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It was recently shown that black holes decohere any quantum superpositions in their vicinity. This
decoherence is mediated by soft radiation through the horizon, and can be understood as the result of the
fact that quantum states in the exterior source distinguishable states of long-range fields in the interior. To
study this phenomenon and others, we extend Tomita-Takesaki theory to accommodate states of soft
radiation such as arise in the electromagnetic and gravitational memory effects, and provide a general
framework for computing the distinguishability of general coherent states. Applying these tools, we use the
methods of unambiguous state discrimination and approximate quantum error correction to prove some
new relations regarding the distinguishability of quantum states, and the quantum information content of
soft radiation, and thereby show that a black hole (or, under the conditions stated below, any causal horizon)
decoheres its environment as though its interior were full of optimal observers.
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I. INTRODUCTION

The fact that black holes have a finite temperature [1]
and, thereby, a nonvanishing entropy [2] has provided some
of the deepest clues into the nature of these objects in a
quantum theory of gravity. In the case of black holes, this
entropy has been argued to arise from “internal degrees of
freedom” (described by microstates) and, for certain
quantum gravitational realizations of black holes, the
counting of microstates can directly reproduce their entro-
pies [3]. Despite these successes, the origin and nature of
these microstates remain poorly understood. Indeed, clas-
sically, a black hole has no internal degrees of freedom.
What is their semiclassical imprint? What is their effect on
observables in the exterior? These questions lie at the heart
of many paradoxes and recent investigations regarding the
semiclassical nature of black holes [4,5]. In these inves-
tigations, quantum information theory has proven to be an
indispensable tool in providing a bridge between the

quantum nature of black holes and their classical spacetime
geometry [6–9].
The fact that, in the semiclassical limit, any horizon must

behave as though it contains internal degrees of freedom
directly follows the basic principles of quantum mechanics
and causality [10,11]. To illustrate this we consider the
following gedanken experiment involving two experiment-
ers: Alice and Bob. For definiteness, we consider the case
where they perform their experiments in a black hole
spacetime. Alice controls a quantum superposition which
she attempts to keep coherent in the exterior of a black hole.
Despite her best efforts, she cannot possibly control the
long-range gravitational field of her superposition. The
resulting superposed gravitational field penetrates the
horizon of the black hole where an observer, Bob, could
choose to measure it. If Bob can gain any information about
Alice’s superposition, then her superposition must be
decohered by a complementary amount. However, by
causality, Bob’s actions cannot have any effect whatsoever
on the state of her superposition. Furthermore, while the
interior of a black hole is not an optimal place to perform
such a sensitive experiment, we could imagine equipping
Bob with better apparatuses and more assistants. From this
gedanken experiment we conclude that Alice’s superposi-
tion must become entangled with—and subsequently
decohered by—the black hole as if the black hole contains
“maximally entangling” degrees of freedom. We note that
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the crucial ingredient in this argument was the existence of
an event horizon which causally separated Alice and Bob.
Thus, these conclusions apply whenever such a horizon
bounds the causal past of Alice’s worldline—e.g., Rindler
horizons, cosmological horizons.
Motivated by this thought experiment we, together with

R. M. Wald, have shown in a series of papers that, indeed,
any (Killing) horizon will decohere a quantum super-
position in its vicinity [12–14]. To explicitly show this,
we considered the case where Alice creates a quantum
spatial superposition of a massive (or charged) body—e.g.,
a nanoparticle—which, to a good approximation, produces
a superposition of coherent states of the gravitational field.
In the case of a black hole it was shown that, semiclassi-
cally, the black hole acquires low-frequency, fluctuating
gravitational (and electromagnetic) multipole moments
[14] which stimulate the emission of entangling, soft
radiation into the black hole [12]. Furthermore, these
multipole fluctuations closely mimic those of a material
body—though it would appear that, in the gravitational
case, extraordinary properties of matter would be required
to reproduce the effect [15]. In total these results suggest
that the decoherence caused by black holes is, in some
sense, “extreme” given its size and temperature. However,
these analyses only partly validate the conclusions of the
above gedankenexperiment. How does this decoherence
compare to the decoherence inflicted by an “optimal” Bob
in the interior of the black hole? If a black hole behaves like
a material body when viewed from the outside, then it
should be possible to show that any family of observers—
or “degrees of freedom”—in the interior can gain (at most)
as much “which-path” information about Alice’s particle as
is allowed by the degree of decoherence of Alice’s super-
position in the exterior.
As a warm-up, in Sec. II A, we first address this question

by revisiting the specific gedanken experiment considered
in [12–14] where Alice creates a quantum spatial super-
position. From Bob’s point of view, he is attempting to
perform a “one-shot” experiment to distinguish the two
possible states of Alice’s particle via their long-range field.
In quantum information theory, there are many different
measures of the distinguishability of states (e.g., the Holevo
and Uhlmann fidelities, the relative entropy, the trace
distance), each with its own operational meaning. The
relevant notion of distinguishability in this case is the
Uhlmann fidelity. For Alice’s particle at a finite time, the
Uhlmann fidelity computes the “optimal purification” of
her particle so as to minimize her decoherence [16]. In this
sense, it is precisely a measure of “how decohered” her
particle is up until that time. In the interior, the Uhlmann
fidelity also bounds the probability that Bob, by performing
a single optimal measurement, can become absolutely
certain of the state of Alice’s particle. We thereby obtain
the following statement: the decoherence of Alice’s super-
posed particle at any finite time is always greater than or

equal to the decoherence due to an optimal one-shot,
unambiguous state discrimination test in the interior up
until that time. At late times this inequality is saturated, as if
the black hole (or interior observers/degrees of freedom) is
performing an optimal measurement of Alice’s superposed
long-range fields. Indeed, this relationship between the
information accessible to Bob and the decoherence of Alice
by soft quanta has been recently used as a “teleportation
protocol” to send information into a black hole with
negligible energy cost [17].
The gedanken experiment suggests, however, that such a

relationship, between Alice’s experiment in the exterior and
the decoherence due to optimal measurements made in the
interior, should hold for any experiment performed in the
vicinity of a black hole. In Sec. II we consider this more
general relationship. In quantum information theory, a
general experiment performed by Alice is a “quantum
channel.” We introduce definitions for the intrinsic
decoherence of a quantum channel, and the information
of its complementary channel. The “channel decoherence”
quantifies the failure to be able to recover her superposition
by performing measurements strictly in the black hole
exterior. The complementary “channel information” quan-
tifies the information accessible to Bob, and bounds the
probability of unambiguously distinguishing the output of
his channel from a totally uncorrelated state. Section II
gives precise definitions for the channel decoherence and
information. As is often the case in quantum information
theory [18–20], there is a trade-off between the information
carried by a channel into the environment and the disturb-
ance of the original system by that same environment. In
Sec. II, however, we show that the channel decoherence and
channel information enjoy an exact “information-
decoherence trade-off.” Namely, we show the two quan-
tities are precisely equal to one another.
Applied to black holes, the channel decoherence and

channel information provide an intrinsic definition of the
exterior decoherence, and interior information, of the black
hole in the semiclassical regime, irrespective of any
experimental protocol. We recall that, in ordinary experi-
ence, decoherence due to entanglement generated with any
material body is, to some extent, reversible in principle. In
Sec. II C we show that this is not the case for any
semiclassical black hole (with any deviations from being
suppressed in GN). Rather, a black hole exhibits what
might be called a “second law” for exterior decoherence.
Additionally, we comment on how these ideas, being
fundamentally quantum-information-theoretic in nature,
might plausibly be extended beyond the semiclassical
limit. In total, these results lend support to the perspective
that a black hole affects its environment as though it were
composed of maximally entangling degrees of freedom.
What of the more familiar notions of distinguish-

ability, such as the Holevo fidelity, relative entropy, and
the Rényi entropy? While less operationally relevant to the
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decoherence effects considered in Sec. II, these notions of
distinguishability have played a prominent role in analyz-
ing the quantum mechanical properties of horizons ranging
from the generalized entropy to the black hole information
paradox [6,21–23]. How does the growth of these other
notions of distinguishability compare to that of the
Uhlmann fidelity on the horizon? In Sec. III, we address
this question in the context of the gedanken experiment
considered in [12–14,24] where the relevant states are
coherent states on the horizon.
We answer these questions in Secs. III and IV. To explain

the answer we first recall that the growth of distinguish-
ability on the horizon is due to the emission of soft
radiation. These soft radiative effects are mathematically
equivalent to the soft radiative effects found in flat
spacetime [25–29]. These effects result in well-known
infrared divergences which have plagued scattering calcu-
lations1 since the earliest days of quantum field theory [30].
Indeed, both effects are controlled by a “memory tensor”
which on the horizon is given by

ΔAB ¼ hABjV¼∞ − hABjV¼−∞; ð1Þ

where hABðV; xAÞ are the radiative degrees of freedom on
the horizon, V is the affine time, and xA are angular
coordinates. The memory captures the failure of the
radiation to decay at asymptotically early or late times.
States with nonvanishing memory contain an infinite
number of soft quanta and lie in Hilbert space representa-
tions unitarily inequivalent to the “standard” Fock space of
radiation. Analogously, the IR divergences encountered in
scattering theory arise from the failure to include states with
memory in the theory.
In Sec. III, we consider the practical calculation of

distinguishability measures of radiation states on the
horizon and the extent to which these measures capture
effects due to soft radiation. The emission of an infinite
number of soft quanta and the corresponding IR divergen-
ces occur only in the strict infinite-time limit if hAB fails to
decay. At any finite time, only a finite number of soft
quanta can be produced. Therefore, one might expect that
the IR issues highlighted above play no role in calculating
the distinguishability of radiation states at any finite time.
However, as we now explain, incorporating states with
memory enables one to calculate finite time distinguish-
ability measures in a simple and efficient manner.
We note that the practical computation of any of the

above distinguishability measures for any two states
requires the technology of “Tomita-Takesaki theory” and
is an extremely difficult and unsolved problem. However
we can, for our purposes, restrict to coherent states of

radiation since those were the radiation states most relevant
to our original gedanken experiment2 [10,11,13,14,24,31].
If hAB is a classical radiation field (with no memory) on the
horizon, we denote its corresponding coherent states as
UðhÞjΩi where UðhÞ is the unitary operator generating the
coherent state and jΩi is the vacuum state on the horizon. It
was pointed out by Casini et al. that if the operator UðhÞ
factorizes across C , then one can straightforwardly apply
the technology of standard Tomita-Takesaki theory. One
can obtain an explicit computation of the Tomita operator
and the relative modular operator in this case and one can
straightforwardly compute any of the above distinguish-
ability measures.
However, UðhÞ factorizes if and only if hAB vanishes at

the cut. If hAB is nonvanishing, then there does not appear
to be a simple description of the Tomita operator or
modular operator within standard Tomita-Takesaki theory.
However, hAB can be shifted by a smooth V-independent
trace-free tensor, whose electric-parity part is a super-
translation,

hABðV; xAÞ → hABðV; xAÞ þ kABðxAÞ: ð2Þ

By choosing kAB appropriately, we show that the unitary
can be essentially factorized about the cut. While this
removes the above obstruction, the shifted radiation state
fails to decay and the unitary operator factors now have
nonzero horizon memory. Therefore, to obtain a simple
description of distinguishability measures at a finite time,
we must extend Tomita-Takesaki theory to include states
with memory. We obtain such an infrared extension of
Tomita-Takesaki and obtain explicit formulas for the
Tomita operator and the relative modular operator between
any two coherent states for any cut C . Using this con-
struction we explicitly compute the fidelity, relative
entropy, and Rényi entropies of general coherent states
on the horizon, with or without memory. We use this to
analyze the quantum information content of soft radiation.
We find that this quantum information content is well-
captured by the fidelity, as might be expected from the
original thought experiment. In that context, the fidelity is
sensitive to the absolute number of soft gravitons emitted
into the black hole (which may be arbitrarily large), as
opposed to their energy (which may be arbitrarily small).
The relative entropy is, by contrast, only very weakly
sensitive to the number of soft photons, and is much more
sensitive to the energy of the radiation emitted into the
horizon.
Throughout this work, we develop several new tech-

niques that may find wider utility. For example, the
equivalence of channel decoherence and complementary
channel information shown in Sec. II is a general result for

1In flat spacetime, the IR divergences occur in four dimensions
with a massless field. On the horizon, they occur in any spacetime
dimension with a massive or massless field [13].

2Coherent states of soft radiation also describe the soft
emission of scattering phenomena.
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quantum channels, which are the most general models of
physical processes acting on quantum states. For a par-
ticular class of channels, in which the system becomes
entangled with two states of another system, Appendix C
also proves a bound between the channel decoherence and
the fidelity between those two quantum states. To analyze
other distinguishability measures, Secs. III and IV extend
the Tomita-Takesaki theory of coherent states so that it
includes soft radiation, thus putting questions pertaining to
the quantum information content of soft modes on rigorous
mathematical footing. We believe these methods may find
utility in contexts beyond those considered here.
The readerwho ismerely interested in the statement of the

new results in Tomita-Takesaki theorymay safely skip ahead
to Secs. III and IV. There, as in much of the present article,
we simplify to the case of electromagnetic radiation, and the
gravitational case follows by close analogy. Section III
extends the horizon algebra to include soft modes, and
Sec. IV gives the formula for the relative Tomita operator in
general coherent states. We use this to bound the more
general and abstract information-decoherence relations of
prior sections in terms of explicit fidelities. Section V
extends the discussion of the present work to the context
of scattering theory, where directly analogous considera-
tions apply. Finally, Sec. V B applies the techniques of
Sec. II to show how a generic causal horizon can give rise to
fundamental decoherence in its vicinity.
Throughout this paper we work in units where

ℏ ¼ c ¼ GN ¼ ϵ0 ¼ 1. Lowercase Roman indices denote
indices in spacetime, while uppercase Roman indices
denote indices tangent to the spatial cross sections of the
horizon. Greek indices label the numerical components of a
tensor in a basis. We denote quantized observables in a �-
algebra by the boldface version of the corresponding
classical observable. For example, the classical electric
field E becomes E in the quantum theory. We denote von
Neumann algebras in fraktur as A, and restrictions of
algebras to the past of a horizon cut C by Ac.

II. INFORMATION-DECOHERENCE TRADE-OFF

In this sectionwe show that the decoherence inflicted by a
horizon is a consequence of an “information-disturbance
trade-off” between the coherence of any quantum mechani-
cal system in the exterior and the information about that
body accessible to any observer in the interior. In Sec. II A
we explain how one can already see a version of this
relationship in context of the specific gedanken experiment
involving the coherence of a quantum spatial superposition
considered in [12–14,24]. To prove the more general
relationship suggested in the Introduction, in Sec. II A we
generalize the notions of decoherence and information
accessible in the interior to any experiment and prove their
equality. In the case of horizons, this proves the statement
that the decoherence inflicted by a black hole—or any
horizon satisfying the assumptions stated below—is related

by the exact information-decoherence trade-off to the
information available in its interior. For horizons in par-
ticular we show that the decoherence of the exterior grows
monotonically with time, as would also be expected from a
body comprising maximally entangling degrees of freedom.

A. Analysis of the original gedanken experiment

In this section we revisit the original gedanken experi-
ment considered in [12–14,24] involving a quantum spatial
superposition in the vicinity of a horizon. From this
example, we will identify (1) the appropriate notion of
decoherence of such a superposition at any finite time and
(2) a precise operational meaning of this decoherence in
terms of an “unambiguous state discrimination test” per-
formed in the interior. While our considerations will be
valid for any Killing horizon [13]—e.g., a stationary black
hole horizon or de Sitter horizon—we will, for simplicity,
restrict attention to Alice performing her experiment in the
vicinity of a Rindler horizon in Minkowski spacetime.
An experimenter, Bob, assembles his lab equipment on

the opposite side of the Rindler horizon of a uniformly
accelerating experimenter, Alice. Now suppose that Alice
prepares a charged nanoparticle in a definite x-spin state.
She then uses a Stern-Gerlach apparatus to adiabatically
manipulate the particle. If the Stern-Gerlach were oriented
along the x-direction, then it would simply displace
her particle. If, however, the apparatus is oriented in the
z-direction, she can use it to prepare a quantum spatial
superposition of her particle’s wave function. After doing
this, her superposed particle sources a superposition of
coherent states of the electromagnetic field (nearly identical
considerations apply for gravity, with mass replacing
charge, and quadrupole radiation replacing dipole radia-
tion). The global Hilbert space is now

H ¼ HAlice ⊗ HH þ : ð3Þ
We denote the coherent states jΨ1i and jΨ2i in the horizon
Hilbert space HH þ , while denoting the z-spin states (and
corresponding spatial wave functions Ai) of Alice by
jA1;↓i and jA2;↑i in HAlice. In our thought experiment,
the resulting entangled state at late times will be

1ffiffiffi
2

p ðjA1;↓i ⊗ jΨ1iH þ þ jA2;↑i ⊗ jΨ2iH þÞ; ð4Þ

where H þ denotes the Rindler horizon and labels the
corresponding, entangled states of radiation. Meanwhile,
suppose that Bob is interested in distinguishing between
these two field configurations by performing a measure-
ment on his side of the Rindler horizon.
Previous analyses have focused on the decoherence of

Alice’s superposition, as quantified by

1 − jhΨ1jΨ2iH þj; ð5Þ
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using the inner product of the final states of entangling
radiation that her experiment sources on the horizon. In
other words, the final decoherence is controlled by the off-
diagonal elements of Alice’s final reduced density matrix.
In addition to the final decoherence of her particle, it is

natural to ask for the decoherence of her superposition as a
function of time. Such a refined definition of decoherence
would be useful for monitoring the dynamical buildup of
Alice’s decoherence outside a horizon, but this is compli-
cated by the fact that the “off-diagonal elements of Alice’s
reduced density matrix” are not well-defined while Alice’s
superposition is still held open. Formally, such a quantity
would involve “tracing out” and taking the inner product
between two different Coulomb fields, which are not
independent degrees of freedom from Alice’s system. It
could be argued that the two fields should be considered to
be orthogonal, but the resulting apparent, total decoherence
of Alice’s superposition is “false decoherence” [32] that in
no way obstructs the recovery of Alice’s initial state.
A natural candidate at finite times, which avoids the

problem of false decoherence, is to compute the off-
diagonals of Alice’s reduced density matrix if, after the
chosen time, she were to perform the remainder of her
experiment so as to maximize the recovery of the coherence
of her original state. More specifically one may ask, what is
the minimum decoherence that the horizon will inflict on
Alice, if, in region A II of Fig. 1, she is allowed to
manipulate her particle so that it sources radiation in
region A II that minimizes her final decoherence? This
protocol gives one operational notion of the “minimum
decoherence” (or “maximum recoverable coherence”), and
forms the basis of the analysis carried out in [24]. This
seems like a reasonable candidate, but it is by no means

clear that this is the distinguished, operationally relevant
notion of decoherence at a finite time.
Even the idea of using the off-diagonals of Alice’s density

matrix to diagnose coherence can be questioned, because
while the quantities clearly control the coherence of her
superposition, their precise operational meaning is not
clearly the right one. In our case, however, we have already
argued that the decoherence should have an operational
meaning in terms of distinguishability by Bob. To single out
the operationally pertinent signature of decoherence, there-
fore, we will not look to Alice; we will look to Bob.
While singling out an operationally distinguished mea-

sure of decoherence appears challenging, what is clear from
the thought experiment is that there should be a comple-
mentary notion of the which-path distinguishability infor-
mation available to the “observer,” Bob, in the interior. We
will see that this notion of distinguishability is operation-
ally transparent even at finite times, and it gives a natural
complementary notion of decoherence for Alice that will,
in fact, correspond directly to the notion of [24]. To see this,
we will put ourselves in Bob’s position.
Suppose Bob plans to complete his measurement in a

particular finite time interval, so that his measurement
concludes before he enters the future light cone of a given
horizon cutC as illustrated in Fig. 1. Ifwe allowBob (and any
number of assistants) to perform any conceivable measure-
ment or joint measurement in his spacetime regionBjc, what
is the upper bound on the probability for him to successfully
determine the position of Alice’s particle?
The precise answer to this question depends on the precise

specification of the task assigned to Bob. Suppose Bob is
allowed to perform his measurement anywhere outside the
future light cone of a horizon cutC . The resulting states of the
quantum field, restricted to Bob’s region, will be mixed states
Ψ1jc and Ψ2jc. Now suppose that, after performing some
measurement, Bob is allowed to guess whichever state would
bemore probable to give the outcomehehas observed:we say
“guess,” because even if his measurement yields an outcome
that leaves some ambiguity as towhich state he hasmeasured,
Bobmight be allowed to guess the most probable state, given
that outcome. The success probability of this “state discrimi-
nation” task will be bounded in terms of the trace distance
between the two states [33]. But Bob’s ability to guess the
right state has just asmuch to dowith classical correlation as it
does with entanglement and decoherence, so it cannot be the
right operational task.
If, on the other hand, we disallow guessing, we isolate a

different quantity. If we set the rules such that Bob may
only declare success if he is certain of the state, then the so-
called “Uhlmann fidelity” is the relevant quantity. He could
obtain certainty of the state in such a “one-shot” test if he
were to obtain a measurement outcome that is only possible
in one of the two states he must distinguish between. When
this additional “no guessing” rule is imposed, Bob’s task is
known as an unambiguous state discrimination task, and

FIG. 1. Bob can perform any possible measurement in region
Bc, defined as the region on the −z side of the horizon that lies to
the past of the future light cone of the horizon cut C .
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the Uhlmann fidelity fUðΨ1jc;Ψ2jcÞ bounds his success
probability to unambiguously distinguish between the
states Ψ1jc and Ψ2jc on the horizon, restricted to the past
of C , as illustrated in Fig. 1.
Given two mixed states ρ and σ, the Uhlmann fidelity is

the supremum of the inner products between purifications
of the states. We denote these purifications as jρiπ and jσiπ
with respect to the Hilbert space representation π. In other
words, the Uhlmann fidelity is defined as [16]

fUðρ; σÞ ≔ sup
π
jhρjσiπj2: ð6Þ

Here the supremum runs over all Hilbert space representa-
tions π of a given �-algebra such that jρi and jσi are vectors
in the corresponding Hilbert space H and are purifications
of the states ρ and σ, respectively.
The probability that Bob will successfully distinguish

the state in this “unambiguous” sense is then bounded by

Pcertain
Bob ðBjcÞ ≤ 1 −

ffiffiffiffiffiffi
fU

p
ðΨ1jc;Ψ2jcÞ: ð7Þ

As we shall see, when we relax the time constraints on Bob,
this bound in fact becomes an equality.
It is this unambiguous notion of state discrimination,

which measures Bob’s ability to achieve certainty, that is
most closely tied to the decoherence of Alice’s particle.
This is easily seen from the fact that the Uhlmann fidelity
has another, complementary interpretation from the point of
view of Alice in the exterior: it gives the infimum of Alice’s
unavoidable decoherence discussed above. Now, this mea-
sure of decoherence stands on firm operational footing, in
terms of the knowledge that can be obtained by an observer
coupling to Alice’s environment.
The Uhlmann fidelity gives the infimum of the

decoherence DAlicejc that the horizon will inflict on
Alice, if, in region A II of Fig. 1, she is allowed to
manipulate her particle so that it sources radiation in region
A II . The resulting final decoherence of Alice is

DAlicejc ≔ 1 −
ffiffiffiffiffiffi
fU

p
ðΨ1jc;Ψ2jcÞ: ð8Þ

From Alice’s point of view, the “optimal trajectory of her
particle” can be seen as sourcing precisely the “optimal
purification” of Eq. (6) on the horizon [24]. Thus, we learn
that in general, the probability that Bob succeeds is bounded
by the supremum of Alice’s recoverable coherence,

Pcertain
Bob ðBjcÞ ≤ DAlicejc: ð9Þ

In fact, when we place no time restrictions on Bob and allow
himaccess to the entire region on his side of the horizon,3 it is

guaranteed that Bob can saturate the inequality by some
(possibly very complicated) measurement [34], and the
probability that an optimal measurement by Bob4 will
unambiguously reveal the state ofAlice’s system is precisely
equal to her decoherence:

Pcertain
Bob ðBÞ ¼ 1 −

ffiffiffiffiffiffi
fU

p
ðΨ1;Ψ2Þ ¼ DAlice: ð10Þ

At least in this scenario, onemay view the horizon as carrying
out an unambiguous state discrimination test on the particular
quantum states prepared by Alice in its exterior. We have
assumed that in Eq. (4), Bob must distinguish between two
equiprobable states. Inmore general situations, the statesmay
have unequal prior probabilities pþ; p− with pþ > p−. If
fU ≥ p−=pþ, the probability that Bob will succeed is
bounded by the fidelity itself, Pcertain

Bob ≤ pþð1 − fUÞ, rather
than the square root [35], and the interpretation in terms of
unambiguous state discrimination again holds.
This result, and the results of [12–14,24] are, however,

incomplete: they describe the decoherence due to horizons as
inflicted on a particular class of experiments of the form of
Eq. (4). This is far from the general result claimed in the
Introduction. The original gedanken experiment suggests that
there should be a general equivalence between the
decoherence in the vicinity of a horizon, and the distinguish-
ability of the resulting states behind the horizon. In fact, this
equivalence suggests that the causal structure of the horizon
should be intimately connected with this operational fact and,
taken together, causality and complementarity dictate that this
principle should hold regardless of the particulars of Alice’s
experiment. Equations (9) and (10) only pertain towhenAlice
creates a superposition of two states, as in Eq. (4), so this is far
too restrictive a notion of decoherence to capture the original
idea of the gedanken experiment. To capture the general
relationship, we will need a more general characterization of
decoherence, and of the information available to Bob.
Nevertheless, we will remain rooted in the operational
interpretation of unambiguous state discrimination, and the
generalizations we define will recover the familiar definition
of the final decoherence of Alice’s particle when restricted to
the experiment of Eq. (4). In doing this we will arrive at a
definition of the decoherence intrinsic to the horizon itself.

B. Equivalence of information and decoherence for
general experiments

In this subsection we will no longer assume anything
about the particular form ofAlice’s experiment or Bob’s.We
will formulate an equivalence between the decoherence of

3In the case of a black hole in an asymptotically flat spacetime,
the saturation is never achieved, because of the entanglement in
the vacuum between the horizon and null infinity.

4We here neglect any backreaction of Bob’s experiment on the
environment. It is, for example, possible that a practical realization
of the optimal protocol might produce a dramatic change to the
spacetime in Bob’s region such that a singularity forms. This could
prevent Bob from achieving the optimal protocol in practice.
Nevertheless, the physics in Alice’s region will proceed as if Bob
were performing an optimally discriminating measurement.
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Alice and the information available to Bob or arbitrary cuts
of the horizon, and for arbitrary quantum experiments by
Alice and Bob. These more general notions of decoherence
and information will recover the original notions when
applied to the specific experiment of Alice andBob, andwill
carry suitably generalized operational definitions in terms of
unambiguous state discrimination. No clarity will be lost if
the reader continues to assume that the quantum state is of
the form given Eq. (4), but in fact the following discussion
will hold for any state Alice can create on her side of the
horizon and for any experiment Bob can do on his.
A suitable notion of decoherence should satisfy some

essential properties. It should be the following:
(D.i) Intrinsic to the horizon in that it is independent of

the exterior state.
(D.ii) Localized to the past of a given horizon cut.
(D.iii) Equivalent to the ordinary notion of decoherence

in the appropriate limit.
The complementary notion of information should be the
following:
(I.i) Independent the choice of experiment used to

measure the information behind the horizon.
(I.ii) Localized to experiments performable behind the

horizon and to the past of the causal future of a
given horizon cut.

(I.iii) Equivalent to an ordinary notion of distinguish-
ability behind the horizon in the appropriate limit.

After developing these general definitions, we will apply
them to formulate channel-level bounds on unambiguous
state discrimination tasks involving general quantum states
in the exterior.
The key to achieving properties D.i and I.i is the notion of

“quantum channel” N , which is the most general descrip-
tion of any physical experiment performed by either Alice or
Bob. A channel is a linear, completely positive, trace-
preserving map, but is otherwise unconstrained. Every
channel can be realized by coupling some “environment”
(in our case, the horizon) to the system and carrying out the
subsequent open evolution [36]. In our case,

NH þ
Alice∶ SðHAliceÞ → SðHAliceÞ; ð11Þ

where SðHAliceÞ is the state space (density matrices) on
Alice’s Hilbert space. NH þ

Alice will be responsible for the
decoherence of Alice’s state outside the horizon. For every
channelN there is a “complementary” channelN c (unique
up to isometric equivalence) corresponding to the change in
this environment as the joint evolution applies N to the
original system. In our case, for example, a complementary
channel

ðNH þ
AliceÞc∶ SðHAliceÞ → SðHH þÞ ð12Þ

would map Alice’s initial state onto the resulting state of
the horizon (equivalently, the state in Bob’s region). This

complementary channel transmits the entangling photons/
gravitons produced by Alice’s experiment into Bob’s region
of the spacetime, thereby providing the complementary
which-path information that Bob must measure. The rel-
evant formal definitions, as well as the substance of the
proofs developed in this section, are presented in
Appendix A. The goal of this section is to present the
results in an intuitive and physically motivated context.

1. Definition of channel decoherence

An important measure of quantum coherence is the
recoverability of a quantum state after that state has passed
through a channel N . Decoherence manifests as an
inability to recover the full initial state, and we will provide
a definition that formalizes this notion.
If a channel perfectly preserves the coherence of states,

then there exists a recovery channelR (sometimes called a
“decoding channel”), independent of Alice’s initial state
such that

R ∘N ¼ Id: ð13Þ

This means that the experiment is perfectly reversible and is
the condition of exact quantum error correction. A trivial
example of a quantum channel that is perfectly reversible is
a unitary channel, such that the decoding channel is simply
the adjoint unitary channel. Of course, practical experi-
ments are not perfectly reversible, so we will use the
language of approximate quantum error correction to define
a general measure of channel decoherence that ranges
between full coherence and total decoherence.
To do this, we need a more refined characterization of the

similarity of quantum channels than strict equality. We seek
a notion of “similarity” between the recovered channel
R ∘N and the identity channel Id that runs between 1
(equality/recoverability) and 0 (total distinguishability/
unrecoverability). The “channel fidelity” gives the appro-
priate notion of similarity of quantum channels [37]. Here
we build up its definition piece-by-piece. Along the way we
explain each piece of the definition in the special case
where the channels model the Stern-Gerlach experiment of
Sec. II A.
Given any two quantum channels N and M and a

chosen input state ω, the similarity of their outputs is
captured by the Uhlmann fidelity as

fUðN ðωÞ;MðωÞÞ: ð14Þ

We now seek a notion of the similarity between the channels
themselves, independent of any particular initial state. Not
all states are equally good when it comes to discriminating
one channel from another. Consider, for example, a situation
in whichN corresponds to Alice running a spin through her
Stern-Gerlach apparatus in flat spacetime, while we takeM
to be the identity channel. Then, if Alice prepares her spin in
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a definite z-spin up state, the output ofN and the output of Id
will be identical (we assume she produces only negligible
radiation). Should we then conclude that the Stern-Gerlach
channel is identical to the identity channel? Of course, the
answer is that we have merely chosen a poor state for
discriminating between these two channels. A natural
quantity, therefore, for the intrinsic distinguishability of
channels, is to consider the fidelity when the most discrimi-
nating state is considered. In the case where M is the
identity channel and N models Alice’s z-aligned Stern-
Gerlach experiment, the most discriminating state would be
a state of definite x-spin of Alice’s particle. In general, the
formula becomes [38]

inf
ω
fUðN ðωÞ;MðωÞÞ: ð15Þ

This, however, has an undesirable property, peculiar to
quantum entanglement: this quantity is unstable under the
enlargement of theHilbert space, evenwhen the channels act
trivially on the additional Hilbert space factors. That is to
say, for some auxiliary Hilbert space dimension k,

inf
ω
fUðIdk⊗N ðωÞ;Idk⊗MðωÞÞ≤ inf

ω
fUðN ðωÞ;MðωÞÞ:

ð16Þ

This might appear to be a rather formal property to concern
ourselves with, but it has practical implications for Alice.
Suppose, for example, that Alice does a more complicated
experiment, in which she prepares her spin in a bell pair with
another qubit in her laboratory. As before, suppose thatM is
the identity channel, so we are comparing the effect ofN to
the identity, where N acts trivially on the other qubit. If N
destroys the entanglement of Alice’s bell pair, we should
consider this channel to be farther from the identity channel
than one that preserves the entanglement. A better measure
of the similarity of channels, therefore, would take this into
account. A simple remedy presents itself, which is to
consider the auxiliary Hilbert space (the other qubit in
Alice’s lab) that is most sensitive to such effects. By
extremizing over this auxiliary Hilbert space dimension,5

we arrive at the definition of the channel fidelity [37],

FðN ;MÞ ≔ inf
k
inf
ω
fUððIdk ⊗ N ÞðωÞ; ðIdk ⊗ MÞðωÞÞ;

ð17Þ

which quantifies the similarity of two quantum channels.
Using this definition, the exact error correction condition

of Eq. (13) can be relaxed into an approximate error
correction condition. Given a recovery channel R, this
approximate recoverability condition is

FðR ∘N ; IdÞ ≃ 1: ð18Þ

Conversely, however, if FðR ∘N ; IdÞ ≪ 1, we cannot
conclude that N is a decohering channel. It may well be
that R is simply a bad choice of recovery channel. The
intrinsic decoherence of a channel should depend only on
whether it is recoverable in principle, so we should take the
supremum over recovery channels:

sup
R

FðR ∘N ; IdÞ ð19Þ

characterizes the supremum of the recoverable coherence of
a quantum channel N . This immediately implies a defi-
nition of the irrecoverable decoherence of a channel:
Definition 1. (Channel decoherence).

DðN Þ ≔ 1 −
1

1 − 1=d
½supR FðR ∘N ; IdÞ − 1=d�þ: ð20Þ

For d > 1, the dependence on the Hilbert space dimen-
sion d of the domain of N is chosen so that

0 ≤ DðN Þ ≤ 1; ð21Þ

whereDðN Þ ¼ 0 indicates no decoherence andDðN Þ ¼ 1
indicates saturation of the decoherence measure.6 Here
½x�þ ≔ maxfx; 0g.7 Intuitively, the channel decoherence
(20) can be understood as the normalized loss of the
optimal worst-case fidelity between an original state ω and
what remains after acting with N and optimizing over
recovery channels R. As promised, it is a measure of
irrecoverable decoherence inflicted by N .8

5The Hilbert space dimension will never need to be larger than
the Hilbert space dimension of the domain of the original
channels, e.g., Alice’s original spin Hilbert space [39].

6For an infinite-dimensional input Hilbert space, 1=d is
understood as zero.

7Alternatively, one may omit the positive-part truncation and
define D̃ðN Þ ≔ 1 − ðsupR FðR ∘N ; IdÞ − 1=dÞ=ð1 − 1=dÞ, to-
gether with the analogous modification to the forthcoming
definition of Ĩ . Whereas the truncated definition treats complete
dephasing as maximal decoherence, the untruncated definition
continues to distinguish channels that also destroy the surviving
classical information: D̃ ¼ 1 at complete dephasing, while D̃ > 1
is possible for more destructive channels (with complete erasure
giving D̃ ¼ 1þ 1=d in finite dimensions). For the pure, equi-
probable two-state case of Appendix A 2, however, the cutoff is
inactive, so D̃ ¼ D ¼ 1 − jhΨ1jΨ2ij ¼ Pcertain

Bob ; only the general
probability-valued interpretation is lost once D̃ > 1. The exact
information-decoherence relation D̃ðN Þ ¼ ĨðN cÞ remains intact.

8In the context of the complexity theory of quantum fields,
Hollands and Ranallo [40] have introduced a closely related
quantity as a measure of the complexity of a quantum channel.
The exploration of the possible relationships between channel
decoherence and channel complexity would seem to be worthy of
further investigation, especially in light of the discussion of
Sec. II D.
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2. Definition of channel loss and channel information

Complementarity dictates that when Bob can distinguish
between the states on his side of the horizon, i.e., he has
“which-state information,” then Alice’s superposition must
be decohered. To formalize this notion, we must formalize
the notion of the information available to Bob. As a first
step, we formalize the loss of information by a channel
transmitting information from Alice to Bob.
As explained in Sec. II A, performing a Stern-Gerlach

experiment in thevicinityof ahorizoncanprovidea significant
amount of which-path information to Bob. As shown in [13],
however, the strength of the decoherence diminishes if Alice
produces a smaller superposition—i.e., she reduces the spatial
separation of the branches of her particle’s spatial wave
function. Then the resulting long-range fields in Bob’s region
are more difficult to distinguish and the amount of which-path
information available to Bob is reduced.
The channel responsible for conveying this information

from Alice to Bob is the complementary channel
ðNH þ

AliceÞc∶SðHAliceÞ → SðHH þÞ. If Alice produces an
extremely small superposition, that channel will be very
lossy: Bob will get very little information about Alice’s
superposition, because the output state on the horizon will
depend only very weakly on Alice’s superposition.
Generalizing from this example, we say that a channel

N lossy is lossy if it always outputs nearly the same, fixed
state χ0, in which case

inf
ω
fUðN lossyðωÞ; χ0Þ ≃ 1: ð22Þ

It is possible, however, to choose χ0 so that it is distinguishable
fromall possible outputs ofN lossy (perhaps, for example, it lies
outside the range of N lossy). Then a small fidelity would
saynothing about the lossiness ofN lossy and rathermore about
the choice of χ0. When defining the “channel loss,” therefore,
we should consider the fixed state χ that is most similar
to the output of the channel, while still carrying no information
about the actual, particular state that was input to N :

L ðN Þ ≔ sup
χ

FðN ; CχÞ; CχðωÞ ≔ TrðωÞχ: ð23Þ

Intuitively, the channel lossL ðN Þ can be understood as
a measure of whether, after acting N on ω, the result is
similar to some state that carries no information about ω
whatsoever.
If a channel is nearly lossless, it preserves a great deal of

information about the input state. We define the informa-
tion of a quantum channel N as follows:
Definition 2. (Channel information).

IðN Þ ≔ 1 −
1

1 − 1=d
½LðN Þ − 1=d�þ: ð24Þ

Definition 2 measures the information preserved by N .
As with the channel decoherence,

0 ≤ IðN Þ ≤ 1; ð25Þ

where IðN Þ ¼ 1 indicates saturation of the information
measure and IðN Þ ¼ 0 indicates a maximally lossy
channel. We have already seen that, when Bob is presented
with two equally probable states to discriminate between,
the unambiguous state discrimination probability is con-
trolled by the square root of the fidelity by Eq. (7). As
discussed in Sec. II A, an unequal-prior bound on unam-
biguous state discrimination can be given in terms of the
fidelity itself. Therefore, Eq. (23) can be understood as
giving an operational bound on Bob’s ability to perform
unambiguous state discrimination.

3. Information-decoherence trade-off

As anticipated, a tight relation holds between the amount
of decoherence DðN Þ inflicted by a quantum channel and
the information shunted by the complementary channelN c

into the environment, IðN cÞ. In fact, in Appendix A 1 we
leverage an information-disturbance trade-off relation
proved by Bény and Oreshkov [20] to prove these two
operationally distinct quantities are precisely equal. In what
might be called an information-decoherence trade-off, we
prove the following equality:

IðN cÞ ¼ DðN Þ: ð26Þ

This equality holds for arbitrary finite-dimensional
quantum channels, and for infinite-dimensional channels
whenever the preceding fidelities and complementary-
channel theorem apply,9 but we will concern ourselves
with its application to the original gedanken experiment of
Sec. II A. Recall that Alice used the spin degree of freedom
of her particle to control her superposition, using a Stern-
Gerlach apparatus, so that the final coherence of the paths
of her particle is determined by its coherence in the spin
basis. We rescale the affine generators of the horizon so that
the cut C is labeled by a single affine time coordinate Vc.
This is, in turn, related to the Killing time t in Alice’s
laboratory by Vc ¼ eκt, where κ is the surface gravity of the
horizon. The channel NH þ

AliceðtÞ evolves the initial state of
Alice’s spin into the state of the spin as it evolves past
region A I, accounting for any decoherence caused by the
horizon. The complementary channel ðNH þ

AliceÞcðtÞ maps
that same initial spin onto a mixture of two distinct states of

9Although Bény and Oreshkov work in finite dimensions, an
infinite-dimensional extension follows from adapting their Stine-
spring-Uhlmann argument to normal channels, replacing min and
max by inf and sup, and using Sion’s theorem [41] to justify their
minimax interchange. For regional algebras, fidelity must be
formulated algebraically, and a “complementary channel” pro-
duces a state on the commutant algebra of the Stinespring dilation
of the output domain.
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coherent radiation on the horizon, which are responsible for
Alice’s decoherence.
How does the channel decoherence inflicted by the

horizon relate to the earlier notion of decoherence
DAlicejc? At finite times, the channel decoherence carries
a distinct, but closely related, operational meaning.
Whereas DAlicejc computed the fidelity between optimal
purifications of Alice’s state given her final state at V ¼ Vc,
the channel decoherence DðNH þ

AliceðtÞÞ takes an infimum
over all states and is therefore an intrinsic decoherence due
to the horizon itself, as required by D.i.
At late times, the two definitions become precisely equal.

Appendix A 2 computes the exact value ofDðNH þ
AliceÞ in the

infinite-time limit, as Vc → ∞ (correspondingly, no time
constraints are placed on Bob). In that case, optimal
recovery merely needs to rotate away the phases of the
off-diagonal components of Alice’s reduced density matrix,
and we find

DðNH þ
AliceÞ ¼ DAlice for t → ∞: ð27Þ

This, of course, also implies that

IððNH þ
AliceÞcÞ ¼ Pcertain

Bob for t → ∞; ð28Þ

so we have satisfied our requirements I.iii and D.iii.
Looking back on Sec. II A with this more general perspec-
tive, we see that the complementary roles of the
decoherence and distinguishability measures in (9) and
(10) are consequences of the exact information-
decoherence trade-off of Eq. (26). Operationally, and
now in full generality, the complementary channel fur-
nishes a channel-level bound on unambiguous state dis-
crimination tasks involving quantum states in the exterior.
At finite times, the optimal recovery channel is more

difficult to compute, but is undoubtedly still closely related
to the optimal protocol established in [24], and therefore the
Uhlmann fidelity between the two states sourced by Alice’s
superposition. Despite the difficulty involved in evaluating
the channel decoherence at finite times, Appendix C
derives a bound between them:

DðNH þ
AliceðtÞÞ ≥ DAlicejc: ð29Þ

This bound is saturated at late times.
The channel decoherence is an intrinsic definition of the

decoherence due to a quantum channel, satisfying all of our
requirements D.i–D.iii. It is, by definition, a measure of the
unrecoverable decoherence inflicted by a quantum channel.
Furthermore, it is precisely equal to the channel informa-
tion of the complementary channel, which itself satisfies all
of our requirements I.i–I.iii and provides an operational
bound on one-shot unambiguous state discrimination.
Despite its operational clarity and suitability in satis-

fying the exact information-decoherence trade-off (IDT),

however, the channel decoherence and channel information
are difficult to compute because of the extremization
required. Computing the channel decoherence at finite
times is likewise technically challenging; Eq. (29) gives
the bound above. The simple Uhlmann-fidelity
decoherence DAlicejc is, by contrast, much easier to com-
pute in general than the rather difficult DðN Þ. Since we are
interested in practical computations, later sections will be
concerned with developing a framework for computing
practical distinguishability measures, which can be used to
bound the exact decoherence DðN Þ and information
IðN cÞ. These distinguishability measures, such as the
relative entropy and Rényi entropies, will obey similar
bounds to the channel decoherence and channel informa-
tion, albeit sometimes with a less clear or relevant opera-
tional meaning and without the exact IDT of Eq. (26). The
computation of such distinguishability measures is, of
course, also of independent interest to a broader audience
of those interested in the quantum information theory of
fields.

C. Monotone decoherence: A hallmark of horizons

The original gedanken experiment suggests that a
horizon, as viewed from the outside, may be viewed as
though it is made of highly entangling degrees of freedom.
More abstractly, the apparent equivalence between “space-
time horizons” and “maximally entangling degrees of
freedom” raises the possibility that the presence of a
horizon may be characterized in purely operational and
quantum information-theoretic terms. Having developed a
more general set of tools, we are now equipped to formulate
such a characterization.
We have thus far focused on the effects of the horizon on

a given subsystem of the exterior, namely Alice’s super-
position. For a description of the effects of a horizon that is
completely intrinsic to it, however, it is useful to note that
evolution in the presence of the horizon can be understood
as a channel acting on any subsystem of the exterior (or the
entire exterior), including Alice and her experiment.
Let t label the Killing time coordinate corresponding to

time in Alice’s laboratory. As the horizon cut Vc ¼ eκt

advances in time along the horizon, Bob is able to measure
a strictly larger region of spacetime on his side of the
horizon. Let us now take

NH þ
ext ðtÞ∶SðUextð0ÞÞ→ SðAextðVcÞÞ; ð30Þ

where SðUextð0ÞÞ denotes the state space of the full exterior
(in which case Uext ¼ Aext.) at t ¼ 0 or of any fixed code
subspace thereof. The channel maps the initial state
of the exterior to the state at a later time under the influence
of the black hole—namely, the state exterior to a horizon
cut V ¼ Vc. We label the channels by t because,
as Vc advances, the flow gives a one-parameter family
of channels
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ðNH þ
ext ÞcðtÞ∶SðUextð0ÞÞ→ SðAH þjcðVcÞÞ: ð31Þ

As Alice’s Killing time t advances outside the horizon,
ðNH þ

ext ÞcðtÞ targets states on one-parameter family of
horizon algebra inclusions. This corresponds to a restriction
of the algebra of observables in the exterior, where the flow
corresponds to Killing time. Heuristically, this corresponds
to the fact that, as time progresses, an exterior observer
must “trace out” more degrees of freedom as they fall into
the horizon. The composition of an algebra restriction with
a recovery channel is itself a valid recovery channel, so the
supremum over recovery channels in Definition (20)
guarantees that the decoherence of the exterior is non-
decreasing10:

d
dt

DðNH þ
ext ðtÞÞ ≥ 0: ð32Þ

This is a succinct statement of the extraordinary efficiency
of horizons, including black hole and de Sitter horizons, at
decohering their environments. Semiclassically—i.e., the
limit as GN → 0—this is an exact equation. In existing
models of quantum gravitational effects, however [43,44],
it seems likely that the right-hand side of this equation will
receive corrections suppressed in powers ofGN. The degree
to which this equation holds at finite GN, then, may prove
useful in signaling the emergence of an effective horizon.
It is notable that Eq. (32) provides a consequence of a

semiclassical horizon entirely in terms of quantum infor-
mation-theoretic quantities. It is natural to wonder whether
these conditions might be useful in giving a purely opera-
tional definition of an emergent “horizon” in the collective
dynamics of even nongravitational bodies.
Whenever a quantum superposition is produced outside

an ordinary material body, the long-range gravitational and
electromagnetic fields sourced by the superposition
become entangled to some degree with the internal degrees
of freedom of the material body. However, most material
bodies are incredibly inefficient in absorbing long-wave-
length gravitational radiation. This renders it generally
possible to recover the coherence of the superposition, by
adiabatically recombining the branches of the superposi-
tion. Biggs and Maldacena [15] have, for example, inves-
tigated the extraordinary material properties that would be
required for a material body to mimic the decoherence
outside a black hole. The extraordinary efficiency of a black
hole in decohering its environment is captured by Eq. (32).
The information-decoherence trade-off of Eq. (26) reveals
that this decoherence can also be understood as a statement
of the fact that the distinguishability of the complementary,
entangled states on the opposite side of the horizon is also
nondecreasing:

d
dt

IððNH þ
ext ÞcðtÞÞ ≥ 0: ð33Þ

The channel information bounds a one-shot state dis-
crimination probability for an optimal observer in Bob’s
region. Due to the inefficiency of most material bodies in
absorbing long-wavelength gravitational radiation, the
degrees of freedom of most material bodies will go into
superposition while Alice’s superposition is held open, but
will adiabatically recombine and, for the most part, follow
the Newtonian field and disentangle themselves from
Alice’s spin as she adiabatically closes her superposition.
In that case one expects the state-discrimination informa-
tion available to Bob at intermediate times to be much
larger than at late times. Equation (33), along with (31) and
(26), can be understood to show that a black hole decoheres
its environment as though it were made of maximally
entangling degrees of freedom.

D. Linear growth of distinguishability
long after equilibration

The preceding discussion holds at a high level of
generality, for arbitrary states outside black holes. By
specializing to a particular case, we gain more explicit
quantitative insight into the rate at which black holes
decohere their environments—and their interiors harvest
information. In the specific case of Alice’s superposition
experiment outside a black hole, we may focus on
DðNH þ

AliceÞ (rather than the entire exterior). Then, under
the protocols of the gedanken experiment in which Alice
attempts to minimize her decoherence, we recover
DðNH þ

AliceÞ ¼ DAlice at late times, and − lnð1 −DAliceÞ
grows linearly with the time T over which she maintains
a superposition [12,24].
Significant recent interest has focused on the interpre-

tation of various quantities (e.g., “complexity,” “volume,”
and “action”) relevant to black hole physics that exhibit
linear growth long after the equilibration time of the black
hole [45–49]. We point out that, in the context of the initial
gedanken experiment involving Alice’s superposition,
Alice decoheres due to a linearly growing number of soft
photons radiated through the horizon [24]. As a result of the
preceding discussion, the distinguishability measure

− ln ð1 − IððNH þ
AliceÞcÞÞ ∝ κT ð34Þ

therefore exhibits secular, linear growth, where T denotes
proper time over which Alice maintains her superposition
in the black hole exterior and κ is the surface gravity. Here,
ðNH þ

AliceÞc denotes the channel that carries out the joint
evolution of Alice and the entire horizon before restricting
to the interior. When Alice creates and recombines her
superposition sufficiently slowly, an arbitrarily small
amount of hard radiation falls into the horizon. The black
hole rapidly equilibrates, as the field on the horizon settles

10The decoherence may not be C1, but because it is non-
decreasing, it is almost-everywhere differentiable [42].
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down to a new stationary state, but with a displaced value of
the field on the horizon. The logarithmic distinguishability
of interior states, however, continues to grow without
bound at least until timescales comparable to the evapo-
ration timescale, due to a linearly growing number of soft
gravitons/photons produced due to the superposition in the
exterior. From the exterior perspective, it is these soft,
entangling gravitons/photons which are responsible for the
corresponding decoherence.
From an interior point of view, it is quite natural that the

distinguishability of states should increase long after the
horizon equilibrates, because the size of the interior region
(both in terms of volume and proper time) available for Bob
to perform his measurement grows in direct analogy
to Fig. 1.
We believe the fact that the decoherence of exterior

states, and hence the distinguishability of interior states [by
Eq. (26)], increases long after a black hole settles down
may be of relevance to the understanding of interior
dynamics of black holes in quantum gravity, which con-
tinues to be an area of active inquiry [45–50]. Naturally, it is
possible—likely, even—that such qualitative statements
may receive corrections when working nonperturbatively
in G, but the semiclassical description applied here should
nevertheless describe the most salient, emergent features
available to an observer with bounded resources. It is
anticipated that the nonperturbative description of a
black hole in quantum gravity may, as viewed from the
“exterior,” even more closely mirror the properties of a
material body—albeit one with possibly extraordinary
material properties [15]. In that case, the “degrees of
freedom” of the black hole are expected to become
identified with material degrees of freedom. The analogous
“material description” for, e.g., a Rindler horizon or de
Sitter horizon at finite GN, however, would seem to be even
more difficult to construct.

III. IR-COMPLETE HORIZON ALGEBRAS

While the previous section focused primarily on the
operational interpretation of distinguishability measures
and the exact trade-off between information and
decoherence, this section and the following are concerned
with the practical computation of distinguishability mea-
sures of the horizon radiation. For concreteness, we will
restrict attention to the gedanken experiment considered in
Sec. II, in which Alice creates a superposition of coherent
states on the horizon.
In the phenomenon of decoherence due to horizons, it is

the accumulation of soft radiation on the black hole horizon
that is responsible for the loss of coherence of external
quantum matter [12,31]. Indeed, in the limit in which Alice
never recombines her superposition, the radiation field does
not decay at asymptotically late times. Consequently, an
infrared-divergent number of soft gravitons or photons fall
through on the horizon, resulting in complete decoherence.

This infrared divergence is symptomatic of the fact that a
proper treatment of soft quanta requires an enlargement of
the theory on the horizon. In our gedanken experiment,
however, Alice recombines her superposition at a finite
time, and only a finite expected number of soft quanta are
produced. Remarkably, the proper treatment of soft quanta
will prove useful even in finite time computations that
would otherwise be difficult, for reasons we will now
explain.
In this section, for simplicity, we will work with the

electromagnetic field on the horizon rather than the
graviton field. Directly analogous considerations can be
used to quantize the graviton field on the horizon, such as is
done in [51]. We begin this section by giving a brief
summary of the arguments we will use, to give an intuitive
understanding of the methods to follow.
On the horizon, the distinguishability to the past of a cut

C is a property of the corresponding algebra Ac to the past
of that cut. As we will explain, we can get a simple
description of the decoherence—as well as any other
distinguishability measure that we consider—if the oper-
ator UðAÞ that generates Alice’s radiation is an element of
Ac. This has been dubbed the easy case by Casini et al.
[52], and such a radiation field is depicted in Fig. 2(a)
However, at finite times during Alice’s experiment, UðAÞ is
not an element of Ac or its commutant, because the
radiation “straddles” the cut C and the operator cannot
be split into separate operators in the respective algebras.

(a)

(b) (c)

FIG. 2. A spatial component Aμ, tangent to the horizon, of the
electromagnetic potential is plotted as a function of affine time V
parametrizing a horizon generator at angle xB. (a) A field
configuration in the “easy case” of Casini et al. (b) A field
configuration in the “hard case.” (c) The result of applying a V-
independent shift to (b), resulting in a field configuration in the
easy case. In particular, the final field configuration can be written
as a linear combination of two field configurations: one ΠcA
supported only to the past of the horizon cut C , and another Π0

cA
supported only to the future. However, neither of the field
configurations ΠcA and Π0

cA decay asymptotically in time—they
exhibit electromagnetic memory [53], and thus do not lie in the
standard Hilbert space of scattering theory due to their soft
radiation content.
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Casini et al. dub this the hard case, which is depicted in
Fig. 2(b).
However, the radiation field on the horizon can be shifted

by a smooth V-independent one-form, whose exact part is a
familiar large-gauge transformation [28,54]

AB → AB þ hBðxAÞ: ð35Þ

Using this shift, the radiation field AA can be made to
vanish at the cut C . In this way we will be able to factorize
the operator generating Alice’s radiation

UðAÞ ¼ UðΠcAÞUðΠ0
cAÞUðAjcÞe−iΔ=2; ð36Þ

where ΠcA and Π0
cA are radiation fields with

support entirely to the past and future of C , respectively,
UðAjcÞ implements the corresponding shift. Here Δ
is a c-number corresponding to the “memory” of A, the
definition of which will be given shortly in Sec. III A.
While this formally factorizes the operator, the radiation
fields ΠcA and Π0

cA do not decay at asymptotically
early and late times and contain an infinite number of
radiative quanta. The corresponding operators are not
elements of the standard von Neumann algebra of observ-
ables [52].
The purpose of this section is to enlarge the algebra to

include such radiation fields and thereby achieve the
factorization. This will result in a simple description of
the distinguishability measures of Alice’s radiation, which
will be considered in Sec. IV.

A. Ordinary null quantization on the horizon

The algebra of local, gauge-invariant electromagnetic
field observables in the bulk consists of the four-potential
AaðxÞ smeared with divergence-free test functions jaðxÞ
whose support decays to zero asymptotically on the
spacetime manifold M,

AðjÞ ≔
Z
M

d4x
ffiffiffiffiffiffi
−g

p
AaðxÞjaðxÞ: ð37Þ

Such observables can be rewritten in terms of observables
intrinsic to the horizon H þ by using the symplectic
structure of the classical theory.
Let ϕ1;BðV; xAÞ and ϕ2;BðV; xAÞ be two classical four-

potential solutions of the source-free Maxwell equations,
restricted to the horizon. Working in a Coulomb-like gauge
where AV ¼ 0, the symplectic form for the free, radiative
degrees of freedom of Maxwell theory on H þ is

W ðϕ1;ϕ2Þ ¼ 2

Z
H þ

dVd2xAϕ½1BðV; xAÞ∂VϕB
2�ðV; xAÞ:

ð38Þ

Classically, this symplectic structure is associated with a
Poisson algebra of electric field observables EðϕÞ ≔
W ðA;ϕÞ on the horizon,11 smeared with horizon-restricted
four-potential test functions ϕB. Here, EB ¼ −∂VAB. The
classical Poisson relations are defined by

fEðϕ1Þ; Eðϕ2Þg ¼ W ðϕ1;ϕ2Þ1: ð39Þ

The bulk, quantum observables AðjÞ can likewise be
expressed in terms of an algebra on the horizon by the
relation

AðjÞ ¼ W ðEj;AÞ; ð40Þ

where Eab is the advanced-minus-retarded Green’s function
and

ðEjÞaðxÞ ≔
Z
M

d4y
ffiffiffiffiffiffi
−g

p
Eabðx; yÞjbðyÞ ð41Þ

is the solution corresponding to the source ja. We use the
symplectic form to rewrite the field algebra on the horizon
purely in terms of the electric field EB ¼ −∂VAB. To do
this, we define the electric field observables,

EðsÞ ≔ 2

Z
H þ

d2xAdV EBðV; xAÞsBðV; xAÞ; ð42Þ

which are related to the local algebra of the exterior via

AðjÞ ¼ W ðEj;AÞ ¼ −EðEjÞ: ð43Þ

Given two solutions of the four-potential on the horizon
ðs1ÞA and ðs2ÞA that fall off to zero asymptotically in V (and
therefore do not describe field configurations with
memory), the commutation relations follow from the
symplectic form and are

½Eðs1Þ;Eðs2Þ� ¼ 2i
Z
H þ

d2xAdVs½1BðV; xAÞ∂VsB2�ðV; xAÞ1:

ð44Þ

This defines the ordinary algebra of field observables on the
horizon.
We will quantize with respect to the Poincaré invariant

vacuum. In the case of a general Killing horizon a nearly
identical procedure goes through for the Killing-symmetry
invariant state [55]. The Poincaré-invariant state ωΩ is a
Gaussian state, fully determined by its vanishing one-point
function and its two-point function,

11When sB decays asymptotically on the horizon, EðsÞ is
nothing more than twice the electric field smeared on the horizon
with the test function sB. For a nondecaying test function ϕB this
is no longer true, but we retain the EðϕÞ notation for simplicity.
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ωΩðEðs1Þ�Eðs2ÞÞ

¼ −1
π

Z
H þ

dV1dV2d2xA
s̄1;BðV1; xAÞsB2 ðV2; xAÞ
ðV1 − V2 − i0þÞ2 : ð45Þ

By specifying the quasifree state ωΩ via the two-point
function (45), we can also obtain a �-representation of the
horizon field algebra through the Gelfand–Naimark–Segal
(GNS) construction.12 Let Ā denote the �-algebra gen-
erated by the smeared electric-field operators EðsÞ with
sBðV; xAÞ smooth and decaying as V → �∞, with com-
mutator (44). Let BðF 0Þ be the set of bounded operators on
F 0. Then there exists a cyclic vector jΩi and a representa-
tion πΩ∶ Ā → BðF 0Þ such that

ωΩðâÞ ¼ hΩjπΩðâÞjΩi ð46Þ

for all â∈ Ā . F 0 is nothing more than the usual bosonic
Fock space over the associated one-particle Hilbert
space H1:

F 0 ≔ C ⊕ ⨁
∞

n¼1

Hn: ð47Þ

Here Hn is the n-fold symmetrized tensor product of the
one-particle Hilbert space H1. The subscript “0” in F 0

denotes the fact that all states in F 0 must decay at early and
late affine times [56]. As mentioned in the Introduction, the
relevant infrared property is captured by the “horizon
memory”13 of ϕB,

ðΔϕÞBðxAÞ≔ lim
V→þ∞

ϕBðV;xAÞ− lim
V→−∞

ϕBðV;xAÞ≠0; ð48Þ

and the decay of states simply is the statement that all states
in F 0 have ΔA ¼ 0. The fact that the standard Fock space
comprises only zero-memory configurations can be seen by
considering the Fourier transform of the inner product (45).
This yields

ωΩðEðs1Þ�Eðs2ÞÞ¼
Z
R2

d2xA

Z
∞

0

dω
π
ωs̃1;Bðω;xAÞs̃B2 ðω;xAÞ;

ð49Þ

where s̃A is the Fourier transform with respect to affine time

and s̃A denotes complex conjugation. From (49) it follows
that any one-particle state with memory has infinite norm in
the standard Fock space. Indeed, the low frequency
behavior of any solution with memory contains a soft pole,

ϕ̃Bðω; xAÞ ¼
ðΔϕÞBðxAÞ

iω
þOð1Þ ðω → 0Þ: ð50Þ

The corresponding norm of the vector EðsÞjΩi ¼ jsi for
any sA with memory logarithmically diverges at low
frequencies. Thus, jsi is not a vector in H1. Similarly,
the Weyl operator

WðsÞ ≔ e−iEðsÞ ð51Þ

satisfying

Wðs1ÞWðs2Þ� ¼ Wðs1 − s2ÞeiW ðs1;s2Þ=2 ð52Þ

is a well-defined operator on F 0 if and only if sB has zero
memory. We can construct a von Neumann algebra of the
bounded operator WðsÞ on F 0 by taking the weak closure
of such operators with respect to F 0. We denote the
corresponding “zero memory” von Neumann algebra as Ā.

B. Infrared extension of the Weyl algebra

As we have argued, the key insight required to solve the
hard case of Fig. 2 is that, in a gauge theory14 such as QED
or general relativity, a coherent state that fails to factorize
across the cut is related to one that does factorize by a V-
independent shift, whose exact part is a large-gauge trans-
formation, as shown in Fig. 2. To realize this, we will
include the corresponding memory observables and
memory-changing Weyl elements into the horizon algebra.
We seek to extend the algebra of the previous subsection

to include objects charged under the memory observables.
We face a technical difficulty in doing this, however,
because a simple argument reveals that it is impossible
to represent these operators on the ordinary Fock space.
The argument is as follows.
The classical memory of a field configuration ϕB can be

obtained by computing its Poisson bracket with so-called
“memory observables,” which are in fact already present in
our classical Poisson algebra: it consists of nothing more
than the special case of electric field observables smeared
with a V-independent one-form hBðxAÞ. As an observable
on phase space,

ΔðhÞ ≔ −W ðA; hÞ=2; ð53Þ

and its Poisson relations are

12In Sec. II we used A with roman numeral subscripts to
denote regions of the spacetime accessible to Alice. From here
onward we repurpose A (possibly with some decorations) to
denote a �-algebra and hope the reader will forgive this reuse of
notation.

13By Maxwell’s equations, the exact part of the memory
ΔAðxAÞ can be related to the difference in “large-gauge charges”
associated to the radial component Er of the electric field between
early and late times (see., e.g., [54,57]). The charges generate the
exact shifts hB ¼ DBλ. These large-gauge charges can be defined
on any Killing horizon [58] as well as at null infinity [59].

14Similar considerations apply to scalar fields where the
relevant transformation is not an asymptotic symmetry but is
still a well-defined map on initial data.
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fEðϕÞ;ΔðhÞg ¼ 1

2

Z
H þ

d2xAdVhBðxAÞ∂VϕBðxA; VÞ

¼ 1

2
ΔϕðhÞ1: ð54Þ

Similar to Eq. (48), ΔϕðhÞ denotes the value, now
smeared with hB, of the memory of a classical solution
ϕB. Note that EðϕÞ is a good classical observable even if ϕ
does not decay to zero as V → �∞ on the horizon, because
even in that case it has well-defined Poisson brackets with
any other observable.
However, in the quantum theory, the ordinary field

algebra, whose construction we reviewed in Sec. III A,
excludes any test function that fails to decay to zero as
V → �∞. Therefore, the corresponding quantum horizon
memory observable ΔðhÞ is defined by

½EðsÞ;ΔðhÞ� ≔ ifEðsÞ;ΔðhÞg1 ¼ i
2
ΔsðhÞ1 ¼ 0 ð55Þ

as well as the relation thatΔB commutes with itself. Thus, if
we extend the ordinary field algebra to Ā Δ which, in
addition to EðsÞ also includes memory observables ΔðhÞ
for all hB, then these memory observables are central
elements of Ā Δ.
For concreteness, we will refer to GNS Hilbert space F 0

of the ordinary field algebra above the Poincaré-invariant
vacuum as “the ordinary Fock space,” though the same
arguments can be applied to the Hilbert space of the Hartle-
Hawking or Unruh vacua of a black hole, or the Bunch-
Davies vacuum of de Sitter spacetime, or any other state
defined by invariance under the symmetries of a particular
Killing horizon. The GNS representation of the field
algebra above the Poincaré vacuum is irreducible, so we
learn that ΔðhÞ is represented as a multiple of the identity
operator in any irreducible representation. In particular, on
F 0, the memory operator is simply the zero operator—i.e.,
ΔB ¼ 0 on F 0 [25,56]. One can straightforwardly obtain
memory Fock representations FΔ where all states have
memory ΔB (see, e.g., [25,56] for details on this con-
struction). In other words, on these representations ΔðhÞ ¼
ΔðhÞ1 on FΔ. However, in any definite memory repre-
sentation, the Fock space FΔ cannot carry a representation
of an operator “charged” under the memory observables.
Such operators cannot commute with the memory and
therefore cannot be represented on any definite-memory
Fock space.
This might seem to be an insurmountable obstacle to our

desired factorization (36), because the unitaries involved
correspond to radiation fields with memory, and are there-
fore memory-changing. Such operators do not preserve the
zero memory character of the standard Fock space.
Nevertheless, we seek a representation in which the
Poincaré-invariant vacuum state exists as a proper state;
we seek to extend the vacuum onto this broader class of

operators. In fact, several authors have confronted this
difficulty, and a variety of different methods have been
considered to accommodate a description of electromag-
netic (or gravitational) memory in Hilbert spaces. For
example, a direct sum over memories might be considered
[25,60]. If it is desirable that an infinitesimal generator of
the unitary group relating memory sectors be represented as
an observable, and if the existence of a Poincaré-invariant
vacuum state were not required, then even a direct integral
over memories might be appropriate [26,27]. Related
challenges have arisen in other contexts where unitarily
inequivalent sectors of a theory coexist, such as have been
addressed by other means in the context of 1þ 1-dimen-
sional conformal field theory by Hollands and Longo [61].
In this work we take an algebraic approach, in which we
include precisely the algebra elements needed to answer the
physical question at hand, and then see what Hilbert space
representation naturally emerges. In Appendix E we
elaborate on the different Hilbert space representations
one might possibly consider.
Important to us, we are only concerned with Weyl

unitaries that change the memory. We now show that the
inclusion of these memory-changing coherent operators
(i.e., those that produce a coherent state when acting on the
vacuum) proceeds without issue.
To include memory-changing operators, we need to

include operators which do not commute with the memory.
Furthermore, on this enlarged algebra, we require that the
vacuum be a well-defined state. Equation (54) suggests that
we might try quantizing the classical observable EðϕÞ
where ϕ has nonzero memory. Such observables
do not classically commute with memory and would be
a good candidate for our desired observables in the
quantum theory. However, such observables are not
well-defined operators on the vacuum. Indeed, by (49),
the state “EðϕÞjΩi” would have infinite norm.15 While
such operators may be of interest in other circumstances
[26,27,51,62], this is not a candidate observable to address
these issues that we are concerned with.
However, the Weyl algebra WðsÞ given by (51) and (52)

can be straightforwardly extended to include solutions with
memory and, as we explain in the following section, these
operators are well-defined on the vacuum. More precisely,
we extend the Weyl algebra to include test functions
ϕBðV; xAÞ such that ∂VϕBðV; xAÞ vanishes at asymptoti-
cally late and early affine times, but whose value in fact

15One might object that “EðϕÞ,” corresponding to an un-
bounded operator, need only be defined on a dense domain, and
that perhaps this domain does not include the vacuum when ϕ has
memory. In the full algebra, however, the memory-changing
unitaries do not form a continuous group in the GNS norm—a
fact that we will revisit when constructing unitaries charged under
the memory. This failure of continuity rules out the possibility of
any such infinitesimal generator if a proper Poincaré-invariant
vacuum state is to be retained.
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approaches some nontrivial function on the horizon; i.e.,
limV→�∞ ϕBðV; xAÞ is a nonzero function of xA along the
asymptotic horizon cross section. The commutation rela-
tions follow immediately from the ordinary Weyl relations,
so that

Uðϕ1ÞUðϕ2Þ� ¼ Uðϕ1 − ϕ2ÞeiW ðϕ1;ϕ2Þ=2: ð56Þ

Before we can obtain the Tomita operator it is useful to
further extend the algebra to accommodate the decom-
position of classical solutions into “components” that
factorize across the cut C . This will allow us to factorize
coherent operators that do not factorize across a given cut
C of the horizon in the original, ordinary Weyl algebra.
Now we will make use of the projectors Πc and Π0

c
introduced earlier in the section, beginning with their
proper definition. Given a smooth function fBðV; xAÞ
(valued in vectors on the horizon cross section), we now
define a projector (i.e., an idempotent map on test func-
tions) Πc that shifts the function so that it evaluates to zero
at Vc and forces the function to zero thereafter. We also
define a “complementary” projector Π0

c whose action is
reflected about the cut,

ΠcfBðV;xAÞ≔ΘðV−VcÞfBðVc;xAÞ
þΘðVc−VÞfBðV;xAÞ−fBðVc;xAÞ;

Π0
cfBðV;xAÞ≔ΘðVc−VÞfBðVc;xAÞ

þΘðV−VcÞfBðV;xAÞ−fBðVc;xAÞ; ð57Þ

where Θ is the Heaviside step.
These projectors are chosen so as to set the function to

zero at the cut and to the future (or past), respectively, as
required to achieve the factorization of Eq. (36) and Fig. 2.
It should be noted that even if fB is smooth, then the
projection ΠcfB is in general not smooth. One might be
concerned that this would obstruct the desired extension to
the Weyl algebra (56), which depends on the symplectic
product between the solutions. The singularity of the
projected functions does not spoil the classical Poisson
algebra, however, because ΠcϕB and Π0

cϕB are both once-
differentiable (in the Sobolev sense)

∂VðΠcfBðVÞÞ ¼ ð∂VfBðVÞÞΘðVc − VÞ;
∂VðΠ0

cfBðVÞÞ ¼ ð∂VfBðVÞÞΘðV − VcÞ; ð58Þ

due to the fact that all intermediate δ-functions cancel
identically. This has the result of guaranteeing that the
symplectic product of any two projected functions
W ðΠcfB;ΠcgBÞ is well-defined, as is the symplectic
product of a projected function with a smooth one.
With these tools in hand, a straightforward application of

the extended Weyl relations of Eq. (56) gives an identity
that realizes, at the level of the algebra, the factorization

property we sought in Eq. (36). This identity is the key
technical advance of this section, and constitutes the
mathematical realization of the observation illustrated
in Fig. 2.
Letting ðϕcÞBðV; xAÞ ≔ ϕBðVc; xAÞ we obtain a factori-

zation identity for general coherent algebra elements

UðϕÞ ¼ UðΠcϕÞUðΠ0
cϕÞei2ΔðϕcÞe−iΔϕðϕcÞ=2: ð59Þ

Note that ΔϕðϕcÞ ¼ W ðϕc;ϕÞ where we trivially extend
ðΔϕÞB to act on functions on H þ that are constant in V.
As promised at the start of this section, we have in
Eq. (59) rewritten a unitary16 that does not, strictly
speaking, factorize across the cut in terms of a product
of unitaries belonging to the Weyl algebras on either side
of the cut, at the expense of an additional unitary
corresponding to a V-independent shift (generated by
the memory ΔB). In doing so we have, in effect, trans-
formed the hard case of Casini et al. into the easy case as
illustrated in Sec. III.
We also note that

½UðΠcfÞ;UðΠ0
cgÞ� ¼ 0 ð60Þ

for any test functions f and g, justifying our claim that they
belong to the commuting algebras on either side of the cut
C , respectively.
In addition to the ordinary �-algebra of fields EðsÞ

smeared into smooth, asymptotically decaying functions,
and the memory observable, the global horizon algebra
includes all UðϕÞ for ϕB in the extended class of test
functions. In addition to smooth test functions ϕB with
asymptotically-decaying first V-derivatives this includes all
projections ΠcϕB or Π0

cϕB, for each cut of the horizon C
and its associated projectors Πc and Π0

c.

C. Vacuum state and Hilbert space

An abstract algebra is of little use without a physical state
within which to compute expectation values and moments
of probability distributions for the observables of that
algebra. To make use of our algebra, and to achieve a
Hilbert space representation of it via the GNS construction,
we extend the Killing-symmetry invariant state of [63]. In
the present context of a Rindler horizon, as well as at null
infinity, this constitutes the Poincaré-invariant vacuum
state.
On the original Weyl algebra,

ωΩðWðs1Þ�Wðs2ÞÞ ¼ e−
1
2
jjs1−s2jj2eiW ðs1;s2Þ=2: ð61Þ

16Note that this is not a unitary operator on the ordinary Fock
space. Here we use the word “unitary” to refer to either a unitary
element of a �-algebra, or its representative as a unitary operator
in a GNS representation of that algebra.
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Here, the norm is the Klein-Gordon-like norm on the
positive frequency part of the test function

jjsjj2 ≔ ωΩðEðsÞ2Þ: ð62Þ

The vacuum state on the extended Weyl algebra is

ωΩðUðϕ1Þ�Uðϕ2ÞÞ

¼

8>><
>>:

e
i
2
Δϕ1

ðϕ1−ϕ2Þ ∂Vðϕ2;B − ϕ1;BÞ ¼ 0

e−
1
2
jjϕ1−ϕ2jj2ei

2
풲ðϕ1;ϕ2Þ Δϕ1

¼ Δϕ2

0 Δϕ1
≠ Δϕ2

;

ð63Þ

where in the first case, the condition ∂Vðϕ2;B − ϕ1;BÞ ¼ 0

implies that ϕ1;B and ϕ2;B differ by a V-independent shift.
This state extends onto the memory observable ΔðhÞ by the
relation

½UðϕÞ;ΔðhÞ� ¼ UðϕÞΔϕðhÞ=2 ð64Þ

and the fact that ωΩ is an eigenstate of ΔðhÞ with
eigenvalue zero. This implies that because ΔϕðhÞ is no
longer required to vanish, ΔðhÞ is no longer central in the
algebra.
In fact, the Weyl element corresponding to the memory

observablewas already implicit in the extendedWeyl algebra.
To see this, consider any two solutions ðf1ÞBðV; xAÞ and
ðf2ÞBðV; xAÞ such that ∂Vððf1ÞB − ðf2ÞBÞ ¼ 0, in which
case hB ≔ ðf1ÞB − ðf2ÞB only depends on the spatial cross
sections of the horizon, and Δf1 ¼ Δf2 . Then we find that

Uðf1ÞUðf2Þ� ¼ eiΔf1
ðhÞ=2ei2ΔðhÞ; ð65Þ

so the (exponentiated) memory observableΔðhÞwas, in fact,
already present in the extended operator algebra.
At this point one may ask whether the same strategy might

be employed to extend the electric field algebra itself “EðϕÞ”
to include classical solutions ϕB with memory. Indeed, there is
no obstruction defining an abstract algebra corresponding to
the classical field algebra with memory, in correspondence
with the Poisson relations of Eq. (39), to obtain an
abstract field algebra that includes test functions ϕ that do
not decay asymptotically on the horizon. However, the
vacuum state ωΩ does not extend onto this algebra. This
can be seen from the fact that Eq. (45) suffers from an infrared
divergence when s1;B and s2;B are both replaced by the same
function ϕB with memory, i.e., a function such that
limV→∞ ϕBðV; xAÞ ≠ limV→−∞ ϕBðV; xAÞ. Thus, although
the vacuum ωΩ has a natural extension to the Weyl algebra
given in Eq. (63), it does not extend onto an enlarged field
algebra “EðϕÞ” of classical solutions with memory. Therefore,
along with the extended Weyl algebra via Eq. (63), the
resulting GNS Hilbert space will carry a representation of
the ordinary, zero-memory field algebra via Eq. (45).

Let H be the GNS Hilbert space of the fully extended
Horizon algebra A with respect to ωΩ where the one-
particle inner product is given by

hs1js2i ≔ ωΩðEðs1Þ�Eðs2ÞÞ ð66Þ

for any s1 and s2 that decay asymptotically, and the inner
product on coherent states is

hUðϕ1ÞΩjUðϕ2ÞΩi ≔ ωΩðUðϕ1Þ�Uðϕ2ÞÞ: ð67Þ

Note that ΔðhÞ is no longer central in the algebra of
observables, so it is no longer represented by a multiple of
the identity. Regarding those elements that do commute
with the memory, as elements of the von Neumann algebra
A of bounded operators on H one has, for asymptotically
decaying test functions s,

e−iEðsÞ ¼ WðsÞ ¼ UðsÞ: ð68Þ

No such relation holds, however, for the elements of the
Weyl algebra of operatorsUðϕÞwhen ϕB has memory. This
is because, for any ϕB with memory, the one-parameter
unitary group t ↦ UðtϕÞ is neither strongly nor weakly
continuous in the GNS representation, as can be seen from
Eq. (63). This is consistent with the fact that the algebra of
observables does not contain a quantum analog of the
classical observable EðϕÞ for ϕB with memory, which, if
included in the algebra, would constitute the generator of
that unitary group. This topological obstruction can be
understood as the reason why the ordinary Fock space of
scattering theory fails to incorporate physical states with
memory.
The fact that the formal “exponential of a field observ-

able with memory” should be better behaved than the field
observable itself has been anticipated in the literature [64].
The question of the existence of the infinitesimal
generator of such unitaries is intimately tied to the existence
(or lack thereof) of a Poincaré-invariant vacuum state for
the resulting algebra. In our context, a Poincaré-invariant
vacuum is physically reasonable, and indeed the
GNS constructions of Secs. III A and III C guarantee the
existence of this vacuum by construction. Other physical
contexts, however, may favor other representations
[26,27,51,62].
In fact, the GNS Hilbert space we obtain in Sec. III C is

the direct sum Hilbert space over memory representations
[26,65], and its properties are detailed in Appendix E.17 The
cautious reader may be concerned that this Hilbert space is
not separable, and it is sometimes argued that nonseparable

17While there exist uncountably infinite memory “sectors”
labeled by memory, unlike in superselection theory, one cannot
restrict to any chosen sector because there exist physical memory-
changing operators. This is discussed further in Sec. VA.
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Hilbert spaces are not useful. However, as we have
already seen, this Hilbert space is the GNS representation
of a physically relevant algebra. Furthermore, it will prove
very useful insofar as it provides a setting for Tomita-
Takesaki theory, which remains well-defined regardless of
separability [66].

IV. TOMITA-TAKESAKI THEORY FOR GENERAL
COHERENT STATES AND SOFT MODES

A. Standard Tomita-Takesaki theory

We first review standard Tomita-Takesaki theory of the
free, radiative fields on the horizon. We recall that the
standard von Neumann algebra Āc consists of the (weak
closure of) the Weyl operators WðsÞ on the zero memory
Fock space F 0 where the operators have support to the past
of a cut C . On Āc the vacuum state jΩi is a cyclic and
separating state.18 Given two cyclic and separating states
jΨi; jΦi∈F0, one can (densely) define a relative Tomita
operator ŜΨjΦ which satisfies

ŜΨ→ΦâjΨi ¼ â†jΦi: ð69Þ

Given the relative Tomita operator, one can define a
“relative modular operator” Δ̂Ψ→Φ as

Δ̂Ψ→Φ ¼ Ŝ†Ψ→ΦŜΨ→Φ: ð70Þ

The modular operator is defined as the case where both
entries of the relative modular operator refer to the same
state—i.e., for jΨi the modular operator is Δ̂Ψ ¼ Δ̂Ψ→Ψ.
This operator generates a strongly continuous, one-param-
eter group of automorphisms of any von Neumann
algebra A

âðtÞ ¼ Δ̂−it
Ψ âΔ̂it

Ψ ∈A ∀ â∈A; t∈R; ð71Þ

where âðtÞ is the one-parameter family of algebra elements
which constitute the “modular flow” of â. The modular
operator satisfies the direct analog of the Kubo–Martin–
Schwinger (KMS) conditions now with respect to modular
flow:

Δ̂ΨjΨi ¼ jΨi; hΨjâðtÞb̂jΨi ¼ hΨjb̂ âðtþ iÞjΨi ð72Þ

for any â; b̂∈A. The right-hand side is well-defined
because the correlation function hΨjb̂ âðtÞjΨi is analytic
on the strip 0 < ℑt < 1 and is bounded and continuous
on the boundary of the strip. As we will review in
the following subsections, the modular operator plays a

significant role in the definition of many quantum-infor-
mation-theoretic quantities. However, an explicit construc-
tion of the modular operator for a general state is rarely
available in practice.
A notable exception is the vacuum state jΩiwhere on the

algebra Ac, the corresponding operator Δ̂it
Ω yields a boost

about Vc with rapidity ξ ¼ 2πt. We will henceforth refer to
t as the “boost parameter.” The action of such a boost about
Vc on the horizon is

Λ2πtðV; xAÞ ¼ ðVc þ e−2πtðV − VcÞ; xAÞ: ð73Þ

The action of the vacuum modular operator on the one-
particle Hilbert space is determined by its action on the
corresponding classical solutions. The classical field
EAðV; xBÞ ¼ −∂VAAðV; xBÞ transforms under the (pullback
Λξ� of a) boost as

Λξ�½EAðV; xBÞ� ¼ eξEAðVc þ e−ξðV − VcÞ; xBÞ: ð74Þ

Another case in which the modular operator is known
exactly is due to Casini et al. [52] and Longo [67], in the
easy case of Sec. III. In that case, the relative modular
operator between two coherent states that factorize across
the cut as

jΨi¼WðsΨÞWðs0ΨÞjΩi; jΦi¼WðsΦÞWðs0ΦÞjΩi ð75Þ

is given to be

Δ̂Ψ→Φ ¼ Wðs0ΨÞWðsΦÞΔ̂ΩWðsΦÞ†Wðs0ΨÞ†: ð76Þ

In the hard case, however, no such formula has appeared in
the literature, nor has such a formula been derived in the
presence of field configurations with memory. In what
follows, we provide a formula for the relative Tomita
operator between general coherent states.

B. Relative Tomita operator for general coherent states

From here on we will work within the GNS representa-
tion of the full algebra19 defined in Secs. III A and III B.
This horizon algebra includes the ordinary zero-memory
field algebra EðsÞ and the corresponding Weyl algebra
WðsÞ, as well as the Weyl elements UðϕÞ corresponding to
coherent radiation with memory, and the memory observ-
able itself ΔðhÞ. Using this algebra, we will provide the
relative Tomita operator for the algebra to the past of the cut
Ac. The full GNS Hilbert space of A has several possibly
unfamiliar properties relative to the standard Tomita-
Takesaki theory we just presented. First, the Hilbert space
H is nonseparable (i.e., it does not admit a countable basis).

18We say jΩi is cyclic for A if a dense subset of vectors in H
are produced by acting all elements of A on jΩi. We say jΩi is
separating for A if âjΩi ¼ 0 implies â ¼ 0 for all â∈A.

19The construction also applies to free massive and massless
scalar fields, even though the large-gauge interpretation does not
apply.
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This is no obstruction, however, to the formulation of
Tomita-Takesaki theory [66].
To apply the Tomita-Takesaki theory, all that is typically

required is the existence of a cyclic and separating state, the
definitions of which are given in footnote 18. The algebra
Ac to the past of the cut will include the standard Weyl
algebraWðsÞ as well as elements of the extended UðϕÞ that
are supported strictly to the past of the cut. Notably, this
does not include expðiΔðhÞÞ. With the inclusion of the
enlarged Weyl algebra including operators with memory
UðϕÞ, it is straightforward to show that Ω is again cyclic
and separating on the algebra Ac to the past of the cut.20

Since the state (63) is boost-KMS, the modular operator for

the Poincaré-invariant vacuum is unchanged from its
definition on the Poincaré-invariant vacuum of the standard
Fock space. Thus, despite the unusual setting, we are
equipped with the necessary tools to proceed with the
Tomita-Takesaki theory.
We now construct the relative Tomita operator

for two general coherent states jΨi ¼ UðϕΨÞjΩi and
jΦi ¼ UðϕΦÞjΩi, where we do not assume that ϕΨ

B and
ϕΦ
B vanish at the cut, or decay asymptotically. Then,

restricting these states to the past of C , we will show that
the relative Tomita operator of the state Ψjc relative
to Φjc is

ŜΨ→Φ ¼ e−iΔϕΦ ðϕΦ
c Þ=2UðΠcϕ

ΨÞUðΠ0
cϕ

ΦÞŜΩUðΠcϕ
ΦÞ†UðΠ0

cϕ
ΨÞ†eiΔϕΨ ðϕΨ

c Þ=2; ð77Þ
where SΩ is the Tomita operator for the vacuum. Here ΔϕðhÞ ≔

R
d2xAhBðΔϕÞB.

To justify this, let us verify that ŜΨ→Φ satisfies the defining property of the relative Tomita operator: ŜΨ→ΦâjΨi ¼ â†jΦi
for any â∈Ac (including the infrared sector) to the past of the horizon cut C . For any element â of Ac, we have

ŜΨ→ΦâjΨi ¼ e−iΔϕΦ ðϕΦ
c Þ=2UðΠcϕ

ΨÞUðΠ0
cϕ

ΦÞŜΩUðΠcϕ
ΦÞ†UðΠ0

cϕ
ΨÞ†eiΔϕΨ ðϕΨ

c Þ=2âjΨi
¼ e−iΔϕΦ ðϕΦ

c Þ=2UðΠcϕ
ΨÞUðΠ0

cϕ
ΦÞŜΩUðΠcϕ

ΦÞ†UðΠ0
cϕ

ΨÞ†eiΔϕΨ ðϕΨ
c Þ=2âUðϕΨÞjΩi: ð78Þ

Next we apply the observation of Sec. III that the easy case differs from the hard case (the case at hand) by a V-independent
shift, as illustrated in Fig. 2. We factor the final unitary using the resulting factorization identity (59),

¼ e−iΔϕΦ ðϕΦ
c Þ=2UðΠcϕ

ΨÞUðΠ0
cϕ

ΦÞŜΩUðΠcϕ
ΦÞ†UðΠ0

cϕ
ΨÞ†eiΔϕΨ ðϕΨ

c Þ=2âUðΠcϕ
ΨÞUðΠ0

cϕ
ΨÞei2ΔðϕΨ

c Þe−iΔϕΨ ðϕΨ
c Þ=2jΩi: ð79Þ

Then because Ω belongs to the null space of Δ,

¼ e−iΔϕΦ ðϕΦ
c Þ=2UðΠcϕ

ΨÞUðΠ0
cϕ

ΦÞŜΩUðΠcϕ
ΦÞ†UðΠ0

cϕ
ΨÞ†âUðΠcϕ

ΨÞUðΠ0
cϕ

ΨÞjΩi: ð80Þ

Using the fact that coherent operators projected onto opposite sides of the cut commute (60),

¼ e−iΔϕΦ ðϕΦ
c Þ=2UðΠcϕ

ΨÞUðΠ0
cϕ

ΦÞŜΩUðΠcϕ
ΦÞ†âUðΠcϕ

ΨÞjΩi; ð81Þ

and the defining property of ŜΩ gives

¼e−iΔϕΦ ðϕΦ
c Þ=2UðΠcϕ

ΨÞUðΠ0
cϕ

ΦÞUðΠcϕ
ΨÞ†â†UðΠcϕ

ΦÞjΩi
¼e−iΔϕΦ ðϕΦ

c Þ=2UðΠ0
cϕ

ΦÞâ†UðΠcϕ
ΦÞjΩi: ð82Þ

We again use the fact thatΩ is in the null space ofΔ to write

¼ e−iΔϕΦ ðϕΦ
c Þ=2UðΠ0

cϕ
ΦÞâ†UðΠcϕ

ΦÞei2ΔðϕΦ
c ÞjΩi: ð83Þ

Finally, we apply the fact that UðΠ0
cϕ

ΦÞ is in the
commutant of Ac and again use the factorization identity
(59) to obtain

¼ â†UðϕΦÞjΩi
¼ â†jΦi; ð84Þ

thereby satisfying the defining property of the relative
Tomita operator. Thus, we see that Eq. (77) does, indeed,
specify the relative Tomita operator.
With this, we can compute various quantum information

theoretic quantities, such as the Holevo fidelity and relative
entropy between general coherent states, in both the “easy”
and “hard” cases of Casini et al., and also for coherent
states of soft radiation.

20Acting with UðϕΔÞWðsÞ∈Ac, with s ranging densely over
the zero-memory one-particle space and ΔB over all memory
profiles, produces a dense set in every FΔ and hence in H.
The analogous future algebra is cyclic on Ω, hence Ω is
separating for Ac.
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The so-called relative modular operator is the modulus of
the relative Tomita operator Δ̂Ψ→Φ ¼ Ŝ†Ψ→ΦŜΨ→Φ, and it is
useful in the computation of many information-theoretic
quantities. In our case it evaluates to

Δ̂Ψ→Φ ¼ UðΠ0
cϕ

Ψ þ Πcϕ
ΦÞΔ̂ΩUðΠcϕ

Φ þ Π0
cϕ

ΨÞ�: ð85Þ

In the case that Φ is the vacuum Ωjc and Ψ has the
vanishing one-point function at C , the projection (includ-
ing the V-independent shift) implemented by Π0

c acts
trivially, and we recover Casini et al.’s expression for
the relative modular operator in the easy case. We are,
however, interested in the fully general case.
Formerly, in the hard case of Casini et al., the lack of a

general formulation of the corresponding Tomita-Takesaki
theory meant that each new quantum-information theoretic
quantity of interest required a new method of computation.
Thus, each quantity of interest (e.g., Rényi entropies, etc.)
would need to be treated on a case-by-case basis. Now,
having suitably extended the algebra and the framework of
Tomita-Takesaki theory, a variety of information-theoretic
applications can be developed with relative ease. We first
return to the Holevo fidelity, which was the original
motivation for our foray into Tomita-Takesaki theory,
in Sec. II.
With the relative modular operator in hand, we can

explicitly evaluate the distinguishability of the states on
Bob’s side of the horizon sourced by Alice’s superposition.
We will express this in terms of the Holevo fidelity, the
Uhlmann fidelity, the relative entropy, and the Rényi
entropies.

C. The Holevo fidelity between coherent states

The (square root of the) Holevo fidelity between
two coherent states Ψ and Φ restricted to the past of Vc
is given by

ffiffiffiffiffiffi
fH

p
ðΨ;ΦÞ ¼ hΨjΔ̂1=2

Ψ→ΦjΨi; ð86Þ

where the square root of the relative modular operator is

Δ̂1=2
Ψ→Φ ¼ UðΠ0

cϕ
Ψ þ Πcϕ

ΦÞΔ̂1=2
Ω UðΠcϕ

Φ þ Π0
cϕ

ΨÞ�: ð87Þ

We will ultimately be interested in the case where Φ ¼ Ω,
so we restrict our attention to that case for simplicity. The
calculation follows by exact analogy for a general coherent
state Φ.
Because the expectation value hΨjΔitjΨi has an analytic

continuation to strip −1 < ℑt < 0, the conjugation by Δ̂1=2
Ω

corresponds to a boost with the boost parameter analyti-
cally continued to ξ=ð2πÞ ¼ t ¼ −i=2, which gives the
element ΛRTðV; xAÞ ¼ ð2Vc − V; xAÞ of the Lorentz group.
The fidelity is symmetric in its arguments, so for

convenience we calculate

ffiffiffiffiffiffi
fH

p
ðΩ;ΨÞ ¼ hUðΠcϕ

ΨÞ�Δ̂1=2
Ω UðΠcϕ

ΨÞiΩ
¼ hUðΠcϕ

ΨÞ�Δ̂1=2
Ω UðΠcϕ

ΨÞΔ̂−1=2
Ω iΩ

¼ hUðΠcϕ
ΨÞ�Uð−ΛRT� Πcϕ

ΨÞiΩ; ð88Þ

where ΛRT� is the action of Λ−iπ ¼ ΛRT and reflects a test
function hA on the horizon about Vc:

ΛRT� hAðV; xBÞ ¼ hAð2Vc − V; xBÞ: ð89Þ

In the second line of Eq. (88) we have used the fact thatΩ is
an eigenstate of Δ̂Ω with eigenvalue 1.
Thus, we obtain a simple expression for the fidelity

between two coherent states restricted to the past of
a cut C ,

ffiffiffiffiffiffi
fH

p
ðΨ;ΩÞ ¼ e−

1
2
jjΠcϕ

ΨþΛRT� Πcϕ
Ψjj2 : ð90Þ

As promised, this formula applies regardless of whether the
function ϕΨ is supported at Vc or not. That is, this
gives the Holevo fidelity in both the hard and easy cases
of Casini et al., and therefore determines the distinguish-
ability of interior states even at intermediate times,
while Alice’s superposition is held open as discussed
in Sec. II.
We previously analyzed an intimately related question

[24], in which we determined the optimal protocol for Alice
to follow so that she minimizes the decoherence she finds in
the exterior of a black hole. There, it was shown that to
minimize her decoherence, Alice should not merely close
her superposition, but also subsequently reopen it and
reclose it according to a specific pattern. By doing this she,
in effect, produces a radiation field on the horizon that more
closely resembles a vacuum fluctuation and thus reduces
the probability of Bob achieving certainty about the state of
her superposition. In that paper, it was shown that a
reasonably good procedure (though not the optimal one)
would be for the reopening and reclosing process to
proceed as the CRT conjugate of her original process,
giving rise to what was there referred to as the “CRT
purification” on the horizon.
The operation CRT on the Hilbert space of a quantum

field theory corresponds to the element ΛRT of the Lorentz
group about C . The squared magnitude of the inner product
of the CRT purification with the vacuum is precisely the
Holevo fidelity, which we have computed here by much
simpler means. As shown in Appendix B the Holevo
fidelity approximates the Uhlmann fidelity by

1 −
ffiffiffiffiffiffi
fH

p
ðρ; σÞ ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fUðρ; σÞ

p
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fHðρ; σÞ

p
; ð91Þ

which bounds Bob’s probability of success by Eq. (7) and
corresponds to the optimal purification of [24], and will be
the focus of the next section (Sec. IV D).
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It is instructive to consider the special case that the
coherent state Ψ corresponds to a classical solution sB that
decays asymptotically (zero memory) and also vanishes at
the cut. As was shown in [68] it is possible to decompose
the exponent of Eq. (90) as

−
1

2
jjΠcsþ ΛRT� Πcsjj2

¼ −
1

2
jjΠcsjj2 −

1

2
jjΛRT� Πcsjj2 −ℜωðEðΠcsÞ;EðΛRT� ΠcsÞÞ

¼ −jjΠcsjj2 −ℜωðEðΠcsÞ;EðΛRT� ΠcsÞÞ: ð92Þ

The first term counts the number of particles in the
coherent state corresponding to sBðV; xAÞ while the final
term is the symmetric part of the two-point function,
namely [55],

ℜωðEðΠcsÞ;EðΛRT� ΠcsÞÞ

¼ −1
π

Z
R2×R2

dV1dV2d2xB

× P:V:

�
ΠcsAðV1; xBÞΛRT� ΠcsAðV2; xBÞ

ðV1 − V2Þ2
�
; ð93Þ

where the principal value acts trivially because the test
functions have disjoint support. Following [68], then, in the
easy case the fidelity cleanly splits into two factors for
finite Vc,ffiffiffiffiffiffi

fH
p

ðΨjc;ΩjcÞ ¼ e−jjΠcsjj2e−ℜωðEðΠcsÞ;EðΛRT� ΠcsÞÞ: ð94Þ

In the case that the radiation remains zero forever after the
cut, e.g., in the case that Alice has finished her experiment,
the first factor is the fidelity due to the expected number of
particles in the state hNiΨ ¼ jjsjj2, while the second piece
is caused by the uncertainty in Bob’s ability to measure
these particles, due to vacuum fluctuations. Only the latter
factor depends on Vc, and its exponent monotonically
decays toward zero as Vc increases as can be seen from
evaluating (93) and its first Vc derivative.
This implies that as Bob is allowed more time in the

interior, he can better distinguish the configuration of the
interior field from vacuum fluctuations. This is comple-
mentary to the derivation of [24] showing Alice can
minimize her decoherence in the exterior by performing
her experiment so as to “mimic” a vacuum fluctuation
(although the actual improvement in her coherence is
minuscule if her superposition has been open for an
appreciable time).
In the case in which no time constraints are placed on

Bob, then the states on the Rindler horizon would become
pure states, in which case there is guaranteed to be some
measurement available to Bob that will saturate the bound
(7) on his one-shot probability Pcertain

Bob ðBÞ to unambigu-
ously distinguish the state.

The infinite time case corresponds to the fidelity along
the entire horizon,21 which is

ffiffiffiffiffiffi
fU

p
ðΨ;ΩÞ ¼ e−

1
2
jjϕΨjj2 ¼ e−

1
2
hN̂iΨ ; ð95Þ

where hN̂iΨ is the expected number of particles in the
coherent state Ψ. As one would expect, we have recovered
the formula of [12–14,31] for the final decoherence
1 −

ffiffiffiffiffiffi
fU

p
of Alice in terms of the number of entangling

particles hN̂iΨ in the limit that we account for the
distinguishability of all entangling degrees of freedom
on the horizon. The discrepancy between this formula
and the distinguishability of the states according to
Bob at finite times as given in Eq. (94) is notable.
Evidently, even at very large Vc and thus very small
ℜωðEðΠcsÞ;EðΛRT� ΠcsÞÞ ≃ 0, the uncertainty due to vac-
uum fluctuations poses a significant obstacle to Bob’s
ability to perform discerning measurements of the field in
his region. If, even at very late times, it is possible for Bob
to infer with certainty the full future time evolution on the
horizon (by, for example, learning by some other means
that Alice is finished with her experiment), he gains a
significant amount of additional which-path information.
This is demonstrated by the exponent of the fidelity passing
from hN̂iΨ to hN̂iΨ=2 in the pure-state case.

D. The Uhlmann fidelity between general
coherent states

Recall the definition (6) of the Uhlmann fidelity fUðρ; σÞ,

fUðρ; σÞ ≔ sup
π
jhρjσiπj2: ð96Þ

As before, the supremum runs over all Hilbert space
representations π of the �-algebra such that jρi and jσi
are vectors in the corresponding Hilbert space and are
purifications of the states ρ and σ, respectively. This
supremumover all purificationsmakes the Uhlmann fidelity
very difficult to compute in general. For practical purposes,
therefore, the Holevo fidelity is often more useful, because
the latter bounds the former from above and below by

1 −
ffiffiffiffiffiffi
fH

p
ðρ; σÞ ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fUðρ; σÞ

p
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fHðρ; σÞ

p
ð97Þ

as shown in Appendix B.
If one restricts to the space of coherent states, then one

can achieve a better estimate than the Holevo fidelity. In a
related article [24] we, together with J. Kudler-Flam and
R. M. Wald, obtained a formula for the optimal purification
of the states in G. For simplicity we consider the case of a

21Perhaps surprisingly, this expression is not identical
to the Vc → ∞ limit of the finite-time, mixed state fidelity
of Eq. (94). This discrepancy is due to the fact that
limVc→∞ jjΛRT� Πcsjj ≠ jj limVc→∞ ΛRT� Πcsjj.
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single coherent state Ψ along with the vacuum Ω. Let sB be
the classical solution corresponding to Ψ. Restricted to a
subalgebra, Ref. [24] provides an explicit formula for the
optimal purification of Ψ into the space of pure coherent
states. That is to say, it was shown that when the
purification jΨi of Ψ extremizes

max
jΨi∈G

jhΨjΩij ð98Þ

in the subspace G of coherent states within the Hilbert
space, then the optimal coherent state is

jΨimax ¼ UðΠcsþ RcΠcsþ scÞjΩi; ð99Þ

where the optimal recovery Rc acting on some solution
fBðV; xAÞ is

RcfBðV; xAÞ ≔
1

π

Z
2Vc

Vc

dV 0 fBð2Vc − V 0; xAÞ
V − 2Vc þ V 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V − Vc

V 0 − Vc

s
:

ð100Þ

It is natural to expect that maxjΨi∈G jhΨjΩij ¼
supπjhΨjΩiπj, i.e., this is the optimal purification in
absolute terms, not just in the space of coherent states
above the vacuum. In that case the Uhlmann fidelity
becomes

fUðΨ;ΩÞ ¼ e−jjΠcsþRcΠcsjj2 : ð101Þ

Even if it should turn out that an alternative recovery
protocol (leveraging purifications outside coherent states)
can be found that achieves a larger overlap between the
states than the coherent-state protocol of [24], this never-
theless dramatically outperforms the CRT purification of
the Holevo fidelity for many states. Therefore, this gives an
improved bound on the ultimate coherence of Alice’s
superposition even if it turns out not to be strictly equal
to the Uhlmann fidelity.
In the case of field configurations without memory that

vanish at the cut, a calculation directly analogous to that of
the preceding section again finds that the distinguishability
according to Bob at late finite times is controlled byffiffiffiffiffiffi
fU

p
→ exp ð−hN̂iΨÞ, whereas in the case that he

can infer the entire future state on the horizon we
have

ffiffiffiffiffiffi
fU

p ¼ exp ð− 1
2
hN̂iΨÞ.

E. Relative entropy of general coherent states

The calculation of the relative entropy between a
coherent state and the vacuum forms the primary result
of Casini et al. In the easy case in which the coherent state
factorizes across the cut of the initial data surface, their
calculation mirrors ours exactly. In the hard case, however,
their calculation requires much greater effort. In the

following calculation, the two cases are treated at once,
with the hard case being reduced to the level of simple
calculation that could previously be employed in the easy
case. This highlights the usefulness of the extended Tomita-
Takesaki theory for analyzing local quantum information
theoretic questions such as the relative entropy to the past
of a horizon cut C .
Let jΩi and jΨi be CRT (i.e., “natural cone”) purifica-

tions of the states Ωjc and Ψjc, related by UðϕÞjΩi ¼ jΨi.
LetKϕ and K̄ϕ be the positive and negative frequency parts
of ϕ, respectively. Then,

SΨjΩ ¼ −hΨj lnΔΨ→ΩjΨi

¼ i
d
dt

hΨjUðΠ0
cϕÞΔit

ΩUðΠ0
cϕÞ�jΨijt¼0

¼ i
d
dt

hΩjUðΠcϕÞ�Δit
ΩUðΠcϕÞjΩijt¼0

¼ i
d
dt

expð−jjΠcϕ − e2πtΛ2πt� Πcϕjj2=2
þ iW ðΠcϕ; e2πtΛ2πt� ΠcϕÞ=2Þjt¼0

¼ −1
2

�
i
d
dt

jjΠcϕ − e2πtΛ2πt� Πcϕjj2

þ d
dt

W ðΠcϕ; e2πtΛ2πt� ΠcϕÞ
�
t¼0

¼ −1
2

d
dt

½W ðKΠcϕ − e2πtKΛ2πt� Πcϕ;

K̄Πcϕ − e2πtK̄Λ2πt� ΠcϕÞ
þW ðΠcϕ; e2πtΛ2πt� ΠcϕÞ�t¼0; ð102Þ

where in going from the second line to the third we have
used the fact that UðϕÞjΩi ¼ jΨi and the identity of
Eq. (59). Using the chain rule for the symplectic product

d
dt

W ðg; hÞ ¼ W

�
d
dt

g; h

�
þW

�
g;

d
dt

h

�
; ð103Þ

one finds that the contribution from the Klein-Gordon norm
vanishes, giving

SΨjΩ¼−
1

2

d
dt
W ðΠcϕ;e2πtΛ2πt� ΠcϕÞjt¼0

¼−
1

2
W

�
Πcϕ;2πΛ2πt� Πcϕþe2πt

d
dt
Λ2πt� Πcϕ

�����
t¼0

¼−
1

2
W

�
Πcϕ;

d
dt
Λ2πt� Πcϕ

�����
t¼0

¼2π

Z
Vc

−∞
dVd2xAðVc−VÞð∂VϕÞ2þπ lim

V→−∞
ðVc−VÞ

×
Z
R2

d2xA∂VϕBðV;xAÞðϕBðV;xAÞ−ϕBðVc;xAÞÞ:

ð104Þ

DAINE L. DANIELSON and GAUTAM SATISHCHANDRAN PHYS. REV. D 114, 085003 (2026)

085003-22



At present we are considering a Hilbert space of functions
whose first derivatives decay so that the final term is zero.
This leaves22

SΨjΩ ¼ 2π

Z
Vc

−∞
dV d2xAðVc − VÞð∂VϕBÞ2: ð105Þ

This is in agreement with the formula of [52], but its
validity is now established even for coherent states corre-
sponding to classical solutions that do not decay at infinity,
such as arise in the presence of memory effects.
As Eq. (105) makes clear, the relative entropy SΨjΩ is

directly related to the square of the affine derivative of the
potential, ð∂VϕBÞ2. The relative entropy would therefore
appear to be much more closely related to the energy of the
potential than it is to any “soft” quantity, such as the
horizon memory ΔB.
At the same time, we have seen that fidelity between

states that differ by a substantial number of soft photons or
gravitons can be made arbitrarily small. Such “soft radi-
ation” therefore carries an enormous amount of which-state
information as measured by the fidelity. Evidently the
relative entropy (105) and the fidelity capture different
aspects of the quantum information content of the radiation.
The gedanken experiment of II helps to illustrate the

difference between the two, and in particular, the relative
sensitivities of each quantity to the soft radiation produced
by Alice. To illustrate the point, we consider two scenarios:
(I) Alice opens her superposition, and then holds it open
forever, and (II) Alice recombines her superposition shortly
after opening it. In both scenarios we analyze the relative
entropy and the Uhlmann fidelity of the resulting coherent
state restricted to the past of an arbitrary cut Vc.
In scenario (I), suppose that Alice opens her super-

position over an affine time interval V ∈ ðV0; V1Þ by
keeping one branch of the superposition stationary for
all times, and displacing the other branch to a new position
where it is then left stationary. Then the relevant, entangling
radiation content on the horizon will be determined by the
radiation field ϕB sourced by the displaced trajectory,
relative to the vacuum. Because the integrand of
Eq. (105) is only supported when the derivative of the
field is nonzero, the relative entropy becomes

SΨjΩ ¼ 2π

Z
V1

V0

dVd2xAðVc − VÞð∂VϕBÞ2: ð106Þ

At late cut times Vc ≫ V1 this simplifies further. We write
the time at the cut in terms of Alice’s proper time tc, which
is related to Vc by Vc ¼ eκtc, and obtain

SΨjΩ ∼ 2πeκtc
Z

V1

V0

dVd2xAð∂VϕBÞ2: ð107Þ

From this we learn two things: (i) at late times, the relative
entropy grows exponentially in Alice’s proper time tc, and
(ii) the relative entropy is determined by the hard part of the
field configuration, in terms of its affine time derivative. In
fact, one could replace Alice’s entangling field configura-
tion with a different one, ϕhard, in which Alice opens and
then immediately closes her superposition, and her protocol
could be chosen such thatZ

V1

V0

dVd2xAð∂Vϕhard;BÞ2 ¼
Z

V1

V0

dVd2xAð∂VϕBÞ2: ð108Þ

In that case, the relative entropies would be essentially
identical at late times, despite the fact that ϕhard;B contains
no soft radiation whatsoever, because Alice has closed her
superposition. The growth of the relative entropy with time
illustrates that even an arbitrarily small amount of energy
deposited at early times can give rise to a very large relative
entropy as measured at sufficiently late times. More to the
point, however, this example illustrates that there are
situations in which the relative entropy is not directly
sensitive to the soft radiation content of field
configurations.
We contrast this with the Uhlmann fidelity, in the same

setup in which Alice holds her superposition open. At late
times the Uhlmann fidelity

fUðΨ;ΩÞ ¼ e−jjΠcsþRcΠcsjj2 ð109Þ

decays exponentially [24] in tc as

ln fUðΨ;ΩÞ ∼ −κtc ðIÞ ð110Þ

for Vc ≫ V1. Thus, we see that, while Alice’s superposition
is open, the fidelity decays exponentially, due to the
linearly increasing number of soft photons in the optimal
purification of her superposition [24].
In scenario (II), Alice, instead, closes her superposition

shortly after opening it and sources ϕhard;B on the horizon.
The resulting fidelity would become essentially tc inde-
pendent at late times [24]

ln fUðΨ;ΩÞ ∼ const ðIIÞ ð111Þ

for Vc ≫ V1. This can be understood as the result of the
fact that the “optimal recovery protocol” for Alice is, in the
case that she has already closed her superposition long ago,
simply to leave it closed. However, from the discussion
above, the relative entropy is still well-approximated
by (107) in scenario (II).
Thus, we learn that, in this example, although the relative

entropy is not sensitive to the soft radiation content of the

22During the preparation of this manuscript, we became aware
that Stefan Hollands and Akihiro Ishibashi have independently
derived directly parallel expressions, also allowing for the
presence of soft radiation (private communication).
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field ϕB, the fidelity is sensitive to its soft photon content
(or, more precisely, the soft photon content of its
optimal purification). This is a reflection of the fact that
the fidelity obtains its operational interpretation in terms of
one-shot unambiguous state discrimination, and that
whether or not Alice holds her superposition open has
an enormous influence on the ease with which Bob may
distinguish the resulting change in the field from a vacuum
fluctuation.23

For general coherent states Ψ and Φ, the fidelity bounds
the relative entropy by [70]

eSΨjΦ ≥ 1=fUðΨ;ΦÞ: ð112Þ

Again letting Ψ ¼ Ωjc, we see that, in the case under
consideration at late times, this is a very weak bound for
ϕhard;B: the relative entropy grows exponentially in tc, while
the fidelity becomes tc-independent. When ϕB contains soft
radiation, however, this bound can become nontrivial,
because in that case both quantities grow with tc. The
relative entropy grows because of the time-dependent
coefficient in front of the purely hard integral of
Eq. (107). The fidelity, on the other hand, is sensitive to
the soft photon content of ϕB. Since we are considering the
case in which Alice never recombines her superposition, in
the limit that tc → ∞, the corresponding states of soft
radiation are precisely orthogonal and have zero fidelity.
Likewise, their relative entropy is infinite. If, on the other
hand, Alice had opened and then immediately closed her
superposition, we would replace ϕB with ϕhard;B. The
fidelity would stay finite, while the relative entropy would
nonetheless diverge. Evidently, it is the fidelity that reflects
the quantum information content of soft radiation most
faithfully.

V. DISCUSSION

In this paper, we have argued that the framework of
approximate quantum error correction is the natural
language for understanding the gedanken experiments of
[10–12,31,71]. From this perspective, the trade-off—
indeed, the equivalence of Eq. (26)—between decoherence
due to entangling radiation and decoherence due to an
eavesdropper learning which-path information is clear. We
were then able to explicitly compute the information in soft
radiation accessible to an observer behind the horizon. We
conclude with a few remarks that may deserve further
investigation.

A. Connections to scattering theory

Much of the technical content of this article has, for the
sake of simplicity, focused on applications to a Rindler
horizon. The results, however, apply to horizons more
generally, as well as at null infinity of asymptotically flat
spacetimes. In fact, much of the related literature until this
point has focused primarily on soft radiation at null infinity
[28,72,73], i.e., in the context of scattering theory. In
scattering theory, questions of the coherence of scattering
states [74,75] and the quantum information content of soft
radiation have been complicated by the ubiquitous pro-
duction of radiation states with memory in scattering
processes. This generic production of radiation with
memory is signaled by the ubiquitous appearance of
“infrared divergences” in conventional scattering
calculations.
The fact that soft modes, in the infinite time limit,

become totally orthogonal is the origin of the observation
of Carney et al. that, at future infinity, an electron is totally
decohered by soft radiation [74,75]. This strong degree of
entanglement between hard and soft radiation is essential to
the proper treatment of quantum information-theoretic
questions in scattering theory [74,75]. The present article
presents a framework with which to analyze questions such
as the distinguishability of soft radiation, and the resulting
decoherence of the entangled matter, at finite cuts of null
infinity, as this entanglement is still accumulating. These
techniques can be applied without appealing to the so-
called “inclusive” quantities typically leveraged to remedy
infrared divergences. If one is interested, for example, in
the amount of entanglement between hard and soft quanta,
an inclusive approach gives an incomplete account, because
these techniques discard information about the soft radi-
ation present in a given state. The present work sets the
stage for more detailed analysis of the quantum information
content of soft radiation at null infinity, and the related
phenomena of decoherence in scattering theory, at both
finite and asymptotic times. Indeed, the latter topic is the
focus of upcoming work [76].

B. Decoherence by causal horizons

While we have made a substantial effort in this paper to
generalize our previous work [12–14,24], our results still
fall short of fully justifying the conclusions of the gedanken
experiment presented in the Introduction. In particular, our
analysis here has focused on the decoherence induced by
Killing horizons in the vicinity of Alice’s laboratory.
Nevertheless, the structure of the argument suggests a
more general conclusion: namely, a universal bound on the
coherence of Alice’s quantum superposition in the presence
of any causal horizon.
To make this precise, let Γ be a future- and past-

inextendible timelike curve in a spacetime M representing
the worldline of Alice’s laboratory. We assume that the
proper time along Γ extends to −∞ as τ → −∞ ensuring

23The relative entropy, on the other hand, obtains its opera-
tional interpretation in a multishot setting [69], where vacuum
fluctuations average out over many trials.
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that Alice can, in principle, carry out her experiment for an
arbitrarily long duration of proper time T. We do not,
however, assume that her proper time similarly extends to
þ∞ since Γ may terminate at a singularity.
If DðΓÞ is the domain of communication of Γ (i.e., the

causal diamond associated with Γ) then Alice’s worldline
possesses a causal horizon if the complement MnDðΓÞ is
nonempty. The future causal horizon H þ is the future
boundary of DðΓÞ. Suppose that the degrees of freedom
beyond the horizon constitute the complete complementary
output of Alice’s channel and carry nonzero information,
IðN cÞ > 0, about her experiment. The inaccessible region
could then, in principle, contain “Bob(s)” who access that
information. If, moreover, the complementary outputs form
a nested cumulative family as T increases, these hypo-
thetical Bob(s) can accumulate a nondecreasing amount of
information. By the arguments presented in the
Introduction, Alice is commensurately decohered. Under
this nesting assumption, her decoherence is therefore
nondecreasing with T, and its effect is as if she is becoming
entangled with degrees of freedom on the other side of the
horizon.
In all previous work [15,77–82] as well as the present

paper thus far, DðΓÞ is the exterior of a stationary black
hole, or the de Sitter static patch, and H þ is a Killing
horizon. However, from the above arguments, we see that
an analogous decoherence effect can occur in any space-
time with a causal horizon—e.g., Alice falling toward a
black hole, or a big crunch cosmology. Indeed, the argu-
ments and conclusions of Sec. II can be straightforwardly
generalized to this case. Assuming Bob can obtain any
information whatsoever about Alice’s state on his side of
the horizon, so that IðN cÞ > 0, one again obtains an exact
IDT for Alice’s quantum channel N given by

DðN Þ ¼ IðN cÞ > 0; ð113Þ

where the positivity follows in any situation in which Bob,
on the other side of the horizon, can gain any information
whatsoever about Alice’s state. Additionally, under the
same nesting assumption, Bob’s accessible information,
and hence her decoherence, cannot decrease in time.
However, a nonstationary spacetime need not admit pre-
ferred notions of “photon number” or global thermality,
which played a crucial role in previous analyses of
decoherence. Nevertheless, the causal and information-
theoretic framework introduced here remains well-defined
in this more general setting. We leave a detailed inves-
tigation of these issues to future work [83].
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APPENDIX A: CHANNEL INFORMATION AND
CHANNEL DECOHERENCE

The primary purpose of this Appendix is to elaborate on
the definitions, properties, and utility of the channel
decoherence and channel information of Sec. II. In
Sec. A 1 of this appendix we establish the result of
Eq. (26): the exact information-decoherence trade-off of
Sec. II. In Sec. A 2 we establish that the channel
decoherence recovers a familiar notion of decoherence
when applied to a simple experiment, and is therefore a
generalization of the familiar notion of “decoherence.”
Section A 3 highlights three desirable properties of the
definition of channel decoherence: A 3 a. its elimination of
the problem of “false decoherence” [32], A 3 b. its inde-
pendence of a “choice of state,” which guarantees it reflects
the intrinsic decoherence of the channel, and A 3 c. its
stability under the introduction of an entangled, auxiliary
system, due to extremization over all such systems. The
validity and utility of the results of Sec. II, and the
conclusions drawn from there, rest on the content of this
Appendix. Due to its rather technical nature, however, we
have deferred this material until this point so as to
preserve the clarity of the primary physics points of
the paper.

1. Proof of the equivalence between information
capacity and complementary decoherence capacity

Quantum channels are the most general maps describing
the physical evolution of a system. Here we assume, for the
sake of pedagogy, that one has already obtained a Hilbert
space representation. For the corresponding definitions
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working directly with algebraic states on the C� algebra of
bounded operators, see [36]. One such map is the channel
N taking Alice’s subsystem between its initial and final
states. If Alice’s subsystem comprises operators on the
Hilbert space HA, then

N ∶SðHAÞ → SðHAÞ
ωA ↦ TrH þ½Û†ðωA ⊗ ωQFTÞÛ�: ðA1Þ

Here, SðHÞ is the space of quantum states on the Hilbert
space H, and Û is the unitary evolution operator on the
combined system of Alice’s particle and the quantum field.
The state ωQFT is fixed, independent of ωA, and may be
taken pure without loss of generality by including any
purifying degrees of freedom in HHþ ; the partial trace is
over this environment Hilbert space. Given a suitable
Hilbert space representation, all quantum channels can
be represented by this form, namely tensoring in an
auxiliary state, global unitary evolution, and partial
trace [36].
There is a unique (up to isometric equivalence) com-

plementary channel,N c, that performs the same evolution,
but instead traces over the quantum state of Alice’s system,

N c∶ SðHAÞ → SðHH þÞ
ωA ↦ TrA½Û†ðωA ⊗ ωQFTÞÛ�: ðA2Þ

This is the quantum state available to Bob. Unitary
evolution constrains the information jointly available
through N and N c.
We recall the definition, introduced in Sec. II, of the

intrinsic quantum decoherence of a quantum channel N .
Definition. (Channel decoherence).

DðN Þ ≔ 1 −
½supRFðR ∘N ; IdÞ − 1=d�þ

1 − 1=d
: ðA3Þ

Here we have used the channel fidelity F between
quantum channels, which is defined in terms of the fidelity
fU as

FðN ;MÞ ≔ inf
k
inf
ω
fUððIdk ⊗ N ÞðωÞ; ðIdk ⊗ MÞðωÞÞ;

ðA4Þ

where k is the dimension of an ancillary Hilbert space into
which the state ω is purified. Throughout this Appendix,
the channel fidelity F is defined using the “squared”
convention for the Uhlmann fidelity fU of Eq. (6).
The infimum over k enforces that a perfect recovery

channel must not only restore the initial reduced state, but
must also restore its correlations with any external system,
as implied by Eq. (13).

As a preliminary sign of the usefulness of the channel
decoherence, note that when DðN Þ is very small (say
ϵ ≪ 1), this can be understood as an indicator of quantum
coherence, because one may take ω to be any initial state
for Alice and the quantum channel N will be almost
perfectly reversible via the decoding channel, the errors
being of size ϵ.
In Appendix Sec. A 2 we show that the definition of

channel decoherence is consistent with the ordinary notion
of decoherence of Eq. (8). In Appendix Sec. A 3 we remark
on various desirable properties of the definition (20) such as
its ability to distinguish false decoherence [32] from
physical decoherence.
We recall the definition, also introduced in Sec. II, of the

information capacity of a channel N .
Definition. (Channel information).

IðN Þ ≔ 1 −
½LðN Þ − 1=d�þ

1 − 1=d
; ðA5Þ

where LðN Þ is defined as

L ðN Þ ≔ sup
χ
FðN ; CχÞ; CχðωÞ ≔ TrðωÞχ: ðA6Þ

We will show that this measure of information capacity is
tightly related (in fact, equal to) to the complementary
channel decoherence. First, we must establish an inter-
mediate result, that the channel lossL ðN Þ is equivalent to
the channel fidelity between N and a “discard-and-
recover” channel:

L ðN Þ ¼ sup
R0

FðN ;R0 ∘ IdcÞ: ðA7Þ

To see this, note that an example of a channel comple-
mentary to Id is Tr, whose target is one-dimensional. In this
case the domain of R0 will be one-dimensional, so it must
map all inputs onto a fixed state, χ. Thus,

sup
R0

FðN ;R0 ∘ IdcÞ ¼ sup
χ

F ðN ; CχÞ ¼ LðN Þ: ðA8Þ

a. Exact information-disturbance trade-off. Having
given sensible measures of the decoherence capacity
DðN Þ of a quantum channel as well as its information
content IðN Þ we apply Bény and Oreshkov’s Theorem 1
[20], which is a version of what is known as an information-
disturbance trade-off between the information conveyed by
the channel N c to the environment (in our case, the
horizon) and the disturbance the original channel N exerts
on the system under consideration (in our case, Alice’s
particle). In general, we can also allow for another channel
M to act on the system; since squaring is order preserving
on [0, 1], the theorem remains valid for the squared fidelity
used here. The information-disturbance trade-off is
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sup
R0

FðN c;R0 ∘McÞ ¼ sup
RF

ðR ∘N ;MÞ: ðA9Þ

Specializing to the case where M ¼ Id, our desired result
follows immediately from Eq. (A7):

DðN Þ ¼ IðN cÞ: ðA10Þ

Therefore, the channel decoherence is equal to the channel
information, as claimed in Eq. (26).

2. The channel decoherence generalizes an ordinary
notion of decoherence

In the specific case of Alice’s experiment, the general-
ized definition of decoherence DðN Þ recovers the familiar
notion of decoherence, as we will see here.
By joint concavity of the square root Uhlmann fidelity,

the infimum in Eq. (A4) may be taken over pure states
on HA ⊗ HR.
For simplicity, let us assume that Alice’s system consists

of a spin. Since any state can be purified using an ancilla of
at most the same dimension, the ancillary Hilbert space
dimension k need not be any larger than that of Alice’s spin
HA, which is the domain of N in this example. If HR
denotes the ancillary, or reservoir, Hilbert space, then a
general pure state in HA ⊗ HR can be expressed in the z-
spin basis as

jρARi ¼
X
ij

cijjiiAjjiR with
X
ij

jcijj2 ¼ 1; ðA11Þ

where jii∈ fjψ1;↓i; jψ2;↑ig. If N implements the effects
of decoherence on Alice’s superposition at asymptotically
late times, then

ðIdR ⊗ N ÞðjρARihρARjÞ
¼

X
ijkl

cijc�kljiihkjA ⊗ jjihljRhΨkjΨiiH þ : ðA12Þ

The state of Alice’s spin and ancilla immediately after Alice
completes her experiment is well-approximated by this
asymptotic state.
If K̂s are Kraus operators implementing the recovery

channel R, then

ðIdR ⊗ R ∘N ÞðjρARihρARjÞ
¼

X
ijkl

X
s

cijc�klK̂sjiihkjAK̂†
s ⊗ jjihljRhΨkjΨiiHþ : ðA13Þ

For an input Schmidt diagonal in the z-spin basis, one
obtains

ðIdR ⊗ R ∘N ÞðjρARihρARjÞ
¼

X
ik

X
s

ciickkK̂sjiihkjAK̂†
s

⊗ jiihkjRhΨkjΨiiHþ : ðA14Þ

Here cii ∈R.
R maps Alice’s Hilbert space to itself, so the Kraus

matrices K̂s are square matrices. The corresponding
Uhlmann fidelity is

fUððIdR ⊗ R ∘N ÞðjρARihρARjÞ; jρARihρARjÞ
¼ hρARjðIdR ⊗ R ∘N ÞðjρARihρARjÞjρARi
¼

X
i;k;s

c2iic
2
kkhijK̂sjiihkjK̂†

s jkiAhΨkjΨiiHþ : ðA15Þ

Let p ≔ jPj and absorb the phase of P into a unitary
recovery. Let X, Y, Z denote the Pauli operators in the
ordered basis fjψ1;↓i; jψ2;↑ig. The induced channel is the
qubit dephasing channel

N pðρÞ ¼ qρþ ð1 − qÞZρZ; q ≔
1þ p
2

: ðA16Þ

For the identity recovery and any purification jρi of an
input state ρ,

fUððIdR ⊗ N pÞðjρihρjÞ;
jρihρjÞ ¼ qþ ð1 − qÞjTrðρZÞj2 ≥ q; ðA17Þ

with equality at ρ ¼ 1=2. Conversely, if fR̂sg are Kraus
operators for an arbitrary recovery and R̂s ¼ as1þ bsZ þ
csX þ dsY, then the maximally entangled input Φ gives

fUððIdR ⊗ R ∘N pÞðΦÞ;ΦÞ
¼ q

X
s

jasj2 þ ð1 − qÞ
X
s

jbsj2 ≤ q; ðA18Þ

where trace preservation implies
P

sðjasj2 þ jbsj2 þ jcsj2þ
jdsj2Þ ¼ 1. Since the channel fidelity minimizes over
inputs, the identity recovery is optimal and

max
R

FðR ∘N ; IdÞ ¼ 1þ jPj
2

;

DðN Þ ¼ 1 − 2

�
1þ jPj

2
−
1

2

�
þ
¼ 1 − jPj;

ðA19Þ

where P ≔ hΨ1jΨ2iHþ . This agrees with the ordinary
notion of decoherence DAlicejc ¼ 1 − jhΨ1jΨ2iH þj and of
Eq. (8) that is applied in, e.g., [12,31]. Thus, we see that
DðN Þ is a generalization of the ordinary notion of
decoherence to general quantum channels. This also agrees
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with the long-time limit of IBob ¼ 1 −
ffiffiffiffiffiffi
fU

p ðΨ1;Ψ2Þ ¼
1 − jhΨ1jΨ2ij, as anticipated by Eq. (A10).

3. Remarks on channel decoherence

In Sec. II we treat Alice’s exterior experiment (and its
horizon generalization) as a quantum channel N on her
laboratory degrees of freedom, with the radiative data on
H þ ∪ Iþ playing the role of an environment. The channel
decoherence DðN Þ, defined in Eqs. (A1)–(A4), is the
operational measure of irreversible loss of coherence that
enters the exact information-decoherence trade-off (26)
and, through it, the horizon monotonicity statements of
Sec. II C. Since this notion is deliberately more refined than
the naïve “trace over the field and read off off-diagonals”
criterion—especially at finite times, where one encounters
Unruh’s false decoherence—we record here a few remarks
clarifying the roles of the decoding optimization, the
extremization over input states, and the ancillary reference
system that stabilizes the definition.
a. Good decoding channels eliminate false decoherence.

The definition of channel decoherence quantifies the
irreversible decoherence incurred by a quantum channel.
Any disturbance of the quantum state which can be
reversed purely by manipulating the output of the quantum
channel (e.g., by operations performable entirely in Alice’s
own laboratory) is automatically corrected by the applica-
tion of the recovery channel R. In the preceding example,
the decoding channel had the effect of correcting the phases
of Alice’s superposition.
The inclusion of a decoding channel in the definition of

channel decoherence has the effect of eliminating the
problem of false decoherence, as discussed in [32].
Suppose, for instance, Alice were to create a superposition
and hold it open for some time, but not recombine its spatial
branches. Formally, the joint state of her particle and the
sourced field are

1ffiffiffi
2

p ðjψ1;↓i ⊗ jΨ1i þ jψ2;↑i ⊗ jΨ2iÞ; ðA20Þ

where ψ1 ≠ ψ2. Due to the distinct Coulomb fields of the
left and right branches of the superposition, this state is
totally decohered.24 This is, however, false decoherence,
because it can be trivially reversed by Alice. The opti-
mization over decoding channels in Definition A 1 elim-
inates such false decoherence: in this case, the optimal
decoding channel would involve Alice adiabatically recom-
bining the branches of her spatial superposition, thus
recombining the branches of the Coulomb field.

b. Infimum over initial states. A key change in perspec-
tive from [12,13] is that we are characterizing decoherence
as a property of the quantum channel, independent of the
actual state of Alice. Since we will quantify coherence in
terms of the recoverability of Alice’s initial state, we must
be careful to avoid any definition that trivializes the
recovery process. The following example illustrates the
type of “trivial case” any sensible definition must discount.
If Alice’s objective is merely to recover Alice’s initial

state ωA after performing her experiment, then regardless of
the experiment that she does, there will always exist a
decoding channel that achieves this:

R∶SðHAÞ → SðHAÞ
ω0
A ↦ Tr½ω0

A�ωA: ðA21Þ

It is straightforward to check that this linear map is both
completely positive and trace preserving. The result is that
fUðR ∘N ðωAÞ;ωAÞ ¼ 1. Of course, we should not con-
clude that N cannot decohere Alice’s experiment, because
this decoding channel requires Alice to know in advance
the state of the system that she is to recover. Had Alice
begun with a different state, χA ≠ ωA, then the above
decoding channel would be catastrophic. It is for this
reason that the channel fidelity of Eq. (A4) takes an
infimum over initial states: to ensure that it defines a
fidelity intrinsic to the channel, and not merely a charac-
terization of its performance on one highly specialized
state. Thus, our decoherence measure provides a measure
of unavoidable decoherence due to the channel itself, and
not merely due to a poor choice of initial state.
c. The need for the ancillary reference system. What

motivates the inclusion of an ancillary identity channel in
Eq. (A4)? This serves to stabilize the norm, as the usual
one-norm generally may increase even when acting trivially
on the k ancillary degrees of freedom—a peculiar conse-
quence of entanglement. To properly characterize the
channel decoherence when acting on mixed states, we
must consider how the channel acts on the purifications of
these states. To illustrate this point, we consider a simple
gedanken experiment involving an Einstein–Podolsky–
Rosen (EPR) pair.
Suppose that Alice begins with one half of an EPR pair,

the other half being held by Bob in his respective
laboratory. EPR pairs are valuable resources, allowing
for useful protocols such as quantum teleportation, so
Alice wants to maintain the coherence of the joint state
of her particle and Bob’s so that she retains this valuable
resource at later times. Alice performs her Stern-Gerlach
experiment while Bob does nothing at all. If the quantum
channel irreversibly ruins the state of the EPR pair, even
when acting trivially on Bob, we must consider this to be a
form of decoherence. Only when an ancillary reference
system is included, can the channel decoherence pro-
perly account for this form of decoherence, in which

24As given, the state is merely a formal expression, because the
“Coulomb subtraction” procedure of [13] cannot be defined for a
charge in superposition. However, following [32], the field can be
given a small mass to make the analysis precise.
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entanglement is degraded even while the reduced density
matrix of Alice’s subsystem is preserved.

APPENDIX B: THE HOLEVO FIDELITY

The purpose of this Appendix is to establish bounds,
from above and below, between the Uhlmann fidelity and
the Holevo fidelity between two quantum states. Since both
fidelities are used in the article, it is important to know how
they relate to one another. The most important result of this
Appendix is to show that the Holevo fidelity can be used as
an approximant for the Uhlmann fidelity. This is useful in
part because the Uhlmann fidelity has a clear operational
meaning in terms of unambiguous state discrimination, as
reviewed in Sec. II, while the Holevo fidelity is easily
computed, using the methods of Tomita-Takesaki theory.
The Uhlmann fidelity, on the other hand, is generally quite
a difficult quantity to evaluate.
The Holevo fidelity is defined in Tomita-Takesaki

theory as

ffiffiffiffiffiffi
fH

p
ðρ; σÞ ≔ hρjΔ̂1=2

ρ→σjρi; ðB1Þ

where jρi is the CRT (i.e., natural cone) purification of the
algebraic state ρ. When ρ and σ can be represented as
density matrices this reduces to

ffiffiffiffiffiffi
fH

p
ðρ; σÞ ¼ Tr½ ffiffiffi

ρ
p ffiffiffi

σ
p �: ðB2Þ

The Holevo fidelity is bounded by the Uhlmann fidelity,

fHðρ; σÞ ≤ fUðρ; σÞ; ðB3Þ

where equality holds, in particular, when the two states
commute.
Both the Uhlmann and Holevo fidelities satisfy respec-

tive Fuchs–Van deGraaf–type inequalities [84,85],

1 −
ffiffiffi
f

p
ðρ; σÞ ≤ 1

2
jjρ − σjj1 ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fðρ; σÞ

p
: ðB4Þ

Taken together, Eqs. (B3) and (B4) imply

1 −
ffiffiffiffiffiffi
fU

p
ðρ; σÞ ≤ 1 −

ffiffiffiffiffiffi
fH

p
ðρ; σÞ ≤ 1

2
jjρ − σjj1

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fUðρ; σÞ

p
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fHðρ; σÞ

p
; ðB5Þ

which includes a bound between the Uhlmann and Holevo
fidelities,

1 −
ffiffiffiffiffiffi
fH

p
ðρ; σÞ ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fUðρ; σÞ

p
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fHðρ; σÞ

p
: ðB6Þ

APPENDIX C: APPROXIMATION OF THE
CHANNEL DECOHERENCE

Here we compute bounds on the channel decoherence
DðN Þ, or equivalently the channel information, which are
more readily computable in general situations than the
channel decoherence itself. In particular, given any two
states in the range of the complementary channel, such as
might arise in Alice’s experiment from Bob’s point of view,
we give a relatively simple lower bound on the
decoherence.
The computation relies on a number of bounds and

technical arguments, which are not essential to the main
arguments of the paper, so we have deferred their presen-
tation until now. Nonetheless, the final bound is important
for establishing the computational utility of the channel
decoherence, beyond its utility as an operationally useful
quantity and its satisfaction of the exact information-
decoherence trade-off.
Choosing an idempotent complement Idc of Id, Bény and

Oreshkov prove [20] that

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðN c;N c ∘ IdcÞ

qr
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sup
R
FðR ∘N ; IdÞ

rs

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðN c;N c ∘ IdcÞ

qr
:

ðC1Þ

Because FðN c;N c ∘ IdcÞ ≤ supRFðR ∘N ; IdÞ and
F ≤

ffiffiffiffi
F

p
≤ 1, this gives rise to a weaker form of informa-

tion-disturbance trade-off (IDT) reminiscent of the dia-
mond norm IDT of [86],25

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðN c;N c ∘ IdcÞ

qr
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sup

R
FðR ∘N ; IdÞ

r

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − FðN c;N c ∘ IdcÞ

q
:

ðC2Þ

This can be reexpressed in terms of the channel
decoherence,

1

4

h
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðN c;N c ∘ IdcÞ

q i
≤ ð1 − 1=dÞDðN Þ
≤ minf1 − 1=d; 1 − FðN c;N c ∘ IdcÞg; ðC3Þ

25Explicitly, the diamond-norm IDT is 1
4
infRkR ∘N − Idk2⋄ ≤

kN c −Φk⋄ ≤ 2infRkR ∘N − Idk1=2⋄ , where jj · jj⋄ denotes the
diamond norm of [86] and the channelΦ takes any input state and
replaces it with some fixed state.
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where d is the dimension of the input Hilbert space on
which N acts (with 1=d ≔ 0 for an infinite-dimensional
input space). Thus, we see that the channel decoherence can
be approximated without solving the supremum-infimum
optimization problem required to evaluate DðN Þ directly.
The preceding inequalities are extremely general in that

they hold for arbitrary quantum channels. We now obtain a
direct lower bound whenever two states in the range of the
complementary channel are known. Let ωi ¼ N cðρiÞ,
i ¼ 1, 2, for two input states ρ1 and ρ2. The Bures angle
between two states is

θBðρ; σÞ ≔ arccos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fUðρ; σÞ

p
: ðC4Þ

It obeys the triangle inequality. Thus, for any state χ,

θBðω1;ω2Þ ≤ θBðω1; χÞ þ θBðχ;ω2Þ;

max
i¼1;2

θBðωi; χÞ ≥
1

2
θBðω1;ω2Þ: ðC5Þ

Since cos θ is decreasing for 0 ≤ θ ≤ π=2,

min
i¼1;2

fUðωi; χÞ ≤ cos2
�
1

2
θBðω1;ω2Þ

�

¼ 1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fUðω1;ω2Þ

p
2

: ðC6Þ

The defining infimum in the channel fidelity may be
evaluated on either input state ρi, so

LðN cÞ ≤ sup
χ

min
i¼1;2

fUðωi; χÞ

≤
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fUðω1;ω2Þ
p

2
: ðC7Þ

Using Eq. (26) and the definition of the channel
decoherence, for d > 1 we obtain

ð1−1=dÞDðN Þ¼1−1=d− ½LðN cÞ−1=d�þ

≥1−1=d−
�
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fUðω1;ω2Þ
p

2
−1=d

�
þ

¼1

2
½1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fUðω1;ω2Þ

p
�: ðC8Þ

Applying this to the particular case of Sec. II B 3 in which
the channel NH þ

AliceðtÞ models the influence of the horizon
on Alice’s quantum particle, taking ω1 ¼ Ψ1jc and
ω2 ¼ Ψ2jc gives

DðN Þ ≥ 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fUðΨ1jc;Ψ2jcÞ

p
¼ DAlicejc: ðC9Þ

Because the Holevo fidelity is often easier to compute
explicitly than the Uhlmann fidelity, it is useful to apply

Raggio’s inequality [87], which in the squared conventions
used here is

fHðρ; σÞ ≤ fUðρ; σÞ ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fHðρ; σÞ

p
: ðC10Þ

Therefore, for Alice’s experiment we obtain the less tight
but more readily computable bound

DðN Þ ≥ 1 − fHðΨ1jc;Ψ2jcÞ1=4: ðC11Þ

More generally, for any two states ω1, ω2 in the range
of N c,

1

2
½1 − fHðω1;ω2Þ1=4� ≤ ð1 − 1=dÞDðN Þ: ðC12Þ

APPENDIX D: RÉNYI ENTROPIES FOR
GENERAL COHERENT STATES

In Sec. IV E we apply the infrared extension of Tomita-
Takesaki theory to compute the relative entropy of general
coherent states. We make no assumption about whether the
field configurations vanish at the cut demarcating the
restriction of the state, nor do we assume that the field
configurations are zero-memory configurations that decay
asymptotically. We include this for completeness, but defer
it until this point because it does not have direct bearing on
the main physics content of the article, which pertains more
to the fidelities and the relative entropy.
We proceed by considering any two coherent states,

expressed as states on the horizon Hþ, jΨi ¼ UðϕΨÞjΩi
and jΦi ¼ UðϕΦÞjΩi, and their restrictions to the past of
the cut C , namely Ψjc and Φjc. Define

ϕΨ→Φ
B ≔ Πcϕ

Ψ
B − Πcϕ

Φ
B : ðD1Þ

Then, for 0 < α < 1, the order α Petz Rényi entropy of Ψ
relative to Φ is

SαΨjΦ ¼ 1

α − 1
ln hΨjΔ̂1−α

Ψ→ΦjΨi

¼ 1

α − 1
ln hUðϕΨ→ΦÞ�Δ̂1−α

Ω UðϕΨ→ΦÞiΩ

¼ 1

α − 1

�
−1
2

jjϕΨ→Φ − ei2παΛi2πα� ϕΨ→Φjj2

þ i
2
ei2παWðϕΨ→Φ;Λi2πα� ϕΨ→ΦÞ

�
: ðD2Þ

As was the case for the relative entropy, this formula
applies regardless of whether the coherent states lie in the
easy or hard cases of Casini et al. This formula is consistent
with that of [68], with its validity now established in the
case that the coherent states contain soft radiation, so the
classical solutions do not decay asymptotically.
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APPENDIX E: HILBERT SPACE
REPRESENTATION

The discussion of Sec. III focused on an extension of the
algebra and an accompanying extension of the Poincaré-
invariant vacuum state, as an algebraic state. That gave a
Hilbert space by the GNS construction, onwhich our Tomita-
Takesaki theory acts. We arrived at this construction in the
process of answering some practical questions in quantum
field theory, but an equivalent Hilbert space has, in fact, arisen
under various guises in the prior literature [25,65]. Here we
discuss the features of this Hilbert space representation. The
body of the article took an algebraic viewpoint, with the
Hilbert space emerging as an immediate by-product (via
GNS) after the Poincaré-invariant vacuum extends onto the
full horizon algebra.Many of the results in the article can also
be understood by understanding theproperties of the resulting
Hilbert space, so we discuss the definition and properties of
that Hilbert space here, to provide a complementary per-
spective on the construction of Sec. III.
The Hilbert space H is nothing more than the direct sum

over definite-memory Fock spaces. Given a Fock spaceF 0 of
radiation on the horizon, one obtains a unitarily inequivalent
Fock space FΔ by the pullback of a state in F 0 along the
algebra automorphism [56] EðϕÞ ↦ Eðϕ0Þ þ ϕΔðϕ0Þ1 (and
the corresponding GNS construction of a newHilbert space),
where ðϕΔÞAðV; xAÞ is a classical solution with memory, and
ϕ0
A is a test function on the horizon.
One can then consider the direct sum over all such so-

called “memory representations,”

H ≔ ⨁
Δ
FΔ; ðE1Þ

where the sum runs over all allowed memory profiles.
Our enlarged algebra is naturally represented on this
Hilbert space, and the state ωΩ corresponds to the
Poincaré invariant vacuum state in the Δ ¼ 0 term in the
direct sum.
Clearly this Hilbert space is not separable: for each

memory profile ΔB there is a normalized vacuum vector
ΩΔ ∈FΔ, and vectors from different memory sectors are
mutually orthogonal. Since the set of allowed profiles
ΔBðxAÞ (e.g., smooth vector fields on S2) is uncountable,
this gives an uncountable orthonormal family inH, which
is impossible in a separable Hilbert space. Separability
aside, as we have seen, this space is very useful for
information-theoretic computations. Due to the direct sum
structure, the group action that permutes the memory
representations is not continuous in the Hilbert space
topology. Thus, the Hilbert space does not carry a
representation of the infinitesimal generators of the
memory-changing unitaries. This is another way to under-
stand the final discussion of Sec. III C. In some physically
realistic scenarios it may be useful to include such
infinitesimal generators, and in that case, one may wish
to consider a direct integral representation such as those
constructed in [26,27,51,60]. In Sec. III C, the difficulty in
representing such generators arose due to the inability to
define a suitable action of the Poincaré-invariant vacuum
on such operators. In a direct integral representation, one
sacrifices the existence of a normalizable Poincaré-invari-
ant vacuum, in exchange for the representation of such
operators.
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