PHYSICAL REVIEW D 111, 126018 (2025)

Editors' Suggestion

Scale separation on AdS; x $* with and without supersymmetry

Aymeric Proust N Henning Samtleben®,

1,2,

" and Ergin Sezgin®>*

'ENSL, CNRS, Laboratoire de physique, F-69342 Lyon, France
YInstitut Universitaire de France (IUF), Paris, France
3George P. and Cynthia W. Mitchell Institute for Fundamental Physics and Astronomy,
Texas A&M University, College Station, Texas 77843-4242, USA

® (Received 9 May 2025; accepted 20 May 2025; published 25 June 2025)

Six-dimensional chiral gauged Einstein-Maxwell supergravity admits a two-parameter rotating dyonic
string solution whose near horizon limit is the direct product of three-dimensional Anti-De Sitter space and
a squashed three-sphere S°. For a particular relation between the two parameters, the solution preserves 1/2

supersymmetry. We determine the complete Kaluza-Klein spectrum of the theory around these AdS;
backgrounds. For the supersymmetric backgrounds, the states organize into infinite towers of long and short
multiplets of OSp(2|2). In a certain limit of parameters, both the supersymmetric and the nonsupersym-

metric spectra exhibit scale separation. In the latter case there are five topologically massive vectors and five
scalars retaining finite masses with integer conformal dimensions, and in the supersymmetric case there are
supersymmetric partners with half integer conformal dimensions, while all other masses diverge.
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I. INTRODUCTION

Awell-known property of AdS compactifications of super-
gravity theories, regardless of whether they are embedded in
string/M theory or not, is that in the absence of orientifolds
they tend to give a mass scale of the Kaluza-Klein towers,
which is at the same order as the Anti-de Sitter space (AdS)
cosmological constant. This lack of separation of scale, which
poses a problem in realistic uses of AdS compactifications,
means that one cannot separate the lowest energy modes from
the Kaluza-Klein (KK) modes, and therefore the theory is the
original higher dimensional theory in disguise. The often
studied scale separation is referred to as the parametric one in
the sense that one looks for an infinite family of vacua, which
shows scale separation as one moves along the family [1-4].
For a recent review, see [5]. While inclusion of orientifolds
can give rise to scale separation [2,3,6—11], the assumptions
made in achieving this have been a subject of debate reviewed
in [5]. Scale separation in supersymmetric AdS vacua has also
been conjectured to be ruled out [12] in the context of
Swampland Program where a number of criteria are con-
jectured for the existence of a consistent theory of quantum
gravity, amenable to UV completion, at least in principle. The
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most direct way of studying the scale separation problem is to
determine the full Kaluza-Klein spectrum of the higher
dimensional theory in AdS compactifications. Except for
the most symmetric cases, however, this can be a very
complicated task. So far, many of the scale separation studies
consider supergravities in 10D and 11D associated with
string/M theory low energy limits, and the full fledged
spectrum computation is bypassed by examining the behavior
of entities such as the ratio of the internal and external
curvatures, which may involve numerical analysis in certain
approaches [1].

In this paper, we take the direct approach of computing the
full spectrum of six-dimensional chiral gauged Maxwell-
Einstein supergravity, often referred to as the Salam-Sezgin
model [13], compactified on AdS; x (squashed S*). The
gauged symmetry is the U(1) x5 subgroup of the R-symmetry
group Sp(1)gs. The bosonic part of the Lagrangian is
displayed in (2.1). This model should be viewed as a
subsector of a model with extra matter multiplet couplings
such that the local gauge, gravitational mixed anomalies are
canceled by the Green-Schwarz-Sagnotti mechanism. Such
anomaly-free models are very rare unless the gauge group
consists of SU(2) and U(1) factors alone [14-17].
Furthermore, their embedding to string/M theory is not
known, as further discussed in the conclusions.

As such it provides an interesting framework for study-
ing the scale separation problem, without having to be tied
up with structures inherited from the reductions of super-
gravities in 10D or 11D. This is in the spirit of the
Swampland Program.

Our main findings are as follows. The solution we
consider, namely AdS; x S} where &= cosh?$ is the

Published by the American Physical Society


https://orcid.org/0009-0002-0466-0412
https://orcid.org/0000-0002-4848-7773
https://orcid.org/0000-0002-1415-8023
https://ror.org/04zmssz18
https://ror.org/00w5ay796
https://ror.org/055khg266
https://ror.org/01f5ytq51
https://crossmark.crossref.org/dialog/?doi=10.1103/mp1n-9vgy&domain=pdf&date_stamp=2025-06-25
https://doi.org/10.1103/mp1n-9vgy
https://doi.org/10.1103/mp1n-9vgy
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

PROUST, SAMTLEBEN, and SEZGIN

PHYS. REV. D 111, 126018 (2025)

squashing parameter, arises as the near horizon geometry of
a two-parameter rotating dyonic solution [18], and it takes
the form

1 1
ds> = (Lza’sf\dS3 + Za% + ZcoshQﬂ(a% + 6§)>,

1
F = —tanh a tanh f 6| A 0,
29

1 tanh’a
~ ¢*cosh®p
e? = 4g*coth*a cosh*p,

(L*wags, + 0g3),
(1.1)

in terms of the left-invariant 1-forms o; on the three-sphere,
with constant parameters (a, f3), and L = cosh a cosh f3. For
generic values of (a, f3), the solution has no supersymmetry,
for nonvanishing @ = f # Oitpreserves 1 /2 supersymmetry
and reproduces the solution found in [19]. The metric ds%dsz
is that of AdS; with unit radius, and w,qs, is the associated
volume form. For a = f# = 0, the solution preserves full
supersymmetry. The last case requires vanishing gauge
coupling gin six dimensions and corresponds to the standard
AdS; x §? solution of ungauged six-dimensional super-
gravity. Using exceptional field theory techniques we
calculate the complete spectrum in this background. The
procedure will be briefly recalled below, and the results are
summarized and discussed in Sec. VI. The bulk of the paper
is devoted to the computation of the complete Kaluza-Klein
spectrum. In particular, we observe that all scalar modes are
perturbatively stable (in the sense that they obey the
Breitenlohner-Freedman bound) even around the generic
nonsupersymmetric background. Furthermore, it turns out
that in a certain limit of parameters, in particular entailing
a — o0, both the supersymmetric and the nonsupersym-
metric spectra exhibit scale separation, with only ten fields
retaining finite masses while all other masses diverge. The
presence of the R-symmetry gauging is essential for this to
happen. To the best of our knowledge, this seems to be the
first example of a scale separation phenomenon in AdS
compactifications, in the absence of orientifolds. Moreover,
we find that all finite masses correspond to integer con-
formal dimensions, as observed in other scenarios of scale
separation [7,9,11,20,21].

We shall comment further on these results in the final
sections. For recent results on scale separation in AdS;
compactifications with orientifolds involved, see [6—11].
For the supersymmetric family of backgrounds, we find
that the full spectrum organizes into infinite towers of both
long and short supermultiplets of the background isometry
supergroup OSp(2|2), summarized in Egs. (6.13)—-(6.15)
below. Knowledge of this exact spectrum, especially the
protected short multiplets, may also shed light on the still
elusive holographic conformal field theory (CFT) dual of
the Salam-Sezgin model.

To compute the full Kaluza-Klein spectrum of the model
around the AdS; x S? background, we make use of the
techniques introduced from exceptional field theory [22-24].
As a first step this requires the reformulation of the model
(2.1) as an exceptional field theory (ExFT). For vanishing six-
dimensional gauge coupling g = 0, this exceptional field
theory has been constructed in [25]. Within the bosonic
sector, the inclusion of the R-symmetry gauging simply
amounts to the addition of the corresponding potential term to
the ExFT Lagrangian. The ExFT formulation provides an
explicit description of the consistent truncation of the six-
dimensional theory down to a three-dimensional supergrav-
ity. Again, the presence of the potential term does not obstruct
the consistency of the truncation thanks to the particular
dilaton power in this term, as already observed in [26]. In
particular, the uplift formulas from [27] do not depend on the
gauge coupling constant g. The consistent truncation together
with the EXFT formulation allows one to compute the mass
spectrum of fields not only for the fields of the consistent
truncation but for the full infinite Kaluza-Klein towers.
Schematically, the full set of Kaluza-Klein fluctuations can
be parametrized as @A, with the index A referring to the
fields of the three-dimensional supergravity, and the index A
labeling the scalar harmonics on the internal S3. The general
mass matrix for the scalar fields then turns out to be of the
schematic form

Mopps = Magdas + N 45"°T poas + 645 Mas,  (1.2)

where M 45 is the mass matrix of the three-dimensional
theory around AdS;, M .y is the mass operator for the spin-2
fluctuations, and the middle term combines an action on the
scalar harmonics with an action on the three-dimensional
indices [22,23,28]. For the vector fields (which in three
dimensions satisfy first-order equations) and the fermions, the
structure of the mass matrices is of similar form, without the
last term of (1.2) [24,27,29].

The rest of this paper is organized as follows. In Sec. II,
we spell out the six-dimensional model and the two-
parameter class of AdS; x S? solutions. We describe the
consistent truncation to three dimensions and the resulting
N = 4 supergravity in Sec. III. In particular, we recover the
two-parameter family of solutions as a family of stationary
points of the three-dimensional scalar potential. In Sec. IV,
we review the known supersymmetric Kaluza-Klein
spectrum for the AdS; x S° solution of ungauged six-
dimensional supergravity, which is recovered as the a =
£ = 0 limit of the two-parameter background. In Sec. V we
compute the full Kaluza-Klein spectrum around the general
two-parameter background, first within three-dimensional
supergravity, and subsequently for the higher Kaluza-Klein
modes for all different spins. We summarize the result in
Sec. VI, where we also organize the spectrum for the
supersymmetric background into multiplets of the
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background isometry supergroup OSp(2|2). Finally, we
close in Sec. VII with further comments and an outlook.

II. THE 6D MODEL AND THE DYONIC
STRING SOLUTION

The bosonic Lagrangian for the Salam-Sezgin model
is [13]

1 1
CzR*H—Z*dcﬁ/\dqﬁ—ze‘ﬁ*H/\H

—%e%"’*F/\F—nge‘%‘ﬁ*ﬂ, (2.1)
in six dimensions, where F = dA and H = dB + %F NA,
and A and B are the U(1), gauge field that gauges the R
symmetry, B is the two-form potential, and ¢ is the dilaton.
Note that the equations of motion are invariant under the
rescaling

e? > 14e?, F — JuF, H — /12y2H,

G = W9 9— ()", (2.2)

where A is the R* scaling symmetry of the Lagrangian (2.1)
and p is the trombone symmetry. In particular, the rescaling
can be used to put the coupling constant g to an arbitrary
value as long as it is nonvanishing. At fixed g, the theory
still admits a scaling symmetry (2.2) with A = u~!, which
only affects the metric and the dilaton.

In this paper, we will study the following two-parameter
background solution of (2.1)

1 1
ds? = <L2ds/2\d]S3 +-03+-¢&(0% + 0%)), (2.3)

4 4
F = ko A 0, (2.4)
H = ZQ(LZwAdS3 + wg), e = % (2.5)
with free parameters k, £ > 0, and
g= 2K gD ¢ 26)

Te-r S1-42¢)—1 " 1-2¢°E
The o, are the left-invariant 1-forms on the three-sphere

(o3 —+ i62 = e_i"’(dé’ —+ isin Gd(p),

03 = dy + cosOdg, (2.7)
in terms of which
SR S R 1
dsg ZZ(GI +o05+035), and wg =501 A0, (2.8)

denote the round S° of radius 1, and its associated volume
form. The metric

ds? .. — dp 2 2
Sads, = e + dx* — 2p*dxdt, (2.9)

is the metric of AdS; with unit radius, and wags, is the
associated volume form. Thus, the metric (2.3) is a direct
product of AdS; with radius-square L2 and a squashed
three-sphere with squashing parameter £ Let us note that
(2.6) implies the bound

k2 <u
T 4g

for the magnetic monopole charge, which furthermore
implies the bound & > 1 for the squashing parameter.

The solution (2.3)—(2.5) arises as the near-horizon of an
extremal rotation dyonic string solution [18]. For generic
values of ¢ and k, the solution is nonsupersymmetric. For
special values of the parameters, half of the supersymme-
tries can be preserved, provided that [18]

(2.10)

1/2 supersymmetry = L = ¢, (2.11)

and in this case the solution reduces to the one-parameter
solution found in [19]. In particular, for the supersymmetric
solution H becomes self-dual. To see this, we note that

L} &
*6H: 2q<?wAdS3 +Z(053>. (212)

For vanishing gauge coupling g = 0, the solution gains
an additional scaling symmetry from (2.2), which can be
used to set k=1, and reproduces the one-parameter
solution found in [27]. In this case, (2.6) yields L*> = &,
i.e., according to (2.11) the solution is not supersymmetric.
Interestingly, in [27] the background (2.3)—(2.5) at g =0
was found as a supersymmetric solution, however, within
the nonchiral six-dimensional A" = (1, 1) supergravity. In
contrast, within the A" = (1,0) model (2.1), for g = 0, the
same solution, for £ > 1, breaks all supersymmetries. This
is an illustration of the fact the bosonic model (2.1), for
g =0, and upon coupling three additional vector multip-
lets, admits two inequivalent fermionic extensions, one
with N' = (1,0), and one with N = (1, 1) supersymmetry.
Their relation can be understood, as both models are
obtained as inequivalent truncations of the N = (2,1)
parent theory [30].

Within the A = (1,0) model, supersymmetry at g = 0
requires L = & = L2, thus £ = 1, i.e., absence of squashing.
The background in this case reduces to the standard AdS; x
$? solution, at which supersymmetry is fully restored

full supersymmetry = g=0=¢&—-1. (2.13)

Finally, let us discuss the limit £ — 1 for g # 0, in which
the squashing disappears while the internal manifold is
given by the round S3. In this limit, Eqs. (2.6) imply that
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k — 0 while g can be kept as a free parameter, related to the
AdS; radius as

1

[2=—
1—2q92

(2.14)

In this case supersymmetry is fully broken.

III. THE 3D MODEL AND THE
VACUUM SOLUTION

The six-dimensional theory (2.1) admits a consistent
truncation on S3 [26,27,31,32] leading to an N = 4 three-
dimensional gauged supergravity1 whose bosonic sector is
described by the Lagrangian
e‘lﬁ :R+égﬂyDﬂMPQDUMPQ+€_1£CS —V. (31)
For g = 0, i.e., no R-symmetry gauging in six dimensions,
the truncation has been worked out in [27], after embedding
(2.1) into the half-maximal A" = (1, 1) supergravity in six
dimensions. The additional ¢*> term in (2.1) is consistent
with the consistent truncation and simply gives rise to an
additional contribution in the scalar potential V [26], see
(3.16) below. Let us recall that in [27] the model (3.1)
is found within a half-maximal N =8 supergravity.
Although its bosonic sector is identical to (3.1), the
fermionic field content and the fermionic couplings differ,
in complete analogy to the discussion after (2.12) for the
corresponding six-dimensional models. The fermionic
sector for the present model can be worked out by
embedding the bosonic Lagrangian (3.1) into the general
structure of 3D, N = 4 supergravities [33].

The scalar target space in (3.1) is given by the coset space

G/H = SO(4,5)/(SO(4), x SO(5)),  (3.2)

parametrized by the symmetric matrix M2, P,Q =1, ...9,
whose indices are raised and lowered with the constant
SO(4, 5) invariant tensor 7po. The model (3.1) has local
gauge symmetry

Giange = [SO(#) guuge X (R3 X R3)] x R! x SO(2)zs,  (3.3)

gauge

where SO(4) gyqe corresponds to the isometries of the round
$3, the (R®x R3) x R!' correspond to nilpotent shifts,
broken at the vacuum, and the SO(2)xy is the gauged R
symmetry from six dimensions. The local symmetry (3.3) is
implemented by covariant derivatives

D,Mpo = 0,Mpo + 44, Orsp" Moyr

+ 4Aﬂa®u‘(PTMQ)T, (34)

'In three dimensions, A" = 4 corresponds to eight real super-
charges, descending from N = (1,0) supersymmetry in six
dimensions.

in terms of vector fields A,”¢ = —A,2", and A%, where
a = 1,2,3. The constantembedding tensor ©p, " describes

the embedding of (3.3) into SO(4, 5). Its explicit form is most
conveniently described in the basis

XP — (X" X, X0, X0. X}, me{l.2.3}, (3.5)

in terms of which the SO(4, 5) invariant tensor takes the form

0 6, 0 0 O
o, 0 0 0 O
Npo = 0 0 01 O (3.6)
0 0 1 0 O
0 0 0 0 -1
In this basis, the embedding tensor has the form
@PQ\RS = @PQ\RT’?TS
1
= Opors + 5 (nprOs10 — NoROsip),  (3.7)

in terms of a fully antisymmetric 6pgs and a symmetric 0p,
whose nonvanishing components in the basis (3.5) are given
by [27]

1
Eglgmnp’

(3.8)

eﬂmnp = QOmnp = 90mnp = HOmnp =

oo = 44,

with the three-dimensional coupling constant ¢ of the first
four factors of (3.3). The embedding tensor in the covariant
derivatives (3.4) has an additional component 6,y with
nonvanishing components

Oumn: G100 = —01190 = 49, (3.9)
in the basis (3.5). This encodes the couplings induced from
the R-symmetry gauging in six dimensions. The combined
embedding tensor (3.8), (3.9), provides a solution to the
general quadratic consistency constraint of gauged N = 4
supergravity in three dimensions [33]. According to the
general structure of these theories, covariant derivatives are
of the form

D, =0, + A, 90pq s TRS + Al ps TFS

+AﬂR59u‘RsTG, (310)
where the TPC denote the generators of SO(4, 5), and T,
denote the generators of the SO(3) factor of the three-
dimensional R-symmetry group, which exclusively acts in
the fermionic sector.
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The Chern-Simons term in (3.1) is explicitly given by

1
Leg = —¢ W)®RS|PQA;4RS (aUApPQ + §®TU\VWf PQ’TUXYADVWA;;XY>

1
- 28”Dp®a\PQAﬂa (aDApPQ =+ §®TvafPQ'TUXYADVWApXY> >

in terms of the embedding tensor (3.8), (3.9), and the
structure constants of 8o0(4,5) given by fFORS, =
45[U[P,7Q][R5V}S]‘

Before describing the scalar potential V in (3.1), it is
useful to first characterize the scalar field content of the
model. The coset (3.2) is best described in a basis
X — {x", X1}, r=1,...,4,

I=1,.5 (3.12)

in terms of which the SO(4, 5) invariant tensor takes the

diagonal form
re=\o 1)

The 20 scalar fields of (3.1) are associated to the non-
compact generators of SO(4, 5), i.e., labeled as ¢/,
transforming as a bivector under SO(4), x SO(5). In order
to identify their representation content with respect to the
gauge group (3.3), we note that the embedding tensor (3.8)
defines the embedding

(3.13)

SO(4) SO(3), xSO(3)_CSO(4) xSO(5), (3.14)

gauge —
of the gauge group into SO(4, 5), such that the scalar fields
fall into representations

(L) (LB, 1) (3,1)®(1,3) & (3,3),
(3.15)

under (3.14). Out of these scalars, (1,1) @ (3,1) & (1,3)
correspond to Goldstone modes associated to the nilpotent
generators of the CS gauge group (3.3). The scalar potential
V is a function of the remaining 13 scalars, which we write
in the form

V =2¢2(e7* — e 2 f(®)) + 8g7e 7. (3.16)
Here @ denotes the singlet scalar (1, 1), and @ collectively
denotes the remaining 12 scalars (3,1) @ (3,3). The
explicit form of f(®) was obtained in [27], and we give

it in Appendix. The contribution in g” arises directly form
the cosmological term in (2.1) [26].

(3.11)

[

AdS; vacua correspond to stationary points of the
potential (3.16). The structure of (3.16) shows that the
stationary points are defined by the conditions

247

U
e 2(/7:§f|q):%—?, (3.17)

dof |q>:z1>0 =0,
such that the potential at the extremum takes the value

Vig—g, = =297 = - (3.18)

where # denotes the radius of the associated AdS; metric.
Equations (3.17) show that every vacuum ®, of the
potential for g =0 induces a vacuum of the general
potential with arbitrary g # 0, with a shifted value of @,
and the cosmological constant modified according to
(3.18). We will use this observation to generalize the
one-parameter solution found in [27] to a solution of the
general potential with g # 0. Specifically, this solution
corresponds to switching on a scalar field from the (3, 1),
thereby breaking the gauge symmetry down to

U(2) =U(1) x SO(3)_ c SO(3), xSO(3)_. (3.19)
We review its explicit location @ in the Appendix. From
(3.17) we then find a family of solutions for nonvanishing g
with only the value of $ modified to

e =1 —29%2,

since f|p_gp, = 2. We will now show that the uplift of this
solution to six dimensions coincides with the two-param-
eter solution (2.3)—(2.5) above.

To this end, we employ the uplift formulas from [27],
which are not modified by the presence of g. In particular,
the six-dimensional metric and dilaton are given by

(3.20)

ds? = A2 20, (x)drde + h,dy"dy").  (321)

e = A4e, (3.22)
with the three-dimensional metric g,,, and dilaton @.
The symmetric tensor h,,,(y) describes the metric on
the internal space, and depends exclusively on the
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three-dimensional scalars ® and the S* spherical harmon-
ics. Its explicit form can be found in [27]. Finally, the warp
factor A is given by

(3.23)

1/4
R (deth) "

det g

computed from the determinants of the tensor #,,, and the
metric §,,, of the round S*. The uplift of the above three-
dimensional family of AdS; solutions is then obtained from
the results of [27], upon taking into account the modified
value (3.20) of the three-dimensional dilaton @, and
consequently of the three-dimensional AdS radius (3.18).
Putting everything together, we arrive at the following
result

2 ,=30/2,5/2 02 [ 0=2p 20 12 22 7.2
ds> = e=302¢0/2¢ (e Pe* g dsRgs,

1 1
) 13

1
F= e\ 2 — 1o, Aoy,
\/Ed 1 2

2 _
_ L 20,20 ,2
H=—e""(e*?e”wpgs, +0g3),

e?=e%e?,  (3.24)

where the metric ds% .. and volume form w,gs. refer to an
AdS; 3

AdS; of unit radius. Rescaling the metric and dilaton
according to the symmetry (2.2) with A=pu!=

e3@/4e?/4g=1 we precisely recover the solution
(2.3)—(2.5) upon identification
5 — eZw L2 — e2w62(p
1
q* = et g =, k= \/_Tg/e_‘” e —1, (3.25)

where @ is given by (3.20). It is straightforward to check
that this dictionary is compatible with the relations (2.6)
above, as required by the consistency of the truncation. We
finally note that the condition for supersymmetry (2.11)
translates into
N = (2,0) supersymmetry = o = @, (3.26)

in terms of the three-dimensional objects.2

For the following, it will also be useful to introduce the
notation

g tanha

g V2

e” = cosh . (3.27)

*Here, N = (2,0) corresponds to four real supercharges, and
the notation reflects the chiral nature of the vacuum (as opposed
to the N' = 4 supersymmetry of the Lagrangian).

The parameter @ encodes the effect of nontrivial gauging in
six dimensions, while g keeps track of a nontrivial
squashing of the S°. The condition for supersymmetry
(3.26) then takes the form
N =(2,0) supersymmetry = a = f3. (3.28)
A useful relation, which follows from (3.20) gives the value
of the three-dimensional dilaton as
e*? = cosh’ a. (3.29)
With this parametrization, and real parameters a, 3, the
bound (2.10) is identically satisfied. The supersymmetry
enhancement point (2.13) with g = 0 and the background
given by round sphere S* then corresponds to
N = (4,0)

supersymmetry = a = 0=4.  (3.30)

IV. SPECTRUM AT N =(4,0) ENHANCEMENT
POINT AND SYMMETRY BREAKING

A. Symmetries and representations

In order to discuss the full Kaluza-Klein spectrum
around this background, it is useful to first identify the
symmetries that govern and organize the spectrum. To
begin with, we extend the six-dimensional model (2.1) by
coupling p additional abelian vector multiplets. In the
bosonic action, this amounts to replacing

P« FAF— e« FAF+e?«F AF, i=1,..,p.

(4.1)

From the three-dimensional point of view, the ungauged
N = 4 supergravity obtained from toroidal reduction of
6D, N' = (1,0) supergravity with p + 1 vector multiplets
has the bosonic global symmetries

SO(4,5 4 p) ® SO(3)s» (4.2)
where the first factor acts as the isometries on the scalar
target space, and the second factor acts exclusively on the
fermion fields of the theory (as a chiral factor of the SO(4)
R symmetry in three dimensions). The 3D supergravity
extends the scalar sector of the Lagrangian (3.1) to a sigma-
model with target space

G SO(4,5+p)
H SO(4), xSO(5+ p)’

(4.3)

and combines it with a fermionic sector built from 4
gravitini y,* and 4(5 + p) spinors 2*. Under the compact
subgroup of (4.2), the fields of 3D supergravity transform
according to
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SO(4)o  SO(5+p) SO@3)rs
scalars ¢! (% %) 5+p r=1,...,4, I=1,....,5+p (4.4)
fermions x47 | (0, %) 5+p % A=1,...,4 ‘
gravitini ¢ | (3,0) 1 A=1,...,4
|

In addition, the vector fields, gauging the symmetry (3.3) A(A =2) = m?¢2, (4.11)
are embedded into the adjoint representation of SO(4,5 +
p) according to (3.10). The SO(4),,,,. part of the gauge  for fields of spin s =0 and |s| = 2, and
group corresponds to the isometries of the round sphere S°. A=1+|mel, (4.12)

Together with the R symmetry gauging in six dimensions,
this breaks the symmetry (4.2) down to

SO( )gauge ® SO( )RS ® SO(p + 1)’ (45)

of which SO(4)gyyee and SO(2)ggs C SO(3)gy are realized
as local gauge symmetries within (3.3), whereas SO(p) is
realized as a global symmetry. The two factors of

O(4) gauge = SO(3); x SO(3)_ are embedded into the
compact groups of (4.4) as

dia;
SO(3), cg SO4),.

SO(3)_ ‘&S0(4) € SO(5 + p), (4.6)

cf. (3.14). Finally, the six-dimensional background further
breaks (4.5) down to

Gspectrum = SU(2> ® U<1) ® SO(Z)RS ® SO(p), (47)

due to the squashing of the S metric and the flux singling
out one among the n vector fields. Accordingly, these
groups are embedded into (4.5), (4.6), as

SU(2) = SO(3)_,
SO(p) c SO(p + 1),

U(1) € SO(3),.,

(4.8)
cf. (3.19). The full Kaluza-Klein spectrum thus falls into
representations of the remaining symmetry group Ggpecirums

and the AdS; isometry group SO(2,2) = SL(2,R), x
SL(2,R),. We denote its representations by

(AL Ag) = [ (5]),

with SU(2) spin j€ 1N, U(1) charge u€Z, SO(2)gs
charge ¢ = +1, and

(4.9)

SEAR—AL, AEAR+AL, (410)
denoting the helicity and the conformal dimensions of the
state. The relation between the conformal dimension A and
the masses of the various fields around an AdS; back-

ground of radius # is given by

for fields of spin |s| =1, |s| = 1, and |s| = 3. The sign of
the helicity s for the latter fields is fixed by that of the mass.

B. N =(4,0) supersymmetry enhancement point

Before addressing the higher Kaluza-Klein levels around
the background (2.3)—(2.5), it is helpful to first consider the
supersymmetry enhancement point (2.13)

a=0=fcg=0=2¢—1, (4.13)

at which the six-dimensional gauging is absent, the internal
geometry corresponds to the round S°, and the two-form
flux is vanishing. Compactifications and spectra around
this round geometry have been extensively studied
before [24,27,34-36], and we can use these results to
determine the representation content of the Kaluza-Klein
spectrum, before computing the associated masses.

Around the AdS; x S geometry, the internal bosonic
symmetries enhance from (4.7) to

80(4)gauge ® SO(3)RS ® SO(p)

=S0(3), ®SO(3)_®SO(3)ps®SO(p+1),  (4.14)

and supersymmetry enhances to N = (4,0). Accordingly,
we may label the representations of fields by their spins
under (4.14) and conformal dimensions (A;, Ag) as

(AL Ag), (4.15)
where j, k, and z now refer to the spin of SO(3)_, SO(3),,
and SO(3)gg, respectively. Their decomposition into rep-
resentations (4.9) follows from the embedding (4.8).

The relevant supergroup at the A = (4,0) supersym-
metry enhancement point is

SU(2|1,1) ® SL(2,R)x

D SO(3), x SL(2,R); x SL(2,R)g. (4.16)

This is the small AdS superalgebra in 3D, in which SO(3) |
is the R symmetry in 3D not to be confused with the
SO(3)gs R symmetry in 6D. The short multiplets of this
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superalgebra (in the notation of [24]3) combine the repre-
sentations

(0.)) . k 1/2] k+1
N

k+2
N

with the rhs given in the notation of (4.15), and the notation
(k + 1)) where (j. j,) labels SO(3) s x SO(3)_, and
(k+ 1) is the dimension of the spin % representation of
SO(3).. Since the N = (4,0) supersymmetry is chiral, the
shortening condition for (4.17) only fixes the left conformal
dimensions A; of the various states as functions of %,
whereas the right conformal dimension Ay is uncon-
strained, but constant throughout the multiplet.

The full Kaluza-Klein spectrum at the A = (4,0)
supersymmetry enhancement point has been determined
in [24]. At Kaluza-Klein level n, it is given by the
following sum of SU(2|1,1) ® SL(2,R), short super-
multiplets (4.17)

® ) (4.17)

n-2)/2)

0,n/2)
Specn ( + 1)5:/2/ ® ( + 1>En+2)/2

n+2)/2 0.n/2
& m+1) 52" @ m+ 1),
0,n/ (n=2)/2
® (n+ 3);(1/2 Y@ (n+3) (n+2 /2)/ :
0,(n+2)/2 (0,n/2)
® (n+3), 150" @ (n+3),0 ), (418)

built from the fluctuations on the 6D supergravity multiplet,
together with (p + 1) copies of the supermultiplets

(0,n/2)

Speczectors — (n + 1) A @ ( )(o,n/z)

b, (419)
describing the fluctuations of the (p + 1) six-dimensional
vector multiplets. Note that since the two-form flux is
vanishing, all of the p + 1 vector fields coming from six
dimensions are on equal footing. At Kaluza-Klein level
n = 0, the generic formula degenerates, and the spectrum is
given by

speco = 3 @(3)" @ 3)07,

Specyeer = (3)17, (4.20)
where the first multiplet is the nonpropagating chiral
N = (4,0) supergravity multiplet.

The six-dimensional vacuum solution (2.3)—(2.5) breaks
the symmetry down to (4.7). Accordingly, the spectrum

*With respect to the conventions of [24], we have to switch
chirality L <> R in order to account for an N' = (4,0) [rather
than an A = (0,4)] vacuum.

(4.18) and (4.19) breaks into representations of this smaller
group. For g = 0, the spectrum around the squashed sphere
has been computed in [27], and in the following, we will
extend this result to nonvanishing g. Note however, that the
results of [27] only apply to the bosonic fields of the theory,
since, as discussed above after Eq. (2.12), the computation
was set in another fermionic extension of the bosonic
Lagrangian (2.1). For supersymmetric solutions (3.26),
(3.28) half of the supersymmetry is preserved, and the
supergroup (4.16) breaks down to

0Sp(2/2) ® SL(2.R),

5 U(1) x SL(2,R), x SL(2,R),.  (4.21)

V. KALUZA-KLEIN SPECTRUM

In this section, we will compute the full Kaluza-Klein
spectrum around the background (2.3)—(2.5). As discussed
in the introduction, the states of the Kaluza-Klein spectrum
are conveniently labeled as ®**, where A refers to the full
field content of the three-dimensional supergravity, and A
labels the scalar harmonics on the round S3. The general
Kaluza-Klein mass formula then takes the schematic
form [22,23,28,29]

Mun s = Mupops + NABPQTPQ,AZ +0apMps, (5.1)

where in particular M,z is the mass matrix of the three-
dimensional theory around AdS;. We will thus first
compute the three-dimensional mass matrices M 45, which
carry the mass spectrum at the lowest Kaluza-Klein level.
Next, we will work out the remaining contributions to (5.1)
for the fields of different spin, and derive the Kaluza-Klein
spectrum at all levels.

A. The lowest KK level

The mass matrices for the various fields of three-
dimensional model are read off from the couplings of
(3.1) and its fermionic extension. They are expressed in
terms of the T-tensor of the theory. The latter is obtained by
dressing the embedding tensor (3.7)—(3.9), with the coset
representative V), related as

Mpy = (VVT)PQ’ (5.2)
to the scalar matrix M,y in (3.1). Explicitly, the 7-tensor is
then defined as

(5.3)
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The bosonic mass matrices of three-dimensional gauged supergravity can be expressed in terms of components of the
embedding tensor decomposed in the basis (3.12). Explicitly, they are given by [24,27]

(1)
er\ls -

for the vector fields, and

3

_4TIV|JS s

(5.4)

0 8
ME,FJS = 51! <__TKLMrTKLMs + 8TKLrpTKLsp - TKKTrs + 8TTrs + TKrTKs + Tpers>

8
X 6, <—— TikemT kv + 8T ke pTikrp — Tk Ty + TixTix + Ty TJp>

3

+ 16T1.leTKrsp - 16T1KspTJKrp - 2T1rTJs + 2TISTJr + 2TIJTrs

+ 25rs(Ta\[KTa\JK - Ta|1tTa\.It) - 251JTa|KrTa|KS + 2Ta|1JTa\rs7

for the scalar fields. The last line is the contribution due to
the new components 6, p( of the embedding tensor; for the
R-symmetry gauging (3.9), the last term vanishes. In
contrast, the spin-1 mass matrix (5.4) is not modified by
nonvanishing g. Let us recall that the scalar fluctuations
obey standard second-order Klein-Gordon equations,
whereas the vector fields satisfy first-order topologically
massive field equations, due to the absence of a Yang-Mills
term in the action (3.1).

The fermionic masses of three-dimensional gauged
supergravity are read off from the Yukawa couplings.
We recall that the fermionic mass matrices spelled out
in [27] refer to the N/ = 8 model in three dimensions,
whereas the present model is an N' =4 model with in
particular different representation content for the fermion
fields, cf. (4.4). For the N/ = 4 extension of the bosonic
model (3.1), the Yukawa terms read

e o
e Lyac = S APyl + Ay iy
4~ AIAIBIAIB

>4 (5.6)

in terms of scalar dependent tensors A, A,, A3. These are
explicitly given by

1 1 1
A?B =15 TrstuersméAB + - TrréAB + 7§ Ttl|rs Ca,[rs] (AB)>

12 4
AA,IA o lT ustrC L l T,.C,; L T C .
2 = 3 Tust€ AAr D) 1rCaar + \/§ a|llr~a.AArs

AéAJB — 2T”5A B _ Z Trrél‘](SA B 4 E Trsmerstu5[J5A B

= 8711, Crrgia i) — 2V 2T s Cua iy
1
= =T 41sCo )4 1)

V2

in terms of the different components of the scalar dependent
T tensor (5.3), decomposed in the basis (3.12). The

(5.7)

(5.5)

I

constant tensors C in these expressions are invariant under
the group SO(4), x SO(3)gs from (4.3) under which the
various fields transform as (4.4). They are uniquely defined
by their representation structure together with the normali-
zation, which we choose as

|C“~[”](AB>|2:36’ |CAAr|2:165 |Ca.AAr|2:48,
Clrguas* =3 [CaimP =3, [Cupryary?=36. (5.8)

The Yukawa couplings (5.7) have been defined univer-
sally for all 3D gauged supergravities [33], but they had not
yet been spelled out explicitly for a general N' = 4 gauged
supergravity. Here, we have determined their precise form
from the representation content of the various objects,
together with the following characteristic identities

1 1

ALCARE =S ATIATI = 25,

MPAL = AN = oW (59)
often referred to as supersymmetric Ward identities, relat-
ing the matrices A, A,, Aj, to the scalar potential V from
(3.16) and its covariant variation W,;, defined by (5.9).

The fermion mass matrices in three dimensions are then
read off from (5.6) and given by

3/2 1/2
Mfué )= —A14p. MEA/_JL = —Aszaup

(5.10)

in terms of the Yukawa tensors (5.7), where the T tensors
(5.3) are to be evaluated on the background solution (AS5).

Evaluating all the mass matrices given above, the
resulting masses are collected in Table I, as functions of
a and S, and further translated into conformal dimensions
according to (4.11), (4.12). Masses are given in units of the
inverse AdS; radius #~!, given by

B g” _ cosh*a _ sinh? acosh® a
(-2 ¢ 28

as found in (3.18), (3.20), above.

fZ

(5.11)
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TABLE 1. Mass spectrum of three-dimensional supergravity. (s, A, §) denote the helicity, conformal dimensions

from (4.11), (4.12), and degeneracy, respectively.

s mt A 0

0 V8 4 1

0 0 2 4+p

0 2coshasinh 1+ /1 + 4 cosh? acosh? 6+2p

1 2 3 1

-1 -2 3 4+p

1 1+ /1 + 4 cosh? asinh? § 2+ /1 + 4 cosh? asinh? 2

-1 1 — /1 + 4cosh? asinh? g /1 + 4 cosh? asinh? 2

-1/2 1+ cosh(a £ j) 3 + cosh(a £ j) 12+4p

1/2 —3 —cosh(a £ ) 3 + cosh(a £ j) 2+2

-3/2 %—cosh(a:l:ﬁ) %—i—cosh(a:l:ﬁ) 2+2
At the supersymmetric point (3.28), a = #0, OSp(2[2) ® SL(2,R). (5.12)

two of the gravitinos become AdS massless (m¢ :%),
and accordingly, two more (de-Higgsed) fermions
appear with m¢ = % At this point, the fields organize
into A =(2,0) supermultiplets, under the super-
group (4.21)

TABLE II. Spectrum at KK level O for the supersymmetric
vacua with y = cosh? a = cosh? 8. Multiplets are separated by
double lines. The first three multiplets correspond to nonpropa-
gating degrees of freedom. The first two of these transform only
under the SL(2,R); factor of the group (5.12).

The full spectrum at the supersymmetric point is presented
in Tables II and III, where we have also included the
nonpropagating vector and graviton multiplets for which
|s| = A. At a = = 0, supersymmetry further enhances
to N = (4,0). Accordingly, at this point the massive spin-
3/2 multiplet of Table II becomes massless and enhances
the N = (2,0) supergravity multiplet to the full N =
(4,0) supergravity multiplet of (4.20), leaving two more
(de-Higgsed) fermions and scalars. The full field content
at this point organizes into the N' = (4,0) supermultip-
lets (4.20).

B. Higher KK levels

Ap Ag A s U]uq) . . .
The mass spectrum of three-dimensional supergravity
0 2 2 2 (0] computed in the last section yields the masses for the states
0 1 1 1 1], at the lowest level within the full Kaluza-Klein spectrum.
We shall now extend this result to all higher Kaluza-Klein
2 0 2 -2 [0], .
levels. According to the general structure of the mass
3/2 0 3/2 -3/2 0] . .
+1 matrices (5.1), we need to combine the result from the
! 0 ! -1 (O lowest Kaluza-Klein level with the scalar harmonics on
2 1 3 -1 [0], @ [1], the round S°. The latter are given by the tower of
3/2 1 5/2 -2 (F @ 1)F
1 1 2 0 [0], & [1],
TABLE III. Additional states from the p additional vector
2 2 4 0 0], o ;
multiplets in the spectrum at KK level O for the supersymmetric
3/2 2 7/2 1/2 [0](i) ; 5 5
+1 vacua with y = cosh” a = cosh” .
1 2 3 1 [0],
1247 —l+y —1/242 =32 e AL Ag A s ni%
y 14y  —1+2% -1 0], 2 1 3 -1 0],
1/2+7y v 1242y  —=1/2 e ?/2 1 5£2 —10/2 [0(];;1)
v v 2y 0 (1] O
24y Ly 3242712 0] 12+ y 1/2+2 -1/2 o)
v 1+y 1+2y 1 [0].5 v v 2y 0 0.,
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symmetric traceless tensor representations the isometry

group SO(4) ange 35

Mo é<2,2> S0(4)-U() é ® F} ’ (5.13)
n=0 2°2 n=0ueP, 2 u

where we also give the decomposition of these representa-
tions under the U(2) isometry group of our background.
Furthermore, P,, denotes the set of integers ranging from
—n to n in steps of two.

The action of the mass matrices (5.1) on the harmonics is
implemented by the representation matrices (7pg)’*
which satisfy the algebra

’

[TPQv TRS] = _®PQ\[RTTS]T + ®RS\[PTTQ]T' (5~14)
Explicitly, they can be realized as matrices
(2,0 = V28,5,
1
)Y = ——=¥m . xy=1,...,4, 5.15
(z"o) 7 y (5.15)

when acting on the SO(4) vector representation. Their
action on higher harmonics can then be constructed via the
matrices

YieeYn —

<TPQ)X1...xn = ((}’15}‘22".5)’,:))

. (5.16)

(TPQ)((XI
where  ((...)) denotes traceless symmetrization.
Alternatively, it may be convenient to represent the 7 p,
as differential operators

TPQ = yx(TPQ)xYa),, (517)

acting on polynomials P()**) of the fundamental harmonics
V¥ with

Yy =1, (5.18)
from which the matrix representation (5.16) is immediately
deduced. In the mass formulas, these representation matri-
ces will always appear dressed with the coset representative
(A5), which we denote as

Tpg =V 1p" (V") %p0.

(5.19)

We now present the analysis for each spin sector separately.

1. Spin-2

In Kaluza-Klein reductions, the spin-2 fluctuations come
in the representations of the scalar harmonics (5.13). In
three dimensions, there appear two copies of this tower
related to the two helicities of the spin-2 states

2H=O @ 2{%}

n=0uep,

(5.20)

The spin-2 mass formula takes a compact form in terms of
the representation matrices (5.14) as [22,24]

2

MY =-2TpoTpg) - (5.21)
For ¢ =0, (i.e., @ = 0) this spectrum has been computed
in [27], and the normalized masses have been determined as
a function of the Kaluza-Klein level n and the U(1) charge

u as
m*¢?|,_y = n(2 + n) + u* sinh* §. (5.22)
The effect of a nonvanishing ¢ enters the mass for-
mula (5.21) via the dependence of the dilaton ¢ on g
according to (3.20). The structure of the background matrix
(A5) shows that this only affects the components M =
€% and M, = €>?. Combining this with the structure of
the representation matrices (5.15), we find that the presence
of g modifies the spin-2 masses by an overall factor e=2?. At
the same time, the AdS radius # changes according to
(3.18) by a factor of ¢>?. Combining these effects, we read
off the normalized spin-2 masses for nonvanishing g to be
m*¢? = cosh? a[n(n + 2) + u? sinh? ], (5.23)

where we have used (3.29). The associated conformal
dimensions are thus given by

A=1+TB

b (5.24)

with

FB

B =1/1+cosh2aln(2 + n) + ulsinh? g, (5.25)
At a =0, this consistently reduces to the value found
in [27]. For later use, let us note that for special values
of u, these expressions simplify at the supersymmetric
point (3.28)

Iﬂ?n,n+2)|ﬂf=/3 ==+ (n+2)y.

1—‘1(3n,n)|051ﬁ =1+ ny, (526)
with y = cosh? @ = cosh? 3. Let us also note that
F](an,u)la:():/j =n+1, (5.27)

for all values of u, at the full supersymmetry enhancement
point (3.30) corresponding to the round S background.
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2. Spin 3/2
According to our general discussion, the spin 3/2
fluctuations can be labeled as y4>, where A =1,....4,

is the index of the 3D gravitino. Accordingly, the repre-
sentation content of the spin-3/2 Kaluza-Klein towers is
given by

(05 @) eH

0 () (£ (+)
81 ol e 02 ) e
n=0 2 —n—1 2 n+1 ueP,_ 2 u

in the notation (4.9). We recall that P,, denotes the set of
integers ranging from —n to n in steps of two. The mass
operator on the towers of spin-3/2 fluctuations is given by

M,(fz/ig),\ = —AB85p + 8Cgum T rsza- (5.29)
Here, the first term is given by the 3D gravitino mass matrix
(5.10), while the second term carries the dressed repre-
sentation matrix (5.19) and is determined by group theory
up to its relative coefficient. As in (5.7), the constant tensor
Clrgjap) is invariant under the group SO(4), x SO(3)s,
and uniquely defined by its representation structure and
normalization, chosen here as |Cag)|* = 3. The coset
representative ) is to be evaluated on the background (AS).

We stress once more, that the gravitino mass matrix used in
|

the analysis of [27] is not applicable here, since the present
model is an A" = 4 and not an N = 8 supergravity in three
dimensions, with in particular different representation
content for all fermionic fields.

The spin-3/2 masses can conveniently be extracted from
the following operator identity,

1 2
(M(W)f - 5Id) = 1d + cosh® a(Cso () + U? sinh? )

+ cosh f# sinh a(cosh f sinh

+2QU ssinh ffcosha), (5.30)

valid on the entire towers of Kaluza-Klein harmonics. In
turn, this identity can be derived from (5.29) by represent-
ing the 7y as differential operators (5.17). Here, Cso(4) is
the Casimir operator acting on the SO(4) harmonics [4,]
with eigenvalues n(n + 2), and U and Q denote the U(1)
generator and the SO(2) ¢ generator of (4.7), respectively.
From this identity, together with (4.12), we read off the
conformal dimensions for the two helicities s = +3/2, as
A =1+ |m?|

3 1 3 3
s=—=:A=—+IT s=+-:A=—+4TIF

2 2 (nwa)y 2 2 (nwa)y (5.31)

with

an,u.q) = \/(F?n_u))z + cosh #sinh a(cosh g sinh @ + 2qu sinh ff cosh a),

and F?n,u) from (5.25). Note that at the supersymmetry
enhancement point a = f this expression simplifies to

Fl(:n,u,q)|a:ﬂ = F](Sn,u+q)|a:ﬁ’ (q = il)? (533)
which will be crucial in identifying the supermultiplet

structure below. On the other hand, for @ = 0, we note that

Fl(sn,u,q) |(l:0 = Fl(sn’u) |(1:()1 (534)
thus in particular
F](:n,u,q)|a:0:ﬁ =n+1, (5.35)

at the full supersymmetry enhancement point (3.30),
similar to (5.27). At this point, the mass spectrum of the
spin-3/2 states reproduces the result given in (4.18).

3. Spin-1

The mass matrix for the spin-1 fluctuations has been
determined in [24] and is not modified by the presence of

(5.32)

the additional components of the embedding tensor (3.9)
for nonvanishing g. It is given in terms of the 7 tensor (5.3)
and the dressed representation matrix (5.19) as

MEBWSE =—4T 15500 =40, T [y as +461,T 15 a5 (5.36)

The spin-1 fluctuations of six-dimensional supergravity
give rise to the following U(2) representations

&> (%], %7)

«9:H092H; o

ueP,

at Kaluza-Klein level 7. In addition, each of the Abelian 6D
vector multiplets gives rise to additional states

g?)z B] (5.38)
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Evaluating the mass operator (5.36) on the lowest Kaluza-
Klein levels, we observe an intriguing structure for the mass
spectrum: the resulting masses precisely take the form
found in [27] for g = 0, simply with all I's now given by
F?W) of (5.25). This is exactly the same pattern as for the
spin-2 fluctuations in (5.24). Explicitly, this corresponds to
conformal dimensions

A={rB

B
(W),z +TIP

(n,u)

(5.39)

In order to identify the correct assignment among these two
values for the conformal dimension of a given state, it is
most convenient to make use of the limit (5.27) of F‘(3n 0) and

match the result against the spectrum (4.18), (4.19) at the
N = (4,0) enhancement point.

4. Spin-1/2

The mass operator on the tower of spin-1/2 fluctuations
is given by

M/(;{/;gj/\ = —AL P 55 =887 Clga g T rsza

~ 8857 11.50. (5.40)
The first term is given by the 3D fermion mass matrix
(5.10), while the remaining terms carry the dressed repre-
sentation matrix (5.19) and are determined by group theory
up to their relative coefficients. The constant tensor Ci,q(4
has been introduced in (5.7) above. Again, we recall that for
the fermion mass matrices we cannot employ the N = 8
formulas from [27], but have to directly establish the
N = 4 formulas.

The spin-1/2 fluctuations organize into the following
U(2) representations

n=21E  [n]&  [n4+2]1E)
& ([, e, =)

0.8 ([, o] o['7,) o

u u u

together with p copies of

n n

— and =,
ug,_] |:2:| u ue@"+] |:2:| u

descending from the vector multiplets in six dimensions.

Evaluating the mass operator (5.40) on the lowest
Kaluza-Klein levels, we observe a structure similar to
the spin-3/2 masses computed above: the dependence of
all spin-1/2 masses on the Kaluza-Klein level n and the
U(1) charge u is entirely encoded in the I'Y ) from (5.32).

(n,u
Explicitly, we find conformal dimensions

(5.42)

_ 1 F 3 F
A= {‘ 2 T gy 3+ T }

for states of helicity s = —1/2, and conformal dimensions

1 5
_ ) _ F = F
A= { 5T ey r(nw},

for states of helicity s = +1/2, respectively. Again, the
most straightforward way of identifying the conformal
dimension of a given state follows from comparing its
mass at the N' = (4,0) enhancement point (4.18) to the
limit (5.35).

5. Spin-0

Finally, the mass matrix of the spin-0 fluctuations can be
read off from [24,27], specifically from Eqgs. (4.10)-(4.12)
of [27], after replacing their equation (4.11), the contribu-
tion from 3D supergravity by formula (5.5) above, in order
to account for the additional g-dependent contributions
form the scalar potential.

The spin-0 fluctuations organize into the following U(2)
representations

e(.ef)e.e (7))

o8 ([77=[7)

together with p copies of

o

& [g] and @ E (5.43)

UEP, » UEP, s

descending from the vector multiplets in six dimensions.

Evaluating the spin-0 mass operator on the lowest
Kaluza-Klein levels, we find the same structure as for
the fields of higher spin above, the resulting masses
precisely take the form found in [27] for g = 0, simply
with all T’s replaced by I'P ) of (5.25). Explicitly, this

(n.u
corresponds to conformal dimensions of the form

,1+18

A={-1+TB -

B
(.t 3407 1

() (5.44)

VI. SPECTRUM AND MULTIPLET STRUCTURE

We have in the previous section determined the full
Kaluza-Klein mass spectrum of 6D minimal gauged super-
gravity around the two-parameter background (2.3)—(2.5),
by using the consistent truncation to 3D gauged super-
gravity and the general mass formulas obtained from the
EXFT formulation of the model. In this section, we give a
compact summary of the resulting spectrum and of its
supermultiplet structure.
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Let us start by recalling the two-parameter background
solution (2.3)—(2.5) of (2.1). In terms of the parameters a,
from (3.27), in terms of which we have computed the
spectrum, this solution takes the form*

1
—o% +

2 (12442
ds® = (L dsiags, +4

1
Zcoshzﬁ(a% + a%)) ,

1
F = —tanh a tanh fo; A 0y,
29

1 tanh’a
~ g*cosh’p
e? = 4g*coth*acosh*,

(L wpgs, + @g3),

(6.1)

with L = cosh acosh 5. Along the line @ = f in parameter
space, this solution, which reduces to that of [19],5 pre-
serves four real supercharges [N = (2,0) in three dimen-
sions], such that the corresponding spectrum organizes into
supermultiplets of the ' = (2,0) supergroup (4.21)

0Sp(2|2) ® SL(2,R). (6.2)

At a = f# = 0 [which has to be accompanied by sending
the gauge coupling g — Ttanh a — 0, in order to keep the

dilaton in (6.1) regular], the background reduces to the
standard AdS; x $°, and supersymmetry is further
enhanced. At this point, the full spectrum was given in
(4.18), (4.19) in terms of the bigger supergroup SU(2|1, 1).

In the following, we first briefly review the structure of
supermultiplets of the supergroup OSp(2|2), before pre-
senting the full Kaluza-Klein spectrum organized in such
supermultiplets, and its different limits in parameter space.

A. OSp(2|2) supermultiplets

Representations of the supergroup (6.2) were studied
in [37], see also [38,39]. A long A/ = (2,0) multiplet is
generated by the action of the two supercharges onto a
highest weight state (HWS) state whose representation we
label as [;],(s|A) in the notation of (4.9). Accordingly, we
label the full multiplet as {[j],(s|A)}. Its full representa-
tion content is given by

“This form of the solution can also be obtained directly from
(2.3)-(2.5) by the map: L = coshacoshf, &= cosh?f, k=
tanh a tanh 8/(2g) and g = tanh® @/ (g? cosh? ). The condition
(2. 10) is automatically satisfied for any value of a and f.

The map to the parameters used in the solution of [19] is

given by P = b? = 8;2 wh’a a5 well as k = 4ga> = - _tanh® @,
cosh” o

together with a rescaling (2.2) of metric and drlaton wrth

A =u"' = +2gcothacosha.

{0, (51) [1.(514)
U (s=a+d) @ Ul (s-41a+3)

Ulu(s=1]A+1)

(6.3)

in the notation of (4.9). As a consequence of the chiral
structure of the supergroup (6.2), the combination A, =
1(A + s5) remains constant throughout the multiplet. For
u > 0, the multiplet always appears together with its
complex conjugate {[j]_,(s|A)}., for u = 0 the multiplet
is real. As usual for long multiplets, in terms of represen-
tations of the bosonic subgroup (4.7), its field content is a
tensor product of the HWS [j],(s|A) with the multi-
plet {[0]o(0[0)}.

Multiplet shortening for this group happens when the left
conformal dimension A;, = 1 (A — s) saturates the unitarity
bound, more precisely, when A; equals the U(1) charge,
measured in proper units. As it turns out, in our spectrum
the natural unit for the U(1) charge is 1y = 1cosh?a =
cosh? B, in terms of the deformation parameters a, B
Specifically, we find that at this value, the long multiplet
(6.3) breaks into two short multiplets, which we denote as

(U618 sy — (U5 @ {a (5-3)

(6.4)

The short multiplet {[j],(s)}s carries the representation
content

{l]u(s)}s: [ (sls +uy)

. (6.5)
IS5 (s = 1s + uy + 1)

and for u > 0 appears together with its complex conjugate
{[J]_.(s)}s- In [37] these short multiplets have been
referred to as the atypical representations of the supergroup
(6.2). We will see that the Kaluza-Klein spectrum for the
N =(2,0) supersymmetric background organizes into
infinite towers of both, long and short supermultiplets.

B. Kaluza-Klein spectrum

We can now present the full Kaluza-Klein spectrum
around the two-parameter background (6.1). A central
result of the explicit computation in Sec. V is the obser-
vation, that the conformal dimensions of all fields are given
in compact form in terms of the functions F?nm from (5.25)

®The natural U(1) unit follows from evaluating the commutator
of supersymmetry transformations.
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for the bosonic fields, and an%q) from (5.32) for the

fermionic fields, respectively. Moreover, in the limit a =
f =0 to the supersymmetry enhancement point, both
functions become independent of the U(1) charge u, and
are given by 1+ n in terms of the Kaluza-Klein level n,
cf. (5.27), (5.35). Inverting this relation, this offers a direct
and efficient way to present the full spectrum. We start from
the explicit A" = (4,0) spectrum (4.18), (4.19), at the
supersymmetry enhancement point, break all SO(4) g0 X
SO(3) g, representations under the bosonic subgroup (4.7),
and replace in the expressions for the conformal dimen-
sions

bosons: n — —1 +F](3 a)>
fermions: n — —1 + an wg) (6.6)

with the functions from (5.25) and (5.32). This yields the
entire Kaluza-Klein spectrum around the two-parameter
background.

As an example, let us illustrate the structure for the states
in the A/ = (4,0) spin-2 multiplet (r + 3)51/2/ Vin (4.18).
Explicitly breaking its field content (4.17) under 4.7)
yields the following states

m+33” — @ [3] anery,)

uep,

in the notation of (4.9), where we have used the prescription
(6.6) in order to fix the conformal dimensions. We recall
that P, denotes the set of integers ranging from —n to n in
steps of two. The structure of states is illustrated in Fig. 1
on a (u,s) lattice, with black dots representing bosonic
states, and red and blue dots representing fermionic states
of SO(2)gs charge ¢ = £1, respectively. All states trans-
form in the [5] representation under SU(2).

At the supersymmetry enhancement point a = f = 0,
we have

L plao—p =T uanlaop =1+n=T,  (6.8)
i.e., none of the conformal dimensions depend on u, and all
the states in Fig. 1 consistently fit into a single multiplet,
with conformal dimensions given by T, %—I— I',, and
1 +T,, respectively. For nonvanishing a and S, the
conformal dimensions of the various states depend on their
U(1) charge u according to (5.25) and (5.32). As a result,
the conformal dimensions of bosonic and fermionic fields
no longer differ by half integers and can no longer be
accommodated in a supermultiplet, consistent with the fact
that the solution breaks all supersymmetries for generic
values of a and f. Interestingly, however, we note that even
for the nonsupersymmetric solution, the masses of the
bosonic spin 1 and the spin 2 fields are still related, such
that their conformal dimensions differ by 1. We will come
back to this observation in the conclusions.

At the N = (2,0) supersymmetric line a = p, the

n|& /7 311
® D {5} ( 2‘ 5 + an " ﬂ)) conformal dimensions of neighboring fermionic and
u€Puy L] u bosonic states are related via (5.33)
n
® @ 3| i), 67) : .
u€P,n 2 u (m.4) F(n,u,il)|a:ﬂ = F(n,uil)|a:ﬂ' (69)
u
-n-2 -n -n+2 -n+4 n—-4 n-=2 n n+2
—-n -1 —-n+1 -n+3 n-3 n—1 n+1
B
(-21+1%,)
olo o
3L (F)
( 2 | 2 + I1(n,u,tl))
olo o
(-1[r%.)
s
FIG. 1. States of the ' = (4, 0) spin-2 multiplet (r + 3),(3; /2) decomposed into N = (2,0) multiplets. On the vertical axis, we trace

the helicity from —1 to —2, while the horizontal axis indicates the U(1) charge u, ranging from —n — 2 to n + 2. The long multiplets are
depicted as diamonds while the green lines at the utmost left and right represent short multiplets.
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This relation shows that these states regroup in long
N =(2,0) supermultiplets (6.3), which we depict as
diamonds in Fig. 1. The conformal dimension of their
HWS is given by
A= Iﬁn u - F(n u) |a =p* (610)
This multiplet structure is a strong consistency test on the
masses obtained by explicit computation. Furthermore, the
figure shows that at its left and the right boundary, for
|u| > n + 1, there are two leftover states that do not fit into
such long multiplets. However, for the bosonic extremal
states, relation (5.26) implies that
A=—-14+(n+2)y=s+uy, (6.11)
with y = cosh? @ = cosh? 3, i.e., these states precisely
satisfy the condition for multiplet shortening (6.4) and

combine into short multiplets (6.5) indicated by green lines
in Fig. 1.

Speclong,n =

m{[zl

Putting everything together, we thus find the multiplet

breaking
. ),

® D

EP{H 1|Fn,u)}L, (6.12)

(n+3),3" —

ofan ' = (4,0), SU(2|1, 1) supermultiplet into a series of
long N = (2, 0) supermultiplets of OSp(2|2) together with
a short (complex) N = (2,0) supermultiplet. A similar
pattern emerges for the decomposition of all the other
multiplets in (4.18), (4.19). Summarizing the result, we find
that the full Kaluza-Klein spectrum of 6D supergravity
around the supersymmetric family of solutions with a = f,
at KK level n is given by the following series of long
OSp(2|2) multiplets (6.3)

g {fon) o @l om) o g (o),
wio) o g (57 ) 0 @ {5 mon),

°,@ (3]t @ @ {[3] o v,

(6.13)

together with the following (complex) short multiplets (6.5)

S R R O R )
o[ o) o, oh, o {0} o {00 e

Here, I',, is defined by (6.10), and the conformal dimensions of the HWS of the short multiplets are given by
A = s + uy. We also recall once more that P, in these expressions denote the set of integers ranging from —n to 7 in steps

of two.

In addition, each of the p additional vector multiplets coupled to the 6D supergravity (2.1), gives rise to the following

supermultiplets

vectors __
Speclong,n -

8 (] om} o @ (] or- e

sveciin = { 3| 0} {3
+n S

5L<,,+2><0>}s-

(6.15)

The structure (6.13)—(6.15), of the spectrum is generic for Kaluza-Klein levels n > 2, whereas at the lowest KK levels
n =0 and n = | some degeneracies appear. In particular, for n = 0 the spectrum is given by the sum of supermultiplets
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Spec,—o = {[0].2(=1)}s @ {[0] .o (1) }s @ {[1]12(0) }s
@ {[0]o(113)}L @ {[1]o(012)}L & {[0]o(0[2)}..
(6.16)

Spec, 25" = {[0]12(0)}s @ {[0]o(02)}., (6.17)
as explicitly presented in Tables II and III above. Forn = 1,
it is sufficient to drop from the general expressions
(6.13)—(6.15) all states of the type [— %] We recall that
the HWS of a short multiplet comes with conformal
dimension A = s + uy.

Let us finally note that, somewhat unexpectedly, at
Kaluza-Klein levels n > 0, the spectrum of fluctuations
from the p Abelian vector multiplets (6.15) precisely
coincides with the spectrum of fluctuations originating
from the distinguished vector multiplet, which carries the

|

nonvanishing background according to (6.1). Explicitly, the
spectrum (6.15) descending from the additional p vector
multiplets coincides with the last terms in (6.13) and (6.14),
respectively, which in turn describe the fluctuations around
the distinguished background vector multiplet. Only at the
lowest Kaluza-Klein level n = 0, the spectrum of the p
vector multiplets (6.17) differs from the spectrum of
fluctuations around the distinguished vector multiplet
contained in (6.16).

C. Limits and scale separation

We have computed the full Kaluza-Klein spectrum
around the two-parameter solution (6.1). For the super-
symmetric background with a = f, we have given the result
in towers of OSp(2|2) supermultiplets in (6.13)—(6.15). In
particular, we have shown that all conformal dimensions for
bosonic and fermionic fields are linear in the functions

0. = \/1 + cosh? a[n(2 + n) + u?* sinh? f],

r = \/(F‘(3 ))2 + cosh S sinh a(cosh ff sinh a + 2qu sinh f cosh a),

(naug) — n,u

from (5.25) and (5.32), respectively. As a first nontrivial
observation, we conclude that all scalar fields are stable
(with masses above the Breitenlohner-Freedman bound),
for arbitrary values of a and f, i.e., even for the generic
nonsupersymmetric background in this family. Next, we
see from (6.18), there is a scale separation in the sense that
for n, u # 0 the ratio of scales

¢  coshasinhf < ora.fp> 1.

(6.19)

where £k is the length scale of the KK excitations. This
means that for large a all bosonic masses become very large,
except for the states with n = 0 = u. These are the 5 + p
scalar fieldsand 5 + p massive vector fields from KK level 0,
listed in Table I, together with the four massless U(2) gauge
vectors. For generic value of /3, all fermionic masses diverge
in this limit. The spectrum thus exhibits scale separation, with
only finitely many states retaining a nondiverging mass.
Moreover, the conformal dimensions corresponding to these
remaining fields are all integer as has been observed in other
scale separated spectra [7,9,11,20,21].

For the supersymmetric case @ = f3, in the same limit of
very large a, also the masses of 10 + 2p fermionic super-
partners from KK level O stay finite, as given in Tables II
and III. The spectrum thus exhibits scale separation even in
the supersymmetric case, and the model in this limit
reduces to a chiral 3D, N' = (2,0) theory with 10+ 2p
bosonic and fermionic degrees of freedom, coupled to
the nonpropagating N = (2,0) supergravity multiplet.

(6.18)

|

For p =0, the finite mass bosons are five topologically
massive vectors and five scalars with integer conformal
dimensions, and in the supersymmetric case the super-
partners have half integer conformal dimensions.

In the case of @ = f, interestingly it has been observed
in [19] that in the @ — co vacuum solution (1.1) turns into
(Minkowski), x S? solution of [13]. This can be seen by
rescaling (2.2) of metric and dilaton with A =pu~! =
V2gcosha, redefining y = zcosha, and taking the limit
a — co. This gives a (Minkowski), x S? solution [13] in
which the $? radius is given by 1/(2v2g), F = 1/(2g),
H =0, and ¢ = 1. For a discussion of the subtleties
pertaining to the topological issues, see [19].

The case a = 0 corresponds to g = 0, i.e., no gauging in
the 6D theory. The background in this case was already
found and studied in [27]. Although nonsupersymmetric in
the present model, the o = 0 solution is supersymmetric
within another supersymmetric extension of the model [to
nonchiral 6D, N = (1,1) supergravity], as discussed
above. In that case, upon taking the limit f — oo, the
masses of infinitely many fields diverge, however, as seen
explicitly from the form of (6.18), the masses of all fields of
vanishing U(1) charge remain constant along the deforma-
tion. We are thus still left with infinitely many fields of
masses independent of  and comparable to the AdS; scale,
hence there is no scale separation in this case.

At =0, the sphere S3 becomes round and conse-
quently the bosonic symmetry enhances to SO(4) while
supersymmetry is fully broken. Still in the limit @ — oo, the
spectrum exhibits scale separation with 7 + p scalar fields
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and 7 + p massive vector fields from KK level 0 keeping a
finite mass, while all other masses diverge.

Finally, at # = 0 = a, we recover the known AdS; x $3
solution of ungauged 6D supergravity, with supersymmetry
enhancement to 6D, N = (1,0) [equivalently 3D,
N = (4,0) in three dimensions]. The spectrum is given by
(4.18), (4.19), with all masses comparable to the AdS5 scale.

VII. CONCLUSIONS

We have in this paper determined the full Kaluza-Klein
spectrum of six-dimensional chiral gauged Einstein-
Maxwell supergravity around the two-parameter back-
ground (6.1) whose geometry is the direct product of an
AdS; with a squashed three-sphere S°. The computation
has employed the consistent truncation of the model to 3D
gauged supergravity and the general mass formulas
obtained from the EXFT formulation of the model.

We have observed that for all supersymmetric and
nonsupersymmetric backgrounds, all scalar fields are
perturbatively stable, i.e., exhibit masses above the
Breitenlohner-Freedman bound. Moreover, the spectrum
exhibits parametric scale separation: in a particular limit in
which «a is very large the masses of all but ten bosonic fields
become very large. Their conformal dimensions are given
by integers, as was observed in other scenarios of scale
separation. For the supersymmetric family of backgrounds
(a = p), also ten of the fermionic masses remain finite with
half-integer conformal dimensions consistent with the
OSp(2]2) supermultiplet structure. It will be interesting
to revisit and analyze these results within the Swampland
Program.

For the supersymmetric family of backgrounds, we have
furthermore shown how at generic values of a = f the full
spectrum organizes into infinite towers of both long and short
supermultiplets of the background isometry supergroup
OSp(2|2). The understanding of this exact spectrum, par-
ticularly the tower of protected short multiplets, should
provide further insights for exploring the still elusive holo-
graphic CFT dual of the Salam-Sezgin model. We have also
noted that in the @ — oo limit, the vacuum solution (1.1)
becomes the (Minkowski), x S? solution of [13], as was
found in [19]. The KK spectrum of this compactification is
known [13,40]. It would be interesting to study possible
implications of this spectrum for the @ — oo limit of the
spectrum we have determined for the vacuum (1.1).

Another interesting observation in the spectrum is the
following. Even for the generic non-supersymmetric back-
ground f # a, the bosonic fields still organize into couples
with conformal dimensions that differ by integer values.
They could still fit into supermultiplets, however the
fermionic fields break this structure. This might be taken
as an indication that the solution can actually be embedded
into a model with larger supersymmetry, of which some
part is preserved, although invisible within the N" = (1, 0)
model. Another sign pointing to this is the fact that the

solution for @ = 0 breaks all supersymmetries in the " =
(1,0) model, but is supersymmetric within the N' = (1, 1)
model [27]. A candidate theory would be the N' = (2, 1)
theory [41] into which both, the A = (1,1) and the
N = (1,0) model can be embedded with identical bosonic
sector [30].

The fact that we have found AdS compactification with
parametric scale separation by starting in a dimension lower
than 10D, and taking into account R-symmetry gauging, is
to be contrasted with the result of [2] where the Maldacena-
Nufiez theorem [42], which at the level of 10D supergravity
excludes Minkowski and de Sitter flux compactifications
(no orientifolds) was generalized to exclude AdS vacua
with parametric scale separation. A crucial difference is that
in Roman’s massive Type IIA supergravity, the sign of the
dilaton potential is negative, while it is positive in the
Salam-Sezgin model. As noted in [43], this suggests, in
view of [42,44], that any nonsingular internal space must be
noncompact. Indeed, the Salam-Sezgin model has been
derived from a reduction of pure 10D type I supergravity
reduced on a three-dimensional noncompact hyperboloid
H(2,2), followed by a consistent chiral truncation after a
circle reduction [43]. However, this does not provide a
string/M theory origin of the anomaly-free extension of this
model, since it leaves out Yang-Mills and hypermultiplet
couplings needed for anomaly freedom. Nonetheless, it
motivates a closer look at the noncompact manifolds in the
reductions of 10D and 11D supergravities. One approach
for obtaining the highly nontrivial matter field content of
the 6D anomaly-free R-symmetry gauged supergravities,
may be to employ the Horava-Witten style bulk +
boundary construction by considering the heterotic 10D
supergravity on M°® x H,, x (S'/Z,) [45]. As noted
in [45], reduction on a noncompact space obviously raises
important issues, which would need to be addressed to
make such a construction physically reasonable.

Let us alert the reader to the fact that often in the literature
the terminology of “gauged 6D supergravities” is used even if
there is no gauging of the R-symmetry group. For example,
the F theory constructions of gauged 6D supergravities
in [46,47] lack R-symmetry gauging, even though the reader
may have an impression to the contrary from [48]. In
summary, there is no known F-theory construction of
R-symmetry gauged 6D supergravity to date.

Finally, it would be useful to investigate the consequences
of our scale separation results in this paper in the context of
the AdS swampland conjectures, both in their weak and
strong form [12]. These are reviewed in [5] in considerable
detail. Since these are at this stage conjectures, the assump-
tions and arguments that go into them must, of course, be
scrutinized in depth. At the same time, they further motivate
the study of the consistency of the anomaly-free R-symmetry
gauged 6D supergravities beyond the local anomaly free-
dom, including global and inflow anomalies, and several
other swampland conjectures.

126018-18



SCALE SEPARATION ON AdS; x S WITH AND ...

PHYS. REV. D 111, 126018 (2025)

ACKNOWLEDGMENTS

We would like to thank Camille Eloy, Gabriel Larios,
Yi Pang, and Dimitrios Tsimpis for very helpful discus-
sions. We thank each other’s home institutions for hospital-
ity during this work. The work of E. S. is supported in part
by NSF Grant No. PHYS-2413006.

DATA AVAILABILITY
No data were created or analyzed in this study.
APPENDIX: THE 3D SCALAR POTENTIAL
AND FAMILY OF STATIONARY POINTS

The scalar potential of A" = 4 gauged supergravity with
an embedding tensor (3.8), (3.9), is given by

1
V= o OporsOruvw (M MYCMYRMWS

— 6MTPMUC)VRyWS 4 GAfKP yLQpMR NS
_ 371KP,7LQ’7MR,]NS)
1
+ EQPQGRS(ZMWMQS — 2yPRyQS — MPQMRS)

1
- Eea,PQea,RSMPR”QS' (Al)

The first three lines can be extracted from the general
structure of the half-maximal N = 8 result [36,49]. The
last term in the potential is the contribution due to the
R-symmetry gauging in six dimensions. In order to evaluate
this potential, we choose an explicit parametrization of the
SO(5,4)/(SO(4), x SO(5)) coset representative. After
gauge fixing the local (R?®x R3) x R! shift symmetry
of (3.3), it may be described in a solvable gauge as

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

0 i, o 0 o
vel=| 0 o v 0 o0 :

0! 0 0 e? 0

0 V2T Ti0 0 1

(A2)

in terms of the remaining 13 scalar fields. Here, ¢,,, and
v, are an antisymmetric and a symmetric 3 x 3 matrix,
respectively, with detrv = 1. The three-dimensional dilaton
is denoted by @, and &, is a three-component vector,
moreover, (£2), = &,&,. With this parametrization, the
potential has been computed in [27] and takes the form
(3.16) with

f(®) = %Tr(m +m™) = %Tr(gbm‘]ql)) + Tr(¢pm="'E) + Tr(&2)

+ %Tr(ézm‘lfz) - %det(m‘l)(l CTe(d?) — Te(E) + Te(&2)?)

0| = A=

where T(A, B, C) = €,,,€,,s,A™B"CP*, and m =w'. A
family of stationary points of this potential for g = 0 was
found in [27] with

v=diag{1,1,e~}, 5:{0,0, 1—e-2w}, P=0=g.
(A4)

According to the discussion after (3.18), this gives rise to a
family of solutions for the full potential with nonvanishing
g, upon shifting the value of @ according to (3.20). The
coset representative evaluated on the solution is then
given by

T(m™'m + (& + ¢)m™ (& = ¢) + 28 m + (& + ¢)m™ (& = §) +28%),

T(m™'(&* = ¢). (& + ¢)m™"m+ (& + ¢)m™ (& — ¢) +287)

(A3)
10 000 0 0 0 0
01 000 0O 0 0 0
00e“00 2sinhw (0 0 —v2¢
00010 0 ‘0 0 0
veE=l00 001 o ‘o 0o o |,
00 000 ¢ 0 0 0
00 000 0 0 0
00 000 0 ‘0e? 0
00 0100-v2e°¢0 0 1
(AS)

with ¢ = V1 — 722, and ™27 = 1 — 2%,

yz
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