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Wavelike dark matter composed of spin-1 particles, known as dark photons, is theorized to form clumps
called “vector solitons.” These solitons are compact astrophysical objects that exhibit coherent oscillations
and a high concentration relative to the local dark matter density. A significant portion of dark matter
in galactic halos today may consist of these solitons. This study explores how photons can be produced
from these vector solitons by the influence of external electromagnetic fields or charge densities, via a
dimension-6 dark photon-photon coupling and a kinetic mixing, respectively. We further explore the
astrophysical implications of these phenomena, highlighting a novel avenue for dark matter discovery that
our research provides.
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I. INTRODUCTION

Dark matter (DM) is the predominant component of
nonrelativistic matter in our universe. However, our com-
prehension of its fundamental characteristics remains
surprisingly limited. While it is known to interact through
gravity, crucial properties such as its mass, spin, and
potential additional interactions are still unknown [1–3].
Astrophysical studies indicate that its mass could range
from 10−19 eV to a few solar masses, covering nearly 90
orders of magnitude [4–6]. The ultralight regime for DM,
where its mass is ≤10 eV, has been gaining considerable
attention in recent years [7,8].
In the ultralight regime, DM particles must be bosonic

to match the observed DM density, leading to wavelike
properties. In this regime, we can describe the related field
classically due to its high occupancy number and the
overlap of de Broglie wavelengths. Well-known ultralight
candidates consist of the QCD axion [9–11], axionlike
particles and other scalar particles [12–15], as well as
higher-spin bosonic particles like vector [16–18] and tensor
particles [19–21]. In this study, the light dark matter
candidate we focus on is a vector particle, or dark photon,
which can arise from a symmetry similar to that of the
Standard Model photon.
Light dark photon dark matter could have been produced

through several mechanisms in the early universe,

including production from inflationary perturbations [22],
decay of topological defects like cosmic strings [23,24],
and instabilities from coupling with fields in the dark
sector [25], among others.
The light dark photon is linked to intriguing and novel

phenomena arising from its wavelike characteristics,
including interference, coherence, and resonance. One
of the most compelling forecasts concerning light bosonic
dark matter involves the emergence of long-lasting,
coherent structures that are spatially confined, referred
to as solitons [26–28]. Recently, these solitons have
attracted considerable interest from the physics commu-
nity due to their distinctive characteristics, suggesting
that they might serve as prospective astrophysical labo-
ratories in galaxies.
Dark photon solitons may arise through various proc-

esses. For instance, inflationary isocurvature fluctuations
of the dark photon field can undergo gravitational collapse
around the time of matter-radiation equality, leading to
the creation of solitons [29]. Alternatively, dark photons
residing within virialized dark matter halos can gravita-
tionally condense via kinetic relaxation [30,31], similar
to how solitons composed of spin-0 [32–34] or spin-2
[26,35] do.
Solitons contain a much higher density of dark matter

compared to the local dark matter density and show
significant resilience against disruption by galactic tides.
These features make them an ideal tool for developing
indirect dark matter search strategies [26,35].
In the absence of external electromagnetic fields or

charged particles, dark photon solitons have demonstrated
the ability to undergo photon parametric resonance [36],
resulting in brief, narrow, and spectrally constrained high-
energy surges. These surges can possess energies that
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considerably surpass those of the previously observed fast
radio bursts [37–39], offering a significant observational
pathway for detecting spin-1 dark matter through transient
radio signals, provided the mass of the dark photon lies
within the range of ð10−6–10−4Þ eV [40].
In this study, within the framework of effective field

theory (EFT), we primarily focus on investigating the
radiative effects generated by dark photon solitons when
they are influenced by external electromagnetic fields or
charge distributions. In particular,

(i) We analyze the dipole radiation effect caused by a
dimension-6 operator that connects dark photons to
ordinary photons as vector solitons traverse external
electromagnetic fields. The soliton and the electro-
magnetic background fields induce effective charge
and current densities that both source the radiation
emitted.

(ii) When vector solitons interact with external charge
densities, we examine the radiative effects associated
with gauge kinetic mixing, which results from the
interaction between the light dark photon field and
charged matter. Charge particles, such as electrons,
feel a Lorentz force inside the soliton, which comes
from the dark electromagnetic field generated by the
oscillating vector boson field. The generated oscil-
lating current density is associated with a time- and
space-dependent charge density, and both source the
radiation emitted.

Using analytical calculations, we estimate the radiation
power and spectral flux density associated with these
phenomena. Our findings indicate that the predicted radi-
ated signal in both cases is strongly dependent on the vector
soliton’s shape and on plasma effects. When plasma effects
are neglected, the signal is exponentially suppressed in
diluted soliton configurations. However, when we account
for an effective photon mass, the signal is greatly enhanced
in the resonance regime. Favorable scenarios include the
presence of dark photon solitons within the magneto-
spheres of highly magnetized compact objects, such as
neutron stars and white dwarfs.
The article is structured as follows. Section II provides

a brief introduction to the key characteristics of dark
photon solitons and the dark photon-photon interactions
that are our focus. In Secs. III and IV, we utilize analytical
methods to determine the spectrum of electromagnetic
radiation produced by dark photon solitons when sub-
jected to an external electromagnetic field or charge
densities, respectively. In addition, we address the influ-
ence of plasma effects. In Sec. V, we examine potential
observational signatures, highlighting the distinct fea-
tures of the anticipated signal and the practicality of
detection. Finally, in Sec. VI, we summarize the main
conclusions of this work and discuss potential future
research avenues.

II. EFFECTIVE NONRELATIVISTIC THEORY

The effective nonrelativistic theory for a spin-1 field has
been thoroughly addressed in the literature. In this section,
we will highlight the key points of interest. For more
detailed information, please refer to sources such as
[26,30,41]. We utilize natural units where ℏ ¼ c ¼ 1 and
define the reduced Planck mass as mpl ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
8πGN

p
.

Additionally, we adopt the metric signature (−þþþ).

A. General action

Consider a massive real vector field denoted as WμðxÞ,
which is referred to as the dark photon field, that interacts
with electromagnetism. The characteristics and interactions
of this field are captured in the action [30,36]

S½WμðxÞ; AμðxÞ; gμνðxÞ�

¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

4
WμνWμν

−
1

2
m2WμWμ −

1

4
FμνFμν þ 1

2
m2

plRþ Lint

�
: ð1Þ

The dark photon field strength tensor is defined as Wμν ¼
∇μWν −∇νWμ, while the electromagnetic field strength
tensor is given by Fμν¼∇μAν−∇νAμ. Additionally, R
represents the Ricci scalar, and the indices are raised
and lowered using the metric gμνðxÞ. Building upon
previous research regarding dark photons, we introduce
interactions between WμðxÞ and the electromagnetic field
AμðxÞ or the fourth vector current of ordinary matter JμðxÞ,
represented by Lint.
We are interested in spin-1 massive particles as cold dark

matter. This means that their typical wave numbers are
much smaller than the dark photon mass, or, equivalently,
their de Broglie wavelength is much greater than the inverse
of the dark photon mass, i.e., λ ≫ 2π=m. This inequality
enables us to work in the zero spatial gradient approxima-
tion locally, implying that ∇Wμ ¼ 0. If we temporarily
disregard both the gravitational and nongravitational inter-
actions of the field in Eq. (1), we note that the temporal
component of the dark photon field is not dynamical.
Therefore, W0ðxÞ ¼ ð∇2 −m2Þ−1ð∇ ·WÞ can be safely set
to zero in the leading order of our gradient expansion.

B. Interactions with electromagnetism

In the framework of EFT, our goal is to explore radiative
effects caused by vector solitons under the influence of
external electromagnetic fields (dipole radiation phenome-
non [42]) or charge distributions (gauge kinetic mixing
phenomenon [43,44]) through interactions between the
dark photon field Wμ and the electromagnetic field Aμ or
the fourth vector current of ordinary matter Jμ, respectively.
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The dipole radiation phenomenon within oscillons and
axion stars embedded in a background electromagnetic
field was studied in Ref. [42]. The associated coherent
photon emission in such a case is supported by an
interacting Lagrangian density Lint ¼ −ð1=4ÞgaγaFμνF̃μν,
where aðx; tÞ is the axion field and gaγ is its coupling with
photons. We are interested in extending this phenomenon
to vector-boson solitons. We will see that such compact
objects behave as charge densities and currents, emitting
electromagnetic radiation when immersed in external
electromagnetic fields. Following Ref. [26], we work with
an electromagnetic gauge invariant dimension-6 operator
O, such that the interacting Lagrangian density in Eq. (1)
reads as

Lð6Þ
int ¼ g2WγO ¼ −

1

4
g2WγWμWμFαβF̃αβ: ð2Þ

Here g2Wγ is the coupling and g2WγW̄
2 ≪ 1 is required for

the validity of the EFT [36], where W̄ is understood as the
typical amplitude of the dark photon field Wðt; xÞ. The
Lorentz indices are contracted through various combina-
tions of the diagonal inverse Minkowski metric ημν ¼
ð−;þ;þ;þÞ and the completely antisymmetric Levi-
Civita symbol ϵ0123 ¼ 1. Note that the dark photon field
contracts itself in Eq. (2), behaving as the square of a spin-0
field in this sense and emulating from this perspective the
operator used in Ref. [42] for the case of axionic fields.
This similarity will help us to compare our results with the
previous one available in the literature.1

The gauge kinetic mixing arises from a unique electro-
magnetic gauge invariant dimension-4 operator of the form

Lð4Þ
int ⊃ FμνWαβ, where combinations of ημν and the ϵ0123 are

used to contract Lorentz indices as previously. By applying
a field redefinition, the gauge kinetic mixing can be
transformed into a coupling with charged matter as [17]

Lð4Þ
int ¼ −eϵJμWμ; ð3Þ

where ϵ is the arbitrary mixing parameter and Jμ is the
fourth vector current of ordinary matter.

C. Effective nonrelativistic action

Turning off the nongravitational interactions, in the
effective nonrelativistic theory, consider Wðt; xÞ as the
physical degrees of freedom of a spin-1 field and express it
in terms of a slowly varying field Ψ as [26]

W ¼ 1ffiffiffiffiffiffiffi
2m

p ½e−imtΨðt; xÞ þ h:c:�; ð4Þ

where h.c. indicates hermitian conjugate, m is the vector
boson mass, and Ψ has dimensions of ½length�−3=2.
The effective nonrelativistic action and the associated

multicomponent Schrödinger-Poisson (SP) equations in flat
space-time read as follows [26]:

Seff
nr ¼

Z
d4x

�
i
2
ðTr½Ψ†Ψ̇� − Tr½ΨΨ̇†�Þ þm2

plΦN∇2ΦN

−
1

2m
Tr½∇Ψ† · ∇Ψ� −mΦTr½Ψ†Ψ�

�
; ð5Þ

i
∂

∂t
Ψ ¼ −

1

2m
∇2ΨþmΨΦN; ∇2ΦN ¼ m

2m2
pl

Tr½Ψ†Ψ�;

ð6Þ

where Tr½Ψ†Ψ� ¼ ψ†
iψ i and ΦN is the Newtonian gravi-

tational potential. This effective action is valid in the weak-
field Newtonian regime. It applies to the nonrelativistic
modes of the dark photon field, provided their wave
numbers are significantly smaller than the particle mass,
e.g., k ≪ m.

D. Symmetries of the theory

The different symmetries present in the effective non-
relativistic action, Eq. (5), are linked to several conserva-
tion laws. In particular, the particle number (N), rest mass
(M ¼ mN), energy (E), spin angular momentum (S), and
orbital angular momentum (L) are separately conserved
according to [26,30]

N ¼
Z

d3xTr½Ψ†Ψ�; ð7Þ

E ¼
Z

d3x

�
1

2m
Tr½∇Ψ† ·∇Ψ�

þ m2

4m2
pl

Tr½Ψ†Ψ�
Z

d3y
4πjx − yjTr½Ψ

†ðyÞΨðyÞ�
�
; ð8Þ

S ¼
Z

d3xRðiΨ ×Ψ†Þ; ð9Þ

L ¼
Z

d3xRðiΨ†∇Ψ × xÞ: ð10Þ

1For a complete list of dimension-6 operators coupling spin-1
particles and electromagnetism in the framework of EFT and
obeying electromagnetic gauge invariance, see Sec. 2.2 in
Ref. [36]. In principle, operators depending only on the scalar
combination WμWμ are expected to yield qualitatively similar
behavior to the one studied here, including the absence of
radiation for exactly circularly polarized configurations (see
Sec. III A). Other operators, for instance those involving deriv-
atives, may instead be sensitive to the phase and orientation of the
soliton field and could lead to radiation even in circularly
polarized cases, as well as different angular emission patterns.
A detailed analysis of these possibilities is left for future work.
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E. Vector solitons

A massive spin-1 field holds states with spin multiplicity
for some particular direction n̂. Such states are labeled by
λ∈ f−1; 0; 1g and defined by the set fϵλn̂g, so that the field
can be decomposed as

Ψðt; xÞ ¼
X
λ

ψ ðλÞðt; xÞϵλn̂: ð11Þ

Here ψ ðλÞðx; tÞ is understood as the field holding a
polarization λ in the n̂ direction.
The lowest energy solitons, which are of our interest, are

spherically symmetric and defined by a constant μ, which
can be interpreted as the chemical potential [26,45] as

ψ ðλÞðt;xÞ ¼ cλψðrÞeiðμt−φλÞ; ð12Þ

where φλ is an angular phase. In the framework of the
nonrelativistic approximation, the soliton exhibits oscilla-
tion at an angular frequency ω that is approximately
equivalent to the mass of the spin-1 field, specifically
ω ≈m. The chemical potential encloses a slight adjustment
to this frequency, represented as ω ¼ m − μ, where
μ=m ≪ 1.
Without loss of generality, we take n̂ ¼ ẑ and consider

the orthonormal basis

ϵð�1Þ
ẑ ¼ 1ffiffiffi

2
p ½1 �i 0 �T and ϵð0Þẑ ¼ ½0 0 1 �T; ð13Þ

where T represents the transpose operator. Using
Eqs. (11)–(13), the real-value vector field W in Eq. (4)
is written as

Wðx; tÞ ¼ ψðrÞffiffiffiffi
m

p

0B@c1

264 cosðωt1Þ
sinðωt1Þ

0

375þ c−1

264 cosðωt−1Þ
− sinðωt−1Þ

0

375
þ c0

ffiffiffi
2

p
264 0

0

cosðωt0Þ

375
1CA; ð14Þ

where c21 þ c2−1 þ c20 ¼ 1, tλ ≡ tþ φλ=ω, and the field
ψðxÞ ¼ ψðrÞ satisfies the (time-independent) SP system
according to

−μψ ¼ −
1

2m
1

r2
∂

∂r

�
r2
∂ψ

∂r

�
þmΦψ ; ð15Þ

1

r2
∂

∂r

�
r2
∂Φ
∂r

�
¼ m

2m2
pl

ψ2: ð16Þ

Under the fields and coordinate transformations ψ ¼
ðμ=mÞmplm1=2ψ 0, ΦN ¼ ðμ=mÞΦ0

N, and r ¼ ðμmÞ−1=2r0,

the above system of differential equations becomes depen-
dent only on ψ 0;Φ0

N, and r0. By numerically solving such a
system, we find the “universal” nonrelativistic field profile
for (lowest energy) soliton solutions as shown in Fig. 1,
solid gray line. From this profile, we may obtain the
universal total mass, energy, and radius configuration,
which, for the case of extremally polarized solitons, read
as [26,35,36]

Msol ≈ 62.3
m2

pl

m

�
μ

m

�
1=2

;

∼ 10−9M⊙

�
10−6 eV

m

��
μ=m
10−11

�
1=2

; ð17Þ

Esol ≈ −20.8
m2

pl

m

�
μ

m

�
3=2

;

∼ −4 × 1045 eV

�
10−6 eV

m

��
μ=m
10−11

�
3=2

; ð18Þ

R0.95
sol ≈ 3.16

1

m

�
μ

m

�
−1=2

;

∼ 200 km

�
10−6 eV

m

��
μ=m
10−11

�
−1=2

; ð19Þ

R0.24
sol ≈ 1.1

1

m

�
μ

m

�
−1=2

;

∼ 70 km

�
10−6 eV

m

��
μ=m
10−11

�
−1=2

: ð20Þ

Here R0.95
sol represents the full width at half maximum,

which is the radius that encloses about 95% of the total
number of particles, while R0.24

sol encloses around 24% of the
total number of particles. The unique mass-radius relation

FIG. 1. The universal profile for nonrelativistic ground state
vector solitons obtained by numerically solving Eqs. (15) and
(16) indicated by a solid gray line. Ansatz shown in Eq. (24)
indicated by a dashed orange line.
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is obtained by combining Eq. (17) with Eq. (19) or Eq. (20)
to obtain

Msol ≈ 197
m2

pl

m2
ðR0.95

sol Þ−1;

∼ 10−9M⊙

�
10−6 eV

m

�
2
�
200 km

R0.95
sol

�
; ð21Þ

Msol ≈ 68
m2

pl

m2
ðR0.24

sol Þ−1;

∼ 10−9M⊙

�
10−6 eV

m

�
2
�
70 km
R0.24
sol

�
: ð22Þ

The numerical radial profile ψðrÞ shown in Fig. 1 is
characterized by its exponential decay (limr→∞ ψðrÞ ¼ 0)
and null derivative at the center (limr→0 dψðrÞ=dr ¼ 0).
Both properties are well captured by a sech-ansatz of the
kind [45]

ψðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Nsol

π3ðR0.24
sol Þ3

s
sechðr=R0.24

sol Þ; ð23Þ

where the prefactor ensures that the total number of
particles of the system is Nsol through Eq. (7). Using the
universal expressions for the soliton mass and radius,
Eqs. (17) and (20), where Nsol ¼ Msol=m, we may obtain
a universal ansatz for the soliton radial profile,

ψðrÞ ≈ 2ðmplm1=2Þ
�
μ

m

�
sechðrðμmÞ1=2=1.1Þ; ð24Þ

which closely agrees with the numerical result as shown
by the dashed orange line in Fig. 1. For simplicity, we will
use this ansatz in the following sections when addressing
the phenomena of dipole radiation and kinetic mixing in
vector solitons.
The value for the (μ=m) ratio, Eq. (17), is linked to the

vector soliton formation mechanism. For example, for the
soliton nucleation within virialized halos [31], as the size of
the halo increases, so does the soliton mass. Therefore, the
mass function of halos determines the soliton mass function
for a specific light vector boson mass [46]. Here, we will
adopt a phenomenological approach to maintain generality,
treating the μ=m ≪ 1 ratio as a free parameter.
As the chemical potential drops in relation to the massm

of the spin-1 boson, the angular frequency of the soliton
trends toward m, guiding us further into the nonrelativistic
domain. As a result, the soliton becomes increasingly
diluted, indicating that it has less mass and occupies a
larger spatial volume, e.g. Msolm ≪ 1 from Eq. (17) and
R0.24
sol m ≫ 1 from Eq. (20).

III. DIPOLE RADIATION FROM VECTOR
SOLITONS EMBEDDED IN

ELECTROMAGNETIC FIELDS

We work in the EFT framework for the interacting
Lagrangian density in Eq. (2), recalling that the validity
of the EFT is given by g2WγW̄

2 ≪ 1.

A. Power emission from dipole radiation

The modified Maxwell equations read as follows:

∇ · B ¼ 0; ð25Þ

Ḃþ∇ ×E ¼ 0; ð26Þ

∇ ·Eþ g2Wγ∇Tr½WW� · B ¼ 0; ð27Þ

Ė −∇ ×Bþ g2WγðB∂tTr½WW� −E ×∇Tr½WW�Þ ¼ 0;

ð28Þ

where the vector soliton field W is giving by Eq. (14) for
the general case.
We observe that the soliton field appears in the equations

only through its trace, which indicates that its indices
are not “entangled” with the electromagnetic field stress
tensor. Consequently, circularly polarized solitons will
lose their time dependence in Eqs. (27) and (28), as
Tr½WW� ¼ ψ2ðrÞ=m. This prevents them from experienc-
ing dipole radiation phenomena.
In contrast, linearly polarized vector solitons behave

differently, as indicated by Tr½WW� ¼ ð2=mÞψ2ðrÞ×
cos2ðωt0Þ. For this reason, we will focus on an extremally
linearized soliton represented by Wðx; tÞ ¼ ϕðxÞ cosðωtÞẑ,
where ϕðxÞ≡ ffiffiffiffiffiffiffiffiffi

2=m
p

ψðrÞ and φ0 ¼ 0. The field amplitude
at the soliton center takes the parametric form ϕ0∼
mpl=ðmR0.24

sol Þ2, which makes the EFT validity become [36]

g2W̄2 ≪ 1 → gmpl ≪ ðmR0.24
sol Þ2 or gmpl ≪

�
μ

m

�
−1
;

ð29Þ

where we have used W̄ ¼ ϕ0 and Eq. (24).
Note that we can define effective charge and current

densities in Eqs. (27) and (28), respectively. Thus, the
modified equations now take the standard form as

∇ ·E − ρ ¼ 0; ð30Þ

Ė −∇ ×Bþ J ¼ 0; ð31Þ

where

ρðx; tÞ ¼ −g2Wγ cos
2ðωtÞ∇ðϕðxÞ2Þ ·B; ð32Þ
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Jðx; tÞ ¼ −g2Wγ ω sinð2ωtÞϕ2ðxÞB
þ g2Wγ cos

2ðωtÞ∇ðϕðxÞ2Þ × E: ð33Þ

Using Eqs. (25) and (26), we can rewrite Eqs. (30) and (31)
to transform them into second-order differential equations
for the electromagnetic field as

Ë −∇2E ¼ −∇ρ − J̇; ð34Þ

B̈ −∇2B ¼ ∇ × J; ð35Þ

where it is understood that the 4-current Jμ ¼ ðρ; JÞ is
spatially confined due to the vector soliton finite extension.
In the small amplitude/coupling regime, the fields, currents,
and densities can be expanded in terms of g2Wγϕ

2 as

E ¼ Eð0Þ þEð2Þ þ Eð4Þ…; ð36Þ

B ¼ Bð0Þ þBð2Þ þ Bð4Þ…; ð37Þ

ρ ¼ ρð0Þ þ ρð2Þ þ ρð4Þ…; ð38Þ

J ¼ Jð0Þ þ Jð2Þ þ Jð4Þ…; ð39Þ

where XðnÞ ∝ ðgWγϕÞn with X ¼ ðE;B; J; ρÞ. For easy
notation, we write E0 ¼ Ē and B0 ¼ B̄ with the bar
indicating the spatiotemporally constant external back-
ground fields, which are sourced by ρð0Þ and Jð0Þ. The
background fields are independent of the vector field
configuration and can be those associated with the inter-
stellar medium or the magnetospheres of neutron stars or
white dwarfs, for example. We essentially assume that the
size of the vector soliton is significantly smaller than the
coherence length of the background fields. Additionally,
we consider that changes in the background fields occur on
timescales much longer than the duration over which the
configuration remains in that specific region of the fields.
To the second order in ðgWγϕÞ, we have

Ëð2Þ −∇2Eð2Þ ¼ −∇ρð2Þ − J̇ð2Þ; ð40Þ

B̈ð2Þ −∇2Bð2Þ ¼ ∇ × Jð2Þ; ð41Þ

and the soliton and the background fields produce an
effective charge and current densities as

ρð2Þðx; tÞ ¼ R½ϱð2ÞðxÞe−2iωt þ ϱð2ÞðxÞ�; ð42Þ

Jð2Þðx; tÞ ¼ R½jð2ÞðxÞe−2iωt þ jð2ÞðxÞ�; ð43Þ

where

ϱð2ÞðxÞ ¼ −
g2Wγ

2
∇ðϕ2ðxÞÞ · B̄; ð44Þ

jð2ÞðxÞ ¼ −i
g2Wγ

2
ϕ2ðxÞð2ωÞB̄þ g2Wγ

2
∇ðϕ2ðxÞÞ × Ē: ð45Þ

Note that Eqs. (40) and (41) have the form of inhomo-
geneous wave equations, both of which are solvable using a
standard Green function method. We express Eð2Þðx; tÞ and
Bð2Þðx; tÞ in terms of the retarded Green’s function as

Eð2ÞðxÞ ¼
Z

dt0 d3 x0Gðx; x0Þ½∇ρð2Þðx0Þ þ J̇ð2Þðx0Þ�; ð46Þ

Bð2ÞðxÞ ¼
Z

dt0 d3 x0Gðx; x0Þ½−∇ × Jð2Þðx0Þ�; ð47Þ

with

Gðt; x; t0; x0Þ ¼
Z

dk0
2π

d3k
ð2πÞ3

e−ik0ðt−t0Þeik·ðx−x0Þ

ðk0 þ iϵÞ2 − k2
; ð48Þ

¼ −
δððt − t0Þ − jx − x0jÞ

4πjx − x0j Θðt − t0Þ; ð49Þ

where it is understood, taking the limit ϵ → 0 at the end of
the whole calculation. We will skip explicit calculations,
but we kindly invite the reader to see Appendix A
in Ref. [42].
For an observation point far away from the soliton

configuration, we may write jx−x0j≈ jxj− x̂ ·x0 with
x̂≡x=jxj. Under this approximation and expressing ϱ2ðxÞ
and jð2ÞðxÞ in terms of their Fourier transforms, we obtain

Eð2Þ ≈ −R
�
e−2iωðt−jxjÞ

4πjxj
�
ikϱ̃ð2ÞðkÞ − 2iωj̃ð2ÞðkÞ

��
; ð50Þ

Bð2Þ ≈ −R
�
e−2iωðt−jxjÞ

4πjxj
�
−ik × j̃ð2ÞðkÞ

��
; ð51Þ

where k≡ 2ωx̂. We note that the time-independent parts of
the effective charge and current densities, Eqs. (42) and (43),
disappear during the calculation. At a location x far away
from the soliton and t ≫ 0, the emitted power per unit solid
angle, dPð4Þ=dΩ ¼ jxj2x̂ · Sð4Þ with Sð4Þ ≡Eð2Þ × Bð2Þ as
the Poynting flux, reads as

dPð4Þ
dΩ

¼ 4ω2

32π2

h
−jϱ̃ð2ÞðkÞj2 þ jj̃ð2ÞðkÞj2 þ oscillating terms

i
;

ð52Þ

ENRICO D. SCHIAPPACASSE and MOIRA VENEGAS PHYS. REV. D 113, 123537 (2026)

123537-6



with

ϕ2ðxÞ ¼
Z

d3k
ð2πÞ3 φ̃ðkÞe

ik·x; ð53Þ

ϱ̃ð2ÞðkÞ ¼ −iωg2Wγφ̃ð2ωÞx̂ · B̄; ð54Þ

j̃ð2ÞðkÞ ¼ −iωg2Wγφ̃ð2ωÞB̄þ iωg2Wγφ̃ð2ωÞx̂ · Ē; ð55Þ

where we have used the relation 2ωϱ̃ð2ÞðkÞ ¼ k · j̃ð2ÞðkÞ
from the continuity equation.
We plug Eqs. (54) and (55) into Eq. (52), perform the

angular integration, and average in time. For the sake of
simplicity, we take Ē ¼ 0 and B̄ ¼ B̄ ẑ. The total time-
averaged power emitted is calculated to be

dPð4Þ
dΩ

¼ 4ω4g4Wγφ̃
2ð2ωÞ

32π2
½ðx̂ × ĒÞ2 − 2x̂ · ðĒ × B̄Þ

þ B̄2 − ðx̂ · B̄Þ2�ð1þ oscillating termsÞ; ð56Þ

hPð4Þit ¼
g4Wγω

4φ̃2ð2ωÞ
3π

B̄2; ð57Þ

where

φ̃ðkÞ ¼
Z

d3 xϕ2
0 sech

2ðr=R0.24
sol Þe−ik·x; ð58Þ

¼ 4πϕ2
0

jkj
Z

∞

0

dr r sech2ðr=R0.24
sol Þ sinðjkjrÞ; ð59Þ

¼ ðπRϕ0Þ2
jkj cschðjkjπR0.24

sol =2Þ

× ½−2þ jkjπR cothðjkjπR0.24
sol =2Þ�: ð60Þ

In Eq. (56) the oscillating terms average to zero and the
angular integration is performed in spherical coordinates,
taking advantage of the trigonometric identities such that
B̄2 − ðx̂ · B̄Þ2 ¼ B̄2 sin2ðθÞ.
The emitted power is proportional to the square of the

Fourier transform of the square of the soliton radial profile,
and the radiation is emitted at a frequency 2ω. That is,
hPð4Þit ∝ fF ½ϕ2ðrÞ�ð2ωÞg2 ¼ φ̃2ð2ωÞ. Apart from the
(1=4)-factor, the scalar case is recovered under the replace-
ment 2ω → ω and φ̃2ð2ωÞ → ã2ðωÞ, where ã2ðωÞ is now
the Fourier transform of the axion star radial profile. That
is, hPð2Þit ∝ fF ½aðrÞ�ðωÞg2 ¼ ã2ðωÞ [42].
The Fourier transform φ̃ðkÞ can be approximated as

φ̃ð2ωÞ ≈ 2

ω3
ϕ2
0ðπωR0.24

sol Þ3e−πωR
0.24
sol ; ð61Þ

for ωR0.24
sol ≳ 4, where we have used cothðαÞ ≈ 1 and

cschðαÞ ≈ e−α. Using Eq. (61), ϕ0 ∼mpl=ðmR0.24
sol Þ2,

and ω ≈m due to the nonrelativistic regime, the time-
averaged radiated power associated with the soliton dipole
radiation in the presence of a background field B̄ is
approximated to be

hPð4Þit ∼ ðgWγmplÞ4
B̄2

m2

e−2πmR0.24
sol

ðmR0.24
sol Þ2

; ð62Þ

∼ 1037 ergs s−1
�
gWγ

m−1
pl

�
4
�

B
4.5 × 1012 G

�
2

×

�
10−6 eV

m

�
2
�

3.5
mR0.24

sol

�
2

e−2πmR0.24
sol ; ð63Þ

where the chosen value formR0.24
sol implies ðμ=mÞ ¼ 10−1 to

barely satisfy the nonrelativistic regime. We have taken
gWγmpl ¼ 10−1 × ðμ=mÞ−1 as the dark photon-photon
strength coupling in consistency with the EFT validity,
Eq. (29). This strength for the coupling also ensures that
the phenomenon of parametric resonance of photons in
vacuum is absent [36]. We will return to this point in
Sec. III D. For the parameter values, the radiated power is
about 1019 erg s−1, after taking into account the exponential
suppression term, which is already 1015 times weaker than
the Sun’s radiation power. For more dilute configurations,
e.g. mR0.24

sol ≳Oð102Þ, the radiation power is extremely
suppressed by the exponential term, being essentially zero
for mR0.24

sol ≳Oð103Þ. However, the presence of a (homo-
geneous) background plasma triggers a resonant dark
photon to photon conversion when the plasma frequency
ωp ≈ 2m, killing the exponential suppression, as was
already established for the case of axion stars [42]. We
will analyze this point in the following subsection.

B. Effective photon mass

The previous analysis has assumed photons to be
massless, neglecting the presence of any background
medium. This picture is only exact in a vacuum. Otherwise,
photons acquire an effective mass equal to the plasma
frequency, which may come from the interstellar medium.
In such a case, we have [47]

ω2
p ¼ 4παne

me
¼ ne

0.03 cm−3 ð6.4 × 10−12 eVÞ2; ð64Þ

where α is the fine structure constant, me is the electron
mass, and ne indicates the number density of free electrons.
The typical value for such a number density today in the
galactic halo is ne ∼ 0.03 cm−3. We see, for example, that
for a typical vector boson massm ∼Oð10−5Þ eV, one finds
m ≫ ωp. Even though electrons are spatially inhomo-
geneous, and solitons are also moving in the galactic halo,
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we take such a quantity constant so that we end up with a
constant effective photon mass ωp. Indeed, this assumption
is consistent with the assumption that the external back-
ground electric and magnetic fields are constant.
Following Ref. [42], in the regime ωp < 2ω, we estimate

the effect of the plasma frequency on the soliton dipole
radiation by making the replacement ∇2 → ∇2 − ω2

p in
Eqs. (34) and (35), so that the system of equations to be
solved read as

Ë − ð∇2 − ω2
pÞE ¼ −∇ρ − J̇; ð65Þ

B̈ − ð∇2 − ω2
pÞB ¼ ∇ × J: ð66Þ

The retarded Green function now includes a massive
propagator due to the presence of the plasma frequency
in the dispersion relation. Making the replacement
k2 → k2 þ ω2

p in the denominator of Eq. (48) and perform-
ing the k0-integral, one finds

Gðx; x0Þ ¼ −
Θðt − t0Þ
2π2jx − x0j

Z
∞

0

dk kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ω2

p

q
× sinðkjx − x0jÞ sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ω2

p

q
ðt − t0Þ

�
; ð67Þ

which needs to be replaced in Eqs. (46) and (47). Note that
in the vacuum limit, i.e. ωp → 0, we recover Eq. (49) as
expected. Following the same procedure as before, one
finds the following expression for the emitted power per
unit of solid angle:

dPð4Þ
dΩ

¼ 2ωκ

32π2
½−jϱ̃ð2ÞðkÞj2 þ jj̃ð2ÞðkÞj2 þ oscillating terms�;

ð68Þ

with

ϕ2ðxÞ ¼
Z

d3k
ð2πÞ3 φ̃ðkÞe

ik·x; ð69Þ

ϱ̃ð2ÞðkÞ ¼ −i
g2Wγ

2
κφ̃ðκÞx̂ · B̄; ð70Þ

j̃ð2ÞðkÞ ¼ −i
g2Wγ

2
ð2ωÞφ̃ðκÞB̄þ i

g2Wγ

2
κφ̃ðκÞx̂ · Ē; ð71Þ

where k ¼ κx̂, κ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ωÞ2 − ω2

p

q
, and the Fourier trans-

form of the square of the soliton radial profile is given
by Eq. (60). Plugging Eqs. (70) and (71) into Eq. (68),
one finds

dPð4Þ
dΩ

¼ 2g4Wγφ̃
2ðκÞ

32π2

�
ω2
pκω

4
B̄2 þ κ3ω

4
ðx̂ × B̄Þ2

þ κ3ω

4
ðx̂ ×EÞ2 − κ2ω2x̂ · ðĒ × B̄Þ

þ oscillating terms

�
: ð72Þ

We take again Ē ¼ 0 and B̄ ¼ B̄ ẑ. Then, the total time-
averaged power emitted by the vector boson soliton is
calculated to be

hPð4Þit ¼
g4Wγωκω

2
pφ̃

2ðκÞ
16π

�
B̄2 þ 2

3

�
κ

ωp

�
2

B̄2

�
: ð73Þ

In the limit ωp → 0, we have κ ¼ 2ω, and we recover the
previous result shown in Eq. (57), where the presence of a
medium is not considered. On the other hand, we are within
the resonant conversion regime when ωp → 2ω. In such a
regime, the emitted power is enhanced. The total time-
averaged power emitted in Eq. (73) in the resonant domain
takes the form

hPð4Þit ¼
π−1ðϕ0gWγÞ4B̄2

9
ffiffiffi
2

p
ω2

ðπωR0.24
sol Þ6

�
1 −

ω2
p

4ω2

�
1=2

þO
�
1 −

ω2
p

4ω2

�
3=2

: ð74Þ

Using Eq. (74), ϕ0 ∼mpl=ðmR0.24
sol Þ2, and ω ≈m due to the

nonrelativistic regime, the time-averaged radiated power
associated with the soliton dipole radiation in the presence
of a background field B̄ and a background medium is
approximated to be

hPð4Þit ∼ ðgWγmplÞ4
B̄2

m2

ðπ5=ð9 ffiffiffi
2

p ÞÞ
ðmR0.24

sol Þ2
�
1 −

ω2
p

4m2

�
1=2

; ð75Þ

∼1037 ergss−1
�
gWγ

m−1
pl

�
4
�

B
4.5×1012G

�
2

×

�
10−6 eV

m

�
2
�

3.5
mR0.24

sol

�
2
�
1−

ω2
p

4m2

�
1=2

; ð76Þ

where we have set ðμ=mÞ ¼ 10−1 and gWγmpl ¼ 10−1 ×
ðμ=mÞ−1 to barely satisfy the nonrelativistic regime and the
EFT validity condition, as before.
Figure 2 (top panel) shows the behavior of the time-

averaged radiated power by the soliton in terms of the ratio
ωp=2ω and ωR0.24

sol . We have varied ωR0.24
sol for 4 (light blue

line) to 10 (dark blue line). There exists a significant
enhancement of the power as the plasma frequency
approaches twice the soliton oscillation frequency from
below, e.g. ωp → 2ω, which corresponds to the resonant
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phenomenon. Note that the production of photons via
resonance is significantly more efficient as solitons become
more diluted, namely as the factor ωR0.24

sol increases.

C. Massive vector dark matter background

In the previous subsection, we discussed soliton dipole
radiation in the presence of an electromagnetic background
field. To assess the relevance of solitons as potential
electromagnetic sources in galactic halos, we compare
these results with the expected emissivity from a massive
vector boson dark matter background in the presence of a
magnetic background field.
Consider again the four-vector potential Aμ ¼ ðA0;AÞ.

The already obtained Eqs. (27) and (28) can be written
in terms of only one equation for the four-vector current
Jμ ¼ ðJ0; JÞ as

Äμ −∇2Aμ þ ω2
pAμ ¼ Jμ; ð77Þ

where ωp is the plasma frequency and

J0 ¼ g2Wγ∇ðWαWαÞ ·B; ð78Þ

J ¼ g2Wγ∂0ðWαWαÞBþ g2Wγ∇ðWαWαÞ ×E: ð79Þ

At zero order, we replace the electric and magnetic fields
by background fields as before, i.e. Ē and B̄. By simplicity,
we take Ē ¼ 0.
In the absence of any background field, the massive

vector boson satisfies the Klein-Gordon equation, and we
can express it in terms of Wα

k modes in the k-space as

Wαðx; tÞ ¼
Z

d3k
ð2πÞ3 ðW

α
ke

−imtþik·x þ c:c:Þ; ð80Þ

where c.c. indicates complex conjugate, and we have
approximated the vector boson energy as ðm2þk2Þ1=2≃m
for k ∼Oð10−3Þm as the typical velocity within the galactic
halo. The goal is to replace this expansion into Eq. (77), so
that the massive vector boson acts as a source for photon
emission. Using Eq. (80), the four-vector potential Jμ takes
the form

J0 ¼ g2Wγ

Z
d3k
ð2πÞ3

d3k0

ð2πÞ3 ½iðkþ k0Þ · B̄Wα
kWk0αeiðkþk0Þ·x−2imt

þ iðk − k0Þ · B̄Wα
kW

�
k0αe

iðk−k0Þ·x

− iðk − k0Þ · B̄Wα�
k Wk0αe−iðk−k

0Þ·x

− iðkþ k0Þ · B̄Wα�
k W�

k0αe
−iðkþk0Þ·xþ2imt�; ð81Þ

¼ J02 þ J00 þ J0−2; ð82Þ

J ¼ g2Wγ

Z
d3k
ð2πÞ3

d3k0

ð2πÞ3 ½−i2mWα
kWk0αeiðkþk0Þ·x−2imt

þ i2mWα
kW

�
k0αe

−iðkþk0Þ·xþ2imt�B̄ ð83Þ

¼ J2 þ J−2; ð84Þ

where the n subscript in Jμn indicates the e−inmt term(s)
in Jμ. For simple kinematics, the condition Θð2m − ωpÞ
needs to be satisfied to have radiation. Thus, only Jμ2 will
contribute to the process. After performing a time average
over several oscillation cycles, the total emissivity is
calculated from the radiated power as

hϵit ¼
hPit

Volume
; ð85Þ

¼ 1

Volume

Z
dΩ

2mκ

8π2
Jμ2ðkÞJ�μ2ðkÞΘð2m−ωpÞ; ð86Þ

FIG. 2. Time-averaged emitted power by the soliton configu-
ration in terms of the plasma frequency ωp and soliton scale
length R0.24

sol . The plasma frequency is assumed to be constant in
scales comparable to the soliton radius. We varyωR0.24

sol between 4
(light blue line) and 10 (dark blue line). Top panel: soliton dipole
radiation due to an external magnetic field, Eq. (73). Bottom
panel: soliton radiation produced by a kinetic mixing between the
massive vector boson and electromagnetic current of ordinary
matter, Eq. (136) with c1 ¼ 1.
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where k ¼ κx̂ and κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2mÞ2 − ω2

p

q
as before, and the

Fourier transform of Jμ2 reads as

J02ðqÞ ¼ g2Wγ

Z
d3k
ð2πÞ3 iq · B̄Wα

kWq−kα e−2imt; ð87Þ

J2ðqÞ ¼ −g2Wγ

Z
d3k
ð2πÞ3 i2m B̄Wα

k Wq−kα e−2imt: ð88Þ

Since we have assumed that the field fluctuations are
invariant under spatial translations, the source is considered
to fill all of space. Therefore, the emissivity is calculated by
treating the volume factor in Eq. (85) as three-dimensional
Dirac delta functions.
Replacing Eqs. (87) and (88) into Eq. (86), one finds

hϵit ¼
g4Wγ2mκ

8π2

Z
dΩ½4m2B2 − κ2ðx̂ · B̄Þ2�

×
Z Z

d3k0

ð2πÞ3
d3k00

ð2πÞ3
D
Wα

k0Wk−k0αW
β�
k00W

�
k−k00β

E
: ð89Þ

We treat the mode amplitudesWα
k as stochastic variables

expressing their expectation values in terms of the
power spectrum Pk. We take the spatial components of
the four-vector boson to be uncorrelated among them-
selves. The time component W0

k is related to the spatial
components by ∂μWμ ¼ 0, so that W0

k ¼ m−1k ·Wk. Two-
point correlation functions between different vector field
components read asD

Wi
kW

�
k0j

E
¼ ð2πÞ3δð3Þðk − k0ÞPkδij; ð90Þ

D
Wi

kWk0j

E
¼ ð2πÞ3δð3Þðkþ k0ÞPkδij; ð91Þ

D
W0

kW
�
k00

E
¼ −

k · k0

m2
ð2πÞ3δð3Þðk − k0ÞPk; ð92Þ

D
W0

kWk00

E
¼ −

k · k0

m2
ð2πÞ3δð3Þðkþ k0ÞPk; ð93Þ

D
W0

kW
�
k0i

E
¼ ki

m
ð2πÞ3δð3Þðk − k0ÞPk; ð94Þ

D
W0

kWk0i

E
¼ ki

m
ð2πÞ3δð3Þðkþ k0ÞPk: ð95Þ

Assuming that the vector boson field has Gaussian
fluctuations, the use of Wick’s theorem [48] leads to

D
Wα

k0Wk−k0αW
β�
k00W

�
k−k00β

E
¼

D
Wα

k0Wk−k0α

ED
Wβ�

k00W
�
k−k00β

E
þ
D
Wαk0W

β�
k00

ED
Wα

k−k0W
�
k−k00β

E
þ
D
Wα

k0W
�
k−k00β

ED
Wk−k0αW

β�
k00

E
:

ð96Þ

Replacing Eqs. (90)–(96) in Eq. (89), we obtain the four-
point correlation function for the vector field. Each
resulting term is proportional to a pair of Dirac delta
functions. One of these cancels out due to the volume
factor, while the other is used to integrate the k00-integral.
Thus, Eq. (89) becomes

hϵit ¼
g4Wγmκ

2π2

Z
dΩ½4m2B̄2 − κ2ðx̂ · B̄Þ2� × ð97ÞZ

d3k0Pk0Pk−k0

�
3−2

k0 ·ðk−k0Þ
m2

þk02ðk−k0Þ2
m4

�
:

ð98Þ
Here dΩ ¼ d2x̂ integrates over the k orientation, i.e.
k ¼ κx̂, and d3k0 ¼ 2πd cosðθ0Þdk0k02 with θ0 as the angle
between k and k0 vectors. As before, we take the back-
ground magnetic field as B̄ ¼ B̄ ẑ, so that ðx̂ · B̄Þ ¼
B̄ cosðθÞ. Regarding the field power spectrum, we assume
that this depends only on the magnitude of k as
Pk ¼ Pκ ¼ P̄e−κ

2=ð2σ2Þ, where σ is the standard deviation
of the fluctuations in k-space and P̄ can be expressed
in terms of the time-averaged expectation value of the
vector field energy, ρ̄W ≡ hρWit ≈m2hWiWiit=2, as
P̄ ¼ ð2πÞ3=2ρ̄W=ð3m2σ3Þ.
The total emissivity is obtained to be

hϵit ¼
π7=2g4Wγρ̄

2
W B̄2κ

27m7σ3
e−κ

2=ð4σ2Þ

× ð8m2 þ ω2
pÞð32m4 þ ω4

p þOðσ2ÞÞ; ð99Þ
when the photon acquires an effective mass coming from
electric charges in the interstellar medium. Note that when
ωp ≈ 2m, the emissivity undergoes an enhancement.
Expanding Eq. (99) around this value, the emissivity takes
the form

hϵit¼
512π7=2B̄2g4Wγρ̄

2
Wm

3
ffiffiffi
2

p
σ3ωp

�
1−

ω2
p

4m2

�
1=2

þO
�
1−

ω2
p

4m2

�
3=2

:

ð100Þ
The case at which ωp ¼ 0 is readily obtained from

Eq. (99) as

hϵit ¼
512π7=2g4Wγρ̄

2
WB̄

2

27σ3
e−m

2=σ2ð1þOðσ2ÞÞ: ð101Þ
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The emitted radiation associated with the vector boson
background is negligible in comparison to the soliton
dipole radiation. Take, for example, the case at which
ωp ¼ 0, Eq. (62). If we consider the background emissivity
in a volume comparable to the soliton volume, i.e.,
∼ðR0.24

sol Þ3, the ratio of the powers radiated by both sources
can be expressed as follows:

hPð4Þit
hϵitðR0.24

sol Þ3
∼

m4
plmσ3

ðmR0.24
sol Þ5ρ̄2DM

e
m2

σ2
−2πmR; ð102Þ

∼ 1059
�

m
10−5 eV

��
106

mR0.24
sol

�
5
�

σ

10−3m

�
3

×

�
0.3 GeV=cm3

ρ̄DM

�
2

; ð103Þ

where the time-averaged background vector boson density
is taken to be the DM background, i.e. ρ̄W ¼ ρ̄DM.

D. Parametric resonance of photons
and unbounded radiation

We examined dipole radiation induced by a dimension-6
operator based on the Lagrangian density in Eq. (2). As
mentioned in the introduction, such an operator could also
facilitate the parametric resonance of photons under certain
conditions [36]. Without requiring external electromagnetic
fields or charged particles, dark photon solitons can radiate
electromagnetic waves very efficiently due to the expo-
nential growth of the photon occupancy number. This
phenomenon can be analyzed using Floquet theory [49].
The parametric resonance condition stipulates that the
inverse of the characteristic length scale of the vector
soliton must be on the order of or smaller than the photon
growth rate. This results in a minimal (critical) value of the
dark photon-photon coupling necessary to trigger para-
metric resonance, as detailed in [36,40]:

gWγmpl > gWγ;critmpl ≡
�
μ

m

�
−3=4

≈ ðmR0.24
sol Þ3=2; ð104Þ

or, equivalently, to a minimum (critical) soliton mass,

Msol > Msol;crit ≈ 62.3

�
m2

pl

m

�
ðmR0.24

sol Þ−1: ð105Þ

When external electromagnetic fields are present, two
distinct behaviors can be observed based on the value of
gWγ. (1) If gWγ <gWγ;crit≪ ðμ=mÞ−1m−1

pl , periodic solutions
are expected to arise due to the dipole radiation phenome-
non. (2) Conversely, if gWγ;crit < gWγ ≪ ðμ=mÞ−1m−1

pl , we
anticipate exponentially growing solutions driven by the
parametric resonance phenomenon, which will dominate

the radiation output.2 Regarding the second case, the
radiation emitted during the parametric resonance phenome-
non would extract energy from the dark photon soliton,
resulting in the release of excess particles until the soliton
mass approaches its critical value Msol → Msol;crit. Once the
parametric resonance process ceases, the dipole radiation
phenomenon would become the sole remaining radiative
process.

IV. KINETIC MIXING

A. Power emission from kinetic mixing

Here, we consider the possibility that photons couple
only to the Standard Model particles, whereas the massive
vector boson couples to the electromagnetic current of
ordinary matter (apart from the dark sector). The interacting
Lagrangian density of interest is given by Eq. (3).
We picture the soliton configuration in the presence of a

mean external charge density. Charge particles, such as
electrons, feel a Lorentz force inside the soliton, which
comes from the dark electromagnetic field generated by the
oscillating vector boson field. The generated oscillating
current density is associated with a space-time-dependent
charge density, and both source the radiation. Thus, the
electromagnetic fields satisfy the following differential
equations (see Appendix for further details):

Ë −∇2E ¼ −∇ρ − J̇; ð106Þ

B̈ −∇2B ¼ ∇ × J; ð107Þ

where the charge and current densities read as

ρðx; tÞ ∼
�
ϵe2ρe
m2

e

�Z
t ∇ ·Wðx; t0Þdt0 þ constant; ð108Þ

Jðx; tÞ ∼ −
�
ϵe2ρe
m2

e

�
Wðx; tÞ þ constant: ð109Þ

Here we have neglected the gradients of the field within
the nonrelativistic regime in Eq. (109); use the continuity
equation in Eq. (108); and e, me, ρe indicate the electron
charge, mass, and mean density, respectively.
For simplicity, let us consider a linearly polarized

soliton, c�1¼0, c0¼1, and φ0¼0 in Eq. (14). However,
note that the charge and current densities are proportional to
the real-value vector field W rather than the trace of their
contraction Tr½WW�, as in the previous case. This differ-
ence makes such quantities time dependent, regardless of
the soliton polarization, i.e., linear, circular, or a linear

2This behavior has also been predicted for axion stars and
oscillons, as noted in Ref. [42].
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combination of both. For a linearly polarized soliton,
Eqs. (109) and (108) become

ρðx; tÞ ¼ R½ϱðxÞe−iωt�; ð110Þ

Jðx; tÞ ¼ R½jðxÞe−iωt�; ð111Þ

where

ϱðxÞ ¼ i

�
ϵe2ρe
ωm2

e

�
∇ϕðxÞ · ϵð0Þẑ ; ð112Þ

jðxÞ ¼ −
�
ϵe2ρe
m2

e

�
ϕðxÞϵð0Þẑ ; ð113Þ

where ϵð0Þẑ is defined in Eq. (13), and we have dropped the
constant term in the charge density from Eq. (108) because
its gradient vanishes in Eq. (34).
Following the same procedure as before, we use a

standard Green function method to solve the inhomo-
geneous wave equations in Eqs. (34) and (35). The electric
and magnetic field components read as

E ¼ −R
�
e−iωðt−jxjÞ

4πjxj ðikϱ̃ðkÞ − iωj̃ðkÞÞ
�
; ð114Þ

B ¼ −R
�
e−iωðt−jxjÞ

4πjxj ð−ik × j̃ðkÞÞ
�
; ð115Þ

where k≡ ωx̂.
Far away from the soliton and t ≫ 0, the emitted power

per unit solid angle reads as

dP
dΩ

¼ ω2

32π2
½−jϱ̃ðkÞj2þjj̃ðkÞj2þoscillating terms�; ð116Þ

with

ϕðxÞ ¼
Z

d3k
ð2πÞ3 ϕ̃ðkÞe

ik·x; ð117Þ

ϱ̃ðkÞ ¼ −
�
ϵe2ρe
m2

e

�
ϕ̃ðωÞx̂ · ϵð0Þ; ð118Þ

j̃ðkÞ ¼ −
�
ϵe2ρe
m2

e

�
ϕ̃ðωÞϵð0Þ; ð119Þ

where we have used the relation ωϱ̃ðkÞ ¼ k · j̃ðkÞ from the
continuity equation. Replacing Eqs. (118) and (119) into
Eq. (116), the total time-averaged power emitted by
the vector boson soliton due to kinetic mixing is calculated
to be

dP
dΩ

¼ ω2ϵ2e4ρ2eϕ̃
2ðωÞ

32π2m4
e

�			ϵð0Þẑ

			2−			x̂ · ϵð0Þẑ

			2�
× ð1þ oscillating termsÞ; ð120Þ

hPit ¼
ω2ϵ2e4ρ2eϕ̃

2ðωÞ
12πm4

e
; ð121Þ

where we have used jϵð0Þj2− jx̂ ·ϵð0Þj2¼ sin2ðθÞ. The emit-
ted power is proportional to the square of the Fourier
transform of the soliton profile, and the radiation is emitted
at a frequency ω. That is, hPit ∝ fF ½ϕðrÞ�ðωÞg2 ¼ ϕ̃2ðωÞ.
We previously showed that a total or partial linear

polarization of the soliton is required to have dipole
radiation for the dimension-6 operator considered in
Eq. (2). By contrast, the presence of kinetic mixing allows
the system to undergo dipole radiation regardless of the
soliton polarization. The reason is the following. Now the
quantities of interest are proportional to the real-value
vector field Wðx; tÞ rather than the trace of its contraction
Tr½WW�, so that the soliton time dependence is not lost
throughout the calculation. For the case of a circularly
polarized soliton with c1 ¼ 1 or c−1 ¼ 1, the previous

equations hold under the replacement ϵð0Þẑ →ϵð�1Þ
ẑ , Eq. (13).

Thus, the emitted power per unit of solid angle is now
given by

dP
dΩ

¼ ω2ϵ2e4ρ2eϕ̃
2ðωÞ

32π2m4
e

h			ϵð�1Þ
			2−			x̂ · ϵð�1Þ

			2
þ oscillating terms

i
; ð122Þ

hPit ¼
ω2ϵ2e4ρ2eϕ̃

2ðωÞ
24πm4

e
; ð123Þ

where

ϕ̃ðjkjÞ ¼
Z

d3 xϕ0 sechðr=R0.24
sol Þe−ik·x; ð124Þ

¼ 4πϕ0

jkj
Z

∞

0

dr r sechðr=R0.24
sol Þ sinðjkjrÞ; ð125Þ

¼ 4π3ðR0.24
sol Þ2ϕ0

jkj csch2ðjkjπR0.24
sol Þ sinh3ðjkjπR0.24

sol Þ:

ð126Þ

The total time-averaged emitted power by a generic frac-
tionally polarized soliton, Eq. (14), is readily calculated as

hPit ¼
ω2ϵ2e4ρ2eϕ̃

2ðωÞ
12πm4

e

�
c21
2
þ c2−1

2
þ c20

�
: ð127Þ
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In the regime ωR ≫ 1, the emitted power is exponentially
suppressed due to the behavior of the Fourier transform
ϕ̃ðjkjÞ, which is approximated to be

ϕ̃ðωÞ ≈ 2π

ω3
ϕ0ðπωR0.24

sol Þ2e−πωR
0.24
sol =2 ð128Þ

for ωR0.24
sol ≳ 2. Replacing Eq. (128) into Eq. (127), and

using ϕ0 ≈mpl=ðmR0.24
sol Þ2 as before, the radiated power is

estimated to be

hPit ∼ ϵ2
m2

pln
2
e

m4m2
e
e−πmR0.24

sol ; ð129Þ

∼ 1017 ergs s−1
�

ne
0.03 cm−3

�
2
�

ϵ

10−11

�
2

×

�
10−6 eV

m

�
4

e−πmR0.24
sol ; ð130Þ

where we have dropped the prefactor ðπ5e4=3Þ ≈ 1, with
e ≈ 0.303 in natural units. We will see in the next
subsection that including the effects of the plasma mass
removes the exponential suppression in the radiative power.

B. Effective photon mass

Here, we consider an effective mass for the photon in the
same way as is done in Sec. III B, where the soliton dipole
radiation in the presence of external electric and magnetic
fields is calculated. In the regime ωp < ω, we make the
replacement ∇2 → ∇2 − ω2

p in Eqs. (106) and (107), with
sources given by Eqs. (110) and (111). To work out the
general case of polarization, we make the replacement

ϵð0Þẑ → ϵλẑ in Eqs. (112) and (113), where λ ¼ f0; 1;−1g as
shown in Eq. (14).
The emitted power per unit of solid angle is readily

obtained as

dP
dΩ

¼ ωκ

32π2
½−jϱ̃ðkÞj2þjj̃ðkÞj2þoscillating terms�; ð131Þ

with

ϕðjxjÞ ¼
Z

d3k
ð2πÞ3 ϕ̃ðjkjÞe

ik·x; ð132Þ

ϱ̃ðkÞ ¼ −
�
ϵe2ρe
m2

e

��
κ

ω

�
ϕ̃ðκÞx̂ · ϵð0Þẑ ; ð133Þ

j̃ðkÞ ¼ −
�
ϵe2ρe
m2

e

�
ϕ̃ðκÞϵð0Þẑ ; ð134Þ

where k≡ κx̂, κ2 ¼ ω2 − ω2
p, and the Fourier transform of

the soliton profile, ϕ̃ðκÞ, is given by Eq. (126).

Replacing Eqs. (133) and (134) into Eq. (131), we obtain

dP
dΩ

¼ ωκϵ2e4ρ2eϕ̃
2ðκÞ

32π2m4
e

�			ϵλẑ			2 − �
κ

ω

�
2			x̂ · ϵλẑ			2

þ oscillating terms

�
: ð135Þ

For a generic fractionally polarized soliton, the total time-
averaged emitted power reads as

hPit ¼
ωκϵ2e4ρ2eϕ̃

2ðκÞ
8πm4

e

�
1 −

2

3

�
κ

ω

�
2
�
c21 þ c2−1 þ

c20
2

��
;

ð136Þ

where we recover Eq. (127) in the limit ωp → 0, i.e. κ ¼ ω.
By contrast, when ωp → ω, we are in the resonant con-
version domain where the emitted power is enhanced. In
such a limit, the total time-averaged power emitted in
Eq. (73) takes the form

hPit ¼
πðϵe2ρeϕ0=m2

eÞ2
16

ffiffiffi
2

p
ω4

ðπωRÞ6
�
1 −

ω2
p

ω2

�
1=2

þO
h
ð1 − ω2

p=ω2Þ3=2
i
: ð137Þ

Taking ϕ0 ∼mpl=ðmR0.24
sol Þ2, and ω ≈m as before, we have

hPit ∼ ϵ2
m2

pln
2
e

m4m2
e
ðmR0.24

sol Þ6
�
1 −

ω2
p

ω2

�
1=2

þO
h
ð1 − ω2

p=ω2Þ3=2
i
; ð138Þ

∼ 1018 ergs s−1
�

ne
0.03 cm−3

�
2
�

ϵ

10−11

�
2

×

�
10−6 eV

m

�
4
�
mR0.24

sol

3.5

�
2
�
1 −

ω2
p

ω2

�
1=2

; ð139Þ

where we have dropped the prefactor e4π7=ð16 ffiffiffi
2

p Þ ≈ 1

and set ðμ=mÞ ¼ 10−1 in mR0.24
sol to barely satisfy the

nonrelativistic regime and the EFT validity condition,
as before.
Figure 2 (bottom panel) shows the behavior of the time-

averaged radiated power by the soliton in terms of ωp and
ωR0.24

sol . We have varied ωR0.24
sol for 4 (light blue line) to 10

(dark blue line). The resonance phenomenon, i.e., the
significant enhancement of the power, is favored as solitons
become more diluted when ωp approaches ω.

C. Massive vector dark matter background

In the previous subsection, we have calculated the
radiated power from a soliton due to kinetic mixing. To
assess the relevance of this process, we compare this result
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with the expected emissivity from a massive vector boson
dark matter background. We follow a similar procedure to
that in Sec. III C. Using the modes expansion of the four-
vector massive boson in Eq. (80), we express the four-
vector current Jμ, Eqs. (108) and (109), as

J0 ¼ iϵe2ρe
m2

e

Z
dt

Z
d3k
ð2πÞ3

�
kiWi

ke
−imtþik·x

− kiWi�
k e

imt−ik·x
�
; ð140Þ

¼ J01 þ J0−1

J ¼ −
ϵe2ρe
m2

e

Z
d3k
ð2πÞ3 ðWke−imtþik·x þW�

ke
imt−ik·xÞ;

ð141Þ

¼ Ji1 þ Ji−1: ð142Þ

For kinematics, the condition Θðm − ωpÞ needs to be
satisfied to have radiation. Thus, only Jμ1 contributes to
the process. After applying a time average over many
oscillation cycles, the total emissivity reads as

hϵit ¼
1

Volume

Z
dΩ

mκ

8π2
Jμ1ðkÞJ�μ1ðkÞΘðm − ωpÞ; ð143Þ

where k ¼ κx̂ with κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − ω2

p

q
. The corresponding

Fourier transforms of the time and spatial components of
the four-vector current are given by

J01ðkÞ ¼ −
ϵe2ρe
m2

em
k ·Wke−imt; ð144Þ

J1ðkÞ ¼ −
ϵe2ρe
m2

e
Wke−imt; ð145Þ

where we have dropped the constant term in Eq. (144).
Replacing these two last equations into Eq. (143), one finds

hϵit ¼
mκϵ2e4ρ2e
8π2m4

e

Z
dΩ

�
hjWkj2i −

hjk ·Wkj2i
m2

�
; ð146Þ

¼8
ffiffiffi
2

p
π7=2ϵ2e4n2eω2

pρ̄w
3m2

em3σ3
ðm2−ω2

pÞ1=2e
−ðm2−ω2pÞ

2σ2 ; ð147Þ

where we have used the two-point function relation of
Eqs. (90) and the same Gaussian power spectrum as before,
i.e. Pk ¼ P̄e−κ

2=ð2σ2Þ with P̄ ¼ ð2πÞ3=2ρ̄W=ð3m2σ3Þ. The

emissivity vanishes in the absence of an effective photon
mass because angular momentum cannot be conserved in
such a case. By contrast, when m ≈ ωp, the exponential
suppression shuts off, and the emissivity is enhanced. In
such a regime, Eq. (147) takes the form

hϵit ∼
16π7=2e4ϵ2n2eρ̄W

3m2
eσ

3

m
ωp

ð1 − ω2
p=m2Þ1=2

þO½ð1 − ω2
p=m2Þ3=2�: ð148Þ

If we compare the radiated power from the soliton in the
regime at which m ≈ ωp, Eq. (139), with that from a vector
boson background in a volume ðR0.24

sol Þ3, we find

hPit
hϵtiðR0.24

sol Þ3
∼

σ3m2
pl

m2ρ̄WR0.24
sol

; ð149Þ

∼1035
�

σ

10−3m

�
3
�
10−5 eV

m

��
106

mR0.24
sol

��
0.3 GeV

cm3

ρ̄DM

�
:

ð150Þ

As before, the radiated power from the vector dark matter
background is negligible in comparison to that from the
soliton.

V. ASTROPHYSICAL SIGNATURES

The primary purpose of this work is to explore the
emission of electromagnetic radiation from vector solitons
in relation to the physical phenomena of dipole radiation
and kinetic mixing. In this section, we examine the primary
characteristics of such electromagnetic radiation, with a
focus on some detection considerations. Specifically, we
estimate the expected spectral flux density and assess the
feasibility of vector solitons producing radiation in favor-
able astrophysical scenarios, particularly when they are
embedded in the magnetospheres of highly magnetized
compact objects, such as neutron stars and white dwarfs.
To detect using radio telescopes located on Earth, the

mass of the spin-1 particle should rest within the range of
∼ð10−7–10−3Þ eV. The lower limit corresponds to a signal
frequency of approximately 30MHz. Detecting frequencies
below this limit is particularly difficult due to the iono-
sphere’s absorption and scattering of low-frequency pho-
tons. When we account for projected space-based facilities,
the minimum mass limit could decrease further. For
instance, the Orbiting Low Frequency Antennas for
Radio Astronomy Mission (OLFAR) [50,51], which aims
to deploy thousands of nanosatellites on the Moon’s far
side, would allow for the detection of signals with frequen-
cies as low as 0.30 MHz [52]. OLFAR would expand the
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range of interest for the mass of spin-1 particles
to ∼ð10−9–10−3Þ eV.3
Following Ref. [42], for the compact objects of our

interest, neutron stars and white dwarfs, we adopt the
Goldreich-Julian model (GJ) [54] to describe their mag-
netospheres.4 This model provides the minimum plasma
density at which particles on the dipole magnetic field lines
are constrained to corotate with the star. The GJ model has
been adopted in previous studies related to axion dark
matter [56–61], axion stars, miniclusters, and minihalos
around primordial black holes [53,62–65] and axion dark
radiation [66].
The compact object in question is represented as a sphere

of radius Rco that spins with angular velocity Ω about an
axis passing through its center. The magnitude of the
angular velocity is inversely proportional to the rotation
period P, such that jΩj ¼ Ω ¼ 2π=P. In the frame whereΩ
is fixed, the magnetic field in the magnetosphere of the
compact object, Bðr; tÞ, is well described by a dipole
configuration, with a magnetic dipole mðtÞ with varying
orientation but constant magnitude jmðtÞj ¼ m. The mag-
netic field takes the form

Bðr; tÞ ¼ B0ψBðr̂; tÞ
�

r
Rco

�
−3
; ð151Þ

where r ¼ jrj denotes the radial distance from the compact
object’s center, B0 ¼ 2m=R3

co is the magnetic field ampli-
tude at the surface poles, and ψBðr̂; tÞ encodes the magnetic
field angular structure as

ψBðr̂; tÞ ¼
3

2
ðm̂ðtÞ · r̂Þr̂ − 1

2
m̂ðtÞ: ð152Þ

Within the GJ description, the plasma frequency is deter-
mined by the density of charged particles ncðr; tÞ, such that

ncðr; tÞ ¼
2Ω · Bðr; tÞ

e
; ð153Þ

where e ≈ 0.303 is the unit of the electromagnetic charge.
Away from polar regions, where the assumption of a

nonrelativistic electron-proton plasma is well justified,
the plasma frequency is approximately given by the
electron number density neðr; tÞ as

ω2
plðr; tÞ ¼

4παneðr; tÞ
me

; ð154Þ

where me ≈ 0.511 MeV is the electron rest mass and
α ¼ e2=ð4πÞ ≈ 1=137 is the electromagnetic fine structure
constant. Taking the number density of charged particles as
an estimate of the electron number density, neðr; tÞ ≈
jncðr; tÞj and using Eqs. (151)–(154), we have

ωplðr; tÞ ¼ ωpl;0 ψωðr; tÞ
�

r
Rco

�
−3=2

;

where ψωðr; tÞ ¼ j2Ω · ψBðr; tÞj1=2;

and ωpl;0 ≈ ð70 μeVÞ
�

B0

1014 G

�
1=2

�
P

1 sec

�
−1=2

:

ð155Þ

This description is valid only within the light cylinder
radius, RLC, which takes the form

RLC ≈ 4.8 × 104 km

�
P

1 sec

�
: ð156Þ

The GJ model remains reliable at a radius r from the center
of the compact object that satisfies the condition Rco <
r ≪ RLC and is far enough from the polar regions, where
the plasma experiences a boost [59,66]. Figure 3 shows a
diagram of a neutron star/white dwarf and its magneto-
sphere, where the compact object’s rotation axis is along
with the z-axis and the magnetic dipole forms an angle θm
with it.
For aligned compact objects, θm ¼ 0 and Ωjjm, the

equations above simplify considerably. In such a case,
the electron number density and the plasma frequency, for
example, take the simple form

neðrÞ ≈ 3 × 1010 cm−3
�

B0

1012 G

��
1 s
P

��
r
Rco

�
−3

× j3cos2ðθÞ − 1j; ð157Þ

ωplðrÞ ¼ ωpl;0

�
r

RNS

�
−3=2

j3cos2ðθÞ − 1j1=2; ð158Þ

where both quantities are now constant in time.
For the case of neutron stars, galactic pulsar surveys and

simulations show that the neutron star spin period and mag-
netic field at poles are well represented by a normal
and log-normal distribution, respectively, with a mean
and dispersion given by hðP=sÞi ¼ 0.3; σP ¼ 0.15, and
hlog10ðB0GÞi ¼ 12.95; σB0

¼ 0.55, respectively [59,67].

3Detection from space has been discussed in various contexts
relating to indirect searches for dark matter. For example, refer to
Ref. [53] concerning the detection of ultralong radio waves for
axion-photon conversion during interactions between axion self-
similar minihalos and neutron stars.

4While the GJ model provides a foundational framework, the
magnetospheres of highly magnetic white dwarfs, which is the
group of our interest regarding white dwarfs, may have non-
dipolar field structures with higher-order multipoles [55]. Our
goal is to give a rough estimate of the signal as a starting point,
highlighting that more advanced models are needed to capture
these complexities. We leave this compelling task for future
work.
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Regarding white dwarfs, they represent the most preva-
lent conclusion of stellar evolution [68], and it is thought
that more than 97% of the stars in the Galaxy will ultimately
become white dwarfs [69]. Volume [70–72] and limited
surveys [73–75] suggest that around (10–20)% and (2–5)%
of them, respectively, have measurable magnetic fields with
strengths ranging from 103 to 109 G [55]. High-field
magnetic white dwarfs, which have magnetic fields ranging
from approximately 106 to 109 G, make up the majority of
known magnetic white dwarfs. This group has an average
mass of about 0.93M⊙ [76] and a characteristic radius on
the order of 103 km [77]. The rotation periods of magnetic
white dwarfs vary widely, ranging from approximately 103

seconds to several decades. An analysis of the distribution
of magnetic fields in relation to spin periods suggests the
presence of two distinct groups. One group is defined by
“short” periods that range from hours to weeks, while the
other is characterized by rotation periods extending from
decades to centuries, based on observations of objects
monitored over many years. It appears that magnetic
white dwarfs with very long rotation periods tend to
have high magnetic fields. In contrast, those with short
rotation periods do not exhibit a specific preferred field
strength [55].

A. Spectral flux density

We begin by estimating the expected spectral flux
density associated with the two phenomena under inves-
tigation. As previously noted, the most favorable scenario
occurs when vector solitons are embedded within the
magnetosphere of a highly magnetized compact object,
such as a neutron star or a white dwarf. In the following
subsections, we proceed to estimate the spectral flux
density for some fiducial parameters.

1. Dipole radiation

In the case of dipole radiation, a direct coupling
between the dark photon field and photons occurs
through a dimension-6 operator, Eq. (2). This interaction
enables vector solitons to emit electromagnetic radiation
when they are situated within external electromagnetic
fields. Specifically, when considering an external spatio-
temporally constant magnetic field B̄, the time-averaged
power assumes a different form depending on whether
we account for the presence of a medium at the back-
ground level or not. The presence of a medium would
provide photons with an effective mass. Recasting
Eqs. (62) and (75), we have

hPð4Þit ∼ ðgmplÞ4
B̄2

m2

1

ðmR0.24
sol Þ2

× F
�
mR0.24

sol ;
ωp

m

�
; ð159Þ

where

F
�
mR0.24

sol ;
ωp

m

�
¼
8<:e−2πmR0.24

sol ; ωp≈0

π5

9
ffiffi
2

p
�
1− ω2

p

4m2

�
1=2

; ωp≈2m
ð160Þ

encodes the soliton shape and plasma effects. The
radiation is emitted at a frequency

ν ≈
2m
2π

¼ 0.5 GHz

�
m

10−6 eV

�
: ð161Þ

The strength of the electromagnetic signal can be char-
acterized by its spectral flux density SB. Assuming the
source is located at a cosmic distance d and emits a time-
averaged total power hPð4Þit, the spectral flux density
observed at Earth is expressed as follows:

SB ¼ hPð4Þit
4πΔνd2

;

∼ ðgmplÞ4
B̄2

m3

π

ð2mR0.24
sol dÞ2

× F
�
mR0.24

sol ;
ωp

m

�
; ð162Þ

FIG. 3. Diagram for the magnetic field lines around a rotating
neutron star or white dwarf, holding an angular velocity along the
z-axis and Ω̂ · m̂ ¼ cosðθmÞ.
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where we have taken Δν ∼ ν following the estimate
performed in Ref. [42]. Plugging numbers into the above
equation, we have

SB ∼ 3 × 102 Jy

�
gWγ

mpl

�
4
�

B̄
4.5 × 1012 G

�
2
�
10−6 eV

m

�
3

×

�
3.5

mR0.24
sol

�
2
�
0.1 Mpc

d

�
2

× F
�
mR0.24

sol ;
ωp

m

�
;

ð163Þ

where Jy stands for a Jansky, a standard radio unit for spectral
flux density defined as Jy ¼ 10−23 erg s−1 cm−2 Hz−1. We
have taken ðμ=mÞ ¼ 10−1 and gWγmpl ¼ 10−1 × ðμ=mÞ−1 to
satisfy the nonrelativistic regime and the EFT validity
condition barely [but still outside of the parametric resonance
regime, Eq. (104)].
The expression for SB given in Eq. (163), which shows

the expected spectral flux density based on factors such as
the dark photon-photon coupling strength, the dark photon
mass, and the soliton shape, needs to be compared with
those from Earth or space-based facilities, depending on the
dark photon mass. Radio telescopes typically have sensi-
tivities around ∼100 μJy at approximately ∼100 kHz, with
a resolution bandwidth of about ∼kHz (see, for example,
Table 1 in Ref. [78]). Regarding space-based facilities
reserved for low frequencies below 30 MHz, the projected
sensitivity of the OLFAR mission would be limited by
cosmic confusion (unresolved background sources), not by
receiver noise. For the sake of analysis, we may consider a
typical sensitivity similar to that of Earth facilities.
In a vacuum environment, the expected spectral flux

density is exponentially suppressed, as shown in Eq. (160),
unless the soliton configuration is particularly dense, e.g.,
when mR0.24

sol ≲Oð102Þ. Even in such a case, the average
magnetic field strength across the Milky Way is approx-
imately ∼ð1–10Þ μG [79], resulting in a typical spectral
density that is tens of orders of magnitude lower than a
Jansky.
However, when considering the presence of a non-

negligible medium, the spectral flux density not only
avoids exponential suppression but can also be significantly
enhanced as the plasma frequency approaches twice the
dark photon mass, as illustrated in Fig. 2 (top panel). This
resonance phenomenon is likely to occur in highly mag-
netized environments, such as those found around neutron
stars or white dwarfs, which hold strong magnetic fields in
the range ð1010–1014Þ G [80] and ð104–109Þ G [81],
respectively. In these scenarios, the spectral flux density
may exceed a Jansky by tens of orders of magnitude.

2. Kinetic mixing

In the kinetic mixing case, the vector field directly
couples to the electromagnetic current of ordinary matter.

The expression for the time-averaged power changes when
the effective photon mass is considered, compared to when
it is ignored. Recasting Eqs. (129) and (138), we have

hPit ∼
ϵ2m2

pln
2
e

ðmem2Þ2 × F
�
mR0.24

sol ;
ωp

m

�
; ð164Þ

where

F
�
mR0.24

sol ;
ωp

m

�
¼

8<: e−πmR0.24
sol ; ωp ≈ 0

ðmR0.24
sol Þ2

�
1 − ω2

p

m2

�
1=2

; ωp ≈m

ð165Þ

encodes the soliton shape and plasma effects. The radiation
is emitted at a frequency

ν ≈
m
2π

¼ 0.25 GHz

�
m

10−6 eV

�
: ð166Þ

We estimate the typical spectral flux density as

SB ¼ hPit
4πΔνd2

;

∼
ϵ2m2

pln
2
e

2m2
em5d2

× F
�
mR0.24

sol ;
ωp

m

�
; ð167Þ

where we have taken Δν ∼ ν as before. Plugging numbers
into this equation yields the following:

SB ∼ 10−16 Jy

�
ne

0.03 cm−3

�
2
�

ϵ

10−11

�
2
�
10−6

m

�
5

×

�
0.1 Mpc

d

�
2

× F
�
mR0.24

sol ;
ωp

m

�
: ð168Þ

If we consider the typical electron number density of the
interstellar medium, ne ∼ 0.03 cm−3, and take massless
photons, the spectral flux density is typically several orders
of magnitude weaker than the typical facility’s sensitivity,
even in the case when mR0.24

sol ∼ 1, where the exponential
suppression in Eq. (165) is still mild.
When considering the effective mass of a photon

close to the dark photon mass, the exponential sup-
pression is eliminated, and the signal is significantly
enhanced due to a resonance phenomenon as illustrated
in Fig. 2 (bottom panel). This scenario is particularly
relevant when vector solitons are close to neutron stars
or magnetars, where the motion of charged constituents
generates free charge and current densities in their
magnetospheres. The typical electron charge density
around neutron stars and white dwarfs may reach
values as high as ∼ð109–1013Þ cm−3ð10−1 s=PÞ and
∼ð10−2–103Þ cm−3ð104 s=PÞ, respectively, as shown in
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Eq. (157) for the case of aligned compact objects.
Considering this electron charge density and the reso-
nant enhancement driven by the factor F ðmR0.24

sol ;
ωp

m Þ,
especially for mR0.24 ≫ 1, the predicted flux density
may easily reach a few tens of Jansky.
Finally, we emphasize that our results for both phenom-

ena, dipole radiation and kinetic mixing, rely on the
assumption that the magnetosphere is described by the
GJ model, which is expected to accurately characterize
the plasma distribution along closed magnetic field lines.
Deviations from this picture arise primarily along open
field lines and in return-current regions, where pair pro-
duction can enhance the plasma density. This effect is
particularly efficient in young pulsars. However, these
regions occupy only a small fraction of the stellar surface
[82], and are therefore geometrically suppressed. As a
result, while local deviations from the GJ density can be
significant, their impact on our results is limited, with the
dominant effect arising from localized shifts in the con-
version region rather than large global changes.

B. Solitons-neutron stars/white dwarfs:
Tidal disruption

Our analysis of the emitted radiation power via reso-
nance conversion of dark photons within solitons
(embedded in the magnetosphere of a neutron star or white
dwarf) assumes that the soliton remains intact and is not
disrupted by the compact object’s gravitational field, as
described in Eqs. (76) and (139). To determine the thresh-
old for tidal disruption, we require that the Jacobi radius,
RJ,

5 equals the soliton’s physical radius, R0.95
sol , in Eq. (19).

Then, the minimum distance R0 at which the soliton can
approach the compact object without being subjected to
tidal disruption is given by numerically solving (see
Eq. 8.89 in Ref. [84])

Mco

ðR0 − R0.95
sol Þ2

−
Msol

ðR0.95
sol Þ2

−
Mco þMsol

R3
0

�
McoR0

Mco þMsol
− R0.95

sol

�
¼ 0; ð169Þ

with Msol and Mco as the soliton mass, Eq. (17), and the
mass of the compact object, respectively.
For a given dark photon mass and the properties of a

compact object, the conversion radius can be calculated
using Eq. (155). This requires setting ωpl to 2m or m,
depending on whether we are analyzing dipole radiation or
the kinetic mixing phenomena, respectively. As long as the

conversion radius exceeds R0, the effects of tidal disruption
can be reasonably ignored.
For the case of neutron star-soliton encounters, the plasma

frequency within neutron star magnetospheres may reach
values about the dark photon masses in the range of masses
about ð10−7–10−3Þ eV, leading to an output of radio waves
via resonance in the ð0.050 − 50þÞ GHz regime within the
range of radio telescopes (see Table 1 in [78]). In the left
panel in Fig. 4, we show the polar dependence of the
conversion radius within a soliton which is composed of
dark photons with a mass m ¼ 10−6 eV, embedded in
the magnetosphere of an aligned neutron star with radius
r ¼ 10 km (gray central circle), and magnetic field at poles
and spin period equal to B0 ¼ 4.5 × 1012 G and P ¼ 0.3 s,
respectively. The two interaction mechanisms of our interest
are considered: dipole radiation (purple lines) and kinetic
mixing (blue line). The difference between the two cases
arises from the distinct resonance conditions. For kinetic
mixing, conversion occurs when the plasma frequency
satisfies ωpl ¼ m, while for dipole radiation, the condition
is ωpl ¼ 2m. Higher plasma frequencies are found closer to
the neutron star, which means the ωpl ¼ 2m condition is
satisfied at smaller radii. This results in a smaller conversion
radius for the dipole radiation scenario than for the kinetic-
mixing case. Using Eq. (158) for aligned compact stars,
the radius at which the resonance condition is satisfied takes
the form [66]

rres ≈ 17R0

�
B0

1014 G

�
1=3

�
P
1 s

�
−1=3

×

�
mf

10−6 eV

�
−2=3

j3 cos2ðθÞ − 1j1=3 ð170Þ

where f ¼ ð1; 2Þ for kinetic mixing and dipole radiation,
respectively.
The asymmetry in the purple and blue lines with respect

to the equatorial axis arises from the angular dependence
in the plasma frequency via the factor j3 cos2ðθÞ − 1j1=2,
Eq. (158). Interestingly, the plasma frequency approaches
zero at θ ≈�0.96 rad, when ð3 cos2ðθÞ − 1Þ ¼ 0, which
prevents resonant conversion at any radius along these
directions.
The orange-shaded regions indicate tidal disturbance

zones based on the soliton mass or, equivalently, the soliton
radius from Eq. (21). For instance, all solitons with masses
Msol ≳ 4 × 10−7M⊙ and Msol ≳ 5 × 10−7M⊙ will experi-
ence resonance due to kinetic mixing and dipole radiation
mechanisms, respectively, before disruption.
For the case of a soliton near a white dwarf, we consider

an aligned highly magnetic white dwarf, with mass, radius,
magnetic field at poles, and rotation period equal to
MWD ¼ M⊙, RWD¼5380 km, B0¼109G, and P¼104 s,
respectively. Due to the relatively weak magnetic field and
slow rotation compared to typical neutron stars, the plasma

5We have used the Jacobi radius as a good first-order
approximation to the scale of tidal forces. We have numerically
checked that results remain closely the same if we use the Roche
limit to analyze tidal disruption (see page 431 in Ref. [83]).
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frequency outside the star remains low, making it insuffi-
cient to match larger dark photon masses in the interesting
range for radio waves output. In our particular example,
it is needed that the dark photon mass satisfies the
condition m < 2.2 × 10−9 eV (kinetic mixing) and m <
1.1 × 10−9 eV (dipole radiation) so that the resonance
occurs at a radius r > RWD. On the other hand, such light
masses produce signals at frequencies that are screened by
the Earth’s ionosphere and thus cannot be detected by
terrestrial radio telescopes. As mentioned previously, one
option is to consider space-based facilities such as OLFAR
[50,51], which will operate in the range ∼ð0.3–30Þ MHz
[52]. In this frequency range, the mass range for dark
photons of our interest would be 1.25 × 10−9 eV ≤ m ≤
1.25 × 10−7 eV (kinetic mixing) and 0.625 × 10−9 eV ≤
m ≤ 0.625 × 10−7 eV (dipole radiation). Consequently,
there will be a small frequency mass window at which
the resonance process can occur in the white dwarf
magnetosphere, producing radiation in the frequency range
projected by OLFAR. Although the small size of this
windowmay imply that white dwarfs are less relevant to the
potential detectability of the predicted signal, it is still
worthwhile to consider these compact objects. This is due

to their greater abundance in the Galaxy compared to
neutron stars.6

The right panel in Fig. 4 shows the polar dependence
for the conversion radius via kinetic mixing and dipole
radiation processes, where we have considered a dark
photon mass equal to m¼1.3×10−9 eV and m¼10−9 eV,
respectively. We observe that solitons with masses Msol ≳
3 × 10−4M⊙ and Msol ≳ 5 × 10−4M⊙ will experience res-
onance under kinetic mixing and dipole radiation mecha-
nisms, respectively, before they undergo disruption.
In both panels, lighter solitons than those indicated in

Fig. 4 would start to undergo tidal disruption due to the
gravitational well potential of the compact object before
they experience resonant dark photon-photon conversion
through dipole radiation or kinetic mixing. In this case,
Eqs. (159) and (164) should be regarded as an upper limit
for the emitted radiation power.

FIG. 4. Parameter space in cylindrical coordinates for the conversion radius within a magnetosphere via dipole radiation (purple) or
kinetic mixing (blue) phenomena. The origin is located at the center of the compact object (gray circle). Left: aligned neutron star with
properties RNS ¼ 10 km, B0 ¼ 4.5 × 1012 G, and P ¼ 0.3 s. Dark photon mass m ¼ 10−6 eV. Right: aligned white dwarf with
properties B0 ¼ 109 G, P ¼ 104 s, and RWD ¼ 5380 km. Dark photon mass m ¼ 10−9 eV (dipole radiation) and m ¼ 1.3 × 10−9 eV
(kinetic mixing). Orange regions indicate the minimum distance that solitons can approach the compact object before beginning to
undergo tidal disruptions for certain values of Msol.

6Dipole radiation from axion stars and oscillons situated
within white dwarf magnetospheres was investigated in
Ref. [42]. However, the authors did not address the expected
detectability issues we are highlighting here for the case of
vector solitons.
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C. Validity regime of our analytic estimates

Our estimates assume that the plasma frequency remains
approximately spatially constant on the typical soliton
length scale and varies over timescales that are much
longer than the duration for which the soliton is present
in the region of interest.7

According to Eq. (19), which determines the soliton
radius, and Eqs. (154), (157), and (158), which characterize
the magnetosphere in the GJ model, our estimates for the
emitted radiation power and spectral flux density may still
provide a reasonable first approximation for aligned neu-
tron stars and white dwarfs and denser soliton configura-
tions. In the first case, we have a temporally constant
plasma frequency in a corotating frame with the star. In the
second scenario, we may approximate the plasma fre-
quency at the soliton’s scale length as being spatially
uniform. For instance, taking μ=m≲ 0.1, the soliton radius
reads as R0.95

sol ≳ 2 × 10−3 km. We see that spatially smaller
solitons hold typical length scales much smaller than the
typical light cylinder radius, Eq. (156), especially for long
periods of star rotations.
The plasma frequency, electron number density, and

magnetic field in the magnetosphere, given in Eqs. (157),
(158), and (151), respectively, can be described by power-
law radial profiles of the form QðrÞ ¼ Q0r−p, where QðrÞ
denotes the quantity of interest and Q0 is its radius-
independent part. For the three cases above one has
p ¼ ð3=2; 3; 3Þ, respectively. The corresponding fractional

radial variation jdQ=Qj ¼ pjdrj=r. Since the emitted
power, and hence the spectral flux density, scales as B̄2

for dipole radiation and as n2e for kinetic mixing, one
correspondingly has jdSB=SBj ¼ 2jdQ=Qj ¼ 2pjdrj=r.
Therefore, a useful indicator of the regime in which our
approximation remains reasonably reliable is Δr=r ≪ 1,
where Δr denotes the spatial scale over which the back-
ground quantities are evaluated.
To make this criterion more quantitative, we estimate the

fractional variation at the conversion radius and take
Δr ∼ R0.95

sol , so that the relevant expression is R0.95
sol =rres.

Using Eqs. (19) and (170), we have the condition

R0.95
sol

rres
≈ 12ð km=R0Þf2=3

�
10−6 eV

m

�
1=3

�
μ=m
10−11

�
−1=2

×

�
B0

1014 G

�
−1=3

�
P
1 s

�
1=3

j3 cos2ðθÞ − 1j−1=3 ≪ 1;

ð171Þ

where the soliton compactness is controlled by the ratio
μ=m. By inspection, we see that the denser the soliton, the
more reliable the approximation becomes.
We calculate Eq. (171) for all allowed polar angles,

namely those for which resonance occurs at a radius
rres > R0. The allowed set of angles depends on the
compact-star parameters and on the dark photon mass
according to θ∈ ½0; θ1Þ ∪ ðθ2; θ3Þ ∪ ðθ4; πÞ, where [63,66]

θ1;2 ¼ arccos

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3

�
1� 1

22.43

�
m

0.66 μeV

�
2
�

P
1 s

��
1014 G
B0

��s #
; ð172Þ

and θ3¼π−θ2, θ4¼π−θ1, and 0≤θ1<θ2<θ3<θ4≤π.
Figure 5 shows the ratio R0.95

sol =rres for rres > R0 as a
function of the polar angle for a soliton near a neutron star
(left panel) and a magnetic white dwarf (right panel). We
have used the same compact-star properties and dark
photon mass adopted in Fig. 4 for the kinetic mixing case
(the dipole radiation case follows a similar pattern). We see
that for μ=m≳ 10−3, we have R0.95

sol =rres ≲ 10−3. This
indicates that our preliminary estimates are more reliable
for denser solitons, although a more detailed analysis,
potentially involving numerical simulations, would be
beneficial for further exploration.
We note that in the regime where our estimates are less

reliable, the soliton is also more dilute and therefore less

resistant to tidal disruption. For the two particular cases
studied here, when μ=m≳ 10−3 the soliton undergoes
resonance without disruption for all polar angles. As the
ratio μ=m decreases further, however, the tidal radius also
decreases. For example, for μ=m≲ 10−6 and a soliton/
magnetic white dwarf encounter, the tidal radius is always
larger than the resonant conversion radius for the fiducial
parameters used in the right panel of Fig. 5 (rtidal ≳ 103 km
andMsol ≲ 3 × 10−4M⊙), in agreement with the right panel
of Fig. 4.

D. Solitons-neutron stars/white dwarfs: Galactic
encounter rate

After exploring the feasibility of undergoing resonant
conversion and determining the typical expected spectral
flux density associated with the resonant dark photon-
photon conversion, we now shift our focus to estimating the
frequency of such events in the Galaxy.

7This assumption aligns with spatiotemporally constant ex-
ternal background fields (dipole radiation analysis) and charged
density (kinetic mixing analysis).
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It is shown in Ref. [42] that the typical encounter rate
between solitons and compact objects such as neutron stars
or white dwarfs, Γcoll, reads as

Γcoll ∼ 10−13 year

�
Mco

1M⊙

��
Rco

0.01R⊙

�
×

�
ρDM

0.3 GeV=cm3

��
Msol

10−9M⊙

�
−1
�

vrel
10−3

�
−1
;

ð173Þ

where Mco and Rco are the mass and radius of the compact
object, ρ̄DM is the dark matter energy density, and vrel is the
relative velocity between the colliding astrophysical bodies.
The current rate seems unfavorable; however, we can
significantly improve it by considering a few key factors.
Higher concentrations of neutron stars and white dwarfs,
which are typically found at the centers of galaxies, along
with the potential presence of dark matter density spikes
in these regions, would increase the encounter rate.
Furthermore, the geometrical cross section should be taken
proportional to ðRsol þ RcoÞ2 instead of R2

co, as considered
in Ref. [42], especially in the case at which Rsol ≫ Rco
when μ=m is small enough. In this subsection, we estimate
the rate of encounters between solitons and neutron stars, as
well as between solitons and white dwarfs, while account-
ing for these factors.
The rates of collisions between soliton-neutron stars

and white dwarfs are both proportional to the square of
the dark soliton number density, nsol, indicating that this
rate could significantly increase under favorable astro-
physical conditions. One such condition is the presence
of supermassive black holes (SMBHs) located at the
centers of galaxies. It is well known that nearly all large
galaxies contain these massive objects [85,86]. The
formation of SMBHs may result in a highly concentrated,
or “spiky” dark matter profile in the central regions of

galaxies [87–89], as evidenced by observations [90].
These spiky dark matter profiles have been extensively
used to impose significant limits on the Galactic dark
matter annihilation rate [88,91–94]. They also provide a
potential explanation for the origin of fast radio bursts
through interactions between neutron stars and primor-
dial black hole interactions [95,96], as well as con-
straining the fraction of dark photon solitons via their
decay in the aftermath of merging events [40].
In Ref. [87] and subsequent studies [88–90], it was

shown that when supermassive black holes at the centers of
large galaxies grow more slowly than the typical relaxation
time of dark matter halos (adiabatic growth), a spiky dark
matter profile is anticipated to develop around them.
Beginning with a preformation profile defined by the
power law ρDM ∝ r−γ, the outcome is a radial dark matter
spiky profile, ρDM;sp, of the form [89]

ρDM;spðrÞ ¼ 0.0263M⊙ pc−3
�
10b

�
MSMBH

M⊙

�
a

×

�
GNMSMBH

r

�
γsp
�
1 −

4GNMSMBH

r

�
η
�
;

ð174Þ

where r is the radial distance from the galactic center,
MSMBH ¼ 4.3 × 106M⊙ is the Galactic SMBH (Sagittarius
A�) mass [97], and fa; b; γsp; ηg correspond to the fit
parameters shown in Table I for different initial power-
law indices γ. Equation (174) holds for 2rSch ≲ r≲ rsp,
where rSch ≡ 2GNMSMBH is the Schwarzschild radius and
rspðγÞ is the spiky radius. This radius is defined by the radius
at which the dark matter spike profile matches the expected
one for a standard Navarro-French-White profile [98].
For the Milky Way, we have rh ≲ rsp ≲Oð10Þrh for

0.5 ≤ γ ≤ 2 [98]. Here rh represents the radius of gravi-
tational influence of the black hole, defined as

FIG. 5. Ratio R0.95
sol =rres in terms of the polar angle for the kinetic mixing phenomenon. Left: aligned neutron star with properties

RNS ¼ 10 km, B0 ¼ 4.5 × 1012 G, and P ¼ 0.3 s. Dark photon mass m ¼ 10−6 eV. Right: aligned white dwarf with properties
B0 ¼ 109 G, P ¼ 104 s, and RWD ¼ 5380 km. Dark photon mass m ¼ 1.3 × 10−9 eV. In both panels, the ratio μ=m goes from 10−1

(darkest blue) to 10−6 (lightest blue).
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rh ≡GNMSMBH=σ2� ≈ 3 pc [59], where σ� is the typical
stellar velocity dispersion of the host bulge. We adopt a
conservative approach and calculate the merger rates within
the inner spherical region of the Galaxy, defined by
2rSch ≲ r≲ rh.
While N-body dark matter simulations suggest that the

value of γ typically falls within the range of 0.9 < γ < 1.5
[99,100], N-body/hydrodynamical simulations that incor-
porate dark matter, stars, and gas have found the power-law
index to be in the range of 1.7 < γ < 2.1 [101]. Figure 6
illustrates the dark matter spikes that form from an initial
power-law dark matter halo profile characterized by the
index γ. A higher initial value of γ results in a greater final
dark matter halo energy density at a fixed radius. It is
important to note that the density decreases rapidly as the
radial distance r from the center of the supermassive black
hole approaches twice the Schwarzschild radius. At smaller
radii, particles are captured by the SMBH.
In the presence of a dark matter density spike at the

Galactic center, the collision rate in the whole Galaxy is
primarily dominated by the central region due to the higher
density of solitons, as well as neutron stars and white dwarfs.
Then, we focus on the Galactic inner region and express the
soliton-neutron star/white dwarf collision rate as follows:

Γcoll ¼ 4π

Z
rh

maxð2rSch;rtidalÞ
r2hσeffvrelincoðrÞnsolðr;MsolÞ dr;

ð175Þ

where the lower integration limit is set to be the maximum
value between twice the Schwarzschild radius and the tidal
radius, where the tidal radius is estimated by using the Roche
limit defined as

rtidal ¼ R0.95
sol

�
2
MSMBH

Msol

�
1=3

; ð176Þ

¼ ð2rSchÞ
�
10−6 eV

m

�
2
�
1.5 × 10−9M⊙

Msol

�
4=3

: ð177Þ

We understand that only lighter solitons formed by lighter
dark photon masses will experience disruption in the inner-
most regions of the Galaxy, so that rtidal > 2rSch. The lower
integration limit in Eq. (175) guarantees that we only
consider undisrupted solitons, which orbit in the Galactic
halo around Sagittarius A�, when calculating the collision
rate. Local number densities nsol and nco refer to those
from the soliton and compact objects, respectively, and
hσeffvreliðrÞ represents the effective cross section averaged
by the relative velocity between the colliding objects. The
soliton number density is computed under the assumption
that solitons are nonrelativistic and constitute a fraction fdm
of the DM abundance, such that

nsol ¼ fdm
ρDM;sp

Msol
; ð178Þ

where ρDM;sp obeys Eq. (174) and the soliton mass reads
from the mass-radius relation, Eq. (21).
The dynamics of stellar objects within the inner few pc of

the Galactic Center, meaning within the sphere of gravi-
tational influence rh, are strongly influenced by the
presence of Sagittarius A� at the center of the Galaxy.
Stars in the nuclear stellar cluster (NSC) [102] could
develop cuspy distributions as suggested by the numerical
simulations of the Milky Way NSC under the presence of
Sagittarius A� performed in Ref. [103]. These distributions
have also received support from recent spectroscopy and
photometric surveys [104–106] and x-ray observations
[107]. Astrophysically speaking, if the average relaxation
time is sufficiently brief, through two-body interactions,
stars will interchange orbital energy, facilitating the devel-
opment of a Bahcall-Wolf density cusp [108] surrounding
the supermassive black hole [59].
For the case of neutron stars, numerical simulations

[103] suggest that approximately 104 NSs could be located
within 1 pc of Sagittarius A� after about ∼13 Gyr, main-
taining a number density nNSðrÞ that can be modeled by an
“eta-model” [59,109,110] with γns ¼ 1.3, as follows:

nNSðrÞ ¼
ηNTot

4πR3
b

�
r
Rb

�
η−3

�
1þ r

Rb

�
−η−1

; ð179Þ

TABLE I. Best-fit parameters for the spiky dark matter profile
ρDM;sp formed around Galactic supermassive black holes [89].

γ a b γsp η

1 −1.612 31.35 2.09 2.00
1.25 −1.642 32.05 2.11 2.01
1.5 −1.677 32.81 2.13 2.01
1.75 −1.714 33.70 2.16 2.04

FIG. 6. Dark matter spike density profiles ρDM;spðrÞ as a
function of distance from the galactic center for different power
laws. The initial power-law index γ controls the height of the
central density peak.
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which captures the expected central concentration and
outer falloff in systems with a massive black hole. Here,
η ¼ 3 − γns,NTot ¼ 749076, and Rb is defined as the radius
of break, estimated in Ref. [103] as Rb ∼ 28 pcð2η − 1Þ−1.
For the case of white dwarfs, we take a conservative

approach, partially following Ref. [111], to model their
number density profile, nWDðrÞ, as

nWD ¼ fMWDnWD;0ðr0Þ
�
r
r0

�
−γwd

; ð180Þ

where

γwd ¼


1.4 for r ≤ r0;

0 for r0 < r ≤ rh:
ð181Þ

Here r is the radial distance from the Galactic center, r0 ¼
1.5 pc is the inner radius, and nWD;0ðr0Þ ¼ 3.28 × 105 pc−3

to find about 8.7 × 106 white dwarfs at r ≤ r0. The fraction
of highly magnetic white dwarfs among all white dwarfs,
which is the subset of our interest, is denoted by fMWD.
Now that we have established the number densities of the

two compact objects under study, neutron stars and white
dwarfs, we turn to the analysis of the effective cross section
averaged over the relative velocity between solitons and
neutron stars/white dwarfs. Such a term reads as

hσeffvreli ¼
Z

2vesc

0

PðvrelÞvrelσeffðvrelÞ dvrel: ð182Þ

In this context, vrel represents the relative velocity, while
σeff refers to the effective cross section, and vescðrÞ ≈ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2GNMSMBH=r

p
is the escape velocity in the Galactic inner

region. This effective cross section accounts for both the
geometric surface area and gravitational focusing, with
the latter enhancing the probability of a collision under
appropriate conditions. Explicitly, it reads as

σeffðveffÞ ¼ πðRco þ R0.95
sol Þ2

�
1þ

�
vmutual
esc

vrel

�
2
�
; ð183Þ

where ðvmutual
esc Þ2 ¼ 2GNðMco þMsolÞ=ðRco þ R0.95

sol Þ is the
mutual escape speed between the soliton and the compact
object and pðvrelÞ refers to the probability density function
governing their relative velocities within the Galactic
center. We assume this to follow a 3D isotropic
Maxwell-Boltzmann distribution, such that

PðvrelÞdvrel ¼ 4πv2rel

�
3

2πσ2rel

�
3=2

exp

�
−
3v2rel
2σ2rel

�
dvrel;

ð184Þ

where σrel is the 3D relative velocity dispersion for soliton-
neutron star/white dwarf encounters. The probability

density function is peaked at σrel, which can be estimated
using the spherical Jeans equation at the Galactic center as
follows.
Let niðrÞ and σi be the local number density and

dispersion velocity of the astrophysical object involved
in the collision, where i ¼ fsol;NS;WDg for solitons,
neutron stars, and white dwarfs, respectively. Assuming
that their individual dispersion velocities do not depend on
the direction, meaning σr ¼ σθ ¼ σϕ ≡ σi, and noting that
niðrÞ ∝ r−ω, we have

∂ðr−ωσ2i Þ
∂r

þ r−ω
∂ΦNðrÞ

∂r
¼ 0; ð185Þ

where ΦNðrÞ ≈ −GNMSMBH=r for r≲ rh is the gravita-
tional potential at radius r, and the power-law index
reads as ω ¼ fγsp; γns; γwdg for solitons, neutron stars,
and white dwarfs, respectively, as shown in Eqs. (174),
(179), and (180). The solution of this equation is given by

σiðrÞ ≈ ð1þ ωÞ−1=2
�
GNMSMBH

r

�
1=2

: ð186Þ

The relative velocity between soliton and neutron stars and
white dwarfs for r≲ rh, to be replaced in Eq. (182), reads

σrel ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2sol þ σ2co

q
; ð187Þ

where σco ¼ fσns; σdwg according to the collision rate
under study.
Figure 7 shows the collision rate between solitons and

white dwarfs as well as neutron stars in the spiky inner
region of the Galaxy, expressed in terms of soliton mass.
The gray shaded region indicates the number of collisions
per year, based on an initial power-law index γ for the dark
matter halo density profile. This is considered before the
adiabatic growth of Sagittarius A� and within the range of
γ ¼ 1 (represented by the dotted gray line) to γ ¼ 1.75
(represented by the solid gray line). As the initial value of γ
increases, the final spike in the dark matter profile within
the Galactic inner region becomes denser. Consequently,
we observe that Γcollðγ ¼ 1.75Þ ∼ 10Γcollðγ ¼ 1Þ.
For the case of neutron stars, we have considered a

representative star with a mass and radius equal to
MNS ¼ M⊙ and RNS ¼ 10 km, respectively. We have fixed
the dark photon mass to m ¼ 10−6 eV. For the case of
white dwarfs, we have considered highly magnetic white
dwarfs holding a representative mass and radius equal to
MWD ¼ M⊙ and RWD ¼ 5380 km [111], respectively. We
have fixed the dark photon mass tom ¼ 10−9 eV and taken
fMWD ¼ 0.05 in Eq. (180). Blue and red arrows indicate
the parameter space where solitons remain stable in the
Galactic center, and where the compact object radius
exceeds the soliton radius, respectively. For both cases,
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we have assumed fDM ¼ 1, representing the fraction of
dark matter in vector solitons.
The mass-radius soliton relation, Eq. (21), tells us that

the lighter the soliton mass, the larger its radius. In terms of
the ratio μ=m, we have that as we move deeper into the
nonrelativistic regime, e.g., as μ=m decreases, solitons
become wider and lighter. At a particular soliton mass,
the star radius matches the soliton radius. Thus, there are
clearly two regimes for the collision rate in Fig. 7: One
regime is when R0.95

sol ≫ Rco and σeff ≈ πR2
sol, and the other

is when R0.95
sol ≪ Rco and σeff ≈ πR2

co [see Eq. (183)].
It is important to note that tidal disruption begins to occur

in the innermost regions of the Galaxy for sufficiently light
solitons, as indicated by Eq. (177). For these lighter
solitons, the lower limit of the integral in Eq. (175) is
determined by the Roche limit. This ensures that solitons
are not torn apart by the SMBH’s gravitational potential.
As expected, the lighter the soliton, the larger the

collision rate due to the increase in the soliton number
density. In such a case, Γcoll ≫ Oð1Þ year−1 in both cases,
soliton-neutron star and soliton-white dwarf encounters.
In this work we employ dark-matter spike profiles

motivated by the idealized limit of adiabatic SMBH growth
at the center of the host halo. More realistic SMBH
formation histories, however, need not satisfy either adia-
baticity or exact centrality, and additional dynamical effects
can significantly alter the spike structure, either weakening
or enhancing it. For instance, scattering and dynamical
heating by dense stellar populations can reduce the inner
slope to ∼3=2 [112–114], rapid SMBH formation can
instead give ∼4=3 [115], halo mergers can wash out the
cusp through dark-matter heating [116], and sufficiently
massive off-center black-hole seeds may also suppress the
spike [115]. On the other hand, processes such as chaotic

motion in triaxial halos [117] or gravothermal collapse in
self-interacting dark matter [118] may strengthen the
central density enhancement.
While a full treatment of these effects lies beyond the

scope of this work, their impact on our final results
regarding the Galactic collision rate can be partially
inferred from our analysis with different initial DM
power-law profiles, 1 ≤ γ ≤ 1.75, shown in Fig. 7. A
shallower dark matter density profile around the Galactic
center would reduce the predicted soliton-neutron star/
white dwarf collision rate in Eq. (175), since the dark-spike
mass enclosed within a fixed radius decreases as γ
decreases (see Table II of Ref. [89]).

VI. SUMMARY AND OUTLOOK

The primary focus of our research is to investigate the
emission of electromagnetic radiation in vector solitons—
solitons made of spin-1 light particles—when they are
placed in the presence of background electromagnetic
fields or external charge distributions. We analyze these
phenomena analytically, emphasizing how the emitted
radiation depends on the properties of the solitons, such
as their mass and radius, as well as on the coupling strength
between dark photons and electromagnetism.
In the framework of effective field theory, when vector

solitons pass through external electromagnetic fields, we
study the dipole radiation phenomenon triggered by a
dimension-6 operator which connects dark photons with

photons via the interacting Lagrangian density Lð6Þ
int ¼

− 1
4
g2WγWμWμFαβF̃αβ [26,36]. The soliton and the electro-

magnetic background fields induce effective charge and
current densities that both source the radiation. In the small
coupling/field amplitude regime, we perform an expansion

FIG. 7. The gray shaded region illustrates the collision rate Γcoll between solitons and neutron stars in the left panel and between
solitons and magnetic white dwarfs in the right panel. The masses and radii considered are ðM⊙; 10 kmÞ for neutron stars and
ðM⊙; 5380 kmÞ for magnetic white dwarfs, and the dark photon masses used are m ¼ 10−6 eV and m ¼ 10−9 eV, respectively. The
width of the shaded band reflects variations in the initial power-law index γ for the density profile of dark matter before the formation of
the spike. Blue and red arrows indicate the parameter space where solitons remain stable in the Galactic center, and where the compact
object radius exceeds the soliton radius, respectively. We have taken fDM ¼ 1 and fMWD ¼ 0.05 in Eqs. (178) and (180), respectively.
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in terms of powers of ðgWγϕÞ, where background fields are
taken to be spatiotemporally constant.
On the other hand, when vector solitons are embedded

in external charge densities, we study the radiative phe-
nomenon associated with the gauge-kinetic mixing via the
coupling of the light dark photon field with charged matter

through the Lagrangian density Lð4Þ
int ¼ −eϵJμWμ [17].

Charged particles, such as electrons, experience a
Lorentz force within the soliton. This force arises from
the dark electromagnetic field generated by the oscillating
vector boson field. Assuming a spatiotemporally constant
electron number density background, the oscillating current
density is associated with a charge density that varies in
space and time, both of which source the output electro-
magnetic radiation.
Here are our key findings concerning the radiation output

in electromagnetic waves due to the two phenomena
under study.

A. External electromagnetic fields (dipole radiation)

(1) In the presence of external electromagnetic fields,
the coherence oscillation feature of vector solitons,
along with the coupling between dark photons and
photons, results in emitted radiation peaking at a
frequency of approximately ν ≈ 2m=ð2πÞ. This ra-
diation significantly depends on the soliton’s shape
and plasma effects, as described in Eq. (159).

(2) In relation to soliton polarization, only linearly
polarized solitons generate dipole radiation. In con-
trast, circularly polarized solitons do not exhibit time
dependence in the modified Maxwell equations, as
represented in Eqs. (27) and (28). This is because the
contraction of indices between the spatial vector
field components is a time-independent quantity that
is proportional to the square of the soliton’s radial
profile, given explicitly by Tr½WW� ¼ ψ2ðrÞ=m.

(3) In a vacuum environment, the shape of the soliton
significantly suppresses the radiated power, unless
the vector soliton is particularly dense, meaning
mR0.24

sol ≲Oð102Þ. Even in such cases, if we consider
the typical average magnetic field strength in the
Milky Way, the expected spectral flux density is tens
of orders of magnitude smaller than one Jansky in
the radio spectrum. This makes detection strategies
in the Galaxy quite challenging.

(4) Plasma effects can not only alleviate exponential
suppression but also significantly enhance the radi-
ated power through resonance when the plasma
frequency approaches twice the mass of dark pho-
tons. The production of photons via resonance is
considerably more efficient as we delve deeper into
the nonrelativistic regime, namely as the factor
mR0.24

sol increases. This resonance is naturally real-
ized in highly magnetized environments, such as

those found around neutron stars and white dwarfs.
Given the typical astrophysical properties of these
compact objects, our preliminary estimates suggest
that the spectral flux density could exceed the Jansky
scale by tens of orders of magnitude, highlighting
the need for a more detailed analysis.

(5) Our findings are of interest in the regime in which
parametric resonance of photons is blocked in dark
photon solitons, e.g. when gWγ < ðmR0.24

sol Þ3=2 or,
equivalently, Msol < 62.3ðm2

pl=mÞðmR0.24
sol Þ−1. By

contrast, if the parametric resonance condition is
satisfied, Eq. (104), the radiation output will be
dominated by an unbounded signal due to the
exponential growth of the photon occupancy.

(6) It is also instructive to compare our results with the
axion star scenario studied in Ref. [42]. Both cases
show similar qualitative behavior: the signal is
highly peaked and strongly suppressed in vacuum
for dilute configurations but significantly enhanced
in resonant plasma environments. The key difference
is that axion stars resonantly emit at ν ≈m=ð2πÞ,
whereas in the vector case the dipole operator
leads to resonant emission at ν ≈ 2m=ð2πÞ. More-
over, for comparable DM mass and soliton radius,
the vector-soliton signal is more exponentially sup-
pressed in vacuum than the axion-star signal. This
difference originates from the interaction structure.
In the scalar case, the radiation power arises at the
second order in perturbation theory and is propor-
tional to the square of the Fourier transform of the
soliton profile evaluated at frequency ω, e.g.
hPð2Þit ∝ fF ½aðrÞ�ðωÞg2 ¼ ã2ðωÞ, where ãðrÞ is
understood as the Fourier transform of the axion
star profile. By contrast, the emitted power for the
vector case appears only at the fourth order and is
proportional to the square of the Fourier transform
of the squared soliton radial profile. In this case,
the radiation is emitted at frequency 2ω, e.g.
hPð4Þit ∝ fF ½ϕ2ðrÞ�ð2ωÞg2 ¼ φ̃2ð2ωÞ, where φ̃ðrÞ
is understood as the Fourier transform of the square
of the vector soliton profile. Unlike the scalar case,
the vector signal depends on the soliton polarization,
with circularly polarized configurations not radiating
for the operator considered.

B. External charge density (kinetic mixing)

(1) Vector solitons influenced by a mean external charge
density can emit radiation due to the kinetic mixing
between the soliton field and the matter current.
This radiation primarily peaks at a frequency of
ν ≈m=ð2πÞ and is significantly affected by the
shape of the soliton and plasma effects, as described
in Eq. (164). These dependencies are similar to those
discussed in the previous case.
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(2) Unlike the case of dipole radiation, all soliton
polarizations can radiate through kinetic mixing.
This is because the soliton field-dependent charge
and current densities are proportional to the real-
valued vector fieldW, rather than being based on the
trace of their contraction, Tr½WW�, as was the case
previously.

(3) When considering massless photons, the radiated
power is significantly suppressed due to the soliton
shape. Even if we take into account the typical
electron number density in the interstellar medium,
and the conditionmR0.24

sol ¼ Oð1Þ—which means the
exponential suppression in Eq. (165) is still mild—
the estimated spectral flux density in the radio
spectrum remains too weak to support an indirect
detection strategy.

(4) When considering plasma effects, meaning an effec-
tive mass for the photon, the exponential suppression
is eliminated. Additionally, the radiated power is
heavily enhanced via resonance when the effective
mass of the photon is close to the dark photon mass.
This situation is particularly pertinent when vector
solitons are near neutron stars or magnetars. In these
environments, the motion of charged constituents
produces free charge and current densities within
their magnetospheres. Our preliminary estimate sug-
gests that the predicted flux density could reach
several tens of Jansky for typical electron charge
densities around neutron stars and white dwarfs. This
is particularly true for more dilute configurations
where mR0.24

sol ≪ 1. This outcome underscores the
necessity for a more accurate analysis.

Our estimates of the radiated power associated with
dipole radiation and kinetic mixing phenomena are par-
ticularly important in the resonance regime. This is espe-
cially true in scenarios where dark photon solitons exist
within the magnetospheres of highly magnetized compact
objects, such as neutron stars and white dwarfs. In these
cases, our estimates provide preliminary predictions that
require refinement through numerical simulations.
Our estimates are more reliable for denser soliton

configurations, where mR0.24
sol ¼ Oð1Þ. These configura-

tions typically feature smaller radii and exhibit greater
resistance to tidal disruption. In contrast, dilute configura-
tions, where mR0.24

sol ≫ 1, are generally more extended and
tend to experience tidal disruption before they can reso-
nantly emit radiation. In such cases, it is essential to address
the spatial variation of the plasma frequency, electromag-
netic fields, and charge density, as well as soliton dis-
ruption, through dedicated numerical simulations.
Typical parameter values for neutron stars suggest that

they are ideal astrophysical compact objects for generating
radio emission via vector solitons via dipole radiation and
kinetic mixing. In contrast, white dwarfs, which have
smaller magnetic fields and larger radii than neutron stars,

produce radiation output from vector solitons that falls
outside the detectable spectrum on Earth. This character-
istic makes them particularly interesting for extraterrestrial
searches using space-based facilities [50].
A potentially interesting observational difference

between the two mechanisms is the characteristic emission
frequency. As mentioned, for a fixed dark-photon mass,
dipole radiation is expected to peak around ν ≃ 2m=ð2πÞ,
whereas kinetic mixing leads to emission around
ν ≃m=ð2πÞ. Therefore, if the characteristic frequency of
a detected signal could be identified observationally and the
source properties were reasonably well constrained, this
factor-of-2 difference in the peak frequency, together with
the corresponding spectral flux density, could in principle
help discriminate between the two channels. In practice, the
usefulness of this signature will depend on the signal
bandwidth and on astrophysical uncertainties associated
with the compact-star environment.
The typical encounter rate between vector solitons and

neutron stars/white dwarfs was reported in Ref. [42] to be
unfavorable, Eq. (173). However, such a rate increases by
many orders of magnitude when considering the higher
neutron-star and white-dwarf concentrations at the centers
of galaxies, as well as the potential presence of dark matter
density spikes in these regions. The presence of super-
massive black holes located at the centers of galaxies may
lead, under favorable conditions, to spiky dark matter
profiles in the central regions of galaxies [87–89]. In
Milky Way-like galaxies, the rate may exceed unity per
year, particularly for diluted configurations (Fig. 7).
Our findings open multiple paths for further research. We

plan to integrate numerical modeling of radiation and
gravitation—particularly focusing on tidal disruption—to
study the effects of spatially and temporally varying plasma
surrounding compact stars. Our work emphasizes the
importance of the strong connections among particle
physics, cosmology, and astrophysics in exploring new
pathways to discover dark matter.
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APPENDIX: ELECTROMAGNETIC EQUATION
OF MOTIONS UNDER GAUGE KINETIC MIXING

For clarity, we start with a general Lagrangian density
which involves the two Abelian gauge bosons of interest,
photons and dark photons, including an interaction between
both fields as follows:

LAμ;Wμ ¼ −
1

4
FμνFμν − eAμJμ −

1

4
WμνWμν

− eWWμJ
μ
W −

1

2
m2WμWμ þ ϵ

2
FμνWμν; ðA1Þ

where Fμν ¼ ∂
μAν − ∂

νAμ andWμν ¼ ∂
μWν − ∂

νWμ are the
photon and dark photon field stress tensor, respectively, eW
is a dark coupling constant, Jμ and JμW are the fourth current
density of the ordinary and dark sectors, respectively, and
ϵ ≪ 1 is the mixing parameter. In Eq. (A1), the photon and
dark photon are “mixed” through the kinetic term ϵ

2
FμνWμν,

e.g. they do not propagate as independent particles. A
photon would constantly oscillate into a dark photon and
vice versa.
If we apply the following field transformations

Aμ ¼ Ãμ þ
ϵffiffiffiffiffiffiffiffiffiffiffiffi

1 − ϵ2
p eWμ; ðA2Þ

Wμ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi

1 − ϵ2
p eWμ; ðA3Þ

in the original Lagrangian density, we can eliminate the
kinetic mixing term and allow fields to propagate inde-
pendently as follows:

L
Ãμ;eWμ ¼ −

1

4
F̃μνF̃μν − eÃμJμ −

1

4
eWμν

eWμν

− eW eWμJ
μ
W −

m2

2
eWμ

eWμ − eϵ eWμJμ; ðA4Þ

where we have takenm=
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ2

p
≈m and ðeWJμW þ eϵJμÞ=ffiffiffiffiffiffiffiffiffiffiffiffi

1 − ϵ2
p

≈ ðeWJμW þ eϵJμÞ. The original current Jμ (which
only coupled to Aμ) now couples to both the new photon
and the new dark photon. Varying Eq. (A4) with respect to
the transformed dark photon field, we have

˙̃EW −∇ × B̃W ¼ m2 eW þ eWJW þ eϵJ ðA5Þ

∇ · ẼW ¼ −eWρW − eϵρ; ðA6Þ

where we have neglected in Eq. (A6) a mass term propor-
tional to the time component of the soliton field under
the nonrelativistic approximation. The ordinary current
density term present in Eq. (A5) indicates that an ordinary
particle behaves as if it has a tiny “dark charge.” Charged
particles, like electrons, will feel a Lorentz force from the
dark electromagnetic field, resulting in an ordinary current.
In detail,

Fi ¼ −ϵe
h
− ėWi − ∂i

eW0 þ Vjð∂i eWj − ∂j
eWiÞ

i
; ðA7Þ

viðtÞ ∼
ϵe
me

eWi þ constant; ðA8Þ

where we have neglected gradients of the soliton field and
used Fi ¼ mev̇i. Here vi is the ith component of the
electron velocity. As a result, the ordinary current density
reads as

Jðx; tÞ ∼ −
�
ϵe2ρe
m2

e

� eWðx; tÞ þ constant; ðA9Þ

where ρe is the electron number density. The associated
ordinary charged density can be obtained via the continuity
equation as

∂ρ

∂t
¼ −∇ · J; ðA10Þ

ρðx; tÞ ∼ ϵe2ρe
m2

e

Z
t∇ · eWðx; t0Þdt0 þ constant: ðA11Þ

These charge and current densities source the ordinary
electromagnetic fields via the usual equation of motions
obtained by varying the transformed Lagrangian density,
Eq. (A4), with respect to the transformed photon field,
namely

̈Ẽ −∇2Ẽ ¼ −∇ρ − J̇; ðA12Þ

̈B̃ −∇2B̃ ¼ ∇ × J: ðA13Þ

Equations (A9) and (A11)–(A13) match Eqs. (106)–(109)
under the approximation ðẼ; B̃Þ ≈ ðE;BÞ and W̃ ≈W for
ϵ ≪ 1.
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