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When the axion mass is generated during a first-order phase transition and becomes nonvanishing only
inside expanding true-vacuum bubbles, the standard picture of misalignment production is qualitatively
modified. Using lattice simulations in an expanding universe, we study dark matter production within such
a framework and identify two distinct regimes. For rapid transitions, the onset of oscillations is delayed
until bubble percolation, enhancing the relic abundance. For slower transitions, spatial gradients generated
by expanding bubbles suppress the effective misalignment angle through the bubble misalignment
mechanism. We derive a semianalytical expression for the relic density that provides a unified description
of both regimes and accurately reproduces the simulation results. Finally, we show how this mechanism
also modifies isocurvature perturbations and the small-scale matter power spectrum, with important
implications for axion minicluster formation.
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I. INTRODUCTION

New light and weakly coupled degrees of freedom arise
naturally in well-motivated extensions of the Standard
Model (SM) and, in the coming decades, will be probed
with unprecedented sensitivity at both the intensity and
cosmic frontiers. Among the candidates, pseudo-Nambu-
Goldstone bosons (PNGBs) are particularly compelling, as
their origin explains both their small masses and feeble
interactions without requiring ad hoc assumptions. A
prominent realization of this idea is provided by the
Peccei-Quinn (PQ) mechanism [1,2], originally proposed
to solve the strong CP problem. Following the spontaneous
breaking of the PQ symmetry and the decoupling of the
heavy PQ-sector states, the low-energy spectrum contains a
PNGB known as the QCD axion [3,4]. Other well-moti-
vated examples include the Majoron, associated with the
spontaneous breaking of lepton number [5], as well as the
rich spectrum of axionlike particles generically arising in
string compactifications [6–8].

The cosmological evolution of the axion field is typically
divided into two main phases. Initially, the field is displaced
from the minimum of its potential. Its value may be set, for
instance, by inflationary dynamics, while Hubble friction
keeps the field frozen. At later times, the restoring force due
to the potential eventually overcomes Hubble friction,
causing the field to undergo damped oscillations around
the minimum of the potential. Once the oscillation ampli-
tude has been sufficiently damped, the dynamics can be
described by harmonic oscillations. Crucially, the energy
stored in these oscillations redshifts as nonrelativistic
matter. Axions produced through this misalignment mecha-
nism therefore provide an irreducible contribution to the
present-day energy density [9–11].
Evidence for a dark matter (DM) component with an

abundance roughly five times larger than that of visible
matter is overwhelming [12,13]. In this context, the
question is not whether axions contribute to the DM energy
density, but rather what fraction of the DM abundance they
account for [14–16]. The quantitative answer depends on
both the particle physics parameters and the cosmological
history. The case of theQCDaxionwith a standard expansion
history is predictive because its mass and interactions are
not independent parameters. In the deconfined QCD phase,
the axion acquires a thermal mass with a power-law
dependence on the temperature, ma ∝ T−4. After confine-
ment, the mass reaches its asymptotic value,ma ≃ Λ2

QCD=fa,
where ΛQCD and fa denote the confinement scale and the
axion decay constant, respectively. The resulting relic density
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depends on the initial field value, which may be determined
by the interplay with inflationary physics. If PQ symmetry
breaking occurs after inflation, the standard prescription is to
average over possible initial field values, yielding a misalign-
ment contribution to the axion DM density that depends only
on fa. In this case, however, topological defects also
contribute to the DM abundance [17–31].
In this work, we explore the axion field dynamics in

cosmological scenarios featuring abrupt departures from
the standard expansion history. Specifically, we investigate
the impact of first-order phase transitions (FOPTs) on the
axion relic density. The key idea can be appreciated from
the fact that the axion mass in our scenario turns on
discontinuously inside expanding bubbles of true vacuum
during a FOPT, unlike the smooth temperature-dependent
evolution exhibited by the QCD axion. This leads to
qualitatively different axion dynamics [32–38].
We focus on a general framework in which an axion field

ϕ has a mass that vanishes in the false vacuum while
remaining finite in the true vacuum. The dynamics is trivial
before the FOPT: the field remains frozen since no potential
is present. After the FOPT, the axionmass is switched on and
the field can undergo damped oscillations. The behavior for
sufficiently fast FOPTs is intuitive. In this case, the onset of
the oscillatory phase is delayed, leaving less time for the
initial potential energy to redshift and thereby enhancing the
DM relic abundance [33]. For slower transitions, however,
spatial gradients generated by the expanding bubble walls
suppress the oscillation amplitude inside the bubbles. This
regime was investigated in Ref. [34], where the resulting
mechanism was dubbed bubble misalignment. In particular,
the authors simulated the evolution of an axion field with a
discontinuous harmonic potential in a simplified cosmologi-
cal setup, neglecting Hubble expansion and considering a
single bubble nucleated at the center of the simulation box
with periodic boundary conditions.
We investigate the interplay between axion dynamics

and FOPTs in a more realistic cosmological setting. In
particular, we incorporate the effects of cosmic expansion,
allowing us to consistently follow the redshifting of both
field gradients and oscillation amplitudes. We also account
for the nucleation and evolution of multiple bubbles via a
self-consistent nucleation history. Anharmonic effects in
the axion potential, important in the standard QCD axion
scenario [9,14,39–41], are likewise included. Together,
these ingredients provide a substantially more realistic
characterization of the resulting dynamics.
FOPTs affect axion dynamics in several observable

ways. The delayed onset of oscillations modifies the
dependence of the relic abundance on the axion mass
and decay constant. In the postinflationary scenario, the
phase transition lowers the effective cutoff scale of the
white-noise isocurvature spectrum, enhancing the mass and
abundance of axion miniclusters. In the preinflationary
scenario, it modifies the mapping between inflationary

axion fluctuations and the relic abundance, leading to
modified CMB isocurvature bounds in both stochastic
and locked initial-condition regimes. These effects are
constrained by Lyman-α forest data and JWSTobservations
of the high-redshift UV luminosity function.
Our quantitative results apply directly to generic axionlike

particles whose mass is generated through a new FOPT. The
minimal QCD axion does not fall directly within this
framework: the thermal QCD transition is a crossover,
and the topological susceptibility generates a smooth, non-
zero axion mass already in the deconfined phase, rather than
an abrupt mass generation during a FOPT. Extending the
present analysis to the QCD axion would therefore require
an additional FOPT coupled to the QCD sector, whose
contribution to the axion mass dominates over the standard
topological susceptibility in the relevant temperature range.
We leave this extension for future work.
Section II presents a description of true-vacuum bubble

nucleation. The axion setup is introduced in Sec. III, where
we derive the field equations governing the dynamics. We
employ a low-energy scalar potential including anharmonic
effects that captures a broad class of UV-complete realiza-
tions. Appendix A discusses an explicit class of renorma-
lizable UV-complete models that naturally give rise to the
low-energy phenomenology explored in this work.
Section IV characterizes the two dynamical regimes,
constructs a semianalytic model for the relic abundance.
We also show that axions radiated by cosmic strings are
suppressed relative to the misalignment contribution when
the mass turns on abruptly. The lattice implementation is
validated against homogeneous solutions in Appendix B. In
Sec. V, we quantify the observational signatures and derive
constraints from axion minicluster formation, CMB iso-
curvature perturbations, Lyman-α forest data, JWST
observations of high-redshift galaxies, and black-hole
superradiance. We summarize our findings in Sec. VI.

II. BUBBLE DYNAMICS

The cosmological evolution in our setup begins with the
universe trapped in a metastable false-vacuum state. As the
universe expands and cools, bubbles of true vacuum
nucleate and grow within the false-vacuum background,
eventually percolating and completing the FOPT. Once the
microscopic details of the sector responsible for the FOPT
are specified, the bubble nucleation rate can be computed
from the finite-temperature effective potential [42–44].
We remain agnostic about the underlying microphysics

responsible for the FOPT and adopt a phenomenological
approach. Specifically, we introduce the reference time t⋆
as the epoch at which the nucleation rate reaches one
bubble per Hubble volume and Hubble time.1 Denoting by

1Throughout this paper, the variable t denotes the time
coordinate of the Friedmann-Lemaître-Robertson-Walker
(FLRW) metric. We will later also introduce conformal time τ.
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H⋆ the Hubble parameter evaluated at this time,
H⋆ ≡Hðt⋆Þ, we parametrize the nucleation rate per unit
volume through the exponential law [45]

ΓðtÞ ¼ H4
⋆e

βðt−t⋆Þ; ð1Þ

where the parameter β characterizes the inverse duration
of the phase transition, with large values of β corre-
sponding to rapid nucleation. This expression can be
understood as the linear expansion of the logarithm of
the nucleation rate around the transition epoch, and it
often provides a good approximation to the time
dependence of the nucleation rate in realistic models
(see, e.g., [46]). By construction, Eq. (1) describes a
transition that effectively begins at t ¼ t⋆, when the
nucleation rate reaches one bubble per Hubble volume
and Hubble time.2

Throughout this work, we assume the early universe to
be dominated by a radiation bath of relativistic particles, for
which the scale factor evolves as aðtÞ ∝ t1=2. We normalize
the scale factor to unity at the time of the transition, namely
a⋆ ≡ aðt⋆Þ ¼ 1, and choose t⋆ ¼ 1=ð2H⋆Þ. This allows us
to express the scale factor as aðtÞ ¼ ð2H⋆tÞ1=2 and the
Hubble rate as HðtÞ ¼ 1=ð2tÞ. For the cosmological
simulations, it is more convenient to work with conformal
time τ, related to cosmic time through dτ ¼ dt=aðtÞ,
which in a radiation-dominated background implies
τðtÞ ¼ ð2t=H⋆Þ1=2. In terms of conformal time, the scale
factor takes the simple form aðτÞ ¼ H⋆τ and the Hubble
rate is HðτÞ ¼ 1=ðH⋆τ

2Þ.
Once nucleated, bubbles expand within the surround-

ing false vacuum background, driven by the pressure
difference across the wall. In our analysis, we neglect
their initial radii and work in the thin-wall limit, in
which the bubble walls are treated as infinitesimally thin
interfaces separating the two phases. In the absence of
interactions with the surrounding fluid, the bubble walls
rapidly approach the speed of light, vw ≈ 1, while their
Lorentz factors grow linearly with the bubble radius.
Achieving a smaller terminal velocity requires frictional
effects arising from interactions between the walls and
the surrounding plasma. If sufficiently strong, these
effects balance the pressure difference driving the expan-
sion, causing the walls to approach a steady-state
configuration characterized by a subluminal terminal
velocity [47–51].
Following our phenomenological approach, we do not

commit to any specific microscopic origin for the friction
effects and instead treat the bubble wall velocity as a free
parameter. In particular, we assume that the bubbles
expand with a constant wall velocity vw ≤ 1 throughout
the transition. In terms of the conformal time variable τ

introduced above, the comoving bubble radius therefore
evolves linearly according to3

Rðτ; τnÞ ¼ max½0; vwðτ − τnÞ�; ð2Þ

where τn denotes the conformal nucleation time.4 The
nucleation and subsequent expansion of bubbles pro-
gressively reduce the fraction F̄ðtÞ of the universe that
remains trapped in the false vacuum, which is given
by [52]

F̄ðtÞ ¼ exp

�
−
4π

3

Z
t

−∞
dtnΓðtnÞaðtnÞ3Rðt; tnÞ3

�
. ð3Þ

The integral over tn accounts for all nucleation times.
The integrand contains the nucleation rate ΓðtnÞ together
with the physical volume of a bubble nucleated at time
tn, whose radius is determined by Eqs. (1) and (2),
respectively. We show the resulting evolution of F̄ðtÞ in
Fig. 1 for different values of β=H⋆ and vw. As expected,
larger values of β=H⋆ and vw correspond to increasingly
rapid transitions. In the limit β=H⋆ → ∞, the transition
becomes instantaneous and the false-vacuum fraction
approaches the step-function behavior F̄ðtÞ → Θðt⋆ − tÞ.
We perform simulations of the FOPT by nucleating

bubbles within a cubic box of volume L3
box with periodic

boundary conditions. Bubble nucleation follows the rate (1)
and is implemented using a tracer-based method. A total of
Ntracer ¼ 105 tracer points are distributed uniformly
throughout the box, each representing a potential nuclea-
tion site in the false vacuum. At each time nucleation step
of duration Δt, a random number P ∼Uð0; 1Þ is drawn for
each tracer still residing in the false vacuum, and a bubble is
nucleated at that tracer’s position if P < PnucðtÞ ¼
ΓðtÞaðtÞ3L3

boxΔt=Ntracer. The nucleation time step is chosen
adaptively to ensure that Pnuc < 0.1. Once a tracer nucle-
ates a bubble or is engulfed by an expanding bubble, it is
removed from the active set. The false-vacuum fraction
F̄ðtÞ is then estimated as the ratio of active to total tracers.
Figure 1 compares the simulation results with the semi-
analytic prediction of Eq. (3). The agreement between the
two approaches is found to be excellent across a wide range
of parameters. We note that for transitions that are too fast
or for box sizes that are too large, the tracer-based method
may effectively run out of active tracer points before the
transition completes. This imposes an upper limit on both
β=H⋆ and Lbox. We have verified that Ntracer ¼ 105 is
sufficient for the parameter range considered in this work.

2From the definition in Eq. (1), we have Γðt⋆Þ ¼ H4
⋆.

3Notice that vw is defined as the bubble wall velocity with
respect to the comoving bubble radius and conformal time,
vw ≡ dR=dτ.

4The time t⋆ appearing in Eq. (1) and the nucleation time tn are
distinct quantities. The former is fixed once a given FOPT is
specified, whereas the latter is a variable corresponding to the
nucleation time of the particular bubble under consideration.
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The validity range can be extended by increasing Ntracer, at
the expense of additional computational cost.

III. AXION DYNAMICS

The dynamics of the axion field are governed by the
periodic scalar potential

VðϕÞ ¼ mϕðSÞ2f2ϕ
�
1 − cos

�
ϕ

fϕ

��
: ð4Þ

Here, fϕ denotes the axion decay constant and is asso-
ciated with the scale of spontaneous breaking of the
underlying global symmetry. We take the axion field to
have support ϕ∈ ½0; 2πfϕÞ, such that the potential pos-
sesses a single physically distinct minimum at ϕ ¼ 0.5

Expanding Eq. (4) around its minimum to quadratic order
identifies mϕðSÞ as the axion mass. As indicated by the
notation, we allow this mass to depend on a scalar field S.
Explicit renormalizable realizations that reproduce the
potential in Eq. (4) at low energies are presented in
Appendix A.
The field S that determines the axion mass is also the

degree of freedom responsible for driving the FOPT. We
focus on scenarios in which the axion mass vanishes before
the transition. Assuming the false vacuum is located at
S ¼ 0, this condition implies mϕðS ¼ 0Þ ¼ 0. In the true
vacuum the scalar field S acquires a nonvanishing vacuum
expectation value (vev), hSi ¼ vS, and we denote the
resulting axion mass by Mϕ. In the thin-wall limit, the

dynamics are determined solely by the values of the axion
mass in the two phases:

mϕðSÞ ¼
�
0; S ¼ 0

Mϕ; S ¼ vS
: ð5Þ

Before the phase transition, the axion field ϕ within a
given Hubble patch is frozen at a random initial value. In
our analysis, we allow for arbitrary initial conditions in the
range 0 ≤ ϕðt ¼ 0Þ < 2πfϕ, which may vary from one
Hubble patch to another.
The dynamics of the axion field ϕ are governed by the

covariant equation of motion

∇μ∇μϕ≡ 1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
gμν∂νϕÞ ¼

∂VðϕÞ
∂ϕ

: ð6Þ

Expressing the field as ϕ ¼ ϕðt; x⃗Þ, where t denotes cosmic
time and x⃗ comoving spatial coordinates, and specializing
to the FLRW metric and the potential in Eq. (4), the
equation of motion takes the form

∂
2
tϕþ 3H∂tϕ −

∇2ϕ

a2
þ fϕm2

ϕðSÞ sin
�
ϕ

fϕ

�
¼ 0: ð7Þ

It is convenient to reformulate the axion dynamics in
terms of the dimensionless field θ≡ ϕ=fϕ and conformal
time τ. The equation of motion becomes

∂
2
τθ þ 2H∂τθ −∇2θ þ a2m2

ϕðSÞ sin θ ¼ 0; ð8Þ

where H≡ ð∂τaÞ=a is the conformal Hubble parameter,
related to the standard one through H ¼ aH. For the
radiation-dominated background considered in this work,
and with the conventions of Sec. II, the conformal Hubble
parameter is given byH ¼ 1=τ. Using the field dependence
of the axion mass given in Eq. (5) and assuming that S
vanishes outside the expanding bubbles, the equation of
motion reads

∂
2
τ θ þ

2

τ
∂τθ −∇2θ þH2

⋆τ
2M2

ϕ

∂Vðθ; x⃗; τÞ
∂θ

¼ 0: ð9Þ

In the thin-wall approximation, the dimensionless
potential is

Vðθ; x⃗; τÞ ¼
(
1 − cos θ; minj

jx⃗−x⃗jj
RjðτÞ < 1;

0; otherwise;
ð10Þ

with the index j running over all nucleated bubbles, while
x⃗j and RjðτÞ denote their centers and radii, respectively.
We evolve the axion field on a periodic lattice with N3

grid
grid points covering the same cubic volume used for bubble
nucleation. To ensure compatibility between the periodic

FIG. 1. Evolution of the false-vacuum fraction F̄ðtÞ for differ-
ent values of β=H⋆ and vw in a radiation-dominated universe. The
solid curves correspond to the numerical evaluation of Eq. (3),
while the shaded bands indicate the 1σ spread among different
simulation realizations.

5The case ϕ∈ ½0; 2πNDWfϕÞ with integer NDW > 1 is more
subtle, as additional bias terms are generally required to lift the
vacuum degeneracy and prevent cosmological domain-wall
domination. For this reason, we restrict our analysis to NDW ¼ 1.
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boundary conditions and the axion oscillations, we choose
the box size Lbox to be an integer multiple of the axion
Compton wavelength λϕ ¼ 2π=Mϕ. The simulation volume
is initially in the false vacuum, while the axion field is
uniformly initialized to the value θi. The field is then
evolved according to Eq. (9) using a leapfrog algorithm
[53], with spatial derivatives computed through real-space
finite-difference stencils. We do not employ pseudospectral
or Fourier-based (FFT) solvers, since the discontinuous
step-function profile of the bubble walls in Eq. (10) gives
rise to a severe Gibbs phenomenon. This generates spurious
ringing artifacts that contaminate the field evolution and
energy densities with unphysical high-frequency modes.
The integration time step is determined by the Courant-
Friedrichs-Lewy stability condition

δt ¼ 0.4

�
3

�
π

Δx

�
2

þM2
ϕ

�
−1=2

; ð11Þ

where Δx ¼ Lbox=Ngrid denotes the lattice spacing.
One of the key observables in our analysis is the present-

day axion relic density. To determine it, we track through-
out the simulation the local axion energy density

ρϕðx⃗; tÞ ¼
1

2
ð∂tϕÞ2 þ

1

2a2
ð∇ϕÞ2 þ VðϕÞ: ð12Þ

Our first objective is to determine whether the observed
DM abundance can be reproduced. We therefore define
the spatial average of the previous expression as
ρ̄ϕðtÞ≡ hρϕðx⃗; tÞi, where h·i denotes spatial averaging.
Expressed in terms of conformal time τ and the dimension-
less field θ, this becomes

ρ̄ϕ ¼ f2ϕ
H2

⋆

�hð∂τθÞ2i þ hð∇θÞ2i
2τ2

þH2
⋆M

2
ϕhVðθÞi

�
; ð13Þ

where Vðθ; x⃗; τÞ is the potential introduced in Eq. (10).
We validated our numerical implementation through

homogeneous-field tests in an expanding radiation-domi-
nated background. We initialized the axion field to a
spatially uniform configuration across the lattice and
assumed a constant nonzero mass Mϕ, such that spatial
gradients vanish identically throughout the evolution. In the
small-amplitude regime, where the scalar potential is well
approximated by its harmonic expansion, the equation of
motion admits an exact analytic solution in terms of Bessel
functions. We verified that the lattice evolution reproduces
this solution with subpercent accuracy over several oscil-
lation periods. In the nonlinear regime, we further con-
firmed conservation of the late-time adiabatic invariant
ρ̄ϕa3, recovering the expected matterlike scaling once the
condition Mϕ ≫ H is satisfied. Details of these validation
tests are presented in Appendix B.

Figure 2 shows the results of simulations performed
with Lbox ¼ 8π=Mϕ and Ngrid ¼ 128. We fix β=H⋆ ¼ 4,
H⋆=Mϕ ¼ 0.05, vw ¼ 0.15, and θi ¼ 2.0. The figure
shows the evolution of the spatially averaged axion energy
densities, with both axes rendered dimensionless through
appropriate rescalings. The kinetic, gradient, potential, and
total contributions are displayed separately. For the latter,
we compare the evolution in the presence of the FOPTwith
that in a standard radiation-dominated background without
a FOPT.
Before the phase transition, the axion potential vanishes

and the field remains frozen at its initial value. During the
FOPT, bubbles nucleate at an exponentially increasing rate,
and the potential energy rises rapidly as an increasing
fraction of the volume transitions to the true vacuum, where
the axion acquires the mass Mϕ. After the transition, the
gradient energy redshifts as a−4, while the combined
kinetic and potential contributions scale as matter, namely
∝ a−3. The latter agrees with the standard evolution in a
radiation-dominated universe without a phase transition,
shown by the dashed curve. The most interesting dynamics
occur during the phase transition itself, when the energy
density exhibits oscillatory growth due to repeated reflec-
tions of axion waves from the expanding bubble walls. This
behavior resembles that found in Ref. [34] for a static
background, and it will be further investigated in Sec. IV C.

IV. AXION RELIC DENSITY

The first observable quantity we consider is the axion
relic density. Its importance is already apparent from Fig. 2,
particularly from the comparison of the two black curves

FIG. 2. Spatially averaged axion energy density as a function of
cosmic time. Both axes are expressed in dimensionless units after
appropriate rescalings. The solid curves show the evolution in the
presence of a FOPT, with the kinetic (red), gradient (yellow), and
potential (blue) energy densities displayed separately, while
the total energy density is shown in black. For comparison,
the dashed curve shows the total axion energy density in the
absence of a FOPT.
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showing the evolution of the spatially averaged total axion
energy density with and without a FOPT (solid and dashed,
respectively). As discussed in the previous section, their
early time evolution differs significantly due to the non-
trivial dynamics induced during the phase transition. At
sufficiently late times, however, both curves asymptotically
approach the matterlike scaling, ρ̄a ∝ a−3, implying that the
comoving axion energy density becomes conserved. This
allows for a direct comparison of the final relic abundance
in the two scenarios.
A viable DM candidate must reproduce the observed

relic density, ΩDMh2 ¼ 0.120� 0.001 [54], if it accounts
for all of the DM. Smaller relic densities are also allowed,
corresponding to a subdominant DM component, whereas
larger values are excluded.

A. Misalignment without a FOPT

Before discussing the impact of a FOPT, it is useful to
briefly review the conventional misalignment mechanism.
This serves to introduce the notation and conventions used
throughout the paper and to validate our numerical simu-
lations by demonstrating that they correctly reproduce the
well-established results in the literature. In this scenario,
the axion field is initially frozen and starts oscillating once
the Hubble damping becomes comparable to the restoring
force. Neglecting anharmonic corrections, the onset of
oscillations is defined, up to factors of order unity, by
HðtoscÞ ∼Mϕ, corresponding to tosc ∼M−1

ϕ during radia-
tion domination.
The axion energy density at tosc is given by M2

ϕf
2
ϕθ

2
i =2,

where θi denotes the initial misalignment angle and we still
work within the harmonic approximation. The present-day
relic abundance is obtained by evolving the energy
density at the onset of oscillations to late times using
conservation of the adiabatic invariant, which suppresses
it by a factor ½aðtoscÞ=aðt0Þ�3, where t0 denotes the
present epoch. Using entropy conservation, we obtain
ρ̄NoFOPTϕ;harmonicðt0Þ ∝ θ2i f

2
ϕM

1=2
ϕ .

We evaluate the fractional spatially averaged energy
density Ωϕ ≡ ρ̄ϕ=ρcr directly from the output of our
numerical simulations, where the present-day critical den-
sity is ρcðt0Þ ≃ 1.054 × 10−5h2 GeV=cm3 [55]. We find

ΩNoFOPT
ϕ h2 ≃ 1.0

g⋆ðToscÞ3=4
g�sðToscÞ

F anhðθiÞθ2i

×

�
fϕ

1012 GeV

�
2
�
Mϕ

eV

�
1=2

; ð14Þ

where the overall normalization is fixed by our numerical
simulations. Here, g⋆ðTÞ and g�sðTÞ denote the effective
numbers of relativistic degrees of freedom contributing to
the energy and entropy densities, respectively.
Following the standard convention, we account for

anharmonic corrections by multiplying the harmonic result

by a correction factor F anhðθiÞ. As is well known, anhar-
monic effects enhance the axion energy density relative to
the harmonic prediction [9,14,39–41]. Physically, this
enhancement arises because the restoring force becomes
significantly weaker near the top of the potential, delaying
the onset of oscillations. The axion field therefore remains
frozen for longer and undergoes less cosmological dilution
before behaving as cold matter. Consequently, F anhðθiÞ
must reproduce the harmonic result in the small-angle limit,
F anhðθi ≪ 1Þ ≃ 1, while diverging as θi → π, reflecting the
substantial delay in the onset of oscillations for fields
initially located near the top of the potential. Fitting our
numerical results, we obtain

F anhðθiÞ ¼
�
ln

e
1 − ðjθij=πÞϵ0

�
α0
; ð15Þ

with best-fit values ϵ0 ¼ 2.72 and α0 ¼ 1.27, obtained
from simulations spanning the range 0 ≤ θi < π.6

We now discuss the impact of a FOPT. Before doing so,
however, it is useful to identify the region of parameter
space where the phase transition can affect the axion
dynamics. If the axion acquires its mass through a
FOPT with H⋆ ≫ Mϕ, Hubble friction still dominates at
the time of the transition. Consequently, the axion remains
frozen until well after the phase transition has completed,
and its relic abundance coincides with the standard result in
Eq. (14). We therefore focus on the regime H⋆ ≲Mϕ,
where the phase transition occurs sufficiently late to modify
the axion dynamics. The remaining parameter controlling
the dynamics is β, introduced in the nucleation rate of
Eq. (1). As discussed previously, β−1 sets the characteristic
duration of the phase transition. The hierarchy between this
timescale and the axion oscillation period, M−1

ϕ , gives rise
to two qualitatively distinct cosmological scenarios, dis-
cussed in the following two subsections.

B. Fast FOPT (β ≫ Mϕ): Delayed misalignment

We begin by discussing the case in which the phase
transition completes on a timescale much shorter than the
axion oscillation period. In this regime, characterized by
the hierarchy β ≫ Mϕ, the true-vacuum bubbles collide
before the axion begins to oscillate inside them, and the
field therefore does not respond dynamically during
the transition. The dominant effect is instead a delay in
the onset of axion oscillations, which enhances the present-
day relic abundance.
A convenient reference time for the onset of oscillations

in this case is the percolation time tp, defined by

6We adopt the functional form proposed in Ref. [41]. Our best-
fit values differ from those reported there because that work
considered the QCD axion with its temperature-dependent mass.

BALTABAY, D’ERAMO, and VASKONEN PHYS. REV. D 114, 083521 (2026)

083521-6



F̄ðtpÞ ¼ e−1; ð16Þ

where F̄ðtÞ denotes the volume-averaged false-vacuum
fraction. Since percolation occurs after the conventional
oscillation time, tp ≳ tosc ∼M−1

ϕ , the onset of oscillations is
well approximated by tp rather than tosc.
If the phase transition is very fast, β=H⋆ ≫ 1, percola-

tion occurs shortly after the nucleation time, tp ≃ t⋆,
and the resulting enhancement becomes independent of
β=H⋆. Conversely, for slower transitions, β=H⋆ ∼ 1, the
percolation time is significantly delayed, as illustrated
in Fig. 1. The corresponding enhancement of the present-
day relic abundance is approximately given by the
factor ðap=aoscÞ3 ∼ ðMϕ=HpÞ3=2, with ap ≡ aðtpÞ and
aosc ≡ aðtoscÞ. In deriving the second expression, we
assumed a radiation-dominated universe, where H ∝ a−2,
used the relation HðtoscÞ ≃Mϕ, and defined Hp ≡HðtpÞ.
The estimate above, however, does not fully capture the

enhancement associated with delayed misalignment. It
assumes that the only effect of generating the axion mass
through a FOPT is to delay the onset of oscillations. At later
times, however, Hubble friction is weaker relative to the
axion potential, so the anharmonic correction is no longer
universal. Instead, it acquires an explicit dependence on the
percolation time tp.
To quantify this effect, we solve the homogeneous

equation of motion with the axion mass switched on
abruptly at t ¼ tp. The resulting anharmonic correction
factor F̃ anhðθi; tpÞ is shown in Fig. 3 as a function of the
percolation time tp. For Mϕtp ≪ 1, this result reproduces
the standard anharmonic correction, ðMϕ=HpÞ3=2×
F̃ anhðθi;tpÞ≃F anhðθiÞ, as expected in the conventional
misalignment scenario without a FOPT. In the opposite
limit, Mϕtp ≫ 1, Hubble friction is negligible at the onset

of oscillations and the dynamics approaches that of
an undamped field. The comoving energy is then con-
served from the moment of release and is fixed by the
initial potential energy, ∝ 1 − cos θi. Consequently F̃ anh
approaches a finite, tp-independent profile that decreases
with increasing θi, since the cosine potential stores less
energy than its quadratic approximation at large field
values.
We find that the numerical results shown in Fig. 3 are

well described by the broken power law

F̃ anhðθi; tpÞ ¼
�
CF∞ðθiÞr þ

F anhðθiÞr
ðMϕ=HpÞ3r=2

�
1=r

; ð17Þ

where F∞ðθiÞ denotes the anharmonic correction factor in
the limit of very late percolation. We parametrize it with the
same functional form as the standard correction F anh in
Eq. (15),

F∞ðθiÞ ¼
�
ln

e
1 − ðjθij=πÞϵ∞

�
α∞
; ð18Þ

with the best-fit values ϵ∞ ¼ 1.74 and α∞ ¼ −0.46, with
C ¼ 0.48 and r ¼ 1.12 from the homogeneous evolution.
In the presence of bubble nucleation, however, these
parameters acquire a dependence on the bubble wall
velocity, which we quantify in Sec. IV D.

C. Slow FOPT (β ≪ Mϕ): Bubble misalignment

We now consider the complementary regime in which
the phase transition is slow compared to the axion oscil-
lation timescale, β ≪ Mϕ. In this case, the transition is not
complete before the axion begins to respond dynamically,
leading to qualitatively different behavior. In particular,
axion shock-wave profiles develop outside the expanding
bubbles, as shown in Fig. 4. Consequently, the axion field
inside the bubbles begins oscillating with an amplitude
smaller than its initial misalignment value, suppressing the
relic abundance relative to the delayed-misalignment sce-
nario. At the same time, repeated collisions between the
shock waves and the expanding bubble walls transfer
energy into the bubble interior, giving rise to the oscillatory
growth of the axion energy density visible in Fig. 2. This
phenomenon is known as bubble misalignment [34].
Shock-wave formation is not guaranteed a priori and

requires bubbles to reach a minimum size before colliding.
We parametrize this requirement by introducing κ, such that
only bubbles with collision radius Rc > κ=Mϕ contribute to
bubble misalignment. To determine the dependence
of κ on vw and H⋆=Mϕ, we solve Eq. (9) for the evolution
of the axion field around a single expanding bubble. We
define the characteristic shock-formation time as the instant
when the axion field at the bubble center reaches its
first turning point, ∂τθðτc; r ¼ 0Þ ¼ 0, corresponding to

FIG. 3. Anharmonic correction factor for delayed misalign-
ment, F̃ anhðθi; tpÞ, as a function of the percolation time for
different initial axion misalignment angles.
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κ ¼ Mϕvwðτc − τnÞ. The resulting values of κ are shown in
the left panel of Fig. 5 as functions of H⋆=Mϕ for different
values of vw and θi. We find that κ approaches a constant
value forH⋆=Mϕ ≪ 1, while it decreases forH⋆=Mϕ ≫ 1.
These limiting behaviors admit a simple physical inter-
pretation. The field inside a bubble begins to oscillate once
the potential overcomes Hubble friction, i.e., when
Mϕ ∼H. Using the expression for the Hubble parameter
in terms of conformal time, HðτÞ ¼ 1=ðH⋆τ

2Þ, this con-
dition yields the characteristic shock-formation time
τc ∼ ðH⋆MϕÞ−1=2. In the limit H⋆=Mϕ ≫ 1, we therefore
find

κ ¼ Mϕvwðτc − τnÞ ∼ vw

�
Mϕ

H⋆

�
1=2

∝
�
H⋆

Mϕ

�
−1=2

; ð19Þ

in excellent agreement with the numerical results. In the
opposite limit, H⋆=Mϕ ≪ 1, Hubble friction is negligible
from the outset, and the only relevant timescale is M−1

ϕ ,
implying τc ∼M−1

ϕ and hence κ ∼ vw.
To estimate the fraction εBM of bubbles that contribute to

bubble misalignment, we use the distribution of first bubble
collision radii derived in Ref. [56]

pðRcÞ ∝
Z

dtnaðtnÞ3ΓðtnÞaðtÞF̄ðtÞF̄0ðtÞjt∶Rðt;tnÞ¼Rc
; ð20Þ

and integrate over collision radii with Rc > κ=Mϕ

εBM ¼
Z

∞

κ=Mϕ

dRcpðRcÞ: ð21Þ

Furthermore, motivated by the analytical result of Ref. [34],
which shows that the axion number density generated
through bubble misalignment scales inversely with the
characteristic bubble separation, we also compute the mean
inverse collision radius,

�
1

Rc

	
¼ 1

εBM

Z
∞

κ=Mϕ

dRc
pðRcÞ
Rc

: ð22Þ

These geometric quantities characterize the bubble mis-
alignment mechanism and depend on the phase transition
rate β=H⋆, as shown in the middle and right panels of
Fig. 5. We find that εBM decreases with increasing β=H⋆,
reflecting the smaller fraction of bubbles that satisfy the

FIG. 4. Evolution of the axion shock-wave profile for θi ¼ 2.0.
Each panel shows a snapshot at a different time, progressing from
the top left to the bottom right. True-vacuum bubbles are
nucleated simultaneously at t ¼ 0 at both ends of the simulation
box, with the true-vacuum regions shaded in gray. The colored
curves show the axion field profile, illustrating the formation and
propagation of shock waves ahead of the expanding bubble walls.

FIG. 5. Geometric quantities entering the semianalytic model for bubble misalignment. Left: minimum collision radius parameter κ as
a function of H⋆=Mϕ for different bubble wall velocities vw and initial misalignment angles θi. Middle: fraction of bubbles contributing
to bubble misalignment, εBM, as a function of β=H⋆. Right: mean inverse collision radius hðMϕRcÞ−1i as a function of β=H⋆.
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condition Rc > κ=Mϕ, while hR−1
c i increases because the

characteristic bubble size becomes smaller. These trends
determine the parametric dependence of the bubble mis-
alignment contribution, which we quantify in Sec. IV D.
The final ingredient required to complete our description

is the dependence of the axion energy density on the bubble
wall velocity. We find that this dependence follows a
universal velocity scaling, modified by the effects of
cosmic expansion. To quantify it, we perform simulations
of a single bubble nucleating at the center of a periodic box
and expanding at a constant velocity vw. The average
physical energy density is evaluated at the time of complete
conversion, when the bubble wall reaches the corners of the
box. In the Minkowski limit, H⋆=Mϕ → 0, the energy
density follows the power law ρ̄ϕ ∝ ðγwvwÞp, where γw ¼
ð1 − v2wÞ−1=2 and p ≃ 0.6. The corresponding numerical
results, shown by the black solid curve in Fig. 6, reproduce
those of Ref. [34]. In an expanding background, the finite
duration of the transition allows Hubble expansion to dilute
the radiated shock energy by a factor ðap=a⋆Þ−2, where
a⋆ ≡ aðt⋆Þ. This scaling follows because the shock energy
is initially stored predominantly in spatial gradients, whose
contribution to Eq. (13) scales as 1=τ2 ∝ 1=a2. Since
slower bubble walls produce longer transitions and larger
bubbles, the suppression becomes more pronounced as vw
decreases. We find that the velocity dependence is accu-
rately described by the Minkowski scaling multiplied by
the Hubble dilution factor ðap=a⋆Þ−2. This is shown in
Fig. 6, where we plot this combination as a function of the
bubble wall velocity for different values of H⋆=Mϕ. The
agreement between the simulation output and this analyti-
cal rescaling is excellent.

D. Fit of the enhancement factor

We now combine the results derived in the previous
subsections to obtain a semianalytic expression for the
axion relic abundance in the presence of a FOPT. We
normalize the result to the standard misalignment abun-
dance derived in Sec. IVA as follows

ΩFOPT
ϕ ¼ GξΩNoFOPT

ϕ ; ð23Þ

where the total modification is decomposed into two
separate factors. The first accounts for the change in the
effective number of relativistic degrees of freedom between
the conventional oscillation temperature Tosc and the
percolation temperature Tp, and it reads

G ¼ g�sðToscÞ
g�sðTpÞ

�
g⋆ðTpÞ
g⋆ðToscÞ

�
3=4

; ð24Þ

The second factor, ξ ¼ ξðθi; H⋆=Mϕ; β=H⋆; vwÞ, encodes
the dynamical impact of the FOPTon the axion abundance,
including both delayed and bubble misalignment.
We evaluate ξ directly from numerical simulations

by taking the ratio of the late-time comoving axion energy
densities, ρ̄ϕa3, in the phase-transition and no-transition
scenarios. The comparison is performed well after
the phase transition has completed, when the axion
energy density scales as matter in both cases. We
perform simulations spanning the parameter ranges
H⋆=Mϕ ∈ ½0.05; 2.0�, β=H⋆ ∈ ½4; 40�, θi ∈ ½0; πÞ, and
vw ∈ ½0.3; 0.9�. We use Lbox ¼ 8π=Mϕ for low values of
H⋆=Mϕ and Lbox ¼ 2π=Mϕ otherwise, with Ngrid ¼ 128.
For each parameter point, we also perform a reference
simulation without a phase transition, in which the axion
field is initialized uniformly in the true vacuum at t ¼ 0.
The points in Fig. 7 show the resulting values of ξ, averaged
over the initial misalignment angle θi.

7

We provide a semianalytic expression for the enhance-
ment factor ξ, which allows us both to interpret the
numerical results and to extrapolate beyond the simulated
parameter region. The model combines the contributions
from delayed and bubble misalignment, incorporating
geometric information extracted from bubble nucleation
and collision statistics. Using the anharmonic correction in
Eq. (17) together with the geometric quantities defined in
Eqs. (21) and (22), we model the total enhancement as

ξ ¼
�
Mϕ

Hp

�3
2 F̃ anh

F anh

�
ð1 − εBMÞλ þ AεBM

�
1

MϕRc

	�
; ð25Þ

where A ¼ A0ðγwvwÞpðap=a⋆Þ−2, with p ≃ 0.60, encodes
the universal velocity scaling derived in the previous

FIG. 6. Normalized average axion comoving energy density as
a function of the bubble wall velocity vw for different values of
the expansion rate H⋆=Mϕ, with θi ¼ 0.1. The markers show the
results of the numerical simulations. The black solid curve
corresponds to the result of Ref. [34] obtained in the absence
of Hubble expansion, the dashed curves show the Minkowski
scaling multiplied by the Hubble dilution factor ðap=a⋆Þ−2.

7A Python implementation of the enhancement factor ξ is
publicly available at https://github.com/baltabaygal/axion-fopt.
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subsection. The first overall factor accounts for the delay in
the onset of axion oscillations, while the second accounts
for the modification of the anharmonic correction due to the
finite onset time of the axion mass. The term in brackets
interpolates between the delayed misalignment contribu-
tion (dominant for εBM ≪ 1) and the bubble misalignment
contribution (dominant for εBM ≃ 1). For ease of notation,
we suppress the arguments of the functions appearing in
Eq. (25); each function is understood to be evaluated at the
appropriate values of the variables defined above.
All parameters entering the semianalytic expression in

Eq. (25) are determined from a global fit to the simulation
data, except for the Mϕtp ≫ 1 asymptotic of the anhar-
monic correction factor, given in Eq. (18), which is
obtained from the homogeneous evolution. The interpola-
tion parameter λ is a constant, λ ¼ 2.27, and the normali-
zation of the bubble-misalignment term is A0 ¼ 0.120. The
broken power-law interpolation of the anharmonic correc-
tion (17) is controlled by the parameters C and r. We find
that r has a systematic vw dependence that we parametrize
as rðvwÞ ¼ r0 þ r1vw. The best-fit values are C ¼ 2.06,
r0 ¼ 0.75 and r1 ¼ 0.29. The dimensionless threshold
collision radius is fixed from the 1þ 1D single-bubble
simulations κ1D, shown in the left panel of Fig. 5, up to a
prefactor: κ ¼ 0.53κ1D. The fit reproduces the simulation
data with a log-RMSE of ∼10% across the explored
parameter space, as seen in Fig. 7.
We now turn to the implications for the axion relic

density. Figure 8 illustrates how the enhancement factor ξ
modifies the axion decay constant required to reproduce the
observed DM abundance. For H⋆=Mϕ ≪ 1, the required
decay constant scales as fϕ ∝ ðH⋆=MϕÞ1=4.

We conclude this section by comparing our semianalyt-
ical model and the approximations of Ref. [34] that were
obtained for a quadratic potential using simulations of a
single bubble in a periodic box without cosmic expansion.
Their results can be written as

ξ ¼

8>>>>><
>>>>>:

1; Mϕ

3Hp
≤ 1h

Mϕ

3Hp

i3
2; Mϕ

3Hp
> 1 and β

Mϕ
> 1

2Cvv
αv−1
w

β
Mϕ

h
Mϕ

3Hp

i3
2; Mϕ

3Hp
> 1 and β

Mϕ
≤ 1

; ð26Þ

where

Cv ≃
�
1.3; v ≲ 0.4

1.8; v ≳ 0.4
; αv ≃

�
0.4; v≲ 0.4

0.8; v≳ 0.4
: ð27Þ

Notice that, in the harmonic limit, the field amplitude
factors out of the dynamics, so the enhancement depends
only on the timing of the transition and the wall velocity.
This is consistent with our prediction in Eq. (25) that
reduces to the θi-independent form in the small θi limit.
We compare our results with those of Ref. [34] in Fig. 9.

Qualitatively, the two results are in good agreement.
However, even in the harmonic limit we do not reproduce
their normalization quantitatively. We attribute this residual
offset primarily to calibrating our model using the perco-
lation time tp measured directly in the simulations rather
than the analytic condition Mϕ ¼ 3H, together with the
contribution from inhomogeneous bubble collisions. As

FIG. 7. Global fit of the semianalytic model (25) to the simulation data for bubble wall velocities vw ¼ 0.3 (left panel) and vw ¼ 0.9
(right panel). The enhancement factor ξ, averaged over initial misalignment angles uniformly distributed in ½0; πÞ, is shown as a function
of β=Mϕ for several values of H⋆=Mϕ. The solid lines span the range β=H⋆ ∈ ½4; 100�. Points with error bars represent simulation
results, while solid lines correspond to the best-fit model. The transition from the delayed to bubble misalignment occurs around
β=Mϕ ∼ 1 which is shown as a gray dashed line.
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expected, the discrepancy becomes more pronounced away
from the harmonic limit.

E. Suppressed contribution from cosmic strings

The focus of this work is on the misalignment contri-
bution to the axion relic abundance and how a FOPT
modifies the standard cosmological prediction. However, if
the global symmetry responsible for generating the axion
breaks after inflation (the so-called postinflationary sce-
nario), axions are also produced through the decay of the
cosmic-string network formed during the spontaneous
breaking of the global symmetry. In the standard scenario
without a FOPT, axion production from string decay is of

Oð1Þ compared to misalignment [17–31]. We conclude this
section by showing that the string-induced contribution is
parametrically suppressed in the regime of interest.
It is useful to briefly review what happens in the standard

case. Following the PQ symmetry spontaneous breaking,
the axion string network rapidly approaches a scaling
regime in which the energy density stored in long strings
evolves as ρstr ∝ t−2 ln t (see, e.g., Ref. [15]), sustained by
the continuous emission of relativistic axions. The onset of
the axion mass subsequently leads to the formation of
domain walls attached to the strings, after which the string-
wall system becomes unstable and rapidly decays. In the
standard QCD axion scenario, the mass increases gradually
with a power-law dependence on the temperature before
reaching its zero-temperature value at the confinement
scale. Consequently, the string-wall system decays when
Mϕ ≃H, and axion production from strings and from
misalignment yield comparable contributions to the final
relic abundance.
By contrast, in the framework investigated in this work

the axion mass turns on abruptly at t⋆, jumping from zero
to Mϕ ≫ H⋆. As a consequence, the relative importance
of the two production mechanisms changes dramatically.
The energy density carried by axions emitted by the
scaling string network at t⋆ can be estimated as (see, e.g.,
Ref. [57])

ρstrϕ ðt⋆Þ ≃ cπ ln

�
t⋆
δ

�
f2ϕ
t2⋆

; ð28Þ

where c is an order-one dimensionless coefficient and
δ ∼ f−1ϕ denotes the string core size. By comparison, the
misalignment contribution at t⋆ is ρmis

ϕ ðt⋆Þ ≃M2
ϕf

2
ϕ, so

that the ratio of the two contributions is

ρstrϕ ðt⋆Þ
ρmis
ϕ ðt⋆Þ

∼ ln

�
t⋆
δ

��
H⋆

Mϕ

�
2

: ð29Þ

The string contribution is therefore suppressed relative to
misalignment by a factor of ðH⋆=MϕÞ2 ≪ 1, up to the
usual logarithmic enhancement from the string tension.
Furthermore, the spectrum of axions emitted by the
scaling string network satisfies ∂ρstrϕ =∂k ∝ 1=k, with an
infrared cutoff set by the Hubble scale at which the
axion becomes massive [27], corresponding in our case
to kmin ∼H⋆. Since Mϕ ≫ H⋆, most axions emitted
before the phase transition have momenta too small to
propagate inside the bubbles, providing an additional
suppression of the string contribution. We therefore
conclude that axion production from string decay is
subdominant throughout the parameter regime consid-
ered in this work.

FIG. 8. Decay constant fϕ as a function of axion mass Mϕ and
phase transition strength H⋆=Mϕ, obtained by averaging over a
uniform distribution of initial misalignment angles. The shaded
band marks the region 0.05 ≤ H⋆=Mϕ ≤ 2 where our para-
metrization has been validated against lattice simulations.

FIG. 9. Comparison of the abundance enhancement factor of
our semianalytic model given in Eq. (25) and that of Ref. [34],
given in Eq. (26).
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V. OTHER OBSERVATIONAL PROBES

In the previous section, we studied how a FOPT in the
early universe modifies the axion relic abundance relative
to the standard cosmological scenario. The effect is
encapsulated by the enhancement factor defined in
Eq. (23). Since the relic abundance enters a variety of
cosmological and astrophysical observables, the phase
transition also leaves characteristic imprints beyond the
relic density itself. In this section, we investigate its
implications for primordial fluctuations, CMB isocurvature
perturbations, and the small-scale cutoff of the matter
power spectrum.
The discussion naturally separates into two cases,

depending on whether the global symmetry whose sponta-
neous breaking gives rise to the axion field ϕ is broken
before or after inflation. In the postinflationary scenario, the
phase transition alters the characteristic cutoff scale of
the white-noise isocurvature spectrum, thereby affecting
the formation and properties of axion miniclusters. In the
preinflationary scenario, inflationary fluctuations generate
axion isocurvature perturbations whose amplitude is modi-
fied by the phase transition dynamics.

A. Axion miniclusters

In the postinflationary scenario, the spontaneous
breaking of the global symmetry proceeds through the
Kibble mechanism, resulting in an axion field that is
approximately homogeneous within each causal horizon
while taking uncorrelated values in different horizons.
Consequently, the primordial axion fluctuations are char-
acterized by a white-noise power spectrum on scales larger
than the horizon at the onset of oscillations.
A useful quantity characterizing the primordial fluctua-

tions is the variance of the initial axion density contrast

hjδϕj2i≡ 1

2π

Z
π

−π
dθi

jρϕðθiÞ − ρ̄ϕj2
ρ̄2ϕ

; ð30Þ

where ρ̄ϕ ¼ ð2πÞ−1 R dθiρϕðθiÞ denotes the average axion
energy density. This quantity determines the normalization
of the white-noise isocurvature power spectrum, which can
be written as [58]

PWNðkÞ ¼
6π2

DiðzeqÞ2
k−3cuthjδϕj2iΘðkcut − kÞ: ð31Þ

Here, kcut denotes the comoving horizon scale at the onset
of axion oscillations, while DiðzeqÞ is the growth factor of
isocurvature perturbations evaluated at matter-radiation
equality, normalized such that Diðz ¼ 0Þ ¼ 1.
The total matter power spectrum, including the standard

adiabatic cold dark matter (CDM) part PCDMðkÞ, can be
approximated as

PðkÞ ¼ PCDMðkÞ þ PWNðkÞ: ð32Þ

At small scales (large k), isocurvature perturbations domi-
nate over the adiabatic component, leading to the formation
of axion miniclusters [59]. A phase transition can modify
both the characteristic minicluster mass and their abun-
dance by altering the time at which the axion field begins to
feel its potential. This effect is captured by the cutoff scale
kcut ≈min ½aoscHosc; apHp�, which is shifted to smaller
values than in the standard scenario without a phase
transition. Consequently, the characteristic scale of the
primordial isocurvature fluctuations increases, enhancing
the formation of axion miniclusters. This effect is illustrated
in Fig. 10.
To give an analytical formula for the scale kc above

which the isocurvature component dominates, we
approximate the CDM part in (32) as a power-law
PCDMðkÞ ¼ PCDMðkcÞðk=kcÞn, where n characterizes the
slope of PCDMðkÞ at k ∼ kc. We find that n ≈ 2.7 for
kc ¼ 1 – 1000h Mpc−1 and the transition scale is well
approximated by

kc
hMpc−1

≃min

"
1.9

�
Mϕ

10−18 eV

�
3=2n

; 3.6

�
Hp

10−18 eV

�
3=2n

#
:

ð33Þ

At scales k > kc, the matter power spectrum exceeds that
of the standard CDM scenario and becomes dominated by
the isocurvature fluctuations associated with axion mini-
clusters. This significantly enhances the high-redshift halo

FIG. 10. Present-day matter power spectrum forMϕ¼10−15 eV,
H⋆=Mϕ ¼ 0.05, vw ¼ 0.8. The black dashed curve shows
the standard CDM power spectrum PCDMðkÞ, while the gray
solid curve shows the total power spectrum for no FOPT
case.
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mass function and is therefore constrained by observations
of structure formation at high redshift, including Lyman-α
forest measurements [60] and the high-z UV luminosity
function [61,62].
The various observational bounds are summarized in

Fig. 11, which shows the parameter space in the
ðMϕ; H⋆=MϕÞ plane. The axion decay constant fϕ is fixed
so that the axion abundance matches the observed DM
abundance, as in Fig. 8. The strongest current constraint on
the transition scale of the matter power spectrum,
kc > 37h Mpc−1, is derived from JWST measurements
of the high-redshift UV luminosity function [62]. For
H⋆ ≪ Mϕ, the UV luminosity function constraint trans-
lates into Hp ≳ 3 × 10−17 eV, corresponding to a phase
transition at a temperature Tp ≃ 0.3 MeV. The gray region
at the left boundary is excluded by the Lyman-α forest
measurements, which constrain Mϕ > 2 × 10−20 eV [63].
This bound arises from the suppression of small-scale
structure below the axion de Broglie wavelength and is
therefore independent of H⋆=Mϕ. Superradiance con-
straints from supermassive and stellar-mass black hole
spin measurements [64,65] are also shown and depend
on the axion massMϕ and decay constant fϕ. The apparent
dependence on H⋆ in Fig. 11 is entirely indirect, arising
through the relic-abundance condition that fixes fϕ.

B. CMB isocurvature

If the global symmetry is spontaneously broken before or
during inflation, the axion behaves as a light spectator field
and acquires stochastic fluctuations during inflation
[66,67], generating a primordial isocurvature component.
The amplitude of this component is constrained by cosmic
microwave background (CMB) observations to satisfy

PSðkPÞ < 8.3 × 10−11 [54], where kP denotes the CMB
pivot scale.
A key quantity controlling the stochastic dynamics is the

ratio of the axion potential energy to the de Sitter
fluctuation scale. We therefore introduce the dimensionless
parameter [68]

α≡ f2ϕM
2
ϕ

H4
I

: ð34Þ

In conventional stochastic scenarios [69,70], axion fluctu-
ations are strongly suppressed for α ≫ 1. In the framework
considered here, however, the axion is massless during
inflation and only acquires its mass through the subsequent
FOPT. Consequently, the late-time value of Mϕ does not
determine the stochastic fluctuations generated during
inflation, opening additional parameter space for a sto-
chastic treatment.
For α≲ 1 and a sufficiently long period of inflation, the

probability distribution of the axion field approaches the
stationary solution [68]

PeqðθiÞ ∝ exp

�
−
8π2

3H4
I
VðθiÞ

�
: ð35Þ

Following Ref. [69], we evaluate the isocurvature power
spectrum through the spectral decomposition of the Fokker-
Planck operator. The eigenfunctions ψnðθiÞ satisfy a
Schrödinger-like equation with eigenvalues Λn. In the limit
α ¼ 0, they reduce to ψnðθiÞ ¼ cosðnθiÞ=

ffiffiffi
π

p
with dimen-

sionless eigenvalues

βn ≡
f2ϕΛn

H3
I

¼ n2

8π2
; ð36Þ

whereas for α > 0 the eigenvalue problem is solved
numerically. Defining the dimensionless abundance
function

AðθiÞ≡ θ2iF anhðθiÞξðθiÞ; ð37Þ

which incorporates the effect of the phase transition
through the enhancement factor ξ defined in Eq. (23),
the isocurvature power spectrum at the CMB pivot scale
reads

PSðkPÞ ¼ 2

π

Xnmax

n¼1

A2
n

hAi2 Γð2 − 2rβnÞ sin ðπrβnÞe−2rβnNP :

ð38Þ

with spectral coefficients and expectation value

FIG. 11. Constraints for the postinflationary case in the
ðMϕ; H⋆=MϕÞ plane, with fϕ fixed by requiring that ϕ accounts
for all DM.
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An ≡
Z

dθiψ0ðθiÞAðθiÞψnðθiÞ;

hAi≡
Z

dθiPeqðθiÞAðθiÞ: ð39Þ

and

r≡
�
HI

fϕ

�
2

; NP ¼ 56þ 1

2
ln

HI

8 × 1013 GeV
: ð40Þ

The resulting constraints in the ðMϕ; H⋆=MϕÞ plane are
shown in Fig. 12, while the constraints in the ðMϕ; 1=fϕÞ
plane are presented in Fig. 13(a).
If inflation is too short for the axion field to reach the

equilibrium distribution in Eq. (35), its probability distri-
bution remains localized around the initial field value θi
with a Gaussian width σ ¼ HI=ð2πfϕÞ. In the limit σ ≪ 1,
the isocurvature power spectrum reduces to

PSðkPÞ ≃
�
HI

2πfϕ

∂ ln ρϕ
∂θi

�
2

: ð41Þ

The resulting CMB exclusion contours are shown in
Fig. 13(b).

VI. CONCLUSIONS

The misalignment mechanism remains one of the most
compelling scenarios for producing DM. It requires only a
light spinless field initially displaced from the minimum of
its scalar potential, after which Hubble friction and the
onset of coherent oscillations naturally generate a CDM
population. Many well-motivated particle candidates pos-
sess these properties, with the QCD axion being the prime
example because of its connection to the strong CP
problem. A key ingredient is the time dependence of the
axion mass, which determines the onset of oscillations and
hence the final relic abundance.
In this work, we have investigated how this picture is

modified if the axion mass is generated by a FOPT.
Initially, the universe resides in the false vacuum, where
the axion is massless and frozen by Hubble friction. As

FIG. 12. Constraints for the preinflationary stochastic case in
the ðMϕ; H⋆=MϕÞ plane, with fϕ fixed by requiring that ϕ
accounts for all DM. The UV luminosity function and super-
radiance constraints are the same as in Fig. 11. Additionally, we
show the CMB isocurvature constraint PS < 8.3 × 10−11 for
inflationary scales HI ¼ 1012, 1010, and 108 GeV.

(a) (b)

FIG. 13. Preinflationary isocurvature constraints for β=H⋆ ¼ 4 and vw ¼ 0.7. In each panel, thin lines show the relic abundance target
Ωϕh2 ≃ 0.12 without a phase transition, while thick lines show the result with a phase transition atH⋆=Mϕ ¼ 0.05. Hatched regions are
excluded by superradiance from supermassive and stellar-mass black holes. The shaded regions are excluded by the CMB isocurvature
bound (below the dashed and dotted curves) or by DM overproduction (below the solid curves), for two values of the inflationary Hubble
rate HI . (a) Stochastic regime, where the axion reaches the equilibrium distribution. (b) Locked regime with fixed initial condition
θi ¼ 1.0, corresponding to a short period of inflation where the axion distribution can be approximated by a Gaussian of width
σ ¼ HI=ð2πfϕÞ. Increasing (decreasing) θi shifts the lines upward (downward).
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true-vacuum bubbles nucleate and expand, the axion
acquires a mass and begins evolving according to its scalar
potential, giving rise to dynamics that differ significantly
from the standard misalignment mechanism.
To study the resulting axion dynamics and relic abun-

dance, we performed lattice simulations in a fully cosmo-
logical setting including the effects of cosmic expansion.
Across a broad range of phase-transition parameters, we
identified two distinct dynamical regimes. For fast tran-
sitions, β ≫ Mϕ, the phase transition completes before the
axion begins to oscillate. The dominant effect is a delay in
the onset of oscillations, determined by the percolation
time tp, which enhances the present-day axion abundance
relative to the standard misalignment scenario. For slow
transitions, β ≪ Mϕ, axion shock waves develop ahead of
the expanding bubble walls before the transition com-
pletes. The resulting spatial gradients reduce the effective
oscillation amplitude inside the bubbles, suppressing the
relic abundance relative to the delayed-misalignment
regime. This corresponds to the bubble misalignment
mechanism first identified in Ref. [34]. Our work extends
that analysis by incorporating cosmic expansion, a real-
istic bubble nucleation history, and anharmonic correc-
tions to the axion potential. While we recover the same
qualitative picture, the improved treatment leads to quan-
titatively different predictions for the relic abundance, as
illustrated in Fig. 6.
In both delayed and bubble misalignment, the net effect

of the FOPT is an enhancement of the axion abundance
relative to the standard misalignment scenario, shifting the
relic-density target toward lower axion masses and smaller
decay constants. A key quantity characterizing this effect is
the enhancement factor ξ, defined in Eq. (23), which
quantifies the dynamical enhancement over standard mis-
alignment prediction. The remaining factor,G, accounts for
the change in the effective number of relativistic degrees of
freedom due to the delayed onset of oscillations, which
occurs at the percolation temperature Tp. We derived the
semianalytical expression for ξ given in Eq. (25), which
captures both dynamical regimes through the modified
anharmonic correction F̃ anh and geometric quantities
extracted from bubble-collision statistics. This expression
reproduces lattice results to within 10% across the param-
eter space, with only a modest loss of accuracy as θi → π.
Besides modifying the relic abundance, the phase

transition gives rise to distinctive observational signatures,
as discussed in Sec. V. These include an enhanced
isocurvature power spectrum due to the reduced cutoff
scale kcut and a modified population of axion miniclusters.
The strongest constraint comes from JWST measurements
of the high-redshift UV luminosity function, which require
the phase transition to occur above Tp ≃ 0.3 MeV for
H⋆ ≪ Mϕ. Conversely, the observation of deviations from
the standard predictions would provide evidence that the
axion mass originated from a FOPT.

The framework here can be extended in several direc-
tions. On the phenomenological side, it would be interest-
ing to investigate alternative scalar potentials and assess
how different classes of FOPTs modify the axion cosmo-
logical evolution and the resulting relic abundance. On the
model building side, embedding the mechanism into
realistic UV completions could reveal connections with a
broader set of cosmological observables, most notably
stochastic gravitational-wave backgrounds generated by
the same phase transition. This opens the possibility of
cross-correlating gravitational-wave measurements with
axion observables, such as the relic abundance, isocurva-
ture perturbations, and the properties of axion miniclusters.
The most natural extension is to the QCD axion. Besides its
compelling theoretical motivation from the strong CP
problem, understanding how nonstandard cosmological
histories modify the connection between early universe
dynamics and low-energy observables is essential for
defining the parameter space targeted by future axion
searches. This extension is not straightforward: unlike
the scenario considered here, the QCD axion acquires a
temperature-dependent mass already in the false vacuum
through nonperturbative QCD effects. The interplay
between this smooth temperature dependence and the
abrupt mass generation induced by a FOPT could
lead to a richer phenomenology than explored here.
Constructing realistic QCD axion models that realize this
mechanism and identifying their signatures remains an
important direction for future work.
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APPENDIX A: AN ILLUSTRATIVE
RENORMALIZABLE MODEL

The analysis presented in this work is based on the
effective scalar potential in Eq. (4), in which a complex
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scalar S controls the mass of the axion field ϕ. This
potential is assumed to arise as the low-energy remnant of a
renormalizable theory responsible for generating the axion
itself. The purpose of this appendix is to demonstrate that
the effective potential employed in the main text admits
simple renormalizable UV completions. Since the axion
dynamics studied in this work occur well below the masses
of the heavy states that have been integrated out, our results
are insensitive to the details of the unknown ultraviolet
completion.
We assume the existence of two new bosonic fields: a

real scalar S, which undergoes a FOPT and ultimately
controls the axion mass, and a complex scalar Φ, which
contains the axion field ϕ. We divide the full scalar
potential into three distinct renormalizable contributions

VfullðS;ΦÞ ¼ V0 þ VSðSÞ þ VΦðΦÞ þ VmixðS;ΦÞ: ðA1Þ

The constant term V0 is always chosen to have vanishing
potential energy at the global minimum. We impose no
restriction on the terms involving only S, whereas the sector
containing onlyΦ is endowed with a global AbelianUð1ÞΦ
symmetry under which the scalar transforms as
Φ → exp½iα�Φ. Consequently, the only allowed renorma-
lizable terms are8

VSðSÞ ¼ ξSSþ μ2S
2
S2 þ κS

3!
S3 þ λS

4!
S4; ðA2Þ

VΦðΦÞ ¼ −μ2ΦΦ†Φþ λΦ
4
ðΦ†ΦÞ2: ðA3Þ

If these were the only contributions to the scalar potential,
the dynamics of the two fields would be completely
decoupled.
Depending on the choice of parameters, the potential

VSðSÞ may possess two distinct minima. We redefine the
field S by performing an overall shift such that the local
minimum is located at hSi ¼ 0, while the global minimum
lies at hSi ¼ vS ≠ 0. The scalar S can be stabilized at S ¼ 0
at early times by thermal effects after reheating and,
depending on the relative values of its couplings, may
later tunnel through the nucleation of true-vacuum bubbles
during the cosmological evolution, thereby generating a
FOPT [72–74]. Meanwhile, if μ2Φ > 0, the minimum of
VΦðΦÞ occurs at a nonvanishing vev, implying the sponta-
neous breaking of theUð1ÞΦ symmetry, with the axion field
ϕ as the only low-energy remnant. Specifically, denoting
the vev by hΦi ¼ vΦ=

ffiffiffi
2

p
, the relation between the complex

scalar Φ and the canonically normalized axion field ϕ is

Φ ¼ vΦffiffiffi
2

p eiϕ=vΦ : ðA4Þ

From this parametrization, it follows that the axion field
range is ϕ∈ ½0; 2πvΦÞ. Moreover, in the absence of addi-
tional terms in the scalar potential, the axion remains
massless at this stage.
Crucially for our work, we also include interactions

mixing the two scalar sectors. Imposing renormalizability,
the most general scalar potential takes the form

VmixðS;ΦÞ ¼ −
XnSþnΦ≤4

nS≥1;nΦ≥1

CnSnΦ
2

SnSΦnΦ þ H:c: ðA5Þ

The sum runs over all integer values satisfying the con-
straints displayed in the summation symbol. The conditions
below enforce the simultaneous presence of both S and Φ,
while the condition above follows from renormalizability.
Notice how we neglected polynomial contributions with
powers of bothΦ andΦ†; once we consider the low-energy
theory below the Uð1ÞΦ symmetry breaking scale, the
combination Φ†Φ does not contain the axion field and
contributions of this kind just redefine the effective
coefficients CnSnΦ or the coefficients of Eq. (A2).
The operators in Eq. (A5) explicitly break the global

Uð1ÞΦ symmetry and therefore generate a nonvanishing
axion mass. Using the parametrization in Eq. (A4), the
potential can be rewritten in terms of the axion field as

VðS;ϕÞ ¼
XnSþnΦ≤4

nS≥1;nΦ≥1
ΔVnSnΦðS;ϕÞ; ðA6Þ

ΔVnSnΦðS;ϕÞ ¼−
jCnSnΦ j
2nΦ=2

vnΦΦ SnS cos

�
nΦϕ
vΦ

þ δnSnΦ

�
: ðA7Þ

Here, we have decomposed the potential coefficients into
their absolute values and phases δnSnΦ .
The scalar potential employed in this work, given

explicitly in Eq. (4), can be reproduced by keeping only
terms at constant nΦ in the sum above. For example, if we
consider real and positive coefficients, corresponding to
δnSnΦ ¼ 0, the matching between the two expressions
requires

fϕ ¼ vΦ
nΦ

; ðA8Þ

m2
ϕðSÞ ¼

XnSþnΦ≤4

nS≥1

CnSnΦv
nΦ
Φ SnS

2nΦ=2f2ϕ
. ðA9Þ

Notice how the requirement that the potential is vanishing
at the minimum of the theory reproduces not only the
cosine part but also the overall constant. In this

8We keep the tadpole term for S since we will exploit soon the
freedom to perform field redefinitions.
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parametrization, it is also manifest that the axion field range
is given by ϕ∈ ½0; 2πnΦfϕÞ. In the main text of this work,
we choose the option nΦ ¼ 1 such that the field range goes
from zero to 2πfϕ and the axion potential has only one
physical minimum.
While a complete thermal analysis of this model lies

beyond the scope of the present work, we note that both
dynamical regimes identified in the main text can be
realized within this framework. The axion mass is set by
the zero-temperature vev of S and the mixing couplings
CnSnΦ , while H⋆ and β are controlled by the parameters of
VSðSÞ and their thermal corrections. The mixing couplings
contribute only subleadingly to the thermal potential in the
natural regime jCnSnΦ j ≪ λS, leaving H⋆ and β largely
independent of Mϕ.

APPENDIX B: HOMOGENEOUS DYNAMICS
VALIDATION

The axion dynamics investigated in this work are
intrinsically inhomogeneous. Nevertheless, the homo-
geneous limit provides a valuable benchmark for the
numerical implementation because it admits either exact
analytic solutions or robust conservation laws. In this
appendix, we validate the lattice implementation against
these benchmarks before applying it to the fully inhomo-
geneous simulations discussed in the main text.
We initialize the axion field to be spatially homo-

geneous, such that ∇2θ ¼ 0 identically, and evolve it in
a radiation-dominated background. In this limit, the equa-
tion of motion reduces to

θ̈ þ 3

2t
θ̇ þM2

ϕ sin θ ¼ 0: ðB1Þ

First, we consider the linear regime, θi ≪ 1, in which the
force term in the equation of motion is well approximated
by sin θ ≃ θ. For regular initial conditions at early times, the
equation admits the exact solution

θðtÞ ¼ θi2
1=4Γ

�
5

4

�
ðMϕtÞ−1=4J1=4ðMϕtÞ: ðB2Þ

The left panel of Fig. 14 compares this analytic solution
(solid lines) with the lattice results (markers) for several
small initial amplitudes. The excellent agreement demon-
strates that the numerical implementation accurately repro-
duces both the phase and amplitude of the homogeneous
evolution in the linear regime.
As a second test, we consider the nonlinear regime with

larger initial field displacements. In this case, an exact
analytic solution is no longer available. Nevertheless, once
the condition Mϕ ≫ H is satisfied, the comoving quantity
ρϕa3 must approach a constant, reflecting the conservation
of the adiabatic invariant and the transition to matterlike
evolution. The right panel of Fig. 14 shows ρϕa3, normal-
ized to its late-time median, for several values of θi. The
expected asymptotic behavior is accurately reproduced in
all cases, validating the nonlinear evolution of the homo-
geneous axion field and the recovery of the correct late-
time scaling.

FIG. 14. Validation of the lattice simulations in the homogeneous limit. Left: linear regime, comparing the analytic solution in
Eq. (B2) (solid lines) with the corresponding lattice results (markers) for several initial axion field values θi. Right: nonlinear regime,
showing the evolution of the comoving energy density ρϕa3, normalized to its late-time median, for several initial axion field values θi.
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