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We establish a precise formula relating theworld sheet integral of the anti–de Sitter (AdS) Virasoro-Shapiro
amplitude to the energy-energy correlator (EEC) in N ¼ 4 super Yang-Mills theory at strong coupling. This
mapping allows us to evaluate the coefficients of the AdS curvature expansion of the EEC in terms of the
world sheet integral over a unit disk. To illustrate this idea, we explicitly compute the flat-space contribution
and the first curvature correction to the EEC. Our results provide a rigorous description of the stringy energy
flow, demonstrating how world sheet correlators imprint themselves on collider observables and offering
a potential template for effective string descriptions of energy correlators in general gauge theories.
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I. INTRODUCTION

Understanding the flow of energy in quantum field theory
is a fundamental endeavor that bridges the gap between
formal correlation functions and physical detectors. In the
context of QCD, energy-energy correlators (EECs) have
emerged as powerful observables for probing the dynamics
of the strong interaction [1,2] and the internal structure of
jets [3,4] (see [5] for a recent comprehensive review). By
weighting the cross section with the energy of detected
particles, the EEC offers an infrared-safe probe of the
theory’s asymptotic states. Formally, it is defined in terms
of the correlation of light-ray operators [6,7]. However, the
complicated operator structure, running coupling effects and
confinement inherent to QCD make its nonperturbative
structure difficult to analyze.
N ¼ 4 super Yang-Mills theory (SYM) serves as the ideal

laboratory for this endeavor. Despite being conformal, it
captures the physical evolution of energy flow analogous
to QCD. By tuning the ’t Hooft coupling, one observes a
transition from collimated “jets” to a uniform distribution. At
weak coupling, the EEC mirrors perturbative QCD [8–11]
with power-law singularities from light-ray operator product
expansions [7,12–18]. Conversely, at strong coupling, due to

AdS/CFT [19–21] it is described by the supergravity
approximation and becomes flat [22].
Despite our control over the weak- and infinite-coupling

limits, the intermediate regime remains elusive (see [23] for
recent work in this direction). This is the domain where the
“stringy” nature of the theory is manifest, which is dual to the
finite-size effects of strings. Understanding how these stringy
features imprint themselves on the angular distribution of
energy is a crucial step toward connecting the pointlike
descriptions of perturbative scattering with the extended
objects of holographic models. Recent breakthroughs in
bootstrapping the AdS Virasoro-Shapiro amplitude [24,25]
permit a precise analysis of the stringy dynamics.
In this paper, we present a rigorous derivation of the

stringy energy flow from a world sheet point of view. We
establish a direct mapping between the world sheet dynam-
ics and the statistical energy correlations on the boundary.
By transforming the AdS Virasoro-Shapiro amplitude
from Mellin space to the detector sphere, we express the
coefficients of the EEC in the AdS curvature expansion as
integrals over the string moduli space. This result provides
an explicit dictionary for translating world sheet resonances
into observable angular patterns. As a concrete application,
we compute the flat-space limit and the first curvature
correction, offering a prototype for constructing effective
string descriptions of energy flow applicable to QCD-
like theories.

II. ENERGY-ENERGY CORRELATOR
FROM LOCAL CORRELATOR

Consider a scattering process created by some source
operatorO with total momentum qμ, the EEC measures the
energy flux correlation between two detectors, defined as

*Contact author: lecheng.ren@qmul.ac.uk
†Contact author: b_w@zju.edu.cn
‡Contact author: c.wen@qmul.ac.uk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 113, 106013 (2026)

2470-0010=2026=113(10)=106013(7) 106013-1 Published by the American Physical Society

https://orcid.org/0000-0002-0846-8017
https://orcid.org/0000-0002-7119-0791
https://orcid.org/0000-0002-5174-1576
https://ror.org/026zzn846
https://ror.org/00a2xv884
https://crossmark.crossref.org/dialog/?doi=10.1103/m9q6-47z2&domain=pdf&date_stamp=2026-05-12
https://doi.org/10.1103/m9q6-47z2
https://doi.org/10.1103/m9q6-47z2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


EECðξÞ ¼ 8π2

q2σ0

Z
d4x13eiq·x13hOðx1ÞEðn2ÞEðn4ÞOðx3Þi;

where xij ¼ xi − xj and σ0 is the total cross section. The
energy flow operator is given by the integral of the stress
tensor along null infinity,

Eðn⃗Þ ¼ lim
r→∞

r2
Z

∞

0

dtniT0iðt; rn̂Þ: ð1Þ

Here, E represents the energy-flow operator placed at null
infinity in the direction specified by the unit vector n ¼ ð1; n̂Þ
and Tμν is the stress tensor. The correlator depends on a single
cross ratio ξ related to the angle θ between two detectors, in
the rest frame of the source we have ξ ¼ sin2ðθ=2Þ.
For N ¼ 4 SYM, the EEC can be related to a four-point

function of superconformal primary operators of dimen-
sion two (denoted O200 in the literature). Crucially, these
operators belong to the same supermultiplet as a stress
tensor, which makes it possible to relate their correlation
function to the EEC. A key step is to Wick rotate the
Euclidean correlation function—where most explicit com-
putations in the literature have been performed—to the
corresponding Wightman function. This procedure leads
to the Mellin representation of the energy-energy corre-
lator established in [9,10],

EECðξÞ ¼
Z þi∞

−i∞

ds
2πi

dt
2πi

Mðs; tÞKðt; ξÞ; ð2Þ

where the kernel is given by

Kðt; ξÞ ¼ −
πt2ðt − 2Þ2

128ξ3 sin ðπt=2Þ
�

ξ

1 − ξ

�
1þt

2

: ð3Þ

We can choose the contour between 1 < ReðsÞ;ReðtÞ < 2.
Mðs; tÞ denotes the Mellin amplitude of the four-point
function Hðu; vÞ of O200 ’s,

Hðu; vÞ ¼
Z þi∞

−i∞

dsdt
ð2πiÞ2 u

svtMðs; tÞ

× Γð2 − s=2Þ2Γð2 − t=2Þ2Γð2 − ũ=2Þ2; ð4Þ

where u, v are cross-ratios and sþ tþ ũ ¼ 4. We will
focus on the planar limit. In the strong coupling expan-
sion, Mðs; tÞ comprises the supergravity contribution and
an infinite series of stringy corrections (see e.g., [26–32]),

Mðs; tÞ ¼ 8

ðs − 2Þðt − 2Þðũ − 2Þ þ
120ζ3
λ3=2

þ � � � : ð5Þ

Higher-order corrections consist of symmetric polynomials in
theMellin variables s, t, and ũ. While substituting the leading
supergravity term into Eq. (2) yields precisely 1 [22],
a naïve term-by-term integration of the higher-order

polynomials leads to divergences in the s-integration.
To obtain a well-defined result, we must reorganize the
summation and integration. The physical EEC, which is
expected to be free of divergence, can be organized in the
strongly coupled regime as

EECðξÞ ¼ 1þ
X∞
k¼0

λ−
k
2
−1

Xk
n¼0

ck;nQk−nðξÞ: ð6Þ

Here, the functions QnðξÞ carry the dependence on the
variable t in the kernel, defined as [33]

QnðξÞ ¼
Z þi∞

−i∞

dt
2πi

tnKðt; ξÞ: ð7Þ

It is easy to note Q0ðξÞ ¼ 1–6ξþ 6ξ2, and more general
QnðξÞ can be determined through a recurrence rela-
tion QnðξÞ ¼ ∂ξð2ð1 − ξÞξQn−1ðξÞÞ − 2ðξ − 1ÞQn−1ðξÞ.
The validity of the organization in Eq. (6) is rooted in

the structure of stringy corrections. The generic form of
the stringy corrections to the Mellin amplitude scales as
Mðs; tÞ ∼ λ−

3þk
2 Pkðs; tÞ, where Pkðs; tÞ is a polynomial of

degree k. After integrating out s, the polynomials Pkðs; tÞ
reduce to polynomials in t. This naturally organizes the
expansion; terms with the highest power tk correspond to the
index n ¼ 0 (i.e., ck;0) and are governed strictly by the flat-
space limit. Subleading powers tk−1 correspond to n ¼ 1
(i.e., ck;1) and receive contributions from the first curvature
correction, and so forth. Thus, the index n effectively counts
the order in the curvature expansion away from the flat-space
limit. Previous studies have determined that c0;0 ¼ 4π2

[22,26], as well as results for ck;0 and specific coefficients
such as c1;1 obtained recently in [23]. The objective of this
paper is to provide a universal algorithm for computing the
general coefficients ck;n.
A rigorous derivation of these coefficients, which cir-

cumvents the ambiguities of the naïve expansion, is
achieved by establishing a connection between the EEC
and the AdS Virasoro-Shapiro amplitude AðS; TÞ [24,25].
Since AðS; TÞ is related to the Mellin amplitude via a Borel
transform [34], we obtain

EECðξÞ ¼ 1

2λ3=2

Z
∞

0

dβ
Z þi∞

−i∞

dsdt
ð2πiÞ2

β5

eβ
Aðβŝ; βt̂ÞKðt; ξÞ;

ð8Þ

where

ŝ ¼ s − 4=3

2
ffiffiffi
λ

p ; t̂ ¼ t − 4=3

2
ffiffiffi
λ

p : ð9Þ

Recently, it was shown that the AdS Virasoro-Shapiro
amplitude is expressed as a simple integral of a world sheet
correlator over the Riemann sphere [35],
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AðS; TÞ ¼
Z

d2zjzj−2S−2j1 − zj−2T−2Gtotðz; z̄; S; TÞ; ð10Þ

where the measure reads d2z ¼ dz∧dz̄
−2πi . The world sheet

correlator admits a perturbation series in the curvature
expansion,

Gtotðz; z̄; S; TÞ ¼
X∞
k¼0

λ−
k
2Gtot;ðkÞðz; z̄; S; TÞ; ð11Þ

which is bootstrapped up to second order curvature
corrections [25,44]. For a general integrand Gtot;ðkÞ, it is
convenient to write down the following decomposition:

Gtot;ðkÞ ¼ 1

U2
GðkÞðz; S; TÞ þ jzj2

S2
GðkÞ

�
1

z
;U; T

�

þ j1 − zj2
T2

GðkÞ
�

z
z − 1

; S;U

�
; ð12Þ

where U ¼ −S − T. This decomposition renders the cross-
ing symmetry of AðS; TÞ manifest.
Altogether, Eq. (8) provides a world sheet formulation

for the EEC at strong coupling. Taking this expression as
our starting point, we will demonstrate that by interchang-
ing the order of integrals, one can systematically derive the
expression for the general coefficients ck;n.

III. DEALING WITH INTEGRALS

While Eq. (8) involves multiple layers of integration,
each component admits a clear physical interpretation. We
first recast the expression into the following form:

EECðξÞ ¼ 1

λ

Z þi∞

−i∞

dt
2πi

Z
∞

0

dβe−ββ4Iðβt̂ÞKðt; ξÞ: ð13Þ

Here, we have introduced the function IðTÞ, defined as

IðTÞ ¼
Z þi∞

−i∞

ds
2πi

β

2
ffiffiffi
λ

p Aðβŝ; βt̂Þ ¼
Z þi∞

−i∞

dS
2πi

AðS; TÞ;

ð14Þ

where we have identified S ¼ βŝ and T ¼ βt̂, absorbing the
scaling factors appropriately. This reformulation disentan-
gles the specific contributions of each integral. Since IðTÞ
is the central ingredient in computing the EEC, the relation
Eq. (14) establishes a direct connection between super-
string amplitudes in AdS and the EEC in the dual CFT. For
stringy corrections, IðTÞ can be expanded as a series in βitj
in the large λ expansion. The β-integral in Eq. (13) then
effectively acts as a rescaling, mapping βi → Γðiþ 5Þ
and tj to the functions QjðξÞ. This mapping renders the
relationship between the EEC and the strong coupling

expansion of IðTÞ transparent. The amplitude AðS; TÞ
admits a curvature expansion analogous to that of the
world-sheet correlator; accordingly, we define IðkÞðTÞ as
the integral of the kth order amplitude AðkÞðS; TÞ over S.
Finally, the determination of the coefficients ck;n is reduced
to the small-T expansion of IðTÞ.
It is worth commenting on the phenomenon of “enhance-

ment” characteristic of the EEC at strong coupling. Previous
studies on the leading coefficient c0;0 revealed that the result
is enhanced to 4π2=λ, exceeding the naïve expectation from
leading stringy corrections. Similar enhancements have been
observed in higher-order large-N corrections [45]. We
identify that this enhancement arises from the S-integration
within IðTÞ. The Jacobian factor

ffiffiffi
λ

p
, emerging from the

transformation between Mellin variables and flat-space
parameters, increases the stringy correction from order
λ−3=2 to λ−1. This mechanism is universal across the entire
stringy correction sector.
We now turn to the evaluation of the world-sheet and

S-integrals. A significant simplification is achieved by
interchanging the order of integration. The generic integral
of interest takes the following form:

J jðTÞ ¼
Z

dS
2πi

Z
d2zSjjzj−2S−2Jðz; z̄;TÞ; ð15Þ

where Jðz; z̄;TÞ collects the remaining parts of the inte-
grand of the AdS Virasoro-Shapiro amplitude. Note that
terms involving a U pole can be mapped to the same form
via the shift S → S − T. We evaluate the integral depending
on whether the integer j is negative or non-negative.
Case 1: j < 0. We can employ the Schwinger para-

metrization,

Sj ¼ 1

Γð−jÞ
Z

∞

0

dαα−j−1e−αS:

Substituting this into J jðTÞ and performing the S-integral
yields a delta function constraint,

Z þi∞

−i∞

dS
2πi

e−Sðln jzj2þαÞ ¼ δðαþ ln jzj2Þ:

Since the integration range for the Schwinger parameter is
α∈ ½0;∞Þ, the support of delta function imposes the
constraint ln jzj2 < 0, thereby restricting the spatial integral
to the unit disk jzj < 1 [46]. This allows us to derive
explicit results for specific cases, such as j ¼ −1;−2,

J −1ðTÞ ¼
Z
jzj<1

d2zjzj−2Jðz; z̄;TÞ; ð16Þ

J −2ðTÞ ¼
Z
jzj<1

d2zjzj−2ð− ln jzj2ÞJðz; z̄;TÞ: ð17Þ
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Case 2: j ≥ 0. Let us first rewrite the integrand using
jzj−2S−2 ¼ jzj−2e−S ln jzj2 and utilize the integral representa-
tion of delta function,

Z þi∞

−i∞

dS
2πi

Sje−SX ¼ ð−1ÞjδðjÞðXÞ:

Setting X ¼ ln jzj2, the integral is localized on the unit
circle jzj ¼ 1. To evaluate this, we switch to polar coor-
dinates z ¼ reiθ. Using the property

R
δðjÞðXÞfðXÞdX ¼

ð−1ÞjfðjÞð0Þ, the integral reduces to a boundary integral
over the unit circle,

J jðTÞ ¼
I
jzj¼1

dθ
2π

D̂jJðz; z̄;TÞ; with D̂ ¼ r
2
∂r: ð18Þ

We stress that the integral representations derived above
remain valid for the general world sheet correlation function
GðkÞðz; z̄; S; TÞ. This establishes a systematic strategy for
computing energy-energy correlations at higher orders of
curvature corrections at strong coupling. Furthermore, when
the contributions are combined, we observe that the calcu-
lation undergoes significant simplification. We will apply
this approach to the flat-space contribution and the first
curvature correction as concrete examples.

IV. FLAT SPACE CONTRIBUTION

We begin by examining the flat space contributions
Ið0ÞðTÞ, which governs the coefficients ck;0. In this case,
Gtot;ð0Þ ¼ jzj2=S2 in Eq. (12) corresponds to Jðz; z̄;TÞ ¼
jzj2j1 − zj−2T−2 with j ¼ −2 in Eq. (15) [47]. Identifying
this with Eq. (17), we evaluate the integral Ið0ÞðTÞ as
follows:

Ið0ÞðTÞ ¼
Z

1

0

rdr
π

ð−2 ln rÞ
Z

2π

0

dθj1 − zj−2T−2

¼ 1

T2

�
Γð1 − 2TÞ
Γð1 − TÞ2 − 1

�
: ð19Þ

The Taylor expansion of Ið0ÞðTÞ for small T reads

Ið0ÞðTÞ ¼ ζ2 þ 2ζ3T þ 19

4
ζ4T2 þ � � � : ð20Þ

We observe that these coefficients align precisely with the
leading contributions from the highest-spin sector [23].
Indeed, these coefficients are uniquely fixed by the flat-
space limit. Crucially, due to the relation T ¼ βt̂, the flat-
space terms affect the subleading coefficients ck;n via a shift
t − 4=3, which should not be neglected.
Alternatively, exploiting the symmetry allows us to con-

sider an equivalent integrand Jðz; z̄;TÞ ¼ j1 − zj−2T=T2,
with j ¼ 0 in Eq. (15). This corresponds to case 2, and
the resulting integral is localized on the boundary of a disk,

Ið0ÞðTÞ ¼ 1

T2

Z
2π

0

dθ
2π

�
4sin2

�
θ

2

��
−T
: ð21Þ

Note that the 1=T2 term in small-T expansion should be
removed, since it corresponds to the supergravity contribu-
tion, which we have excluded by focusing on stringy
effects. It is worth noting that this alternative form can
also be obtained by interpreting the energy detector as a
shockwave perturbation of the dual AdS geometry [22], and
the two-point correlator of the corresponding shockwave
vertex operators then reproduces the expression in Eq. (21)
(see also [23]).

V. FIRST CURVATURE CORRECTION

We now turn to the first curvature correction. This
contribution can be decomposed into bulk and boundary
integrals. For completeness, the full expression for the first
curvature correction to the AdS Virasoro-Shapiro amplitude
Eq. (A2), is provided in Appendix A [48], where details of
the calculation are presented. We observe that restricting
the integration domain precipitates dramatic cancelations
among complicated polylogarithmic structures; the resulting
concise integral representation hints at the intrinsic sim-
plicity of the EEC. In summary, the final integrated result is
organized into four distinct functions,

Ið1ÞðTÞ ¼
X4
i¼1

Ið1Þi ðTÞ; ð22Þ

where Ið1Þ1 ðTÞ and Ið1Þ2 ðTÞ originate from the bulk integra-

tion, while Ið1Þ3 ðTÞ and Ið1Þ4 ðTÞ arise from the boundary
contributions, and their explicit world-sheet integral repre-
sentations are given in Appendix A. We summarize the
results as follows.
The bulk contributions, supported on the disk jzj < 1,

are given by

Ið1Þ1 ðTÞ þ Ið1Þ2 ðTÞ ¼ −
T
9

∂
3

∂T3

2Γð−2TÞ
Γð1 − TÞ2 : ð23Þ

The small-T expansion yields a well-behaved series where
the coefficients are in terms of zeta values. The remaining
contributions are localized on the boundary jzj ¼ 1 and
involve polylogarithms arising from the world sheet corre-
lator expansion,

Ið1Þ3 ¼ 2ζ3
Γð−2T − 1Þ
Γð−TÞ2 þ FðTÞ; ð24Þ

Ið1Þ4 ¼ −
∂
3

∂T3

�
5Γð1 − 2TÞ
18Γð1 − TÞ2

�
− FðT − 1Þ; ð25Þ

where FðTÞ is defined by an infinite sum
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FðTÞ ¼
X∞
n¼1

2 sinðπTÞΓð−2T − 1ÞΓðnþ T þ 1Þ
πn3Γðn − TÞ : ð26Þ

Although FðTÞ can be resumed into a generalized hyper-
geometric function, the infinite sum representation is more
advantageous for the Taylor expansion in T.
Collecting all contributions, we find that the complete

first curvature correction is captured by the following
compact form:

Ið1ÞðTÞ ¼ 1

3T4

∂

∂T
T5

∂
2

∂T2

Γð−2TÞ
Γð1 − TÞ2

þ 2ζ3Γð−2T − 1Þ
Γð−TÞ2 þ FðTÞ − FðT − 1Þ: ð27Þ

We stress again that Ið1ÞðTÞ appears to be much simpler
than the corresponding AdS Virasoro-Shapiro amplitude.
Evaluating Eq. (6) requires the small-T expansion of

Ið1ÞðTÞ, see Appendix B [48] for technical details. Remark-
ably, all contributions involving the Euler-Mascheroni
constant cancel out, revealing a structure governed by
multiple zeta values. The first few terms are given by

Ið1ÞðTÞ ¼ ζ2 −
10

3
ζ3 þ

�
−2ζ2 þ 4ζ3 −

53

2
ζ4

�
T þ � � � ;

where we have dropped the singular term in the small-T
expansion, which is associated with the supergravity con-
tribution that we should exclude. Finally, combining the
contributions from the flat-space results and first curvature
corrections, we can determine all the coefficients ck;0 and
ck;1 in Eq. (6). In particular, ck;0 can be straightforwardly
read off from Eq. (19), yielding

c0;0 ¼ 24ζ2; c1;0 ¼ 120ζ3; c2;0 ¼ 855ζ4;…;

ð28Þ

and for ck;1, we derive the following results:

c1;1 ¼ 24ζ2 − 240ζ3; ð29Þ

c2;1 ¼ −120ζ2 þ 240ζ3 − 3870ζ4;…; ð30Þ

and similar results for higher-order terms. This gives the
strong coupling expansion of the EEC,

EECðξÞ ¼ 1þ 24ζ2
λ

Q0ðξÞ

þ ð24ζ2 − 240ζ3ÞQ0ðξÞ þ 120ζ3Q1ðξÞ
λ3=2

þ � � � :
ð31Þ

As a consistency check, we performed an independent
calculation for c0;0, c1;0 and c1;1 using the low-energy

expansion method in Appendix C [48], which yields exactly
identical results [54].

VI. DISCUSSION

In this paper, we have established a rigorous connection
between the EEC in strongly coupledN ¼ 4 SYM and the
world sheet description of the AdS Virasoro-Shapiro
amplitude. By reformulating the problem from Mellin
space into the integration over the string moduli space,
we demonstrated that the computation of stringy correc-
tions to the EEC reduces to evaluating integrals over a unit
disk and its boundary on the Riemann sphere. In practice,
this powerful construction leads to an extremely efficient
way of computing the EEC in N ¼ 4 SYM at strong
coupling.We demonstrated this by explicitly computing the
flat space and first curvature correction to the EEC and
obtained finite results.
The results of this paper open up a variety of interesting

directions for future work. A natural extension is to
consider the second order of the higher-curvature correc-
tion [25]. Such higher-order results would also allow for a
more precise comparison with the bootstrap bounds [23].
Another direction is to study the EECs in N ¼ 4 SYM
involving operators with higher dimensions [55] for the
relevant correlators [36]. Perhaps an even more ambitious
goal is to bootstrap the EEC directly. The observed
structural simplicity of the EEC suggests it may be feasible
to determine these corrections without referencing the AdS
Virasoro-Shapiro amplitude.
Furthermore, N ¼ 4 SYM is known to enjoy S-duality

[56–58]. It has been shown that the first few orders of
stringy corrections to the correlator can be determined
exactly in terms of known nonholomorphic modular
functions, which incorporate all perturbative and instanton
contributions and manifest S-duality [59,60]. It would be
interesting to study the modular properties of the EEC and
its nonperturbative instanton effects.
Finally, our world sheet formulation may offer new

insights into the back-to-back limit (ξ → 1) of EEC. Its
singular behavior is governed by Sudakov logarithms
[18,61–63], which are effectively described by the geom-
etry of Wilson lines [64,65]. Intriguingly, a parallel geo-
metric description exists at strong coupling, where
correlation functions in the light-like limit are known to
map directly to null polygonal Wilson loops [66]. The
prominence of Wilson loops at both weak and strong
coupling suggests a universal physical picture: the infrared
dynamics of energy flow may be effectively described by
specific Wilson loop configurations, even in the intermedi-
ate stringy regime. It is tantalizing to speculate that our
world sheet results could be reorganized into such an
effective “stringy Wilson loop” description. Identifying
these dominant operators that control this regime would be
a crucial step toward constructing an effective string theory
for jet physics.
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