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We study methods for efficient preparation of approximate ground states of SU(3) lattice gauge theory
on quantum hardware. Working in a variant of the electric basis, we introduce a refinement of the irrep
truncation based on the energy density of site singlets, which provides a finer gradation of simulation
complexity. Using strong-coupling perturbation theory as a guide, we develop simple ansatz circuits for
ground state preparation and test them via classical simulation on small lattices, including the 2 x 2
plaquette lattice in d = 2 and the cube in d = 3. We contrast state fidelities and resource requirements of
variational methods against adiabatic state preparation and introduce a method that hybridizes the two
approaches. Finally, we report on the public release of YMCIRC—a package of tools for building SU(3)
circuits and processing measurements—and PYCLEBSCH, a package for efficiently computing SU(N)

Clebsch—Gordan coefficients.
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I. INTRODUCTION

A sufficiently advanced quantum computer could func-
tion as a unique and valuable tool for simulating quantum
field theories (QFTs), providing access to nonperturbative
phenomena in real time [1-4]. In particular, quantum
simulations of lattice quantum chromodynamics (QCD)
may be used to study parton distribution functions [5,6],
hadronization [7,8], and classically inaccessible parts of the
QCD phase diagram [9,10], all of which are directly relevant
for natural and laboratory phenomena. Schematically, these
future quantum simulations will require encoding a trunca-
tion of the target Hilbert space onto the quantum computer,
preparing an initial quantum state, time evolving the
quantum state according to an approximation of a target
Hamiltonian, and measuring observables. Much effort has
gone into developing this framework over the last decade,
particularly focused on encoding and time evolution.

Several approaches have been taken to encode and time
evolve lattice gauge theories (LGTs) on digital quantum
hardware. The most common starting point is the Kogut—
Susskind (KS) Hamiltonian [11,12]. Approaches differ, in
part, in how bosonic gauge link degrees of freedom are
truncated and encoded while addressing the Gauss law; a
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nonexhaustive list includes: working with eigenstates of the
electric Hamiltonian (the electric basis), labeled by irreduc-
ible representations of a continuous gauge group [13-25];
working with eigenstates of the magnetic Hamiltonian (the
magnetic basis), labeled by group elements of a discrete
gauge (sub)group [26-29]; and working with a hybrid of
both bases [30-34].

Although observables can be calculated after time evo-
lution on any state, a large class of interesting objects—
namely correlation functions in the ground state—require
the addressing the state preparation problem. Thus, quantum
algorithms that prepare ground states of LGTs are necessary.
A full framework for simulating QFTs (and in particular
calculating scattering amplitudes in ¢* theory) was devel-
oped in [35]. There, state preparation was possible because
the ground state of the free theory was known and directly
preparable. Then, the ground state of the interacting theory
was built with adiabatic state preparation (ASP), where the
free-theory ground state is evolved with a “time dependent”
Hamiltonian whose couplings are slowly turned on over
time. In the case of SU(N) LGT, a similar technique can be
used; for example, the ground state at strong (weak)
coupling is essentially the electric (magnetic) vacuum,
and in principle the ground state at weaker (stronger)
coupling can be prepared adiabatically from these starting
points.

However, accurate ASP may require quantum circuits
that are too deep for noisy intermediate-scale quantum
computers. An alternative approach, the variational quan-
tum eigensolver (VQE) [36,37], was developed as a hybrid
classical-quantum algorithm that can iteratively construct a
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reasonable ground state with a relatively shallower circuit.
The algorithm takes a reference state (which for SU(N)
LGT can be, for example, the electric vacuum) that is
evolved with a parametrized quantum circuit, called the
ansatz. The energy of the output state is then measured, and
a classical optimizer tunes the ansatz parameters; the
process is iterated until convergence. VQE has been used
to probe a diverse range of phenomena in LGTs [38—43],
including SU(3) LGT [44]. It has also seen an assortment
of enhancements related to optimal ansatz choice [45,46],
scalability when increasing the lattice volume [47-50], and
adjustments to the ansatz based on the lattice volume [51].

With an eye towards the future goal of simulating lattice
QCD, in this work we explore methods for preparing
ground states of SU(3) LGT in two and three spatial
dimensions. We use both VQE and ASP, and we develop
two hybrid state preparation methods: one where the VQE
reference state at a given coupling is the output state from a
VQE performed at a higher coupling, and another where
ASP is initialized with VQE. We use strong-coupling
perturbation theory (PT) to motivate our VQE ansitze.
Although strong-coupling PT becomes unreliable at weak
coupling, the target coupling for future simulations could
be in a regime where PT is still a reasonable guide. We will
explore this idea in some detail on small lattices and
benchmark ground state energies and eigenstate fidelities
against classical exact diagonalization (ED) of the KS
Hamiltonian.

Throughout this work we utilize the reduced electric basis
of the KS Hamiltonian, described in [15]. This basis is an
elaboration of the local multiplet basis of [14,52,53], which
leverages the gauge invariance of physical states to greatly
reduce the original electric basis of [13]. Link degrees of
freedom are described by SU(3) irreducible representations
(irreps), and lattice sites carry degrees of freedom that
describe the gauge-singlet fusion of the irreps meeting at the
site. One issue we explore is how state preparation accuracy
and cost are affected by a chosen irrep truncation. A simple
truncation is to cut on the electric energy of links. Roughly
this energy grows with irrep dimensionality, so a variant of
this truncation is to cut on the number of tensor indices in
the irrep. We label 7', the truncation that keeps up to all
r-index tensor irreps. However, this truncation is extremely
coarse, and small changes result in rapid variations in both
the maximum accessible energy density and the Hilbert
space dimensionality. To improve on it we introduce a
bound B on the maximum allowed electric energy density at
each site. This is a finer-grained truncation, and it leads to
slower growth of the number of magnetic Hamiltonian
matrix elements as the truncation is relaxed. Along the way,
we describe improvements to the classical precomputation
of the SU(3) Clebsch—Gordan coefficients (CGCs), which
are inputs to the classically precomputed magnetic matrix
elements, over our previous implementation [15]. The new
implementation “diagonalizes” repeated irreps in the direct

sum decomposition into irreps of the symmetric group
acting on repeated irreps in the direct product; this has the
effect of reducing the number of nonzero magnetic matrix
elements. We have made the code that calculates these
CGCs, PYCLEBSCH, a public Python package.

Finally, we report briefly on the public release of
YMCIRC, a Qiskit-based Python package of tools to build
Trotterized time-evolution circuits for SU(3) LGT. The
public version of the code supports circuit generation for
the line-of-plaquettes (“d = 3/2”) lattice at the 7| and T,
irrep truncation, and for two-dimensional lattices at the T
irrep truncation, all with depth optimizations detailed in
[15]. For state preparation, YMCIRC also prepares para-
metrized versions of these evolution circuits for use
in VQE.

II. A SOFTER IRREP TRUNCATION

Below we introduce a truncation of the Hilbert space
based on an energy associated with site-singlet degrees of
freedom, which feature in the reduced electric basis treat-
ment of the Kogut—Susskind theory. We begin with a
review of the reduced electric basis [15], which is based on
the local multiplet basis introduced to quantum simulations
of gauge theories in [14,52,53].

A. Review of the reduced electric basis

We work with the pure-gauge Kogut—Susskind

Hamiltonian,
92 2 !
H = Z[ZZE (5.2) +%;2N
—D(§,E,,Ej)—DT(g,E:’g/)]’ (1)

which is a suitable lattice discretization of the continuum
Yang—Mills Hamiltonian. We work with cubic spatial
lattices in various dimensions and set the spacing a = 1.
E?=EPE’ (b=1,...,N*—1) is the quadratic Casimir
operator that acts on a lattice link, and

xU'(5+¢;,¢,)U'(5.¢))) (2)

is the plaquette operator acting on four links that trace a
minimal square. § gives the coordinates of a lattice site and
¢; (i =1, 2, 3) are lattice unit vectors.

One can think of the Hilbert space as built from a
(projection of a) tensor product of link Hilbert spaces. Each
link Hilbert space is naturally thought of as a particle on the
group manifold. In this picture the particle coordinates
correspond to the magnetic basis. We work instead in the
eigenbasis of E2, where eigenstates |(R, r)) are labeled by
an irrep R of SU(N) and a basis state r of R. Since the
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group admits left and right actions, a total link basis state is
|(R,rz)) ®|(R,rr))=|(R,rz,rr)), which grants the “left”
and “right” half links independent degrees of freedom. Note
that the E? eigenvalue, Eg ,» of a link state only depends on

= @Z <H¢(r£)> (LT®s,(5) (Re-Tr) ®rp(s) (Res ) ®ppn(s) (ResTrr))
S (s

where £, (s) and £ (s) denote all left and right half links
appearing at site 5, and £, (s) = £,(s) U £ (s) denotes
all half links meeting at site 5. R is a complex conjugate
representation of R. (For real irreps, R is equivalent
to R.) 7 is a basis state of R mapped from the basis state
r of R. There are conventional phases in this map
between bases. These conventions are partially fixed
by requiring the Clebsch—Gordan coefficients (CGCs)
to be real, leaving only sign conventions to fix. These
signs can be identified via the CGC (1|(R,r) ®
(R,7)), and ¢(r) = £1 appearing in (3) is defined as
the sign of this CGC. (We use 1 to denote the trivial
representation.)

The CGC (1.T|®¢,(s) (R, 7r) ®py(s) (Rs.TR)) appear-
ing in (3) ensures each site forms a singlet in the electric
basis, thus respecting Gauss’ law. The particular singlet is
determined by both the irreps meeting at the site and a
multiplicity index I'. The multiplicity index is essential
because generically the group admits many invariant tensors
of a given rank. For example, there are three unique singlets
iN6®6®6® 6,andtwoin8 ® 8 ® 8. Note that all irrep
basis states are summed over: therefore to specify lattice

the irrep R. Henceforth, we will refer to this basis as the
electric basis and Ey, as the electric energy of a link.

Gauss’ law constrains the kinds of states that may appear
on the lattice. We write physical lattice basis states in the
electric basis as

3)

basis states |A), it is sufficient to assign irreps to each link,
multiplicity indices to each site, and an F-order to the
singlet CGCs. (The F-order specifies the order of irreps in
the tensor product, a nuisance which is described further
below.) This specification of basis states is called the
reduced electric basis. It relaxes the costly problem of
assigning singlet-admitting irreps on each link along with a
consistent multiplicity index, but it leaves room for irreps
that fail to admit singlets and multiplicity indices higher
than those allowed by the irreps meeting at a site. Thus the
total Hilbert space reflects a balance between locality and
gauge invariance.

In any electric basis, the difficult part of the Hamiltonian
is the magnetic term. We write the plaquette operator in the
fundamental representation f, with basis states ¢. The links
and sites of the plaquette are assigned irreps and multi-
plicity indices Ry, and ka, respectively, for k =1, 2, 3, 4.
The external links, or “control” links [14] of the plaquette,
meeting the plaquette at site s;, have irreps denoted 6‘Sk.
Then the plaquette operator matrix elements can be
classically and efficiently precomputed in the reduced
electric basis from the formula [15]

t [am(rp) [|FE L He n Lo I
(A OA) = ] dm (R ) rf Cs o f Csy
k=1 &, RZ F?1 RZ RZ F;; RZ @
ry, TG RE v LU R
X 8T f Css f T _f C'84 f |
R?Q F?3 R?S R?s FZ4 RZ
where
R G S dim(f) dim(R) dim(R’) dim(S) dim(S”)
f O Z PIEDIEDS Z > oo
R G 9 o=1 r=1 /=1 s=1 s'=1 g@
;o ;7 7o~ 5
x (R,7'|(R,r) ® (f,0)) (S',1(S.5) @ (F,5)) G)
X <17G|(R’ r) ® (873) ® (Cag»F
X <1> G/|(R/7T/) ® (8,7 5/) ® (C_:? 8)>F
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are site factors, and the formula assumes a CGC phase
convention such that

((A,a) ® (f,0)|(B. D))
= p(a)p(o)p(b)((A.a) ® (f.5)|(B.Db)).  (6)

The subscript F found on the singlet CGCs reminds us that

each irrep shown (R, S, 6‘) must be associated with a
specific link on the lattice to create well-defined wave
functions |A). An F-order is a conventional ordering of the
links that meet at a site; it can be used to unambiguously
associate each singlet CGC irrep to a lattice link. Thus, the
order of the irreps in the CGC are understood to follow that
of the links in the F-order.

We have described all the tools necessary, in principle, to
carry out SU(3) lattice simulations. However, the lattice
volume and the Hilbert spaces of each link are infinite. We
must impose boundaries on the lattice as well as a
truncation of the link Hilbert space. The former can be
done with open or periodic boundary conditions. The latter
can be done in a few ways. A common approach is to cap
the underlying quantum numbers of SU(3) irreps,
R = (p,q). This places an upper bound on the electric
energy of any link. Each irrep corresponds to a p + g-index
tensor, so a qualitatively similar truncation is to cut on the
value of p 4+ g. We denote this truncation by 7',, where r is
the maximum value of p + ¢. For example, T'; includes the
trivial, fundamental, and antifundamental representations,
and T, includes up to the two-index tensors.

B. Site-singlet truncations

The presence of site-singlet degrees of freedom invites
an elaboration on the electric link energy truncation. We
define the electric energy associated with site § as
> ¢(s) Er,» and we define a new truncation by placing
an upper bound B on this quantity. B serves as a cutoff on
the local electric energy density. B effectively truncates the
link irreps, but it also truncates the possible singlets that
appear at a site. This truncation scheme can greatly reduce
simulation costs, and in some cases we will see that it does
so without significantly sacrificing simulation accuracy. It
also allows for a finer gradation in the truncation: The jump
in the number of accessible states as 7; increases is in
general much greater than the increase in the number of
states as B increases.

In Fig. 1 we compare [] matrix element counts in both
Hilbert space truncation schemes for lattices of different
dimensionalities. The B truncations allow us to access
irreps found in 7', with orders-of-magnitude fewer matrix
elements. In particular, by counting the number of gauge-
invariant plaquette states, we estimate the 7', truncation in
d = 3 to involve >10%° matrix elements. However, with the
B truncation, some states involving all two-index tensor
irreps can be accessed at B > 6 with ~10® matrix elements.

T1 T, T3 Ty
108 1 1 1 :
1) —— B Counts 1
5106_ —-—- T, Counts HE
IS
(4]
w
X104+
©
=
# 102_.
T T T T T
0.0 2.5 5.0 7.5 10.0 125 15.0 17.5
B
T1 T2 T3
1 1 1
w19 | =™ B Counts |
<107
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51074 !
w i
E 10°+ I
z T
# 10°7 i
T T T T T T T
0 2 4 6 8 10 12
B
1012
1) —— B Counts
51010‘ -=- T, Counts
IS
9 1084
18]
X
I= 106_.
©
i 10"+
T T T T T T T T T
0 1 2 3 4 5 6 7 8
B
FIG. 1. A comparison of [J matrix element counts in the B

truncation scheme versus the 7', truncation for: d = 3/2 (Top),
d =2 (Middle), d = 3 (Bottom). Points marking a specific T,
indicate that B has unlocked all r-index tensor irreps. Intervals
where B counts are greater than T, counts are those where B has
unlocked some but not all r + 1-index tensor irreps.

We provide tables for the singlets that are unlocked at
several values of B at different spatial dimensionalities.
Tables I-III show the singlets accessed in the top, middle,
and bottom panels of Fig. 1, respectively. d = 3/2 singlets
in Table I are available at the same B value in d = 2 and
d =3 by tensoring the appropriate number of I’s.
Likewise, d = 2 singlets in Table II are available at the
same B value in d = 3 by tensoring two additional 1’s. If
we focus on d = 2, then at B = 16/3, the B irrep truncation
coincides with T';. Meanwhile, B = 6 allows all two-index
irreps in the truncation, but it is not equivalent to 7. For
instance, 8 ® 8 ® 8 ® 8, which would appear in 7, is still
locked until B = 12, and the highest energy T, singlet,
6®6®6Q® 6, would not appear until B = 40/3.

Conceptually, the B truncation should be regarded
as a cutoff in the sense of effective field theory, since
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TABLE 1.  Singlets unlocked at several d = 3/2 B truncations, TABLE 1. (Continued)
corresponding to those shown in the top panel of Fig. 1.
- . New singlets Multiplicity
B New singlets Multiplicity
17 8® 10 ® 27 +c.c. 1
0 1®1®} 1 6®15® 24 +c.c. 1
8/3 1®3®3 ! 53/3 3®24®27+coc. 1
4 33®3+cec. 1 6®10® 24 +c.c. 1
17/3 3@3®8 1 8®15Q 15 +c.c. 1
6 1888 ! 18 10®10® 10 1
3®3® 6+c.c. 1 56/3 1®15 ® 15 1
20/3 1®96®6 1 15® 15 ® 27 2
23/3 3@6® 8+c.c. 1 19 8®27Q® 27 ?
3®15 ®24 +c.c.
? 8®?®8 2 15 15® 24 +c.c. 2
29/3 6®6®8 1
3@8®15+c.c. 1
10 6®6®6+cc. i TABLE II.  Singlets unlocked at several d =2 B truncations,
3@6® 15 +cc corresponding to those shown in the middle panel of Fig. 1.
32/3 1®15®15 1 ) .
3®6® 10+ coc. | B New sm%lets_ Multiplicity
35/3 6®8® 15 +c.c. | 16/3 3®383®3 2
12 110810 | 7 3®%®%®?§+c.c. 2
8®8®10+c.c. 1 22/3 33Q®3Q®6+c.c. 1
3 15® 15 +c.c. 1 =
— 26/3 3®3 3
6®6® 15+c.c. 1 / ®3@8®S8
— 9 33Q6®8+c.c. 2
38/3 3@ 10® 15 +c.c. 1 ®I®O®EFec
_ 28/3 3®3Q6® 6+ c.c. 1
41/3 8@ 1515 2 3306®6 2
14 6@ 15Q15+c.c. 1 3@3®3®15+cc. 1
3®8®27 1 10 33®3Q®10+c.c. 1
44/3 6®10Q® 15+c.c. 1 32/3 36Q8Q®8+c.c. 3
6@10® 15+c.c. 1 11 36®6®8+c.. 2
33Q®8® 15+c.c. 2
B New singlets Multiplicity 34/3 3068686+ |
c.c.
44/3 3@15®27 +cc 1 33®6Q®15+c.c. 1
6®8®24+cc. 1 33®6®15+c.c. 2
6@6®27 ! 35/3 3@3®8® 10+ c.c. I
15 8© 10110 ! 12 $RS®8®S 8
3@15® 24 +c.c. 1 3@3Q6Q 10+ c.c. 1
47/3 3@ 10 ® 24 +c.c. 1
16 1®27Q27 1
I5®15® 15 +c.c. 2
6®6® 15 +c.c. 1 TABLE III.. Singlets unlockeq at several d =3 B trunpations,
o corresponding to those shown in the bottom panel of Fig. 1.
50/3 10®15Q® 15 +c.c.

6® 15® 27 +c.c.
8® 15® 24 +c.c.
1®24®24

3@10® 15 +c.c.

— e

(Table continued)

B New singlets Multiplicity

20/3 I1®3®3®3®3®3+cc. 3

8 33®3Q®3®3®3+c.c. 5
330303313 6
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B

FIG. 2. The reduction in [0 matrix element counts using
symmetrized CGCs (“Sym”) versus unsymmetrized CGCs (“Un-

sym”). Each curve shows the ratio Ui{‘;‘m for different site-singlet

energy cutoffs (B) in d dimensions. Sym counts are never higher
than Unsym counts, suggesting that symmetrized CGCs are more
efficient for both matrix element calculations and quantum
simulations.

(normalized to the number of links per vertex) it controls
local energy densities, defined as an average at the lattice
scale. Defining the energy density by an average over
multiple sites might also be of use. The truncation needed
for a given large-lattice simulation to accurately compute
certain continuum observables is an important question we
do not address here; however, we will investigate con-
vergence properties of ground state energies with B at
different g in various small lattices.

C. CGC improvements

Precomputing the plaquette matrix elements rely on
efficient computation of SU(3) CGCs. Our algorithm,
described in [15], is based on the algorithm of [54]. We
have extended it as described in this subsection based on
the algorithms of [55] (adapted from [56]) as well as [57].
This improvement results in a further reduction in the
number of nonzero matrix elements as the spatial dimen-
sion and B cutoff are increased.

Our strategy for improving the CGC calculation is based
on the observation that even after fixing various phase
conventions, CGCs are not necessarily uniquely fixed. Of
particular interest is when the same SU(N) irrep appears
multiple times in a direct product. More precisely, let R be
an SU(N) irrep, and consider the direct-sum decomposition
R®" = @, r;, where each r; is also an SU(N) irrep. Then a
basis can be chosen so that each r; transforms in an irrep 1
of the symmetric group S,,. The CGCs of the basis states of
r; can then be symmetrized with (Hermitian) Young
symmetrizers [57], and they will manifestly display the
symmetries of the S, irreps A. This procedure is described
in greater detail in Appendix C.

We have implemented this “diagonalization of irreps of
permutations” in our CGC code, and in Fig. 2 we compare
the number of [] matrix elements found before and after
CGC symmetrization for different B. We see that the

TABLE IV. Example link irrep and site multiplicity index
encodings for a d = 3, B = 8§ truncation simulation. Generally,
we adopt a dense binary encoding of these reduced electric basis
data.

—
=
(¢}

ge]

Bit string
|000)

o0 O\ O\ WI W —
]
=
—_

—_ T — T —

Multiplicity index Bit string

1000)
001

nhAwW—o
=)
=
—
2022

symmetrized CGCs begin to reduce the matrix element
counts when higher multiplicity indices begin to appear.

III. QUANTUM CIRCUITS

In this section we review our quantum circuit construc-
tion from [15]. There, we developed Trotterized time-
evolution circuits for SU(3) LGT in two and three spatial
dimensions. Our state preparation methods allow us to
make use of these circuits, either directly or by adding
additional parameters.

A. Encoding gauge degrees of freedom

Link irreps and site multiplicities are encoded with dense
binary bit strings. For example, in a d = 3, B = 8 trunca-
tion simulation, the set of possible link irreps is
{1,3,3,6,6,8}. Site singlet multiplicities can be at most
six-fold, and they can be indexed with the integers
{0,1,2,3,4,5}. The encoding of these data is shown in
table TV.! Thus, for this simulation, three qubits would be
required for every link, and three qubits would be required
for every site. For truncations where no singlet has a
multiplicity, no qubits are added for sites.

The KS Hamiltonian contains the operators E2(5, &;),
[(I(5.€;.¢;), and the Hermitian conjugate [17(5, &, ¢;). In
the encoded reduced electric basis, E? remains a diagonal
operator; namely, it is a sum containing operators of the
form

'The particular choice of map between bit strings and irreps or
multiplicity indices is arbitrary. Our simulation code described in
Sec. VI allows users to specify alternatives to the encodings given
in Table IV.
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I® - QIQR)RANRI®--- @1  (7)

where |R/)(R,| projects onto an irrep R of a link £(5, ¢;).
For instance, [001)(001| projects onto the irrep 3 in the
example above. Meanwhile, [1 is a nondiagonal operator
that acts on a plaquette P(5, ¢;, ¢;). The state of a plaquette
includes the irreps on its four links, £y, 5, 3, £4, the irreps
on its control links, C,,C,.Cs,C,, and the multiplicity
indices on its four sites, s;, §,, $3, 54. Hence, [ is a sum
containing operators of the form”

IQ QIR
00T ) IR ) IR )R, ) - [Re,, )
(O [ To (R |- (R, [ (Rey |- (Re, |
RIR--- Q1 (8)

which induce the transition of one plaquette state to
another. (The corresponding term in [J' induces the reverse
transition.) The coefficients of E? are Eg ,» the quadratic
Casimir eigenvalue for an irrep R of SU(3). The matrix
elements of [J are calculated with Eq. (4).

Our circuits for time evolution and state preparation
make use of the first-order Trotterized time-evolution
operator:

(Hje—iHEAjAter—ngva,> n. ©)

Here, Hp j is a single link irrep projection operator, and
Hp is a single (Hermitian) plaquette state transition, both
in the form of the operators mentioned above with the
appropriate coefficients. For time evolution, or adiabatic
state preparation with a time dependent coupling g(), At is
used as a time step parameter equal to £, and Trotter error
scales as O(Af?). For our variational state preparation
methods, At may become a more general parameter 8, such
that each H ; and Hp; may be multiplied by a parameter
0; and 0, respectively. Moreover, each Trotter step
operator can have its own set of parameters. As will be
described in Sec. IV B, the number of parameters can be
systematically controlled, with the EM ansitze requiring
2n unique parameters, and the multi-Givens ansatz using
the same Hp , parameters for each plaquette.

B. Electric evolution

Each operator Hg ; is proportional to a projector. To
construct them, we start by defining the single-qubit

“The example term given to illustrate the form of [J assumes a
d = 3 lattice with periodic boundary conditions, where there are
four control links connected to each site. For other lattice
geometries, the number of control links per site may differ.

q2

- 0
(%222 _ ¢

qo

a
A\
fan)
'

Ry(—

=D
D
A\
D
A\

)

FIG. 3. Example three-qubit gate used for electric evolution.
The CX gates calculate the parity of an ingoing bit string to apply
the appropriate sign of the R, rotation angle.

projection operators

=i =22 (10

2 = 0yj0] =,
Because the number of qubits required to encode link irreps
is low, we opt for the Pauli operator definition of the
projectors, % and build circuits with a Pauli string
decomposition. For example, suppose

Hp,; = [001)(001|6 = 2°2°7'6, (11)

with identity operators suppressed. This operator has Pauli
string decomposition

0
70710 = g (L1 =11Z—1ZZ + 1ZI + ZZI
- 777 - ZIZ + ZII). (12)

(Notice that the Pauli strings have been written in a gray
code [58] order to cancel eventually adjacent CX gates.)
The II1 string can be discarded as it generates a global
phase. Each Pauli string commutes with each other, so the
total matrix exponential can be written as

e~ite — eigllz . e—igzu (13)
without extra Trotter error. Exponentials whose Pauli
string contains one Z can be implemented as an R, gate
on the corresponding qubit. If the Pauli string contains
more than one Z, then CX gates are required to transmit a
parity sign flip onto an R gate, as shown in Fig. 3. Thus,
for each operator e~"#£ acting on n qubits, there are 2" — 2
CX gates.

C. Magnetic evolution

Each operator Hp ;. is a product of ladder and projection
operators. We construct them by first defining single-qubit
ladder operators

X—-iY

ot =0 ="25 o =01

_X+iv

)

The number of qubits that are nontrivially acted on by Hp ;
is typically O(10) for the simulations reported on in this
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a7 (P)

ds & e (L)

ds (P)

e~ 0ot 00t ot nlotr0+he) o P P (L)
43 D P (L)

qz P

I (P)

gl Rx(20) (L)

do l (P)

FIG. 4. Example eight-qubit Givens rotation circuit used for magnetic evolution. This circuit performs a generalized Ry rotation on

only the bit strings |00000000) and [01011010).

paper. As a result, a Pauli string decomposition of Hp
would lead to very deep magnetic evolution circuits.
Instead, a diagonalization procedure can be used such that
each operator e~"5¢ amounts to a Givens rotation [14]: a
generalized Ry gate that rotates two—and only two—bit
strings made of the qubits that encode a plaquette’s state.
For example, consider the operator

Hp, = |01011010)(00000000|6 + H.c., (15)
with identity operators suppressed. We identify this operator
as belonging to the PLPLLPLP “LP family,” where “P”
stands for projector and “L” stands for ladder [I15].
Generally, an LP family operator can be diagonalized by
first choosing a “pivot” qubit ¢’ on any qubit that has an L.
Then, apply CX gates controlled on ¢/, targeting each other
qubit with an L, thus entangling a change on the pivot qubit
with the rest of the qubits with an L. This product of
CX gates forms the diagonalizing unitary V such that
e~Hr = VemiHsiVT and Hy, is a product of projectors
everywhere except at the pivot qubit, now acted on by an
X =o' + 0~ gate. For the running example, this yields
Hp; = 7°Xn°7°2°72°2°7° if ¢’ is chosen to be the first L,
reading left to right. e~#5+ is a multicontrolled Ry gate, and
the complete circuit is shown in Fig. 4.

Due to the number of possible plaquette state transitions
found with Eq. (4), the magnetic evolution is the most
expensive part of our circuits to simulate. However, as
detailed in [15], we are able to implement several opti-
mization strategies that reduce circuit size and depth.
Among them is control pruning, where controls in the
multicontrolled Ry gates are eliminated via an iterative
algorithm that identifies a smaller set of controls that still
avoids rotating all other physical plaquette states (the
number of which is much smaller than 2"). Another strategy
is the use of ancillae to build Givens rotation in terms of
single- and two-qubit gates via the v-chain method, which

requires two less ancillae than the number of controls
[59,60]. Together, these strategies allow an n-qubit multi-
controlled Ry gate to be built with 6n — 12 CX gates, where
n can be minimized with control pruning.

IV. GROUND STATE PREPARATION: METHODS

Ground state preparation is a vital first step in exploring
the dynamics of physically reasonable excited states. The
goal, of course, is to leverage quantum computation beyond
feasible classical algorithms.

However, in the near term quantum simulations will be
limited to small lattice systems. In these cases the ground
state can also be obtained by classical exact diagonalization
methods, as reviewed in Appendix A. This provides a
valuable benchmark for the performance of different
quantum algorithms and truncation methods.

We will use perturbation theory as a guide in developing
efficient quantum circuits for approximate ground state
preparation. Since we are working in a variant of the
electric basis, the relevant perturbative expansion is the
strong-coupling expansion in small ]; which we now

review.

A. Strong-coupling perturbation theory

The KS Hamiltonian in Eq. (1) can be rewritten as
H= [:IO + /1\7, where

2

A g ~
Hy, = EZ, 16
0 zad_z g}; ¢ ( )

1
A= , 17
a4—dgz (17)
v=>"0,+0,. (18)
plaq
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Here “links” is defined by the tuple (5,¢;) and “plaq” is
defined by (5, ¢;, €;) where i > j. We omit for convenience
the extensive, constant contribution to the magnetic
Hamiltonian which makes the full Hamiltonian positive
definite. In the strong-coupling regime, H — H,, the
eigenstates of which are the electric basis of the link states.
The eigenvalues are proportional to the sum over the lattice
of the SU(3) quadratic Casimir:

P’ + ¢+ pg+3p+3q

4= 3

p.q). (19)

The unperturbed ground state is the product state of all links
in the trivial representation, denoted |0(”)), with energy
Ey = (00]H,|0)) = 0. As discussed in [11], excitations
generated by V are gauge-invariant excitations of a pla-
quette with higher dimensional irreps. Larger excitations
can be built by repeated application. For finite g, the true
ground state and excitations are perturbed. Since the ground
state is nondegenerate, however, it is simple to find
corrections to the ground state as a power series in g~! [61]:

|0) = [0©) 4 2]0M) + 22]0)) +

00 (ky[V]01))
= 10)) +/12|k1>E<0)7

k#0 0 _El(col>
ko) (k| VK1) (Ky [ V10
sz | 2 (ks | (I) ><(3>| | <O)> L (20)
120 ( Ek )(Ey _Ekz)

where [0()) compose state corrections to different orders of
perturbation and the states k; and k, are lattice states in the
unperturbed Hamiltonian corresponding to first-order and
second-order excitations respectively. The summation
excludes excitations which are identical to the unexcited
ground state.

The first-order state correction can be simplified

further since (k1|\7|0 )y =1 for all single-plaquette exci-
=0, and E( ) = =3 8. Using the shorthand
k) = |p, s>, where p is the location of the plaquette and

s = [0, 7 defines the two ways it can be excited, we have
the first-order ground state correction:

oy = 20s 5

plag s=01,0°

tations k;, E

p.s). (21)

In other words, the first-order correction is a uniform
superposition of an excitation at each plaquette of the
lattice. Since the state correction is order g~*, the true
ground state converges very quickly to the unperturbed state
for g > 1 and small lattices. We may then want to consider
just this first-order correction as [0) = [0(®)) 4- 2|0()). This
state is not normalized, so one might include a factor of
Z=! = (0|0) and define a normalized state

9NPa4d—12> -1

Oy=11
o = (14222

246
< (100)+ 5225 5 ) @2)
plaq s=0,0°

where Np is the number of distinct plaquettes. Formally,
however, this state is of mixed order in perturbation theory.
The energy of this state is

ON pad=12\ =1 /343d=10  g45d-16
n ) ()

3248 440 32¢'0
(23)

Ey(9) = —Np (1

This computation is carried out in Appendix B. One might
wonder why the lowest-order correction to the ground state
energy is g °. The reason is the energy shift is given by
Ay = 20O V100 + 22(00|7]0M)) 4 O(43), and since
the magnetic perturbation V in the electric basis is zero
on the diagonal, we see that the lowest-order shift is
proportional to 22E,' ~ g~®. Observe also that the energy
of the normalized corrected state is again not of fixed order
in perturbation theory. Keeping only the lowest orders we
have

3a3d—10

9a5d—l6
. 24
496 + 32910> ( )

ng(g) = _NP<
Normally the mixed-order g~!° term in Eq. (23) for E,
should be discarded, because the second-order state cor-
rection could introduce new corrections to order g~'°
However this does not happen. The ¢! terms from
102 are 24°(0@)|Hy[0M) and 243(03)|V]0©), and
Hyl0M) + 7|0y =0, so these terms cancel. Thus the
first-order state correction contains the two lowest-order
corrections entirely, and second-order state corrections
would contribute at third lowest order, g~'#. This highlights
the surprising effectiveness of the first-order state correction
shown in Fig. 5, where we compare the ground state energy
in strong-coupling PT with exact diagonalization for a few
small lattices. We also emphasize this formula for the first-
order state correction is independent of the lattice geometry
and the truncation of irreps. Higher-order corrections will
depend on these factors.

While we see good convergence of perturbation theory to
the exact data even around g = 1.2, for g below unity the
truncated series quickly becomes a poor approximation to
the ground state. We also observe in Fig. 5 an empirical
convergence of the ground state energy for fixed g as the
singlet energy cutoff B is increased. The target for future
quantum simulations is probably a lattice coupling around
g =1, so we can hope that perturbation theory is a useful
qualitative guide for more precise algorithms. Next we
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N = 2x1
0.0
—2.51
> — 4.0 9.67
2 _50/ ; —— 5.66 10.0
2 ; — 6.0 10.67
L 1/ _
=75 / — 32: —— energy g~°
! - /b energy g~10
—10.0+ ," — 9
1
08 10 12 14 16 18 2.0
N =2x2
> B=7.66
g_1o< B=8.66
c ; B=9.00
W e/ /s _6
15 ! B=6.66 —— energy g
‘/ —— B=7.00 ____ energy g~10
—201 i —— B=7.33
08 10 12 14 16 18 2.0
g

FIG. 5.

N = 3x1
OA
4.0
—51 5.66
6.0
ol 6.66
/ 7.66
! —— energy g~°
-15 '," ---- energy g~1°
08 10 12 14 16 1.8 20

The ground state energy of various small lattices as a function of g. Colored curves correspond to exact diagonalization results

with a range of B truncations. Black solid and dashed curves correspond to strong-coupling lattice perturbation theory. Perturbation
theory is seen to perform well down to g ~ 1 and empirically convergence of the B truncation is also observed. Note that as B increases,
the number of matrix elements for [] and the number of SU(3) irreps included increases as seen in Fig. 1 and in Table I. For example, in
d =3/2, the 8 appears at B = 5.67, the 6 appears at B = 6, and the 15 appears at B = 9.67.

explore some ansatze that can provide a basis for VQE-type
approaches to ground state preparation.

B. Variational ansiitze
In the following it will be convenient to define the KS
Hamiltonian as

. . 1~
H=¢gH;+ ?HB (25)

and set @ =1 for the remainder of the paper. We will
examine different variational ansatz circuits utilizing ele-
ments of the Trotterized time-evolution circuits developed
in the YMCIRC package described below. These time-
evolution circuits can be characterized as either evolving
the electric part of the Hamiltonian or evolving the
magnetic part of the Hamiltonian. We call the circuit for
electric evolution circuit E(f) and that for magnetic
evolution M(t), such that

E(gt) = e~ig Ht (26a)

M(t)P) = e~ ils, (26b)
Our first ansatz circuit is built from successive applica-
tions of the (E)lectric and (M )agnetic circuits to the electric
vacuum, replacing the time-evolution parameter ¢ with the
generalized parameters {6;} (we absorb any factors of ¢
into the parameters). The variational algorithm then
attempts to find a local minimum for the expectation value
of the energy in the state space spanned by the 6,. The
successive applications of E(6;) and M(6;) in different
combinations produces a family of operators, any fixed
choice of which could be used as the ansatz. We focus first
on the simplest combinations: (a) E(6,)M(0;), and
(b) E(64)M(03)E(6,)M(6,). This has a flavor of the
well-known Lanczos algorithm, where powers of the
Hamiltonian are successively applied to an initial state
[62]. However, here we allow the parameters 6; to differ
significantly from their values in the Hamiltonian and also
do not include “cross terms” that would emerge like EE or
MM. The inspiration for these choices lies in strong-
coupling perturbation theory.
Let us first consider first-order perturbation theory. As
discussed in Sec. IV A the (unnormalized) approximation to
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the ground state up to the first order in 1/g is given by
o L (kalB5100) 8
0) = 10) == > = lki) + O(1/g")
g ky ky
3
= [01) +8—g42|k1> +0(1/4%) (27)
ky

where the |k,) states refer to single-plaquette excitations of
the lattice and Ey, = 8/3 g* (note that this value is obtained
by calculating the value of H, for all the excited links in the
plaquette). Now, let us consider the parametric operator
M (6,). In the strong-coupling limit when 6, is sufficiently
small, we can perturbatively expand the action of M on the
electric vacuum such that

M(6,)[00) =10©) - i6, Hl0"") + O(1/g%).  (28)

Because the action of the plaquette operator (of which A
is made up) leads to exactly the single-plaquette excitations
|k{), the above equation can also be written as

M(67)[0) = 10©) +i6,> [ky) + O(6}).  (29)
ky

Therefore, the form of the strong-coupling expansion for
M(6,) matches with perturbation theory up to the first
order. However, the coefficient of the first-order term in the
expansion of M(6;) has an extra i, which cannot be

reconciled with first-order perturbation theory unless 6,
is also imaginary. This is not allowed since M(0;) is
unitary. To remedy the situation we introduce the operator
E(6,) in Eq. (29) such that

E(60,)M(6,)]0)) = [0)) + i916_8i92/32|k1> +0(6}).
ky

(30)

Comparing Eqgs. (27) and (29), we find that in order to
match the first-order perturbative expansion,

0, =3/(8¢"). 6, =3n/16. (31)

Notice that while 8, is perturbative in the strong-coupling
limit, the value of 6, is not perturbative as E(6,) is
introduced just to fix a relative phase.

Therefore, the parametric state E(6,)M(6,)0) is
expected to be a good ansatz in the strong-coupling region.
For brevity, we will call this the EM ansatz. In Fig. 6, we
plot the 90% and 94% energy contours in the {6,,0,}
parameter space, along with the parameters obtained in the
minimization algorithm, for the d = 2 lattice with 2 x 2
plaquettes with couplings g = 1.0, g = 1.4, and g = 1.8 in
the B = 4.0 energy truncation. For g = 1.8 and g = 1.4, the
agreement of the parameters obtained by VQE and that
predicted by strong-coupling perturbation theory is excel-
lent, whereas in that for g = 1.0, the fit deviates from PT.

Energy Contour Plots for 2x2 Lattice B=4.0

1.0
@ g9=138
o g=14
@ g=1.0
0.8
/TN
Y Y
/, " \\
0.6 p I H "
\ \ /7
\ \ ,l
< v N
0.4
0.2
0.0

0.00 0.05 0.10 0.15

0.20 0.25 0.30 0.35 0.40
61

FIG. 6. Energy contours for the EM ansatz states on the 2 x 2 plaquette lattice with periodic boundary conditions and B = 4.0 energy
truncation. The black crosses denote the prediction of strong-coupling PT, while the colored dots denote the local minima. Solid and
dashed contours denote 6% and 10% deviations from the minima, respectively.
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To improve on the EM ansatz, we turn to second-order perturbation theory. The action of M(6,) on the electric vacuum
up to second order in the parameter is given as

2 20/3
M(6,)0) = [01) +i6, k) %Z o(ky)lka. E) + O(8). (32)
ky E=0 {E(ky)=€}

The coefficient o(k,) is the matrix element denoting the amplitude of this transition, i.e., 6(k,) = (k,|H%|0()). The |k,, &)
are the double-plaquette excitations obtained by successively applying the plaquette operators, i.e., |k,, £) = —H glki), and
with an index given by their H eigenvalue £. Accordingly, the sum over all the two-plaquette excitations is split over all the
distinct £ that result from a two-plaquette excitation (see Table V), and over all the two-plaquette excitations that have the
same &. Applying the E(6,) operator on both sides, we get

E(0,)M(6,)[0©) =

Applying the EM combination one more time, we get

E(04)M(65)E(6,)M (6,)[00) =

_ Z —i&0,

20/3 (92 —1592

In strong-coupling PT, Eq. (20) tells us

20/3
102)) = 3

0 i,k -

8
89" 555 € (wliriey

92 20/3
o(ky)lks, E). (33)

oiE0 Z

£=0 {E(k)=€)

1000)) + ie=810:/3(0,¢781%/3 + 05)) " |k, )
ky

so, up to the second order, the perturbative ground state is given by

NE

where Np is the number of plaquettes in the lattice.
Thus, while the expression for the perturbative expan-
sion of the EMEM ansatz matches qualitatively with the
strong-coupling expansion of the ground state, the
former does not have enough free parameters to match
the latter exactly: matching Eqgs. (34) and (36) amounts
to nine equations, corresponding to the number of sets
of single and double-plaquette excitations that have
distinct electric energies &, whereas we only have
four independent parameters in the EMEM ansatz. In
smaller B truncations the higher £ excitations may be
prohibited, so EMEM is a more effective ansatz for such
truncations.

The gate depth cost of the EM and EMEM
ansitze scale essentially as one and two Trotter
steps, respectively. (They can also be thought of as
analogous to Quantum Approximate Optimization
Algorithm ansétze.) We can do better, and improve on

84Z|1

92 —8i6,/3
+Z 4 oo ) S el (34)
{E(k,)=E}
o(ks) Kz, €) (35)
20/3 1
ZE " olky)|ks. E) (36)

S E sl

the ansatz quality, by considering circuits with more
variables.

In our approach to time evolution each distinct magnetic
transition is implemented sequentially, on each plaquette, by
two-level unitaries known as Givens rotations. Now let us
consider an ansatz again based on the time-evolution
circuits, but for which each magnetic Givens rotation is
assigned an independent parameter. Below we refer to
ansitze of this type—and restrictions to subsets of the most
important two-level transitions—as “multi-Givens.”

We create an ansatz with parameters over eight different
classes of Givens rotations such as given in Table V. The
operator G, jumps the electric vacuum into a single-
plaquette excitation. It is like the magnetic Hamiltonian,
restricted to just those matrix elements that are connected to
the electric vacuum. Its effect is given (up to second order in
the parameter 6,) by
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TABLE V. Givens operator groups. Each group G,- denotes Givens rotations that have the same electric energy.
The notation is such that G ; for j > 1 refers to single-plaquette magnetic transitions that connect non-electric-
vacuum states, one of which is a single-plaquette excitation. Thus the h.c. in the loop of 8 is a reminder that it can be
formed either from an application of (] then (07, or (I then .

Plaquette excitation & Givens operators

Single-plaquette excitations

e 8/3 Gy, P,
3 3 + h.C.

3

Two plaquette excitations

3 3 12/3 G,
3 1 3 + h'C'

3 3

3 3 14/3 G3
3 3 , + h.c.

3 3

3 16/3 G,
3 3

3 5 + perms.
3 3

3 .

3 3 11/2 Gy
3 s |s +he

3 3 ~

3 3 17/3 G6
3 6 3 + h C

3 3

8 18/3 G,
s ¢ + h.c.

5

6 20/3 Ge
6 s + h.c.

6

PN 92
eiG1010)) = (1 — 2Np)|00) + 1912|k IZ|1< ® |K}) (37)
ky K,

where k; and k are single-plaquette excitations on disjoint plaquettes, i.e., plaquettes that share neither a corner nor edge. The
rest of the Givens operators connect nonvacuum plaquette states, and so they only act nontrivially once the plaquette state (or

more precisely, the state of the plaquette and its control links) is excited. Thus G j|0<0)> = 0 for j # 1. Following G, their
combined effect on the electric vacuum is given (again up to second order in the parameters) by:

8
H e —~io(k —iG 10, |0 > (1 - 92Np |0 + 1912|k Z Z O-(kZ |k2’ Z|k ® |k/ (38)
j= Jj= {E(kz)ig(j)}

kl K
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In order to fix the relative phases between the zeroth, first, and second orders, we introduce an electric operator that adds a
phase to the single-plaquette excitation. Such an operator can be built by a multicontrol phase gate wherein the controls are
given by the active links of a single-plaquette excitation. We will call this phase operator P;, with associated parameter ).
After applying the exponent of this operator to both sides, we obtain

8
e~8iP101/3 H e—irr(k,-)G,-e,-|O(0)> — (1 _ G%NP)|0(0>> + igle—8i91/32|kl>
i=1

0

ki K,

Comparing this to second-order state in Eq. (36), we find that
strong-coupling PT predicts

3,9 L, 3
78t T 64gd 2T agh T 144
3 6 3
0y =——. s=—23ar UGe=—77,
16g 33g 17¢g
1 3 ~ 3z
0, = ——, Og=———0\, O,="—. (40
T ey 72044 TR

Notice that even though there are three equations for 6; when
we match the zeroth, first orders, and the disjoint plaquette
parts of the ansatz and perturbation theory, the solution 8, =
3/(8g%) +9/(644%) is consistent with all three orders.’

The above analysis holds for arbitrary large-scale lattices
in general dimensions. Moreover, selectively choosing
Givens operators based on matching with perturbation
theory can give a systematic way of improving the accuracy
of the ansatz up to a given order in 1/g. However, the
perturbative calculations for multi-Givens might not always
hold for small periodic lattices because control links can
wrap around such lattices and act as controls for multiple
vertices.

We also demonstrate in later sections that selecting
Givens rotations based on how “important” they are in
creating the ground state can lead to significant savings in
the gate depth of the state preparation circuits.

C. Adiabatic and hybrid VQE-adiabatic preparation

Another approach to state preparation is the adiabatic
method. In the present context, this entails preparing the
strong-coupling electric vacuum (trivially, since it is the all-
zeros computational basis state), then time evolving over
many small Trotter steps while the coupling is gradually
lowered to a target value.

*Observe in Eq. (36) that there are double excitations that
look like single excitations. This follows from the fact that
1 = (00]B|0©) = (0 |320(?). , includes these double-
excitation terms and thus has this higher-order contribution.

2 5 8 i
_?16—16i9]/32|k]> ® |k’1) _ 29]9j8—161915,4/3
j=2

ky

Z o(ky)|ks. E).

{E(k2)=€()}

(39)

We will see that for small lattices, both variational
ansitze and adiabatic methods generate accurate approx-
imations to the ground state. The variational method has an
up-front cost driven by the iterative procedure to find the
parameters for the given ansatz with maximal ground state
overlap. Once these parameters have been determined, the
state preparation then requires only (relatively) shallow
circuits of a depth comparable to one (for EM) or two (for
EMEM) steps of Trotter evolution, and significantly less for
the multi-Givens ansatz. At smaller couplings we observe
that the ability of the ansatz states to capture the true ground
state degrades somewhat.

On the other hand, the adiabatic algorithm maintains a
strong overlap with the true ground state roughly inde-
pendent of the value of g (see, e.g., Fig. 9 below).
However, since the evolution begins at large g, the
preparation circuit becomes deep as ¢ is decreased. This
makes state preparation inefficient, especially since the
evaluation of ground state observables will generically
require preparing the ground state repeatedly to build up
measurement statistics.

To minimize state depth while maintaining strong
ground state overlap irrespective of g, we consider a
hybrid strategy that uses the optimized VQE circuit for
g up to some threshold value and then “switches on”
adiabatic preparation when simulating at g below
that threshold.* In cases where the true ground state is
known, one can compute 1 — F as a function of g for both
methods. The adiabatic runs can now be considered part of
the “up-front” cost, similar to the optimization runs. The
threshold can be taken to be a g near where the adiabatic
and variational ansatz curves cross (see, e.g., Figs. 9
and 10 below).

In the more interesting case when the true ground state is
not known, a threshold value must be inferred in order to use
the hybrid approach. One possibility is to choose a threshold
motivated by strong-coupling PT and then empirically

*A similar strategy has previously been used in initial state
preparation of scalar lattice ¢* theory [63].
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measure the sensitivity of the adiabatically-prepared state at
lower g to small variations in the threshold.

V. GROUND STATE PREPARATION: RESULTS

It is straightforward to test state preparation algorithms in
classical simulations of small lattice systems. In the
following subsections, we compare variational and adia-
batic methods for ground state preparation of various test
lattices in d =3/2, d =2, and d = 3, and comment on
which preparation methods are most effective in each of
these test cases. We assess the relative efficacy of these
methods by comparing the ground state energy obtained
with exact diagonalization for various B truncations to the
expectation value of the energy in the best-fit ansatz states.
We also compute the fidelity of the ansatz states (defined by
comparison to exact diagonalization) and contrast these
results with those obtained by adiabatic state preparation.

A. 2-plaquette chain lattice

We begin with the double-plaquette chain, varying the
parameters of the EM and EMEM ansitze defined in
Sec. (IV B) until a (local) minima for the expectation value
of the Kogut—Susskind Hamiltonian is obtained. The
Broyden—Fletcher—Goldfarb—Shanno algorithm that is built
into SciPy’s minimize method was used to reach this
minima up to a specified precision. The ability of any
minimization algorithm to find the global minimum
depends on the values of the initialization parameters fed
into the algorithm. In our particular case, it is easy to guess
the values of initialization parameters that should be fed
into the algorithm for larger values of the coupling
constants, where we can use perturbation theory directly
(see Sec. (IV B)). However, perturbation theory predictions

2x1 VQE
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FIG. 7.

fail to provide good initialization parameters at weak
coupling. Therefore we use a modified variational algo-
rithm in which estimates for initialization parameters are
obtained by successively running the optimization starting
from a fixed strong-coupling point and adiabatically
decreasing the value of the coupling constant, recursively
feeding the optimal parameters obtained for g, as the
initialization parameters for g, ; until the target coupling is
reached.

We compare the ground state energies obtained by the
variational algorithm with those obtained by exact diago-
nalization in Fig. 7. We see that as the site singlet energy
cutoff B is increased, the relative error between the energies
of VQE with EM/EMEM ansatz and exact diagonalization
energies increases, indicating that a better ansatz with more
parameters is needed for higher B-cutoffs. However,
EMEM improves significantly on EM, and remains good
to better than 10% even down to g = 0.8 for B = 9 (which
includes, for example, some singlets involving 6, 6, 8).

From Fig. 7, it is apparent that the relatively simple EM
and EMEM ansitze become insufficient in describing the
properties of the ground state for higher B-truncations. This
is because higher B-truncations allow for more energetic
states to mix into the ground state, the amplitudes for which
need to be fitted with more parameters than are included in
the EM or EMEM ansitze. Therefore, more sophisticated
ansitze with more parameters like the multi-Givens ansatz
become more useful in such cases. However, we defer the
implementation of this ansatz to bigger lattices, such as the
cubic lattice with open boundary conditions, since pertur-
bative calculations of multi-Givens parameters such as the
ones presented in Sec. IV B are plagued with special-case
annoyances produced by repeated control links in small

Errors in Energy for 2x1 VQE

A /A B=4.0 EM ansatz
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(a) Comparison of ground state energies obtained by VQE using the EM and EMEM ansitze to exact diagonalization for

different values of energy truncation B. The solid lines depict the exact diagonalization energies, the triangles depict the energies
obtained using the EM ansatz, and the stars depict the energies obtained using the EMEM ansatz. (b) Relative error in energies obtained
by VQE with respect to exact diagonalization. The markers for EM and EMEM are the same as (a).
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FIG. 8. Comparison of cube lattice ground state energy ob-
tained via variational methods with the EM and multi-Givens
ansitze described in the text; exact diagonalization; and adiabatic
state preparation starting from g =4 (blue) and g =2 (red)
respectively, with adiabatic step sizes of Ag=0.01 in the
B = 4.0 (or equivalently, the 7') truncation.

lattices with periodic boundary conditions, which do not
generalize to arbitrarily large lattices.

B. Cubic lattice

The modified variational optimization procedure
described in Sec. (VA) can be implemented on larger
lattices. The three dimensional cube with open boundary
conditions is relatively easy to study in the 7| truncation
(equivalent to B = 4.0 for this lattice) because the circuits
are shallow and the qubit count is limited. In addition to the
EM and EMEM ansitze used in Sec. (VA), we test the
“multi-Givens” ansatz described earlier. In this ansatz a
restricted collection of magnetic transitions is utilized, each
with a different parameter. Here our choice of this collec-
tion is motivated by strong-coupling PT; in practice we
perform a fit at ¢ =2 with all rotations given a free
parameter, then select only those rotations for which the
fit assigns a nonzero parameter. Without this cut, the CX
gate count is ~26,000, but removing the relatively less
important Givens rotations reduces this count to ~8, 000.

In larger lattices, finding the minima of the energy
function by iterating over the ansatz circuits might become
a computationally expensive task. One approach is to weave
together circuits for small lattices into larger ones by
successive applications of VQE [44]. Testing the weaving
approach on small enough systems to simulate classically
would be an interesting direction for future study.

In Fig. 8 we compare the energies and the relative error
in energy obtained for the cube lattice by different methods
of state preparation. We see that all methods work fairly
well down to g ~ 1. At lower g, adiabatic state preparation

10-1
5. 1072
£
3103
k!
1, 107*{ —— adiabatic
—— PT
107y —— VQE
| —— VQE-EM
10-
8

1.0 12 1.4 16 1.8 2.0
g

0

FIG. 9. Fidelity of the approximate ground state prepared using
the adiabatic method, the variational method with EM ansatz
(“VQE-EM*), the variational method with the multi-Givens
ansatz (“VQE”), and lowest-order perturbation theory for the
cubic lattice. Here fidelity refers to |{ypgp|w)|> where ygp is the
ground state obtained via exact diagonalization. The most
interesting result is that the relatively shallow multi-Givens
ansatz achieves percent-level fidelity at g ~ 1.

outperforms our variational ansitze. At larger g, the quality
of the adiabatic method depends on the starting point. To
illustrate this, we include two adiabatic curves, correspond-
ing to different initial values of g. Starting the adiabatic
evolution from the electric vacuum in the far strong-
coupling regime leads to a more stable evolution than
starting at g = 2.0, since the electric vacuum is a better
approximation to the ground state in the strong-coupling
regime. However, starting the adiabatic evolution from a
higher value in g has a tradeoff in gate counts. In the figure,
~300 Trotter steps were used to adiabatically evolve the
electric vacuum to g = 1.0 from g = 4.0, and ~100 Trotter
steps were used to evolve to g = 1.0 from g = 2.0. Of
course, this can be improved by using a better perturbative
starting point, or by a hybrid adiabatic-variational method
discussed in the next subsection.

In Fig. 9 we show the state fidelity, the probability of
obtaining the true ground state (defined as statevector
obtained by exact diagonalization) in the prepared approxi-
mate ground state. Small-step adiabatic preparation achieves
the best results at small g, and is systematically improvable
by either increasing the starting value of g or improving the
starting state. However, the multi-Givens ansatz, based on
the most important magnetic transitions at strong coupling,
achieves percent-level fidelity down to g ~ 1.0.

Now let us demonstrate the hybrid adiabatic-VQE
method on the cube lattice. Figure 10 repeats the fidelities,
this time comparing the fidelities obtained by adopting a
hybrid “adiabatic-EM” approach to that obtained by the
multi-Givens and adiabatic approach described in the
previous section. The hybrid adiabatic state preparation
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Fidelities of Hybrid methods for cubic lattice
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FIG. 10. Fidelities for different state preparation methods on the
cube. The hybrid method adiabatic-EM first uses the optimized

VQE-EM circuit from g= 1.4 and then uses the adiabatic
algorithm to compute the ground state at smaller g.

is turned on around g = 1.4, for which the VQE preparation
circuits have a 1 — F ~ 1073, The 1 — F value of the hybrid
adiabatic evolution is very similar to that of adiabatic
evolution at g = 0.8, but the circuit depth for the hybrid
approach is significantly lower, as the hybrid approach only
needs ~25 Trotter steps to reach g = 0.8, whereas the
adiabatic approach needs ~300 steps. Therefore, the hybrid
approach affords fidelities comparable to the traditional
adiabatic approach at a much lower gate cost.

C. 2 x 2 plaquettes

As an example of variational methods in two dimen-
sions, we consider the 2 x 2 lattice with periodic boundary
conditions. In Fig. 11(a) we compare the energy obtained
by exact diagonalization for different values of the B cutoff
to variational fits of the ansitze EM and EMEM. Since
periodic boundary conditions introduce a repeated control
link structure in the 2 x 2 lattice which is cumbersome to
examine perturbatively—similar to the 2 x 1 case—we
restrict the VQE analysis to exclude the multi-Givens
ansatz. Furthermore, the adiabatic evolution methods
detailed in Sec. V B were not applied to the 2 x 2 lattice
due to the huge circuit depth of the time-evolution circuits
(~10° two-qubit gates per trotter step). Nevertheless, the
EM and EMEM ansitze demonstrate sufficient efficacy in
recovering ground state energies for moderate B cutoffs, as
illustrated in Fig. 11(a).

To get a sense for the makeup of the ground state,
Fig. 11(b) shows the probabilities of finding different excited
states in the variational ground state with B = 6. While the
probability of finding single-plaquette and double-plaquette
excitations in the strong-coupling limit g = 2 is vanishingly
small, the probabilities to find these excitations steadily
increase as one approaches g ~ 1;in fact, the single-plaquette
excitations dominate the electric vacuum in the ground state
for g = 0.8. However, the double-plaquette excitations are
subdominant even for g = 0.8, explaining the surprising
performance of the EMEM ansatz towards capturing the
ground state for weak couplings.

2x2 VQE
0.0 1
—0.5 1
—1.0
>
2 -15
[
C
w
—2.0 1
/\ B=5.67EM
—2.5 1 ¥ B=5.67 EMEM
¥¢ B=6.0 EMEM
—— B=5.6 exact
—3.01 —— B=6.0 exact
1.0 1.2 1.4 1.6 1.8 2.0
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FIG. 11.
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(a) Comparison of VQE with the EM and EMEM ansitze with the exact diagonalization of the 2 x 2 plaquettes for B = 5.67

and B = 6.0, and (b) characterization of the states obtained in the B = 6.0 VQE state preparation using the EMEM ansatz. “e_vacuum”
refers to the electric vacuum, “single_plaq” refers to single-plaquette excitations, and “adjacent_plaq” and “kissing_plaq” refer to the
two types of double-plaquette excitations possible in the 2 x 2 lattice, which are the excitations that share an edge and a vertex

respectively.
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Energy comparisons for 5x1 lattice B=4.0

001 A VQEEM et
¥ VQE-EMEM *
----- Adiabatic-EM

051 — Exact

—1.0

—2.5

—3.0 A

1.0 12 14 16 18 2.0
coupling constant (g)
FIG. 12. Comparisons of ground state energies computed with
the variational EM and EMEM methods, exact diagonalization,

and hybrid adiabatic state preparation, for the five-plaquette
lattice with B = 4.0 truncation.

D. Five-plaquette chain

For N-plaquette chains, with fixed classical memory
resources, there is a tradeoff between the maximum N and
B that may be simulated, i.e., as N increases the maximum
B that can be simulated decreases. Figure 12 illustrates the
ground state energy for a 5 x 1 plaquette chain with B = 4,
comparing exact values against results from adiabatic state
preparation and variational optimization of EM and EMEM
ansitze. While the multi-Givens ansatz is theoretically well
suited for larger chains due to its shallow circuit depth and
scalability, it was not utilized for the 5 x 1 case in this
study. We intend to investigate its performance on extended
plaquette chains in future work.

With a global encoding of the Hilbert space, instead of a
local encoding, and a low irrep truncation, it is possible to
study chains of 10+ plaquettes. These analyses, along with
a more extensive comparison of global vs local approaches,
will be presented elsewhere.

E. Quantum resource cost summary

We conclude this section with Table VI, sketching the
approximate quantum resource costs of preparing ground
states for the cube, 2 x 2, and five plaquette lattices using
the methods described above.

The resources needed to prepare the ground state
generally depend on (1) the number of qubits needed to
encode the lattice, and (2) the circuit depth of one Trotter
step, which directly controls the circuit depth of the VQE
and adiabatic circuits. One Trotter step for the cube with
open boundary conditions has a CX gate count ~26, 000,
which also corresponds to the gate count of the EM
preparation circuits (denoted by VQE-EM) because apply-
ing the EM operator is equivalent to one Trotter step. The

TABLE VI. Quantum resource costs for different methods of
state preparation.

Lattice Qubits Method CX gate count
VQE-MI 8,000
VQE-EM 26,000
Cube (B = 4.0) 24 Adiabatic 8 % 106
Hyb-Ad 6 x 10°
VQE-EM 1 x10°
2x2(B=5670 20 yoEEMEM 2 % 10°
VQE-EM 1.8 x 10°
2x2(B=60) 28 VQE-EMEM 3.6 x 106
VQE-EM 18,000
5x 1 (B=4.0) 30 VQE-EMEM 36,000
Hyb-Ad 7 x 10°

gate cost of one Trotter step can be reduced to about ~8, 000
by choosing the Givens rotations that are “important” and
individually parametrizing the rotations (this method is
denoted by VQE-MI, for “most important”). The EMEM
preparation circuits have twice the gate count of one Trotter
step. The adiabatic preparation circuits, however, are sig-
nificantly deeper than the variational circuits, because they
correspond to many Trotter steps. For example, the adiabatic
evolution from g = 4.0 to g = 1.8 with adiabatic step size
Ag = 0.01 requires 320 steps, thereby increasing the depth
of the adiabatic preparation circuits by a factor of ~300.
Choosing a hybrid approach allows us to start from a lower
value of g and increase the adiabatic step size to Ag = 0.025
without significant losses in ground state fidelity, while
substantially cutting down the circuit depth.

The 2 x 2 lattice with periodic boundary conditions has a
large number of matrix elements at energy truncations
higher than T, as reflected in Fig. 1: there are ~10° matrix
elements for the B = 5.67 and B = 6.0 truncations. This
translates to gate counts of order a million for the EM and
EMEM circuits for this lattice. Even though the gate counts
for B =5.67 and B = 6.0 are similar, performing a VQE
for B = 6.0 proves to be computationally harder because
encoding a B = 6.0 lattice requires 28 qubits (three qubits
per link for the irreps {1, 3,3,8,6, 6} and four site qubits)
compared to 20 qubits for B = 5.67 (two qubits per link for
the irreps {1,3, 3, 8} and four site qubits). It should also be
possible to substantially reduce the gate cost associated
with the large number of magnetic transitions; the simplest
method is to cut out transitions with small matrix elements.

The 5 x 1 lattice with the B = 4.0 truncation has a large
qubit cost: 30 qubits are needed to encode the 15 links with
periodic boundary conditions. However, the number of
matrix elements in N-plaquette chains with a low-energy
truncation is significantly lower than the two dimensional
lattice because of the simplicity of the site singlets. For
B = 4.0 each site in the N-plaquette chain has a maximum

094505-18



PERTURBATION THEORY, IRREP TRUNCATIONS, AND STATE ...

PHYS. REV. D 113, 094505 (2026)

multiplicity of 1. This, combined with a straightforward
control scheme for the plaquette chain lattices, leads to
Trotter step gate counts ~10* for the five plaquette chain,
100 times smaller than the 2 x 2 case. The N-plaquette
chain therefore seems to be the ideal candidate to test the
ground state preparation methods developed in earlier
sections for larger lattice sizes. However we also note that
N x 1 lattices are likewise more suitable for classical tensor
network methods.

It becomes imperative to use ansdtze with more param-
eters and shallower circuits for the preparation of ground
states on bigger lattices with larger energy cutoffs. While
perturbative calculations for smaller lattices with periodic
boundary conditions are unwieldy, the perturbation theory
informed multi-Givens ansatz is the best candidate for
preparing ground states for larger lattices in a scalable
manner. In this work, we illustrated the multi-Givens ansatz
with the cubic lattice with open boundary conditions; we
defer comprehensive benchmarking analysis on bigger
systems to future work.

VI. SIMULATION CODE: YMCIRC

We conclude by describing YMCIRC, a Python code
package for SU(3) quantum simulations which we make
available with this work. YMCIRC includes tools for
automated construction of time evolution and ground state
preparation circuits, as well as the interpretation of circuit
measurement data. At the time of writing, the latest active
development release may be accessed at [64]°

The supplementary material for this paper consists
of a Jupyter Notebook demonstrating the use of YMCIRC
to generate, simulate, and interpret lattice time-evolution
circuits.

A. Available functionality

One of the primary goals of YMCIRC is to automate to the
greatest degree possible the complicated bit/qubit indexing
which arises when constructing lattice simulation circuits
or interpreting simulation results. This is achieved via
separate classes which (1) perform encoding or decoding
between physical link or plaquette irrep data and bit strings,
(2) arrange giskit’s quantum register classes into a
logical lattice data structure which can be indexed via
lattice coordinates, (3) arrange measurements® of a circuit
constructed with YMCIRC into an analogous lattice data
structure indexable by lattice coordinates, (4) functionality
for computing electric energy eigenvalues, (5) type aliases
which serve as aids to the user for constructing valid irrep

5Magnetic Hamiltonian matrix element data present in YMCIRC
were precomputed using the PYCLEBSCH Python package, which
we have also made available at https://github.com/hepqis-uiuc/
pyclebsch.

®Both decoded physical irrep data or the underlying bit string
measurement data are included.

weight and multiplicity data, and physical plaquette states,

and (6) predefined irrep weights for 1,3, 3,8,6, and 6.
Additional functionality in the development version of

YMCIRC available at the time of writing includes:

(i) Circuit generation for first-order Trotterization of
electric and magnetic time evolution for periodic
lattices in d = 3/2 and d = 2, with step size and
magnetic coupling parametrized per Trotter step.
There is also an option to expose each individual
Givens rotation in a magnetic Trotter step as a
tuneable parameter for VQE state prep.

(ii) Irrep truncation magnetic Hamiltonian data for T,
and T, ind=3/2,and T| in d = 2.

(ili) Magnetic Hamiltonian matrix element data com-
puted from symmetrized CGCs.

(iv) Primitive functions for generating individual Givens
rotation circuits.

(v) Classes for defining the geometry of lattices, as well
as traversing data on a lattice in a consistent order.

(vi) Circuit-depth reduction methods from [15] such as
control pruning, control fusion, and gray ordering of
gates, as well as an optional “v-chain” construction
of MCX gates via ancilla qubits [60,65]).

B. Development roadmap

At present, the circuit generation capabilities of YMCIRC
are limited to d = 3/2 and d = 2 for a small selection of
irrep truncation schemes. This informs what is the most
immediate future development goal: to extend circuit
construction to higher dimensionality, and include a greater
variety of irrep truncation options (such as the B-parameter
scheme used in this paper).

Other items in near-to-intermediate term development
pipeline include:

(1) F-orderings (needed for d > 3 circuit generation).

(i1) Open/mixed boundary conditions.

(iii) Rectangular lattices for d > 2.

(iv) Classes for specifying local circuit measurements

via lattice coordinates.

(v) Classes for computing observables from local meas-

urement results.

(vi) (Longer-term)

freedom.

incorporating matter degrees of

VII. CONCLUSION AND FUTURE DIRECTIONS

We conclude by summarizing the technical and numeri-
cal results reported in this work toward the quantum
simulation of SU(3) LGT, and some directions for future
work. On the technical front, we utilize and extend the
reduced electric basis introduced in [15] by introducing a
more fine-grained irrep truncation scheme (the “B” trun-
cations), and by reducing the number of [] matrix elements
through the permutation group properties of the SU(3)
irreps. We also introduce variational ansétze, based on
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strong-coupling perturbation theory, for use in ground state
preparation at g~ 1. We benchmark this framework on
plaquette chains, the 2 x 2-plaquette lattice, and the 6-
plaquette cube with open boundary conditions, performing
noiseless simulations on systems of up to 30 qubits.
Variational methods, adiabatic state preparation, and hybrid
variational-adiabatic methods are found to achieve fidelities
1 — F better than a few percent at g = 1. Finally, alongside
this work, we introduce a public-use Python suite, YMCIRC,
to efficiently generate and run lattice evolution circuits in
the reduced electric basis.

There are several directions for extension. To apply
variational methods to larger systems, we need a stitching
procedure, as in [44], and/or an efficient and systematic
way to measure the energy expectation value of the system
(or stitchable subsystems), Tr(Hp(6)), on a quantum
device, where p is an output VQE state at each iteration.
There are various methods to measure the expectation
value, including random basis sampling and quantum state
tomography [66,67], but generally they incur a high cost in
state preparation circuits. It remains to be seen whether
such methods can be tailored in an efficient way for LGT
simulations. For larger systems it may also be useful to
work at higher orders in perturbation theory when for-
mulating variational ansatz states; this extension should be
straightforward.

It may also be useful to examine hybrid variational-
adiabatic approaches to ground state preparation more
deeply [68,69]. It would be valuable, for example, to have
a procedure to estimate the optimal switching point
between variational and adiabatic methods. A more effi-
cient hybrid method might also be imagined, in which
layers of variational ansatz circuits are systematically added
in order to achieve the desired error threshold at lower
values of the coupling constant g. With such an approach, it
might be possible to retain the advantage of relatively
shallow VQE circuits while also controlling errors. The
efficacy of the multi-Givens ansatz also remains to be
verified for larger lattices and higher-energy truncations.

Finally, a substantial challenge in performing interesting
simulations on real hardware, or more accurate simulations
on future hardware, is the large gate depth associated
primarily with the plaquette-local magnetic Hamiltonian.
Improving the quantum algorithms used to encode pla-
quette operators would have a tangible impact on the
simulation approach used here.
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APPENDIX A: EXACT DIAGONALIZATION

This appendix gives an overview of simple implemen-
tations of ED and how the complexity scales for different
lattices and truncations. For Hilbert spaces that are not too
large, the Hamiltonian can be exactly diagonalized or
exponentiated using common computational linear-algebra
libraries. Furthermore the local nature of the electric basis
means the matrix representation for the Hamiltonian is
sparse and can thus benefit from more memory- and CPU/
GPU-efficient algorithms. In this paper we use the sci-
py . sparse package for its versatility and ease of use.
After picking a lattice dimension and truncation, a matrix
representation for the action of the plaquette operator L1 +
O is built directly from a table of precomputed master
formula coefficients in a tensor-product basis of the vertex
sites and links. Note that it is often more efficient to encode
the state space using the minimal degrees of freedom
necessary rather than a direct embedding of the qubitized
Hamiltonian. For instance, with a 7, truncation the
dimension of the link space is three dimensional so a
“qutrit” representation is more efficient. The local plaquette
operator matrix representation is then embedded in the
Hamiltonian of the full Hilbert space with scipy.spar-
se . kron for each distinct plaquette of the system Np. The
electric Casimir operator E? is diagonal and formulaic in
this basis and thus the matrix representation is simple to
make. Once constructed, the total matrix can be diagon-
alized using scipy.sparse.linalg.eigsh to find
the ground state energy and eigenvector, or exponentiated
using .expm multiply to find the dynamical wave
function |y (1)) = exp(—iH?)|0).

These scipy.sparse algorithms call matrix multi-
plication algorithms written in C and c++ which have
complexity that scales O(ny,, + n,,) Where n,,, is the
number of nonzero entries and n,,,, is the number of rows in
the matrix representation. Because of the large number of
nongauge invariant states in the electric basis and the
sparsity of the magnetic term, n,,,, is usually of comparable
or greater order than n,,. For a given energy/irrep
truncation given by B (see Sec. II), ny(B) is L x vV
where ¢ is the number of irreps, L is the number of links, »
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Classical exact diagonalization complexity O(nnz + n,,,) for different lattice dimensions, e.g., N x 1 and truncations at B

cuts, assuming the reduced electric basis. The gray line denotes the upper limit of what we could implement on one node of Delta’s 128

core CPU with 200 GB of memory.

is the maximum multiplicity at each vertex, and V is the
number of vertices. ny,,(B) is O(P X Np X F) + Ry
where P is the number of nonzero entries to the local
representation for [, i.e., the number of [] matrix elements,
Np is the number of plaquettes, and F is the size of the
lattice Hilbert space excluding the plaquette. This complex-
ity value is plotted in Fig. 13 for different lattices and
truncations. Depending on the specific algorithm chosen,
the code implementation, the precision required, and the
hardware used, resources like memory, CPU/GPU-usage,
and wall time will vary. However it is clear that for large
lattices with more than the bare minimum gauge-field
truncation, the resource requirements quickly exceed the
bounds of classical computation.
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APPENDIX B: STRONG-COUPLING
PERTURBATION THEORY LOWEST
ORDER ENERGY

For completeness we provide further details for the
perturbation theory computation. The smallest gauge-
invariant excitation of the lattice is the excitation of one
plaquette |p) = (CJ + [07)|0) at one site with unperturbed
energy eigenvalue

84°

E,= 3042

coming from H, = 1E2 We showed in Sec. IVA that the
normalized perturbed ground state to lowest nontrivial
order in g is

IS S )
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where Np is the number of distinct plaquettes on the lattice. We can then compute the energy of this state (as a function of g)
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The last term relies on the fact that 1 = (0©|°|0©)) =
(O'0©|3?0)  which stems from the singlet in
3® 3 ® 3. The (0(V|V|0()) term can then be interpreted
as a sum over double excitations which match a single
excitation, or triple excitations that match the ground state

13
30001 Ny _
2oMvioW) = ﬁz > (p.svip'.s)

P p.s p’,S’
_ 2NP/13 _ 9NPCZSd_16
E2 324'0
Thus all together
ON pa*d=12\ =1 (3434-10 945416
E =-Np| 1
0(9) P< + 3293 496 + 32910

(B1)

as written in Eq. (23).

APPENDIX C: PERMUTATION SYMMETRIES IN
DIRECT-SUM DECOMPOSITIONS

We will briefly review how permutation symmetries
emerge when considering direct-sum decompositions as
well as the representation theory of the symmetric group
S, Once these preliminaries have been accomplished, we
will be able to describe our procedure for computing CGCs
on a basis that diagonalizes the permutation symmetries
latent in the direct-sum decomposition of SU(N) tensor
products.

We can understand how permutation symmetries emerge
in computing direct-sum decompositions by considering
two basic examples. First, there is the familiar example of
the antisymmetric singlet and the fully symmetric triplet
appearing in the decomposition of two spin-1/2 particles.
Second, consider the decomposition of the tensor product
3® 3 in SU(3) [70]. The product of two fundamental
irreps, u' and u/, can be written as the sum of a totally
symmetric two-index tensor and a totally antisymmetric
one,

I/lil/tj =

o . 1.
(u'w +wu') + Ee’fkek,mulum. (C1)

N =

Symmetric tensors with two fundamental indices have six
degrees of freedom, while antisymmetric tensors have
three. The decomposition is:
33=0600 @33, (C2)
where the superscript 4 on each SU(3) irrep labels the
representation of the symmetric group which the SU(3)
irrep transforms under. In the current case, 4 = (1, 1) is the
fully symmetric representation of the permutation group S,,
while 1 = (2) is the fully antisymmetric representation.

In general, irreps A of the symmetric group S,, are labeled
by partitions of n, which correspond to Young diagrams.
The entries in a partition of n stipulate the number of boxes
in each row of the Young diagram. For example,

(4,2,1) < (C3)

labels an irrep of S;. The dimensionality of S, irreps is
given by the hook-length formula [71]. It is computed via
the hook length A(i,j) of the (i, j)th box in a Young
diagram. h(i,j) is the number of boxes in a “hook”
connecting all the boxes below the (i,j)th one and all
the boxes to the right of it. As an example, we label each
box in the (4, 2, 1) Young diagram with its hook length:

41111
1 (C4)

The hook-length formula gives the dimensionality of an
irrep A of S, as

n!

[T (i ))

Continuing with our example of 1 = (4,2, 1), we have that

dim 1 = (C5)

. 7!
d1m(4,2,1):6,4.1.1.3-1-1:

70.  (C6)

By extension it is straightforward to see that the notation
appearing in the direct-sum decomposition of 3 ® 3 in
Eq. (C2) indicates that the 6 and 3 transform in one-
dimensional irreps of S, as they must, since neither irrep is
repeated. More generally a term R* appearing in a direct-
sum decomposition denotes an SU(N) irrep R which
transforms in a representation A of §,. This notation can
be understood as compactly denoting a product of the
representations R and A which collectively has dimen-
sion dim R - diim 2.”

In the case of 3 ® 3, we automatically obtained a direct-
sum decomposition whose terms were also irreps of the
symmetric group. When considering higher tensor powers

"That the action of S, and SU(3) on tensor products of SU(3)
irreps commutes—and moreover that we can therefore determine
a direct-sum decomposition in which each term consists of one
SU(3) irrep factor and one S, irrep factor—is a manifestation of
Schur—Weyl duality [72].
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of an SU(N) irrep, R®" with n > 2, this is no longer
guaranteed. If we desire direct summands R'* which are
also irreps of the S,,, we must explicitly perform some kind
of procedure to obtain them.®

We achieve this via a slight modification of the algorithm
given in [54] for numerically computing SU(N) CGCs.
The modification takes place at the point in that algorithm
where a highest weight state of an SU(N) irrep has been
obtained from a tensor product of SU(N) irreps. At that
point, we construct the set of Hermitian Young projection
operators described in [57] which project onto irreps of the
symmetric group, and apply them all to the highest weight
state. This effectively splits the highest weight state into
subspaces corresponding to irreps of S,. From this point
forward, our computation of CGCs continues to follow the
procedure outlined in [54].

As an example of this procedure for “diagonalizing the
permutation group symmetry,” consider the direct-sum
decomposition of 8§ @ 8§ ® 8. Without diagonalizing the
permutation group symmetry, we would write

8®8®8=064@35 @35 @27 ® 10,

@10, 8 @ 1,, (C7)

*In the context where R"* arises from computing the direct-sum
decomposition of R®", it is referred to as a symmetrized tensor
product or plethysm [55].

where subscripts are present to denote nontrivial multiplic-
ities of the irrep, and primes indicate distinct irreps which
have the same dimensionality. If we instead use the
modified procedure involving Hermitian Young projectors,
we find that

8R8®8=0640) @352 3521 g2701.LD)
@2791) @273 @ 10111 g 10/
®10% @ 100D @101 @ 10
® g(L.L1) ® ngsl) oy 8(3) fa) 1(LL1) [} 10). (CS)

We can focus on the subspaces of 8§ ® 8 ® 8 which
transform in the 27 irrep to illustrate the difference between
these results. The direct-sum decomposition in Eq. (C7) has
six 27 irreps, which do not have clear transformation
properties under the action of S3 on 8 x 8 x 8. In contrast,
the direct-sum decomposition in Eq. (C8) contains two 27
SU(3) irreps which transform in one-dimensional irreps of
S5 and two pairs of 27 SU(3) irreps which transform in
two-dimensional representations of S3. In both cases, there
is a 162-dimensional subspace containing six copies of the
27 SU(3) irrep, but in the latter case, the CGCs affording
the decomposition further block diagonalize this subspace
according to the remaining permutation symmetry.
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