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Dicke superradiance is a fascinating phenomenon in which a large number of atoms cooperate to
produce a brief and very intense burst of spontaneous emission. This phenomenon has been well studied in
the laboratory, but its astrophysical aspects have only recently attracted the attention of a small number of
researchers. Since the phenomenon of Dicke superradiance is relatively little known to the wider

astrophysical community, we provide a fairly detailed review of its elementary theory in the Appendix and
speculate on the significance of superradiance for astrophysical hydrogen and positronium, given the
abundant formation of the latter near the Galactic Center.
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I. INTRODUCTION

A year after Anderson’s experimental discovery of the
positron, Mohorovici¢ [1] suggested the possibility of the
existence of positronium (which he called electrum) and
proposed searching for astrophysical sources of positro-
nium by detecting its spectral lines. Unfortunately, this
suggestion was not appreciated or widely known, and was
therefore not mentioned in several later papers that inde-
pendently predicted the existence of what we now call
positronium [2—4].

In astrophysical context, positronium in excited states
cascades down to lower energy levels, emitting photons
(recombination lines) at specific wavelengths. Its recombi-
nation lines are analogous to hydrogen’s spectral lines but
with frequencies roughly half those of hydrogen due to the
reduced mass. These lines, particularly the optical Lyman-
alpha line (2431 A) and radio recombination lines, offer a
unique way to study positronium formation and annihila-
tion processes in astrophysical environments.

Despite periodic renewed interest, no astrophysical
recombination lines of positronium has been detected in
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the last 90 years since this hypothesis was put forward,
probably due to the high background of the near-infrared
Balmer lines and the strong attenuation of the ultraviolet
Lyman lines due to Rayleigh scattering by dust in the
interstellar medium [5]. Observation of such recombination
lines is particularly important given the half-century-long
mystery of the origin of galactic 511 keV gamma rays
measured by various instruments since their first observa-
tion in pioneering balloon experiments [6,7], as it allows an
angular resolution increase of 10* compared to gamma-ray
observations [5].

Positrons in space can be produced by a variety of
mechanisms [7]:

(i) pt decay of unstable nuclei produced in stellar
explosions, such as Ni, 2Na, “Ti, and 2°Al;

(i1) inelastic collisions of relativistic cosmic ray protons
with interstellar gas and the production of secondary
positrons in decays of positively charged mesons;

(iii) pair production in y — y interactions;

(iv) rapidly rotating magnetized neutron stars (millisec-
ond pulsars and magnetars), which can accelerate
charged particles to Lorentz factors high enough to
initiate cascade production of e*e™ pairs;

(v) X-ray binaries and microquasars (for example, the
microquasar 1E1740.7-2942, known as “the Great
Annihilator” [8]); and

(vi) pair production around the Galactic supermassive
black hole.

The observed gamma-ray flux shows that in the

Milky Way about 5 x 10* positrons are annihilated every
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second near the Galactic Center. Moreover, the morphology
of the 511 keV signal, emanating from the Galactic bulge,
center, and disk with a bulge-to-disk luminosity ratio of ~1,
is unique and does not resemble any other distribution of
astrophysical sources (see Fig. 1 in [6]).

A certain fraction of the astrophysical positrons produced,
fps, forms positronium either through radiative recombina-
tion or in an endoenergetic charge exchange reaction in
which a positron captures an electron from an atom or
molecule, forming positronium in flight if the kinetic energy
of the positron is greater than the threshold energy of the
charge exchange reaction [5,7]. This fraction can be esti-
mated from the observed intensities of the two photon
511 keV line and the continuous emission of three photons
with energies below 511 keV as follows [7,9]. Positronium
will be formed one-quarter of the time in the spin-singlet
state of parapositronium and three-quarters of the time in the
spin-triplet state of orthopositronium. Charge conjugation
symmetry forbids annihilation of C-even parapositronium
into an odd number of photons and C-odd orthopositronium
annihilating into an even number of photons. Therefore,
orthopositronium decays almost exclusively into three
photons and thus produces a continuous spectrum of gamma
rays with intensity I, ~ 32 fps =3 fps, Where the first
factor of 3 arises because each decay produces three gamma
rays. Parapositronium decays almost exclusively into two
photons. However, another process of two photons produc-
tion involves the direct annihilation of positrons with
electrons when some 1 — fp, positrons annihilate, without
producing positronium. Therefore, the intensity of the
511 keV line is Isy; ~2(1 — fps +}‘fps) =2(1 —%fps).

Thus, we have ;ﬂ = %, which implies
S

cont
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Icom
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In fact, the observed intensities indicate that almost all
positrons annihilate through the formation of positronium [6].

As we see, there is a region in the center of the Galaxy
where positronium is present in large quantities. An
interesting question is whether under such circumstances
the cooperative coherence effects first considered by Dicke
in his seminal paper [10] can occur. Our goal in this note is
to speculate on this possibility. Readers unfamiliar with
Dicke superradiance are advised to first consult the
Appendix, which provides a fairly detailed description of
its elementary theory, as well as the basics of the hydrogen
and positronium spin flip-lines.

II. DICKE SUPERRADIANCE IN ASTROPHYSICS

The intensive research carried out in the quantum optics
community following the first experimental confirmation
of superradiance [11], almost 20 years after the publication
of Dicke’s paper [10], has until recently been largely

ignored in the astrophysical community, despite the dis-
covery of astronomical masers in the interstellar medium
[12] indicating the possibility of such phenomena in an
astrophysical context. The situation began to change after
the possibility of superradiance in the spin-flip line of
atomic hydrogen at 21 cm was discussed, and the appli-
cation of superradiance to the 1612 MHz OH, 6.7 GHz
CH3O0H, and 22 GHz H20 maser lines was used to explain
the observations of intensity bursts found in these spectral
lines for some astronomical sources that cannot be easily
explained within the maser theory [13-22]. For example,
periodic bursts in the methanol lines at 6.7 GHz and
12.2 GHz, as well as in the OH molecular transitions at
1665 MHz and 1667 MHz, observed in the star-forming
region G9.62+0.20E, are best explained by Dicke super-
radiance, as shown by detailed modeling [21]. The phe-
nomenon of subradiance accompanying superradiance has
even been considered in the context of dark matter [23].
In this work we focus on the spin-flip lines of atomic
hydrogen and positronium.

Causality can limit the maximum number of atoms that
can participate in a superradiance pulse. This maximum
number can be estimated in the following way [24,25]. If a
cylindrical sample of length L and cross section § emits a
superradiant pulse of characteristic time of the order of T,
then for cooperative behavior to be possible, causality
requires that the emitting atoms be within ¢7T', distance of
each other. Therefore, L < ¢Tr = 2¢T g, Where Tgp is
the duration of the superradiant peak (for large samples the
characteristic timescale of superradiance is still 7 but the
duration of the peak scales as 21/TxTp when dephasing is
negligible [26], where T}, is the delay time), and using
T = ;‘NL/‘%]TO, where 1,, = 22 [see (D31) in the Appendix
for how this was obtained] and assuming that the Fresnel
number (D19) is unity, so that S = 2zLc/w, this Arecchi-
Courtens criterion transforms into (where 7 is the char-
acteristic time of spontaneous decay),

4 {4.2 x 10%*,  for hydrogen,

N <z oty = o
3 5.1 x 10", for positronium.

It should be noted, however, that this limitation applies only
when all atoms are inverted simultaneously (e.g., when the
radiation responsible for the atomic population inversion
propagates transversely to the inverted region). In this case,
atoms located at a distance greater than ¢T; will participate
in spatially distinct superradiance groups before they can
interact with each other. However, this limitation does not
apply when the inversion wave propagates longitudinally
through the sample. In this case, there is no limit on the
distance between atoms, since the excitation follows the
superradiance signal along the sample (see [27] for a more
detailed discussion).

According to (D40), the initial Bloch angles correspond-
ing to the maximum numbers in (2) are
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FIG. 1.

for hydrogen,

9.8 x 10_13,
0o — { 3)

2.8 x 1071%, for positronium.

We can use these values of @ in the initial conditions (D40)
and solve the Burnham-Chiao equation (D39) numerically.
For this, we used the DRKNYS [28] routine from the
CERNLIB library, which solves second-order differential
equations using the Runge-Kutta-Nystrom method and

outputs both the function 6(g) and its derivative %@.
q

The intensity of superradiance can be conveniently
characterized as the number of photons emitted from the
end of the sample at z = L per unit time and per atom [29],
and this quantity ¢ can be expressed through the Poynting
vector flux averaged over rapid oscillations of the electro-
magnetic field (hence the additional factor 1/2 in the
Poynting vector),

c S

1=—|E]* —
ha)N 4L

. = leP, )

where in the last step we used (D20) to express |E|* in
terms of |e|?. But, according to (D36),

\[ \ﬁ L=i-L )

and since g = 2\/—;—‘; when z = L, we get

1 (do\?
Tr=—|—]) . 6
e (dQ> ©
Figure 1 shows the dimensionless radiance 1Ty versus

dimensionless retarded time t_/Ty = g>/4. From the
figure it is clear that the superradiance begins with some
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Radiance 1T of ideal samples of atoms of hydrogen (left) and of positronium (right) as a function of dimensionless time
t_/Tg. The number of atoms is maximal and corresponds to (2). Red dashed line—small Bloch angle approximation 17

~0il,(q)*/ 4>

delay. This delay is natural since the system needs time to
create a macroscopic dipole moment from a small initial
quantum polarization fluctuation, and a small initial value
of 6, leads to a relatively large delay [29]. The magnitude
of the delay is not accurately described by the expression
(D30), since this result was obtained for the limiting case of
a small sample. A more accurate approximation can be
obtained as follows [29].

When the Bloch angle 0 is small, sind ~ 6 and the
solution of (D39) with the initial conditions (D40) in this
approximation is 8(q) = 6y1,(q), where I is the modified
Bessel function of the first kind and of zero order. Figure 1
shows that the first peak of radiation occurs at a value of g,
when the small-angle approximation begins to break down.
Therefore, if the delay time Tp is defined as the interval
from the moment of population inversion of the sample to
the moment of the appearance of the first peak of the
emitted radiation [26], then the corresponding ¢ is deter-
mined from the condition

Oolo(q) = 1. (7)

Since we expect ¢ > 1 (long delay time), we can use the
asymptotic expression Iy(q) ~ e?/+/2nq and rewrite (7) as
follows

V2R \/__

0o

——+1In/q. (8)

Assuming that the first term on the right-hand side of (8) is
the leading term, we can solve (8) approximately by writing

q= q(o) + q(l)’ q(o) = ]n%’ q(l) = In A /q(O)’ and obtain
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V2« \2r
4dp ~ In 9—0 In 9— s (9)

and since T can be identified with the retarded time
corresponding to z = L and ¢ = ¢ (assuming Tp > L/c
and neglecting the time required for the population inver-
sion), the final formula for 7 takes the form

T Var | V2
Ty~ 9—” 1n9—” . (10)

For 6y-s from (3), (9) gives Tp =~ 228.7Tx and Tp ~
149.8T, for hydrogen and positronium, respectively.
These numbers approximate 7, which follows from the
numerical solution of (7), with an accuracy better than 0.3%.

Note that a slightly different estimate of 7, by
MacGillivray and Feld [26,29] is widely used in the
literature,

2 90
Tp 4 “En P (11)
For ideal samples of hydrogen and positronium (11) gives
Tp~2174Tg and Tp =~ 142.0Tg, respectively.
According to Fig. 1, the energy stored in the inverted
system is emitted in several successive bursts of decreasing
amplitude, a phenomenon known as ringing. Ringing
occurs when some of the energy released in a superradiant
burst is absorbed by deactivated atoms, which are then
reexcited and ready to initiate the next superradiant burst.
In fact, superradiance can be reduced or even stopped by
any process that disrupts phase synchronization between
atoms or incoherently reduces the population of their
excited levels. These nonideality effects can be taken into
account phenomenologically by adding appropriate terms
to the Maxwell-Bloch equations (D18) [13,14],

R __d_, R
o 'n T,
oz . d Z
% i S (ER —ER) - =,
or  '2nm T,
oF 16E 2rwon
< dR. 12
0z o e (12)

where 7' is the characteristic timescale of the incoherent
decay of the inverted population difference, and 7, is
the characteristic timescale of the violation of phase
synchronization.

For simplicity, let us assume T; =T, =Ty, and
introduce the dimensionless dephasing time zqp, = T gpp€2
together with other dimensionless variables (D20). Then
instead of (D34) we get

OR R 0Z Z Oe
—=Z¢———, —=-R
or_ Tdph or_

_R+Z
Tdph

The first two equations show that -2 (R? + Z?) =

and, therefore, R?> + Z*> = B¢ ‘27 / “wh where B is some
constant (in fact, all that follows from the above is that B
does not depend on 7z_, but may depend on ¢&). Therefore,
we can again introduce the Bloch angle 6(z_, &) through

R = Be " sin 6, Z = Be wcosf.  (14)
Then either from the first, or the second equation of (13) we
obtain € = %, while the last equation will give

0’6
ofor_

.
= Be "whginf.

(15)

Again we can consider solutions that depend on only one
variable [13]

q = 2 §poh(1 - 6_1;?) . (16)
Then
i — ;r_e_’;;h i
aT_ poh <1 - e_m)
0 Tdph (1 - 6_1:’;“) d
LAY e W A (17)
73 ¢ dq

and from (16) we again obtain the Burnham-Chiao equation

d*0(q) 1d6(q) :
— =B 0
— Eh — o1 /Tapn
q= \/L T, (1 — e~/ Ham), (18)

the numerical solution of which can be used to calculate the
dimensionless radiance (T, again according to

AT d6’
However, now
t T > T
= Ty (1___R> (20)
Ty Tx 4 Tapn

and, unlike the ideal case, the range of ¢ is finite and limited
by the interval [0,2/Tqpn/Tg|. Therefore, if the upper
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FIG. 2. Radiance 1Ty of a nonideal sample of positronium
atoms as a function of dimensionless time 7_/T,. The number of
atoms is maximal and corresponds to (2), but dephasing effects
with a common timescale Ty, are present. The solid curve
corresponds to Ty, = 4007, the dashed blue curve corresponds
to Tgpn = 3007, and the dashed red curve corresponds to
poh = 200TR

bound on ¢ is less than g, the superradiance burst will never
occur. This leads to the necessary condition T, > T'p for
the occurrence of superradiance (a more general condition
when T'| # T, is discussed in [19]). However, even if this
condition is satisfied, but 7'y, remains of the order of 7'y, the
superradiance bursts will weaken and the ringing may
disappear completely. This is shown in Fig. 2 for a
positronium sample for which Tp ~ 1507 ;. The nonideal
case may also include the situation where the Arecchi-
Courtens condition takes the form L = 5ncTy with n < 1,
i.e., the number of atoms participating in the cooperative
behavior is less than the maximum number given by (2).
Using (D31) for Tgz = Tk/2 inthe condition L = 5cTk and
assuming a unit Fresnel number, we obtain for the posi-
tronium sample, in the form of a long cylinder of radius r and
length L, N = 3707 = 11Ny and

8 2
L= /270" 186 x 1010\/5 cm,
3cn n

8 1/4 1/4
r= ( CToﬂ) ~ 3.89 x 10* (ﬁ> cm,
zn n

[8rTor?  0.62
Ty = ”ZOU ~ sec. (21)
3c’ny  \/nn

In these formulas, the number of positronium atoms per unit
volume n must be expressed in units of cm~>. For example,
forn =103 and n = 10 cm™3, we have L ~ 1.9 x 10° km,
r~39m, Tp 6.2 sec, and Tp ~ 11.4 min. In an astro-
physical context, these numbers do not seem unrealistic.
An estimate for T, was obtained by numerically solving (7)
for 8, = 2/+/N, which yields Tp ~ 150T, Tp ~ 136Tk,
Tp~123Tg,and Tp ~ 110T fory = 1, = 0.1, = 0.01,
and n = 0.001, respectively.

In the case of hydrogen without dephasing effects, the
analogs results are

1/4
Lz4.4x10“\/icm, m2.3x106<ﬁ> cm,
n

n

Tr~—— sec, (22)

and Tp~229Tg, Tp~212Tg, Tp~195Tg, and Tp ~
179T for =1, n=0.1, n =0.01, and 5 = 0.001,
respectively. For example, for # = 0.05 and n = 1 cm™3,
we have L~1.0x 10°km, r~1.1 x10*m, T ~ 66.2 sec,
and T ~ 3.8 hr [for = 0.05 the numerical solution of (7)
gives Tp =~ 206.6T].

Doppler broadening in thermally relaxed regions of the
interstellar medium is the main dephasing mechanism that
makes the development of superradiance unlikely, since
the corresponding dephasing time is very short (about
1073 sec at T = 100 K) [13]. For superradiance to occur,
three conditions must be met: a population inversion,
sufficient velocity coherence between the atoms involved
in the effect to overcome Doppler broadening, and any
other dephasing effects present must occur on timescales
longer than those that characterize superradiance. Thus, we
do not expect superradiance from thermally relaxed
regions, but from regions where a significant amount of
energy is suddenly released, creating a flow of atoms in
strong thermal disequilibrium but with strong velocity
coherence [13]. The ubiquitous presence of cosmic masers,
which also require population inversion and velocity
coherence, suggests that the first two conditions are not
so exotic in space. However, for superradiance to occur, a
third condition must also be met.

The problem of Doppler broadening can be briefly
described as follows: molecules with excessive velocity
differences do not see a common radiation field correspond-
ing to their natural Doppler-shifted frequencies and, there-
fore, cannot evolve into the highly entangled state required
for superradiance. It is in this sense that Doppler broadening
can be considered as a dephasing mechanism of central
importance in astrophysical applications of superradiance,
since under astrophysical conditions the total bandwidth of
the velocity distribution is typically several orders of
magnitude wider than the bandwidth of the superradiance
transient. However, a wide velocity distribution does not
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prevent superradiance in regions with thermal disequilib-
rium, provided that the inverted column density in at least
one velocity slice still exceeds the superradiance threshold.
A detailed discussion of the effects of astrophysical velocity
distributions upon superradiance can be found in [30].
The dephasing timescale T4y, is difficult to estimate
without detailed knowledge of the environmental condi-
tions in the region with population inversion and velocity
coherence. In the case of atomic hydrogen, elastic colli-
sions between hydrogen atoms are considered to give the

shortest time 7g,, [13]. Consequently, we estimate

Topn = ﬁ, where o is the elastic scattering cross section

and v is the average impact velocity. For ¢ we take an old
[31] semiclassical low-energy estimate ¢ ~ 2 x 107'* cm?.
The average impact velocity, of course, depends on the
degree of velocity coherence. Somewhat conservatively, we
assume that v &~ 1.3 x 10° ¢cm/ sec, which corresponds to an
effective temperature of 7 = 100 K. Then T g, ~ % sec.
From (22), expressing /7 in terms of L and substituting into
T, we obtain Ty = %seo, and since T according to
our calculations is less than approximately 2307, the
condition Tp < Ty, will give L >3 x 10° cm. On the
other hand, since n < 1, it follows from (22) that

L< %cm. Therefore, the concentration of hydrogen

atoms n cannot be too large, namely n < 2 x 10! cm™3,

and, consequently, T cannot be too short: T > 107* sec.
Let us summarize our rough estimates in the case of
hydrogen,

4.4x 101
3% lOf’cm<L<X70m,

N

Tr>107%sec.

n<2x1090¢m3,
(23)

In the case of positronium, in view of the expected
abundance of electrons and positrons at the production site,
we assume that the main dephasing mechanism is scattering
of electrons and positrons on positronium, and use the zero-
energy scattering cross section of electrons and positronium
estimated in [32] to be approximately 210za3 =~ 1.85 x
10~ c¢m?, which is almost equal to the elastic scattering
cross section of hydrogen used above. Since most positron
annihilation near the Galactic Center occurs in the warm
neutral and warm ionized phases of the interstellar medium,
where the temperature is approximately 8000 K, we take
V =5x10" cm/s as a rough estimate of the average
electron impact velocity, which corresponds to this temper-

ature. As a result we obtain Ty, ~ 1706 sec, and using (21)
and Tp < 1507, we get for positronium

1.86 x 1010
\/ﬁ

Tr>6x107 sec.

1.7x10°cm< L < cm, n<108cm™3,

(24)

III. CONCLUDING REMARKS

The first suggestion of the existence of a bound state of
an electron and a positron, made by Mohorovicic¢i¢ [1],
assumed that it would be discovered in the course of
astrophysical observations. However, in fact it was dis-
covered in the laboratory, and experimental study of its
properties has advanced considerably since its discovery
[2], while the search for astrophysical manifestations of
positronium continues to this day.

Burdyuzha et al. suggested [33,34] that the positronium
spin-flip line, enhanced by the maser effect (idea pioneered
by Shklovskii [35]), could be detected by next-generation
radio telescopes. Despite the superficial similarity, the
maser effect is fundamentally different from Dicke super-
radiance. The maser effect is a collective but not coherent
phenomenon [13]. It can be decomposed down into
successive individual acts of stimulated emission of pho-
tons by the incident radiation, as a result of which the
number of photons in the masing sample grows exponen-
tially until it is saturated and reaches a steady state, when
some equilibrium is established in the population inversion,
depending on the pumping intensity. The maser can operate
continuously as long as the pump source is on.

In contrast, in Dicke superradiance, either several atoms
form a quantum state and emit a powerful burst of radiation
as a single quantum system (small-size superradiance), or
several semiclassical dipoles become phase locked due to
interaction with the common radiation field and again emit
a superradiance pulse as a single larger dipole (large-size
superradiance). In this case, the radiation pulse cannot be
decomposed into more primitive successive events (but the
ringing phenomenon can occur in the superradiance of a
large sample if the dephasing effects are insignificant).

Our results (23) and (24) indicate that Dicke super-
radiance is possible for the spin-flip lines of hydrogen and
positronium under astrophysical conditions (and for hydro-
gen we confirm the findings of [13], the pioneering paper
that first considered Dicke superradiance in an astrophysi-
cal context).

Of course, there is a fundamental difference between
hydrogen and positronium: the former is stable, while the
latter annihilates very quickly. However, we assume that the
continuous process of positronium production helps to
maintain a nearly constant positronium density for a
sufficiently long time. Nevertheless, this aspect certainly
requires more attention than is given in this article. Note that
in [36,37] it was proposed to manipulate the dynamics of
annihilation of a dense gas of positronium atoms under
laboratory conditions using the superradiance and subra-
diance modes of cooperative spontaneous emission of the
system, and in [37] the existence of an annihilation channel
was taken into account by introducing a third (vacuum) state.

There is another important difference between the 21 cm
hydrogen line and the 203 GHz positronium line as far as
the population inversion is concerned: for hydrogen, a
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special mechanism is needed to generate the population
inversion (hydrogen atoms can change their hyperfine state
by absorbing and reemitting Lya photons, the so-called
Wouthuysen-Field effect [38]), whereas for positronium,
the population inversion is expected to be generated
automatically due to the huge difference in the lifetimes
(in vacuum) of ortho- and parapositronium, and also due to
the threefold higher statistical weight of orthopositronium
in positronium formation processes. Of course, in a
medium, the orthopositronium lifetime can be significantly
shorter (the so-called orthopositronium quenching [39]),
and in an astrophysical context, collisions of positronium
with electrons and positrons will reduce the magnitude of
the population inversion. However, we expect that the
quenching is controlled by the value of T4y, and will not be
very significant if the condition Ty, > T is satisfied
(especially if Ty, > Tp).

Interestingly, it may be that hydrogen spin-flip line
superradiance from an astrophysical source has already
been observed under rather unusual circumstances [40].
The former Ohio State University radio observatory, known
as the Big Ear, was part of the university’s Search for
Extraterrestrial Intelligence (SETI) project: a systematic
search for narrow-band radio signals around the 1420 MHz
hydrogen line. On August 15, 1977, they detected a short
but intense narrow-band radio signal exhibiting the char-
acteristics expected of a technological signal emanating
from space. The signal, nicknamed “Wow!” because of
astronomer Jerry Ehman’s “Wow!” annotation on the data
printout, caused a great stir in the SETI community [41].
The source of the Wow! signal has never been found,
despite numerous attempts to detect it, and remains a
mystery to this day.

It has recently been suggested that Dicke superradiance
is the most plausible mechanism to explain the Wow! signal
[40]. Remarkably, the hypothesis explains all the main
features of the Wow! signal, namely its narrow-band
frequency, duration, intensity, lack of modulation, and rarity.
Thus, the Wow! signal may represent the first documented
case of astrophysical superradiance of the 21 cm atomic
hydrogen line. A magnetar flare or soft gamma repeater
could serve as a pump source to create a population inversion
in a cylindrical sample of hydrogen atoms of sufficient
length. Note that observations of some hydrogen clouds
have revealed a network of thin, elongated filaments of cold
atomic hydrogen, with individual strands reaching 17 pc =
5.2 x 10" cmin length and only 0.1 pc = 3.1 x 10'7 cmin
width [40] (however, for a 21 cm line such a geometry
corresponds to a very large Fresnel number).

It is quite clear that the search of Wow! like signals to
confirm or disprove their superradiance nature is actual and
an interesting problem in radio astronomy. Current obser-
vational strategies typically focus on broadband signals and
long integration times [40], which probably explains why
the hydrogen spin-flip line superradiance has so far eluded

reliable detection: such a signal could be a very short-lived
burst of emission, namely (23) indicates that the lower
bound of Ty is less than a millisecond. The same is true for
the positronium spin-flip line superradiance, which also
represents a very interesting observational problem in
millimeter-wave radio astronomy. We hope that this paper
will help to attract the attention of the astrophysical
community to the exciting possibility of astrophysical
superradiance and stimulate both theoretical and observa-
tional activity in this new emerging field.
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APPENDIX A: DICKE SUPERRADIANCE:
A CLASSICAL ANALOG

There are interesting and elegant classical analogs of
Dicke superradiance [10,42,43]. In particular, let us con-
sider N identical magnets with magnetic moment y each,
precessing in a constant external magnetic field B with
angular velocity @ = —gB under the action of the radiation
reaction, where ¢ is the gyromagnetic ratio [42,44]. It is
assumed that the polar angle 0(¢) is the same for all
magnets and does not change with time, but the azimuth
angles (¢; — wt) change with time and their initial values ¢;
may be different.

Figure 3 illustrates the system described and shows the
configuration of a typical magnet precessing in the
magnetic field B. In our problem, we will have r; < r,
and therefore the scale of r; as appears in the figure is
used only for the purpose of a clear illustration. Also,
both the gray horizontal circle in the (x,y) plane and the
vertical dotted lines between it and the magnets are
imaginary objects; they were added only to help picture
the group of magnetic dipoles in the 3D space around the
origin.

In case of one oscillating dipole, the intensity of the
electromagnetic radiation per solid angle d€2 at the obser-

vation point having the radius-vector R equals [45]
dl  cH?
—=—R?, Al
dQ 4n (A1)

where H is the magnetic field created by the dipole at the
observation point and c is the speed of light. [45]

Hz%(ﬁxn)xn. (A2)
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[lustration of a classical analog in which Dicke superradiance can occur: N identical magnets with magnetic moment y each,

precessing in a constant external magnetic field B with angular velocity @ under the action of the radiation reaction. The inset shows the
configuration of a typical magnet precessing in the magnetic field B. The scale of r; as appears in the figure is used only for the purpose
of a clear illustration. Both the gray horizontal circle in the (x,y) plane and the vertical dotted lines between it and the magnets are
imaginary objects; they were added only to help picture the group of magnetic dipoles in the 3D space around the origin.

In our case, p=p +p,, where py = Nucosok is a
constant and does not participate in the radiation, while
at retarded time

m_(t—%) —ysin@i{cos{w(r—%) —(pl-:|i
- (-2) o)

Assuming that the radius vector of the ith dipole is r;
much smaller than the distance between observation point
and the origin r, r; < r, so that

Ri=+\/rP=2r-r;,+r’~xr—n-r,

where n = r/r, we will have

(A3)

N N
'R _,usine{ (Zcosd),) i— <Z sin<I>,~> j},
=1 i=1

q)i_a)<t_£>+k'ri_(piv (Ad)
c

where k = %n is the wave vector of the radiation field.
Therefore

dli 1 |"Xn|2* w*
dQ ~ azd " 4z

Wi = (pr-m)?. (AS)

Now we average over the fast Larmor precession with
frequency w, noting that when using the trigonometric
product-to-sum formulas and

cos (@; + ;) =0, sin (®; + ®;) =0

we obtain
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N 2 N 1
Zcostbi = Zcosd)icosQ,- :EZCOS (®;-D;),
i=1 ij=1

ij=1

N 2 N 1
(ZsinCI),-) = Zsind?,»sinCIDj:EZcos((Di—(Dj),
=1 ij=1 ij=1

N N
1

E sind>,»cos(1)j:§E sin (®; —@;) =0. (A6)
ij=1

ij=1

As a result, we get

dr_ o'y (2 —n2—n2)sin>0 i cos (®; — @))
—_— = 3 - ny — ny P = i)
dQ 8rc Fype]

(A7)
But

N N
D cos(®;—®;) =Y cos[(k-r;—¢;)— (k-1;— ;)]
i.j=1 i,j=1

N 2
= Zei(k'ri—(ﬂi) (A8)
i=1
and finally [42]
dl R :
o= N2I,(n)sin?6 ¥ ; elkri=0) (A9)
where
4.2
Io(m) = 2 (1 4 n2). (A10)
8rc '

Introducing the dimensionless electromagnetic energy
-Nu-B __
2uB

— 5 cos 0 and equating its time derivative (energy loss per
unit time) to the total radiated power I, we obtain

aw 2 (N N
7‘@(?‘@ (TW)

|
x/dQIO(n) N

stored in the system of magnetic dipoles W =

2

_Z ei(kri—p;)

i=1

(Al1)

It is convenient to introduce the constant 7, of dimension of
time through

da*u

— = dglo(n)zm,

(A12)

and rewrite (A11) in the form

dw A (N N
=2 ==W ) |=+ W], Al3
dt 1 (2 ) (2 " > ( )
where [42]
2 1 :
1=29 1 Jq0r1 _ i(k'ri—g;) Al4
a5 4w > e (A14)

The dimensionless parameter 4 is defined such that A = 1 if
the sample size is much smaller than the radiation wave-
length, so that k - r; = O for all 7, and all magnets precess in
phase (¢; = @; for all i, j).

The differential equation (A13) is easily solved by
separation of variables, resulting in

W) = - tanh {N—’l(t— zo)} (AL5)

2 2’[0

Therefore, the radiation intensity is

d N?2 N2
I(t) = —E(ZﬂBW) :2—7:0/13 sech2 |:2—1_()(t— to):| . (A16)
As can be seen from (A16), the radiation intensity is not
monotonic: after a delay time ¢, there is an intensity peak
whose duration 7 = 3 scales as 1/N (where 7, is the
characteristic time of spontaneous decay). These are
characteristic features of Dicke superradiance, as well as
the proportionality of the peak intensity to N2. Inspired by
the work of Dicke [10], Bloom [46] derived equations
similar to (A15) and (A16) using semiclassical radiation
theory to describe the reaction of a collection of two-state
molecules driven by an external electromagnetic field.

The argument used to derive the equation (A11) is based
solely on conservation of energy and ignores the effect of
the radiation reaction on the precession phase [47]. The
correct equation of motion of a point magnetic dipole
precessing in a magnetic field, which includes the radiation
reaction, is [47-49]

d 2
Cu+apxji) = gu x B+ S xji,  (A17)
dt 3c

where g is the gyromagnetic ratio and a is some constant.
The term au X ji corresponds to the angular momentum of
electromagnetic origin, analogous to the electromagnetic

Lorentz mass % (for an electron as a uniformly charged
sphere of radius a) [50,51]. For a highly conducting

magnetized sphere of radius a, one can find [49] that a =

5= and it diverges in the pointlike limit « — 0, just like the

electromagnetic mass.
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Without the radiation reaction i = gt X B and, therefore,

/éo) = ucos @ = const,

y(f) = psinO(cos (wt)i — sin (1) ).

Assuming that the terms associated with the radiation
reaction are small, we can replace ji, in them by —o’u |,

which holds for z”), and from (A17) we obtain

wZ

. 2g .
ﬂ=aw2ﬂ||><m+gﬂ><B—3 mxp.  (AIB)

3
From (A18) it follows that the longitudinal component of the
vector g satisfies the equation

2gw* 29w*
1, = ———(u, <) -k~—
K 33 (/‘J_ I‘J_) 33

0 . (0
W x4y -k,
(A19)

which is the same as

2 3,2 2 4 2
o =T G2 g = 22K (1) (1-£2) 0 (A20)
3¢ 3Bc I H

and is equivalent to (A13) with N = 1.
For the transverse components of g from (A18) we get

. 20,

Hy = (w - awzﬂz)ﬂy + chzﬂy’

. 20y,

Hy = _(w - awzl’tZ)Hx - 3BC3Z Hy- (Azl)

By introducing Z = p, + iu, and keeping only the first-
order terms for small parameters, (A21) can be rewritten as
follows

4 ) 20* - 3aBc3
— = —iw—-—— i——
Z 3B¢3 2w°

>,uz, (A22)

which can be integrated by using

(A23)

! 3Bc3 20U
/) ﬂz(T)dT = 2—0)411'1 |:COSh (W t>:| s

which follow from (A21). As a result, we obtain [47]

20t B s
e ﬂ L (A24)

o+ ipy = pe™' " {Sech (3BC3 t

According to (A21), (A24) can be approximately inter-
preted as indicating a small time-dependent shift of the
Larmor frequency [47]

4

C’j t). (A25)

2
Aw(t) = —aw’u,(t) = —aw’u tanh (3:

If initially all magnets are inverted so that W(0) =7,
then (A15) indicates that 7, = oo, i.e., the system never
radiates. This is not surprising, since such a classical
system is in an unstable equilibrium. Although many
aspects of Dicke superradiance can be understood using
semiclassical concepts, its initial phase requires quantum
concepts and formalism, as do many other purely quantum
mechanical aspects of superradiance [24,27,52].

APPENDIX B: MULTIPOLE HAMILTONIAN
OF THE LIGHT-MATTER INTERACTIONS

There are two widely used ways of describing the
interaction of a nonrelativistic quantum mechanical system
consisting of charged particles with masses m,, and charges
q, with an electromagnetic radiation field with vector
potential A(r,7) when the characteristic wavelengths of
the radiation are much larger than the dimensions of the
quantum system. In the minimal coupling formulation, the
canonical momenta P in the field-free Hamiltonian are
replaced by p — %A, which leads to the Hamiltonian (for
spinless particles)

N 1 /. q, 2
HA) — Zﬁ <pa — ?A(ra, t)>

a

1
+ Vet > hoy <aggakﬁ + 5), (B1)

k.o

so that the interaction Hamiltonian in the Coulomb gauge,
when V- A =0 and hence p,-A = A - p,, is

2

7r(A) 9a N qu

AW = -3 g p5, 13 A-A.
mt — My C Pa - 2m,c?

(B2)

Another equally popular method, originally proposed by
Goppert-Mayer [53], is to introduce an interaction
Hamiltonian that depends only on gauge-invariant electric
and magnetic fields. In the electric dipole approximation
A(r,t) ~ A(0, 1), and such a Hamiltonian can be obtained
from (B1) by a unitary transformation [54]

HE) = eSI:I<A)e_S,

i i
==, AL = < d- ARG, (B

where d is the electric dipole moment of the system.
Obviously, the Coulomb potential energy V. in (B1) is
invariant under such a transformation. To find the trans-
formation properties of other terms in (B1), it is useful to
expand the vector potential in creation g, and annihilation
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ay , operators
2nhe?\ /2 o
A = ( (ak,o_e—lwklezkrekﬁ
K

At it ,—ik-
+ ay e e €k o)

(B4)

where o), = kc, € ,, 0 = 1, 2 are two independent polari-
zation vectors such that k - ¢, , = 0, and L3 is the quan-
tization volume. As a result, we obtain [54]

S = Zﬁkgakg Mol ).

Moo = iy /hffwkeiwkte“’” d. (B5)
Using the following operator identity
eABe = B+ [A, B +21[A A, B]]
by AR AR+ (BY
we get
ePoe™ = Po +[S.Bd =Pu+ UA. (BY)

where we used the canonical commutator [(r,);, (pg);] =
ih8,46,;; and the fact that [S, p,] = 4= A(0, ) is a c number
(with respect to p,), so that all other commutators vanish.
Another canonical commutator [ay ,(7). ., ()] =
in conjugation with (B7) gives

5k K’ 560’

SA )

Sty e Sat =S

A _ At *
=dg +’1k,a’ e ak,ge - ak,a +/1k,(f‘ (BS)

Using these last two results, we obtain for the new
Hamiltonian

H’(E):Zzl

a

1
V. h ~
2+ +Z a)k<akdak6+2)
+ kzha)k(ﬂi;ﬁ&k"’ + ﬂ'k,ﬁak,(y) + kzha)kii,aﬂk,o'

(B9)

Since E = — %%, from (B4) and explicit expression for Ay

we easily get

it = hoy (A g o + I oly,) = —d - E(0.1),
k.o

(B10)

and

2r
Zhwkﬂ]t.gﬂk,d = Z I3 (ek o’ d)2 (Bll)
k.o

k.o

The last expression depends only on the dipole moment d
and represents the self-energy of the system in the dipole
approximation. Formally, it diverges, but it should be
remembered that the sum should be limited to the values
of k for which the long-wave approximation is valid.
Usually this self-interaction term is ignored. However,
sometimes such self-energy terms are important for
obtaining gauge-independent results, for example when
calculating the Lamb shift [55].

The Hamiltonians ) and A®) are unitarily equivalent,
and so they are expected to describe the same physics. It
therefore came as a great surprise that Lamb, in his precise
experiments on the Lamb-shift line shape, found that the

experimental line shape agreed well with A (£) but not with

4) [56]. This apparent paradox has caused much dis-
cussion and confusion [54,55,57-61]. The situation is
eloquently described by Jaynes’ comment “How is it
possible that a theory, for which formal gauge invariance
is proved easily once and for all, can lead to grossly non-
invariant results as soon as we try to apply it to the simplest
real problem?” [62].

The problem can be explained as follows [63]. Let us
assume that a two-level atom with a resonant frequency
w, = (E, — E;)/nh is excited by a plane electromagnetic

wave with frequency , so that A = Age™’. Then
E =—19 _ jo A Therefore,
4« ~ v 4,2 ~
(e| =—A - Plg) = ———(e|[HoE -r — E -rH|g)
mc ®
wl’
= (el =qE 1]g), (B12)

where we have used p = 2 [H,,x], for Hy = % + V., and
the fact that in the Coulomb gauge p - A = A - p and hence
p - E = E - p. Paradoxically, for nonresonant (off-shell)
transitions, the matrix elements in the A and E gauges give
results that differ by a factor of @,/w, which is small for
narrow resonances, but was discovered in Lamb’s precise
experiments.

The standard resolution of this apparent paradox [63,64]
states that in order for gauge invariance to yield the same
matrix elements, it is necessary to transform not only the
interaction Hamiltonian, but also the initial and final states.
If we transform only the interaction Hamiltonian, as in
(B12), then of course we can get different results.

This explanation, although formally correct, misses the
subtleties of the physical interpretation of states and
observable operators in different gauges [55]. For example,
suppose we want to calculate the matrix element of
spontaneous light emission. Then the natural initial state
is the photonless state. However, (B5) points out that the
operator ¢’ transforms such a state into a coherent photon
state. Why should we use such a complicated initial state in
a different gauge [64]?
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Apparently, the problems that often accompany the use
of the Coulomb gauge are rooted in the fact that charged
particles are always accompanied by their own Coulomb
fields. Thus, a gauge-invariant electron creation operator
entails the simultaneous creation of an electron and the
surrounding Coulomb field [65], and an incorrect treatment
of the soft-photon Coulomb cloud around the electron can
lead to infrared problems in quantum electrodynamics [66].

It turned out that the E gauge (and its multipole
generalizations) is much less susceptible to such difficulties
and allows one to perform high-order calculations with
correct results more easily than the A gauge, although, of
course, with due care, correct results can be obtained in the
A gauge as well [57,67].

A generalization of the unitary transformation (B3) was
given by Power and Zienau [68] and later by Woolley [69].
It has the form

S= —%/P(r) - A(r)dr,

Pr) = Y gr, /O e Vs(r)dh  (BI3)

If only the first two terms are preserved in the multipole
expansion

1 1
P(l') = ZQGra |:1 - 5 (r(z : V) + a (ra : V)z

(B14)

we obtain S = SO + S where S is given by (B3) or
(B5), while

i

S(]) = _%;qa(ra : V)(ra : A)|r=0
= Z(:“T(.oak,a _:uk.cralt,a)’ (BI5)
k.o
with
27 172 iw
Hko = <ka> ek - Q - € 4,
1 ..

Qi.j :EZQrI(ra)i(ra)j’ L]=XY% (B16)

where Q; ; is the electric quadrupole moment of the system.

When calculating the transformed Hamiltonian #%), we
must take into account that A(r,.7) in A must be
expanded with the same accuracy as in the operator S:
A(r,, 1) ~ A(0,, 1) + (r, - V)A|,_o. Relevant commutators
are

[ViAjli—0. ViAjl—o] = 0,

A q
[SW.p,] = e V(e A) + (1, - V)Allm.  (B17)
and
esak,o‘e_s = &k,o + /1k.6 + Hx 6>
eSayf e =af  + A, + ug, (B18)

As aresult, since V(r, - A) —
r, x H, we get

s

a a

+ Zhwk <(&lta + l;,a + ﬂi,o)(&k.a + /Ik.(r
k.o

(ry, - VVA=r,x(VxA)=

L 4 2
== H(0, 1 V.,
<p{l + 2c r(l X ( )) +

+ M) T %) . (B19)
Similar to (B10), we obtain
kZ:hwk (Mg oOx.0 + Hic ol ;)
| (B20)

=-V-Q- E|r:0 = —ZQ,’jviEjlr:O’
i

where Q;; is the electric quadrupole moment of the system
introduced in (B16). On the other hand

qa
— 4m,c

q(l
B _Z 2m,c

a

[ﬁa ’ (ra X H) + (ra X H) 'ﬁa]

(ra X ﬁa) -H= K- H, (B21)

where p is the magnetic dipole moment of the system. Note
that r, X p, = —P, X, even though the operators
involved do not commute.

As a result, the Hamiltonian (B19) takes the form

52
A Pa P " 1 fy(E)
HE — Z 2n(1(, +V.+ ;flwk (a;o—ak,o— + 5) +Hiy
a 0

2
P 2
+ ga Smnc [r, xH(0,7)]

+Zha)k (ﬂ’lt,o'—i—”lt,o—)(ﬂk,a +,uk.6) (B22)
k.o
with the multipole interaction Hamiltonian
A% = —d-E0,1)—p-H(0,1)— (V-Q-E)(0,1).
(B23)

For particles with spin we must of course add the
corresponding contribution with the proper gyromagnetic
factor to the magnetic moment .
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The last term in (B22) describes the field-independent
self-interaction of electric multipoles and is a generalization
of (B11). This term is important in calculations of the Lamb
shift or van der Waals forces, but in most other cases it can
be ignored [70].

One of the delicate aspects of the unitary transformation
under consideration is the need to recognize that seemingly
identical operators, in particular the canonical momenta,
actually have different physical meanings in the original
and derived Hamiltonians. We will not consider this
interesting aspect further, suggesting that the interested
reader can consult the literature [70-72].

APPENDIX C: DICKE SUPERRADIANCE:
QUANTUM CONSIDERATIONS

For a two-level atom with excited |e) and ground |g)
states, the interaction Hamiltonian (B23) in conjugation
with Fermi’s golden rule leads to the following emission
rate of the electric dipole transition [73]:

40
3hc3

where w = (E, — E;)/h. A similar result can be obtained

[{gld]e) .

y = (C1)

for the magnetic dipole transition. Indeed, for H,, =
—#-H(0,7), H=VxA, and [i) =|e)|0), |f) = |g)[k, 5),
Fermi’s golden rule

2 N
r=" > [UIHlDPS(E~E)  (C2)
[f—states
will give
27)2c? 1
=1 L)3 DIk xew,) - (glule)25(ha - har).
k.o Wy
(C3)

Summation over K in the continuum limit L — oo can be
replaced by integration [73],

1 Z / dk /kzddek
J— —) pr—
EpA (2x)} Qr)

while the sum over photon polarizations ¢ can be per-
formed using

(C4)

kik

E (Ek,g)i(ek,a)j:5ij— k2]~ (CS)
As a result we get
3
) )
=—— [ dQ¢lk 2 =— 2
= snei | Al GRS alele)
(Co)

in complete analogy with (C1).

An important point that follows from the condition of
validity of the dipole approximation is that (C1) and (C6) are
valid for any quantum system whose size is much smaller
than the wavelength of the radiation. Following Dicke [10],
we apply these formulas to a system of N two-level atoms,
which form one quantum system due to the close arrange-
ment of the atoms. The fact that the radiation comes from a
specific quantum state of the system, and not from individual
atoms, completely changes the nature of the radiation. In
particular, a quantum state symmetric with respect to the
atoms leads to an extremely strong and short burst of
radiation of the type (A16), called Dicke superradiance.
We will briefly outline only the elementary theory of this
phenomenon [29]. Many other interesting and important
details about Dicke superradiance and related phenomena at
adeeper and more realistic level can be found in the extensive
literature, from which we cite only a few [27,29,44,52,74].

The quantum state of a two-level atom |w) = ale) + f|g)
can be represented by a column matrix with two rows,

()

while the quantum mechanical operators will be repre-
sented through 2 x 2 square matrices. In particular, if the
origin of the energy scale is chosen at the midpoint of the
energy interval between the excited and ground states, then
the free atomic Hamiltonian will be

Ao [ 0 N lpoky, k=l
= = hwR;, =—03.
0 0 —%fla) 3 3 D) 3

The pseudospin operators associated with the Pauli matrices

(€7)

A 1 A 1 A 1
Rl =<0, R2:—02, R3 = —~03

2 2 2 (C8)

satisfy the usual commutation relations of angular momen-
tum [R,,, R,] = iR,, where (m, n, ) is any cyclic permuta-
tion of the numbers 1,2,3. In terms of these operators, the
Hamiltonian of the interaction of an atom with light has the
form (assuming Am = 0 transition, so thatd,, =d, =d
and similarly for the magnetic dipole transition)

. 0 d .
Hiy = —E(0,1) - (d 0) =-2d-E(0,1)R,,

A

0 “
Himz—Hw,r)-( ’g)z—zu'Hw,r)Rl, (©9)
7

for electric dipole and magnetic dipole interactions,
respectively.

For an ensemble of N-identical atoms, we introduce
individual pseudospin operators R@ with [RS,;’XRS{’)] =
iéa/,f?;a), in terms of which the Hamiltonian of the atoms +
electromagnetic field system takes the form

063003-13



ABDALJALEL E. ALIZZI and ZURAB K. SILAGADZE

PHYS. REV. D 113, 063003 (2026)

[ () 5 () At A 1
=h E Ry =2 E R E h —
v a ’ “ a : " k.o “x (ak,ﬂakﬁ_'—z)

R N 1

= hwR; — 2gR h ay a -, C10
®R3 —2gR, + kE.{; wk<ak.nak,a+2> (C10)

where g =d - E(0,¢) or g = p - H(0, 7), and we introduced
the total quasispin operators of the N-atom system

I
N
=

i=1,2,3; (R, R, —lZemanl

(C11)

5
Il
—

From the angular momentum commutation relations it
follows that R* = R} + R3 + R3 commutes with all pseu-
dospin operators and, consequently, with A. Indeed,

since the first factor is antisymmetric with respect to n, [,
and the second is symmetric.

Therefore, the quantum state of the ensemble ) is
characterized by the total pseudospin J [the eigenvalue of k>
in this state is J(J + 1)], and by M, the eigenvalue of R;. It is
clear from its definition that M = 1 (N, — N,), where N, is
the number of atoms in the excited state, and N, is the
number of atoms in the ground state. If initially all atoms are

in the excited state, M = 1N N—l N -=2,. %N,
and J —%N.
Since 2]A€1 = ]A?+ + R_, where IAQ+ = ie] + if€2 and R_ =

R, — iR, are raising and lowering operators, and, as follows
from the commutation relations of angular momentum, for
normalized states

Y= (I =M)(J+M+1)
Y=V +M)(J-M+1)

1),
- 1),
radiative transition occurs only between neighboring |J, M)

states. At that, for transition ) — — 1) the matrix
element of the total dipole moment is

(C12)

paai-r = 9 M = 1|(R + RO)|J, M)
=g/ +M)(JT-M+1).

(C13)

Therefore assuming that the decay cascade starts from the
state 2 2) according to (C1) [or according to (C6) if the
transition is of the magnetic dipole type], the corresponding

decay rate is

YM.M-1 —7<§+M> (%—M—Fl). (C14)

This expression reaches its maximum in the middle of the
decay cascade, when M =1 or 0, if N is even, or when
M = % if N is odd. If N> 1, this maximum rate is
propomonal to N2, indicating the onset of coherent
emission. At the beginning of the decay cascade, when
M~ %, the rate is proportional to N, i.e., the atoms begin to
decay incoherently, and coherence only emerges later due
to their common coupling to a resonant mode of the
electromagnetic field.

Let us assume that the system is initially completely
inverted (excited) and that at time #(N,) the N, atoms have
already returned to the ground state (that is, by this moment
N, photons have been emitted). We can approximate #(N )
by the sum of the inverse rates y,;,,_,, that is, the times of
individual cascade transitions [29]. It follows from N =
N,+N, and 2M =N,-N, that M(N,) =5-N,.
Therefore, in the last cascade transition M — M — 1 we
must have M:%—Ng—l-l to end with M—-1=
§—N,=M(N,) and we get the formula

N N

2 2

Z Vi1 = Z (N+M)(TN()

M=N_N,+1 M=N-_N,+1'2 y—M+1)

(C15)

where 7, = y~! is the decay constant of a single atom. The
sum can be calculated approximately using the Euler-
Maclaurin formula [75]

/f

- f(My)]

M2—1

MMl

1

E[f(Mz)

+Z BZk 2k 1) 2)
B / zb2m+1<{1—x}>

(2m+1)!
where B, are the Bernoulli numbers, b,,,,;(x) are the
Bernoulli polynomials, {x} denotes the fractional part of a
real number x, and m is some integer. The last, so-called
remainder term, can be made small by choosing an
appropriate m. Namely, the following estimate holds [75]

= feN(M,)]

£ (x)dx, (C16)
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M,
b2m+l({l —X}) (2m+1)
/ Qm+ 1)1 e
4%

M,
/ e (wldx. (C17)

< —
(2ﬂ)2m+1 M,

To use the Euler-Maclaurin formula in our case, we
rewrite

t:7+ M ’
FRD IR
M=Y-N,+1
) 1 1
M) = . (C18
F (M) N+1§+M+§—M+1 (C18)
Then after trivial integration we get
70 70 NN(} Tol
t=— 1 : , C19
N N+1 "N-N,+1 N+l (€19)

where r ~ O(1) arises from the right-hand side of (C16).
Assuming N > 1, we rewrite (C19) as follows

N N
—t—-InN—-1—-r=1n J
) N—Ny

(C20)

To logarithmic accuracy, 1 + r can be neglected compared
to In N, and after solving (C20) for N, we obtain

e%(’—fo)
Ng - Ne%(t—to) +1 ’

_lnN

lo —TT(). (CZI)

Then

N N [N
M=%-N,=-Ztanh |o—(1—15)|. (C22
2T T [21()( 0)} (€22)

This is effectively the same relation as (A15) (with 1 = 1),
since the dimensionless energy W (in units of 7®) stored in
the system is W =22 (N, — N,)/(ho) = M.

APPENDIX D: DICKE SUPERRADIANCE
FROM LARGE SAMPLES

The Dicke model in the previous section assumes ideal
conditions:
(i) all atoms are located in a volume small compared
to A3;
(i) however, neighboring atoms are far enough away
that there is no need to worry about atom-atom
interactions;

(iii) there is complete permutation symmetry in the
interaction of atoms with their common electromag-
netic field;

(iv) emitted photons immediately flow out of the sample,
so any backreaction on their part and propagation
effects are ignored;

(v) atomic levels of individual atoms involved are
nondegenerate;

(vi) collisions between atoms do not affect their internal
states, and collisional broadening of atomic levels is
not taken into account; and

(vii) it is assumed that the radiation field is uniform
throughout the sample.

In practice, and especially under natural circumstances, all
these conditions are difficult to fulfill. However, Dicke
superradiance is possible even for large samples [10].

First, a very simple interpolation is possible between the
quantum incoherent exponential decay law and the classical
coherent radiation pulse (A16) [24]. When initially fully
inverted N two-level atoms decay incoherently, the expo-
nential decay law is N, = Ne~/%, or

1 N N
W=M=-(N,—N)=N, —— = Ne /7o — — D1
2( e g) eT 3 e 5 ( )
Therefore,
aw 1 1 /N
———=—Ne/m=—(_+W). D2
dt 7o ¢ 7o <2+ ) ( )

This should be compared with the classical law of coherent
decay (A13). The interpolation formula between these two
extremes is [24]

aw 2 (N N I
AR Y wil) @
di TO<2+W)<2 WU) (b3)

Initially, when W ~# N/2, N/2 — W <« 1/4 and (D3) trans-
forms into the exponential decay law (D2), while later,
when at W = 0 the macroscopic dipole moment accumu-
lates, N/2—W > 1/42 and (D3) transforms into the
classical radiation law (A13).

If t, is the time when —dW/dt in (D3) reaches its
maximum value at W, = 2—1/1 then the corresponding sol-
ution of the differential equation (D3) is

W:% {—(1 +1\}/1> tanh (N;;Z ! (t—to)) +]¢/1] , (D4)

which corresponds to the radiation intensity [24]

aw (NA+1)? NA+1
I(t)=-ho—=h h? t—1ty) |.
(1) =~ - = ho =5 —sec ( 27 0))

(D5)
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A more rigorous quantum mechanical justification of the
interpolation formula (D3) and the results following from it
can be found in [42].

From (D4) and (D5) it is clear that superradiance is
characterized by two timescales

70

= W s to = TSR In (Nﬂ) (D6)

Tsg

The expression for f, follows from the initial condition
W(t =0) = N/2 and represents the delay time, the time
during which macroscopic coherence is established and the
radiation intensity increases to its superradiant peak of
short duration 7 gp.

The product NA can be considered as a parameter
characterizing the superradiance of a large system, which
plays the same role as the total number of atoms N in the
dynamics of a small system. The shape factor 4 is a
complex function of the size and shape of the volume
containing the two-level atoms. However, in two extreme
cases for samples in the form of a needlelike long cylinder
of length L and in the form of a flat disk of radius R, the
following estimates are valid [42]

37 ¢ c \?
AR oD *D~3(w—R>-

The dynamics of Dicke superradiance of a large sample can
be conveniently described by the semiclassical Maxwell-
Bloch equations, which can be obtained as follows [29]. As
a first step, we introduce the density matrix p = yy ™ for a
two-level atom with wave function vy,

a aa” aff*
w—< > ﬁ_<pee peg)_< * ﬂ*>‘ (DS)
p Pge Pgg pa pp
For an ensemble of N two-level atoms, the density matrix
has the form

(D7)

(D9)

where p(@ are the density matrices of individual atoms,
averaged over volumes large compared to the size of the
atom and small compared to the emitted wavelength [27].
According to (C10), the Schrodinger equation for the wave
function y is

v ()=l o)) oo

From (D8) and (D10) it follows that the components of the
density matrix satisfy a simple precession-type equation
[74,76]

% =Qxr, 1= (et Pger i(Peg = Pye)s Pee = Pyg)s
9:(—2—;,0,0)). (DI1)
Since p,, +py, = 1, we get from (D11)
ag;ezi%(pge—ﬂeg), %Z—i%(ﬂye—peg),
%=—iwpeg—i%(pee—ﬂgg)7 Pge = Peg- (D12)

These equations can be also obtained from the von
Neumann equation for the density matrix [29].

Sinceg =d - E(r,t)org = p - H(r, t), to close the system
(D12) we need the equation of evolution of the electromag-
netic field, which can be obtained from Maxwell’s macro-
scopic equations:

V-D=dnp;, V-B=0,
D=E-+4zP, B=H-+4zM,
A 10D 10B
VxH=— —y VxE=——. D13
% cJ‘f+c ot x c ot ( )

Assuming no free charges (py = 0,Jy = 0),andM =0,V -
P=0 in case of electric dipole transitions, so that
Vx (VxE)=V(V-E) - V’E, we get from (D13)

1 0°E  4n0°P
S—=——- D14
2o c*or? (D14)
Analogously, for magnetic dipole transitions, assuming
P=0,V-M =0, we obtain

5 1 0°H  47z0°M
V-H 2 2R (D15)
The polarization density P can be viewed as the quantum
mechanical expectation value of the electric dipole moment
per unit volume. Similarly, the magnetization density M
can be treated as the quantum mechanical expectation
value of the magnetic dipole moment per unit volume.
Therefore [29],

P= I’ldTI‘(Z/A)IAh) = nd(peg +pge)v

M = npTr(2pR1) = np(pey + pye)- (D16)
where 7 is the number of atoms per unit volume.

For a sample in the form of a needlelike long cylinder
along the z axis, the solution of (D12) and (D14) can be
sought in the form of linearly polarized (with real polari-
zation vector €;) plane waves propagating in the positive
direction of the z axis [29],
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1 .
o= 5 R(z e 05,

E(r.1) = g (E(z.)e @) 4 E(z.)e@49). (D7)
When substituting these expressions into (D12), the rotat-
ing wave approximation [77] is assumed, which consists in
neglecting the rapidly oscillating terms containing e®2®".
While in (D14) we assume that the amplitudes R(z, ) and
E(z, 1) are slowly varying functions of their arguments (the
slowly varying envelope approximation [29]) and neglect

2
o5 , as well as 2% and @ %F compared to

®’R. As a result of these approximations (D12) and (D14)
are replaced by Maxwell-Bloch equations [note that
according to (D14) and (D16) €||d],

compared to k

OR .d oz . d

—=—-i—EZ, — =i—(ER* — E*R),

ot h o 2
oE 1 oE 2rnon
— dR, D18
PRIy (D18)
where Z = p,, — p,, is the population difference per atom

between the excited and ground states. In the case of
magnetic dipole transitions, we obtain similar equations
with the replacement of £ — H and d — p.

The Maxwell-Bloch equations (D18) describe superra-
diance as an essentially one-dimensional problem. However,
this implicitly assumes one more approximation. If the
radius of the cylinder is too small compared to the emitted
wavelength 2zc/w, diffraction becomes significant and
destroys one-dimensionality. On the other hand, at a large
cylinder radius, the radiation supports off-axis modes and
the transverse variability of the field can no longer be
ignored. The trade-off between too much off-axis radiation
and too much diffraction is controlled by the so-called
Fresnel number,

wr?

F=— D1
2Lc’ (D19)

where r is the radius of the cylinder and L is its length. The
validity of (D18) assumes F =~ 1 [27].
The Maxwell-Bloch equations (D18) more conveniently

can be expressed in terms of dimensionless variables 7, &,
and ¢ defined in the following way [29]

Q dE 2nwn
! L 672 c’ ¢ lfL.Q h ’

(D20)

where the last equation is dictated by the requirement that
the last equation in (D18) takes its simplest form. Then
(D18) is rewritten as follows

R_ e Z__Lips Ry, 9,0
= =—=(e €'R), —+—
2 or ' of

= = =R. (D21
or © or ( )

In what follows, we assume that the amplitudes R and ¢ are
real. Furthermore, for a sufficiently small sample, we can
neglect the spatial variation of the field ¢ in (D21). Then
(D21) reduces to

OR 0z de

R_ e, 2_ ke —R. (D2

or ¢ or ¢ or ( )
The first two equations show that R> 4+ Z> = B? is a

constant, and so we can think of R and Z as the transverse
and longitudinal components of the Bloch vector B with
magnitude B and polar angle 6(7),

do(z)

e(r) = dr ’

(D23)

R(7) = Bsin6(z),

Z(r) = Bcos0(r),

where the last equation follows, for example, from the first
equation (D22). Then the last equation in (D22) takes the
form

d*9(z)

b Bsind(7),
T

(D24)

which coincides with the equation of motion of a rigid
pendulum. Its solution is expressed in terms of elliptic
integrals and describes the oscillatory energy flow between
atoms and the resonant mode of the field.

To describe superradiance, we must modify the last
equation in (D22) to include the emission of radiation from
the sample [29]. We can obtain the corresponding equation
from the energy balance,

dZ SLd|EP
_h N — =
2 ai " 8x di

€ g2

~1n |E|*S, (D25)
where L is the length of the sample and S is its cross-
section, so that the left-hand side (D25) represents the time
derivative of the energy stored in the atoms and the electric
field, while the right-hand side represents the Poynting flux
from the end faces of the sample. Note that we have to
average this flux over the fast oscillations of the electro-
magnetic field, since the left-hand side concerns quantities
in the slow envelope approximation. However, the addi-
tional 1/2 factor introduced by averaging is canceled out
because the energy leakage occurs through both ends of the
cylinder. Using 4 = Q4 5o that 4 = Q9% = —QRe, and

|E| = V2znhwe, we eas11y obtain from (D25) the desired
equation [29],

(D26)

Since € = %, this equation implies
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d*0 ¢ do
W—ﬁ—ma = Bsind, (D27)
which is the equation for a pendulum with friction.

For a small sample size one would expect ;5> 1, so the
first term in (D27) can be neglected compared to the second
(overdamped pendulum). Then such a truncated differential
equation (D27) is readily solved. In particular, assuming

total initial inversion B = 1, 8(0) = 6, < 1, we obtain

LQ 0 do /9 dcos6 11n1+cost99
—T = —_— = - —_— T —— _— .
c 0, Sin@ 0, 1 —cos®0 2 1—cosf|,
(D28)
Solving for cos 8 gives
r—1
Z = cosf = —tanh or,
1 t—1
W =-NZ = ——tanh , D29
S o LS
where
c ch

T = TR dmadl T Tgpln (cotz%) . (D30)
We cannot take the initial tilt angle 6, of the Bloch vector to
be zero, since a classical rigid pendulum never leaves
unstable equilibrium and 7y, - oo at 6, — 0. The second
relation in (D30) between the delay time 7, and the tipping
angle 6, was verified experimentally and was found to be in
reasonable agreement with the experimental data [78].

Using (C1), T can be expressed in terms of the atomic
lifetime constant 7, = 1/,

0’7 4rS 2nc
Tgp=——5=—>1p, Aw = . D31
SR = 3znLc?  3NA (D31)
Comparing (D29) with (A15), we see that
32 3¢
I=—"2="_" D32
47 S 2oL’ ( )

in reasonable agreement with the first estimate in (D7). The
second equality in (D32) follows from the assumption that
the Fresnel number F = zfr’fc =1

Let us return to (D21) and again assume that R and ¢ are
real. If we introduce a retarded dimensionless time 7_ =
7 — & and use (7_, £) as independent variables, so that (note

that 7 = const implies Az_ = —A¢)

9 B
or E=const or_ fzconst’
d d d
= S +— . (D33)
65 T=const or_ E=const af 7_=const
then (D21) is rewritten in the following way
OR 0Z d
Z—Ze, S =——Re, =R (D34
or_ or_ o0&

By virtue of the first two equations in (D34), the length of
the Bloch vector does not change and thus we can again
write

R(z_,&)=Bsin0(z_,&), Z(r_,&)=BcosO(z_,¢).

(D35)

Then from the first or second equation in (D34) it follows
that

_00(z_.¢)

e(r_.§) = ——,

o (D36)

and the last equation in (D34) is transformed into the sine-
Gordon equation,

FO-.8) = Bsinf(z_,¢).

Seor (D37)

The sine-Gordon equation has many applications in physics
[79]. In the context of superradiance, Burnham and Chiao
considered an automodeling solution of (D37) that depends
on only one variable ¢ = 2+/7_& [80]. Then

0 d 0 _d
o _Jed 0 md o pg
or_ 7_dq o ¢ dq
and (D34) reduces to an ordinary differential equation (the
Burnham-Chiao equation)
1 2
Lt \'"¢)

(D39)

d*0(q)
dq?

1d6(q) .
+———==Bsinf(q),
4 dg (q)

q=2

where we introduce T = 2T gg, and T g is given by (D30).
To solve (D39), we need initial values

2 do
VN dq

Note that we cannot set gy = 0, since such a choice
corresponds to an unstable equilibrium, and classically
the system will remain in this state forever. The nonzero

0(0) = 6, = (0) = 0. (D40)
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value of 6, simulates quantum fluctuations that initially
take the system out of equilibrium. Several approaches to
6y can be found in the literature [81]. We choose the one
[82,83] that has experimental confirmation [81].

APPENDIX E: HYPERFINE SPLITTING
IN HYDROGEN AND POSITRONIUM

The spins of the electron and proton in a hydrogen atom
can sum either to a total spin of one (triplet state) or to a
total spin of zero (singlet state). The energies of the triplet
and singlet states differ slightly due to the magnetic
interaction between the magnetic moments of the electron
and proton. This difference in energy can be estimated as
follows [84]. A proton with a magnetic moment p,, creates
at the location of an electron with a relative radius vector r a
vector potential A and, consequently, a magnetic field
B =V x A, determined by the formulas

A:ﬂpjr, B:VX(ﬂp;’(r>:VX<VX”p>,
r r r

(E1)

where in the last step we used the equality

Therefore, the interaction Hamiltonian is

Hiyy=—p.-B=-p, VX <VXIQ)
r

1
:_ﬂe‘v V& +ﬂe'ﬂpv2_' (EZ)
r r

Now we use the identities [85]

1
V2 (—) = —476(r),
r
* /1 Az 3r,r; — r26;;
)l ==-25.8 - Y
or;or; <r) 3 Y (r) + S5

and finally obtain

rpe iy =3 T)(p, 1) 87
= £ e £ - ?ﬂe ’ﬂpé(r)'

Note that the second equality in (E3) holds as an equality
between generalized functions only for test functions that
are smooth at the origin [86-88]. The interaction
Hamiltonian (E4) can be obtained in a less mathematical
and more physical way if the magnetic moment of the
nucleus is modeled as a rotating uniformly charged sphere
whose radius tends to zero [84,89].

Because of this magnetic interaction, in the first order of
perturbation theory, the energy of the ground state 1S is

shifted by the amount

|
P = 7|, M),
el

AE; y = / v, Wdr,

h2
adp = —5,
meez

(ES)

where ap is the Bohr radius, and |/, M) denotes the spin
part of the wave function with J =1 or J = 0. The first
term in (E4) gives a zero contribution since the angular
integral with this term vanishes. Therefore, since the
quantum operators

o [P ~ [N
o= 90apg, S e =00y, e
p e

A A 1 4 N A
sp.sezi(ﬁ_sf,—s’g‘), (E6)
where g, ~ 5.5857 and g, = 2.0023 are the g factors of the
proton and electron in their gyromagnetic ratios, J=S »t+

Se is the total momentum operator of the hydrogen atom in
the 1S state, and

P My =n20(0 +1)|7. M),

A A 3
S>J. M) =S%J, M) = Zfﬂ, (E7)
we get
242
9egp €°h 3
AE; y=—F——|J(J+1)—=
M 3a3, meMpcz{ (V+1) 2]
49.9, R? 3
= JJ+1)—=], E8

where R =2~ ~13.6 eV is the binding energy of the

2ap
hydrogen atom ground state.
As we can see, AE; ), does not depend on M, and the
hyperfine splitting AEy g = E; 3 — Eg in the ground state
of the hydrogen atom is equal to [84]

~5.884 x 107% eV.

—C E9
3 M, c? (E9)

The frequency of the photon emitted in the triplet-singlet
transition is vyyq = AEyyq/h ~ 1420 MHz and corresponds
to the famous hydrogen line 4,4 = ¢/v~21 cm. The
existence of this line and the possibility of its detection
were predicted by Van de Hulst in 1945 [90]. Since its
first detection by Ewen and Purcell [91] in 1951, it has
become an indispensable tool in radio astronomy and
cosmology [92,93].
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In the case of positronium, g,/M , should be replaced by
g./m, in (E8), and the electron mass m, in ag should be
replaced by the reduced mass m, /2, which will effectively
change ap to 2ap. As a result, we obtain

: R

However, unlike the hydrogen atom, the electron and
positron in the triplet state of positronium (orthopositro-
nium) can annihilate to form a virtual photon, and then this
photon is converted into another pair with the same total,
but not the same relative momentum. The effective inter-
action Hamiltonian corresponding to such a quantum
electrodynamical process for othopositronium 1S ground
state is [94]

(E11)

and this creates an additional energy difference between the
triplet and singlet states (such an interaction is impossible
for the singlet state para-positronium, since the conserva-
tion of C-parity in electromagnetic interactions prohibits its
annihilation into one virtual photon),

(2) 1 eh \2 R2
P 2(8a3) g <m6c> m,c?

Therefore, the total triplet-singlet splitting AE;. =

AEI(,QS + AEI(,%))S for positronium is equal to

2 2 2

7 R2 TR
AE ==+ 1 N —
pos (3 N > myc*  3m,c?

7
= 6oc2R ~8.45x 10~* eV. (E13)

The experimental value is [84] AE,, ~ 8.411 x 107 eV.
The relative discrepancy of about 0.5% (as well as the
discrepancy of about 0.2% in the case of the hydrogen
atom) is due to unaccounted higher-order quantum elec-
trodynamical corrections [84]. The corresponding triplet-
singlet spin-flip transition frequency in positronium is
Vpos & 203.4 GHz with wavelength 4, ~ 1.474 mm.
Interestingly, Kardashev argued that the window around
the positronium spin-flip line is the optimal wavelength
region for communication with extraterrestrial intelligence
[95]. A preliminary search for possible extraterrestrial
intelligence broadcasting on this frequency yielded neg-
ative results [96,97]. However, the millimeter and sub-
millimeter ranges remain virtually unexplored in SETI
surveys [98]. Almost the same frequency of 203 GHz is
characteristic of the rotational molecular line of H2‘80, the

emission of which from hot molecular clouds has already
been detected [95,99].

A few words about how (E11) was obtained [100]. The
idea is to find the quantum electrodynamic (QED) ampli-
tude corresponding to the annihilation of an electron and
positron into a virtual photon by subsequent re-creation of
the pair, and interpret it as being caused by an effective
three-dimensional potential [101]. The QED amplitude
(one of the two amplitudes contributing to Bhabha scatter-
ing) is

47

Mann = 62[1_1<p+)yﬂu(p_)] m

[a(pL)y,v(P'y))s

(E14)

where p_ and p, are the four-momenta of the electron and
positron before annihilation, p” and p’_ are four-momenta
after annihilation, # and v denote their corresponding Dirac
spinors, and 4z appears in the photon propagator since we
are using Gaussian units. Note that we temporarily assume
that ¢ =4 =1, as is customary in most quantum field
theory textbooks.

It is impossible to extract the effective potential of the
interaction of an electron and a positron from (E14), since
this requires bringing (E14) to a form in which the electron
spinors #(p’) and u(p_), as well as the positron spinors
7(p, ) and v(p’, ) are contracted. This is achieved by using
the Fierz identity [102]

[o(p)r*u(p)l[a(pl)r,o(pl)]

= % {4[ﬁ(p’-)u(p-)][@(p+)v(p’+)]

= 2[a(pL)r*u(p)][o(ps)r.v(pl)]

= 2[a(pL)r*ysu(p)l[5(p+)rursv(p)]

= 4fa(pL)ysu(p)l[H(p: rso(p' )] -

N

(E15)

The electron and positron in positronium are nonrela-
tivistic, so (p,. + p_)* ~ 4m?2 and since the photon propa-
gator in this approximation already contains a factor of
1/c* (when c is restored on dimensional grounds), it is
sufficient to use the zero-order approximation for Dirac

spinors,
u(p_)~ (g) v(py)~ (2)

where £ and ¢ are three-dimensional spinors for the electron
and positron, respectively. Using the Dirac representation
for the y matrices and (E15), we can show after simple
algebraic calculations that (E14) takes the form

(E16)
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6277,'

S LB + ot ot

= _a;L g; Vaﬁ,yégyé/:s’

Mann =

(E17)

where the effective interaction operator V4.5 Was intro-
duced from the requirement that it yield the same matrix
element as the Hermitian Gupta X matrix related to the
unitary S matrix by [103]

1-iK
S = 2_, E18
1+5K (E18)
in particular, at the first nonvanishing order X = —M.

We can express the momentum-space effective interac-
tion operator in the matrix form,

e*r

Vpair = 2’/’1(23

(346 -61), (E19)

assuming that ¢(=) acts only on electron spinors, and ¢(*)
acts only on positron spinors. The effective potential in the
configuration space is obtained by the Fourier transform

%Mw=@§¢/&wmmm, (E20)

and since Vpair(q) is actually independent of the momen-
tum q, integration will yield a § function, and we finally
obtain (we have restored # and ¢ on dimensional grounds)

fi\2
Vpair(r) =z < : ) (3 +ol)-

(+)
> e )5 (r).

(E21)

Since 67 = %S(_), 6 =28 we easily find

RIS}

(J,M|(3 +67) - 61)

J.M) =2J(J+1),

where J is the total momentum of positronium in the 1§
state (coinciding with the total spin), and we see that (E21)
is equivalent to (E11).

Let us estimate the lifetime of a spontaneous hyperfine
transition from a triplet to a singlet state [73,104]. The
corresponding transition rate is determined by Fermi’s
golden rule [105]

2 A
r =" 2l POE, ~E).  (E22)
k.o

where the interaction Hamiltonian is the magnetic dipole
part of (B23) with

egp A e & €Y. & megp A&
S, - S, =- S, - S, |.
2mec < ‘ Mpge p)

(E23)

Of course, for hydrogen, due to the large difference in mass
between the electron and the proton, the proton’s contri-
bution to (E23) can be neglected. However, keeping in
mind the further application to positronium, we will
retain it.

For such an interaction Hamiltonian, we have already
calculated the decay rate and obtained as a result (C6). So,
we just need to calculate |(g|p|e)|* for u from (E23). Using

[(HelDIP =1l =2, [(teIt)P=1.

(tlelt) =={Ilel)), (E24)

we find that the decay rate does not depend on the magnetic
quantum number M of the initial triplet state,

M), itM=1,
ey =11,M) = { (114 +1L1). if M=,
L), iftM=-1,
1
=10,0) =—= - , E25
l9) =10.0) ﬁ(lTlH ) (E25)
and equals [104]
he’q? m.g,\ 2
—_ e 1 eJp 3
Ty 12m2¢cd < +Mpge> @
2 2 2
age megp hw
= 1 E26
12 ( +Mpge> (mecz> @ (520
with @ = Ai“yp. Therefore, for hydrogen
1 fza)h d 2 _ _
yhydz3a<mecy2> Whya ~2.88 x 10715 571,
Thya = — ~ 3.5 x 10" s, (E27)

Vhyd

while for positronium, when 151” - ,"Tf in (E26), and when
P e

the experimental value AE,, ~ 8.411 x 10~* eV is used,

4 ([ hawpe\? 5
yposzga(ﬁ a)posz3.37x 10 S 7,

1
Tpos = —~3x 107 5.

(E28)
7 pos

It is noteworthy that the theoretical value yp,, ~ 3.37 x
1078 s~! is in good agreement with the experimental value
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y =3.1719 x 1078 57! obtained in the first direct meas-
urement of the hyperfine transition of the ground state
positronium [106]. It is perhaps worth mentioning that
the theoretical value given in [106] is taken from [107],
which in turn is based on formula (2-132) in [108].

Although the numerical value given in [107] is correct
and agrees with our result, the analytical formulas in
both [107,108] lack the factor 4/3, without which the
correct factor 10™*2 in (2-132) of [108] cannot be
obtained.
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