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Dicke superradiance is a fascinating phenomenon in which a large number of atoms cooperate to
produce a brief and very intense burst of spontaneous emission. This phenomenon has been well studied in
the laboratory, but its astrophysical aspects have only recently attracted the attention of a small number of
researchers. Since the phenomenon of Dicke superradiance is relatively little known to the wider
astrophysical community, we provide a fairly detailed review of its elementary theory in the Appendix and
speculate on the significance of superradiance for astrophysical hydrogen and positronium, given the
abundant formation of the latter near the Galactic Center.
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I. INTRODUCTION

A year after Anderson’s experimental discovery of the
positron, Mohorovičić [1] suggested the possibility of the
existence of positronium (which he called electrum) and
proposed searching for astrophysical sources of positro-
nium by detecting its spectral lines. Unfortunately, this
suggestion was not appreciated or widely known, and was
therefore not mentioned in several later papers that inde-
pendently predicted the existence of what we now call
positronium [2–4].
In astrophysical context, positronium in excited states

cascades down to lower energy levels, emitting photons
(recombination lines) at specific wavelengths. Its recombi-
nation lines are analogous to hydrogen’s spectral lines but
with frequencies roughly half those of hydrogen due to the
reduced mass. These lines, particularly the optical Lyman-
alpha line (2431 Å) and radio recombination lines, offer a
unique way to study positronium formation and annihila-
tion processes in astrophysical environments.
Despite periodic renewed interest, no astrophysical

recombination lines of positronium has been detected in

the last 90 years since this hypothesis was put forward,
probably due to the high background of the near-infrared
Balmer lines and the strong attenuation of the ultraviolet
Lyman lines due to Rayleigh scattering by dust in the
interstellar medium [5]. Observation of such recombination
lines is particularly important given the half-century-long
mystery of the origin of galactic 511 keV gamma rays
measured by various instruments since their first observa-
tion in pioneering balloon experiments [6,7], as it allows an
angular resolution increase of 104 compared to gamma-ray
observations [5].
Positrons in space can be produced by a variety of

mechanisms [7]:
(i) βþ decay of unstable nuclei produced in stellar

explosions, such as 56Ni, 22Na, 44Ti, and 26Al;
(ii) inelastic collisions of relativistic cosmic ray protons

with interstellar gas and the production of secondary
positrons in decays of positively charged mesons;

(iii) pair production in γ − γ interactions;
(iv) rapidly rotating magnetized neutron stars (millisec-

ond pulsars and magnetars), which can accelerate
charged particles to Lorentz factors high enough to
initiate cascade production of eþe− pairs;

(v) X-ray binaries and microquasars (for example, the
microquasar 1E1740.7-2942, known as “the Great
Annihilator” [8]); and

(vi) pair production around the Galactic supermassive
black hole.

The observed gamma-ray flux shows that in the
Milky Way about 5 × 1043 positrons are annihilated every
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second near the Galactic Center. Moreover, the morphology
of the 511 keV signal, emanating from the Galactic bulge,
center, and disk with a bulge-to-disk luminosity ratio of ∼1,
is unique and does not resemble any other distribution of
astrophysical sources (see Fig. 1 in [6]).
A certain fraction of the astrophysical positrons produced,

fPs, forms positronium either through radiative recombina-
tion or in an endoenergetic charge exchange reaction in
which a positron captures an electron from an atom or
molecule, forming positronium in flight if the kinetic energy
of the positron is greater than the threshold energy of the
charge exchange reaction [5,7]. This fraction can be esti-
mated from the observed intensities of the two photon
511 keV line and the continuous emission of three photons
with energies below 511 keV as follows [7,9]. Positronium
will be formed one-quarter of the time in the spin-singlet
state of parapositronium and three-quarters of the time in the
spin-triplet state of orthopositronium. Charge conjugation
symmetry forbids annihilation of C-even parapositronium
into an odd number of photons andC-odd orthopositronium
annihilating into an even number of photons. Therefore,
orthopositronium decays almost exclusively into three
photons and thus produces a continuous spectrum of gamma
rays with intensity Icont ∼ 3 3

4
fPs ¼ 9

4
fPs, where the first

factor of 3 arises because each decay produces three gamma
rays. Parapositronium decays almost exclusively into two
photons. However, another process of two photons produc-
tion involves the direct annihilation of positrons with
electrons when some 1 − fPs positrons annihilate, without
producing positronium. Therefore, the intensity of the
511 keV line is I511 ∼ 2ð1 − fPs þ 1

4
fPsÞ ¼ 2ð1 − 3

4
fPsÞ.

Thus, we have I511
Icont

¼ 8−6fPs
9fPs

, which implies

fPs ¼
8

6þ 9 I511
Icont

: ð1Þ

In fact, the observed intensities indicate that almost all
positrons annihilate through the formation of positronium [6].
As we see, there is a region in the center of the Galaxy

where positronium is present in large quantities. An
interesting question is whether under such circumstances
the cooperative coherence effects first considered by Dicke
in his seminal paper [10] can occur. Our goal in this note is
to speculate on this possibility. Readers unfamiliar with
Dicke superradiance are advised to first consult the
Appendix, which provides a fairly detailed description of
its elementary theory, as well as the basics of the hydrogen
and positronium spin flip-lines.

II. DICKE SUPERRADIANCE IN ASTROPHYSICS

The intensive research carried out in the quantum optics
community following the first experimental confirmation
of superradiance [11], almost 20 years after the publication
of Dicke’s paper [10], has until recently been largely

ignored in the astrophysical community, despite the dis-
covery of astronomical masers in the interstellar medium
[12] indicating the possibility of such phenomena in an
astrophysical context. The situation began to change after
the possibility of superradiance in the spin-flip line of
atomic hydrogen at 21 cm was discussed, and the appli-
cation of superradiance to the 1612 MHz OH, 6.7 GHz
CH3OH, and 22 GHz H2O maser lines was used to explain
the observations of intensity bursts found in these spectral
lines for some astronomical sources that cannot be easily
explained within the maser theory [13–22]. For example,
periodic bursts in the methanol lines at 6.7 GHz and
12.2 GHz, as well as in the OH molecular transitions at
1665 MHz and 1667 MHz, observed in the star-forming
region G9.62+0.20E, are best explained by Dicke super-
radiance, as shown by detailed modeling [21]. The phe-
nomenon of subradiance accompanying superradiance has
even been considered in the context of dark matter [23].
In this work we focus on the spin-flip lines of atomic
hydrogen and positronium.
Causality can limit the maximum number of atoms that

can participate in a superradiance pulse. This maximum
number can be estimated in the following way [24,25]. If a
cylindrical sample of length L and cross section S emits a
superradiant pulse of characteristic time of the order of TR,
then for cooperative behavior to be possible, causality
requires that the emitting atoms be within cTR distance of
each other. Therefore, L ≤ cTR ¼ 2cTSR, where TSR is
the duration of the superradiant peak (for large samples the
characteristic timescale of superradiance is still TR but the
duration of the peak scales as 2

ffiffiffiffiffiffiffiffiffiffiffiffi
TRTD

p
when dephasing is

negligible [26], where TD is the delay time), and using
TSR ¼ 4πS

3Nλ2ω
τ0, where λω ¼ 2πc

ω [see (D31) in the Appendix

for how this was obtained] and assuming that the Fresnel
number (D19) is unity, so that S ¼ 2πLc=ω, this Arecchi-
Courtens criterion transforms into (where τ0 is the char-
acteristic time of spontaneous decay),

N ≤
4

3
ωτ0 ¼

�
4.2 × 1024; for hydrogen;

5.1 × 1019; for positronium:
ð2Þ

It should be noted, however, that this limitation applies only
when all atoms are inverted simultaneously (e.g., when the
radiation responsible for the atomic population inversion
propagates transversely to the inverted region). In this case,
atoms located at a distance greater than cTR will participate
in spatially distinct superradiance groups before they can
interact with each other. However, this limitation does not
apply when the inversion wave propagates longitudinally
through the sample. In this case, there is no limit on the
distance between atoms, since the excitation follows the
superradiance signal along the sample (see [27] for a more
detailed discussion).
According to (D40), the initial Bloch angles correspond-

ing to the maximum numbers in (2) are
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θ0 ¼
�
9.8 × 10−13; for hydrogen;

2.8 × 10−10; for positronium:
ð3Þ

We can use these values of θ0 in the initial conditions (D40)
and solve the Burnham-Chiao equation (D39) numerically.
For this, we used the DRKNYS [28] routine from the
CERNLIB library, which solves second-order differential
equations using the Runge-Kutta-Nyström method and

outputs both the function θðqÞ and its derivative dθðqÞ
dq .

The intensity of superradiance can be conveniently
characterized as the number of photons emitted from the
end of the sample at z ¼ L per unit time and per atom [29],
and this quantity ι can be expressed through the Poynting
vector flux averaged over rapid oscillations of the electro-
magnetic field (hence the additional factor 1=2 in the
Poynting vector),

ι ¼ c
8π

jEj2 S
ℏωN

¼ c
4L

jϵj2; ð4Þ

where in the last step we used (D20) to express jEj2 in
terms of jϵj2. But, according to (D36),

ϵ¼ ∂θ

∂τ−
¼

ffiffiffiffiffi
ξ

τ−

s
dθ
dq

¼
ffiffiffiffiffiffiffi
z
ct−

r
dθ
dq

; t− ¼ t−
z
c
; ð5Þ

and since q ¼ 2
ffiffiffiffi
t−
TR

q
when z ¼ L, we get

ιTR ¼ 1

q2

�
dθ
dq

�
2

: ð6Þ

Figure 1 shows the dimensionless radiance ιTR versus
dimensionless retarded time t−=TR ¼ q2=4. From the
figure it is clear that the superradiance begins with some

delay. This delay is natural since the system needs time to
create a macroscopic dipole moment from a small initial
quantum polarization fluctuation, and a small initial value
of θ0 leads to a relatively large delay [29]. The magnitude
of the delay is not accurately described by the expression
(D30), since this result was obtained for the limiting case of
a small sample. A more accurate approximation can be
obtained as follows [29].
When the Bloch angle θ is small, sin θ ≈ θ and the

solution of (D39) with the initial conditions (D40) in this
approximation is θðqÞ ¼ θ0I0ðqÞ, where I0 is the modified
Bessel function of the first kind and of zero order. Figure 1
shows that the first peak of radiation occurs at a value of q,
when the small-angle approximation begins to break down.
Therefore, if the delay time TD is defined as the interval
from the moment of population inversion of the sample to
the moment of the appearance of the first peak of the
emitted radiation [26], then the corresponding q is deter-
mined from the condition

θ0I0ðqÞ ≈ 1: ð7Þ

Since we expect q ≫ 1 (long delay time), we can use the
asymptotic expression I0ðqÞ ≈ eq=

ffiffiffiffiffiffiffiffi
2πq

p
and rewrite (7) as

follows

q ¼ ln

ffiffiffiffiffiffiffiffi
2πq

p
θ0

¼ ln

ffiffiffiffiffiffi
2π

p

θ0
þ ln

ffiffiffi
q

p
: ð8Þ

Assuming that the first term on the right-hand side of (8) is
the leading term, we can solve (8) approximately by writing

q ¼ qð0Þ þ qð1Þ, qð0Þ ¼ ln
ffiffiffiffi
2π

p
θ0
, qð1Þ ¼ ln

ffiffiffiffiffiffiffiffi
qð0Þ

p
, and obtain

FIG. 1. Radiance ιTR of ideal samples of atoms of hydrogen (left) and of positronium (right) as a function of dimensionless time
t−=TR. The number of atoms is maximal and corresponds to (2). Red dashed line—small Bloch angle approximation ιTR ≈ θ20I1ðqÞ2=q2.
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qD ≈ ln

0
@ ffiffiffiffiffiffi

2π
p

θ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

ffiffiffiffiffiffi
2π

p

θ0

s 1
A; ð9Þ

and since TD can be identified with the retarded time
corresponding to z ¼ L and q ¼ qD (assuming TD ≫ L=c
and neglecting the time required for the population inver-
sion), the final formula for TD takes the form

TD ≈
TR

4
ln2

0
@ ffiffiffiffiffiffi

2π
p

θ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

ffiffiffiffiffiffi
2π

p

θ0

s 1
A: ð10Þ

For θ0-s from (3), (9) gives TD ≈ 228.7TR and TD ≈
149.8TR for hydrogen and positronium, respectively.
These numbers approximate TD, which follows from the
numerical solution of (7), with an accuracy better than 0.3%.
Note that a slightly different estimate of TD by

MacGillivray and Feld [26,29] is widely used in the
literature,

TD ≈
TR

4
ln2

θ0
2π

: ð11Þ

For ideal samples of hydrogen and positronium (11) gives
TD ≈ 217.4TR and TD ≈ 142.0TR, respectively.
According to Fig. 1, the energy stored in the inverted

system is emitted in several successive bursts of decreasing
amplitude, a phenomenon known as ringing. Ringing
occurs when some of the energy released in a superradiant
burst is absorbed by deactivated atoms, which are then
reexcited and ready to initiate the next superradiant burst.
In fact, superradiance can be reduced or even stopped by

any process that disrupts phase synchronization between
atoms or incoherently reduces the population of their
excited levels. These nonideality effects can be taken into
account phenomenologically by adding appropriate terms
to the Maxwell-Bloch equations (D18) [13,14],

∂R
∂t

¼ −i
d
ℏ
EZ −

R
T2

;

∂Z
∂t

¼ i
d
2ℏ

ðER� − E�RÞ − Z
T1

;

∂E
∂z

þ 1

c
∂E
∂t

¼ i
2πωn
c

dR; ð12Þ

where T1 is the characteristic timescale of the incoherent
decay of the inverted population difference, and T2 is
the characteristic timescale of the violation of phase
synchronization.
For simplicity, let us assume T1 ¼ T2 ¼ Tdph and

introduce the dimensionless dephasing time τdph ¼ TdphΩ
together with other dimensionless variables (D20). Then
instead of (D34) we get

∂R
∂τ−

¼Zϵ−
R
τdph

;
∂Z
∂τ−

¼−Rϵ−
Z
τdph

;
∂ϵ

∂ξ
¼R: ð13Þ

The first two equations show that 1
2

∂

∂τ−
ðR2 þ Z2Þ ¼ − R2þZ2

τdph

and, therefore, R2 þ Z2 ¼ B2e−2τ−=τdph , where B is some
constant (in fact, all that follows from the above is that B
does not depend on τ−, but may depend on ξ). Therefore,
we can again introduce the Bloch angle θðτ−; ξÞ through

R ¼ Be
− τ−
τdph sin θ; Z ¼ Be

− τ−
τdph cos θ: ð14Þ

Then either from the first, or the second equation of (13) we
obtain ϵ ¼ ∂θ

∂τ−
, while the last equation will give

∂
2θ

∂ξ∂τ−
¼ Be

− τ−
τdph sin θ: ð15Þ

Again we can consider solutions that depend on only one
variable [13]

q ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξτdph

�
1 − e

− τ−
τdph

�r
: ð16Þ

Then

∂

∂τ−
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ

τdph
�
1 − e

− τ−
τdph

�
vuut e

− τ−
τdph

d
dq

;

∂

∂ξ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τdph
�
1 − e

− τ−
τdph

�
ξ

vuut d
dq

; ð17Þ

and from (16) we again obtain the Burnham-Chiao equation

d2θðqÞ
dq2

þ 1

q
dθðqÞ
dq

¼ B sin θðqÞ;

q ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z
L

Tdph

TR
ð1 − e−t−=TdphÞ

s
; ð18Þ

the numerical solution of which can be used to calculate the
dimensionless radiance ιTR again according to

ιTR ¼ 1

4

TR

t−

�
dθ
dq

�
2

: ð19Þ

However, now

t−
TR

¼ −
Tdph

TR
ln

�
1 −

q2

4

TR

Tdph

�
; ð20Þ

and, unlike the ideal case, the range of q is finite and limited
by the interval ½0; 2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Tdph=TR
p �. Therefore, if the upper
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bound onq is less thanqD, the superradiance burstwill never
occur. This leads to the necessary condition Tdph > TD for
the occurrence of superradiance (a more general condition
when T1 ≠ T2 is discussed in [19]). However, even if this
condition is satisfied, butTdph remains of the order ofTD, the
superradiance bursts will weaken and the ringing may
disappear completely. This is shown in Fig. 2 for a
positronium sample for which TD ≈ 150TR. The nonideal
case may also include the situation where the Arecchi-
Courtens condition takes the form L ¼ ηcTR with η < 1,
i.e., the number of atoms participating in the cooperative
behavior is less than the maximum number given by (2).
Using (D31) forTSR ¼ TR=2 in the conditionL ¼ ηcTR and
assuming a unit Fresnel number, we obtain for the posi-
tronium sample, in the formof a long cylinder of radius r and
length L, N ¼ 4

3
ηωτ0 ¼ ηNmax and

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8πτ0ν

2η

3cn

r
≈ 1.86 × 1010

ffiffiffi
η

n

r
cm;

r ¼
�
8cτ0η
πn

�
1=4

≈ 3.89 × 104
�
η

n

�
1=4

cm;

TR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8πτ0ν

2

3c3nη

s
≈
0.62ffiffiffiffiffi
ηn

p sec: ð21Þ

In these formulas, the number of positronium atoms per unit
volume n must be expressed in units of cm−3. For example,
for η ¼ 10−3 and n ¼ 10 cm−3, we haveL ≈ 1.9 × 103 km,
r ≈ 39 m, TR ≈ 6.2 sec, and TD ≈ 11.4 min. In an astro-
physical context, these numbers do not seem unrealistic.
An estimate for TD was obtained by numerically solving (7)
for θ0 ¼ 2=

ffiffiffiffi
N

p
, which yields TD ≈ 150TR, TD ≈ 136TR,

TD ≈ 123TR, andTD ≈ 110TR for η ¼ 1, η ¼ 0.1, η ¼ 0.01,
and η ¼ 0.001, respectively.
In the case of hydrogen without dephasing effects, the

analogs results are

L ≈ 4.4 × 1011
ffiffiffi
η

n

r
cm; r ≈ 2.3 × 106

�
η

n

�
1=4

cm;

TR ≈
14.8ffiffiffiffiffi
ηn

p sec; ð22Þ

and TD ≈ 229TR, TD ≈ 212TR, TD ≈ 195TR, and TD ≈
179TR for η ¼ 1, η ¼ 0.1, η ¼ 0.01, and η ¼ 0.001,
respectively. For example, for η ¼ 0.05 and n ¼ 1 cm−3,
we have L≈1.0×106 km, r≈1.1×104 m, TR ≈ 66.2 sec,
and TD ≈ 3.8 hr [for η ¼ 0.05 the numerical solution of (7)
gives TD ≈ 206.6TR].
Doppler broadening in thermally relaxed regions of the

interstellar medium is the main dephasing mechanism that
makes the development of superradiance unlikely, since
the corresponding dephasing time is very short (about
10−3 sec at T ¼ 100 K) [13]. For superradiance to occur,
three conditions must be met: a population inversion,
sufficient velocity coherence between the atoms involved
in the effect to overcome Doppler broadening, and any
other dephasing effects present must occur on timescales
longer than those that characterize superradiance. Thus, we
do not expect superradiance from thermally relaxed
regions, but from regions where a significant amount of
energy is suddenly released, creating a flow of atoms in
strong thermal disequilibrium but with strong velocity
coherence [13]. The ubiquitous presence of cosmic masers,
which also require population inversion and velocity
coherence, suggests that the first two conditions are not
so exotic in space. However, for superradiance to occur, a
third condition must also be met.
The problem of Doppler broadening can be briefly

described as follows: molecules with excessive velocity
differences do not see a common radiation field correspond-
ing to their natural Doppler-shifted frequencies and, there-
fore, cannot evolve into the highly entangled state required
for superradiance. It is in this sense that Doppler broadening
can be considered as a dephasing mechanism of central
importance in astrophysical applications of superradiance,
since under astrophysical conditions the total bandwidth of
the velocity distribution is typically several orders of
magnitude wider than the bandwidth of the superradiance
transient. However, a wide velocity distribution does not

FIG. 2. Radiance ιTR of a nonideal sample of positronium
atoms as a function of dimensionless time t−=TR. The number of
atoms is maximal and corresponds to (2), but dephasing effects
with a common timescale Tdph are present. The solid curve
corresponds to Tdph ¼ 400TR, the dashed blue curve corresponds
to Tdph ¼ 300TR, and the dashed red curve corresponds to
Tdph ¼ 200TR.
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prevent superradiance in regions with thermal disequilib-
rium, provided that the inverted column density in at least
one velocity slice still exceeds the superradiance threshold.
A detailed discussion of the effects of astrophysical velocity
distributions upon superradiance can be found in [30].
The dephasing timescale Tdph is difficult to estimate

without detailed knowledge of the environmental condi-
tions in the region with population inversion and velocity
coherence. In the case of atomic hydrogen, elastic colli-
sions between hydrogen atoms are considered to give the
shortest time Tdph [13]. Consequently, we estimate
Tdph ¼ 1

nσv, where σ is the elastic scattering cross section
and v is the average impact velocity. For σ we take an old
[31] semiclassical low-energy estimate σ ≈ 2 × 10−14 cm2.
The average impact velocity, of course, depends on the
degree of velocity coherence. Somewhat conservatively, we
assume that v ≈ 1.3 × 105 cm= sec, which corresponds to an
effective temperature ofT ¼ 100 K. ThenTdph≈ 3.8×108

n sec.
From (22), expressing

ffiffiffi
η

p
in terms ofL and substituting into

TR, we obtain TR ≈ 6.5×1012
Ln sec, and since TD according to

our calculations is less than approximately 230TR, the
condition TD < Tdph will give L > 3 × 106 cm. On the
other hand, since η < 1, it follows from (22) that
L < 4.4×1011ffiffi

n
p cm. Therefore, the concentration of hydrogen

atoms n cannot be too large, namely n < 2 × 1010 cm−3,
and, consequently, TR cannot be too short: TR > 10−4 sec.
Let us summarize our rough estimates in the case of

hydrogen,

3×106 cm<L<
4.4×1011ffiffiffi

n
p cm; n< 2×1010 cm−3;

TR > 10−4 sec: ð23Þ
In the case of positronium, in view of the expected

abundance of electrons and positrons at the production site,
we assume that the main dephasing mechanism is scattering
of electrons and positrons on positronium, and use the zero-
energy scattering cross section of electrons and positronium
estimated in [32] to be approximately 210πa2B ≈ 1.85×
10−14 cm2, which is almost equal to the elastic scattering
cross section of hydrogen used above. Since most positron
annihilation near the Galactic Center occurs in the warm
neutral and warm ionized phases of the interstellar medium,
where the temperature is approximately 8000 K, we take
V ¼ 5 × 107 cm=s as a rough estimate of the average
electron impact velocity, which corresponds to this temper-
ature. As a result we obtain Tdph ≈ 106

n sec, and using (21)
and TD < 150TR, we get for positronium

1.7×106 cm<L<
1.86×1010ffiffiffi

n
p cm; n< 108 cm−3;

TR > 6×10−5 sec: ð24Þ

III. CONCLUDING REMARKS

The first suggestion of the existence of a bound state of
an electron and a positron, made by Mohorovicicčić [1],
assumed that it would be discovered in the course of
astrophysical observations. However, in fact it was dis-
covered in the laboratory, and experimental study of its
properties has advanced considerably since its discovery
[2], while the search for astrophysical manifestations of
positronium continues to this day.
Burdyuzha et al. suggested [33,34] that the positronium

spin-flip line, enhanced by the maser effect (idea pioneered
by Shklovskii [35]), could be detected by next-generation
radio telescopes. Despite the superficial similarity, the
maser effect is fundamentally different from Dicke super-
radiance. The maser effect is a collective but not coherent
phenomenon [13]. It can be decomposed down into
successive individual acts of stimulated emission of pho-
tons by the incident radiation, as a result of which the
number of photons in the masing sample grows exponen-
tially until it is saturated and reaches a steady state, when
some equilibrium is established in the population inversion,
depending on the pumping intensity. The maser can operate
continuously as long as the pump source is on.
In contrast, in Dicke superradiance, either several atoms

form a quantum state and emit a powerful burst of radiation
as a single quantum system (small-size superradiance), or
several semiclassical dipoles become phase locked due to
interaction with the common radiation field and again emit
a superradiance pulse as a single larger dipole (large-size
superradiance). In this case, the radiation pulse cannot be
decomposed into more primitive successive events (but the
ringing phenomenon can occur in the superradiance of a
large sample if the dephasing effects are insignificant).
Our results (23) and (24) indicate that Dicke super-

radiance is possible for the spin-flip lines of hydrogen and
positronium under astrophysical conditions (and for hydro-
gen we confirm the findings of [13], the pioneering paper
that first considered Dicke superradiance in an astrophysi-
cal context).
Of course, there is a fundamental difference between

hydrogen and positronium: the former is stable, while the
latter annihilates very quickly. However, we assume that the
continuous process of positronium production helps to
maintain a nearly constant positronium density for a
sufficiently long time. Nevertheless, this aspect certainly
requires more attention than is given in this article. Note that
in [36,37] it was proposed to manipulate the dynamics of
annihilation of a dense gas of positronium atoms under
laboratory conditions using the superradiance and subra-
diance modes of cooperative spontaneous emission of the
system, and in [37] the existence of an annihilation channel
was taken into account by introducing a third (vacuum) state.
There is another important difference between the 21 cm

hydrogen line and the 203 GHz positronium line as far as
the population inversion is concerned: for hydrogen, a
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special mechanism is needed to generate the population
inversion (hydrogen atoms can change their hyperfine state
by absorbing and reemitting Lyα photons, the so-called
Wouthuysen-Field effect [38]), whereas for positronium,
the population inversion is expected to be generated
automatically due to the huge difference in the lifetimes
(in vacuum) of ortho- and parapositronium, and also due to
the threefold higher statistical weight of orthopositronium
in positronium formation processes. Of course, in a
medium, the orthopositronium lifetime can be significantly
shorter (the so-called orthopositronium quenching [39]),
and in an astrophysical context, collisions of positronium
with electrons and positrons will reduce the magnitude of
the population inversion. However, we expect that the
quenching is controlled by the value of Tdph and will not be
very significant if the condition Tdph > TD is satisfied
(especially if Tdph ≫ TD).
Interestingly, it may be that hydrogen spin-flip line

superradiance from an astrophysical source has already
been observed under rather unusual circumstances [40].
The former Ohio State University radio observatory, known
as the Big Ear, was part of the university’s Search for
Extraterrestrial Intelligence (SETI) project: a systematic
search for narrow-band radio signals around the 1420 MHz
hydrogen line. On August 15, 1977, they detected a short
but intense narrow-band radio signal exhibiting the char-
acteristics expected of a technological signal emanating
from space. The signal, nicknamed “Wow!” because of
astronomer Jerry Ehman’s “Wow!” annotation on the data
printout, caused a great stir in the SETI community [41].
The source of the Wow! signal has never been found,
despite numerous attempts to detect it, and remains a
mystery to this day.
It has recently been suggested that Dicke superradiance

is the most plausible mechanism to explain the Wow! signal
[40]. Remarkably, the hypothesis explains all the main
features of the Wow! signal, namely its narrow-band
frequency, duration, intensity, lack ofmodulation, and rarity.
Thus, the Wow! signal may represent the first documented
case of astrophysical superradiance of the 21 cm atomic
hydrogen line. A magnetar flare or soft gamma repeater
could serve as a pump source to create a population inversion
in a cylindrical sample of hydrogen atoms of sufficient
length. Note that observations of some hydrogen clouds
have revealed a network of thin, elongated filaments of cold
atomic hydrogen, with individual strands reaching 17 pc ≈
5.2 × 1019 cm in length and only 0.1 pc ≈ 3.1 × 1017 cm in
width [40] (however, for a 21 cm line such a geometry
corresponds to a very large Fresnel number).
It is quite clear that the search of Wow! like signals to

confirm or disprove their superradiance nature is actual and
an interesting problem in radio astronomy. Current obser-
vational strategies typically focus on broadband signals and
long integration times [40], which probably explains why
the hydrogen spin-flip line superradiance has so far eluded

reliable detection: such a signal could be a very short-lived
burst of emission, namely (23) indicates that the lower
bound of TR is less than a millisecond. The same is true for
the positronium spin-flip line superradiance, which also
represents a very interesting observational problem in
millimeter-wave radio astronomy. We hope that this paper
will help to attract the attention of the astrophysical
community to the exciting possibility of astrophysical
superradiance and stimulate both theoretical and observa-
tional activity in this new emerging field.
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APPENDIX A: DICKE SUPERRADIANCE:
A CLASSICAL ANALOG

There are interesting and elegant classical analogs of
Dicke superradiance [10,42,43]. In particular, let us con-
sider N identical magnets with magnetic moment μ each,
precessing in a constant external magnetic field B with
angular velocity ω ¼ −gB under the action of the radiation
reaction, where g is the gyromagnetic ratio [42,44]. It is
assumed that the polar angle θðtÞ is the same for all
magnets and does not change with time, but the azimuth
angles ðφi − ωtÞ change with time and their initial values φi
may be different.
Figure 3 illustrates the system described and shows the

configuration of a typical magnet precessing in the
magnetic field B. In our problem, we will have ri ≪ r,
and therefore the scale of ri as appears in the figure is
used only for the purpose of a clear illustration. Also,
both the gray horizontal circle in the ðx; yÞ plane and the
vertical dotted lines between it and the magnets are
imaginary objects; they were added only to help picture
the group of magnetic dipoles in the 3D space around the
origin.
In case of one oscillating dipole, the intensity of the

electromagnetic radiation per solid angle dΩ at the obser-
vation point having the radius-vector R equals [45]

dI
dΩ

¼ cH2

4π
R2; ðA1Þ

where H is the magnetic field created by the dipole at the
observation point and c is the speed of light. [45]

H ¼ 1

c2R
ðμ̈ × nÞ × n: ðA2Þ
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In our case, μ ¼ μk þ μ⊥, where μk ¼ Nμ cos θk is a
constant and does not participate in the radiation, while
at retarded time

μ⊥
�
t −

Ri

c

�
¼ μ sin θ

XN
i¼1

�
cos

�
ω

�
t −

Ri

c

�
− φi

	
i

− sin

�
ω

�
t −

Ri

c

�
− φi

	
j



: ðA3Þ

Assuming that the radius vector of the ith dipole is ri
much smaller than the distance between observation point
and the origin r, ri ≪ r, so that

Ri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − 2r · ri þ r2i

q
≈ r − n · ri;

where n ¼ r=r, we will have

μ⊥¼ μsinθ

( XN
i¼1

cosΦi

!
i−

 XN
i¼1

sinΦi

!
j

)
;

Φi¼ω

�
t−

r
c

�
þk · ri−φi; ðA4Þ

where k ¼ ω
c n is the wave vector of the radiation field.

Therefore

dI
dΩ

¼ 1

4πc3
jμ̈ × nj2 ¼ ω4

4πc3
½μ2⊥ − ðμ⊥ · nÞ2�: ðA5Þ

Now we average over the fast Larmor precession with
frequency ω, noting that when using the trigonometric
product-to-sum formulas and

cos ðΦi þΦjÞ ¼ 0; sin ðΦi þΦjÞ ¼ 0

we obtain

FIG. 3. Illustration of a classical analog in which Dicke superradiance can occur: N identical magnets with magnetic moment μ each,
precessing in a constant external magnetic field B with angular velocityω under the action of the radiation reaction. The inset shows the
configuration of a typical magnet precessing in the magnetic field B. The scale of ri as appears in the figure is used only for the purpose
of a clear illustration. Both the gray horizontal circle in the ðx; yÞ plane and the vertical dotted lines between it and the magnets are
imaginary objects; they were added only to help picture the group of magnetic dipoles in the 3D space around the origin.
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 XN
i¼1

cosΦi

!
2

¼
XN
i;j¼1

cosΦi cosΦj ¼
1

2

XN
i;j¼1

cosðΦi−ΦjÞ;
 XN

i¼1

sinΦi

!
2

¼
XN
i;j¼1

sinΦi sinΦj¼
1

2

XN
i;j¼1

cosðΦi−ΦjÞ;

XN
i;j¼1

sinΦi cosΦj¼
1

2

XN
i;j¼1

sinðΦi−ΦjÞ¼ 0: ðA6Þ

As a result, we get

dĪ
dΩ

¼ ω4μ2

8πc3
ð2 − n2x − n2yÞ sin2 θ

XN
i;j¼1

cos ðΦi − ΦjÞ:

ðA7Þ

But

XN
i;j¼1

cosðΦi−ΦjÞ¼
XN
i;j¼1

cos ½ðk · ri−φiÞ− ðk · rj−φjÞ�

¼
�����
XN
i¼1

eiðk·ri−φiÞ
�����
2

; ðA8Þ

and finally [42]

dĪ
dΩ

¼ N2I0ðnÞsin2θ
����� 1N
XN
i¼1

eiðk·ri−φiÞ
�����
2

; ðA9Þ

where

I0ðnÞ ¼
ω4μ2

8πc3
ð1þ n2zÞ: ðA10Þ

Introducing the dimensionless electromagnetic energy
stored in the system of magnetic dipoles W ¼ −Nμ·B

2μB ¼
− N

2
cos θ and equating its time derivative (energy loss per

unit time) to the total radiated power Ī, we obtain

−
dW
dt

¼ 2

μB

�
N
2
−W

��
N
2
þW

�

×
Z

dΩI0ðnÞ
����� 1N
XN
i¼1

eiðk·ri−φiÞ
�����
2

: ðA11Þ

It is convenient to introduce the constant τ0 of dimension of
time through

1

τ0
¼ 2

μB

Z
dΩI0ðnÞ ¼

4ω4μ

3Bc3
; ðA12Þ

and rewrite (A11) in the form

−
dW
dt

¼ λ

τ0

�
N
2
−W

��
N
2
þW

�
; ðA13Þ

where [42]

λ ¼ 2τ0
μB

Z
dΩI0ðnÞ

����� 1N
XN
i¼1

eiðk·ri−φiÞ
�����
2

: ðA14Þ

The dimensionless parameter λ is defined such that λ ¼ 1 if
the sample size is much smaller than the radiation wave-
length, so that k · ri ≈ 0 for all i, and all magnets precess in
phase (φi ¼ φj for all i, j).
The differential equation (A13) is easily solved by

separation of variables, resulting in

WðtÞ ¼ −
N
2
tanh

�
Nλ

2τ0
ðt − t0Þ

	
: ðA15Þ

Therefore, the radiation intensity is

IðtÞ¼−
d
dt
ð2μBWÞ¼N2λ

2τ0
μB sech2

�
Nλ

2τ0
ðt− t0Þ

	
: ðA16Þ

As can be seen from (A16), the radiation intensity is not
monotonic: after a delay time t0 there is an intensity peak
whose duration τ ¼ τ0

Nλ scales as 1=N (where τ0 is the
characteristic time of spontaneous decay). These are
characteristic features of Dicke superradiance, as well as
the proportionality of the peak intensity to N2. Inspired by
the work of Dicke [10], Bloom [46] derived equations
similar to (A15) and (A16) using semiclassical radiation
theory to describe the reaction of a collection of two-state
molecules driven by an external electromagnetic field.
The argument used to derive the equation (A11) is based

solely on conservation of energy and ignores the effect of
the radiation reaction on the precession phase [47]. The
correct equation of motion of a point magnetic dipole
precessing in a magnetic field, which includes the radiation
reaction, is [47–49]

d
dt

ðμþ αμ × μ̇Þ ¼ gμ ×Bþ 2g
3c3

μ × ⃛μ; ðA17Þ

where g is the gyromagnetic ratio and α is some constant.
The term αμ × μ̇ corresponds to the angular momentum of
electromagnetic origin, analogous to the electromagnetic
Lorentz mass e2

2ac2 (for an electron as a uniformly charged
sphere of radius a) [50,51]. For a highly conducting
magnetized sphere of radius a, one can find [49] that α ¼
2

3ac2 and it diverges in the pointlike limit a → 0, just like the
electromagnetic mass.
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Without the radiation reaction μ̇ ¼ gμ̇ ×B and, therefore,

μð0Þz ¼ μ cos θ ¼ const;

μð0Þ⊥ ¼ μ sin θðcos ðωtÞi − sin ðωtÞjÞ:
Assuming that the terms associated with the radiation
reaction are small, we can replace μ̈⊥ in them by −ω2μ⊥,
which holds for μð0Þ⊥ , and from (A17) we obtain

μ̇ ¼ αω2μk × μ⊥ þ gμ × B −
2gω2

3c3
μ × μ̇⊥: ðA18Þ

From (A18) it follows that the longitudinal component of the
vector μ̇ satisfies the equation

μ̇z ¼ −
2gω2

3c3
ðμ⊥ × μ̇⊥Þ · k ≈ −

2gω2

3c3
ðμð0Þ⊥ × μ̇ð0Þ⊥ Þ · k;

ðA19Þ
which is the same as

μ̇z ¼
2gω3μ2

3c3
sin2 θ ¼ 2ω4μ2

3Bc3

�
1þ μz

μ

��
1 −

μz
μ

�
; ðA20Þ

and is equivalent to (A13) with N ¼ 1.
For the transverse components of μ from (A18) we get

μ̇x ¼ ðω − αω2μzÞμy þ
2ω3μz
3Bc3

μ̇y;

μ̇y ¼ −ðω − αω2μzÞμx −
2ω3μz
3Bc3

μ̇x: ðA21Þ

By introducing Z ¼ μx þ iμy and keeping only the first-
order terms for small parameters, (A21) can be rewritten as
follows

Ż
Z
¼ −iω −

2ω4

3Bc3

�
1þ i

3αBc3

2ω2

�
μz; ðA22Þ

which can be integrated by using

μz ¼ μ tanh

�
2ω4μ

3Bc3
t

�
;

Z
t

0

μzðτÞdτ ¼
3Bc3

2ω4
ln

�
cosh

�
2ω4μ

3Bc3
t

�	
; ðA23Þ

which follow from (A21). As a result, we obtain [47]

μx þ iμy ¼ μe−iωt
�
sech

�
2ω4μ

3Bc3
t

�	
1þi3αBc

3

2ω2

: ðA24Þ

According to (A21), (A24) can be approximately inter-
preted as indicating a small time-dependent shift of the
Larmor frequency [47]

ΔωðtÞ ¼ −αω2μzðtÞ ¼ −αω2μ tanh

�
2ω4μ

3Bc3
t

�
: ðA25Þ

If initially all magnets are inverted so that Wð0Þ ¼ N
2
,

then (A15) indicates that t0 ¼ ∞, i.e., the system never
radiates. This is not surprising, since such a classical
system is in an unstable equilibrium. Although many
aspects of Dicke superradiance can be understood using
semiclassical concepts, its initial phase requires quantum
concepts and formalism, as do many other purely quantum
mechanical aspects of superradiance [24,27,52].

APPENDIX B: MULTIPOLE HAMILTONIAN
OF THE LIGHT-MATTER INTERACTIONS

There are two widely used ways of describing the
interaction of a nonrelativistic quantum mechanical system
consisting of charged particles with massesmα and charges
qα with an electromagnetic radiation field with vector
potential Aðr; tÞ when the characteristic wavelengths of
the radiation are much larger than the dimensions of the
quantum system. In the minimal coupling formulation, the
canonical momenta p̂ in the field-free Hamiltonian are
replaced by p̂ − q

cA, which leads to the Hamiltonian (for
spinless particles)

ĤðAÞ ¼
X
α

1

2mα

�
p̂α −

qα
c
Aðrα; tÞ

�
2

þ Vc þ
X
k;σ

ℏωk

�
âþk;σâk;σ þ

1

2

�
; ðB1Þ

so that the interaction Hamiltonian in the Coulomb gauge,
when ∇ ·A ¼ 0 and hence p̂α ·A ¼ A · p̂α, is

ĤðAÞ
int ¼ −

X
α

qα
mαc

A · p̂α þ
X
α

q2α
2mαc2

A ·A: ðB2Þ

Another equally popular method, originally proposed by
Göppert-Mayer [53], is to introduce an interaction
Hamiltonian that depends only on gauge-invariant electric
and magnetic fields. In the electric dipole approximation
Aðr; tÞ ≈Að0; tÞ, and such a Hamiltonian can be obtained
from (B1) by a unitary transformation [54]

ĤðEÞ ¼ eSĤðAÞe−S;

S ¼ −
i
ℏc

X
α

qαrα ·Að0; tÞ ¼ −
i
ℏc

d ·Að0; tÞ; ðB3Þ

where d is the electric dipole moment of the system.
Obviously, the Coulomb potential energy Vc in (B1) is

invariant under such a transformation. To find the trans-
formation properties of other terms in (B1), it is useful to
expand the vector potential in creation âþk;σ and annihilation

ABDALJALEL E. ALIZZI and ZURAB K. SILAGADZE PHYS. REV. D 113, 063003 (2026)

063003-10



âk;σ operators

A ¼
X
k;σ

�
2πℏc2

L3ωk

�
1=2

ðâk;σe−iωkteik·rϵk;σ

þ âþk;σe
iωkte−ik·rϵk;σÞ; ðB4Þ

where ωk ¼ kc, ϵk;σ, σ ¼ 1, 2 are two independent polari-
zation vectors such that k · ϵk;σ ¼ 0, and L3 is the quan-
tization volume. As a result, we obtain [54]

S ¼
X
k;σ

ðλ�k;σâk;σ − λk;σâ
þ
k;σÞ;

λk;σ ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

ℏL3ωk

s
eiωktϵk;σ · d: ðB5Þ

Using the following operator identity

eÂB̂e−Â ¼ B̂þ ½Â; B̂� þ 1

2!
½Â; ½Â; B̂��

þ 1

3!
½Â½Â; ½Â; B̂��� þ � � � ; ðB6Þ

we get

eSp̂αe−S ¼ p̂α þ ½S; p̂α� ¼ p̂α þ
qα
c
A; ðB7Þ

where we used the canonical commutator ½ðrαÞi; ðpβÞj� ¼
iℏδαβδij and the fact that ½S; p̂α� ¼ qα

c Að0; tÞ is a c number
(with respect to p̂α), so that all other commutators vanish.
Another canonical commutator ½âk;σðtÞ; âþk0;σ0 ðtÞ� ¼ δkk0δσσ0

in conjugation with (B7) gives

eSâk;σe−S ¼ âk;σþλk;σ; eSâþk;σe
−S¼ âþk;σ þλ�k;σ: ðB8Þ

Using these last two results, we obtain for the new
Hamiltonian

ĤðEÞ ¼
X
α

1

2mα
p̂2
α þ Vc þ

X
k;σ

ℏωk

�
âþk;σâk;σ þ

1

2

�

þ
X
k;σ

ℏωkðλ�k;σâk;σ þ λk;σâ
þ
k;σÞ þ

X
k;σ

ℏωkλ
�
k;σλk;σ:

ðB9Þ
SinceE ¼ − 1

c
∂A
∂t , from (B4) and explicit expression for λk;σ

we easily get

ĤðEÞ
int ¼

X
k;σ

ℏωkðλ�k;σâk;σ þ λk;σâ
þ
k;σÞ ¼ −d · Eð0; tÞ;

ðB10Þ
and

X
k;σ

ℏωkλ
�
k;σλk;σ ¼

X
k;σ

2π

L3
ðϵk;σ · dÞ2: ðB11Þ

The last expression depends only on the dipole moment d
and represents the self-energy of the system in the dipole
approximation. Formally, it diverges, but it should be
remembered that the sum should be limited to the values
of k for which the long-wave approximation is valid.
Usually this self-interaction term is ignored. However,
sometimes such self-energy terms are important for
obtaining gauge-independent results, for example when
calculating the Lamb shift [55].
The Hamiltonians ĤðAÞ and ĤðEÞ are unitarily equivalent,

and so they are expected to describe the same physics. It
therefore came as a great surprise that Lamb, in his precise
experiments on the Lamb-shift line shape, found that the
experimental line shape agreed well with ĤðEÞ but not with
ĤðAÞ [56]. This apparent paradox has caused much dis-
cussion and confusion [54,55,57–61]. The situation is
eloquently described by Jaynes’ comment “How is it
possible that a theory, for which formal gauge invariance
is proved easily once and for all, can lead to grossly non-
invariant results as soon as we try to apply it to the simplest
real problem?” [62].
The problem can be explained as follows [63]. Let us

assume that a two-level atom with a resonant frequency
ωr ¼ ðEe − EgÞ=ℏ is excited by a plane electromagnetic
wave with frequency ω, so that A ¼ A0e−iωt. Then
E ¼ − 1

c
∂A
∂t ¼ i ωc A. Therefore,

hej − q
mc

A · p̂jgi ¼ −
q
ℏω

hejĤ0E · r − E · rĤ0jgi

¼ ωr

ω
hej − qE · rjgi; ðB12Þ

where we have used p̂ ¼ im
ℏ ½Ĥ0; r�, for Ĥ0 ¼ p2

2m þ Vc, and
the fact that in the Coulomb gauge p̂ ·A ¼ A · p̂ and hence
p̂ ·E ¼ E · p̂. Paradoxically, for nonresonant (off-shell)
transitions, the matrix elements in the A and E gauges give
results that differ by a factor of ωr=ω, which is small for
narrow resonances, but was discovered in Lamb’s precise
experiments.
The standard resolution of this apparent paradox [63,64]

states that in order for gauge invariance to yield the same
matrix elements, it is necessary to transform not only the
interaction Hamiltonian, but also the initial and final states.
If we transform only the interaction Hamiltonian, as in
(B12), then of course we can get different results.
This explanation, although formally correct, misses the

subtleties of the physical interpretation of states and
observable operators in different gauges [55]. For example,
suppose we want to calculate the matrix element of
spontaneous light emission. Then the natural initial state
is the photonless state. However, (B5) points out that the
operator eS transforms such a state into a coherent photon
state. Why should we use such a complicated initial state in
a different gauge [64]?
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Apparently, the problems that often accompany the use
of the Coulomb gauge are rooted in the fact that charged
particles are always accompanied by their own Coulomb
fields. Thus, a gauge-invariant electron creation operator
entails the simultaneous creation of an electron and the
surrounding Coulomb field [65], and an incorrect treatment
of the soft-photon Coulomb cloud around the electron can
lead to infrared problems in quantum electrodynamics [66].
It turned out that the E gauge (and its multipole

generalizations) is much less susceptible to such difficulties
and allows one to perform high-order calculations with
correct results more easily than the A gauge, although, of
course, with due care, correct results can be obtained in the
A gauge as well [57,67].
A generalization of the unitary transformation (B3) was

given by Power and Zienau [68] and later by Woolley [69].
It has the form

S ¼ −
i
ℏc

Z
PðrÞ ·AðrÞdr;

PðrÞ ¼
X
α

qαrα

Z
1

0

e−λrα·∇δðrÞdλ: ðB13Þ

If only the first two terms are preserved in the multipole
expansion

PðrÞ ¼
X
α

qαrα

�
1 −

1

2!
ðrα · ∇Þ þ

1

3!
ðrα · ∇Þ2

−
1

4!
ðrα · ∇Þ3 þ � � �

	
δðrÞ; ðB14Þ

we obtain S ¼ Sð0Þ þ Sð1Þ, where Sð0Þ is given by (B3) or
(B5), while

Sð1Þ ¼ −
i

2ℏc

X
α

qαðrα · ∇Þðrα ·AÞjr¼0

¼
X
k;σ

ðμ�k;σâk;σ − μk;σâ
þ
k;σÞ; ðB15Þ

with

μk;σ ¼
�

2π

L3ℏωk

�
1=2

eiωktk ·Q · ϵk;σ;

Qi;j ¼
1

2

X
α

qαðrαÞiðrαÞj; i; j ¼ x; y; z; ðB16Þ

whereQi;j is the electric quadrupole moment of the system.
When calculating the transformed Hamiltonian ĤðEÞ, we

must take into account that Aðrα; tÞ in ĤðAÞ must be
expanded with the same accuracy as in the operator S:
Aðrα; tÞ ≈Að0α; tÞ þ ðrα · ∇ÞAjr¼0. Relevant commutators
are

½∇iAjjr¼0;∇iAjjr¼0� ¼ 0;

½Sð1Þ; p̂α� ¼
qα
2c

½∇ðrα ·AÞ þ ðrα · ∇ÞA�jr¼0; ðB17Þ

and

eSâk;σe−S ¼ âk;σ þ λk;σ þ μk;σ;

eSâþk;σe
−S ¼ âþk;σ þ λ�k;σ þ μ�k;σ: ðB18Þ

As a result, since ∇ðrα ·AÞ − ðrα · ∇ÞA ¼ rα × ð∇ ×AÞ ¼
rα ×H, we get

ĤðEÞ ¼
X
α

1

2mα

�
p̂α þ

qα
2c

rα ×Hð0; tÞ
�

2

þ Vc

þ
X
k;σ

ℏωk

�
ðâþk;σ þ λ�k;σ þ μ�k;σÞðâk;σ þ λk;σ

þ μk;σÞ þ
1

2

�
: ðB19Þ

Similar to (B10), we obtainX
k;σ

ℏωkðμ�k;σâk;σ þ μk;σâ
þ
k;σÞ

¼ −∇ ·Q · Ejr¼0 ≡ −
X
ij

Qij∇iEjjr¼0; ðB20Þ

where Qij is the electric quadrupole moment of the system
introduced in (B16). On the other handX

α

qα
4mαc

½p̂α · ðrα ×HÞ þ ðrα ×HÞ · p̂α�

¼ −
X
α

qα
2mαc

ðrα × p̂αÞ ·H ¼ −μ ·H; ðB21Þ

where μ is the magnetic dipole moment of the system. Note
that rα × p̂α ¼ −p̂α × rα, even though the operators
involved do not commute.
As a result, the Hamiltonian (B19) takes the form

ĤðEÞ ¼
X
α

p̂2
α

2mα
þVcþ

X
k;σ

ℏωk

�
âþk;σâk;σþ

1

2

�
þ ĤðEÞ

int

þ
X
α

q2α
8mαc

½rα×Hð0; tÞ�2

þ
X
k;σ

ℏωkðλ�k;σþμ�k;σÞðλk;σþμk;σÞ ðB22Þ

with the multipole interaction Hamiltonian

ĤðEÞ
int ¼ −d ·Eð0; tÞ − μ ·Hð0; tÞ − ð∇ ·Q ·EÞð0; tÞ:

ðB23Þ
For particles with spin we must of course add the
corresponding contribution with the proper gyromagnetic
factor to the magnetic moment μ.
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The last term in (B22) describes the field-independent
self-interaction of electric multipoles and is a generalization
of (B11). This term is important in calculations of the Lamb
shift or van der Waals forces, but in most other cases it can
be ignored [70].
One of the delicate aspects of the unitary transformation

under consideration is the need to recognize that seemingly
identical operators, in particular the canonical momenta,
actually have different physical meanings in the original
and derived Hamiltonians. We will not consider this
interesting aspect further, suggesting that the interested
reader can consult the literature [70–72].

APPENDIX C: DICKE SUPERRADIANCE:
QUANTUM CONSIDERATIONS

For a two-level atom with excited jei and ground jgi
states, the interaction Hamiltonian (B23) in conjugation
with Fermi’s golden rule leads to the following emission
rate of the electric dipole transition [73]:

γ ¼ 4ω3

3ℏc3
jhgjdjeij2; ðC1Þ

where ω ¼ ðEe − EgÞ=ℏ. A similar result can be obtained
for the magnetic dipole transition. Indeed, for Ĥint ¼
−μ ·Hð0; tÞ, H¼∇×A, and jii¼ jeij0i, jfi ¼ jgijk; σi,
Fermi’s golden rule

γ ¼ 2π

ℏ

X
f−states

jhfjĤintjiij2δðEf − EiÞ ðC2Þ

will give

γ ¼ ð2πÞ2c2
L3

X
k;σ

1

ωk
jðk × ϵk;σÞ · hgjμjeij2δðℏω − ℏωkÞ:

ðC3Þ
Summation over k in the continuum limit L → ∞ can be
replaced by integration [73],

1

L3

X
k

→
Z

dk
ð2πÞ3 ¼

Z
k2dkdΩk

ð2πÞ3 ; ðC4Þ

while the sum over photon polarizations σ can be per-
formed using

X
σ

ðϵk;σÞiðϵk;σÞj ¼ δij −
kikj
k2

: ðC5Þ

As a result we get

γ ¼ ω

2πcℏ

Z
dΩk½k × hgjμjei�2

����
k¼ω

c

¼ 4ω3

3ℏc3
jhgjμjeij2

ðC6Þ
in complete analogy with (C1).

An important point that follows from the condition of
validity of the dipole approximation is that (C1) and (C6) are
valid for any quantum system whose size is much smaller
than the wavelength of the radiation. Following Dicke [10],
we apply these formulas to a system of N two-level atoms,
which form one quantum system due to the close arrange-
ment of the atoms. The fact that the radiation comes from a
specific quantum state of the system, and not from individual
atoms, completely changes the nature of the radiation. In
particular, a quantum state symmetric with respect to the
atoms leads to an extremely strong and short burst of
radiation of the type (A16), called Dicke superradiance.
We will briefly outline only the elementary theory of this
phenomenon [29]. Many other interesting and important
details about Dicke superradiance and related phenomena at
a deeper andmore realistic level can be found in the extensive
literature, from which we cite only a few [27,29,44,52,74].
The quantum state of a two-level atom jψi ¼ αjei þ βjgi

can be represented by a column matrix with two rows,

ψ ¼
�
α

β

�
;

while the quantum mechanical operators will be repre-
sented through 2 × 2 square matrices. In particular, if the
origin of the energy scale is chosen at the midpoint of the
energy interval between the excited and ground states, then
the free atomic Hamiltonian will be

Ĥ0¼
 

1
2
ℏω 0

0 −1
2
ℏω

!
¼ℏωR̂3; R̂3¼

1

2
σ3: ðC7Þ

The pseudospin operators associated with the Pauli matrices

R̂1 ¼
1

2
σ1; R̂2 ¼

1

2
σ2; R̂3 ¼

1

2
σ3 ðC8Þ

satisfy the usual commutation relations of angular momen-
tum ½R̂m; R̂n� ¼ iR̂l, where ðm; n; lÞ is any cyclic permuta-
tion of the numbers 1,2,3. In terms of these operators, the
Hamiltonian of the interaction of an atom with light has the
form (assuming Δm ¼ 0 transition, so that deg ¼ dge ≡ d
and similarly for the magnetic dipole transition)

Ĥint ¼ −Eð0; tÞ ·
�
0 d

d 0

�
¼ −2d ·Eð0; tÞR̂1;

Ĥint ¼ −Hð0; tÞ ·
�
0 μ

μ 0

�
¼ −2μ ·Hð0; tÞR̂1; ðC9Þ

for electric dipole and magnetic dipole interactions,
respectively.
For an ensemble of N-identical atoms, we introduce

individual pseudospin operators R̂ðαÞ with ½R̂ðαÞ
m ; R̂ðβÞ

n � ¼
iδαβR̂

ðαÞ
l , in terms of which the Hamiltonian of the atomsþ

electromagnetic field system takes the form
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Ĥ ¼ ℏω
X
α

R̂ðαÞ
3 − 2g

X
α

R̂ðαÞ
1 þ

X
k;σ

ℏωk

�
âþk;σâk;σ þ

1

2

�

¼ ℏωR̂3 − 2gR̂1 þ
X
k;σ

ℏωk

�
âþk;σâk;σ þ

1

2

�
; ðC10Þ

where g ¼ d ·Eð0; tÞ or g ¼ μ ·Hð0; tÞ, and we introduced
the total quasispin operators of the N-atom system

R̂i ¼
XN
α¼1

R̂ðαÞ
i ; i ¼ 1; 2; 3; ½R̂m; R̂n� ¼ i

X3
l¼1

ϵmnlR̂l:

ðC11Þ

From the angular momentum commutation relations it
follows that R̂2 ¼ R̂2

1 þ R̂2
2 þ R̂2

3 commutes with all pseu-
dospin operators and, consequently, with Ĥ. Indeed,

½R̂2; R̂m� ¼
X3
n¼1

ðR̂n½R̂n; R̂m� þ ½R̂n; R̂m�R̂nÞ

¼ i
X3
n;l¼1

ϵnmlðR̂nR̂l þ R̂lR̂nÞ ¼ 0;

since the first factor is antisymmetric with respect to n, l,
and the second is symmetric.
Therefore, the quantum state of the ensemble jJ;Mi is

characterized by the total pseudospin J [the eigenvalue of R̂2

in this state is JðJ þ 1Þ], and byM, the eigenvalue of R̂3. It is
clear from its definition thatM ¼ 1

2
ðNe − NgÞ, where Ne is

the number of atoms in the excited state, and Ng is the
number of atoms in the ground state. If initially all atoms are
in the excited state, M ¼ 1

2
N; 1

2
N − 1; 1

2
N − 2;…;− 1

2
N,

and J ¼ 1
2
N.

Since 2R̂1 ¼ R̂þ þ R̂−, where R̂þ ¼ R̂1 þ iR̂2 and R̂− ¼
R̂1 − iR̂2 are raising and lowering operators, and, as follows
from the commutation relations of angular momentum, for
normalized states

R̂þjJ;Mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ −MÞðJ þM þ 1Þ

p
jJ;M þ 1i;

R̂−jJ;Mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ þMÞðJ −M þ 1Þ

p
jJ;M − 1i; ðC12Þ

radiative transition occurs only between neighboring jJ;Mi
states. At that, for transition jJ;Mi → jJ;M − 1i the matrix
element of the total dipole moment is

μM;M−1 ¼ ghJ;M − 1jðR̂þ þ R̂−ÞjJ;Mi
¼ g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ þMÞðJ −M þ 1Þ

p
: ðC13Þ

Therefore, assuming that the decay cascade starts from the
state j N

2
; N
2
i, according to (C1) [or according to (C6) if the

transition is of the magnetic dipole type], the corresponding

decay rate is

γM;M−1 ¼ γ

�
N
2
þM

��
N
2
−M þ 1

�
: ðC14Þ

This expression reaches its maximum in the middle of the
decay cascade, when M ¼ 1 or 0, if N is even, or when
M ¼ 1

2
, if N is odd. If N ≫ 1, this maximum rate is

proportional to N2, indicating the onset of coherent
emission. At the beginning of the decay cascade, when
M ≈ N

2
, the rate is proportional to N, i.e., the atoms begin to

decay incoherently, and coherence only emerges later due
to their common coupling to a resonant mode of the
electromagnetic field.
Let us assume that the system is initially completely

inverted (excited) and that at time tðNgÞ the Ng atoms have
already returned to the ground state (that is, by this moment
Ng photons have been emitted). We can approximate tðNgÞ
by the sum of the inverse rates γ−1M;M−1, that is, the times of
individual cascade transitions [29]. It follows from N ¼
Ne þ Ng and 2M ¼ Ne − Ng that MðNgÞ ¼ N

2
− Ng.

Therefore, in the last cascade transition M → M − 1 we
must have M ¼ N

2
− Ng þ 1 to end with M − 1 ¼

N
2
− Ng ¼ MðNgÞ and we get the formula

tðNgÞ¼
XN

2

M¼N
2
−Ngþ1

γ−1M;M−1¼
XN

2

M¼N
2
−Ngþ1

τ0
ðN
2
þMÞðN

2
−Mþ1Þ ;

ðC15Þ

where τ0 ¼ γ−1 is the decay constant of a single atom. The
sum can be calculated approximately using the Euler-
Maclaurin formula [75]

XM2−1

M¼M1

fðMÞ −
ZM2

M!

fðxÞdx

¼ −
1

2
½fðM2Þ − fðM1Þ�

þ
Xm
k¼1

B2k

ð2kÞ! ½f
ð2k−1ÞðM2Þ − fð2k−1ÞðM1Þ�

−
Z

M2

M1

b2mþ1ðf1 − xgÞ
ð2mþ 1Þ! fð2mþ1ÞðxÞdx; ðC16Þ

where B2k are the Bernoulli numbers, b2mþ1ðxÞ are the
Bernoulli polynomials, fxg denotes the fractional part of a
real number x, and m is some integer. The last, so-called
remainder term, can be made small by choosing an
appropriate m. Namely, the following estimate holds [75]
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������
ZM2

M1

b2mþ1ðf1 − xgÞ
ð2mþ 1Þ! fð2mþ1ÞðxÞdx

������
<

4e2π

ð2πÞ2mþ1

Z
M2

M1

jfð2mþ1ÞðxÞjdx: ðC17Þ

To use the Euler-Maclaurin formula in our case, we
rewrite

t ¼ τ0
N

þ
XN2−1

M¼N
2
−Ngþ1

fðMÞ;

fðMÞ ¼ τ0
N þ 1

"
1

N
2
þM

þ 1
N
2
−M þ 1

#
: ðC18Þ

Then after trivial integration we get

t ¼ τ0
N

þ τ0
N þ 1

ln
NNg

N − Ng þ 1
þ τ0r
N þ 1

; ðC19Þ

where r ∼Oð1Þ arises from the right-hand side of (C16).
Assuming N ≫ 1, we rewrite (C19) as follows

N
τ0
t − lnN − 1 − r ¼ ln

Ng

N − Ng
: ðC20Þ

To logarithmic accuracy, 1þ r can be neglected compared
to lnN, and after solving (C20) for Ng we obtain

Ng ¼ N
e

N
τ0
ðt−t0Þ

e
N
τ0
ðt−t0Þ þ 1

; t0 ¼
lnN
N

τ0: ðC21Þ

Then

M ¼ N
2
− Ng ¼ −

N
2
tanh

�
N
2τ0

ðt − t0Þ
	
: ðC22Þ

This is effectively the same relation as (A15) (with λ ¼ 1),
since the dimensionless energyW (in units of ℏω) stored in
the system is W ¼ ℏω

2
ðNe − NgÞ=ðℏωÞ ¼ M.

APPENDIX D: DICKE SUPERRADIANCE
FROM LARGE SAMPLES

The Dicke model in the previous section assumes ideal
conditions:

(i) all atoms are located in a volume small compared
to λ3;

(ii) however, neighboring atoms are far enough away
that there is no need to worry about atom-atom
interactions;

(iii) there is complete permutation symmetry in the
interaction of atoms with their common electromag-
netic field;

(iv) emitted photons immediately flow out of the sample,
so any backreaction on their part and propagation
effects are ignored;

(v) atomic levels of individual atoms involved are
nondegenerate;

(vi) collisions between atoms do not affect their internal
states, and collisional broadening of atomic levels is
not taken into account; and

(vii) it is assumed that the radiation field is uniform
throughout the sample.

In practice, and especially under natural circumstances, all
these conditions are difficult to fulfill. However, Dicke
superradiance is possible even for large samples [10].
First, a very simple interpolation is possible between the

quantum incoherent exponential decay law and the classical
coherent radiation pulse (A16) [24]. When initially fully
inverted N two-level atoms decay incoherently, the expo-
nential decay law is Ne ¼ Ne−t=τ0 , or

W ¼ M ¼ 1

2
ðNe − NgÞ ¼ Ne −

N
2
¼ Ne−t=τ0 −

N
2
: ðD1Þ

Therefore,

−
dW
dt

¼ 1

τ0
Ne−t=τ0 ¼ 1

τ0

�
N
2
þW

�
: ðD2Þ

This should be compared with the classical law of coherent
decay (A13). The interpolation formula between these two
extremes is [24]

−
dW
dt

¼ λ

τ0

�
N
2
þW

��
N
2
−W þ 1

λ

�
: ðD3Þ

Initially, when W ≈ N=2, N=2 −W ≪ 1=λ and (D3) trans-
forms into the exponential decay law (D2), while later,
when at W ≈ 0 the macroscopic dipole moment accumu-
lates, N=2 −W ≫ 1=λ and (D3) transforms into the
classical radiation law (A13).
If t0 is the time when −dW=dt in (D3) reaches its

maximum value at W0 ¼ 1
2λ, then the corresponding sol-

ution of the differential equation (D3) is

W¼N
2

�
−
�
1þ 1

Nλ

�
tanh

�
Nλþ1

2τ0
ðt− t0Þ

�
þ 1

Nλ

	
; ðD4Þ

which corresponds to the radiation intensity [24]

IðtÞ¼−ℏω
dW
dt

¼ℏω
ðNλþ1Þ2

4λτ0
sech2

�
Nλþ1

2τ0
ðt− t0Þ

�
:

ðD5Þ
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A more rigorous quantum mechanical justification of the
interpolation formula (D3) and the results following from it
can be found in [42].
From (D4) and (D5) it is clear that superradiance is

characterized by two timescales

TSR ¼ τ0
Nλþ 1

; t0 ¼ TSR ln ðNλÞ: ðD6Þ

The expression for t0 follows from the initial condition
Wðt ¼ 0Þ ¼ N=2 and represents the delay time, the time
during which macroscopic coherence is established and the
radiation intensity increases to its superradiant peak of
short duration TSR.
The product Nλ can be considered as a parameter

characterizing the superradiance of a large system, which
plays the same role as the total number of atoms N in the
dynamics of a small system. The shape factor λ is a
complex function of the size and shape of the volume
containing the two-level atoms. However, in two extreme
cases for samples in the form of a needlelike long cylinder
of length L and in the form of a flat disk of radius R, the
following estimates are valid [42]

λC ≈
3π

4

c
ωL

; λD ≈ 3

�
c
ωR

�
2

: ðD7Þ

The dynamics of Dicke superradiance of a large sample can
be conveniently described by the semiclassical Maxwell-
Bloch equations, which can be obtained as follows [29]. As
a first step, we introduce the density matrix ρ̂ ¼ ψψþ for a
two-level atom with wave function ψ ,

ψ ¼
�
α

β

�
; ρ̂¼

�
ρee ρeg

ρge ρgg

�
¼
�
αα� αβ�

βα� ββ�

�
: ðD8Þ

For an ensemble of N two-level atoms, the density matrix
has the form

ρ̂ðr; tÞ ¼ 1

N

XN
α¼1

δðr − rαÞρ̂ðαÞðtÞ; ðD9Þ

where ρ̂ðαÞ are the density matrices of individual atoms,
averaged over volumes large compared to the size of the
atom and small compared to the emitted wavelength [27].
According to (C10), the Schrödinger equation for the wave
function ψ is

iℏ
∂

∂t

�
α

β

�
¼
� 1

2
ℏω −g

−g − 1
2
ℏω

��
α

β

�
: ðD10Þ

From (D8) and (D10) it follows that the components of the
density matrix satisfy a simple precession-type equation
[74,76]

dr
dt

¼ Ω × r; r ¼ ðρeg þ ρge; iðρeg − ρgeÞ; ρee − ρggÞ;

Ω ¼
�
−
2g
ℏ
; 0;ω

�
: ðD11Þ

Since ρee þ ρgg ¼ 1, we get from (D11)

∂ρee
∂t

¼ i
g
ℏ
ðρge−ρegÞ;

∂ρgg
∂t

¼−i
g
ℏ
ðρge−ρegÞ;

∂ρeg
∂t

¼−iωρeg− i
g
ℏ
ðρee−ρggÞ; ρge ¼ ρ�eg: ðD12Þ

These equations can be also obtained from the von
Neumann equation for the density matrix [29].
Since g ¼ d · Eðr; tÞ org ¼ μ ·Hðr; tÞ, to close the system

(D12) we need the equation of evolution of the electromag-
netic field, which can be obtained from Maxwell’s macro-
scopic equations:

∇ ·D¼ 4πρf; ∇ ·B¼ 0;

D¼Eþ4πP; B¼Hþ4πM;

∇×H¼ 4π

c
Jfþ

1

c
∂D
∂t

; ∇×E¼−
1

c
∂B
∂t

: ðD13Þ

Assuming no free charges (ρf ¼ 0, Jf ¼ 0), andM ¼ 0, ∇ ·
P ¼ 0 in case of electric dipole transitions, so that
∇ × ð∇ ×EÞ ¼ ∇ð∇ ·EÞ − ∇2E, we get from (D13)

∇2E −
1

c2
∂
2E
∂t2

¼ 4π

c2
∂
2P
∂t2

: ðD14Þ

Analogously, for magnetic dipole transitions, assuming
P ¼ 0, ∇ ·M ¼ 0, we obtain

∇2H −
1

c2
∂
2H
∂t2

¼ 4π

c2
∂
2M
∂t2

: ðD15Þ

The polarization density P can be viewed as the quantum
mechanical expectation value of the electric dipole moment
per unit volume. Similarly, the magnetization density M
can be treated as the quantum mechanical expectation
value of the magnetic dipole moment per unit volume.
Therefore [29],

P ¼ ndTrð2ρ̂R̂1Þ ¼ ndðρeg þ ρgeÞ;
M ¼ nμTrð2ρ̂R̂1Þ ¼ nμðρeg þ ρgeÞ; ðD16Þ

where n is the number of atoms per unit volume.
For a sample in the form of a needlelike long cylinder

along the z axis, the solution of (D12) and (D14) can be
sought in the form of linearly polarized (with real polari-
zation vector ϵk) plane waves propagating in the positive
direction of the z axis [29],
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ρeg ¼
1

2
Rðz;tÞe−iðωt−kzÞ;

Eðr; tÞ¼ 1

2
ϵkðEðz;tÞe−iðωt−kzÞ þE�ðz; tÞeiðωt−kzÞÞ: ðD17Þ

When substituting these expressions into (D12), the rotat-
ing wave approximation [77] is assumed, which consists in
neglecting the rapidly oscillating terms containing e�2iωt.
While in (D14) we assume that the amplitudes Rðz; tÞ and
Eðz; tÞ are slowly varying functions of their arguments (the
slowly varying envelope approximation [29]), and neglect
∂
2E
∂z2 compared to k ∂E

∂z , as well as
∂
2R
∂t2 and ω ∂E

∂z compared to

ω2R. As a result of these approximations (D12) and (D14)
are replaced by Maxwell-Bloch equations [note that
according to (D14) and (D16) ϵkkd],

∂R
∂t

¼ −i
d
ℏ
EZ;

∂Z
∂t

¼ i
d
2ℏ

ðER� − E�RÞ;
∂E
∂z

þ 1

c
∂E
∂t

¼ i
2πωn
c

dR; ðD18Þ

where Z ¼ ρee − ρgg is the population difference per atom
between the excited and ground states. In the case of
magnetic dipole transitions, we obtain similar equations
with the replacement of E → H and d → μ.
The Maxwell-Bloch equations (D18) describe superra-

diance as an essentially one-dimensional problem.However,
this implicitly assumes one more approximation. If the
radius of the cylinder is too small compared to the emitted
wavelength 2πc=ω, diffraction becomes significant and
destroys one-dimensionality. On the other hand, at a large
cylinder radius, the radiation supports off-axis modes and
the transverse variability of the field can no longer be
ignored. The trade-off between too much off-axis radiation
and too much diffraction is controlled by the so-called
Fresnel number,

F ¼ ωr2

2Lc
; ðD19Þ

where r is the radius of the cylinder and L is its length. The
validity of (D18) assumes F ≈ 1 [27].
The Maxwell-Bloch equations (D18) more conveniently

can be expressed in terms of dimensionless variables τ, ξ,
and ϵ defined in the following way [29]

τ¼ tΩ; ξ¼ z
Ω
c
; ϵ¼−i

dE
ℏΩ

; Ω2¼2πωn
ℏ

d2; ðD20Þ

where the last equation is dictated by the requirement that
the last equation in (D18) takes its simplest form. Then
(D18) is rewritten as follows

∂R
∂τ

¼Zϵ;
∂Z
∂τ

¼−
1

2
ðϵR� þ ϵ�RÞ; ∂ϵ

∂τ
þ∂ϵ

∂ξ
¼R: ðD21Þ

In what follows, we assume that the amplitudes R and ϵ are
real. Furthermore, for a sufficiently small sample, we can
neglect the spatial variation of the field ϵ in (D21). Then
(D21) reduces to

∂R
∂τ

¼ Zϵ;
∂Z
∂τ

¼ −Rϵ;
∂ϵ

∂τ
¼ R: ðD22Þ

The first two equations show that R2 þ Z2 ¼ B2 is a
constant, and so we can think of R and Z as the transverse
and longitudinal components of the Bloch vector B with
magnitude B and polar angle θðτÞ,

RðτÞ¼BsinθðτÞ; ZðτÞ¼BcosθðτÞ; ϵðτÞ¼ dθðτÞ
dτ

;

ðD23Þ

where the last equation follows, for example, from the first
equation (D22). Then the last equation in (D22) takes the
form

d2θðτÞ
dτ2

¼ B sin θðτÞ; ðD24Þ

which coincides with the equation of motion of a rigid
pendulum. Its solution is expressed in terms of elliptic
integrals and describes the oscillatory energy flow between
atoms and the resonant mode of the field.
To describe superradiance, we must modify the last

equation in (D22) to include the emission of radiation from
the sample [29]. We can obtain the corresponding equation
from the energy balance,

1

2
ℏωN

dZ
dt

þ SL
8π

djEj2
dt

¼ −
c
4π

jEj2S; ðD25Þ

where L is the length of the sample and S is its cross-
section, so that the left-hand side (D25) represents the time
derivative of the energy stored in the atoms and the electric
field, while the right-hand side represents the Poynting flux
from the end faces of the sample. Note that we have to
average this flux over the fast oscillations of the electro-
magnetic field, since the left-hand side concerns quantities
in the slow envelope approximation. However, the addi-
tional 1=2 factor introduced by averaging is canceled out
because the energy leakage occurs through both ends of the
cylinder. Using d

dt ¼ Ω d
dτ, so that dZ

dt ¼ Ω dZ
dτ ¼ −ΩRϵ, and

jEj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πnℏω

p
ϵ, we easily obtain from (D25) the desired

equation [29],

dϵ
dτ

þ c
LΩ

ϵ ¼ R: ðD26Þ

Since ϵ ¼ dθ
dτ, this equation implies
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d2θ
dt2

þ c
LΩ

dθ
dτ

¼ B sin θ; ðD27Þ

which is the equation for a pendulum with friction.
For a small sample size one would expect c

LΩ ≫ 1, so the
first term in (D27) can be neglected compared to the second
(overdamped pendulum). Then such a truncated differential
equation (D27) is readily solved. In particular, assuming
total initial inversion B ¼ 1, θð0Þ ¼ θ0 ≪ 1, we obtain

LΩ
c

τ ¼
Z

θ

θ0

dθ
sin θ

¼ −
Z

θ

θ0

d cos θ
1 − cos2 θ

¼ −
1

2
ln
1þ cos θ
1 − cos θ

����θ
θ0

:

ðD28Þ

Solving for cos θ gives

Z ¼ cos θ ¼ − tanh

�
t − t0
2TSR

	
;

W ¼ 1

2
NZ ¼ −

N
2
tanh

�
t − t0
2TSR

	
; ðD29Þ

where

TSR¼
c

2LΩ2
¼ cℏ
4πωd2nL

; t0¼TSR ln

�
cot2

θ0
2

�
: ðD30Þ

We cannot take the initial tilt angle θ0 of the Bloch vector to
be zero, since a classical rigid pendulum never leaves
unstable equilibrium and t0 → ∞ at θ0 → 0. The second
relation in (D30) between the delay time t0 and the tipping
angle θ0 was verified experimentally and was found to be in
reasonable agreement with the experimental data [78].
Using (C1), TSR can be expressed in terms of the atomic

lifetime constant τ0 ¼ 1=γ,

TSR ¼ ω2τ0
3πnLc2

¼ 4πS
3Nλ2ω

τ0; λω ¼ 2πc
ω

: ðD31Þ

Comparing (D29) with (A15), we see that

λ ¼ 3

4π

λ2ω
S

¼ 3

2

c
ωL

; ðD32Þ

in reasonable agreement with the first estimate in (D7). The
second equality in (D32) follows from the assumption that
the Fresnel number F ¼ ωS

2πLc ¼ 1.
Let us return to (D21) and again assume that R and ϵ are

real. If we introduce a retarded dimensionless time τ− ¼
τ − ξ and use ðτ−; ξÞ as independent variables, so that (note
that τ ¼ const implies Δτ− ¼ −Δξ)

∂

∂τ

����
ξ¼const

¼ ∂

∂τ−

����
ξ¼const

;

∂

∂ξ

����
τ¼const

¼−
∂

∂τ−

����
ξ¼const

þ ∂

∂ξ

����
τ−¼const

; ðD33Þ

then (D21) is rewritten in the following way

∂R
∂τ−

¼ Zϵ;
∂Z
∂τ−

¼ −Rϵ;
∂ϵ

∂ξ
¼ R: ðD34Þ

By virtue of the first two equations in (D34), the length of
the Bloch vector does not change and thus we can again
write

Rðτ−;ξÞ¼Bsinθðτ−;ξÞ; Zðτ−;ξÞ¼Bcosθðτ−;ξÞ:
ðD35Þ

Then from the first or second equation in (D34) it follows
that

ϵðτ−; ξÞ ¼
∂θðτ−; ξÞ

∂τ−
; ðD36Þ

and the last equation in (D34) is transformed into the sine-
Gordon equation,

∂
2θðτ−; ξÞ
∂ξ∂τ−

¼ B sin θðτ−; ξÞ: ðD37Þ

The sine-Gordon equation has many applications in physics
[79]. In the context of superradiance, Burnham and Chiao
considered an automodeling solution of (D37) that depends
on only one variable q ¼ 2

ffiffiffiffiffiffiffi
τ−ξ

p
[80]. Then

∂

∂τ−
¼

ffiffiffiffiffi
ξ

τ−

s
d
dq

;
∂

∂ξ
¼

ffiffiffiffiffi
τ−
ξ

r
d
dq

; ðD38Þ

and (D34) reduces to an ordinary differential equation (the
Burnham-Chiao equation)

d2θðqÞ
dq2

þ 1

q
dθðqÞ
dq

¼BsinθðqÞ; q¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

LTR
z

�
t−

z
c

�s
;

ðD39Þ

where we introduce TR ¼ 2TSR, and TSR is given by (D30).
To solve (D39), we need initial values

θð0Þ ¼ θ0 ¼
2ffiffiffiffi
N

p ;
dθ
dq

ð0Þ ¼ 0: ðD40Þ

Note that we cannot set q0 ¼ 0, since such a choice
corresponds to an unstable equilibrium, and classically
the system will remain in this state forever. The nonzero
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value of θ0 simulates quantum fluctuations that initially
take the system out of equilibrium. Several approaches to
θ0 can be found in the literature [81]. We choose the one
[82,83] that has experimental confirmation [81].

APPENDIX E: HYPERFINE SPLITTING
IN HYDROGEN AND POSITRONIUM

The spins of the electron and proton in a hydrogen atom
can sum either to a total spin of one (triplet state) or to a
total spin of zero (singlet state). The energies of the triplet
and singlet states differ slightly due to the magnetic
interaction between the magnetic moments of the electron
and proton. This difference in energy can be estimated as
follows [84]. A proton with a magnetic moment μp creates
at the location of an electron with a relative radius vector r a
vector potential A and, consequently, a magnetic field
B ¼ ∇ ×A, determined by the formulas

A¼ μp× r

r3
; B¼∇×

�
μp×r

r3

�
¼∇×

�
∇×

μp
r

�
; ðE1Þ

where in the last step we used the equality

∇
1

r
¼ −

r
r3
:

Therefore, the interaction Hamiltonian is

Hint ¼ −μe ·B ¼ −μe · ∇ ×

�
∇ ×

μp
r

�

¼ −μe · ∇
�
∇ ·

μp
r

�
þ μe · μp∇2

1

r
: ðE2Þ

Now we use the identities [85]

∇2

�
1

r

�
¼ −4πδðrÞ;

∂
2

∂ri∂rj

�
1

r

�
¼ −

4π

3
δijδðrÞ þ

3rirj − r2δij
r5

; ðE3Þ

and finally obtain

Hint ¼
r2μe · μp − 3ðμe · rÞðμp · rÞ

r5
−
8π

3
μe · μpδðrÞ: ðE4Þ

Note that the second equality in (E3) holds as an equality
between generalized functions only for test functions that
are smooth at the origin [86–88]. The interaction
Hamiltonian (E4) can be obtained in a less mathematical
and more physical way if the magnetic moment of the
nucleus is modeled as a rotating uniformly charged sphere
whose radius tends to zero [84,89].
Because of this magnetic interaction, in the first order of

perturbation theory, the energy of the ground state 1S is

shifted by the amount

ΔEJ;M ¼
Z

Ψ�ĤintΨdr; Ψ ¼ 1ffiffiffiffiffiffiffiffi
πa3B

p e−
r
aB jJ;Mi;

aB ¼ ℏ2

mee2
; ðE5Þ

where aB is the Bohr radius, and jJ;Mi denotes the spin
part of the wave function with J ¼ 1 or J ¼ 0. The first
term in (E4) gives a zero contribution since the angular
integral with this term vanishes. Therefore, since the
quantum operators

μ̂p ¼ gp
e

2Mpc
Ŝp; μ̂e ¼−ge

e
2mec

Ŝe;

Ŝp · Ŝe ¼
1

2
ðĴ2− Ŝ2

p− Ŝ2
eÞ; ðE6Þ

where gp ≈ 5.5857 and ge ≈ 2.0023 are the g factors of the

proton and electron in their gyromagnetic ratios, Ĵ ¼ Ŝp þ
Ŝe is the total momentum operator of the hydrogen atom in
the 1S state, and

Ĵ2jJ;Mi ¼ ℏ2JðJ þ 1ÞjJ;Mi;

Ŝ2
pjJ;Mi ¼ Ŝ2

ejJ;Mi ¼ 3

4
ℏ2; ðE7Þ

we get

ΔEJ;M ¼ gegp
3a3B

e2ℏ2

meMpc2

�
JðJ þ 1Þ − 3

2

	

¼ 4gegp
3

R2

Mpc2

�
JðJ þ 1Þ − 3

2

	
; ðE8Þ

where R ¼ e2
2aB

≈ 13.6 eV is the binding energy of the
hydrogen atom ground state.
As we can see, ΔEJ;M does not depend on M, and the

hyperfine splitting ΔEhyd ¼ E1;M − E0;0 in the ground state
of the hydrogen atom is equal to [84]

ΔEhyd ¼
8gegp
3

R2

Mpc2
≈ 5.884 × 10−6 eV: ðE9Þ

The frequency of the photon emitted in the triplet-singlet
transition is νhyd ¼ ΔEhyd=h ≈ 1420 MHz and corresponds
to the famous hydrogen line λhyd ¼ c=ν ≈ 21 cm. The
existence of this line and the possibility of its detection
were predicted by Van de Hulst in 1945 [90]. Since its
first detection by Ewen and Purcell [91] in 1951, it has
become an indispensable tool in radio astronomy and
cosmology [92,93].
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In the case of positronium, gp=Mp should be replaced by
ge=me in (E8), and the electron mass me in aB should be
replaced by the reduced mass me=2, which will effectively
change aB to 2aB. As a result, we obtain

ΔEð1Þ
pos ¼ g2e

3

R2

mec2
: ðE10Þ

However, unlike the hydrogen atom, the electron and
positron in the triplet state of positronium (orthopositro-
nium) can annihilate to form a virtual photon, and then this
photon is converted into another pair with the same total,
but not the same relative momentum. The effective inter-
action Hamiltonian corresponding to such a quantum
electrodynamical process for othopositronium 1S ground
state is [94]

Ĥpair ¼ 2π

�
eℏ
mec

�
2

δðrÞ; ðE11Þ

and this creates an additional energy difference between the
triplet and singlet states (such an interaction is impossible
for the singlet state para-positronium, since the conserva-
tion of C-parity in electromagnetic interactions prohibits its
annihilation into one virtual photon),

ΔEð2Þ
pos ¼ 1

πð8a3BÞ
2π

�
eℏ
mec

�
2

¼ R2

mec2
: ðE12Þ

Therefore, the total triplet-singlet splitting ΔEpos ¼
ΔEð1Þ

pos þ ΔEð2Þ
pos for positronium is equal to

ΔEpos ¼
�
g2e
3
þ 1

�
R2

mec2
≈
7

3

R2

mec2

¼ 7

6
α2R ≈ 8.45 × 10−4 eV: ðE13Þ

The experimental value is [84] ΔEpos ≈ 8.411 × 10−4 eV.
The relative discrepancy of about 0.5% (as well as the
discrepancy of about 0.2% in the case of the hydrogen
atom) is due to unaccounted higher-order quantum elec-
trodynamical corrections [84]. The corresponding triplet-
singlet spin-flip transition frequency in positronium is
νpos ≈ 203.4 GHz with wavelength λpos ≈ 1.474 mm.
Interestingly, Kardashev argued that the window around

the positronium spin-flip line is the optimal wavelength
region for communication with extraterrestrial intelligence
[95]. A preliminary search for possible extraterrestrial
intelligence broadcasting on this frequency yielded neg-
ative results [96,97]. However, the millimeter and sub-
millimeter ranges remain virtually unexplored in SETI
surveys [98]. Almost the same frequency of 203 GHz is
characteristic of the rotational molecular line of H2

18O, the

emission of which from hot molecular clouds has already
been detected [95,99].
A few words about how (E11) was obtained [100]. The

idea is to find the quantum electrodynamic (QED) ampli-
tude corresponding to the annihilation of an electron and
positron into a virtual photon by subsequent re-creation of
the pair, and interpret it as being caused by an effective
three-dimensional potential [101]. The QED amplitude
(one of the two amplitudes contributing to Bhabha scatter-
ing) is

Mann ¼ e2½v̄ðpþÞγμuðp−Þ�
4π

ðpþ þ p−Þ2
½ūðp0

−Þγμvðp0þÞ�;

ðE14Þ

where p− and pþ are the four-momenta of the electron and
positron before annihilation, p0

− and p0þ are four-momenta
after annihilation, u and v denote their corresponding Dirac
spinors, and 4π appears in the photon propagator since we
are using Gaussian units. Note that we temporarily assume
that c ¼ ℏ ¼ 1, as is customary in most quantum field
theory textbooks.
It is impossible to extract the effective potential of the

interaction of an electron and a positron from (E14), since
this requires bringing (E14) to a form in which the electron
spinors ūðp0

−Þ and uðp−Þ, as well as the positron spinors
v̄ðpþÞ and vðp0þÞ are contracted. This is achieved by using
the Fierz identity [102]

½v̄ðpþÞγμuðp−Þ�½ūðp0
−Þγμvðp0þÞ�

¼ 1

4

n
4½ūðp0

−Þuðp−Þ�½v̄ðpþÞvðp0þÞ�
− 2½ūðp0

−Þγμuðp−Þ�½v̄ðpþÞγμvðp0þÞ�
− 2½ūðp0

−Þγμγ5uðp−Þ�½v̄ðpþÞγμγ5vðp0þÞ�
− 4½ūðp0

−Þγ5uðp−Þ�½v̄ðpþÞγ5vðp0þÞ�
o
: ðE15Þ

The electron and positron in positronium are nonrela-
tivistic, so ðpþ þ p−Þ2 ≈ 4m2

e and since the photon propa-
gator in this approximation already contains a factor of
1=c2 (when c is restored on dimensional grounds), it is
sufficient to use the zero-order approximation for Dirac
spinors,

uðp−Þ≈
�
ξ

0

�
; vðpþÞ≈

�
0

ζ

�
; ðE16Þ

where ξ and ζ are three-dimensional spinors for the electron
and positron, respectively. Using the Dirac representation
for the γ matrices and (E15), we can show after simple
algebraic calculations that (E14) takes the form
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Mann ¼ −
e2π
2m2

e
½3ξ0þξζþζ0 þ ξ0þσξ · ζþσζ0�

¼ −ξ0þα ζþβ Vαβ;γδξγζ
0
δ; ðE17Þ

where the effective interaction operator Vαβ;γδ was intro-
duced from the requirement that it yield the same matrix
element as the Hermitian Gupta K matrix related to the
unitary S matrix by [103]

S ¼ 1 − i
2
K

1þ i
2
K
; ðE18Þ

in particular, at the first nonvanishing order K ¼ −M.
We can express the momentum-space effective interac-

tion operator in the matrix form,

Vpair ¼
e2π
2m2

e
ð3þ σð−Þ · σðþÞÞ; ðE19Þ

assuming that σð−Þ acts only on electron spinors, and σðþÞ
acts only on positron spinors. The effective potential in the
configuration space is obtained by the Fourier transform

VpairðrÞ ¼
1

ð2πℏÞ3
Z

e
i
ℏq·rVpairðqÞ; ðE20Þ

and since VpairðqÞ is actually independent of the momen-
tum q, integration will yield a δ function, and we finally
obtain (we have restored ℏ and c on dimensional grounds)

VpairðrÞ ¼
π

2

�
eℏ
mec

�
2

ð3þ σð−Þ · σðþÞÞδðrÞ: ðE21Þ

Since σð−Þ ¼ 2
ℏ Ŝ

ð−Þ, σðþÞ ¼ 2
ℏ Ŝ

ðþÞ, we easily find

hJ;Mjð3þ σð−Þ · σðþÞÞjJ;Mi ¼ 2JðJ þ 1Þ;

where J is the total momentum of positronium in the 1S
state (coinciding with the total spin), and we see that (E21)
is equivalent to (E11).
Let us estimate the lifetime of a spontaneous hyperfine

transition from a triplet to a singlet state [73,104]. The
corresponding transition rate is determined by Fermi’s
golden rule [105]

γ ¼ 2π

ℏ

X
k;σ

jhfjĤintjiij2δðEf − EiÞ; ðE22Þ

where the interaction Hamiltonian is the magnetic dipole
part of (B23) with

μ ¼ egp
2Mpc

Ŝp −
ege
2mec

Ŝe ¼ −
ege
2mec

�
Ŝe −

megp
Mpge

Ŝp

�
:

ðE23Þ

Of course, for hydrogen, due to the large difference in mass
between the electron and the proton, the proton’s contri-
bution to (E23) can be neglected. However, keeping in
mind the further application to positronium, we will
retain it.
For such an interaction Hamiltonian, we have already

calculated the decay rate and obtained as a result (C6). So,
we just need to calculate jhgjμjeij2 for μ from (E23). Using

jh↑jσj↓ij2¼ jh↓jσj↑ij2 ¼ 2; jh↑jσj↑ij2¼ 1;

h↑jσj↑i¼−h↓jσj↓i; ðE24Þ

we find that the decay rate does not depend on the magnetic
quantum number M of the initial triplet state,

jei¼ j1;Mi¼

8>><
>>:
j↑⇑i; if M¼ 1;
1ffiffi
2

p ðj↑⇓iþ j↓⇑iÞ; if M¼ 0;

j↓⇓i; if M¼−1;

jgi¼ j0;0i¼ 1ffiffiffi
2

p ðj↑⇓i− j↓⇑iÞ; ðE25Þ

and equals [104]

γhyp ¼
ℏe2g2e
12m2

ec5

�
1þ megp

Mpge

�
2

ω3

¼ αg2e
12

�
1þ megp

Mpge

�
2
�

ℏω
mec2

�
2

ω; ðE26Þ

with ω ¼ ΔEhyp

ℏ . Therefore, for hydrogen

γhyd ≈
1

3
α

�
ℏωhyd

mec2

�
2

ωhyd ≈ 2.88 × 10−15 s−1;

τhyd ¼
1

γhyd
≈ 3.5 × 1014 s; ðE27Þ

while for positronium, when gp
Mp

→ ge
me

in (E26), and when

the experimental value ΔEpos ≈ 8.411 × 10−4 eV is used,

γpos ≈
4

3
α

�
ℏωpos

mec2

�
2

ωpos ≈ 3.37 × 10−8 s−1;

τpos ¼
1

γpos
≈ 3 × 107 s: ðE28Þ

It is noteworthy that the theoretical value γpos ≈ 3.37 ×
10−8 s−1 is in good agreement with the experimental value
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γ ¼ 3.1þ1.6
−1.2 × 10−8 s−1 obtained in the first direct meas-

urement of the hyperfine transition of the ground state
positronium [106]. It is perhaps worth mentioning that
the theoretical value given in [106] is taken from [107],
which in turn is based on formula (2-132) in [108].

Although the numerical value given in [107] is correct
and agrees with our result, the analytical formulas in
both [107,108] lack the factor 4=3, without which the
correct factor 10−42 in (2-132) of [108] cannot be
obtained.
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