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In the present work, we investigate the long-distance contributions to light hadrons and radiative decays
of ηc, where the long-distance contribution is phenomenologically described by the meson loops. Our
estimations indicate that the branching fractions of ηc → VV;V ¼ ðρ;ω;ϕÞ, can be roughly reproduced in
the range 1.4 < α < 1.6, while the parameter range for ηc → γV is determined by the similarity of
ηc → γV=VV and χc1 → γV=VV. In this parameter range, our estimations indicate that the branching
fractions for the processes ηc → γρ0 and ηc → γω are of the order of 10−4, while the one for the process
ηc → γϕ is of the order of 10−5. The estimations in the present work are expected to be accessible by future
experiments at BESIII and Belle II.
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I. INTRODUCTION

Charmonium, the bound state of a charm quark and its
antiquark, provides a unique laboratory for studying
quantum chromodynamics (QCD) in the transition region
between perturbative and nonperturbative regimes. Since
the discovery of the J=ψ in 1974, the charmonium
spectrum has been extensively studied and is well described
by various quark models with linear confinement poten-
tials, including the nonrelativistic Cornell model [1,2], the
relativized Godfrey-Isgur model [3,4], and relativistic
quark models [5]. Among the charmonium states, the
ηcð1SÞ (hereafter simply ηc) is the lowest-lying S-wave
spin-singlet pseudoscalar state and the partner of the J=ψ .
First observed by the Crystal Ball and Mark II
Collaborations [6,7] with a mass of ð2984� 4Þ MeV=c2,
its spin parity JPC ¼ 0−þ was subsequently confirmed by
the Mark III Collaboration through the sequential decay
J=ψ → γηc, ηc → ϕϕ [8].
Despite over four decades of study, the properties of the

ηc remain less well constrained than those of its vector
counterpart. The Particle Data Group (PDG) average gives
a mass of 2984.1� 0.4 MeV and a total width of
Γ ¼ 30.5� 0.5 MeV [9]. The measured mass and width,
however, exhibit considerable variation across different

production mechanisms, including pp̄ annihilation [10],
two-photon fusion [11–13], B meson decays [14,15], and
M1 radiative transitions ψð1S; 2SÞ → γηc [16–18]. In
addition, the exclusive decay modes that have been
measured account for only about 60% of the total width,
and most measurements suffer from large uncertainties [9].
A more complete understanding of ηc decay dynamics,
therefore, remains an important open problem.
Among the hadronic decay channels of the ηc, the decays

into a pair of light vector mesons, ηc → VV with
V ¼ ðρ0;ω;ϕÞ, are of particular interest. These processes
are doubly suppressed: they violate the Okubo-Zweig-
Iizuka (OZI) rule and are also forbidden by the helicity
selection rule (HSR) [19–21]. Perturbative QCD (pQCD),
therefore, predicts very small branching fractions.
However, measurements by the BESIII [22–24] and
Belle [25] Collaborations reveal branching fractions that
are orders of magnitude larger than these pQCD expect-
ations, indicating that nonperturbative effects play a dom-
inant role. The hadronic loop mechanism, in which the ηc
dissociates into intermediate charmed mesons that sub-
sequently rescatter into light vector mesons, provides a
natural evasion of both the OZI and HSR suppressions
[26–30]. The meson loop mechanism can be considered as
the phenomenological description of the long-distance
contributions. This mechanism has also been successfully
applied to χc1 decays, where the HSR-violating decays
χc1 → VV are observed with branching fractions compa-
rable to those of the helicity-allowed χc0=2 channels
[30–32].
A related puzzle concerns the radiative decays χc1 → γV.

The pQCD estimates of Ref. [33] yield branching fractions
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of the order of 10−6 − 10−5, which are at least an order of
magnitude below the experimental values reported by
CLEO and BESIII [34,35]. In Ref. [29], it was demon-
strated that including the hadronic loop contribution brings
the theoretical predictions for χc1 → γV into agreement
with the CLEO data. These findings underscore the
importance of nonperturbative dynamics in charmonium
decays. The current PDG branching fractions for ηc → VV,
χc1 → VV, and χc1 → γV are summarized in Table I. In the
present work, we extend the hadronic loop mechanism to
the radiative decays ηc → γV (V ¼ ρ0;ω;ϕ). In the frame-
work of nonrelativistic QCD, these decays are estimated to
be of the order of 10−7 − 10−6 [36]. Our goal is to
determine whether nonperturbative effects, as encoded in
the hadronic loop mechanism, can significantly enhance
these rates and bring them within reach of current experi-
ments. For example, the BESIII Collaboration, with its
large J=ψ data sample, is particularly well suited for
studying ηc radiative decays via J=ψ → γηc [22,23,37].
This paper is organized as follows. In Sec. II, we

introduce the effective Lagrangian approach and the
hadronic loop mechanism and derive the amplitudes for
ηc → VV and ηc → γV. Section III presents the numerical
results and relevant discussions, including the determina-
tion of the model parameter from ηc → VV data and the
predictions for ηc → γV, and the last section is devoted to a
short summary.

II. THE LIGHT MESON STRONG DECAYS AND
RADIATIVE DECAYS OF THE ηc

As shown in Table I, the branching fractions of ηc → VV
have been reported. Thus, we can take the measured
ηc → VV as a scale to investigate the meson loop con-
tributions to the decay processes ηc → γV. At the hadron
level, the long-distance contribution to the decays ηc → VV
and ηc → γV can be described in a similar manner. In this
framework, the ηc first dissociates into two virtual charmed
mesons, which subsequently interact via the exchange of
another appropriate charmed meson. Consequently,
charmed-meson hadronic loops act as a bridge connecting
the initial and final states, as illustrated in Figs. 1 and 2.
This hadronic loop mechanism, thus, offers a tractable
approach for computing nonperturbative, long-distance
effects in charmonium decays. A more comprehensive
review of the meson loop contributions in charmonium
decays is presented in the recent review [38].

A. Effective Lagrangians

In the present estimations, the meson loops are evaluated
at the hadron level, and the interaction between the
involved hadrons is depicted by effective Lagrangians,
which are constructed based on the heavy quark limit and
the chiral symmetry. In the heavy quark limit, the S-wave
charmed and anticharmed mesons degenerate as [39–42]

H1 ¼
1þ v
2

½D�μγμ −Dγ5�;

H2 ¼ ½D̄�μγμ − D̄γ5�
1 − v
2

;

H̄1;2 ¼ γ0H†
1;2γ

0; ð1Þ

respectively, with Dð�Þ ¼ ðDð�Þ0; Dð�Þþ; Dð�Þþ
s Þ.

TABLE I. PDG branching fractions for ηc → VV, χc1 → VV, and χc1 → γV [9].

State VV γV
ρρ ωω ϕϕ γρ γω γϕ

ηc ð1.8� 0.4Þ% ð2.7� 0.9Þ × 10−3 ð1.8� 0.4Þ × 10−3 � � � � � � � � �
χc1 � � � ð5.7� 0.7Þ × 10−4 ð4.26� 0.21Þ × 10−4 ð2.16� 0.17Þ × 10−4 ð6.8� 0.8Þ × 10−5 ð2.4� 0.5Þ × 10−5

FIG. 1. Diagrams contributing to ηc → VV at the hadron level,
where the momenta of the involved particles are labeled in
diagram (A1).

FIG. 2. The same as Fig. 1 but for ηc → γV.
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Unlike the heavy-light meson, the heavy quark flavor
symmetry does not hold anymore for heavy quarkonium,
since the kinetic energy operator includes a factor of 1=mQ.
However, the degeneracy is still expected under the
rotations of the two heavy quark spins; thus, one can
build heavy quarkonium multiplets for each value of
relative angular momentum l. The S-wave charmonia with
l ¼ 0 could be expressed by the 4 × 4 matrix, which
reads [43–45]

R ¼ 1þ v
2

½ψμγμ − ηcγ5�
1 − v
2

: ð2Þ

The general Lagrangians describing the coupling of
S-wave charmonia to a pair of S-wave charmed and
anticharmed mesons read

LS ¼ ig1Tr½RH̄2∂μ

↔
γλH̄1� þ H:c: ð3Þ

With the above effective Lagrangian, we can obtain the
specific form of the effective interactions relevant to the
current calculations, denoted as

LηcD�Dð�Þ ¼ −igηcD�DηcðD∂μ

↔
D�†μ þD�μ

∂μ

↔
D†Þ

− gηcD�D�εμναβ∂μηD�
ν∂α

↔
D�†

β : ð4Þ

Taking into account the chiral symmetry and the heavy
quark limit, the effective interactions between light vector
mesons and a pair of charmmesons are constructed as [46–49]

LDð�ÞDð�ÞV ¼ −igDDVD
†
i ∂μ

↔
DjðVμÞij − 2fD�DVε

μναβ

× ð∂μVνÞijðD†
i ∂α

↔
D�j

β −D�†
βi ∂

↔

αDjÞ

þ igD�D�VD
�†ν
i ∂

↔

μD
�j
ν ðVμÞij

þ 4ifD�D�VD
�†μ
i ð∂μVν − ∂

νVμÞijD�j
ν ; ð5Þ

whereV is thematrix formof the light vectormesons, and their
concrete forms are [40,50,51]

V ¼

0
BBB@

1ffiffi
2

p ðρ0 þ ωÞ ρþ K�þ

ρ− 1ffiffi
2

p ð−ρ0 þ ωÞ K�0

K�− K̄�0 ϕ

1
CCCA: ð6Þ

The effective Lagrangians generating the electromag-
netic interaction vertices are [29,52]

LDDγ ¼ ieAμD†
∂

↔μ
D;

LD�D�γ ¼ ieAμfgαβD�†
α ∂

↔μ
D�

βþgμβD�†
α ∂

αD�
β−gμα∂βD�†

α D�
βg;

LD�Dγ ¼
e
4
gD�Dγε

μναβFμνD�
αβD

†; ð7Þ

where Fμν ¼ ∂μAν − ∂νAμ and D�
μν ¼ ∂μD�

ν − ∂νD�
μ are the

stress tensor of the photon and vector charmed meson,
respectively.

B. Amplitudes for ηc → VV

Here, we take the following picture to describe
ηc → VV. ηc could couple to DD�=D�D�, and this
charmed meson pair transits into light vector meson pairs
by exchanging a proper charmed meson. The sketch
diagrams contributing to ηc → VV are listed in Fig. 1,
and the corresponding amplitudes constructed by effective
Lagrangians read

MA1
¼ i3

Z
d4q
ð2πÞ4 ½gηcD�Dðp2μ − p1μÞ�½−gDDVϵ

λðp3Þðp1λ þ qλÞ�½2fD�DVεκτϕξpκ
4ϵ

τðp4Þðqϕ − pϕ
2 Þ�

×
1

p2
1 −m2

1

−gαξ þ pα
2p

ξ
2=m

2
2

p2
2 −m2

2

1

q2 −m2
q
F 2ðm2

q; q2Þ;

MA2
¼ i3

Z
d4q
ð2πÞ4 ½gηcD�Dðp2μ − p1μÞ�½2fD�DVεχλσρp

χ
3ϵ

λðp3Þðqσ þ pσ
1Þ�½gD�D�Vgτϕϵτðp4Þðqξ − pξ

2Þ

− 4fD�D�Vϵ
τðp4Þðpξ

4gτϕ − pϕ
4gτξÞ�

1

p2
1 −m2

1

−gαξ þ pα
2p

ξ
2=m

2
2

p2
2 −m2

2

−gρϕ þ qρqϕ=m2
q

q2 −m2
q

F 2ðm2
q; q2Þ;
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MA3
¼ i3

Z
d4q
ð2πÞ4 ½gηcD�Dðp2μ − p1μÞ�½−2fD�DVεχλσρp

χ
3ϵ

λðp3Þðqσ þ pσ
1Þ�½gDDVϵ

τðp4Þðp2τ − qτÞ�

×
−gαρ þ pα

1p
ρ
1=m

2
1

p2
1 −m2

1

1

p2
2 −m2

2

1

q2 −m2
q
F 2ðm2

q; q2Þ;

MA4
¼ i3

Z
d4q
ð2πÞ4 ½gηcD�Dðp2μ − p1μÞ�½gD�D�Vgλσϵλðp3Þðqρ þ pρ

1Þ þ 4fD�D�Vϵ
λðp4Þðpρ

3gλσ − pσ
3gλρÞ�

× ½2fD�DVεκτϕξpκ
4ϵ

τðp4Þðpϕ
2 − qϕÞ�−g

ασ þ pα
1p

σ
1=m

2
1

p2
1 −m2

1

1

p2
2 −m2

2

−gρξ þ qρqξ=m2
q

q2 −m2
q

F 2ðm2
q; q2Þ;

MA5
¼ i3

Z
d4q
ð2πÞ4 ½igηc2D�D�εαβνθpθðp2μ − p1μÞ�½−2fD�DVεχλσρp

χ
3ϵ

λðp3Þðqσ þ pσ
1Þ�½2fD�DVεκτϕξpκ

4ϵ
τðp4Þðqϕ − pϕ

2 Þ�

×
−gαρ þ pα

1p
ρ
1=m

2
1

p2
1 −m2

1

−gβξ þ pβ
2p

ξ
2=m

2
2

p2
2 −m2

2

1

q2 −m2
q
F 2ðm2

q; q2Þ;

MA6
¼ i3

Z
d4q
ð2πÞ4 ½igηc2D�D�εαβνθpθðp2μ − p1μÞ�½gD�D�Vgλσϵλðp3Þðqρ þ pρ

1Þ þ 4fD�D�Vϵ
λðp4Þðpρ

3gλσ − pσ
3gλρÞ�

× ½gD�D�Vgτϕϵτðp4Þðqξ − pξ
2Þ − 4fD�D�Vϵ

τðp4Þðpξ
4gτϕ − pϕ

4gτξÞ�

×
−gασ þ pα

1p
σ
1=m

2
1

p2
1 −m2

1

− gβξ þ pβ
2p

ξ
2=m

2
2

p2
2 −m2

2

− gρϕ þ qρqϕ=m2
q

q2 −m2
q

F 2ðm2
q; q2Þ: ð8Þ

In the above amplitudes, a form factor F ðm2
q; q2Þ is

introduced to ensure the convergence of the loop integral
and to account for the dynamics and off-shell effects.
Generally, various forms of phenomenological form fac-
tors, including monopole, dipole, and exponential forms,
can be used in the triangle-diagram calculations to regulate
high-momentum contributions [53–58]. In the present
work, we estimate the loop integrals with Feynman para-
metrization [59] with LoopTools package [60], for which the
pole form is particularly convenient since it can be handled
directly in the numerical estimations. We, therefore, adopt
the square of the form factor in the pole form in the present
estimations, which reads

F 2ðm2
q; q2Þ ¼

�
m2

q − Λ2

q2 − Λ2

�N

; ð9Þ

where the condition N ≥ 2 must hold to ensure the finite-
ness of the loop integrals. As indicated in Refs. [29,30], the
square of the form factor with N ¼ 4 is suitable to
investigate the light mesons and radiative decays of
charmonia. Thus, we take the same form factor in the
present work. In addition, the parameter Λ in the form
factor can be further parametrized as Λ ¼ mq þ αΛQCD

with mq the mass of the exchanged meson and
ΛQCD ¼ 220 MeV. In general, the model parameter α
should be uniform; however, its precise value cannot be
derived using first principles [61–64]. When dealing with
specific processes, a more common practice is to determine
the exact value of α by comparing experimental

measurements with theoretical estimations. It is worth
mentioning that, for all the involved loops, we have the
Källén function λðm2

1; m
2
2; m

2
qÞ < 0, so the Landau equation

for the leading triangle singularity has no real solution.
Therefore, no anomalous threshold appears, and the ampli-
tude admits a single dispersion representation.
The total amplitude for ηc → VV is

MTot
ηc→VV ¼

X6
i¼1

MAi
: ð10Þ

Then, the partial width of ηc → VV can be estimated by

Γðηc → VVÞ ¼ 1

8π

jp⃗j
m2

0

jMtot
ηc→VV j2; ð11Þ

where jp⃗j is the value of the three-momentum of the final
state in the ηc rest frame. In the same way, we can construct
the amplitudes for ηc → γV, which are collected in
Appendix A.

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Coupling constants

Before estimating the partial widths of the considered
processes, the coupling constants in the effective
Lagrangians should be further clarified. In the heavy quark
limit, the coupling constants relevant to S-wave charmonia
and charmed mesons could be related to a gauge coupling
g1 by [46–49]
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gηcD�D ¼ 2g1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mηcmDmD�

p
;

gηcD�D� ¼ 2g1mD�=
ffiffiffiffiffiffiffi
mηc

p
; ð12Þ

where the gauge coupling g1 is defined as g1 ¼ffiffiffiffiffiffiffimψ
p =ð2mDfψÞ with fψ ¼ 416 MeV being the decay
constant of J=ψ , which can be estimated from the dilepton
decay width of J=ψ [9,45].
Considering the heavy quark limit and chiral symmetry,

one can obtain the coupling constants relevant to the light
vector mesons, which are [46–49,65]

gDDV ¼ gD�D�V ¼ 1ffiffiffi
2

p βvgv;

fD�DV ¼ fD�D�V

m�
D

¼ 1ffiffiffi
2

p λvgv; ð13Þ

where βv ¼ 0.9, λv ¼ 0.56, and gv ¼ mρ=fπ with mρ and
fπ ¼ 132 MeV denoting the mass of ρ meson and decay
constant of the pion, respectively.
Calculations based on lattice QCD [66] and QCD sum

rules [67] both predict that the coupling constant for the
radiative decay of neutral charmed mesons is positive,
while the coupling constant for the radiative decay of
charged charmed mesons is negative. In this work, we
follow this convention to provide the relevant coupling
constants. According to the experimental widths of
D�þ → Dþγ, the coupling constant gD�Dγ is determined
as [29,67,68]

gD�−Dþγ ¼ −0.465 GeV−1: ð14Þ

The radiative decay D�0 → D0γ belongs to the category of
magnetic dipole transitions between the 3S1 and 1S0 states,
and these transitions can be successfully described through
nonrelativistic methods [69,70]. Based on the updated mass
and branching ratio, the estimated value of the radiative

decay width (central value) is 21.24 keV [70]. The coupling
constant gD�0D0γ is determined accordingly to be

gD�0D0γ ¼ 1.85 GeV−1: ð15Þ

Using the results of lattice QCD calculations for
D�

s → Dþ
s γ [71], we can conclude that

gD�
sD

þ
s γ ¼ −9.90 × 10−2 GeV−1: ð16Þ

B. Branching fractions of ηc → VV

Besides the above coupling constants, only one param-
eter, α, introduced by the form factor, is undetermined. As
has been mentioned in Sec. I and Table I, the processes
ηc → ρ0ρ0, ηc → ωω, and ηc → ϕϕ have been measured by
the BESIII and Belle Collaborations [22–25], and the PDG
average of the branching fractions is ð1.8� 0.4Þ × 10−2,
ð2.7� 0.9Þ × 10−3, and ð1.8� 0.4Þ × 10−3, respectively
[9]. With the branching fractions of ηc → VV, we can
roughly determine the model parameter range by compar-
ing the theoretical estimation in the present work with the
experimental data, and, within this parameter range, the
branching fractions of the discussed processes could be
reproduced.
Our estimations of the branching fractions of the light

vector meson decays of ηc depending on the model
parameter α are presented in the left panel in Fig. 3. As
can be seen from the diagram, the estimated branching
fractions increase with the increase of the model parameter
α. By comparing the present estimations with the PDG
average, we find the measured branching fractions can be
roughly reproduced in the parameter range 1.4 < α < 1.6.
Comparisons of the present estimations and experimental
measurements are listed in Table II. From the table, one can
find in this parameter range, the branching fractions of the

FIG. 3. The branching fractions of the light vector meson decays of ηc depending on the model parameter α (left panel) and the ratios
of the branching ratios for ηc → VV with V ¼ ðρ0;ω;ϕÞ (right panel).
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ωω and ϕϕ channels are well consistent with the exper-
imental measurements. As for the ηc → ρρ channel, our
estimations of the branching fraction are smaller than the
measured one, and the measured lower limit is about 1.5
times the estimated upper limit.
In addition, our estimations indicate that the α depend-

ence of the branching fractions are very similar; thus, their
ratios are expected to be model independent. Here, we
define the following ratios:

r12 ¼
Bðηc → ρ0ρ0Þ
Bðηc → ωωÞ ; r13 ¼

Bðηc → ρ0ρ0Þ
Bðηc → ϕϕÞ : ð17Þ

The α dependence of these ratios is shown in the right panel
in Fig. 3. One can find these ratios are almost independent
on the model parameter α, and, in the considered parameter
range, we have

r12 ¼ 1.64; r13 ¼ 3.78–3.79; ð18Þ

respectively.

C. Branching fractions of ηc → γV

From the above-mentioned decays ηc → VV, we can see
that a certain value of α can perfectly match the exper-
imental results. As for the decays ηc → γV we are con-
cerned with, the two kinds of decay processes should share
a similar α range but may not be exactly the same due to the
different kinematic space. Since the VV and γV decay
processes have been experimentally measured and the
meson loop contributions have also been studied in
Refs. [26–30], the parameter differences in the χc1 → VV
and χc1 → γV processes could serve as a useful reference to
investigate the ηc → VV and ηc → γV processes. In
Refs. [29,30], we have studied χc1 → VV and χc1 → γV,
and the obtained α range reveals that the γV channel is
larger than that of VV when matching the experimental
data. In the present work, we update these two decay modes
by using the same form factor, and the obtained results are
collected in Table III. From the table, one can find,
for the γω process, the α range is greater than that for
the ωω process by 0.8, while, for the γϕ process, the
parameter range is also greater than that for ϕϕ but by
1.3–1.5. Considering the similarity of χc1 → VV=γV and
ηc → VV=γV and the parameter range determined by
ηc → VV, we obtain that the range 2.5 < α < 3.0 should
be suitable to roughly evaluate the branching fractions of
the decay processes ηc → γV.
The α dependence of the branching ratios of ηc → γV is

given in Fig. 4. Similar to the case of ηc → VV, the
branching fractions of ηc → γV monotonically increase
with the increase of the model parameter. With the range of
2.5 < α < 3.0, the branching ratios of ηc → γV are esti-
mated to be

TABLE III. Branching ratios of χc1 → VV=γV and the corre-
sponding α range by matching the PDG average in Table I [9].

Channel (χc1 →) Branching fractions α

ρ0ρ0 � � � � � �
ωω ð5.0–6.4Þ × 10−4 0.92–0.96
ϕϕ ð4.05–4.47Þ × 10−4 1.09–1.12
γρ0 ð1.99–2.33Þ × 10−4 1.90–1.95
γω ð6.0–7.6Þ × 10−5 1.69–1.75
γϕ ð1.9–2.9Þ × 10−5 2.42–2.60

TABLE II. Comparison of the present estimations of ηc → VV
and the corresponding experimental measurements [9].

Process Present PDG [9]

ηc → ρρ ð3.9–9.5Þ × 10−3 ð1.8� 0.4Þ%
ηc → ωω ð2.3–5.7Þ × 10−3 ð2.7� 0.9Þ × 10−3

ηc → ϕϕ ð1.0–2.5Þ × 10−3 ð1.8� 0.4Þ × 10−3

FIG. 4. The branching ratios of the decays ηc → γV with V ¼ ðρ0;ω;ϕÞ depending on the model parameter α (left panel) and the ratios
of the branching ratios for ηc → γV (right panel).
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BR½ηc → γρ0� ¼ ð0.67–2.27Þ × 10−4;

BR½ηc → γω� ¼ ð1.14–3.77Þ × 10−4;

BR½ηc → γϕ� ¼ ð0.78–2.54Þ × 10−5; ð19Þ

which are expected to be tested by future experiments at
BESIII or Belle II. Furthermore, the experimental mea-
surements of ηc → γV would help to constrain the cutoff
parameter in charmonium decays via the hadronic loop
mechanism and provide a deep insight into nonperturbative
QCD effects in the charmonium energy region.
Similar to the case of ηc → VV, we also estimated the

ratios of the branching fractions of considered radiative
decay processes, which are defined as

R12 ¼
Bðηc → γρ0Þ
Bðηc → γωÞ ; R13 ¼

Bðηc → γρ0Þ
Bðηc → γϕÞ : ð20Þ

As shown in the right panel in Fig. 4, these ratios are nearly
independent of the model parameter α, and in the consid-
ered parameter range, these ratios are estimated to be

R12 ¼ 0.57–0.63;
R13 ¼ 8.17–9.59; ð21Þ

respectively. In addition, we also discussed the form-factor
dependence of these ratios in Appendix B.

IV. SUMMARY

With the world’s largest data sample of J=ψ collected by
theBESIII detector at the BEPCII electron-positron collider,
the decay properties of ηc could be measured via the decay
process J=ψ → γηc. As the lightest charmonium state, ηc
can decay into hadronic final states only via cc̄ annihilation.
Similar to the case of χc1 → VV, themeson loopmechanism,
which can be considered as a phenomenological description
of the long-distance contributions, provides a natural

evasion of both the OZI and HSR suppressions for the
ηc → VV processes. The present estimations indicate that in
a certain parameter range the measured branching fractions
of ηc → VV can be roughly reproduced.
As for the radiative decay processes, ηc → γV, the

branching fractions are predicted to be of the order of
10−7 − 10−6 by the nonrelativistic QCD estimations. In the
present work, we applied the same meson loop mechanism
to investigate the processes ηc → γV. We determine the
parameter range by the similarity of ηc → γV=VV and
χc1 → γV=VV. In this parameter range, our estimations
indicate that the branching fractions for the processes
ηc → γρ0 and ηc → γω are of the order of 10−4, while
the one for the process ηc → γϕ is of the order of 10−5. The
estimations in the present work are expected to be acces-
sible by future experiments at BESIII and Belle II.
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APPENDIX A: AMPLITUDES FOR ηc → γV

The amplitudes of the process ηcðpÞ → γðp3ÞVðp4Þ,
corresponding to Figs. 2 (B1)–2(B6), where the momen-
tums are the same as that marked in Fig. 1(A1), read

MB1
¼ i3

Z
d4q
ð2πÞ4 ½gηcD�Dðp2μ −p1μÞ�½eϵλγðp3Þðp1λ þ qλÞ�½2fD�DVεκτϕξpκ

4ϵ
τðp4Þðqϕ −pϕ

2 Þ�

×
1

p2
1 −m2

1

−gαξ þpα
2p

ξ
2=m

2
2

p2
2 −m2

2

1

q2 −m2
q
F 2ðm2

q; q2Þ;

MB2
¼ i3

Z
d4q
ð2πÞ4 ½gηcD�Dðp2μ −p1μÞ�

�
egD�Dγ

4
εχλσρϵηγðp3Þðip3χgλη − ip3λgχηÞðiqσgρθ − iqρgσθÞ

�
½gD�D�Vgτϕϵτðp4Þðqξ −pξ

2Þ

− 4fD�D�Vϵ
τðp4Þðpξ

4gτϕ −pϕ
4gτξÞ�

1

p2
1 −m2

1

− gαξ þpα
2p

ξ
2=m

2
2

p2
2 −m2

2

− gρϕ þ qρqϕ=m2
q

q2 −m2
q

F 2ðm2
q;q2Þ;
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MB3
¼ i3

Z
d4q
ð2πÞ4 ½gηcD�Dðp2μ − p1μÞ�

�
egD�Dγ

4
εχλσρϵηγðp3Þðip3χgλη − ip3λgχηÞðip1σgρθ − ip1ρgσθÞ

�
½gDDVϵ

τðp4Þðp2τ − qτÞ�

×
−gαρ þ pα

1p
ρ
1=m

1
2

p2
1 −m2

1

1

p2
2 −m2

2

1

q2 −m2
q
F 2ðm2

q; q2Þ;

MB4
¼ i3

Z
d4q
ð2πÞ4 ½gηcD�Dðp2μ − p1μÞ�½eðgσρðpχ

1 − qχÞ þ gχρpσ
1 þ gχσqρÞϵγχðp3Þ�½2fD�DVεκτϕξpκ

4ϵ
τðp4Þðpϕ

2 − qϕÞ�

×
−gασ þ pα

1p
σ
1=m

2
1

p2
1 −m2

1

1

p2
2 −m2

2

−gρξ þ qρqξ=m2
q

q2 −m2
q

F 2ðm2
q; q2Þ;

MB5
¼ i3

Z
d4q
ð2πÞ4 ½gηcD�D�εαβνδpδðp2μ − p1μÞ�

�
egD�Dγ

4
εχλσρϵηγðp3Þðip3χgλη − ip3λgχηÞðip1σgρθ − ip1ρgσθÞ

�

× ½2fD�DVεκτϕξpκ
4ϵ

τðp4Þðqϕ − pϕ
2 Þ�

− gαρ þ pα
1p

ρ
1=m

2
1

p2
1 −m2

1

− gβξ þ pβ
2p

ξ
2=m

2
2

p2
2 −m2

2

1

q2 −m2
q
F 2ðm2

q; q2Þ;

MB6
¼ i3

Z
d4q
ð2πÞ4 ½igηcD�D�εαβνδpδðp2μ − p1μÞ�½eðgσρðpχ

1 − qχÞ þ gχρpσ
1 þ gχσqρÞϵγχðp3Þ�½gD�D�Vgτϕϵτðp4Þðqξ − pξ

2Þ

− 4fD�D�Vϵ
τðp4Þðpξ

4gτϕ − pϕ
4gτξÞ�

−gασ þ pα
1p

σ
1=m

2
1

p2
1 −m2

1

− gβξ þ pβ
2p

ξ
2=m

2
2

p2
2 −m2

2

− gρϕ þ qρqϕ=m2
q

q2 −m2
q

F 2ðm2
q; q2Þ: ðA1Þ

APPENDIX B: DISCUSSION OF RATIOS ABOUT
THE FORM-FACTOR POWER

To further examine the parameter and form-factor
dependence of the ratios defined in Eqs. (17) and (20),
we adopt form factors with different values of N to evaluate
the these ratios over a rather broad parameter range,
α ¼ 1–4. Here, we use the superscript N in rNij and RN

ij

to label distinct form factors, with N being 2, 3, and 4. As
shown in Fig. 5, the ratios rN12 and RN

12 are nearly

independent on the model parameter α and also exhibit
weak dependence on the form factor. In particular, the ratio
rN12 is around 1.6, while R

N
12 is approximately 0.6, as shown

in Table IV. For rN13, this ratio remains fairly stable across
this wide range of model parameter. As N increases from 2
to 4, this ratio rises by roughly 20%. The α dependence of
ratio RN

12 becomes stronger as N increase, and this ratio is
estimated to be 9.95–10.35, 9.01–10.53, and 7.27–9.59
with N ¼ 2, 3, and 4, respectively. The different parameter
and form-factor dependence of these ratios can be

FIG. 5. Form-factor dependence of the ratios of branching fractions for ηc → VV (left panel) and for ηc → γV (right panel).
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attributed to the underlying meson-loop configurations. For
the channels involving ρ0 and ω, the meson loops consist of
identical charmed components, which leads to substantial
cancellation of the form-factor dependence in the ratios. In
contrast, loop contributions associated with the ϕ meson
contain charmed-strange meson components, yielding a
different meson-loop structure and a less complete can-
cellation of form-factor dependence.
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