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We provide the conditions for complete asymptotic freedom for chiral gauge theories including scalars,
as motivated by grand unified models. These are generalized Georgi-Glashow and Bars-Yankielowicz
theories that feature a scalar field transforming either in the fundamental or in the adjoint of the gauge
group. In both scenarios, we consider the addition of multiple chiral fermion families. We systematically
analyse the interplay between gauge, Yukawa, and quartic couplings required for all interactions to remain
asymptotically free at short distances. We find that, for both scalar representations, complete asymptotic
free models can be obtained for a specific number of colors and multiplicity of vectorlike and chiral

families.
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I. INTRODUCTION

The Standard Model (SM) [1-5] is the most successful
theory when describing elementary particle interactions.
Since it is a chiral gauge-Yukawa field theory, gaining a
deeper theoretical understanding of these models is para-
mount. It is well known that the SM must be an effective
field theory since it does feature neither a free nor an
interacting ultraviolet fixed point for all its couplings. In
fact, the Higgs doublet quartic coupling runs negative [6,7],
indicating a metastable vacuum, while the hypercharge hits
a Landau pole at short distances.' On the phenomenologi-
cal side, several fundamental questions are left unanswered,
such as the origin of dark matter, the flavor mass hierarchy,
matter-antimatter asymmetry, and the interplay with quan-
tum gravity. To partially address these limitations,
extensive efforts have been devoted to unifying the electro-
magnetic, weak and strong forces into a single gauge group
at high energy scales, known as grand unified theories
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"The Weyl consistency conditions [7] were violated in the
analysis of [6] and properly implemented in [7].
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(GUTs) [8—12]. In these grand unified schemes, gauge
couplings merge into a single coupling that is often
asymptotically free,> while typically Yukawa and scalar
couplings are untamed at high energy. It is therefore
relevant to study the conditions under which Yukawa
and scalar couplings can be rendered asymptotically free
in chiral gauge theories. This would lead to a classification
of chiral gauge-Yukawa theories according to whether they
exhibit ultraviolet (UV) fixed points in all couplings.
Theories which achieve this are known as complete
asymptotically free, or CAF, models [15-21]. Further
constructions of asymptotically free trajectories in non-
Abelian Higgs and gauge-Yukawa models, also based on
this approach, have been developed [22-24]. In a CAF
theory, all couplings asymptotically vanish toward the UV
at the same or at a higher rate than the gauge coupling. The
UV fixed points ensure that the model validity can be
extended to arbitrarily high energy scales. For gauge-
fermion theories (without scalars), such an analysis was
investigated in [25] where a complete classification of
GUT-like theories with massless fermions is offered.
Besides requiring gauge asymptotic freedom, extra con-
straints were introduced as a toolkit to select the UV
theories, consisting of an effective counting of the degrees
of freedom based on either free energy [26,27] or a-theorem
[28,29] counting functions. This framework allows us to

*Instances of asymptotic unification driven by ultraviolet fixed
points have also been considered; see [13,14].
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explore a broad landscape of GUTs and identify promising
unification theory candidates.

In this work we focus on two time-honored classes of
chiral theories: the generalized Georgi-Glashow (GG) [8,9]
and the Bars-Yankielowicz (BY) [30] models, whose low-
energy dynamics in absence of scalar degrees of freedom
has been investigated in [27,31-38]. Here, we are interested
in the high-energy behavior of these models once we
include scalar degrees of freedom, thus extending the work
in [39]. We consider either a scalar in the fundamental or in
the adjoint representation. Furthermore, we allow for an
arbitrary multiplicity of chiral families and add vectorlike
pairs in the fundamental representation. Both scalar rep-
resentations help achieve more realistic extensions of the
SM, with the fundamental containing the SM Higgs and the
adjoint permitting one, at low energy, to recover the SM
gauge groups [9,40]. We focus primarily on the UV
behavior of these models in the search for the CAF
parameter space. We systematically investigate the required
number of colors, chiral families and vectorlike fermions to
realize a consistent and valid CAF theory.

This paper is organized as follows. In Sec. II, we review
the derivations of the conditions arising from the require-
ment of CAF theories for generic gauge-Yukawa theories.
In Sec. III, we consider the GG and BY model without
scalars, then in Sec. IV with one scalar in the antifunda-
mental representation and lastly in Sec. V with one scalar in
the adjoint representation. In each of these sections, we first
describe the models and then perform a CAF analysis using
the framework introduced in Sec. II. A summary table
stating CAF viability of all considered models can be found
in Sec. VI, where we offer our conclusions.

II. FRAMEWORK OF COMPLETE ASYMPTOTIC
FREEDOM

To constrain the coefficients of the renormalization
group (RG) equations of a gauge-Yukawa theory with
scalars, we will start by considering a pure gauge theory
and work our way to the full model, following a similar
approach to [18,19]. As we are looking for vanishing values
of the couplings, it is justified to retain only one-loop beta
functions.

A. Gauge coupling

Consider first the gauge coupling beta function /3, to one-
loop order

da
ﬂg = ﬂd—'ug = ﬁg :boaé, (21)

where y is the RG scale, a, = %. The coefficient b is

determined by group factors and the Dynkin index of the
fermion and scalar representations. We will consider b, a
constant in the CAF analysis below. For the pure gauge

theory to be asymptotically free [41], the beta function must
be negative, i.e., with our definition’ in Eq. (2.1), by < 0.
The solution of the differential equation is

a0 (2.2)

a,=—L
1 = byay, log(fo)

g

where the initial condition is a, (o) = a,,, with y, being
the reference RG scale.

In the case y < y;, where pu; = pgexp(1/boay,), the
denominator is negative since b, < 0, implying a negative
coupling, resulting in a nonphysical branch. In the case
u = pp, we have a Landau pole in the infrared (IR). Finally,
when p > u;, the coupling is positive and will vanish as
u — oo, signifying asymptotic freedom.

B. Yukawa coupling

An analogous analysis can be carried out using the RG
equations governing the Yukawa couplings, which depend
on the gauge coupling at one loop. For simplicity, we
consider a single Yukawa coupling y, with the following
beta function:

da
Py = ,ud—/j = ay(cra, + cay), (2.3)
where a, = % and c; and ¢, are constants. Generally, one

finds ¢; < 0 and ¢, > 0. First, let us consider the case of
vanishing gauge coupling, i.e., @, = 0: the solution will be
similar to that of the pure gauge theory Eq. (2.2), yielding

o (2.4)

a,=——""°|
1 - cay, log(ﬁ)

y

where the difference from the previous solution Eq. (2.2) is
that the constant ¢, is positive. Therefore, in the high-
energy limit 4 — oo the denominator becomes negative,
resulting in a nonphysical branch. For y < y; with y; =
uoexp(1/cay, ) the coupling is positive. Thus, the cou-
pling flows to the Gaussian fixed point in the IR and flows
toward a Landau pole in the UV. This establishes that the
Yukawa coupling can never be asymptotically free in the
absence of a gauge coupling. When the gauge coupling
runs to zero in the UV, therefore, the Yukawa coupling must
also run to zero as fast as g, or faster, in order for the
contribution of the gauge coupling to the beta function
Eq. (2.3) to remain sizable.

Let us turn to the case of a, # 0. We now have a system
of two coupled differential equations. A solution can be
found utilizing the ratio method [42] on the Yukawa
equation (2.3) and gauge equation (2.1) beta functions

*Note that the standard convention often defines By = —boag.

075020-2



COMPLETELY ASYMPTOTICALLY FREE CHIRAL THEORIES ...

PHYS. REV. D 114, 075020 (2026)

da, a,(cia,+ cra, a, a,
&:_y: }( 79 5 2 ’): Y e +e2). (2.5)
py day byag bya, a

g

Analogously to the case with a single coupling, the RG
equation solution will allow us to derive restrictions on the
parameters by, c¢; and c¢,. We refer the reader to
Appendix A 1 for the full derivation.

The CAF conditions in a theory consisting of gauge and
Yukawa couplings depend on whether the two couplings
follow a fixed-flow trajectory [18] or not. Along the fixed
flow, the Yukawa coupling vanishes with the same rate as
the gauge coupling; i.e., the ratio a, /a, flows to a constant.
Conversely, in the off-fixed-flow regime, the Yukawa
coupling is driven to zero at a rate faster than the gauge
coupling.

In the case of off-fixed-flow behavior, the CAF con-
ditions are met only when ¢, /by > 1; cf. Eq. (A6). Hence,
we find the following solution at high energies:

a a

Yo bo
a, ~ cq a_(]a

’ bo ¢, *
0 — 9
ayo ( 1 bo—c, ay, )

with c < bo < O,

Xy < M’ (2.6)

a

90 G2

where a, is in Eq. (2.2). Note that whether the Yukawa
coupling is asymptotically free also depends on the values
of the coupling at the reference RG scale: the last inequality
above remains true at any energy. The fixed-flow CAF
occurs when the above inequality between the two cou-
plings is saturated; cf. Eq. (A7). In this case, the Yukawa
coupling is locked to run following the gauge one, as
follows:

by — ¢,
a, =

y a with

g c < bO < 0. (27)

(&)

In the fixed-flow regime, the values of the gauge and
Yukawa couplings are more tightly constrained than in the
off-fixed-flow regime.

C. Quartic scalar coupling

A similar analysis can now be made for the quartic scalar
coupling, with the general beta function

da
ﬂﬂ = ﬂd_/,j = aﬁ(dlag + d2ag + d3ay) + d4a§ + dsa)z,,

(2.8)

where d, d;,ds > 0 and d,, ds < 0. The quartic coupling,
unlike the gauge beta function in Eq. (2.1) and the Yukawa
beta function in Eq. (2.3), has terms that are not propor-
tional to the coupling itself. Consequently, setting the
quartic coupling to zero does not yield a trivial solution.

Like the Yukawa and gauge couplings, we can first
consider whether the quartic coupling can be asymptoti-
cally free on its own. In this case, the solution will be
similar to that of the two other couplings:

_ oy

a, 1= dlaio log(ﬂio) . (29)
The logarithmic term in the denominator is positive d; > 0;
thus, the analysis is similar to that of the Yukawa coupling
in isolation. At the energy scale y; = puoexp(1/d;a;,) the
coupling will approach a UV Landau pole, while at
energies u < y; the coupling is positive with a trivial
Gaussian fixed point in the IR. Finally, above the Landau
pole, u > p;, the coupling is negative and runs to zero in
the UV: we consider this an unphysical branch since the
potential would be unbounded from below. Consequently,
the quartic coupling cannot exhibit asymptotic freedom
without the gauge and Yukawa couplings.

Let us now consider a theory with both gauge, Yukawa,
and a quartic scalar coupling. The beta equation of the
quartic coupling Eq. (2.8) can be solved using a similar
approach to Eq. (2.5) by taking the ratio ﬂ—j and we find

da a a dy | dsa;
o R R e B SCRty

dag boag 9 9

To find the CAF conditions in a theory with a gauge,
Yukawa, and quartic coupling, it is important to consider
whether the Yukawa and gauge coupling are on or off fixed
flow. This gives two different differential equations to solve
and thus two sets of CAF conditions; see Appendix A 1 for
more details.

The CAF conditions when the Yukawa and gauge
couplings are off fixed flow [derived in Eq. (A44)] are
found to be

by —dy +Vk > 0,
(2.11)

b0<0, bO—C1>O, kZO,

where k = (by — d,)* — 4d,d,. Additionally, the con-
straints on the gauge, Yukawa, and quartic coupling at
the reference energy scale [derived in Eqs. (A45) and
(A46)] are given by

for k=0: aﬂ:%ag, ko = 0; (2.12)
Agy
by—d, —Vk by—d k
fork>0: O—Z\/—S%Sﬂ’ (2.13)
2d1 (Xgo 2d1

where kO = (bo - dz)ago - 2d] a)0-
Finally, the CAF conditions on fixed flow [see
Eq. (A48)] are given by

075020-3
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by<0, by—c; >0, K>0, by—d+ VK >0,
(2.14)
where
by — by — ¢\ 2
dy = dy + dy 22—, dg:d4+d5<0701>,
%) (&)
K = (by—db)? —4d,d,. (2.15)

It is important to note that, for the Yukawa on fixed flow,
the signs of the primed coefficients are not determined by
those of the coefficients of the beta function. This point was
missing from the analysis in [19]. As noted above, the d
coefficients satisfy d, <0 and d, > 0. However, on fixed
flow, this will change since we obtain

by —
Ay >0 if ds 22— > |y, (2.16)
b — 2
d, <0 if |d5|M > d,. (2.17)
)

A sign change on the primed coefficients can, in some

cases, ensure that kX and by — d}, + Vk are positive for all
parameter values. Consequently, only the first two con-
ditions may restrict the possibility of the theory exhibiting
CAF. We will see the effect of this in later sections.

The analysis has thus far been restricted to simple
scenarios involving either a single gauge, Yukawa, or
quartic scalar coupling or combinations thereof. We now
generalize this approach to the case of multiple couplings,
where, as it will turn out, the CAF conditions cannot
always be found analytically from the coupled differential
equations.

D. Interplay of multiple couplings

To address the complexity due to the presence of
multiple couplings of the same type, we follow the
framework of [18] to derive the CAF conditions. First,
we introduce RG time ¢ so that the beta functions can be
rewritten as

da,

P = dr’

(2.18)

where ¢ =1In(u?/u3) and n = (g;,y4 An). Then, we
redefine the couplings so that the coupled differential
equations can be rewritten as coupled algebraic equations
[43]. This is done by introducing rescaled couplings

) ! a
a, =L, a, = , a, = % (2.19)

This lets us define the rescaled coupling vector

T _ (5 ~ 5 5 = V= (& & &
—(agl,...,agNg,ay],...ayNy,a/ll,...,aANA)—-(ag,ay,al),

(2.20)

=

which obeys the differential equation

g + Po(ay)
ay + py(a,. ay)

@, + pr(ay, &y, ;)

Vix) =

(2.21)

The fixed-flow terminology from the first CAF analysis
can be extended to this case to help in solving the coupled
differential equations. That is, if they all go as 1/¢, then
the differential in Eq. (2.21) will be zero. Then the fixed
flows are determined by the solutions to V(x,) =0
yielding

_/}g (agoo)
_ﬂy (ayoo ’ ayoo)

_ﬁl (agoo ’ ayoo ’ a{Aoo)

Xoo = (2.22)

As in previous CAF analyses, the equations couple in such
a way that we can first solve the first equations for the
gauge couplings, then the ones for the Yukawas, knowing
the solutions for a;, and finally for the quartic couplings.

In the case of multiple gauge couplings, we can start by
finding the possible solutions to Eq. (2.22). Using the

gauge beta function in Eq. (2.1), the possible solutions are

)= i

It should be noted that the nonzero solution ~ o), exists
only for (by); < 0. Thus, it is only under this condition that
the theory admits a nontrivial solution. Additionally, and
unsurprisingly, the CAF condition coincides with the first
CAF analysis (see Sec. IT A).

Let us continue with the case of one gauge coupling and
multiple Yukawa couplings. For this, we use the Yukawa
beta function from Eq. (2.3). The fixed-flow trajectories of
the Yukawa couplings are given by

(2.23)

Ayoo = —Py(=by", dyeo). (2.24)

We can find a solution to Eq. (2.24) for the case of one
Yukawa. Only for c¢; — by < 0 will there be nontrivial
solutions. As expected, the CAF condition matches that
obtained in the first CAF analysis [see Eq. (2.7)]:

~ 0’
(ayoo)a =3 (c)a=ho

bo(c2)q

(2.25)
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Finally, the case of one gauge, one Yukawa and multiple
quartic scalar couplings can be considered. The beta
equation of the quartic couplings can be written as

_ JA
Bi,, = dmnps, @, + o, ( (datty, + dyar,)

+ oy, @y, 0,0 (2.26)
where m indicates the mth quartic coupling. This can be
rewritten by setting Eq. (2.21) equal to zero ensuring that
all the couplings are on fixed flow, which yields

+a (dgaym + df'g&yw)

meo

j’ ~ ~
+ dmnpa aﬁ

Amoo

+ dmayoo + dmagoo =0. (2.27)

Next, we will use this approach on a specific case of one
gauge, one Yukawa and two quartic couplings.

1. Two quartic scalar couplings

We consider the case of m = 1, 2 corresponding to two
quartic couplings. In this case, the algebraic Eq. (2.27) can
be written as two coupled quadratic equations:

ax®> + bz> + cxz +dx +e =0, (2.28)

f2 4+ g +hxz+iz+j=0, (2.29)

where x = @, and z = @&,, . The coefficients are given by

b= dlllzz’
_|_ djl' 9 &gm ,
with f, g, h, i and j given by analogous equations with

1 & 2. The two coupled polynomial equations can be
rewritten as a single fourth-degree polynomial:

_ _
a=dj, c=djp,

d=1+d)&a

. e=d\ @ + dlF,  (2.30)

ax* + px> +yx? +6x +e=0, (2.31)
where x = @,,. The definitions of the coefficients can be
found in Appendix A 2 a.

To extract the CAF region we need real solutions to the
polynomial equation. Therefore we consider the nature of
the roots by using Rees’ approach in [44]. Furthermore, we
can exploit Descartes’ rule of signs [45] to identify positive
real-valued quartic scalar couplings that satisfy CAF
conditions. This CAF analysis will prove useful in the
case of a chiral model with one adjoint scalar (see Sec. V).

We have now considered all the couplings on fixed flow.
Similar to the CAF analyses in Secs. [l A, I[I B and II C, we
can also consider the Yukawa couplings to be off
fixed flow.

Yukawas off fixed flow. We consider the Yukawa
coupling off fixed flow. This implies that the Yukawa
coupling runs to zero faster than the others; hence,

&y = 0. The equations determining the CAF conditions
on the quartic couplings remain unchanged, with the only
difference that the coefficients d, e, i, and j lose their

dependence on @,q,.

III. INTRODUCTION TO THE CHIRAL MODELS

We will now turn our attention to specific chiral gauge
models, namely a generalized GG [8,9] and BY [30]. They
are defined in terms of a SU(N) gauge theory with an
anomaly-free combination of fermions in the antifunda-
mental and antisymmetric or symmetric representations,
respectively. We will also allow for the presence of an
arbitrary number of vectorlike families consisting of pairs
in the fundamental and antifundamental.

A. Generalized Georgi-Glashow model

We start by considering a generalized GG model [8,9],
with fermion content summarized in Table I. It therefore
includes three representations: the antifundamental fer-
mions 7, the fundamental fermions y, and the two-index
antisymmetric fermion ¥, under the gauge symmetry
SU(N), with N > 5. The antifundamental fermions also
transform under a global symmetry group SU(N —4 + p)
given by its multiplicity, while the fundamental fermions
under SU(p). All fields are also charged under two Abelian
global symmetries, U; (1) and U, (1), which have no mixed
anomaly with the gauge symmetry. In terms of these fields,
the Lagrangian is given by

1 _ .
L= _ZFa Fanv llPlJB\P” + ”//aB T+ ilf//ile/?};,

(3.1)

where we use the following index conventions: the Lorentz
indices are denoted by yu, v, the adjoint gauge index by
a=1,...,N*>—1, the fundamental gauge indices from
SU(N) by i,j=1,...,N, and the flavor indices by a =
I,...,pand p=1,....N -4+ p.

This theory has one gauge coupling,
function [16]

with beta

TABLE 1. Field content of the GG model, where spinors are
left-handed Weyl. The table shows how the fields transform under
the gauge and global symmetry groups and their charges under
the anomaly-free U, (1) and U, (1) symmetries.

Fields SU(N) SU(N—-4+p) SU(p) U (1) Uy (1)
¥ H 1 1 N-—4 2p

¥ O O 1 -(N=2)  -p

W O 1 O N-2 —(N-p)

075020-5
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TABLE II.  Field content of the BY model. The table shows how the fields transform under the gauge and global
symmetry groups and their charges under the anomaly-free U (1) and U,(1) symmetries.
Fields SU(N) SU(N + 4+ p) SU(p) U, (1) U, (1)
X 1] 1 1 N+4 2p
W O O 1 —(N+2) —p
W 0 1 O N+2 ~(N=p)
B. Generalized Bars-Yankielowicz model
B, =—2a2 { ZT R) ——ZT } (3.2) .
We now focus on the BY model [30]. As shown in

where the sums are taken over fermions f and scalars s.
Since there are no scalars in the theory, the one-loop
coefficient is given by

by = —2{ (3.3)

ZT(Rf ]

Recall that the model contains the fermion ¥, which is in
the antisymmetric representation of SU(N) (one copy) with
dimension N(A;_l); the fermion { which is in the antifun-
damental representation (N —4 + p copies) with dimen-
sion N; lastly, y which is in the fundamental representation
(p copies) with dimensions N. Using the standard group
theory factors for SU(N): C,(G)=N, T(Fund)=

T(Antifund) = 1/2, and T(Antisymm) = Y52 substi-
tuting in the field content, we obtain
> T(Ry) =1-T(A) + (N -4+ p)-T(F)
+p-T(F)=N-3+p. (3.4)
Therefore, we find
2
b0:—§(9N+6—2p). (3.5)

The model contains only a single gauge coupling.
Consequently, the theory is constrained solely by the
condition on the gauge beta function coefficient, b, < 0.
In this particular model, this translates into a constraint on
the parameters N and p, which can be rewritten as a
function p(N). This function describes the upper limit of
vectorlike fermions needed to be added in an SU(N) theory
to ensure CAF and is given by

ON +6
7

pmax(N> = (36)

The gauge coupling thus creates an upper limit for the CAF
region of the model and the GG model without scalars can
therefore be CAF for all N.

Table II, the difference from the GG model is that the chiral
fermion is in the two-index symmetric representation, i.e.,

Xij = xji with dimensions (NH) defined for N > 3, and
the multiplicity of the antlfundamental is different. Thus,
the Lagrangian is similar to that of the GG model and can
be expressed as

L= —%F,“WF“/‘” + i7" Py + it Py + iy:/szp;',, (3.7)
with similar index definitions as in Eq. (3.1) except for the
flavor index of the antifundamental fermion now given by
p=1,...,N+4+ p. The gauge beta function can be
found similarly to the GG model using Eq. (3.2). The
computation only differs in the number of antifundamental
fermions: N + 4 + p, and the Dynkin index of the chiral
fermion 7(Symm) = Y2, which yields

N+2 N+4+
S TRy = o F L =N+34p.

(3.8)

Thus, we obtain

bo:—§(9N—6—2p). (3.9)
This expression mirrors the b, of the GG model Eq. (3.5),
differing only by the sign of the second term. Therefore, the
CAF region for the BY model is similar to that of the GG
model. The conditions on the gauge beta function create a
comparable upper boundary, which is given by

ON -6

5 (3.10)

Pmax (N ) =
Hence, a CAF region exists for any N.

IV. ADDING A SINGLE FUNDAMENTAL SCALAR

We first extend the GG and BY models with one scalar
field in the fundamental representation. Thus, by introduc-
ing the scalar field ¢ in the Lagrangian, we can write a
Yukawa coupling with the fermions in the two-index and
antifundamental representations, plus one quartic coupling:

075020-6
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TABLE III.

Field content of the GG (upper signs, antisymmetric A) and BY (lower signs, symmetric A) models

with a scalar ¢ in the fundamental representation. The table shows how the fields transform under the gauge and
global symmetry groups and their charges under the anomaly-free U;(1) and U,(1) symmetries.

Fields SU(N) SU(N F 4+ p) SU(p) U, (1) U, (1)

A H / [T 1 1 N F4 2p

7 0 O 1 —-(NF2) —-p

W O 1 O NF2 —(N -p)

¢ O 1 1 F2 p

1 a papv P nl a o= ~ i ay 5
L= =2 FiF" +iNIDA; + oDy + i, D By = 7) [(3N +2 F 3)a, + 6q, <—3N +2 +N>] . (44)
+ (D) (D) + (Y Nijiprs(¢h)T +Hec.) ,
; 6a,(N- -1
+ ()¢ 1) g=a [Z(N F Da, — % +4a;(N + 4)}

. i . isym- 1 3a2(N3 + N? —4N +2
wher.e Ajj r'efers to either W;; for the case of th§ antisym Aviiroe s ay(N° + ) '
metric two-index tensor of the GG model or y;; in the case 2 Y 4N?
of the two-index symmetric tensor of the BY model. The (4.5)

field content is summarized in Table III, where we see that
both global Abelian charges are preserved by the Yukawa
couplings.

The model has both Yukawas and a single quartic
coupling, as well as a gauge coupling. It should be noted
that the Yukawa term explicitly breaks the global symmetry
SU(N F 4 + p), where the upper (lower) sign refers to the
GG (BY) model. The Yukawa couplings is a vector y? in
the flavor space and, without loss of generality, it can be
rotated using a SU(N F 4 + p) transformation so that only
its first component is nonzero.” Hence, physically there is a
single coupling constant, which we define as y, which
greatly simplifies the computation of the beta functions
since yzyP = y*.

For the gauge RG equations, the only change from the
computation in the previous section is the inclusion of the
complex scalar in the fundamental, which contributes with
T(S) = 1/2. Using (3.5) we obtain

2
AbHr = 37(8) =3 (4.2)

Thus, the beta function of the gauge coupling is given by

1
bo==3 (I8N —dp£12-1), (4.3)

where the (—1) inside the bracket corresponds to the scalar
contribution.

The remaining beta functions are computed using the
“RGBeta” library in Mathematica [46] and are given by

“The flavor symmetry group is therefore broken to

SUNF4+p)>SUNF4+p-—1).

The limits of the CAF regions can be found by considering
the boundary of the three conditions by = 0, kK = 0, and
by—dy + VK =0 (see Sec. II). In the off-fixed-flow
regime, for every N, a CAF region is found when p is
between the two values

ISN+£12-1
Prax (N) = ————, (4.6)
1 9
off (N) = ——+3 4 —
pmm( ) 4 +2N

g VOV F NI 4N +2). (47)

There is also a second branch of pS (N) with a minus in

front of the square-root term; this region is unphysical as it
always results in a negative p V N.

The boundary functions on fixed flow have the same
upper boundary as in the off-fixed-flow regime [see
Eq. (4.6)]. The lower boundary found from the by — d, +

VK = 0 condition is given by

Pinin(N)
=720 4+ 4N(19 + 168N + 2N* — 9N?)
16N(N — 1)(N + 4)
3v6,/(1 =3N)2(N — 1)2(N + 4)2(N* + 2N - 2)
* 16NN = 1)(N + 4) :
(4.8)

where the boundary is only relevant for the GG model with
N < 10, as can be seen from Fig. 1(a).
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CAF regions in the parameter space (N, p) for (a) the GG model and (b) the BY model, with one scalar in the fundamental

representation. The dark blue area represents the fixed-flow CAF region, bounded above by the b, = 0 condition (dashed black line) and
below by the by — d) + Vk' = 0 condition (dotted black line) for the GG model. The light blue region highlights the CAF region off
fixed flow, bounded above by the by = 0 condition and below by the k = 0 condition (dash-dotted black line). The striped region
indicates that the model exhibits CAF both on and off fixed flow. The boundaries are given by the p .., pflflfn, and p  functions

Egs. (4.6), (4.7), and (4.8).

We have now obtained the necessary beta functions and
can continue the analysis of the models by performing a
CAF analysis using the conditions mentioned in Egs. (2.11)
and (2.14). Deploying these conditions on the beta func-
tions Egs. (4.3)—(4.5), it should be noted that the CAF
regions found in this analysis may correspond to fully
asymptotically free theories. Whether these solutions cor-
respond to CAF regions also depends on initial conditions
on the couplings at a given RG scale. These conditions are
provided in Egs. (2.6), (2.7), (2.12) and (2.13). Only when
these are satisfied does one realize a genuine CAF regime.

In Fig. 1, the results of the CAF analysis are shown in the
parameter space (N, p). The light blue region in both
figures represents the region where the coefficients of the
beta functions satisfy the CAF conditions, when the
Yukawa and gauge couplings are not on fixed flow. In
other words, terms proportional to the Yukawa coupling
have only a subleading effect in the beta function of the
quartic couplings in this region.

Another feature of Fig. 1 is the dark blue region, which
extends up to the dashed black line. This is the region
where the CAF conditions are satisfied for the Yukawa and
gauge coupling on fixed flow. Thus, in this region, neither
of the couplings is subleading. As mentioned in Sec. II, on
fixed flow, the coefficients o} and d} can change sign. This
is exactly what we observe in these models, effectively
rendering the CAF conditions coming from the quartic
coupling trivially upheld. Thus, the fixed-flow region
closely resembles that of the models without a scalar.

To better understand these conditions and these regions,
flow diagrams have been made both within and outside of

each region. These can be found in Appendix B 1. The
analysis gives the same result as the CAF analysis and
clearly illustrates how the values of the couplings at the
RG scale are restricted. These conditions are Eqgs. (2.12)
and (2.13).

Next, we extend the model to include multiple chiral
families motivated by the SM, which has three chiral
families.

A. Inclusion of multiple chiral families

To further explore the GG and BY models with a scalar
in the fundamental representation, we now extend
the analysis to include multiple chiral families. The
field content of the models is shown in Table IV. The
flavor symmetry SU(N F 4+ p) is now extended to
SU(N,(N +4) + p) ensuring anomaly cancellation.
Furthermore, another group, SU(N g), appears, under which
the chiral fermionic field transforms as an indicator of the
chiral flavor symmetry. This will also change the terms
involving the (anti)symmetric two-index fermionic field
in the Lagrangian, by introducing a new flavor index
y=1,...,N,, where N, is the number of chiral families;
putting this together we find the following Lagrangian:

1 A iy By
L= = Fl P + INVDN;, + i Dy + i D)
+ (D) (D) + (7 Ay ™ + Hec)

+ A" i), (4.9)
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TABLE IV. Field content of the GG (upper signs, antisymmetric A) and BY (lower signs, symmetric A) models
with N chiral families and one fundamental scalar ¢. The table shows how the fields transform under the gauge and
global symmetry groups and their charges under the U; (1) and U, (1) symmetries.

Fields SU(N) SU(N,(N F 4) + p) SU(p) SU(N,) U, (1) Uy(1)

A H / [T 1 1 O] NF4 2p

i ] ] 1 1 -(N ¥2) -p

W 0 1 O 1 N=F2 ~(NN, - p)
¢ 0 1 1 1 2 P

where the Yukawa coupling is a N, x (N,(N F 4) + p)
matrix in flavor space.

We begin the analysis by considering the gauge beta
function, which is given by

22N — 14 12N, — 4N ,N —4p

b =
0 3

(4.10)
where the beta function now depends on the number of
chiral families N, together with p and N. Hence, we can
derive an upper limit on p as a function of N and N:

22N — 1+ 12N, — 4N,N

7 (4.11)

pmax(Na Ng) =

When p..« <0, no CAF region can exist as the gauge
coupling is not asymptotically free, giving a well-known
upper bound on the number of chiral generations:

N, < ﬂ (4.12)
4(N F3)

Next, we consider the Yukawa beta function. In the current
models with multiple chiral generations, the Yukawa
coupling is an N, x (N, (N F 4) + p) matrix. We can
again use the flavor symmetries to decompose the matrix’
so that, without loss of generality, the Yukawa matrix
consists on N, independent and decoupled couplings. To
further simplify the beta function, we assume flavor
universality; i.e., all the Yukawa couplings have the same
values for all generations. This effectively reduces the RG
evolution to a single beta function of the form

5
By = a, <3ag (ﬁ +2- 3N>

2F 14N
+ay<:|2 Ng—l—NgN+%>>, (4.13)

>We can do this using singular value decomposition. Any
complex matrix A can be written as A = UZV’, where U and V
are unitary matrices and X is a rectangular diagonal matrix with
non-negative real entries.

where the factor N 4 comes from the trace over flavors.
Within the same assumption, the beta function of the
quartic coupling is given by

6
ﬁl = 2Ng(N F 1)(1}, + <ﬁ_6N>ag+4a/1(N+4>:|

3a2(N* + N> —4N +2)
4N?

N
—79(N+1 F2)a? +
(4.14)

These beta functions now include a dependency on the
number of chiral families, effectively introducing an N,
dependence in the CAF regions.

We can again describe the boundaries of the on- and off-
fixed-flow CAF regions using maximum and minimum p
functions, where p.,, is given by the asymptotic freedom
of the gauge coupling; cf. Eq. (4.11). For the off-fixed-flow
regimes, the minimum p(N, N,) is given by the condition
k = 0, yielding

p?nfifn(N’Ng)

) 3(3+V3VE—T4N + 5N + V)
———4N
A 2N
+ 3N, - NN, (4.15)

In the case on fixed flow, instead, the CAF region extends
all the way to p = 0 for the BY models, while for the GG
models a lower boundary stems from the condition

by — dy +Vk' = 0, yielding

Pin(N>Ny)

1 180
=1¢ | 68+ —20N + 48N, — 16NN,
3V6 /R (1 + N +2(-1 4+ N)N,)
. _ . (4.16)

N
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FIG. 2. CAF regions in the (N, p) parameter space of the GG model with one fundamental scalar for N, = {1,3,5,6}. The dark blue
area indicates the CAF region on fixed flow, which is bounded above by the by, = 0 condition (dashed black line) and below by the
by — ¢; > 0 condition (dotted black line). The light blue area highlights the CAF region off the fixed flow, bounded strictly between
by = 0 (above) and k = 0 (dash-dotted black line, below). The striped region indicates the existence of CAF both on and off fixed flow.
The theoretical boundary curves correspond to the p.., pfnfifn, and p  functions detailed in Eqs. (4.11), (4.15), and (4.16).

The CAF regions in the parameter space (N, p) are shown
in Figs. 2 and 3 for GG and BY models, respectively, and
for a sample N, values.

As shown in Fig. 2 for the GG model, the CAF region
becomes smaller as N, becomes larger, due to the positive
contribution of fermions to the gauge beta function. The
panels show the parameter space of the GG model for
N, = (1,3,5,6), noting that CAF regimes can be found as
long as N, < 13. It is of interest to consider the case of
SU(5) with three chiral families, which corresponds to a
minimal GUT with the Higgs multiplet scalar [9]. In this
setup, the fundamental scalar ¢) can break the electroweak

symmetry. Our analysis shows that the GG model features
CAF regions both on and off fixed flow; see Fig. 2(b).
Specifically, when the Yukawa coupling is on fixed flow,
the smallest amount of vectorlike fermions needed to
realize CAF is p = 4. However, when the Yukawa coupling
is off fixed flow the requirement increases to p = 18. This
highlights the viability of the SU(5) GUT when supplied
with a sufficient vectorlike sector.

The BY model can be seen in Fig. 3. The figure displays
four values of N, = (1,2,3,4) while CAF regions dis-
appear for N, > 5. In all the cases, the theory exhibits CAF
both on and off fixed flow.
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FIG. 3. CAF regions in the (N, p) parameter space of the BY model with one fundamental scalar for N, = {1,2,3,4}. The dark blue
area indicates the CAF region on fixed flow, which is bounded above by the b, = 0 condition (dashed black line). The light blue area
highlights the CAF region off fixed flow, bounded strictly between by = 0 (above) and k = 0 (dash-dotted black line, below). The
striped region indicates the existence of CAF both on and off fixed flow. The theoretical boundary curves correspond to the p.,,, and
Pmin functions detailed in Egs. (4.11) and (4.15).

V. ADDING A SINGLE ADJOINT SCALAR representation is real; consequently, it cannot carry any
charges under the Abelian groups.

The adjoint scalar allows us to write a Yukawa coupling
between the vectorlike fermions y and y; hence, the

Lagrangian of the models reads

Consider now the case of a scalar field in the adjoint
representation of SU(N). This scalar field will be repre-
sented by an N x N matrix in gauge space, with N> — 1

independent components written as ® = ¢”T?. The adjoint
|

1 e . a .= ~
L= = FiF% + MDA, + i (D + i, Dl + tr((D' @) (D, ®))

1

+ (Vo @y + Hee.) + Atr(D2)2 + Aot (DY) (5.1)
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TABLE V. Field content of the GG (upper signs, antisymmetric
A) and BY (lower signs, symmetric A) models with an adjoint
scalar ¢. The table shows how the fields transform under the
gauge and global symmetry groups and their charges under the
U, (1) symmetry. Note that the U, (1) is explicitly broken by the
Yukawa term in the Lagrangian and, therefore, not listed.

Fields ~ SU(N)  SU(NF4+p) SU(p)  Uy(l)
A H/ o 1 1 N F 4
7 0 0 1 -(N¥2)
s O 1 O NF2
@ adj 1 1 0

Furthermore, two independent scalar quartic couplings can
be written.® The field content of the models is summarized
in Table V: note that the U, (1) symmetry, originally present
in the scalarless models, is missing as it is explicitly broken
by the Yukawa coupling.

From Eq. (5.1) we see that the Yukawa term involves
only the fermions in the fundamental and antifundamental
representations of SU(N); hence, the Yukawa couplings
appear as a p X (N F 4 4+ p) matrix. Analogously to the
cases in Sec. [V A, we can decompose the matrix in terms of
p independent real couplings. We will again apply the
simplification that all couplings are equal. With this, we
find the beta functions of the models to be

1
Py =3 @ (1N £ 12~4p), (5.2)

py=ay <% — 6N> a, +2pa, + <N - %) ay] , (5.3)

N?>-9 ,
B, =4 aj + 120y a;, +4(pa, — 3Nay)ay,
+ 3Na2 - 2pa?, (5.4)
12(3 + N2 4(2N* -3
R A
+ 4(pay —3Nay)a;, + 18a. (5.5)

Having two quartic couplings makes the CAF analysis
different from the previous models and requires root
analysis of fourth-degree polynomials. We use the approach
described in Sec. II D and Appendix A 2 a. This framework
converts the task of solving coupled differential equations

*For N = 3, completeness identities that contract the indices
imply that the two operators are equivalent; hence, only one
quartic coupling exists. The correct beta function can be found by
summing f; +p;, =, and identifying A=41; +1,. We
checked explicitly that doing the analysis with one or two quartic
couplings yields the same result.

to an exercise of finding real positive solutions to a fourth-
degree polynomial. Viable CAF regions must feature at
least one real solution. For GG models, in Fig. 4 we show
the result of the analysis both on and off fixed flow,
where the viable region in green is delimitated by the
condition A = 0 [see Eqgs. (A66) and (A75)], where A is the
discriminant of the fourth-degree polynomial in Eq. (2.31).
This region should be compared with the asymptotic
freedom condition for the gauge coupling running, which
gives an upper bound on p from the condition by, = 0:

C1IN£12

Pras(N) = = (56)

shown as a dashed line in the plots. Hence, there is no
viable region on fixed flow, while solutions exist off
fixed flow.

We can now perform the complete CAF analysis of the
beta function system. The result for the GG models is
shown in Fig. 5, where the blue sliver highlights the only
available CAF region off fixed flow. Interestingly, CAF
models only exist for N > 7 and p > 32, where no solution
exists for the SU(5) GUT model with one generation.

The analysis for the BY models provides similar results,
with the CAF region shown in Fig. 8(a) (for more details,
see Appendix B 2). As before, CAF regions only exist off
fixed flow for N > 7 and p > 26.

We will now proceed to consider multiple generations of
chiral families in the next section.

A. Inclusion of multiple chiral families

Let us now upgrade the model with an adjoint scalar to
include multiple chiral generations. As done in Sec. IVA,
the global symmetry group now depends on the number of
families via the piece SU(N,) x SU(N (N F 4) + p). The
updated list of fields and charges is shown in Table VI for
both GG and BY models. The Lagrangian is the same as in
Eq. (5.1), except for a new flavor index on the two-index
chiral fermion A’ and the Yukawa matrix being a
p X (Ny(N F 4)+ p), which can again be decomposed
in terms of p independent real coupling, which we will
consider identical.

Since the Yukawa interaction does not involve the chiral
fermions, only the gauge beta function will be affected by
the number of generations, as follows:

1
By =3 QIN£12N,~4p 4N, N)aj.  (5.7)

while the beta functions of the Yukawa and scalar quartic
couplings remain the same as for the one-family models. It
is only possible to express the upper boundary in a compact
analytic form, analogous to the case of a single chiral
family, from by = 0, yielding
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FIG. 4. Root structure of the fourth-degree polynomial for the GG model, when (a) all couplings are on fixed flow and (b) the Yukawa
coupling is off fixed flow. The shaded regions denote the presence of four complex roots (white) and two real and two complex roots
(light green). The dashed black line marks the by = 0 condition, underneath which the gauge coupling is asymptotically free.

2IN £ 12N, - 4NN

. 9. (5.8)

Pmax(N, Ng) =

where the other boundaries are determined by A = 0 [see
Egs. (A66) and (A75)].

Now we can perform the complete CAF analysis. First,
we consider the GG model with N g = 3, which is relevant

70

60

50

40 A

30

20 GG model (N,=1) ]

ay, off fixed flow
10 | ——= hy=0 R
— A =0 q off fixed flow

() 1 1 1 1 1
5 10 15 20 25 30

FIG.5. CAF region for the GG model with adjoint scalar when
the Yukawa coupling a, is off fixed flow (light blue). The dashed
black line illustrates the by = 0 condition, Eq. (5.6), while the
solid black line the A =0 condition for ay off fixed flow,
Eq. (A60).

for GUTs. Figure 6 showcases a similar result as we
obtained for one family: CAF solutions only exist off
fixed flow. More in detail, Fig. 6(a) illustrates that on fixed
flow all roots are complex within the region where the
gauge coupling is asymptotic, i.e., below the dashed line. In
Fig. 6(b), the light blue region represents the CAF region
for the Yukawa coupling off fixed flow. Solutions only exist
for N >7 and p > 24, once again excluding the SU(5)
GUT model.

Matters change when the number of families increases.
For instance, the case N, =5 is illustrated in Fig. 7(a),
where the nature of the roots is shown. In this instance, we
identify two regions with two real and two complex roots,
one at large p above the gauge asymptotic free region
(hence excluded) and one within such region. Further, the
polynomial has one sign change within this area; thus, it has
one positive real root as a consequence of Descartes’ rule of
signs. As shown in Fig. 7(b), the GG model with N, = 5
has a CAF region on fixed flow highlighted in dark blue
and starting at N > 13. Off fixed flow, the situation is
similar to the cases with lower N a viable region exists
below the dashed line, as shown by the light blue region in
Fig. 7(b). Similar solutions can be found for larger N, as
illustrated in Figs. 7(c) and 7(d) for N, = 6, 7, respectively.
Finally, for N, > 13, the gauge coupling loses asymptotic
freedom.

For the BY models, the gauge coupling loses asymptotic
freedom for N > 5, as was the case in Sec. IVA. In Fig. 8§,
the CAF region can be seen for the case of N, € {1,2,3,4}.
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TABLE VL

Field content of the GG (upper signs, antisymmetric A) and BY (lower signs, symmetric A) models

with N, chiral families and adjoint scalar ¢. The table shows how the fields transform under the gauge and global

symmetry groups and their charges under the U;(1) symmetry.

Fields SU(N,(N F 4) + p) SU(p) SU(N,) U, (1)
A E] / I 1 1 O N F4
7 | O 1 1 —(N ¥2)
w 0 1 O NTF2
@ adj 1 1 1 0

N

N

(a) Real roots on fixed flow (b) CAF region off fixed flow

FIG. 6. Properties of the GG model with N, = 3 chiral families. Panel (a) shows the root structure of the fourth-degree polynomial
with all couplings on fixed flow. The shaded regions denote four complex roots (white) or two real and two complex roots (light green).
Panel (b) depicts the CAF region with Yukawa coupling a, off fixed flow (light blue). The dashed black line illustrates the by = 0
condition, Eq. (5.6), while the solid black line the A = 0 condition when q, is off fixed flow, Eq. (A66).
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FIG. 7. Properties of the GG model with adjoint scalar when N, = {5,6,7}. Panel (a) shows the root structure of the fourth-degree
polynomial with all couplings on fixed flow. The shaded regions denote four complex roots (white) or two real and two complex roots
(light green). The remaining panels (b)—(d) depict the CAF regions with all couplings on fixed flow (dark blue) and for the Yukawa
coupling a, off fixed flow (light blue). The dashed black line illustrates the b, = 0 condition, Eq. (5.6), the solid black line the A =0
condition for a, off fixed flow, Eq. (A66), and the dash-dotted line A = 0 condition on fixed flow, Eq. (A75).
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FIG. 8. CAF regions in the (N, p) parameter space for the BY model with adjoint scalar for N, = {1,2,3,4}. The dark blue area
indicates the CAF region on the fixed flow, which is bounded above by the b, = 0 condition (dashed black line) in Eq. (5.8) and below
by the A = 0 condition (black dash-dotted line) with a, on fixed flow in Eq. (A75). The light blue area highlights the region of CAF with
the Yukawa coupling a, off the fixed flow, bounded above by the b, = 0 condition and below by the A = 0 condition (solid black line)

for a, off fixed flow in Eq. (A66).

VI. CONCLUSION

We studied the short-distance behavior of chiral
gauge-Yukawa theories in the quest for complete
asymptotic freedom in all couplings. Motivated by
simplicity and grand unified theories, we focused on
the generalized Georgi-Glashow and Bars-Yankielowicz
models. Besides varying multiplicity of chiral families,
we also included vectorlike copies in the fundamental
representation, as well as one single scalar either in the
fundamental or adjoint gauge representation. We
employed general CAF conditions to identify the
parameter space where all couplings run to zero at
high energies, distinguishing cases where all couplings

vanish at the same speed as the gauge one (on fixed
flow), or when the Yukawa coupling vanishes faster
than the gauge one (off fixed flow).

We discovered that all considered classes of models
support complete asymptotically free dynamics, within
specific parameter regions in the number of colours, as
well as multiplicity of chiral and vectorlike families. We
summarized our results in Table VII for models with a
scalar in the fundamental and in Table VIII for a scalar in
the adjoint. In particular, the fourth column contains the
minimal models in terms of the number of colours and
vectorlike families, for all the allowed numbers of chiral
families.
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TABLE VII.  Summary table of CAF solutions for the GG and BY models with varying multiplicity of chiral families (V,) and
vectorlike families (p). The table shows the CAF status, the equations containing the boundary functions p(N, N ) that define the CAF
regions, the minimal N for each N, and the required minimal p displayed as (N, p) N, and links to the relevant figures.

Model CAF p(n) (N.p)y, Figures
Without scalars
GG CAF (3.6) (5,0),
BY CAF (3.10) (3,0),
With one scalar in the fundamental representation—all on fixed flow
GG Not CAF: N, > 13
CAF: N,e{1,...,13} (4.11) and (4.16) (5,6), (5.5), (5,4); (5,3)4 (5.2)5 1(a) and 2
(5.0) (5.0)7 (5.0)5 (5.0)9 (5.0);9
(5.0)11 (5.0)12 (5.0)13
BY Not CAF: N, > 4
CAF: N, e{1,....4} 4.11) (3,0), (3,0), (4,0); (9,0), 1(b) and 3
With one scalar in the fundamental representation—Yukawa off fixed flow
GG Not CAF: N, > 13
CAF: N e {1 ., 13} (4.11) and (4.15) (5,22), (5,20), (5,18);5 (5,16), I(a) and 2
(5.14)5 (5.12)¢ (5.10); (5.8)g
(5.6)9 (5.4)10 (5.2)11 (5.0)12
(5.0)13
BY Not CAF: N, > 4
CAF: N e{l,....4} (4.11) and (4.15) (3,10), (3,4), (4,0); (9,0), 1(b) and 3

This classification has potential applications in grand  number increases to 18 for off-fixed-flow dynamics.
unification theories when seeking a simple UV completion  Instead, no such solutions were found for models with
of the models. Of particular interest is the Georgi-Glashow  the adjoint scalar, where the minimal model with three
model with three generations: we find that a CAF dynamics  chiral families would be based on SU(7). We recall that the
can be found with a fundamental scalar when at least four ~ fundamental scalar contains the usual Higgs doublet of
vectorlike families are added on fixed flow, while this  the Standard Model; hence, it is employed to trigger the

TABLE VIII. The same as Table VII for GG and BY models with adjoint scalar.

Model CAF p(n) (N.p)y, Figures
With one scalar in the adjoint representation—all on fixed flow
GG Not CAF: N,eN\{5,...,12}
CAF: N,e{5,...,12} (5.8) and (A75) (13,2)5 (9, 1) (7, 1), 7(b)-7(d)
(6, 1)g (6, 1)y (6, 1)
(5. D (5. D
BY Not CAF: N,eN\{3,4}
CAF: N e {3.4} (5.8) and (A75) (5,1)5 (10,0), 8(c) and 8(d)

With one scalar in the adjoint representation—Yukawa coupling off fixed flow

GG Not CAF: N, > 9
CAF: N,e{l.....9} (5.8) and (A66) (7 32), (7.28), (7.24)s
0)4 (7.16)5 (7.12)g
( 8)7 (7.4)s (7.0)q
BY Not CAF: N, > 4
CAE: N, e{1,...,4} (5.8) and (A66) (7.26), (7.16), (7.6),
(10,0)

5, 6(b), 7(b)-7(d)
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electroweak symmetry breaking, while the adjoint is
commonly used to break SU(5) to the Standard Model
gauge group. A realistic model would require both scalars,
with a complex coupling structure; hence, our results
should be considered as a first attempt to find completely
asymptotically free grand unified theories.

The case with a single adjoint, moreover, could be
relevant for UV completions of the Standard Model based
on nonsupersymmetric gauge dualities; see Refs [47-49].
In such models, Yukawa couplings are generated at low
energy by the duality; hence, dual grand unified theories
only require a single scalar for breaking the gauge theory.

Chiral gauge-Yukawa theories constitute a cornerstone
of our understanding of particle interactions, starting from
the Standard Model itself. Their dynamics remain mys-
terious under various aspects. Our results offer a first
glimpse of their short-distance behavior, where complete
asymptotic freedom of all couplings renders them truly
fundamental (i.e., valid at arbitrarily high energies). The
low-energy dynamics of purely fermionic chiral gauge
theories remain only partly understood, even for paradig-
matic examples such as the Georgi-Glashow and Bars-
Yankielowicz theories. A first comprehensive investigation
of these systems, including an attempt to delineate their
conformal window, was carried out in Ref. [27], further
complementing studies of the conformal window in vector-
like gauge theories [50,51].

Our results point toward new classes of fundamental
gauge-Yukawa theories, with light scalars, whose low-
energy dynamics remain utterly unexplored.
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APPENDIX A: DETAILED CAF ANALYSIS
1. CAF analysis from solving ODEs

This approach considers coupled ordinary differential
equations (ODEs) governing the beta functions, which
admit analytic solutions.

a. Yukawa coupling

The RG equation, which governs the Yukawa coupling,
is given by

5y _

5 (A1)

ay(clag + czay),

2 .
where a, = (4’7>2 and c¢; and ¢, are constants, where in

general ¢; < 0 and ¢, > 0.

We have a system of two coupled differential equations,
one for the gauge coupling [see Eq. (2.1)] and the other for
the Yukawa coupling [see Eq. (Al)]. The ratio of the
Yukawa equation (Al) and gauge equation (2.1) beta
functions is given by

da, a a
2= <C1+C2—y>.
da, boa, a,

(A2)

The solutions to the differential equation depend on b,
and c;.
Case I by = c;. In this case the solution is given by

a, = Do a,  (A3)

) . g
<2 % _a
ay, <1 + s oy log ago> o ay, log a,

For a, — 0 the denominator will be dominated by the
second term (— %“yo loga,), as the logarithm of the gauge
coupling will go toward negative infinity. Since the con-
stant in front will always be negative % <0, the a,

coupling will be negative.
Case 2 by # c;. The solution changes to

@, = Do a,  (A4)

y —L a B
by bo ¢ %o _C
a 1- + ay,
9 < bo—c, a90> by—c;

with the initial condition a,(a, ) = a,,. The equation can
be divided into two parts, one which w111 be dependent on

<l

ag_o and one q,. If Z—(‘) > 1, the first term will dominate, and

for ﬂ < 1 the second term will dominate. The case of

Cl_
by

Eq. (A3). In the case of C‘ < 1, the coupling will go as

1 has already been ruled out from the analysis of

by —c;
ay ~———ay,

> |by| > 0,
(%]

(AS)
which will always be negative, since by — ¢; < 0. This case
will thus not have an asymptotically free Yukawa coupling.
The last possible case is the case Of > lorby—c; >0.
In this case, the coupling will go as

a o

Yo v % ¢
ag, —>
by—c
0 1

ay N—% "
0 —_% v
Qgy (1 by—c, a, )

90

, 1 <by<O.

(A6)

To ensure that the coupling will be positive, we need to
constrain the values of the couplings at the arbitrary energy

level %0 < 1. In the UV, where a, — 0, the Yukawa

bca
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coupling will also be asymptotically free, and because
Z—(‘) > 1, the Yukawa coupling will go faster to zero than the
gauge coupling at high energies. Another possibility is that
the values of the couplings at the arbitrary energy level are

fine-tuned g" = b — . In this case, the first term in the

denomlnator vamshes and the previously dominated term
is now the only one left:

_bo—cl a.‘}o . Cy
ay - agv - b El
2 Ay, 0~ C1

bO—C] > 0. (A7)

This case is known as fixed flow [18]. On fixed flow, the
Yukawa coupling vanishes at the same order as the gauge
coupling. Now that we have the CAF conditions for the
case of one Yukawa and one gauge coupling, let us turn to
the case which includes the scalar.

b. Quartic scalar coupling

The remaining coupling can now be added to the
analysis, the self-coupling

d
ﬂdi/j:(lj(dlaﬁ+dzag+d3ay) —|—d4a$27+d5a§' (AS)

a,l(ag):%" —d2+\/_ta< (\/_log( %)

This coupling is dependent on both the other two cou-
plings, with the coefficients d,, d5,d, > 0 and d,, d5 < 0.
To solve the coupled differential equations we consider

the ratio /ﬁjJ
da; dy d5a§
d dy) +dy— A9
da, boaq< lag T > bo boaﬁ (A9)

Recall that the Yukawa coupling can be asymptotically free
in two cases: on or off fixed flow with the gauge coupling.
First, we consider the case of the Yukawa coupling off fixed
flow. Then the differential equation simplifies to

dai a4 d4
d d Al10
da boa ( Ya, a, - 2) by’ (A10)
To find solutions, we will first define
k = (bo - dz)z - 4d1d4, and k() = (bo - dz)ago - 2d1a,10.

This will be useful for finding @, as a function of a, for
cases k<0, k>0, and k= 0.

Case 1 k < 0. We start with the general solution to the
differential equation of a;,(a,) [Eq. (A10)]:

-V—k (2[70\/—_ktan‘1 <(b0

where the definition of k, can be used to simplify the expression, yielding

dy)a, N —k —2div —k 1
2)4 V) 4 klog(ay,) | | — | | (A1)
kago bo
log— tan™! % k<0 (A12)
2b0 90 —k(lgo ' ’

v —k
a, = 2d |f?0—d2+V tan (—
1

This solution only holds for £ < 0, because we want a real
result. In this case, the coupling will reach a Landau pole
because of the nature of the tangent function as one varies
the gauge coupling. Thus, no possible CAF regions are
found when &k < 0.

Case 2 k> 0. For k > 0, we rewrite the square root

\/—k = iv/k which can be inserted in the solution for k < 0:

iV k
% lbo —dy + ivktan (%_log <&>
0

ay(ay) =5
9 2a a,,

+ tan™! <i\/];—<0ag0> ) 1 .

(A13)

|
Using the identities tan(iz) = itanh(z) and tan~!(iz) =
itanh™!(z), we rewrite the argument of the tangent. Let

\/% (a ) kO
7z =——log + tanh™! < ) Al4
2b ay, \/];ago (Al4)

Using the identity and substituting back in, we obtain

— by — dy — Vktanh(z)].  (A15)

To express the hyperbolic tangent of a sum, the following
relation is used:
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tanh(A) + tanh(B)

tanh(A + B) = , Al6
anh(A + B) = anh(4) tanh(B) (A16)
where
k k
A= ilog <&> B = tanh™! (—0> (A17)
2[90 (Xgo \/%ago
Further, using the definition of tanh(x) = &= +1’ the hyperbolic tangent of A 4 B is thus
V&
by
(Tg) - ko
T VE 3
((l)bi(f+1 Vika, :y) 0 — 1) + \/]’go <(:g) o 1)
g0 90 Ay 90
tanh(A + B) = 7 = — - =
ag | bo _ 9 o 0 X\ _
1+ <“90> ko %) * 1) " Viay, <(“9°) 1>
Pl IR
90
o\
(ko + \/ano) + (ko - \/Eagﬂ) (a—) £
_ 2, (A18)
(to -+ Ve ) = (ko = V) (5)
which gives the solution for k > 0:
a (kO + \/zagg) + (kO - \/Eag())( )\/./bo
ay ==L by—dy — Vk | ko (A19)
2dl (ko + \/Eago) - (k() - \/Eag())( ) / 0

Let us now do the CAF analysis for this case. From
Eq. (A19), it can be seen that there are two possible fixed
flows between the gauge and self-coupling—namely, when

ko + \/Eag = 0 or when k¢ — ﬁag = 0 which gives us the
expression

by —d, + Vk
=—q,. A20
a; 2 dl ag ( )
If we only consider solutions for a; > 0 to be relevant
solutions, we will see that these fixed-flow lines also create

the boundaries of the asymptotically free region of the

by—dy—Vk
2d,

quartic coupling. First, if > 0, then it is asymp-

der\/—

totically free along both fixed-flow lines. If 2—=2—= bo— > 0 and

W < 0, it will only be asymptotically free along one

d2+\/—

direction. Lastly, if bo=do vk 0 it will not be asymptoti-

cally free along any of the fixed-flow directions.

To ensure that no Landau poles are encountered within
the fixed-flow lines, we consider the denominator of
Eq. (A19) to find other possible asymptotically free flows.

Take the denominator to be zero, then the gauge coupling

< g>
90

Thus, if there are any solutions, there will be Landau poles.
First, the solution of ky + \/Eago =0 is not relevant,
because this zero will be canceled by a zero in the
numerator, as shown by the fixed-flow analysis. Thus,
for @, = 0 there are no Landau poles. However, for a, > 0
there still might be poles. Since the lhs will be positive, so
must the rhs, this means that both the numerator and
denominator must have the same sign. Furthermore, we
have a, — 0, ensuring that the lhs is less than one.
Essentially, for a pole in the UV, the rhs will have to be
less than one, and if the rhs is larger than one, we have a
pole in the IR. Thus, for a pole in the UV

_b\/o_ o kO + \/_aqo

v (A21)

ko + Vk
o< ot vk, (A22)
ko - \/%a!ln
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For this to be the case, both the denominator and the
numerator would have to be negative, for the numerator to
be less than the denominator. Thus, to ensure no poles in
the UV, we required that k, + \/Eago > 0. Considering
possible poles in the IR, the condition for a pole will be

ko + \/Eago
ko = \/Eago ‘

For this to be the case, we need both numerator and
denominator to be positive, since the numerator needs to be
positive for no poles in the UV. We can ensure no poles in
the IR by constraining the denominator ky — \/Eago < 0.
The reason why we need to have no poles in the IR, even
though we are only interested in asymptotic freedom, is that
the coupling would blow up at minus infinity, creating a
potential which is unbounded from below. To ensure a
bounded potential when having only one quartic coupling,
we need the coupling to be positive at all RG scales.

1< (A23)

Thus, combining this analysis with Eq. (A20) the
restriction on a;, and a, is given by
@;ﬁlﬁsﬁéﬁlﬂig.(mq
Zdl (Zgo 2d1

We also need to ensure a positive quartic coupling at all
scales, resulting in the condition of a positive upper
boundary

by —d> +Vk > 0. (A25)

Thus, the quartic coupling can only be asymptotically free
within and on the fixed-flow lines and will have at least one
positive asymptotically free solution if
k>0, md-vVEk_ay by—dt vk

2d 1 a 2d1

90
by —dy + Vk > 0. (A26)

Case 3 k=0. To find the solution of the last case
lim_-(ay) we consider the solution k<O [see

Eq. (A19)], with the approximation v—k = ¢ < 1. The
argument of tan~! is then

(A27)

+ 0(z7?), we have

z 90
== oo 9
z 2+ (k0+2b00g )—1—0( 3).

go

(A28)

Let wus «call the second where

— 1
A=y

term for €A,

tan z = tan <—g+eA> = —coteA

= O =

- (A29)

1
——+O(e).
4 T Ole)
Using that in front of tangent, there is a factor v —k = €:
tanz = ! +0(e) | = 1+0( 2) (A30)

L =2 €).

Inserting this back in the expression for «;, we find

ay 1
@ = 2d1 bo—dz—z

Qg 1
=5 |bo—h—a—FT—a (A31)
2d, Tty g
From this we can impose the initial condition a; (e, ) = a9
to be
a kO
00 =5 <b0 dy — > (A32)
2d, ay,

This gives us an expression for Wthh we find to be

g, 1
. A33
ko by —dy — 2% (A33)

a_qo

Inserting this back into the expression for a; and simplify-
ing, we obtain

ay b — d 1
=500 —d2— a

2d1 —2d|a;‘0 1+b dz + 2_20 lnﬁ

L a-[/() 0~ h

[4byd 2d
a, | (T by = do) In 2 (b — )

BEYR 2d :
2dl 2b0+ (%4’1’)0—(12)
(A34)

Using the definition of k;, in Eqs. (A33), (A34) simplifies to

a, 4body oy + ko(bo —
ALY N

)an—g
n k=0

(A35)
2b0(1q0 + kU 1na—
¢ %

We have now obtained the last of the analytic solutions to
Eq. (A10), and we can move forward with the final CAF
analysis.

First, consider the denominator to be zero, this require-
ment yields
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_2boay, (A36)
ko
For a, > 0, we again have two possible solutions, which
will give Landau poles. For a, < a,, the rhs has to be
negative, for a pole in the UV. To ensure no poles, k; > 0.
The case will be opposite for the IR, thus ky < 0 and the
only possible solution; inserting this back in Eq. (A35), we
obtain the restrictions for an asymptotically free quartic
coupling in this case to be

k=0. (A37)

Thus for k = 0, only one flow line would be asymptoti-
cally free.

We have now considered the case of the gauge and
Yukawa coupling off fixed flow. However, for the gauge
and Yukawa coupling on fixed flow, the ratio of the beta
function of the quartic and gauge coupling does not reduce:

d, dsa?
<d1 +d2+d;—>+—4 >
(Xg bo

The CAF conditions in this case can be found by removing
the Yukawa dependency using the fixed-flow relation of the
Yukawa and gauge coupling in Eq. (A7). This lets us

da,l a,1
da boa

A38
boaé ( )

where

bg — by—c,)?
d/2:d2+d3 0 Cl, dz‘_:d4+d57< 0 2Cl) .
CH (&)

(A41)

These new coefficients may change sign. Using the signs of
coefficients d,, ds <0, d;, dy >0, and by —c; > 0, we
obtain

if g, 20 =1

U
d, >0 o

> |d,],

(A42)

(by — Cl)2
&

d, <0 if |ds] > d,. (A43)

After the CAF analysis, we have the following con-
ditions when the Yukawa and gauge couplings are off fixed
flow:

by <0,
(bo

bo—ds + 1/ (by — da)? — 4dydy > 0,

bO—C] >0,

—d,)* —4d,d; > 0,

(A44)

for the coefficients of the beta functions, and the constraints

replace & — bo=ci. on the gauge, Yukawa and self-coupling at an arbitrary
place s, = o energy scale
daﬂ by—c¢; dy ds(bg—c,)? %0
d d,+d — =0: a, =2 =0
da boa < ! ag+ 2 +ds o > +b0 + boc? for k=0: a o ay, ko = 0; (A45)
(A39)
Cby—do—Vk _ay _by—dr+Vk
Now the equation can be rewritten as for k > 0: 2d, < a_go < T2, (A46)
0
U
da’l <d |\ —+d > d (A40) Similarly, for on-fixed-flow condition, the CAF conditions
da bOa %y by’ are given by
|
2 b 2
by <0,  by—c; >0, (b —dy—dy cl) —4d1<d4+d5( 0~ C‘) ) >0, (A47)
) 9]
bo—cl bO—C] 2 bO—C] 2
b() — d2 — d3 —+ b() — d2 — d3 — 4dl d4 —+ d5 > 0. (A48)
Ch CH CH

We have now obtained the CAF conditions in cases
where the coupled ODEs can be solved analytically. Next,
we move on to the more general case and how we can find
CAF conditions utilizing the fixed-flow framework.

2. CAF analysis using the fixed-flow
framework

To utilize the fixed-flow approach, we redefine the
couplings
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a, a a
@ = m=T m =T (A9)
This gives us the following equations to solve:
_ﬁg(&goo)
Xo = —ﬁy(&gw, ®yoo) , (A50)

_ﬁl( Xgoos )oo’ a/loo)

effectively transforming the coupled ODEs to polynomial
equations.

a. Two quartic couplings

Using Eq. (A50) we can write the polynomial equation
for the quartic scalar coupling as

@+ Dyl s, + 8, (didy -+ dijar)

+ dmam + dmagoo =0.

m 0

(A51)

We consider the case of m = 1, 2 corresponding to two
quartic couplings. In this case, the algebraic equation (A51)
can be written as two coupled quadratic equations:

ax?> + bz’ + cxz +dx +e =0, (A52)

[+ g+ hxz+iz+j=0, (A53)

where x = @, and z = a,,_. The coefficients are given by
_ 7 A 2

a—= dmmmv b dmnnv ¢ = dmmm

d=(dia, +dia, ), e=dnaie+dhade,  (AS4)

where m = 1 and n = 2. For Eq. (A53), the coefficients f,
g, h, i, and j are defined analogously by exchanging the
indices m < n of the coefficients in Eq. (A54).

The relevant case for our models has b = 0:

ax’* +cxz+dx +e =0, (A55)

f2 4 g+ hxz + iz +j=0. (A56)
To determine whether there is any CAF region in this case,
we must find the roots of the functions. This is done by
inserting z from Eq. (AS5) into Eq. (A56) and multiplying
by (dx)*:

fT? + gd°x* — hdT?x* — idTx + jd*°x* =0, (A57)
where T = ax®> +cx +e. We have now obtained an
uncoupled fourth-degree polynomial which we can
express as

ax* + e +yx? +6x+e=0, (AS8)

where

a = fa®>+ gd* — had,
y = fc? +2fae — hed —

p=2fac — hed — iad,

icd + jd?, (A59)

=e(2fc—id), €= fe>. (A60)

By computing the sign of its determinant A, given by [52]

A = 2560°¢® — 192a?Bde* — 128a’y*€?
+ 144a%y8%e — 27025 (A61)
+ 144ap?ye* — 6af*6%e — 80apfy’de
+ 18apys® + 16ay*e (A62)
— 4ay’35® — 21p%€* + 18B%yde — 45°5°
—4pre + prr*, (A63)

one can find whether the solutions are real or complex. This
depends on the following conditions [21].
(1) For A < 0, the polynomial will have two distinct real
roots and two complex roots.
(2) For A > 0, the polynomial has four real or com-
plex roots:
(a) for P < 0 A D < 0: four real roots, and
(b) if P > 0 v D > 0: four complex roots.
where

P = 8ay — 3%, (A64)

D = 64a’e — 16a%y* + 16ap>y — 16255 — 3p*.  (A65)

Additionally, one should check whether the roots are
real-positive or real-negative roots, which can be done
using Descartes’ rule of signs.

The determinant of the quartic polynomial for the model
described in Secs. V and VA can be found using the beta
functions of the theories and the definition of the coef-
ficients of the polynomial. The boundary of the CAF region
for both off and on fixed flow is found from the condition
by = 0 [Egs. (5.6) and (5.8)] and A = 0. The condition
A = 0 with the Yukawa coupling off fixed flow is given by

A = —2176782336N*P,, — 7255941 12AN3P,
— 10077696A2N2P, — 15116544A3N P,
— 349924%P, — 13996845 NP5 — 216A°P;

—288A7NP, — ASP, =0, (A66)

where A = N(=21+4N,) +
nomials are given by

4(F3N, + p) and the poly-
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Py = —217326564 — 56077596N? + 23223267N* — 2630538 N°® + 166727N® — 9548N'0 + 188N'2,
P, = —33434856 + 10958328N? 4 7518420N* — 1773243N°® 4 171254N% — 9917N'0 4 350N'2,
P, = —64297800 + 83041848N? + 15587964N* — 10068291 N® + 1385624N® — 104921N'0 + 4472N 12,
Py = —571536 + 1910304N? — 245412N* — 262236N° 4 52675N8 — 5338N'0 4+ 247N'2,
Py = —1714608 + 14362272N? — 8214156N* — 2139588N® + 725257N® — 98878N'0 4 483 7N 2,
Ps = 35964 — 46278N? — 2949N* + 3476N° — 629N® + 32N'0,
Pg = 107892 — 365634N? + 31473N* + 27116N® — 6143N® + 320N 10,

Py = (=5 + N?)2(=81 — 18N? + 2N*).

On fixed flow, we obtain

(A67)
(A68)
(A69)
(A70)
(A71)
(A72)
(A73)

(A74)

A = —B*D>N*(1 + N*)2P} + B’D>N(7 + N?)P;3
— 64CB°N*(1 + N?)3P3 + 72CB*DN?*(1 4+ N*)(7 + N*)P} + 432C*B*N*(7 + N*)*P}
+ B*D?N(1 + N?)*P, — D*(7 + N?)P, + T2CB*DN?*(1 + N?)*P;P,
—80CB*D*N(1 + N?)(7 + N?)P3P, + 96C*B*N>(1 + N?)*(7 + N?) P3P,
—576C?B>DN(7 + N?)?P3P, + 432C*B*N?(1 + N?)*P?
—576C?B*DN(1 + N?)*(7 + N?)P; + 128C*D*(7 + N*)*P;

—3072C3B>N(1 + N?)(7 + N?)*P3P% — 4096C*(7 + N?)*P3 = 0,

where the polynomials are given by

Py =—18 + N*(-3 + 4N,) + 4N(F3N, + p).

Py =9 —20N? + N*,

and the terms B, C, and D are given by

B = (-3+N*)(N(15+4N,) +4(F3N, + p)) + (72 + N*(42 - 8N,) — 8N(F3N, + p))p.
C =2P2p —2INP2,

D = 23328NP3 — 12NB? — 48(3 — 2N?)C + (7 + N?)(NB? + 8(9 — N?)C).

APPENDIX B: SUPPLEMENTARY FIGURES

1. RG flows: BY model with an
antifundamental scalar

To better understand the CAF regions, the RG flow of the
BY model (a similar analysis can be done for the GG model)
with one antifundamental scalar can be analyzed. Note that
in all the flow diagrams, the arrows point toward the UV.

P, = 567 + 315N? — 35N* + N°,

(A75)
P, = -3+ N?+2Np, (A76)

(A77)

(A78)
(A79)

(A80)

First, consider Fig. 9(a). The plot displays the gauge
versus Yukawa coupling for N = 5, p = 30. This choice of
parameters places the model outside the CAF region, where
the gauge coupling loses asymptotic freedom. The flow
plot also shows that there is no region within the plot where
the gauge coupling is asymptotically free. Furthermore, one
can see that for a, = 0, the Yukawa coupling diverges,
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FIG.9. The figure displays flow diagrams for the BY model with N = 5 and p = 30 (a) for (a,, a,) and (b) (a,, ;). The green flow

lines represent fixed-flow trajectories of these couplings.

hitting a Landau pole in the UV. This is exactly as one
would expect, since the gauge coupling is responsible
for making the Yukawa coupling asymptotically free
(see Sec. II).

Now consider Fig. 9(b), which has the same N and p but
displays the gauge versus the quartic coupling. As already
concluded from Fig. 9(a), the gauge coupling cannot be
asymptotically free. Thus, the quartic coupling cannot be
asymptotically free.” This is also evident from the flow plot
in Fig. 9(b). Here, none of the flows is asymptotically free
in either of the couplings.

In Fig. 10, the case of N = 10, p = 12 is shown. These
flow plots are below the light blue region in Fig. 1, where
only the case of the Yukawa and the gauge coupling on
fixed flow satisfies the CAF conditions. In Fig. 10(a), a
green dashed line can be seen, which shows the fixed flow
of the gauge and Yukawa coupling. Everything underneath
this line is asymptotically free in both couplings. Thus, the
Yukawa and gauge coupling can be asymptotically free in
this case.

In Fig. 10(b), the flow of the gauge and quartic coupling
is plotted for N = 10, p = 12 as well. The flow diagram
shows that for a positive quartic coupling the flow always
goes to infinity and, thus, is not asymptotically free.
Although we do not consider the region «; <0, as it
would lead to a potential unbounded from below, the RG
flow in this region is directed toward a; = 0. However, in

"The assumption that by < 0 is used in the CAF analysis
regarding the quartic coupling, because it cannot be asymptoti-
cally free without an asymptotically free gauge coupling.

the CAF analysis, we required a positive value of «;, and
therefore there are no physical valid asymptotically free RG
trajectories (see Sec. II).

To compare more values of N and p using flow
diagrams, we consider four scenarios in Figs. 11(a),
11(b), and 12. Figure 11(a) shows whether the gauge
and Yukawa coupling are asymptotically free. Green (red)
background color indicates the presence (absence) of
asymptotic freedom for both couplings. The same values
of N and p are shown in the second grid in Fig. 11(b),
where the coupling space is the gauge vs the quartic
coupling. In this case green (red) background color
indicates the presence (absence) of asymptotic freedom
for the quartic coupling.

Let us now consider the case Yukawa coupling on
fixed flow. This changes nothing in the flow plots of the
gauge vs Yukawa coupling. The conditions of the quartic
couplings do, however, change on fixed flow, as can be
seen in Fig. 12. The three figures in the bottom left all
exhibit similar behavior. Below the line of the fixed flow
(of the scalar and gauge coupling), the flow moves to a
negative quartic coupling before flowing up to the origin,
or the flow comes from negative infinity before reaching
the origin. Even though this flow tends toward a; = 0, it
does so from a negative quartic coupling, which is not
physical. The RG flow above the fixed-flow line (green
dashed line) goes toward a Landau pole. Thus, only
exactly on the fixed-flow line is it possible to have a
complete asymptotically free theory with a positive
quartic coupling at all energy scales. These three flow
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(a) All couplings on fixed flow

30

plots also have asymptotically free gauge coupling, since
the flow moves toward the origin.

The plot in the top right of Fig. 12 exhibits non-
asymptotic freedom. This is evident from the RG flow,
which never tends toward a; = 0. This is because the gauge
coupling is not asymptotically free for these values of N
and p.

Now, combining the information from the three plots, we
conclude that on fixed flow the theory is only CAF for one
of the four parameter sets, namely when N = 10 and
p = 30. Going back to Fig. 1, these values lie within
the light blue CAF region. Additionally, on fixed flow three
of the four parameter sets are CAF, effectively only the
boundary coming from the gauge coupling influences
whether the model is CAF in that case.

Together, from Figs. 11(a), 11(b) and 12, we can
understand the meaning of the CAF regions. Further, the
conclusions drawn from these are consistent with Fig. 1.

2. Chiral models with an
adjoint scalar

In the model described in Sec. V, we obtain
Figs. 13 and 8(a). Similarly to the GG model, only
the case of the Yukawa coupling off fixed flow yields
a CAF region this can be seen by the root signature
in Fig. 13, where only 13(b) has real roots below the
dashed line.
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Root structure of the fourth-degree polynomial for the BY model, for (a) all couplings on fixed flow and (b) the Yukawa

coupling off fixed flow. The shaded regions denote four complex roots (white), four real roots (dark green), and two real and two
complex roots (light green). The dashed black line illustrates the by = 0 condition.
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