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We study how entanglement entropy can be used to reconstruct a dual gravity description. For a two-
dimensional thermal system, equal-time entanglement entropy determines the spatial part of a three-
dimensional black hole geometry within a given metric ansatz. For an undeformed conformal field theory,
the same inverse problem can be solved analytically by the Abel transformation. For a relevant
deformation, we work in three-dimensional Einstein gravity with one canonical scalar field whose profile
is monotonic. The geometry reconstructed from the given entanglement entropy then allows us to
determine the scalar profile and the part of the scalar potential sampled by the renormalization group flow.
It also determines the holographic β- and c-functions.
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I. INTRODUCTION

The AdS/CFT correspondence relates a gravitational
theory in an asymptotic anti–de Sitter (AdS) space to a
quantum field theory (QFT) defined on its boundary [1–4].
This relation gives a useful geometric description of
strongly coupled quantum systems. An important example
is the Ryu-Takayanagi formula [5,6]

SE ¼ AreaðγAÞ
4GN

: ð1:1Þ

It maps the entanglement entropy of a boundary subsystem
to the area of a minimal surface in the bulk. Standard field
theory results and general properties of entanglement
entropy provide the corresponding boundary description
[7–10]. The subsystem size then plays the role of a length
scale in the dual QFT.
The holographic radial direction is also related to the

renormalization group (RG) scale [11–22]. This relation
has been used to study RG flows, entanglement entropy,
and the emergence of bulk geometry from boundary data
[5,6,23–38]. The relation between entanglement and bulk
gravitational dynamics has also been developed from
complementary viewpoints [39–43].

The inverse problem asks whether the bulk geometry can
be obtained from boundary observables. Kinematic-space
and integral-geometric methods reconstruct geometric infor-
mation from boundary geodesics and entanglement data
[44–50]. Closely related metric-reconstruction approaches
use extremal-area variations, noisy entanglement data, lattice
entanglement data, and combinations of entanglement with
other observables [51–57]. Numerical and machine-learning
methods provide another route when analytic inversion is
difficult [58–64]. The authors of Refs. [65–68] studied
closely related inverse constructions of bulk metric func-
tions. The Abel inversion used in this work follows these
previous studies and has the same inverse structure. In the
present work, however, after reconstructing the metric factor,
we use the Einstein-scalar equations to determine the scalar
profile and the part of the potential traced by the flow. The
authors of Ref. [69] used pole skipping of boundary Green’s
functions to reconstruct near-horizon geometric data. Their
observables and reconstruction problem are different from
the entanglement-based method considered here.
In this work, the phrase dual gravity reconstruction has a

restricted meaning. We assume three-dimensional two-
derivative Einstein gravity with one canonical scalar field
together with the metric ansatz and boundary conditions
stated below. Entanglement entropy does not determine an
arbitrary gravitational action. Within this model class, it
determines the spatial metric and, for a monotonic RG flow,
allows us to infer the scalar profile and the sampled part of
the scalar potential. We first study a finite-temperature
example. Equal-time entanglement entropy reconstructs
the spatial radial geometry. The temporal metric component
and the Hawking temperature require an additional bulk
completion. We then consider a zero-temperature relevant
deformation. The Abel transformation gives the warp factor,
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which is then used in the Einstein-scalar equations to
determine the scalar sector and RG observables such as
the β- and c-functions.
The paper is organized as follows. Section II discusses the

thermal system and the reconstruction of its spatial black
hole geometry. Section III studies the scalar deformation and
reconstructs the corresponding RG flow. Section IV gives
the discussion.

II. HOLOGRAPHIC DUAL GEOMETRIES OF
THERMAL SYSTEMS

We consider a (dþ 1)-dimensional AdS black hole with
N multiple hairs, which is governed by the following
action:

S ¼ 1

2κ2

Z
ddþ1x

ffiffiffiffiffiffiffi
−G

p
ðR − 2ΛÞ þ Smatter; ð2:1Þ

where the conserved charges derived from a matter action
Smatter provide (N − 1) hairs. Then, the Einstein equation is
reduced to

RMN −
1

2
RGMN þ ΛGMN ¼ TMN; ð2:2Þ

where TMN is the energy-momentum tensor derived from
Smatter. To describe a black hole, which corresponds to a
thermal system on the dual field side, we use the following
metric ansatz:

ds2 ¼ R2

z2

�
−fðzÞdt2 þ 1

fðzÞ dz
2 þ δijdxidxj

�
; ð2:3Þ

where fðzÞ approaches one at the boundary (z → 0), so that
the geometry is asymptotically AdS. At finite temperature
we additionally assume the Schwarzschild gauge relation
gttgzz ¼ −R4=z4, so that the same blackening function fðzÞ
appears in gtt and gzz. Equal-time entanglement entropy
directly constrains the spatial component gzz, but does not
independently determine gtt. Consequently, the Hawking
temperature follows only after imposing this metric ansatz.
It is not inferred from equal-time entanglement data alone.
If there is no Smatter, an AdS Schwarzschild black hole
appears as a general solution with

fðzÞ ¼ 1 −Mzd; ð2:4Þ

where M indicates a black hole mass. On the dual QFT
side, the black hole mass is reinterpreted as the energy of
massless radiation.
Adding more matter Smatter further generalizes the

Schwarzschild black hole into a multihair black hole, for
example, a p-brane gas geometry [70–72]. The energy-
momentum tensor of (pþ 1)-branes is proportional to the
number density of (pþ 1)-branes, which deforms the

blackening factor to be

fðzÞ ¼ 1 −
Xd−2
p¼0

ρpzd−p−1 −Mzd; ð2:5Þ

where we omit the case with p ¼ d − 1 because d-branes
shift the background cosmological constant. On the dual
QFT side, ρp is reinterpreted as the number density of p-
dimensional solitonic objects. For example, ρ0 indicates the
number density of heavy particles, whereas ρ1 is the
number density of solitonic one-dimensional objects on
the dual QFT side.
In holography, the black hole geometry encodes the

thermodynamics of the dual thermal state. The Hawking
temperature and the Bekenstein-Hawking entropy follow
directly from the metric

TH ¼ −
f0ðzhÞ
4π

and SBH ¼ V
4G

Rd−1

zd−1h

; ð2:6Þ

where V indicates a (d − 1)-dimensional regularized vol-
ume. From the holography point of view, the black hole’s
temperature and entropy are reinterpreted as those of the
dual QFT. The other thermodynamic quantities can be
derived by applying the thermodynamic law [72]

dUðSBH; Na; VÞ ¼ THdSBH þ
X
a

μadNa − PdV; ð2:7Þ

where Na are n conserved quantities. We include the
particle number N0 ¼ ρ0V among them. More generally,
Np ¼ ρpV for p ¼ 0;…; n − 1. Thus derivatives with
respect to V below are taken at fixed Na, in particular at
fixed N0, rather than at fixed density ρ0. As a result, when
the volume is fixed, the thermal system is characterized by
temperature and matter densities, and then other thermo-
dynamic quantities are given as functions of thermody-
namic variables, TH and ρp.
Given Na and V, the internal energy of the thermal

system is derived by

UðSBH; Na; VÞ ¼
Z

THdSBH

¼ ðd − 1ÞRd−1V
16πG

Z
dzh

f0ðzhÞ
zdh

: ð2:8Þ

After the Legendre transformation, the free energy also
reads

FðTH;Na; VÞ ¼ U − THSBH: ð2:9Þ

Define the ground state energy and pressure at zero
temperature
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U0 ¼ lim
TH→0

U;

P0 ¼ lim
TH→0

P ¼ − lim
TH→0

∂F
∂V

����
TH;Na

: ð2:10Þ

Then, the thermal energy and thermal pressure become

Uth ¼ U −U0 and Pth ¼ P − P0: ð2:11Þ

From these thermodynamic quantities, we evaluate some
physical quantities characterizing the thermal system, like
an equation of state and a specific heat

w ¼ PthV
Uth

and cV ¼ ∂Uth

∂TH
: ð2:12Þ

Now, we consider the entanglement entropy of the dual
thermal system. To evaluate the entanglement entropy, we
consider a strip-shaped subsystem, −l=2 ≤ x1 ¼ x ≤ l=2
and −L=2 ≤ xi ≤ L=2 with L → ∞. In the holographic
setup, its entanglement entropy is described by a minimal
surface extending to the dual geometry. This is called the
Ryu-Takayanagi formula. Then, the entanglement entropy
is determined by the area of a minimal surface [5,6,25]

SE ¼ Rd−1Vd−2

4G

Z
l=2

−l=2
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z02 þ f

p
zd−1

ffiffiffi
f

p ; ð2:13Þ

where Vd−2 ¼ Ld−2 and the prime means a derivative with
respect to x. Using conserved quantities and introducing a
turning point zt where z0 ¼ 0, we determine the subsystem
size and the entanglement entropy as functions of the
turning point

lðztÞ ¼
Z

zt

ϵ
dz

2zd−1ffiffiffiffiffiffiffiffiffi
fðzÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2ðd−1Þt − z2ðd−1Þ
q ;

SEðztÞ ¼
Rd−1Vd−2

2G

Z
zt

ϵ
dz

zd−1t

zd−1
ffiffiffiffiffiffiffiffiffi
fðzÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2ðd−1Þt − z2ðd−1Þ
q ;

ð2:14Þ

where ϵ is introduced as a UV cutoff. Here, we can remove
the UV cutoff by applying an appropriate renormalization
procedure. In this work, for convenience, we introduced a
small physical UV cutoff ϵ ¼ 10−3, which is reinterpreted
as the lattice spacing in condensed matter theory.
Combining the above two relations and removing the

turning point, we can also determine the entanglement
entropy as a function of the subsystem size, SEðlÞ. In this
case, the entanglement entropy always satisfies the follow-
ing relation [60,61]:

dSE
dl

¼ Vd−2

4G
Rd−1

zd−1t
: ð2:15Þ

In an infinite subsystem size limit (l → ∞ and zt → zh),
the entanglement entropy is reduced to the Bekenstein-
Hawking entropy

SBH ¼ lim
zt→zh

SE ¼ V
4G

Rd−1

zd−1h

; ð2:16Þ

where a (d − 1)-dimensional volume is given byV ¼ lLd−2.

A. Multiple-hair black hole as the effective theory of a
dual thermal system

We now solve the inverse problem. The entanglement
entropy is taken as input, and the metric function is obtained
from the holographic integral equation in Eq. (2.14). Related
inverse problems have also been studied with machine-
learning methods [60,61,73]. We assume that the QFT has a
UV fixed point. The corresponding bulk geometry is
asymptotically AdS and satisfies fð0Þ ¼ 1.
Now, we parametrize the radial coordinate as

zi ¼ ϵþ iδz ð2:17Þ

with

δz ¼ zh − ϵ

N
ð2:18Þ

where N is a large integer. Then, the range of z is restricted
to ϵ ≤ z ≤ zh, where ϵ is interpreted as the lattice spacing.
According to the holography principle in Eq. (2.14), the
subsystem size and entanglement entropy are determined
by the radial coordinate in Eq. (2.17)

ln ¼
Xn
i¼1

Z
zi

zi−1

dz
2zffiffiffiffiffiffiffiffiffiffi

f̄ðziÞ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2n − z2
p ;

Sn ¼
Xn
i¼1

R
2G

Z
zi

zi−1

dz
zn

z
ffiffiffiffiffiffiffiffiffiffi
f̄ðziÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2n − z2

p ; ð2:19Þ

where zn parametrizes the turning point and f̄ðziÞ is defined
as the average value of fðzi−1Þ and fðziÞ,

f̄ðziÞ ¼
fðzi−1Þ þ fðziÞ

2
: ð2:20Þ

After imposing the boundary condition, fðz0Þ ¼ 1where
z0 ¼ ϵ, we can find fðziÞ successively. For example, when
we set n ¼ 1, l1 and S1 depend only on fðz1Þ. Combining
these results, we find fðz1Þ satisfying l1 ¼ lðz1Þ and S1 ¼
SEðz1Þ simultaneously. Using the known fðz0Þ and fðz1Þ,
we also find fðz2Þ satisfying l2 ¼ lðz2Þ and S2 ¼ SEðz2Þ.
Repeating this procedure, we finally obtain fðziÞ for
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i ¼ 1;…; n. Then, we derive the metric factor from the
entanglement entropy data SEðlÞ,

f̄ðz̄iÞ ¼
fðzi−1Þ þ fðziÞ

2
at z̄i ¼

zi−1 þ zi
2

; ð2:21Þ

which corresponds to the average value of fðzÞ in the range
of zi−1 ≤ z ≤ zi.

B. Thermodynamic quantities from reconstructed
black hole geometry

Let us first consider the benchmark entanglement
entropy SEðlÞ shown in Fig. 1(a). Its large-l volume
law is characteristic of a thermal state. This behavior does
not uniquely determine the microscopic matter content.
Therefore, we assume a model consisting of radiation and
massive particles to generate the input data.
Following the previous holographic description, we

numerically reconstruct the blackening factor in Fig. 1(b),
which reproduces the given entanglement entropy data in
Fig. 1(a) up to small numerical errors. Using the extrapo-
lation of the numerical blackening factor in Fig. 1(b), we find
that the event horizon appears at

zh ≈ 0.99986: ð2:22Þ

After specifying the temporal completion of the metric, we
evaluate the slope of fðzÞ at the event horizon and determine
the Hawking temperature

TH ¼ −
f0ðzhÞ
4π

≈ 0.12054: ð2:23Þ

From these numerical results, we can further determine the
other parameter ρ0. Within the ansatz specified above, the
dual black hole, according to the holographic relation in
Eq. (2.5), has the following form:

fðzÞ ¼ 1 − ρ0z −Mz2; ð2:24Þ

where the values of ρ0 and M are not yet determined. Since
the black hole must have an event horizon satisfying
fðzhÞ ¼ 0, the black hole mass is rewritten as a function
of zh and ρ0. Therefore, the blackening factor is reexpressed
as

fðzÞ ¼ 1 − ρ0z −
1 − ρ0zh

z2h
z2: ð2:25Þ

Using this metric form together with the numerical values, zh
in Eq. (2.22) and TH in Eq. (2.23), the density of massive
particles and the black hole mass are determined as

ρ0 ¼
2

zh
− 4πTH ≈ 0.48553;

M ¼ 1 − ρ0zh
z2h

≈ 0.51468: ð2:26Þ

As a result, the obtained numerical values determine the
blackening factor, which is the dual geometry of the given
entanglement entropy data

fðzÞ ¼ 1 − 0.48553z − 0.51468z2: ð2:27Þ

Within the assumed black hole model, the reconstructed
spatial geometry can then be used to evaluate thermody-
namic quantities [74–79], although these quantities are not
determined by equal-time entanglement entropy alone.
Applying the thermodynamic law in Eq. (2.7) to the
reconstructed black hole geometry in Eq. (2.27), we obtain
the internal energy associated with the entanglement data in
Fig. 1(a),

(a) (b)

FIG. 1. (a) The entanglement entropy relying on the subsystem size. We evaluate the entanglement entropy holographically for
M ¼ ρ0 ¼ 1=2 with R ¼ G ¼ zh ¼ 1, ϵ ¼ 10−3, and N ¼ 20. (b) When the entanglement entropy is given without knowing the values
of M and ρ0, we reconstruct the dual black hole geometry from the entanglement entropy as the input data.
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U ¼ 16π2T2
H

64π

RV
G

−
ρ20
64π

RV
G

: ð2:28Þ

Here, the first term corresponds to the thermal internal
energy

Uth ¼
πT2

H

4

RV
G

≈ 0.01141
RV
G

; ð2:29Þ

while the last term describes the ground state energy
independent of temperature. From F ¼ U − THSBH we
obtain

F ¼ −
RV
64πG

ð4πTH þ ρ0Þ2

¼ −
R

64πG

�
16π2T2

HV þ 8πTHN0 þ
N2

0

V

�
: ð2:30Þ

Therefore, the pressure of this system is reduced to

P ¼ −
∂F
∂V

����
TH;N0

¼ R
64πG

ð16π2T2
H − ρ20Þ and

P0 ¼ −
Rρ20
64πG

; ð2:31Þ

where P0 denotes the vacuum pressure. Here, N0 ¼ ρ0V
denotes the conserved particle number, so ρ0 ¼ N0=V varies
under the volume derivative. Then, the thermal pressure can
be defined as

Pth ¼ P − P0 ¼
πT2

H

4

R
G
≈ 0.01141

R
G
: ð2:32Þ

The resulting equation of state and specific heat are

w ¼ PthV
Uth

¼ 1;

cV ¼ πTH

2

RV
G

≈ 0.18934
RV
G

> 0: ð2:33Þ

Here, the specific heat is positive, so the thermal system we
consider is thermodynamically stable when the particle
number and volume are fixed. In Table I, we summarize

the obtained numerical results and compare them with the
true values.

III. HOLOGRAPHIC DUAL OF DEFORMED
CONFORMAL FIELD THEORIES BY A SCALAR

OPERATOR

We next ask how much of the bulk theory can be inferred
after the geometry is reconstructed. We consider a zero-
temperature two-dimensional conformal field theory (CFT)
deformed by a scalar operator [80,81]. Related geometric
reconstruction has also been studied with data-driven
methods [58–63,73,82,83]

SQFT ¼ SCFT½Φ� þ
Z

d2xgO½Φ�; ð3:1Þ

where g and O½Φ� indicate a coupling constant and
deformation operator, respectively. Near the undeformed
fixed point, a relevant deformation withΔ < 2 grows as the
RG scale is lowered. It drives the theory away from the UV
fixed point and can lead to different IR physics. For an
irrelevant deformation with Δ > 2, a small dimensionless
coupling decreases as the RG scale is lowered. The fixed
point is therefore attractive in this direction toward the IR.
We define the dimensionless coupling ĝ ¼ μΔ−dg, where
d ¼ 2 and μ is the RG scale. The undeformed fixed point
corresponds to ĝ ¼ 0. For the deformation, we consider the
branch ĝ > 0. Near the fixed point, the β-function is

β ¼ ∂ĝ
∂ log μ

¼ −ðd − ΔÞĝþ � � �; ð3:2Þ

The linear term describes the leading behavior near the
fixed point, and the ellipsis denotes terms of higher order
in ĝ.
This deformed CFT can be understood as holographic

dual gravity. According to the holographic principle, a two-
dimensional CFT is mapped to a three-dimensional AdS
space. In this case, a scalar operator of CFT is mapped to a
bulk scalar field in the holographic setup, which also
deforms the AdS background geometry. Therefore, the
holographic dual of the deformed CFT can be described by
the following Einstein-scalar gravity:

Sgr ¼
1

2κ2

Z
d3x

ffiffiffiffiffiffiffi
−G

p �
R − 2Λ3 −

1

2
∂Mϕ∂

Mϕ −
VðϕÞ
R2

�
;

ð3:3Þ

where Λ3 ¼ −1=R2 and VðϕÞ is dimensionless. We restrict
the reconstruction to three-dimensional two-derivative
Einstein gravity with one canonical scalar. This model is
taken as an input since other bulk actions may support the
same geometry. Using the standard holographic dictionary,
we identify the boundary scalar mode with the coupling

TABLE I. We summarize the thermodynamic quantities de-
rived from the reconstructed dual black hole geometry with R ¼
V ¼ G ¼ 1 and compare them to the true values derived with
M ¼ ρ0 ¼ 1=2.

Derived value True value Error (%)

Uth 0.01141 0.01119 1.97
Pth 0.01141 0.01119 1.97
w 1.00000 1.00000 0.00
cV 0.18934 0.18750 0.98
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constant in the dual theory. Then, the bulk scalar profile can
be mapped to the RG flow of the dual theory. For an
irrelevant operator with Δ > 2 in standard quantization, the
corresponding bulk scalar has positive mass squared. The
scalar potential therefore has a local minimum at ϕ ¼ 0,
satisfying

∂
2VðϕÞ
∂ϕ2

����
ϕ¼0

> 0: ð3:4Þ

The constant solution ϕ ¼ 0 describes the undeformed
CFT and has no nontrivial RG flow. A relevant deforma-
tion, however, corresponds to negative scalar mass squared
and a local maximum of the potential at ϕ ¼ 0, satisfying

∂
2VðϕÞ
∂ϕ2

����
ϕ¼0

< 0: ð3:5Þ

For a relevant deformation, the scalar field moves toward
another minimum of the potential. Its radial evolution
represents the RG flow of the dual QFT, and its back-
reaction changes the bulk geometry. We use this relation to
reconstruct the scalar sector from the QFT entangle-
ment data.

A. Undeformed CFT

We first consider the undeformed UV CFT. Since there is
no nontrivial RG flow, its dual geometry should be pure
AdS. In this case the entanglement entropy is known
analytically, so the inverse problem can also be solved
analytically.
At zero temperature we assume that the scalar deforma-

tion preserves boundary Lorentz symmetry. We also
assume a monotonic scalar profile, so that rðϕÞ is single
valued. A convenient domain-wall metric is

ds2 ¼ dr2 þ μðrÞ2ð−dt2 þ dx2Þ; ð3:6Þ

where μðrÞ ¼ eAðrÞ can be reinterpreted as the RG scale of
the dual QFT. Here, the radial coordinate r extends from
−∞ at IR to ∞ at UV. Thanks to the AdS/CFT correspon-
dence, the entanglement entropy of the dual QFT is
determined by the area of a minimal surface [5,6]. From
the above general metric ansatz in Eq. (3.6), the entangle-
ment entropy is governed by

SE ¼ 1

4G

Z
l=2

−l=2
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r02 þ e2AðrÞ

p
; ð3:7Þ

where the prime denotes a derivative with respect to x.
Using the conserved quantity, the subsystem size l and
entanglement entropy are determined as functions of a
turning point rt, at which r0 ¼ 0,

lðrtÞ ¼
Z

rΛ

rt

dr
2eAðrtÞ

eAðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2AðrÞ − e2AðrtÞ

p ; ð3:8Þ

SEðrtÞ ¼
1

2G

Z
rΛ

rt

dr
eAðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2AðrÞ − e2AðrtÞ
p ; ð3:9Þ

where rΛ denotes an appropriate UV cutoff. When entan-
glement entropy is given, solving these two integral
equations can fix AðrÞ, as done in the previous section.
We next use the Abel transformation to extract the dual
geometry more analytically from the entanglement entropy.
The above entanglement entropy and the subsystem size

are reexpressed as the integral forms of the radial coor-
dinate

SEðrtÞ ¼
1

4G

Z
l=2

−l=2
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r02 þ e2AðrÞ

p

¼ 1

2G

Z
rΛ

rt

dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2AðrÞ

�
dx
dr

�
2

s
;

lðrtÞ ¼
Z

l=2

−l=2
dx ¼ 2

Z
rΛ

rt

dr
dx
dr

: ð3:10Þ

Since dx=dr ¼ 1=r0 ¼ ∞ at the turning point r ¼ rt, we
find the following relation:

dSE
dl

¼ dSE=drt
dl=drt

¼ μt
4G

; ð3:11Þ

where μt ¼ eAðrtÞ. This provides us with information about
the relation between the metric factor and the subsystem
size, μtðlÞ or lðμtÞ. Using the conservation law, the
subsystem size in Eq. (3.8) is rewritten as

lðμtÞ
2μt

¼
Z

μΛ

μt

dμ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

μ2 − μ2t
p �

1

μ

dr
dμ

�
; ð3:12Þ

where μΛ ¼ μðrΛÞ → ∞. This is the form of the Abel
transformation (see Appendix A). Then, dr=dμ is deter-
mined by the inverse Abel transformation

dr
dμ

¼ −
μ

π

d
dμ

Z
μΛ

μ
dμt

lðμtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2t − μ2

p : ð3:13Þ

It was known that the entanglement entropy of a two-
dimensional CFT has the following form

SEðlÞ ¼
R
2G

loglþ SΛðμΛÞ; ð3:14Þ

where SΛðμΛÞ means a UV divergent term independent of
the subsystem size l. Now, we discuss how to reconstruct
the dual geometry of this analytic entanglement entropy.
Since the entanglement entropy is given as a function of the
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subsystem size, Eq. (3.11) determines the turning point as a
function of the subsystem size

μtðlÞ ¼ 4G
dSE
dl

¼ 2R
l

: ð3:15Þ

As a result, we finally determine the subsystem size as a
function of the turning point

lðμtÞ ¼
2R
μt

: ð3:16Þ

Substituting this relation into the inverse Abel transforma-
tion in Eq. (3.13) and evaluating it gives us the following
result:

dr
dμ

¼ −
2Rμ
π

d
dμ

Z
μΛ

μ
dμt

1

μt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2t − μ2

p ¼ R
μ
: ð3:17Þ

Solving this differential equation one more time, we finally
obtain the metric factor of the dual geometry

μðrÞ ¼ er=R: ð3:18Þ

This is the metric of pure AdS space. A constant scalar
profile is consistent with this solution and corresponds to a
fixed point of the scalar dynamics. This example shows that
the spatial dual geometry can be reconstructed analytically
from the entanglement entropy in Eq. (3.14) within the
stated metric ansatz. Appendix B gives a finite-temperature
analytic example. When no closed form is available, the
same inverse relation can be evaluated numerically.

B. Relevant deformation generating a
nontrivial RG flow

We now consider a relevant deformation. The relevant
deformation drives the UV CFT to a different IR fixed
point. In the dual gravity description, a scalar field moves
from an unstable extremum of the potential to a stable one
and backreacts on the geometry [14–16,80,84]. We recon-
struct the warp factor from the entanglement entropy and
then use the bulk equations to determine the scalar profile
and the sampled part of the potential. Figure 2(a) shows the
entanglement entropy used as input. Figure 2(b) shows
dSE=d logl. Its UVand IR limits approach the logarithmic
behavior expected at conformal fixed points. For the plot of
the numerical derivative in Fig. 2(b), data with l < 10−7

are omitted to avoid the end point singularity. The Abel
inversion below uses the full dataset down to l ¼
3.62430 × 10−14.
Applying the inverse Abel transformation in Eq. (3.13),

the radial coordinate is determined as a function of the
metric factor

rðμΛÞ− rðμÞ ¼−
1

π

Z
μΛ

μ
dμ̃ μ̃

d
dμ̃

Z
μΛ

μ̃
dμt

lðμtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2t − μ̃2

p
¼ 1

π

Z
μΛ

μ
dμtlðμtÞ

�
μffiffiffiffiffiffiffiffiffiffiffiffiffiffi

μ2t −μ2
p þ arccos

�
μ

μt

��
;

ð3:19Þ

where we use partial integration to obtain the last relation.
Once lðμtÞ is known, Eq. (3.19) gives rðμÞ. We obtain
μtðlÞ from SEðlÞ by Eq. (3.11), invert it numerically, and
evaluate the Abel integral. This gives AðrÞ ¼ log μðrÞ.
Figure 3 shows AðrÞ and dA=dr.
With the reconstructed metric factor AðrÞ, we can further

determine the scalar field profile and the scalar potential.

(a) (b)

FIG. 2. The input data for the reconstruction process. (a) The entanglement entropy SEðlÞ as a function of subsystem size l, generated
from the theoretical model. (b) The entropic C-function dSE=d ln l. The monotonic decrease from the UV (small l) to the IR (large l)
confirms the validity of the c-theorem and the existence of a proper RG flow. The dashed line in (b) marks the lower end of the plotted
range, l ¼ 10−7. This cut is not used in the reconstruction.
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The dynamics of the dual gravity are governed by the
equations of motion derived from Eq. (3.3)

0 ¼ 4Ȧ2 − ϕ̇2 −
4

R2
þ 2VðϕÞ

R2
; ð3:20Þ

0 ¼ 4Äþ 4Ȧ2 þ ϕ̇2 −
4

R2
þ 2VðϕÞ

R2
; ð3:21Þ

0 ¼ ϕ̈þ 2Ȧ ϕ̇−
1

R2

∂VðϕÞ
∂ϕ

; ð3:22Þ

where the dot means a derivative with respect to the radial
coordinate r. Here, the second and third equations govern the
dynamics of A and ϕ, while the first is a constraint of the
gravity theory. Since they are not independent, the gravity
solution can be determined by only two of them. Subtracting
Eq. (3.20) from Eq. (3.21) yields a direct relation between
the metric and the scalar field kinetic term,

ϕ̇ ¼ �
ffiffiffiffiffiffiffiffiffi
−2Ä

p
: ð3:23Þ

This relation implies that the null energy condition requires
Ä ≤ 0. For a smooth physical reconstruction we therefore
integrate

ϕðrÞ ¼ ϕΛ �
ffiffiffi
2

p Z
rΛ

r
dr̃

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−Äðr̃Þ

q
: ð3:24Þ

In Fig. 4(a), we depict the scalar field profile ϕðrÞ derived
from the reconstructed AðrÞ. Once ϕðrÞ andAðrÞ are known,
Eq. (3.20) determines the scalar potential VðrÞ as a function
of the radial coordinate

VðrÞ ¼ 2 − 2R2Ȧ2 − R2Ä: ð3:25Þ

Inverting ϕðrÞ gives rðϕÞ and therefore the scalar potential
VðϕÞ shown in Fig. 4(b).
To obtain the entanglement entropy data in Fig. 2(a), we

use a specific scalar potential form

VðϕÞ ¼ m2
ϕ

2
ϕ2 þ λ

4
ϕ4; ð3:26Þ

(a) (b)

FIG. 3. The numerical reconstruction results of the metric. (a) The reconstructed warp factor AðrÞ in the range r < 15. (b) The
derivative Ȧ ¼ dA=dr, showing the stability of the reconstruction near the AdS limit (Ȧ ≈ 1).

(a) (b)

FIG. 4. Reconstruction of the scalar sector. (a) The scalar profile ϕðrÞ. (b) The reconstructed scalar potential VðϕÞ is shown by the
numerical points and the benchmark potential of Eq. (3.26) by the red line. The dashed line denotes the AdS vacuum value V ¼ 0. The
reconstructed potential is parametrized by Eq. (3.28).
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where m2
ϕ and λ are dimensionless. According to the AdS/

CFT dictionary, this bulk scalar mass is related to the
conformal dimension Δ of the deformation operator [2–4]

m2
ϕ ¼ ΔðΔ − 2Þ: ð3:27Þ

When m2
ϕ > 0 for λ > 0, the deformation is irrelevant and

the scalar potential has a stable minimum at the UV fixed
point. For m2

ϕ < 0, the deformation is relevant and the
potential has a local maximum at ϕ ¼ 0. The nonzero

extrema satisfy ϕ� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−m2

ϕ=λ
q

. We consider the branch

ϕ > 0. For the data in Fig. 2(a), we usem2
ϕ ¼ −3=4, λ ¼ 3,

R ¼ 1, and G ¼ 1=4. In the reconstruction procedure, we
parametrize the reconstructed scalar potential along the RG
trajectory as

VðϕÞ ¼ c0 þ c1ϕþ c2ϕ2 þ c3ϕ3 þ c4ϕ4: ð3:28Þ

The benchmark AdS vacuum satisfies Vð0Þ ¼ 0, but we do
not impose this condition on the fit. An unconstrained fit of
the five coefficients to the 481 reconstructed points
gives ðc0;c1;c2;c3;c4Þ¼ð−0.00003;−0.00790;−0.37224;
0.03761;0.72944Þ, which is compared with the benchmark
coefficients ð0; 0;−0.375; 0; 0.750Þ in Eq. (3.26). The
small nonzero values of c0, c1, and c3 are interpreted as
numerical errors in the reconstruction procedure. The
ultraviolet and noise sensitivities of the reconstruction
are summarized in Appendix C.
The reconstructed coefficient givesm2

ϕ¼2c2¼−0.74448.
To understand this result, we note that Eq. (3.27) has

two solutions, Δ� ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

ϕ

q
, with Δþ ≃ 1.50549

and Δ− ≃ 0.49451. Near the boundary, ϕðzÞ¼ϕ−zΔ−þ
ϕþzΔþ þ���. We use standard quantization, for which
ϕ− is the source, ϕþ is the response, and the operator
dimension is Δ ¼ Δþ > 1. Alternative quantization assigns
Δ−. Numerically we impose ϕðrΛÞ ¼ 0 and choose the

positive monotonic branch that flows from ϕ ¼ 0 to the
exact IR fixed point ϕIR ¼ 1=2. These choices are model
and boundary inputs, and the source amplitude ϕ− is not
independently inferred from entanglement data. The stan-
dard-quantization result agrees with the input valueΔ ¼ 3=2
within the numerical error. Within this assumed holographic
dictionary, the metric factor μ and scalar mode define the RG
scale and running coupling, so we obtain the β-function [80]

βðϕÞ ¼ dϕðμÞ
d logμ

: ð3:29Þ

Figure 5(a) shows the resulting β-function. It vanishes at the
UV and IR fixed points, ϕ ¼ 0 and ϕ ¼ 1=2, respectively.
Between the two points it remains negative for the positive
branch of the relevant deformation. The holographic c-
function is defined by [85–87]

c ¼ 3

2G
1

Ȧ
: ð3:30Þ

Figure 5(b) shows that the holographic c-function decreases
monotonically from ϕ ¼ 0 to ϕ ¼ 0.5, in agreement with
the c-theorem.

IV. DISCUSSION

We study an inverse holographic problem using entan-
glement entropy as the boundary input. At finite temper-
ature, equal-time entanglement entropy determines the
spatial radial geometry within the assumed metric ansatz.
The temporal component is not fixed by these data alone.
Therefore, the Hawking temperature and the thermody-
namic quantities derived from it require an additional
temporal bulk completion. Once this completion and the
matter model are specified, we show that the reconstructed
geometry gives thermodynamic quantities consistent with
the assumed thermal system.

(a) (b)

FIG. 5. (a) The β-function as a function of the coupling constant ϕ. (b) The holographic c-function as a function of the coupling
constant ϕ.
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For a zero-temperature relevant deformation, the Abel
inversion directly determines the warp factor from the
entanglement entropy. The Abel inversion itself follows
the inverse structure developed in previous studies. In the
Einstein-scalar model considered here, we then use the bulk
equations to determine a monotonic scalar profile and the
part of VðϕÞ traced by the RG flow. In this sense, the
reconstruction goes beyond the spatial geometry and gives
information about the scalar sector. However, this does not
imply that entanglement entropy selects a unique gravita-
tional action. The result is a reconstruction inside the stated
Einstein-scalar model class and only the part of the
potential sampled by the flow is determined. After finding
a solution satisfying the equations of motion of the assumed
gravity theory, we show that the reconstruction reproduces
the expected scalar potential with small errors and gives the
β- and c-functions describing the flow between the UV
and IR fixed points. This conclusion applies to smooth
theoretical data with sufficiently deep UV coverage,
because the present procedure is highly sensitive to noise
(Appendix C).
These results show that, within the assumed bulk model

and holographic dictionary, entanglement entropy can
provide information beyond the reconstructed spatial met-
ric. Extensions to higher-dimensional systems, defect CFTs
[88,89], and finite-temperature RG flows with scalar hair
are interesting future directions. More general geometries
may require additional boundary data.
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APPENDIX A: ABEL TRANSFORMATION

Assume that a function FðyÞ is expressed as an integral
of an unknown function fðrÞ

FðyÞ ¼
Z

∞

y
dr

fðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − y2

p ; ðA1Þ

which is known as the Abel transformation. Then, the
unknown function fðrÞ can be determined by the inverse
Abel transformation [90]

fðrÞ ¼ −
2r
π

Z
∞

r
dy

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − r2

p dFðyÞ
dy

¼ −
2

π

d
dr

Z
∞

r
dy

yFðyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 − r2

p ; ðA2Þ

where we assume

lim
y→∞

yFðyÞ ¼ 0: ðA3Þ

This relation indicates that the inverse Abel transformation
in Eq. (A2) is the solution of the integral equation
in Eq. (A1).
To prove the Abel transformation, we substitute Eq. (A2)

into Eq. (A1) and calculate it

ðA:1Þ ¼ −
2

π

Z
∞

y
dr

rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − y2

p Z
∞

r
dȳ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ȳ2 − r2

p dFðȳÞ
dȳ

¼ −
2

π

Z
∞

y
dȳ

dFðȳÞ
dȳ

Z
ȳ

y
dr

rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − y2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ȳ2 − r2

p
¼ −

Z
∞

y
dȳ

dFðȳÞ
dȳ

¼ FðyÞ: ðA4Þ

This result proves that Eq. (A2) automatically satisfies the
Abel transformation in Eq. (A1). The Abel transformation
is useful for deriving the dual geometry from entanglement
entropy without resorting to heavy numerical simulations.
When FðyÞ is continuously differentiable and satisfies

Eq. (A3), the Abel inversion is mathematically unique. The
physical reconstruction requires two further conditions. We
require μtðlÞ to be monotonic so that the inverse function
lðμtÞ is single valued. We also require a monotonic scalar
profile so that ϕðrÞ can be inverted and the potential can be
written as VðϕÞ. These are conditions of the reconstruction
rather than information supplied by entanglement entropy
alone. Under these conditions the Abel inversion and the
subsequent reconstruction are unique only within the stated
Einstein-scalar ansatz and over the scalar field interval
sampled by the flow. We therefore do not claim uniqueness
of the underlying gravitational action from entanglement
entropy alone. Different bulk actions may support the same
reconstructed background geometry.

APPENDIX B: INVERSE ABEL
TRANSFORMATION OF THE ENTANGLEMENT

ENTROPY

To apply the Abel transformation, we consider a static
and translationally invariant three-dimensional geometry in
the radial gauge
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ds2 ¼ r2

R2
ð−FðrÞdt2 þ dx2Þ þ R2

r2
1

GðrÞ dr
2; ðB1Þ

whereFðrÞ andGðrÞ are undetermined functions. Assuming
the holographic relation, the entanglement entropy of the
dual QFT is governed by

SE ¼ 1

4G

Z
l=2

−l=2
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

R2
þ R2

r2GðrÞ
�
dr
dx

�
2

s
: ðB2Þ

For an equal-time interval, this functional depends on the
spatial radial metric function GðrÞ but not on the temporal
function FðrÞ. Therefore the Abel inversion below recon-
structs GðrÞ only. The function FðrÞ remains undetermined
by equal-time entanglement entropy. Relating FðrÞ to GðrÞ
requires additional bulk equations/model assumptions or a
Schwarzschild gauge choice. Using the translational invari-
ance in the x-direction, the subsystem size and the entan-
glement entropy are reexpressed as the radial integrals

lðrtÞ
2R2rt

¼
Z

∞

rt

dr
1

r2
ffiffiffiffiffiffiffiffiffiffi
GðrÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 − r2t
p ; ðB3Þ

SEðrtÞ ¼
R
2G

Z
∞

rt

dr
1ffiffiffiffiffiffiffiffiffiffi

GðrÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − r2t

p ; ðB4Þ

where rt indicates a turning point satisfying dr=dx ¼ 0
at r ¼ rt.
Recalling that the integrals in Eqs. (B3) and (B4) are in

the form of the Abel transformation, the undetermined
metric factor GðrÞ can be fixed by the inverse Abel
transformation

1ffiffiffiffiffiffiffiffiffiffi
GðrÞp ¼ −

r2

πR2

d
dr

Z
∞

r
drt

lðrtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2t − r2

p : ðB5Þ

To determine GðrÞ by this procedure, we need lðrtÞ. If the
entanglement entropy SEðlÞ is known, this function fol-
lows from the derivative of the entropy. To see this, we take
into account alternative expressions for the subsystem size
and the entanglement entropy

lðrtÞ ¼
Z

l=2

−l=2
dx ¼ 2

Z
∞

rt

dr
dx
dr

; ðB6Þ

SEðrtÞ ¼
1

2G

Z
∞

rt

dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

R2

�
dx
dr

�
2

þ R2

r2GðrÞ

s
: ðB7Þ

Recalling that dx=dr → ∞ at the turning point, these
alternative relations lead to the following identity relation:

dSE
dl

¼ dSE=drt
dl=drt

¼ 1

4G
rtðlÞ
R

: ðB8Þ

From this result, the size of the subsystem can be expressed
as a function of the turning point lðrtÞ, which in turn allows
us to determine the metric function GðrÞ in Eq. (B5).

1. For CFT at zero temperature

At the critical point with the conformal symmetry, the
entanglement entropy has the following analytic form
[5,6,91]:

SE ¼ R
2G

log

�
lrΛ
R2

�
; ðB9Þ

where rΛ → ∞ is an appropriate UV cutoff. Applying
Eq. (B8), we find the subsystem size as a function of the
turning point

lðrtÞ ¼
2R2

rt
: ðB10Þ

Plugging this into Eq. (B5)

1ffiffiffiffiffiffiffiffiffiffi
GðrÞp ¼ −

2r2

π

d
dr

Z
∞

r
drt

1

rt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2t − r2

p ; ðB11Þ

and performing the integration, we finally obtain the
following result:

GðrÞ ¼ 1: ðB12Þ

This is the spatial radial metric function of AdS. Thus, the
critical entanglement entropy reconstructs GðrÞ ¼ 1.
Identifying the full spacetime as AdS additionally uses
the temporal completion FðrÞ ¼ 1 within the assumed
Lorentz-invariant/Einstein-gravity setting.

2. For thermal CFT

We now take into account a more nontrivial example. For
a two-dimensional CFT at finite temperature, the entangle-
ment entropy is given by [5,6,92]

SE ¼ c
3
log

�
rΛ

πR2TH
sinh ðπTHlÞ

�
; ðB13Þ

where rΛ is an appropriate UV cutoff and R is introduced
for the correct dimension counting. In the IR limit
(l → ∞), the entanglement entropy is reduced to

SE ¼ l
2G

πRTH; ðB14Þ

where we use the holographic relation, c ¼ 3R=ð2GÞ and
V ∼ l in the IR limit. Recalling that the thermal entangle-
ment entropy approaches a thermal entropy [92] and
comparing this with the Bekenstein-Hawking entropy in
Eq. (2.16) for d ¼ 2, we determine the temperature as a
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function of a black hole horizon

TH ¼ rh
2πR2

: ðB15Þ

Here TH is the thermal parameter appearing in the
boundary CFT entropy. Its interpretation as the Hawking
temperature of a full bulk spacetime requires the additional
temporal metric completion discussed below. Using this
relation, we can reexpress the above entanglement entropy
in terms of the dual gravity theory’s variables

SE ¼ R
2G

log

�
2rΛ
rh

sinh

�
rhl
2R2

��
: ðB16Þ

At this stage, conformal symmetry suggests a Bañados-
Teitelboim-Zanelli (BTZ) completion [93].
Applying Eq. (B8), the subsystem size is determined in

the following form:

lðrtÞ ¼
R2

rh
log

�
rt þ rh
rt − rh

�
: ðB17Þ

Plugging this into the inverse Abel transformation, the
metric factor can be written as

1ffiffiffiffiffiffiffiffiffiffi
GðrÞp ¼ −

r2

πrh

dIðrÞ
dr

; ðB18Þ

where I is defined as

IðrÞ ¼
Z

∞

r
drt

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2t − r2

p log

�
rt þ rh
rt − rh

�
: ðB19Þ

Performing this integral with successive changes of vari-
able, we finally arrive at

IðrÞ ¼ 2π

�
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ rh
r − rh

r
−
π

4

�
¼ π arcsin

�
rh
r

�
: ðB20Þ

Finally, we derive the following spatial radial metric
function from the thermal entanglement entropy in
Eq. (B16)

GðrÞ ¼ 1 −
r2h
r2

: ðB21Þ

This is precisely the radial metric function of the BTZ
geometry. If we impose the Schwarzschild metric ansatz,
we obtain FðrÞ ¼ GðrÞ, which leads to the Schwarzschild/
BTZ completion within the assumed Einstein-gravity
model. As a result, this analytic example shows that the
entanglement entropy data can reconstruct the dual gravity
within the appropriate assumptions.

APPENDIX C: SCALAR-POTENTIAL
RECONSTRUCTION AND SENSITIVITY TESTS

In the convention of Eq. (3.3), the benchmark potential
becomes VðϕÞ ¼ −0.375ϕ2 þ 0.750ϕ4. We reconstruct
this benchmark potential with the five coefficients
c0;…; c4 in Eq. (3.28). Before the polynomial fit, we
discard points whose numerically evaluated Ȧ lies outside
0.99 < Ȧ < 1.02. We refer to this selection as the Ȧ
window filter. We then normalize Ȧ by its mean over
14.5 ≤ r ≤ 15.5 and use the resulting data at r ≤ 15 for the
scalar field and potential reconstruction.
Using the resulting 481 reconstructed points gives ðc0;

c1; c2; c3; c4Þ ¼ ð−0.00003;−0.00790;−0.37224;0.03761;
0.72944Þ with the coefficient of determination R2

fit ¼
0.99958 defined as

R2
fit ¼ 1 −

P
iðVi − VðϕiÞÞ2P

iðVi − V̄Þ2 : ðC1Þ

Here, Vi are the reconstructed values of the potential, VðϕiÞ
is the fitted polynomial in Eq. (3.28), and V̄ is the mean of
Vi. Thus, R2

fit measures how well the polynomial represents
the reconstructed points, not how close they are to the
benchmark potential. An additional local numerical filter
leaves 472 points and changes the result only slightly to
ð−0.00003;−0.00792;−0.37202; 0.03695; 0.73005Þ. The
quadratic and quartic coefficients remain close to the
benchmark values c2 ¼ −3=8 and c4 ¼ 3=4.
Table II shows the dependence of the reconstructed

coefficients on the lower entanglement cutoff lmin, below

TABLE II. UV-cutoff dependence of the reconstructed coefficients.

lmin c0 c1 c2 c3 c4 EV

3.62430 × 10−14 −0.00003 −0.00790 −0.37224 0.03761 0.72944 0.00111

10−12 −0.00003 −0.00790 −0.37224 0.03761 0.72943 0.00111

10−10 −0.00003 −0.00790 −0.37222 0.03754 0.72950 0.00111

10−9 −0.00003 −0.00790 −0.37227 0.03769 0.72936 0.00111

10−8 −0.00004 −0.00778 −0.37155 0.03481 0.73121 0.00109

10−7 −0.00196 −0.17158 0.83340 −2.83823 2.81767 0.00680

10−6 0.02442 −0.79821 3.63562 −7.82818 5.83027 0.02613
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which the input data are discarded. The same Abel inversion,
Ȧ window filter, scalar reconstruction, and quartic para-
metrization are used for every row, while the local filter
leaving 472 points is not applied in Tables II and III. HereEV
is the rms deviation from the benchmark potential over
0.10 ≤ ϕ ≤ 0.45. The reconstructed coefficients remain
nearly unchanged for lmin ≤ 10−9 and change only modestly
at 10−8, whereas the reconstructions with lmin ¼ 10−7 and
10−6 no longer reproduce the benchmark potential faithfully.
The large R2

fit at 10
−7 (R2

fit ¼ 0.99798) also shows that R2
fit

alone is not a sufficient criterion for recovering the bulk
potential.
We test the sensitivity of the inverse reconstruction to

controlled Gaussian perturbations of the boundary entan-
glement data,

SnoisyE ðliÞ ¼ SEðliÞ þ σΔSEξi;

ΔSE ¼ max
li≥10−7

SEðliÞ − min
li≥10−7

SEðliÞ: ðC2Þ

Here, the ξi are independent standard normal random
variables, and ΔSE is the range of the unperturbed entropy
values over the sampled points to which noise is added.
Thus, the additive noise at each perturbed point has
standard deviation σΔSE. Noise is added to the 530
sampled points with 1.01034 × 10−7 ≤ l ≤ 1.87946, for
which ΔSE ¼ 33.29145. The remaining 470 points with
l < 10−7 are kept unperturbed and retained in the inver-
sion. Consequently, the σ ¼ 0 row of Table III coincides
with the full-data reference reconstruction. For each

nonzero noise level, we perform 20 independent realiza-
tions using the same reconstruction procedure and repeat
the unconstrained five-coefficient fit. Table III reports the
median values of c3 and R2

fit across these realizations. At
σ ¼ 10−8, the median value of c3 already departs appreci-
ably from its unperturbed value, and the median R2

fit
decreases, even though the deep UV data remain unper-
turbed. At larger noise levels, the median R2

fit falls further,
indicating that the quartic polynomial no longer provides a
good description of the reconstructed points. The smaller
median values of c3 at these noise levels therefore do not
indicate improved agreement with the benchmark potential.
These tests show that the present reconstruction procedure
is highly sensitive to noise in the entanglement data. We
accordingly restrict our conclusions to reconstruction from
smooth theoretical entanglement data with sufficiently deep
UV coverage. Extending the method to data with appreci-
able noise would require additional regularization and a
separate assessment of its accuracy and stability.
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