD effects in the charmonium energy region.

Similar to the case of 5. = VV, we also estimated the
ratios of the branching fractions of considered radiative
decay processes, which are defined as

r._Bloec=r’) o
2 Bl —yw)’ N

B(n. — yp°)
B(n. = yp)

As shown in the right panel in Fig. 4, these ratios are nearly
independent of the model parameter a, and in the consid-
ered parameter range, these ratios are estimated to be

(20)

R12 - 057—063 5

Ri3 =8.17-9.59, (21)
respectively. In addition, we also discussed the form-factor
dependence of these ratios in Appendix B.

IV. SUMMARY

With the world’s largest data sample of J/y collected by
the BESIII detector at the BEPCII electron-positron collider,
the decay properties of 7, could be measured via the decay
process J/y — yn.. As the lightest charmonium state, 7,
can decay into hadronic final states only via c¢ annihilation.
Similar to the case of y.; — VV, the meson loop mechanism,
which can be considered as a phenomenological description
of the long-distance contributions, provides a natural

|

evasion of both the OZI and HSR suppressions for the
n. — VV processes. The present estimations indicate that in
a certain parameter range the measured branching fractions
of n. — VV can be roughly reproduced.

As for the radiative decay processes, 7. — yV, the
branching fractions are predicted to be of the order of
10~7 — 107° by the nonrelativistic QCD estimations. In the
present work, we applied the same meson loop mechanism
to investigate the processes 7. — yV. We determine the
parameter range by the similarity of 5. — yV/VV and
Xe1 = yV/VV. In this parameter range, our estimations
indicate that the branching fractions for the processes
7. = rp® and 5, — yw are of the order of 107, while
the one for the process 1. — y¢ is of the order of 1073 The
estimations in the present work are expected to be acces-
sible by future experiments at BESIII and Belle II.

ACKNOWLEDGMENTS

The authors thank Professor Tao Luo for inspiring dis-
cussions. This work is supported by the National Natural
Science Foundation of China under Grants No. 12175037,
No. 12335001, and No. 12405093 as well as supported,
in part, by National Key Research and Development
Program wunder Grants No. 2024YFA1610503 and
No. 2024YFA1610504.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: AMPLITUDES FOR 7, = yV

The amplitudes of the process 7.(p) — y(p3)V(ps),
corresponding to Figs. 2 (B{)-2(Bg), where the momen-
tums are the same as that marked in Fig. 1(A), read

. d
Mg, = P’ / 9 [ng*D(p2;4 - plﬂ)] [66;1(193)(171/1 +q,)] [2fD*DV€m¢§P§€T(P4)(Q¢ - P?)}

(2n)?

1 _ .f+ a & m2 1
S & 2p2p22/ : P (mg.q%).
p1—my Py —m; q-—my

. d4q €gp+p, . . . .
Mg, = 13/ [gn(.D*D(pZﬂ - plﬂ)] Tyfﬂweg(P3)(lP3xg,1r, - lpug;m)(l%gpa - lquaa) [go*p*vgn,se’(m)(qf - Pg)

(2m)*

L =g+ psps/m— g’ +q°q" Img

- 4fD*D*V€T(p4) (Pignp - Pfgrf)] 7

2
p1—my

2
py—m

- qj_—z(mé’qz)’

2
q _mq
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. d4(] €gpp,
/VlB3 = l3/w[gmp*p(l72” —Plﬂ)} —
—g® + pp”/ml 1 1
X 2 : 21 ? 2 272 2’7:2(’"2"12)’
Py —my py —myq- —my

EXAGPGZ(P3)(1'P3;(9/1;7 - iP3/19;m)(iP109p9 - iPlpgae) [9ppve™ (P4)(P2: — 42)]

d4
MB4 =7 / (_q4 [gi’lc'D*D(pZﬂ - Plﬂ)Me(gU’)(P)f - g+ g’ pT + gwqp)eﬂyf(l%)][sz*Dvem(/)afPﬁGT(m)(P(z/) - q‘/’)]

27)

% —g" + pipf/m7 1 —¢* + qpqs/mg F2(m2
pi—-mi  py-m; ¢ —my I

.q°),

) d*q egpp ) . ) )
M35 = 13 / (—4 [gr/CD*nga/}vﬁp(s(p2u - plﬂ)] Tyg){i”/)eg(p?))(lp?:)(g/ln - lp?nlg)m)(lplo-g/}é’ - lpl/)go'é')

2m)
ap o p & 2
. oo =97+ pip/mi =g + phps/mi 1
X 2f povecePie (pa) (g = )] - 1"%1 1 2 —341%2 s e F(mg. q%),
q

. d*q ..
Mp, =103 / (_q ligy. D apsP’ (P2 — P1)][e(9” (P} — &) + 97 DT + 7°0°) ey (p3)] 9D D v 9ep€™ (Pa) (4° — p5)

27)*

— 4" + pip7/mi = o + phps/mi = o + a"q? /g

- 4fD*D*V€T(P4)(pigT¢ - Pfgrs)] 2 2
Py —nmy

APPENDIX B: DISCUSSION OF RATIOS ABOUT
THE FORM-FACTOR POWER

To further examine the parameter and form-factor
dependence of the ratios defined in Eqs. (17) and (20),
we adopt form factors with different values of N to evaluate
the these ratios over a rather broad parameter range,
a = 1-4. Here, we use the superscript N in rj; and R}
to label distinct form factors, with N being 2, 3, and 4. As

shown in Fig. 5, the ratios r), and R}, are nearly

6 T T T T T
7"%2 7"?2 - 7";12

or - —-ris —e—-riy eee- T3 ]
° S ]
2 ..
é —————————————————————————————————————————

3 ————————————————————————— -

2 - -

1 1 1 1 1 1

1.0 1.5 2.0 2.5 3.0 3.5 4.0

(0%

FIG. 5.

> LFA(mg. q). (A1)

2 2
Py —m;

2
q _mq

independent on the model parameter @ and also exhibit
weak dependence on the form factor. In particular, the ratio
rY, is around 1.6, while R, is approximately 0.6, as shown
in Table IV. For r}}, this ratio remains fairly stable across
this wide range of model parameter. As N increases from 2
to 4, this ratio rises by roughly 20%. The a dependence of
ratio R’lv2 becomes stronger as N increase, and this ratio is
estimated to be 9.95-10.35, 9.01-10.53, and 7.27-9.59
with N = 2, 3, and 4, respectively. The different parameter
and form-factor dependence of these ratios can be

20F ]
— R, R3, o RY )
15F - - - Ris B -+ L —— R,
- o]
R e
[} TS e e T
@ fooeooeet
5 - -
O - -
-5 L . | | |
1.0 1.5 2.0 2.5 3.0 3.5 4.0
«

Form-factor dependence of the ratios of branching fractions for #. — VV (left panel) and for . — yV (right panel).
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attributed to the underlying meson-loop configurations. For
the channels involving p° and w, the meson loops consist of
identical charmed components, which leads to substantial
cancellation of the form-factor dependence in the ratios. In
contrast, loop contributions associated with the ¢ meson
contain charmed-strange meson components, yielding a
different meson-loop structure and a less complete can-
cellation of form-factor dependence.

TABLE IV. Ratios of branching ratios for n. — V)V and
n. — yV obtained with different form-factor powers.

N r'lv2 ”]1\13 R’IV2 R’IV3

2 1.59 3.02-3.03 0.66-0.68 9.95-10.35
3 1.62 3.40-3.62 0.61-0.67 9.01-10.53
4 1.64 3.68-3.79 0.54-0.63 7.27-9.59
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